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Abstract

We consider sporadic tasks with static priorities and
arbitrary deadlines to be executed upon a uniprocessor
platform. Pseudo-polynomial time algorithms are known
for computing worst-case response times for this task
model. Fisher and Baruah proposed in 2005 an approxi-
mate feasibility test running in polynomial time according
to anaccuracy parameter ¢ (i.e., approximation scheme or
FPTAS). We show that this algorithmis valid for the Rate
Monotonic scheduling policy, but must be slightly modi-
fied to be applicablefor arbitrary priority assignment. We
also introduce some improvementsto achieve a higher effi-
ciency. Weillustrate the improved algorithm on a detailed
example.

1 Introduction

A feasihility test is an algorithm used to check if atask
set is feasible or not. It can be either used off-line if the
system workload is predictable or on-lineif new tasks can
be admitted at run-time. Two main and linked approaches
are used to check whether atask is feasible or not: Re-
sponse Time Analysis (RTA) that returns the worst-case
response time of a task (i.e., the maximum amount of
time between a release and a completion of jobs gener-
ated by the task) or a Processor Demand Analysis (PDA)
that returnsa boolean value, feasible or infeasible. In both
cases, exact feasibility tests are known for static priority
tasks with arbitrary deadlines [6]. However, it is already
known that worst-case response time computation is an
NP-hard problem [3] and cannot be approximated within
a constant approximation factor, even in the context of
tasks with constrained-deadlines (i.e., deadlines are less
than or equal to activation periods). Nevertheless, pos-
itive results are known using the resource augmentation
techniques [4, 5, 1, 7]. Please notice that the feasibility
problem of static priority tasks with constrained-deadlines
isstill an openissue from the computational point of view:
pseudo-polynomial time algorithms are known but it is not
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known if this problem is NP-hard or not.

However, these exact tests have very efficient imple-
mentations in practice that render them quite suitable for
feasibility analysis of FP systems. Nevertheless, there are
certain scenarios in which schedulability tests cannot be
used, where the complexity and execution time of exact
tests may become huge drawbacks as in dynamic systems,
optimization of large scale systems, etc. For these prob-
lems, a pseudo-polynomia algorithm for computing the
task set feasibility may be unacceptably slow; instead, it
may be acceptable to use a faster algorithm that provides
an approximate, rather than exact, analysis[2, 5, 1, 7].

This research. In[5, 7] is studied the approximate fea-
sibility analysis of static priority tasks with constrained-
deadlines. In this paper, we revisit the approximate fea-
sibility analysis presented in [4] that considers sporadic
taskswith static priorities and arbitrary deadlinesto be ex-
ecuted upon a uniprocessor platform. Pseudo-polynomial
time algorithms are known for computing worst-case re-
sponse times for this task model. Fisher and Baruah pro-
posed in 2005 an approximate feasibility test running in
polynomial time according to an accuracy parameter e
(i.e., approximation schemeor FPTAS). Wewill show that,
while the algorithm remains correct for rate-monotonic
(RM) priority assignments, the algorithm is not correct for
non-rRM priority assignments and requires some modifi-
cations. We revised the agorithm in order to correct the
detected problem and we also provide an improvement.
Weillustrate the revised algorithm on a detailed example.

Organization. Section 2 presents static-priority tasks
with arbitrary deadlines. Section 3 presentsthetask model
and basic functions for schedulability analysis of fixed-
priority task systems. We shall detail the main ideas of
Fisher and Baruah FPTAS. Then, we give a counter ex-
ample of Fisher and Baruah's FPTAS for arbitrary priority
assignment and its correctness for RM. Section 4 presents
the revised agorithm according to the detected problems
in the former algorithm, presents the revised algorithms
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and proves its correctness. Lastly, we conclude in Sec-
tion 5 and give details for some future works.

2 Task model and notations

A sporadic task 7;, 1 < i < n, is defined by a worst-
case executiontime (WCET) C;, arelativedeadline D; and
aperiod T; which isthe minimal interval of time between
two consecutive job instances of task ;. We assume that
deadlines are not related to periods (i.e., tasks with arbi-
trary deadlines). We suppose that Vi, C; > 0. The [th
job of 7; is denoted as 7, ;. The utilization factor of task

7; is the fraction of time that 7; requires the processor:

U, ' ©,/T;. The utilization factor of the task set is:

UE Y U

We assume that sporadic tasks to be run upon a same
processor are independent and do not suspend themselves.
All the tasks have static priorities that are set before start-
ing the application and never changed at run-time. A task
can be preempted by any task of higher priority. At any
time, the highest priority task is selected among ready
tasks. Without loss of generality, we assume that tasks
are indexed in decreasing order of their priorities: 7, is
the highest priority task and 7, is the lowest one.

