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Marches aléatoires avec branchement et absorption

Résumé

Nous étudions des marches aléatoires branchantes unidimensionnelles, ot une barriére
absorbante tue avant qu’ils ne se reproduisent les individus qui la franchissent. Par des
méthodes probabilistes, nous obtenons des résultats qui fournissent des informations sur les
trajectoires des marches branchantes classiques (sans barriére absorbante).

Dans le cas ou la barriére est fixée a ’origine, nous estimons la vitesse d’extinction dans
les cas critique et sous-critique.

Nous affinons ensuite ’étude du cas critique en considérant une barriére du second ordre
dont la position est proportionnelle & la puissance 1/3 de la génération. Nous déterminons
la valeur limite de la position de la barriére séparant la survie avec probabilité positive de
I’extinction presque stre. Dans le cas d’extinction nous évaluons la probabilité de survie et
la queue de distribution de la population totale.

Dans la derniére partie de cette thése, nous nous placons dans un cadre un peu différent
ou la position de la barriére dépend du nombre de générations considérées. Nous obtenons
un résultat de déviations modérées sur le déplacement minimal de la marche branchante
qui fait apparaitre différents régimes, en fonction de la queue de distribution de la loi des

déplacements.

Mots-clefs : Marche aléatoire branchante, absorption, probabilité de survie.

Branching random walk with absorption

Abstract

We study unidimensional branching random walk with an absorbing barrier that kills
the individuals that cross it before they reproduce. We use probabilistic methods and obtain
results that provide information on the trajectories of branching random walks without
absorption.

In the case of a barrier set at the origin, we estimate the extinction rate in the critical
and subcritical cases.

Then we refine the study of the critical case by considering a second order barrier. We
determine the relevant order of the position of this barrier, which is proportional to the
generation to the power 1/3, and the boundary position of the barrier which separates
the survival and the extinction cases. In the extinction case, we also estimate the survival
probability and the tail of the distribution of the total progeny.

The setup of the last part of this thesis is a bit different since the position of the barrier
depends on the number of generation we consider. We obtain a moderate deviation result for
the consistent minimal displacement of the branching random walk, which presents various

regimes depending on the tail of distribution of the law of the displacements.

Keywords : Branching random walk, absorption, survival probability.
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Chapitre 1

Introduction

1 Les marches aléatoires branchantes

Les marches aléatoires branchantes généralisent simultanément deux modéles a temps
discret trés classiques de la théorie des probabilités : le processus de Galton-Watson et la
marche aléatoire. Nous nous intéressons uniquement aux marches aléatoires branchantes
unidimensionnelles mais on pourrait bien sir en définir de la méme maniére en dimension
quelconque ou sur des graphes généraux.

Le processus est initialisé au temps n = 0 avec un unique individu placé en z € R. Au
temps n = 1, cet individu meurt et donne naissance a une premiére génération d’individus
dont le nombre N et les déplacements £(i) € R, 1 < ¢ < N par rapport a leur parent
sont donnés par un processus ponctuel Z = {£(1),...£(N)} (avec N aléatoire). Ainsi le
i®m¢ individu de la premiére génération a pour position x + £(i). Au temps n = 2, chaque
individu de la premiére génération meurt et donne naissance a des enfants, dont le nombre et
les déplacements sont donnés par des copies i.i.d. de Z. On obtient ainsi la seconde génération,
et le processus continue indéfiniment (& moins qu’il y ait extinction), chaque individu d’une
génération se reproduisant indépendamment des autres et indépendamment du passé. On
note &, le déplacement de l'individu u par rapport a son parent. Le déplacement total de
I'individu w par rapport a la racine est donc la somme des déplacements de ses ancétres (u

inclus mais pas la racine, dont le déplacement n’est pas défini), et la position de u est donc :
V(u):=x+ Z Ep-
v<u

De maniére évidente, la population forme un arbre de Galton-Watson 7 et celui-ci est

enrichi par la donnée de la position des individus. Dans le cas le plus élémentaire, Z est tel
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que les déplacements des individus de la premiére génération sont i.i.d. et indépendants de
leur nombre. Alors, pour tout individu w € 7, en notant |u| sa génération et u; (i < |ul)
son ancétre dans la génération i, le processus (V/(u;))y<;< |, est une marche aléatoire issue

éme

de z. Lorsqu’on choisit deux individus différents de la n génération, on obtient deux
marches qui coincident jusqu’au plus proche ancétre commun puis se comportent de maniére
indépendante ensuite.

Nous nous intéressons exclusivement au cas ot le processus de Galton-Watson sous-jacent
est surcritique. Alors, avec probabilité strictement positive le processus survit indéfiniment
(et méme avec probabilité 1 si on suppose que chaque individu a au moins un enfant). La
population croit alors a vitesse exponentielle. Une question naturelle est le comportement
des particules occupant des positions extrémales, par exemple la position R, de I'individu
le plus a droite de la génération n (pour le plus a gauche, cela revient a considérer le plus a
droite dans le processus obtenu en changeant Z en —Z2).

Avant d’énoncer des résultats, il est utile d’introduire la mesure intensité p de Z et sa

fonction génératrice des moments :

O(t) := /Retzu(dz) =E Z et

ul=1

On définit aussi ¥ = log @, c’est une fonction convexe et semi-continue inférieurement a
valeur dans (—oo, +00]. On suppose que le nombre moyen d’enfants ®(0) = p(R) est fini.

La théorie des marches aléatoires branchantes repose sur I'hypothése que ®(¢) est fini pour
un certain ¢ strictement positif. Cette hypothése n’est pas un simple outil technique, elle est
en fait essentielle. Si les déplacements ont une queue de distribution a droite trop lourde,
par exemple polynomiale, alors le comportement est sensiblement différent. Par exemple,
Durrett [37] a montré que dans ce cas (et en supposant p((0,+00)) > 0 et une queue de
ditribution a gauche "raisonnable"), R, croit exponentiellement (au lieu de linéairement
lorsque les déplacements admettent des moments exponentiels).

On introduit la fonction de partition

A (t) =E | > eV

|ul=n

Pour tout ¢ tel que ®(t) < +oo, W, (t) = A, (t)®(t)~" est une martingale, dite martingale
additive.
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2 Historique

2 Historique

Théoréme 2.A (Hammersley-Kingman-Biggins). Sous Uhypothése que ®(t) < 400 pour un
certain t > 0, conditionnellement a la survie, R, /n converge p.s. lorsque n tend vers l'infini,

vers une limite v, la vitesse de la marche branchante, caractérisée par :

w(t
v, = inf % = sup{a € R : supta — ¥(t) < 0}.
>0

t>0

Ce résultat a d’abord été démontré pour des marches & déplacements tous négatifs.
Plus précisément, en retournant 'espace des positions, Hammersley [47] a démontré pour la
convergence en probabilité pour la vitesse de l'individu le plus a gauche pour un processus
de Bellman-Harris. Kingman [65] a ensuite démontré la convergence presque sire pour un
processus de Crump-Mode-Jagers en supposant que pour un certain ¢ > 0, 1 < ®(t) < +o0.
Biggins [9] a ensuite supprimé cette restriction et étendu le résultat aux marches aléatoires
branchantes.

L’analogue continu de ce modéle, le mouvement brownien branchant (avec branchement
binaire), a aussi fait 'objet d’études poussées. L’utilisation de méthodes spécifiques au cas
continu comme le calcul stochastique, et en particulier I'exploitation du lien (voir McKean
[89]) avec l'équation aux dérivées partielles F-KPP (introduite en 1937 par Fischer [42],
Kolmogorov, Petrovski et Piscounov [66]) dont les solutions convergent vers une onde pro-
gressive, a permis d’obtenir des résultats trés fins sur la position de la particule la plus a
droite. Bramson [20], [22] a montré la tension puis la convergence en distribution de R; —my,
ol my = /2t — % logt + O(1) est la médiane de R, (en particulier v, = v/2).

Des résultats similaires ont été obtenus plus récemment pour les marches aléatoires bran-
chantes, sauf dans certains cas pathologiques. Le résultat est en effet différent quand les
déplacements sont majorés et le nombre moyen de particules dont le déplacement est maxi-
mal supérieur a 1. Pour le voir, il suffit de considérer le sous-arbre formé par les individus
dont le déplacement est maximal, qui forment un processus de Galton-Watson surcritique
(et le comportement est alors évident) ou critique (voir par exemple Bramson |21]). Dans
les "bons cas", sous différentes hypothéses techniques, McDiarmid [88] (qui suppose les dé-
placements majorés), Bramson et Zeitouni [19], Addario-Berry et Reed [2] ont montré la
tension de la loi de la particule la plus a droite de la génération n centrée sur sa médiane et
obtenu la méme estimation du centrage que dans le cas continu. Bachmann [7] a démontré
la convergence en distribution qui nécessite d’écarter le cas ot les déplacements sont portés

par un sous groupe discret de R— dans le cas de déplacements i.i.d. admettant une densité
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log-concave.

Il faut aussi signaler le modéle des cascades multiplicatives, équivalent a celui des marches
de branchement mais présenté sous un formalisme différent et étudié avec des méthodes et en
vue d’objectifs autres, qui a fait I'objet d’une littérature abondante depuis son introduction
par Mandelbrot pour I'étude d’un probléme de turbulence issu de la physique. Kahane [56],
[57], [58], [59] et Kahane et Peyriére [60] ont apporté une contribution importante a cette
théorie. Mauldin et Williams [87] déterminent la dimension d’objets fractaux aléatoires,
généralisant ainsi les travaux de Moran [92] dans le cas déterministe. On pourra aussi se
référer dans ce domaine aux travaux plus récents de Waymire et Williams [108], [109] ou Liu
[75].