Thetota execution time requested by task ; over time
interval [0, ¢) is defined by the request bound function:

RBF(7;, 1) & {i—‘ C; 1)

Then, the cumulative processor demand function of
tasks having a priority higher or equal to 7, ; is defined
by:

Wia(t) €10 + Y Ref(r;, 1) 2

Jj<i

3 Analysis of Fisher and Baruah Approxi-
mation Scheme

Next, we first present the main ideas of the Fisher and
Baruah approximation scheme for checking the feasibility
of a sporadic task with an arbitrary deadline. Then, we
provide a counter example of an important results used
in the algorithm. We think that these problems cannot be
solved without changing some formulas and proofs. Nev-
ertheless, please notice that the algorithm structurewill be
preserved.

3.1 Fisher and Baruah Algorithm

In order to approximate the request bound function
according to an error bound 1 + ¢ (accuracy parameter,
0 < e < 1), the algorithm presented in [4] uses the ap-
proximation principle introduced in [5] for sporadic tasks
with constrained-deadlines (i.e., D; < T; for al tasks):
we consider the first (k — 1) steps of RBF(7;,t), where

k is defined as k ' [1/€] — 1 and a linear approxi-

mation, thereafter. From this definition, we verify that
(k+1)>1/e.

Hence, an approximate resguest-bound function can be
defined as follows:

5(ri.t) def {RBF(n,t) fort g'(k - 1T, 3
(t+T;)U; otherwise.

Thus, uptotime (k—1)T;, no approximationis performed
to evaluate the total execution requirement of 7;, and after
that it is approximated by a linear function with a slope
equal to the utilization factor of task 7;.

The approximate cumulative processor demand func-
tion of eachjob 7; ; is defined as follows:

Wia(t) =1C; + Y d(m;,1) (%)
j<i

Fisher and Baruah's algorithm [4] (denoted FBO5
below and presented in Algorithm 1) is based on
analysing apolynomia number of scheduling pointsin the
Lehoczky’s testing set ([6]) using the approximate cumu-
lative processor demand function. In afirst stage of FB05
algorithm, the testing set is explored for checking the fea-
sibility of jobs of 7; (i.e., jobs with completion time prior
or equal to max;cq

ered testing set is:

C{t=bTa=1..i,b=1...k-1}U{0} (5)

S;
We call two elementst,—1 andt, (t,—1 < t,) insome set
adjacent if there exists no ¢ in that set satisfying t,—1 <
t < t,. Using this testing set, the first stage determines
whether all jobs of task 7; with deadlines less than ¢ =
maxg;cqi..i}1(k — 1)T;} are schedulable. If no deadline
ismissed up totimet, thenthefirst stage algorithm returns
the lowest indexed job (denoted i) whose request is not
satisfied by time .

Task 7, may generate a pseudo-polynomia number of
jobs in the level-i busy period. Nevertheless, Fisher and
Baruah claim that in every interval (t,-1,t,] defined by
two adjacent scheduling pointsin thetesting set (i.e., there
is no scheduling point between ¢, 1 and ¢, in the testing
set), only onejob of 7; can haveits deadlinein (t,—1,ta].
They defined a smple way to compute the index of the
first job of 7; released in (t,_1,t,]. For that purpose, a
"close” approximation of the workload function is defined
to determine the jobs having the execution requests satis-
fied by timet (Equations5in [4]) are:

Wi(t) = 8(m,t) + Zé(m) (6)

Based on that function, Fisher and Baruah indicate that
the index of the most recently released job of T; to haveits
execution request satisfied by timet is:

|- ™
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Algorithm 1. Fisher and Baruah ApproxFirstStage

input :
7 = C[n],T[n], D[n] : array of integers
i @ integer
k : integer

output: lowest_active : integer

Construct S; using Equation 5

lowest_active=1

foreach t, € S; — {0} do

if t, > (lowest_active—1)T; + D; then

Let t,_1 bethe adjacent element priorto ¢, in S;;

a = (to-1, qu,lowest_active(ta—l) +y);

b= (ta, W; |owest_active(ta)):

Determineif theline (a, b) intersectswith f(t) =t ;
L et this point of intersection bet’;

end

T = max (0, PT—“—‘ - Zi(t));

lowest_active = max(x + 1, lowest_active);

end
return lowest_active;

/* Task parameters x/

/+ Index of the analysed task =/
/* The FPTAS accuracy parameter =/
/+ Lowest active job =/

/* Ordered set of scheduling points =*/

/+ index of job to be analysed =/

/% a job completes in (t,_1,tq] */

Let y be the total execution requirement of al jobs of priority greater than 7; released at time ¢, ;

if ¢’ > (lowest_active — 1)T; + D, then return ” not feasible” else lowest_active=lowest_active+1 ;

where Z; (t) determinesthe number of jobs] < [Ti-‘ such
that W, (t) > t is defined asfollows:

Z;(t) = max <’7%“ ,0) ©)

As a consequence, in every interval between two adja-
cent scheduling pointsin S;, at most onejob of 7, istested
to be feasible or not. The complete algorithm of the Ap-
proxFirstStage defined in [4] is presented in Algorithm 1.