Des résultats fins concernant la martingale additive et la transformation dont sa limite
est un point fixe naturel ont été obtenus par Durett et Liggett [38], Liu [73], Biggins et
Kyprianou [12], [14].

Parmi les méthodes développées pour I'étude des marches aléatoires branchantes, les
constructions a épine méritent une attention particuliére. Elles permettent, par un change-
ment de probabilité, de choisir de maniére assez naturelle un individu, de maniére aléatoire
mais en privilégiant ceux les plus a droite. Elles ont en particulier permis a Lyons, Pemantle
et Peres [82] et Lyons [80] de redémontrer, plus simplement et avec hypothéses plus faibles, le
théoréme de Biggins [10] qui généralise le théoréme de Kesten-Stigum en donnant une condi-
tion nécessaire et suffisante pour la dégénérescence de la limite de la martingale additive.
Cet outil a été utilisé a de nombreuses reprises par la suite.

Notons que si les marches aléatoires branchantes unidimensionnelles ont un intérét propre,
on peut aussi les considérer comme le potentiel dans lequel évolue une marche aléatoire en
milieu aléatoire sur un arbre (voir Lyons et Pemantle |81], Menshikov et Petritis [90]). La
compréhension de ce potentiel est indispensable afin d’obtenir des résultats fins sur la marche

aléatoire en milieu aléatoire (voir par exemple Hu et Shi [51], [52]).

3 Les marches aléatoires branchantes avec barriére ab-
sorbante

A partir d’ici, on suppose qu'il existe t* > 0 tel que W(t*) = t*U’'(¢*). Cette condition est
discutée en section 7 dans le chapitre 3. L’infimum de la premiére formule du Théoréme 2.A

est alors atteint en t* et donc v, = W'(¢*).

10
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3 Les marches aléatoires branchantes avec barriére absorbante

Nous appelons cas surcritique celui ou v. > 0, cas critique celui o v, = 0 et enfin
sous-critique lorsque v, < 0.

On peut évidemment soustraire v, a chaque déplacement (autrement dit changer Z en
Z — v.) pour se ramener a ’étude du cas critique v. = 0. On peut ensuite multiplier les
déplacements par t* (changer Z en t*Z) pour se ramener a t* = 1.

Sous ces conditions de normalisation, Hu et Shi [53| ont montré un résultat précis pour

la position de la particule la plus a droite :

Théoréme 3.A (Hu-Shi). Conditionnellement a la survie,

1 1

lim sup R,=—  p.s.,
n—oo lOgN 2
1 3

liminf —R, = —=  p.s.,
n—oo logn 2

lim —R, = —= en probabilité.

n—oo logn 2

Ainsi nous savons ou se trouve la particule la plus a droite, mais ce résultat ne nous dit
rien sur son historique avant le temps n. Par exemple on peut se demander si c’est 'individu
le plus a droite dans une génération donnée qui engendre l'individu le plus a droite dans
une génération ultérieure. La réponse, négative, a cette question particuliére a été donnée
par Lalley et Sellke [69] dans le cas du mouvement brownien avec branchement binaire, qui
est I’analogue continu de la marche aléatoire de branchement. Leur résulat est que chaque
individu a, dans une certaine génération ultérieure, un descendant qui occupe la position la
plus a droite.

Dans cette thése, nous nous intéressons aux "trajectoires extrémales" de la marche, donc
a I'historique des individus et pas seulement aux positions & une génération donnée. Nous
introduisons pour cela une barriére absorbante définie comme une suite ¢ : N — R, qui tue
tous les individus qui la franchissent (c’est-a-dire, pour chaque n € N, les individus de la
génération n dont la position est inférieure a ¢(n), lesquels ne se reproduisent donc pas).
Nous considérons uniquement la population qui survit au dessus de la barriére.

Ces marches aléatoires branchantes avec barriéres peuvent modéliser un probléme d’évolu-
tion de population avec sélection : au lieu d’avoir comme dans le processus de Galton-Watson
classique une méme chance pour chaque individu de se reproduire, on fait dépendre son ap-
titude & se reproduire de son adaptation au milieu en interprétant la position d’un individu
comme sa force et en considérant que seuls les individus d'une force suffisante (situés au des-

sus de la barriére) survivent et se reproduisent. I y a alors compétition entre I’accroissement

11
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Marche aléatoire avec branchement binaire et absorption par une barriére

0.2 T T T T

position

16 L ' 4 !
a 1 2 3
génération

exponentiel de la population dans le processus de Galton-Watson sous-jacent et 'effet de la
barriére. On peut néanmoins douter de la pertinence de ce modéle dans la mesure ot on ne
parvient pas a obtenir de population stable : dans les cas ou I'on sait distinguer la survie
de I'extinction, on observe soit 'extinction du processus, soit la survie avec accroissement
exponentiel de la population, comme dans le cas du processus de Galton-Watson. Nous men-
tionnons un autre modéle de sélection, plus fidéle a ce que I'on voudrait décrire, avec une
population limitée par les ressources du milieu mais qui ne s’éteint pas nécessairement est
obtenu en ne conservant que les N individus les plus performants parmi ceux obtenus en
faisant se reproduire ceux de la génération précédente (voir Brunet et Derrida [23]).

La raison qui a motivé I'introduction de ce modéle par Biggins et al. [15] est en fait
un probléme de calculs en paralléle issu de l'informatique. On peut aussi s’intéresser aux
marches branchantes avec barriéres comme indiqué plus haut pour obtenir des informations

sur les trajectoires d’'une marche aléatoire branchante.

4 Probabilité de survie dans les cas critique et sous-critique

Nous étudions ici le cas d’une barriére linéaire se déplacant a une vitesse v : Vn € N,
©(n) = nv, et nous supposons que la position intiale x (sous P*) est strictement positive.
Cela équivaut a considérer une barriére fixe a 'origine et a étudier la marche branchante de
vitesse € = v, — v dont les déplacements sont tous diminués de v. On définit ¢ et ¥ pour
cette nouvelle marche et on introduit :

h :=inf W(t).

t>0

12
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4 Probabilité de survie dans les cas critique et sous-critique

Notons Z,, le nombre d’'individus vivants dans la génération n.

Biggins et al. [15] ont montré le résultat suivant :

Théoréme 4.A (Biggins-Lubachevsky-Shwartz-Weiss). On suppose que les déplacements
sont des copies i.i.d d’une variable aléatoire réelle & telle que ®'(0) = PO)E[E] < 0 et
P& > 0) > 0 et que O(t) < +o00 pour un certain t > 0 (en particulier le nombre moyen
d’enfants ®(0) est fini). Alors Uinfimum définissant h est atteint pour une unique valeur
v>0det et )

—logE®[Z,] — h.

n
De plus,

W(hm Zn:0> —1 sie<0

n—oo

Px(limZn:oo> >0 sie>0.

n—oo
En particulier, il y a extinction presque siire dans le cas sous-critique € < 0 et survie avec
probabilité strictement positive dans le cas surcritique. Le théoréme ne conclut pas dans le
cas critique, mais on peut voir par un argument trés simple (voir Addario-Berry et Broutin

[1]) ou & la lumiére du Théoréme 3.A qu’il y a extinction presque sire lorsque ¢ = 0.

Dans la premiére partie de ce travail, nous complétons ’analyse ci-dessus en estimant
P*(Z, > 0) dans les cas critique et sous-critique. Les résultats sont connus dans le cas
continu (mouvement Brownien branchant), grice aux travaux de Derrida et Simon [31], [32],
Harris et Harris [48] et Kesten [61], mais les méthodes employées souvent spécifiques au cas

continu ne se transposent pas aisément au cas discret. Nous montrons le résultat suivant :

Théoréme 4.1 (Aidékon-Jaffuel). Nous supposons le nombre d’enfants déterministe et les
déplacements i.1.d., vérifiant de plus les conditions suivantes :

— 1l existe s > 0 tel que P(s) < oo.

— 1l eziste v € (0,s) tel que ®'(v) =0 (et donc h =V (v)).

— Le support de la loi & n’est pas inclus dans un sous groupe discret de R.

Dans le cas sous-critique, qui correspond a h < 0, il existe une constante Cy > 0 telle que
P*(Z, > 0) ~ C1e”V ()e"'n =3/

ot V est une fonction de renouvellement définie en (1.3) dans le chapitre 2. Dans le cas

critique, qui correspond a h =0,

3021272 1/3

n—00 2

13
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ot 02 = d"(v)/P(v).

Le résultat du cas sous-critique s’étend sans difficulté au cas d’un processus de Galton-
Watson admettant suffisamment de moments (un moment d’ordre 2 par exemple). En re-
vanche les arguments utilisés ne sont plus valables si on ne suppose plus les déplacements
i.i.d. : il est donc délicat d’étendre le résultat au cas général ot les déplacements des fréres et
soeurs sont corrélés et peuvent dépendre du nombre d’enfants. Le cas ou la loi de la marche
a son support inclus dans un sous-groupe discret de R nécessite un traitement séparé mais
trés similaire pour des raisons techniques et un résultat analogue est attendu.