Since the level-i busy period is not necessarily fully
explored in thefirst stage (i.e., when thefirst stage returns
lowest_active values), the feasibility status of the analysed
tasks can be still open. To cope with that problem, a sec-
ond stage is run to check in constant time the task using
a linear approximation (i.e., a worst-case response time
upper bound computed in linear time). The second stage
takes as input the job index h returned by the first stage
(i.e, thejob request is not satisfied by time t).

The main algorithm first performs a call to the first
stage. If it returns the index h of ajob, then the second
stage is called for checking in constant time if ; j, is fea-
sible or not. Hereafter, we only detail the first stage since
the original second stage remainsunchanged in therevised
algorithm.

3.2 Analysis of Fisher and Baruah’s Algorithm

We first show that the Fisher and Baruah is not correct
under arbitrary priority assignment. Then, we show that
the algorithmis correct under the RM scheduling palicy.

Problems in the general case. FBO5 correctness is
based on the fact that at most onejob must be checked be-
tween two subsequent scheduling points of the testing set
S;. We shall see that is not true using a counter-example.
In the same way, the function defined the number of jobs
for completion at each scheduling point in the approxi-
mate test (i.e., Equation 6 in [4]) need also to be modi-
fied to correct the proofs (i.e., Lemma4 in [4] cannot be
proved correct using Equation 6).

We think that the mentioned problems cannot be easily
corrected without modifying the formulas presented in the
previous section and & so the corresponding proofs must
berevisited for proving the correctness of therevised algo-
rithm. Nevertheless, we shall prove that through these for-
mula modifications, all these problems can be fixed while
preserving the main ideas of the algorithm. We modified
the previous functions to enforce the Fisher and Baruah's
Lemma4 correctness. Furthermore, we improve the algo-
rithm by introducing in the first stage a test for checking
if the level-i busy periodis” approximately” completed or
not. Such a modification will decrease the computational
effort for checking the feasibility of the analysed task.

We first prove that the observation which is the base
for the first stage of the approximation scheme proposed
in [4] is not correct for non-RM priority assignments: sev-
era jobs of the analysed task can complete between two
subsequent scheduling points.

Theorem 1 The observation ” For any two adjacent ele-
mentsty,ts € S;, [ta — t1| < T;. Therefore, at most one
job of 7; can have its deadline occur between any 2 adja-
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Figure 1. The interval between two adjacent
elements in S; can be greater than T;

cent elements of S;” iswrong.

Proof: Let's consider the counter example below which
isasoillustrated in the Figure 1.
T, = {Tl,TQ},PT‘iO(Tl) > PTiO(Tg)

T1 = ng
k = 2 where k is the number of steps before the ap-
proximation.

From Eq. (5) we have

< def
Sy =

= {t1 =0t =T1,t3 =15}

Note that zero is only defined for some simplifying
proof statements. Let's consider ¢, t3 which are adjacent
in the set :9; we have:

ta —ts| = [Ty = To| = [(m - 1)T3| = A

Increasing m, we obviously can make A > T5 and
by choosing appropriately the relative deadline Do < 15,
m — 1 deadlines of T, can elapse between ¢, and t3 which
contradicts the statement mentioned. [ ]

We now will prove that using the definition Eq. (8) is
not correct for establishing Lemma4 in [4].

Theorem 2 The statement”’If [ > [Tiw — Zi(t)andt >
(I —1)T;, then Wi,l(t) > t"" isnot correct.

Proof:  We prove this by giving a counter-example in
which 3 conditions below are satisfied:

1 te((l—1Ti, (1~ 1T+ D]

3. Wi(t) <t

First, we choose an arbitrary integer & strictly greater
than two to be the number of steps before approximation
k.

Then, we choose the task system as follows (every task
is presented under the format ; =< C;, D;, T; >):

T; = {Tl,TQ},PT‘iO(Tl) > PTiO(Tg)

To =< (k + 1)aTs, kT>, T5 > with an arbitrary real
number o such that 0 < o < 25

71 =< k(l — (k + 2)0&)T2,D1,]€T2 >

Then we choosethetimeinstant t = Ty = kT5. Note
that ¢ > (]{1 — 1)T2 (:> (5(7’2,t> = (t + TQ)UQ) and that

{t=0Tula=1,....2,b=1,.... 1} J{t =0}

sincek > 2=t < (k—1)kTy = (k—1)Ty (= §(71,t) =
RBF(7y,t) = {Til-‘ (). Finally, we choosei = 2 and we
now prove condition 1:
Walt) = 6(ma,t) + D 6;(t)
j<2
= 5(7’2, t) + (S(Tl,t)
t
= (t+T2)Us+ {——‘ Cy
Ty

= KL+ T)(k+Da+k(l—(kE+2)a)T
= Klry+aTy > kT, =1t.