Pour le cas critique, on peut étendre le résultat au cas général pourvu que le processus
de Galton-Watson sous-jacent admette suffisamment de moments, pour cela nous renvoyons
au chapitre 3.

Nous terminons cette section en citant un résultat de Gantert, Hu et Shi [44] qui décrit
comment la probabilité de survie (partant de 0) p(e) décroit dans le cas sous-critique lorsque

la vitesse de la barriére v = v, — € tend vers celle v. de la marche :

Théoréme 4.B (Gantert-Hu-Shi). Sous les conditions techniques suivantes :
— Il existe s1 > 0 et so < 0 tels que U(s1) < oo et U(sy) < 00;
Il existe t* € (0, s1) tel que t*V'(t*) = W(t*);
— Le nombre d’enfants N vérifie E[N] > 1 et E [N1+5] < 400 pour d > 0 assez petit ;

B T /t*\p”(t*>

logp(e) ~. 7o

on a

5 La barriére critique pour la marche branchante avec
absorption

L’objectif du chapitre 3 est d’affiner le résultat du Théoréme 4.A. Dans le cas critique,
il y a extinction presque sire et on souhaite trouver une barriére du second ordre en o(n)
telle que la marche branchante survive. Plus généralement on souhaiterait déterminer, étant
donné une barriere quelconque ¢ : N — R, si la marche branchante absorbée par cette

barriére survit ou s’éteint.

Théoréme 5.1. Dans le cas critique normalisé, dans le cas d’un nombre d’enfants borné ou

sous d’autres hypothéses techniques adéquates, la marche branchante absorbée par la barriére
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5 La barriére critique pour la marche branchante avec absorption

@ n— @n) = an'/® s’éteint presque sirement si a > —a, et survit avec probabilité

strictement positive Si a < —a., 0U

a. = (37r202)1/3 avec 0% ;== ®"(1) = E Z et | < +oo.

Ju|=1

N Lo

En notant 7, la frontiére de I’arbre (les chemins infinis vers le bas), on en déduit, sous

3

les mémes hypothéses, que

Théoréme 5.2. Dans le cas critique normalisé, conditionnellement a la survie,

sup lim inf w = —da..
ueTe ™70 TN /3

Dans le cas a = a., la question de la survie ou de l'extinction reste ouverte. Nous ne
disposons pas de condition nécessaire et suffisante sur une barriére générale pour la survie de
la marche. Les techniques développées ici donnent des critéres basés sur les limites inférieure
et supérieure de ¢(n)/n'/? qui ne couvrent pas tous les cas envisageables. En particulier ils
ne sont précis que lorsque gp(n)/n1/3 est presque toujours proche de sa limite inférieure et,
rarement, autrement dit a des intervalles trés espacés, de sa limite supérieure. A 'inverse,
lorsque ¢(n)/n!/? est souvent proche de la limite supérieure, la limite inférieure perd tout
intérét. Ces énoncés sont volontairement assez vagues car les oscillations de ¢(n)/n'/? entre
sa limite inférieure et sa limite supérieure sont difficiles a décrire. Les deux cas de figures
évoqués ci-dessus ne couvrent pas toutes les situations, nous renvoyons au chapitre 3 pour
plus de détails.

Dans le cas des barriéres ¢ : n +— (n) := an'/3, nous pouvons donner des résultats plus
précis que le théoréme ci-dessus qui ne traite que la question de la survie et de ’extinction.

Dans le cas de survie a < —a., nous montrons, le long d’une suite, que la popula-
tion croit quasi-exponentiellement avec probabilité strictement positive, et est de ’ordre de
exp (cn1/3(1 + 0(1))) a la génération n, avec ¢ une constante qui dépend de a et qui a une
limite strictement positive 2a./3 lorsque a — —a,.

Dans le cas d’extinction, nous estimons la probabilité de survie, qui est de 'ordre de
exp (—en'/3(1+0(1))), pour une constante ¢ dépendant de a et telle que ¢ — 0 lorsque
a — —de.

De plus, puisque la population totale Z est finie presque stirement, on peut s’intéresser a

la queue de distribution de Z. Dans le cas a = 0 Aldous a conjecturé que E[Z] < 400 mais
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E [Zlog Z] = 400. Ce résultat a été récemment démontré par Addario-Berry et Broutin [1]
et amélioré par Aidékon [3] qui a donné la queue de distribution.

Dans le cas sous-critique (barriére linéaire a vitesse strictement positive), la queue de
distribution est de I'ordre de P(Z > k) ~ k" pour un certain £ < —1 (travail en cours de
rédaction de E. Aidékon, Y. Hu et O. Zindy). Dans le cas critique, avec une barriére du second
ordre ¢ : n + (n) := an'/3, nous obtenons une queue de distribution P(Z > k) = k(o))
avec kK = —1 si a > 0 (cette estimation est grossiére au vu des résultats cités plus haut) et
—1<k<0si —a.<a<0.

6 Deéviations modérées pour le déplacement minimal d’une
marche aléatoire branchante

Dans la derniére partie de cette thése, nous considérons une marche aléatoire branchante
critique (v, = 0) normalisée (a t* = v = 1). Il est plus commode ici de changer le signe des
positions, de sorte que les conditions de normalisation s’écrivent W(—1) = ¥/(—1) = 0, qu’on
s'intéresse aux particules les plus a gauche et que la barriére tue les individus qui passent
non plus en-dessous mais au-dessus d’elle.

Désignons par 7, la population de la génération n de la marche branchante, |u| la généra-
tion d’un individu u et V(u) sa position. Les techniques de la section précédente permettent

aussi d’estimer certaines probabilités de survie de la forme :
P (Ju € 7,,Yv < u,V(v) < ™ (v]))

ou la barriére i € {1,...,n} — cp(”) (1) dépend du temps n jusqu’'auquel on demande a la
marche de survivre (on retrouve exactement le cadre précédent si ¢™ (i) ne dépend pas de
n). Il suffit que ¢ s’écrive sous la forme

P (i) =n'g (i)

n
avec ¢ : [0,1] — R une fonction "sympathique".

Dans le chapitre 3, on prenait g(t) = —at'/? qui faisait disparaitre la dépendance en n.
Ici, nous faisons un choix encore plus simple : nous supposons g constante, égale a b € R sur
[0, 1].

La survie sous la barriére jusqu’au temps n correspond alors a I’événement :

(6.1) {min V(u) < bn”g} = {Fu e T,,V(u) < bn'/?}

|lul=n
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ol

V(u) := max V(v).

v<u

Fang et Zeitouni [39] ont montré le résultat suivant :

Théoréme 6.A. Dans le cas critique avec branchement déterministe et déplacements i.i.d.,

min|u|:n V(u)

73 — be p.s. lorsque n — 0o
n

b, := <37r202> v
2

avec 02 défini comme a la section précédente.

avec

De plus, si b < b., alors

log P (minyy =, V(u) < bn'/?)
Ve

— b — b, p.s. lorsque n — 00.

La probabilité que la marche branchante soit moins rapide que le comportement typique,
autrement dit la probabilité de I’événement (6.1) pour b < b, est donc connue et son com-
portement asymptotique ne dépend de la loi de la reproduction et des déplacements que via
les conditions de normalisation et la valeur de o2, et il en va de méme pour la valeur critique
be.

Nous étudions ici la probabilité que la marche branchante soit plus rapide que le com-
portement typique, autrement dit de I’événement

(6.2) {min V(u) > bnl/g} = {Vu € T,,,V(u) > bn'/*}

lul=n

pour b > b,.

Le résultat attendu est que la probabilité de (6.2) doit tendre vers 0 plus rapidement
que celle de (6.1), car la réalisation de I’événement (6.2) implique une contrainte sur tous
les chemins qui partent de la racine, alors que pour (6.1) un seul chemin plus lent que le
comportement typique suffit.

C’est effectivement ce qui se produit. On observe aussi un autre phénoméne beaucoup
moins attendu : la vitesse a laquelle la probabilité de (6.2) tend vers 0 pour b > b. dépend
fortement de la queue de distribution a droite de la loi des déplacements. Il est aussi in-
téressant de noter que ce n’est pas le nombre moyen (bien que cette quantité intervienne

dans la définition de ® et donc dans la définition du cas critique) mais le nombre minimal m
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d’enfants qui apparait dans les résultats, phénoméne déja observé par Dembo, Gantert, Peres
et Zeitouni [29] dans I’étude des grandes déviations pour la marche simple sur un arbre de
Galton-Watson (autrement dit un modéle simple de marche aléatoire en environnement aléa-
toire sur un arbre, ou la particule évolue dans un potentiel donné par une marche aléatoire

branchante sur 'axe réel).

Théoréme 6.1. Sim > 2 et si M := ess supX = inf{x € R,P(X > x) > 0} < +o0, alors,
pour tout b > b,

1 I —0c
7 log (—logIP’ (|nllin Viu) > bn1/3>) —om e
n ul=n

Sim > 2 et six— —logP(X > z) est a variation réguliére d’index k, avec 1 < Kk < +00,

alors pour tout b > b., on a, lorsque n — o0,

logP (min V(u) > bn1/3) ~1logP (X > (b— bc)nl/?’) <mi — 1) Kﬁl.

|lu|=n
Si k =1, la borne supérieure reste vraie. Et on a la borne inférieure suivante :

_ log IP (min|u|:n V(u) > bn1/3)
hgl_,Sogp (b — bo)ni/?