So Wa(t) > t = max([m] ,o) — Zo(t) >

1 = If wechoose! = {TLJ —ZQ(Ct;Jrlthenlg [TL;‘ _
1+1= {Tiz] = {%-‘ =k=(010-1)<k=>

t=kTy > (I — 1)T» (8). Moreover,
t=kTo < (I —1To+ kT =(—1)Tx + Dy (b)
From (@), (b), we have condition 1 is satisfied.
Condition 2 is obviously satisfied by the construction
of [.
Now we consider the last condition:

Wity = 1C2+Y_ 8(t)
_ ([%J . {%} ) Co + 8(m.1)
< (5] - L= 1) casmn

t —
’7?—‘ Co+Cy — Wg(ﬁ) —‘1-5(7'1,t) +1
2

= IVTL—‘ CQ—FCQ—(S(TQ,t)—Ft:RHS
2

Replacet = kT we have:

RHS = (k‘ + 1)02 — (k‘TQ + Tg)% +1
2
=t

Condition 3 is proved. hence we have the counter ex-
ample of the Lemma4 in [4].
[ ]

Correctness under RM.  We will prove that even Rate
Monotonic priority assignment (i.e, Vi € [1,n] : (T1 <
Ty < ... < Ty;)) the observation that only a single dead-
line elapse between adjacent testing set pointsis correct.
However, Lemma 4 in [4] still requires some refinement
for ensuring its correctness. We shall see later that asim-
ple additional assumption leads to a correct version of
Lemma4 allowing to use the result into the algorithm Ap-
proxFirstStage.



hal-00544444, version 1 - 8 Dec 2010

Theorem 3 The statement " If [ > [i1 — Zi(t)and t >

T;
(I —1)T;, then /W7i7l(t) > ¢” isnot correct.

Proof: ~ We prove this by giving a counter-example in
which 3 conditions below are satisfied:

Lt>(1-1T;

~Ji]-2
3 Wity <t

First, we choose an arbitrary positive integer % (to be
the number of steps before starting linear approximations)
and an arbitrary positive integer m.

Then, we choose the task system as follows:

7 = {1, 72}, Prio(m1) > Prio(2) hence Ty < Ty

Ty =< Cl,Dl,T >

1 =< Cg, DQ,T >

where C'y, Cs, T are chosen such that:

k+m—1 C1+ Co
k+m T

=U1+U=U<1 (9

Then, we choose the timeinstant t = (kK — 1 + m)T.
Notethat ¢ > (k — )T = (k — )Ty = (k — 1)1 (=
(5(’7’1, t) = (t + Tl)Ul and 5(7‘2, t) = (t + TQ)UQ).

Now we choose the task to be considered i = 2 and
| = [Ti] - Zit)+1 = {TLJ — Zs(t) + 1 (hence by
construction, condition 2 is satisfied).

Now, we will prove condition 1:

We have:

Walt) = o(rat)+ Y 6;(t)
0(1a,t) + (71, 1)
+T)U
~1+m)T+T)U

(t

((k
((k+m)T)U
((

(k

k+m-—1

kE+m)T) k+

from Eqg. (9)
+m—-1T =

By definition, Zi(t) = maX{W“?—t],o}. As
1

proved above Wy (t) > t —> [WzéQ W >

Zo(t) = [%] > 1. sincel = [£] - Za(t) + 1,
we have:

N
|
+
—_

(-1 < ¢t

Condition 1 is satisfied.
Now, we consider the last condition:

Waa(t) = 1Ca+ > 55(t)

j<2

_ Uﬂ ~ Z(t) + 1) Cy + (71, t)

t] Walt) —t
< <’7T—‘—TQ—|—1> CQ+5(T1,t)

t —
== ’Vf-‘ CQ+CQ—W2(t)+5(Tl,t)+t
= [%w Co + Cy — (12, t) +t = RHS

Replacet = (k — 1 + m)T, we have the RHS equals ¢
which implies that T, (t) = ¢ and Condition 3 is satis-
fied. This contradiction is then proved.

[ |

Thus, Lemma 4 is not correct for arbitrary ¢, but the
statement holds for any ¢ < max;<; {(k —1)T;} and
please notice that the algorithm ApproxFirstStage does
not check for ¢ beyond this value. Thus, we can show the
algorithmiscorrect with arefinement of the supposition of
thelemmafor ¢ in therange zero to max ;; {(k — 1)T;}.

Lemmal If [ > [Ti-‘ — Zjt), and t €

(1 = DT, < t,max;; {(k — 1)T;}] then W, ,(t) > ¢t

Y

Proof: Leta = [Ti] —Zt+1=1> a,/WN(t)

Wi o(t)

For any [, choose an arbitrary ¢ such that (I — 1)T;
t < max;<; {(/f — ].)TJ} — (a — 1)Ti < 1
max; ; {(k — DT}}.