—tom

ot to :=sup{t € R: Ax(t) < +oo} € (0, +0o0].
St m =1, alors il existe des constantes 0 < co < ¢1 < 400 telles que pour tout b > b,
o dogP (min|u|:n V(u) > bn1/3)

) log P (min‘u‘:n V(u) > bn1/3)
—Ccy > hin_)s;ip (b= bynl/? .

Ce phénomeéne se révéle facile & interpréter. Lorsque m > 2, la population croit expo-
nentiellement, et plus il y a d’individus (a une génération N), plus il devient difficile de
demander a chaque sous-arbre partant de ces individus de faire un effort pour rattrapper
I’écart avec le comportement typique puisque ces sous-arbres sont indépendants les uns des
autres. C’est pourquoi 'effort pour rattrapper le retard (b — bc)nl/?’ doit porter sur les pre-
miéres générations (disons les N premiéres générations), quand il y encore peu d’individus.

Dans le cas exponentiel, on peut prendre N = 1 et ainsi faire supporter tout ’effort par
la premiére génération, puis laisser les générations suivantes avoir un comportement typique,

car le cotut d’un effort important pour un individu est faible, et on obtient immédiatement
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le résultat (une borne inférieure pour la probabilité étudiée), a cela prés que la valeur de la
constante ¢ n’est pas toujours optimale (en particulier dans le cas ou la queue de ditribution
admet des moments de tous ordres, on s’attend a ce que, sous des hypothéses supplémentaires,
le comportement se rapproche du cas de type gaussien).

A Tinverse, dans le cas des déplacements bornés supérieurement, méme en demandant
I'effort maximal possible aux N premiéres générations, il faut au minimum un nombre de

générations N de I'ordre de n'/? pour combler I'écart (b— b.)n'/?

au comportement typique.
Le résultat découle de ce que le coiit total de cet effort, ainsi que la probabilité que tout
se passe bien sur les générations suivantes sont exponentiels en le nombre d’individus a la
génération V.

Enfin le cas de type gaussien est intermédiaire entre les deux cités précédemment : il faut
un petit nombre de générations pour compenser I’écart, mais le coiit total est moindre si on
répartit 1'effort sur plusieurs générations (avec une contribution diminuant exponentiellement

en la génération).
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CHAPTER 2 : Survival probability estimates in the critical and subcritical cases

Survival of branching random walks with absorption'
Elie Aidékon and Bruno Jaffuel

Technische Universiteit Eindhoven € Université Paris VI

Summary. We consider a branching random walk on R starting from z > 0
and with a killing barrier at 0. At each step, particles give birth to b children,
which move independently. Particles that enter the negative half-line are
killed. In case of almost sure extinction, we find accurate asymptotics for
the survival probabilities at time n, when n tends to infinity.

Key words. Branching random walk, survival probability, local limit theo-
rems.

AMS subject classifications. 60.J80.

1 Introduction

We consider a branching random walk on R with an absorbing barrier at the origin. At
time n, each individual of the surviving population gives birth to a fixed number of children,
which move independently from the position of their father. Particles that enter the negative
half-line are immediately killed, and do not have any descendant.

Precisely, take b € N*. Let 7 be a rooted b-ary tree, with the partial order v < w if v is
an ancestor of u (we write v < u if v < w or v = u), and let |u| denote the generation of u,
the generation of the root being zero. We attach i.i.d random variables (X,, u € 7, |u| > 1)
(X will denote a generic random variable with the common distribution). For v € 7, we
define the position S(u) of u by :

Sy =2+ X,,
v<u
where x is the position of the ancestor (the root). The surviving population Z,, at time n is

the number of particles that never touched the negative half-line :

Zn i =#{lu/=n: S(v) >0Vv < u}.

! This chapter comes from an article submitted to Stochastic Processes and their Applications. It is a joint
work with Elie Aidékon.
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Any individual w such that S(u) < 0 dies, and then has no children. Therefore we are only
interested in individuals which have all their ancestors, including themselves, at the right of
the barrier 0.

Kesten [61], and recently Harris and Harris [48] worked on the branching Brownian motion
with absorption, which is the continuous analog of our problem. We refer to Derrida [31],
[32] for a more physical point of view on killed branching random walks. In the setting of
branching Brownian motion (without absorption), large deviations probabilities on the speed
of the rightmost particle were given by Chauvin and Rouault [25].

The first natural question that arises is whether the population ultimately dies. We

introduce
(1.1) o(t) = E 7],
(1.2) v = infE [e"].

t>0

We make the following assumptions on the step distribution.

— There exists s > 0 such that ¢(s) < oc.

There exists v € (0, s) such that ¢'(v) = 0.

— The distribution of X is non-lattice.

Under these assumptions, we can show that

(1) if v < 1/b, there is almost sure extinction,

(1) if v > 1/b, the process survives with positive probability.