Sincet > (a —1)T; <= # >a— 1+ [4]| > a.
From definition of a, we obtam Z;(t) > 1. Asaconse

. Wt(t)ft 1
quence, since Z;(t) = max{[T—‘ ,O}, we obtain

Zi(t) = {%-I > 1
We have:

<
<

Wiat) = aCi+» 6(),1)

)

_ (%W—zi(t)ﬂ) ci+§5(7j,t)
> |7 G~ (W)= 0) + X7
> % Ci —Wit)+ Y 8(rj,t) +1

j<i

C; —0(ri,t) +t=RHS
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Under RM we haveVi € [1,n] = (Th < Tp < ... <
T;). Asaconsequence, t < max,<; {(k —1)T;} =t <
(k—1)T; = 0(7,t) = RBF(7;,1) = [TW Replacethis
into RH S we have Ww(t) > t. Thelemmais proved. B

Thus, using this previous restated Lemma4 and under

the RM scheduling policy, the algorithm ApproxFirstStage
is correct.

4 Revised version of FB05 algorithm

We show now that the algorithm can be modified in
order to be applicable for non-RM priority assignment.
These modificationsare al in thefirst stage of the original
algorithm to enforce the FPTAS correctness.

4.1 Preliminary results
Based on this approximate W; ; (¢), we define, for each
givenjob 7; ;, an approximate intersection instant R; ; as:

Definition 1 Let ﬁi,l denote the first intersection between
W;.i(t) and f(t) = t, then R; ; can be defined by:

ﬁi,l d:ef min {t | Wi’l(t) = t} (10)

Then we define N; as the index of the last jobin the first
level-i busy period considered in our test:

Definition 2
N; % min {z €N |Riy<(l—-1T;+ Ti} (11)

Finally, we define, for a given task 7;, the set of points
constructing interval sto be tested in our approximation as:

S, {t=bT,]la=1,....i—1;
b=1,....k— 1} {0} J{=} (12)

Zero and infinite points are only introduced to simplify
some proof statements. Furthermore, the relative deadline
D; isnot defined in the testing set but is directly exploited
in the algorithm. We then define a primitive interval of
someset asaninterval (t,_1, t,] bounded by two adjacent
pointst,_; andt, of that set.

From this section to the rest of this paper, in the con-
text concerning the approximate algorithm (presented in
the next subsections), we will use the term “a job 7;;
is completed” to indicate “the approximate processor de-
mand function I//V\i,z(t) cuts the processor capacity func-
tion” (i.e, f(t) = t), the term “meet the deadline” to in-
dicate“ R, € [(I — 1)T;, (I — 1)T; + D;] ", the term “the
intersection time” to indicate “the approximate intersec-
tion time”, and so on. .

Noticethat R; ; isjust thefirstinstantwhen W, ;(t) =t
and not necessarily the completion time of 7; ; in the gen-
eral case. But, these intersection points R;; correspond

to upper bounds on job completion times if they belong
to the first level-i busy period, as stated in the following
lemma:

Lemma 2
Vi<n,l<NyRi;>(1—-1T;

First, we present the following properties of R;J

Lemma3 Vi < n, Ietl h two natural numbers such that
l < h, thenR”<R7h

Proof: By definition W ;(Ri;) = Ri,,. Moreover, | <
h = W, (t) < W (t). Therefore:

VVqX,l(Ri,h) < R@h — Jt* < R@h i (VVN(t*) = t*)

Since ﬁi,l d:ef min {t | Wi’l(t) = t}, then ﬁi,l < t*and

asaconsequence It;; < R; p,. L
Now we prove Lemma 2:
Proof: If N; = 1 then the lemma obviously holds as

the first intersection is always after 0. If N; > 1 then by
Definition 11, Vi < n,l < N; — 1, R;; > (=T +
T; > (I — 1)T; . From Lemma 3, we know that R N,
R, x._, = (N;=1-1)T;+T; = (N; —1)T;. Thelemma
is proved. ]

Hence, we have anecessary and sufficient condition for
checking if ajob of atask 7; is approximately feasible as
follows:

Theorem 4
I<Ni:Rig< (- + D
if, and only if,
3 (L= T, (1= DT+ Di]: Waa(t) <t

Proof:  The “only” if direction statement is straightfor-
ward from LemmaZ2 and the definitionof R; ;. For the*if”
direction, let us choose an arbitrary t* € ((I — 1)T3, (I —
1)T; + Di] : I7V\7;,z(t) <t As /Wf;,z(t) is a non-decreasing
left-continuous step function and W, ,;(0) = IC; > 0,
then 3tint < ¢ = (W, (tint) = t”“f) From definition
of R; ;:>R,<t7”f<t*:>R”<(l—1)T + D;.
Using Lemma 2, we have RM > ((I = 1)T; and thus
1?57;71 € (I-1)T;, (1-1)T; + D;]. Thetheoremis proved.
[ |

4.2 Properties of primitive interval

Now we can use R;J to verify, in the context that the
first level-i busy period has not been terminated, if ;;
meet its deadline or not.

Based on the results presented in the previous section,
we will proposein the next sections an algorithm that ver-
ifies the feasibility of 7; by analyzing all the mtersectlon
instant 1z .1 located in agiven primitive intervals of S;.
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order to reduce this complexity, now we are looking for
some properties allowing for testing the feasibility of the
first job in each primitive interval. Precisely, thefirst job
of 7; will have alonger upper bound on the response time
than any other response time of 7; that is computed from
an R, j inthe same primitiveinterval.

First of al, we provethe following property of all jobs
of atask 7; that completed in the same primitive interval
of S;:

Lemma4 For any i < n, | and h two natural numbers
suchthat I < h and any two adjacent scheduling points
t1 < t5in S; such that Rleh € (t1,t2] then Ry, <

R%l =+ (h l) -

Proof: Let T denotethe set of all tasks 7; such that j < ¢
and (k — 1)T; < t;. Inother words, T is the set of all
tasks whose the approximate RBF becomes a linear func-
tion after t;. Notethat T C 1.0 — 1.

We can rewrite W; ;(t) in (¢1, t2] asfollows:

Woi(t) IC; + > (1)

s

j<i

= 1Ci+ Y RBF(m, 1)+ Y (t+T)U;
j<i,j¢T JeT

= ICi+ Y RBF(m,t)+ Y TiU; +tZUJ
j<i,jéT JeT

Let A = ICi+ Y RBF(,t)+ > TiUj,
j<i,j¢T JET
B = Y U.
JET
Then we have:
Wi,l(t):A-f—Bt

Note that at al instant ¢ € (¢1,t2], A and B are con-
stant. -

Since from definition of W, ;(¢), W, ,(t) = W, (¢) +
(h—1)C; = weobtain

Win(t)=(h—1)Ci+ A+ Bt

Now we compute R ;, R; ; according to these new for-
mulas of W; ;(t) and W 1, (¢).

As R;; is the intersection of W, ;(¢t) with y = ¢ in
(t17 tQ]

Similarly,

Hence we have:

~ = A+ (h-1)C A
Rin = Rip = 1-B 1-B
Cj
= (h=1) T §
Ui
= (h— Z)Tim =RHS
Replacing B = 7 u;, we have:
1-B = 1-)_U;
JET
> 1-> U;
7<i
> Y U -> U
1<j<n J<i
> U
Hence we obtain:
U;
- 1
1-B
= RHS < (h—1)T;. Thelemmais proved. [ |

From the lemma above, we obtain the main property
about response time of jobs in a primitive interval: given
two adjacent points ¢4, t, of S;, provided that the level-i
busy period have not been terminated before ¢, then the
next theorem implies:

1. To verify if any jobs completed in (¢, t2] have met
their deadlines, we just need to check the job having
been released sooner in theinterval (¢, ¢2].

2. To verify if between those 2 jobs there exists a job
that is completed before the activation of its subse-
quent instance, it is sufficient to check the job hav-
ing been released later. Thislatter property allowsto
check if the level-i busy period is " approximately”
completed or not.

Theorem 5 For anyi <n,l,h € N,l < h andany 2 ad-
jacent pointst; < t5 in .S; such that Rq/,,Rq n € (t1,12]
then we have:

Ei,l <(-1)T,+D;, = Ei,h < (h—1T; + D,,
(133a)
Ei,h > (h — 1)Ti + 71T, — ﬁi,l > (l — 1)Ti +T;
(13b)
Proof: First, we prove Eq. (13a):

Riy < (I—1)T; + D;

Rip— (h— 1T < (1—1)T; + D;

(for fim —(h=0T; < ]?57;71 from Lemma4)
Rip < (h—1)T; + D;
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Now we prove Eq. (13by):

~

Ripn > (h — 1)TZ‘ + 715
Ris+(h=DTy > (h— VT + T
(for f{i,h < fii,l + (h = 1)T; from Lemma4)

~

Ri,l > (l — 1)TZ‘ + 715

Thetheorem is proved. |

The following result follows directly from Theorem 5
for the necessary condition (the sufficient condition is ob-
vious):

Corollary 1 Vt,t» € S;, Let first and last respectively
be defined as:

first Lef min{l EN | ﬁi,l IS (tl,tg]}
last Zf max {l c N | Eq;J S (tl,tg]}

then the following inequalities are always satisfied:

Ri piret < (first — )Ty + D; <= (143
Vi € [first,last] : I-A??l <(-1)T;+ D;, (14b)
Rijast > (last — )Ty + T, < (140

~

Vi e [first,last]: Ry; > (1 —1)T; +1;  (14d)

From the corollary above, we obtain that in each prim-
itive interval there might be a pseudo-polynomia number
of jobs of 7; having been completed, but provided that the
first level-i busy period have not already been terminated
in previous primitive intervals, then we just need to check
only the first job against its deadline to conclude the fea-
sihilities of all these jobs. Moreover, in order to verify if
thelevel-i busy period has been terminated in the analysed
primitiveinterval, it is sufficient to check only thelast job
against the activation of its subsequent instance. Asacon-
seguence, in every primitive interval, if the last job of 7;
is completed before the next release of 7;, then it is un-
necessary to test the subsequent primitive intervals (i.e.,
the level-i busy period has been completed in the current
primitiveinterval).

Finally, we arelooking for some method to identify the
indexes of the first and the last job having been completed
inagiven primitive interval of S;.

For this purpose, we first introduce the following func-
tion that is used to determinethe set of jobsthat have their
approximate execution requests satisfied by any time in-
Stant ¢,

Wi(t) < RBF(ri,t) + Y 0(75.t) (15)

j<i
I7V\7;(t) represents a “ close” approximate to the cumulative
requests of task ; and all higher priority taskswith respect
to any given time ¢t. In comparison, W; ;(¢) isonly a

“close” approximation when ¢ lies in the interval ((I —
1)T;,1T;]. Please note that the function correspondsto the
modification of Equation 6 (i.e. Equation 13in [4]).
Notice that the number of active jobs at time ¢ would
be O(D;/T;). The next function is used to identify the
index of the most recently released job of 7; to have its
execution request approximately satisfied by time¢.

def [ Wit) —t
o= [H]-| M=) e

I;(t) is based on a modification of the function Z, ()
defined in [4].Precisely, we removed the maximum func-
tion in order to prove the two next lemmas. If the value
of I;(t) is not negative then it is used to determine the in-
dex of the most recently released job to have its execution
request satisfied (according to the approximation scheme)
by time ¢. By finding the index of the most recently re-
leased job of r; to complete execution with respect to time
t, we can determine in constant time the set of active jobs
that have their execution requests satisfied at or prior to t.

Lemmab If  I;(t) > 0
{1,..., L)}, Wi, (t) <t

then VI S

Proof:
Leth = I;(t) = 1 < b, Wy (t) < Wi(t)
We have:

—

Win(t) = bCi+ > 8(rj,t)

j<i
t Wit) —t
- (H ) {TD Cit D 0r1)
1<t
(] Wilt) —t
1<t
[t Wit) —t
1<t
F -
<z Ci—l—Zd(Tj,t)—Wi(t)—l—t
1<t
< Wilt) - Wi(t) +t =t
The lemmais proved. ]

Lemma6 If,t € ((I-1)T;, (I—-1)T;+ D;]andl > I;(t)

then W, ;(¢) > ¢

Proof: Leta=1I1;(t)+1=1>a, W}At) > ﬁ/\qv,?a(t)
We have:
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Wialt) = aCi+ > 6(r.1)

j<i

(7]

Jj<i

t —~

> {TW Ci — (Wilt) —t) + Z(S(Tj,t)
1<t

t —~

> {ﬂ Ci + Z 5(mj,t) — Wilt) +t
1<
> Wit) - Wi(t) +t=t
The lemmais proved. ]

Note that this function I;(¢) cannot be applicable for
t = co. Besides, for thelast primitiveinterval of S;, which
has oo asits right bound, it is also unnecessary to verify
if the first level-i busy period has been terminated within
or not (since U < 1, the level-i busy period will com-
plete before time oc). Therefore, we divide al the jobs of
7; into two sets: one for jobs completed prior or equa to
max;e1,. ;—1{(k —1)T;} (i.e., completedin some prim-
itiveintervalsof S; that isnot the last one) and onefor jobs
completedin (maxjer,...,—1 {(k—1)T};}, o) (i.e., com-
pleted in the last primitive interval of S;). In this latter
case, al approximate request bound functions are linear
functions. Due to these remarks, the algorithm is still di-
vided into two stages asin [4].

4.3 First Stage: Job with completion time prior or
equal to maxjet,...,i—1 {(k — 1)Tj}

We construct an algorithm which determines, for any
2 adjacent pointsty,ts € S; {oo}, which jobs of 7; have
their execution requests satisfied in (¢4, t2]. Also, we can
check in constant time whether all these jobs respect their
respective deadlines as well as whether the level-i busy
period has been terminated in that interval. The complete
algorithm is presented in Algorithm 2.

We summarized the main differences between the re-
vised version and the original version:

e The following functions have been changed: Z;(t)
and W;(t),

e the FBApproxFirstStage checksif ajob hasits dead-
line in the current primitive interval. But, it does not
check if the job completes or not within the interval.
Note that in the revised version, the I;(¢) functionis
computed at the beginning of each iteration and com-
pared with the value of the previous iteration (i.e.,
last_active value), whereas it is called at the end of
the FBApproxFirstStage algorithm. Thus, in the re-
vised version, it is checked if thereis at least one job
completed in the current primitive interval.

t“ + 1) Ci +Z5(Tj,t)

4.4 Second Stage: Job with completion time after

The second stage is not modified in comparison with
the original second stage algorithm. Please consult [4] for
details.

4.5 Detailed example

We illustrate the approximation scheme proposed in
this paper by considering the task set presented in [6]:
7'1(01 = 26,D1 = 40,T1 = 70) and 7'2(02 = 62,D2 =
140, T5 = 100). Using Deadline Monotonic, we assign to
71 the higher priority. We now consider the feasibility of
79 using both exact and approximation methods. The ex-
act response time analysis stops after considering 7 jobs
in the level-i busy period: for the 7 7 the response timeis
Ry 7 =96 < 100 = T5 (see[6] for details). Sinceall jobs
meet their deadline (i.e., R;; < (I — 1)T, + Dy) then
is stated feasible.

Now, we analyze the feasibility of 7o using the approx-
imation scheme. We choose ¢ = 0.25 thus & = 3 and
S; = {0, 70, 140, oo }. Thetwo stages of the Approximate
analysis will be executed. In the first stage we consider
jobs completed prior or at t = 140 by using ApproxFirst-
Stage.

e Before the first iteration of the loop in ApproxFirst-
Stage, last_active = 0.

e In the first iteration we consider the first primitive
interval (0,70],t, = t; = 70. Since [(70) =

[%W — %2)_70-‘ = 0 = last_active we jump

to the next iteration. last _active remains 0.

e Now we consider (70,140],¢, = ta2 = 140.
Since I,(140) = [39] — [WW =1>
last_active we set first = last_active + 1 =
0+ 1 = 1,next = I5(140) = 1. Computing the
instant in the interval (70, 140] where f(t) = ¢ inter-
sects Wg’first (t), weobtaint’ = ﬁQ’fl‘rst = ﬁg,l =
114 < (1 —1).100 + 140 = There exists no job
completed in this interval that has violated its dead-
line. Computing the instant in the interval (70, 140)
where f(t) = ¢ intersects I//V\g,ln,st(t), weobtaint” =
Rojast = Roq = 114 > (1—1).100+ 100 = The
first level-i busy period have not been terminated yet
in thisinterval. We assign last_active = last = 1
then we continue testing.

e Asthereisnomoret, totest, wereturnlast_active+
1=1+4+1=2.

Now we turn to consider the jobs completed after ¢t =
140 using ApproxSecondStage. h used in this stage isthe
return value of the ApproxFirstStage hence h = 2 =
Rin = Roo =238, (63) < (2—1).100+140. Therefore,
we conclude 7, isfeasible.
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Algorithm 2. RevisedApproxFirstStage

input :
7 = C[n],T[n], D[n] : array of integers
i @ integer
k : integer

output: lowest_active : integer

Construct S; using Equation 12
last_active=0;

foreach t, € S; — {0} — {o0} do
last=1; (ta);

if last>last_active then
first=last_active+1;

*/

a=(ta—1, W\q;7first(ta—1) +y);
b= (ta; W, first(ta));

Let this point of intersection be ¢';

primitive interval
c= (tafly Wl"last(tafl) + y) ;
4= (ta, W, g (ta);

Let this point of intersection bet”;

last_active = last;

end
end
return last_active;

Let t,_1 bethe adjacent element priorto ¢, in S;;
Let y be the total execution requirement of al jobs of priority greater than 7; released at time ¢, _1;

if t < (last — 1)T; + T; then return” feasible”;

/* Task parameters x/

/+ Index of the analysed task =/
/* The FPTAS accuracy parameter =/
/+ Lowest active job =/

/* Ordered set of scheduling points x/

/x a job completes in (to—1,tq] */

/* Check the deadline of the first job of the current primitive interval

Determineif theline (a, b) intersectswith f(t) =t ;
if t' > (first — 1)T; + D, then return " not feasible” ;

/* Check if the level-i busy period is completed in the current
(last job in the interval) x/

Determineif theline (¢, d) intersectswith f(t) =t ;

5 Conclusions

We revised the approximation scheme presented in [4]
to achieveits correctnessfor arbitrary priority assignment.
We prove that the original algorithmis valid for Rm. We
then propose several formula modifications, a complete
revised version of the algorithms for improving its ef-
ficiency. We already improve that function in [7] for
approximating worst-case response time of static prior-
ity tasks with constrained-deadlines. We want to extend
the feasibility test presented here to compute approximate
worst-case response time with guaranteed resource aug-
mentation ratio.
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