This criterion appears in Biggins et al. [15], though the critical case v = 1/b is not
treated there. However, a first moment argument easily bridges the gap. We can also see it
as a consequence of our results.

Throughout this paper, we focus on the extinction case v < 1/b. We necessarily have
E[X] < 0 which means that particles are attracted to the barrier, and strongly enough to

compensate the reproduction. Moreover, v = ¢(v) = infyeg ¢(t). Define
up(x) := P*(Z, > 0)

which is the probability for the process to survive until generation n, starting from x. We
already know that this probability tends to zero. The aim of this paper is to estimate the
rate of decay of u,,. Our first theorem deals with the subcritical case. Let X;, X,,... beii.d
random variables distributed as X, and define S,, := Sy + >_;_, Xs. Under the probability
P?, Sy = z almost surely. We introduce I, := inf{S;, j < k} and for any x > 0 the renewal
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function associated to (S,)n>0

(13) Vi) =1+ 37 B s,z ).
k=1

Theorem 1.1. If v < 1/b, then there exists a constant Cy > 0 such that for any x >0
Up (T) ~ Cle”f/(x)(b'y)"n_?’ﬂ.

The proof makes use of the following result for one-dimensional random walks, which is
Lemma 3 (ii) of [8].
Theorem A (Bertoin, Doney [8|). There exists a constant Cy > 0 such that for any x >0

(1.4) P*(I, > 0) ~ Coe”*V (z)n3?y" .

Consequently, the mean population at time n is given by E*[Z,] = Cae™V (z)n=3/2bm~".
In light of Theorem 1.1, we can therefore state that

Conditionally on non-extinction, the mean population converges to a constant independent
of the starting point. Our next result concerns the critical case v = 1/b. We find here that
the probability to survive is of order smaller than E*[Z,], which is in contrast with the

subcritical case.

Theorem 1.2. Suppose that v = 3. Let 02 := ¢"(v)/¢(v). We have, for any x > 0,
2,22\ 1/3

The paper is organized as follows. Section 2 gives results on local probabilities of one-
dimensional random walks conditioned to stay positive, that are used in Section 3 for the
proof of Theorem 1.1. In Section 4, we present a result due to Mogul’skii [91| on the proba-

bility for a random walk to stay between two curves. We prove Theorem 1.2 in Section 5.

2 The centered random walk conditioned to stay positive

In this section, (R,),>0 is a centered random walk under some probability @Q such that

Egy [e?(f1i=Fo)] < oo for @ in an open set containing 0. For z > 0, we denote by Q a probability
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distribution under which we have besides Ry = = almost surely.

For z > 0, we define the renewal function Vz(z) by Vz(0) = 1 and

Va(z) =Y Q°(Ry = Iy(R) > —2)
k>0
where [,(R) := infycpo ) Re. We denote by 79(R) the first passage time below zero of the
random walk R,
To(R) :=1inf{k > 1 : R, <0}.

—

We introduce the backward process R = (Ek, 0 < k < n) which is the random walk with
step distribution —(R; — Rp). Under Q”, we suppose that 7%0 = x almost surely. We define
Ik(?%), Ve and TO(E) by analogy with I(R), Vi and 79(R). Looking backwards in time, we
observe that we have the following equality in distribution
(Bt = Bt )ocpen 2 (Rk a Rk71>0<k<n '

Finally, for ease of notation, we will write 75 and I instead of 79(R) and I(R) whenever
there is no possible confusion. Our aim is to estimate the probability for the random walk
to lie in a small interval at time n without touching 0 before. We mainly use results from
Caravenna [24] and Vatutin and Wachtel [107]. However, contrary to the previous works

where the random walks start at zero, we want to allow any starting point x > 0.

2.1 Normal deviations regime

Let ¢(x) := we~"/?1 1,50, and 02 := Eg[(Ry — Ro)?]. Theorem 1 of [24] says that

0> n) = 5 (Uf/ﬁ) + 0a(1)

uniformly in @ € R, and ¢ in compact sets of R,. It is also well-known (see Kozlov [67])

(2.1) ov/nQ" (Rn € [a,a+ 0]

that there exists a constant C'; such that

C
(2.2) Q(n(R) > n) ~ .
Therefore, we can rewrite (2.1) as
on a
2. —Q = — 1
(2.3) C+Q (R, € [a,a+ 6], 19 >n) =0y (a\/ﬁ>+on( )

uniformly in @ € R, and ¢ in compact sets of R,.
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Lemma 2.1. Let (d,),>0 be a sequence in Ry such that d, = o <10£)>. We have

C'JFV—R(J:)Qx(Rn € [a,a+ 6], 1o > n) =0 <%> +0,(1)

uniformly in (a,z) € Ry x [0,d,] and 6 in compact sets of R..
Proof. Let A > 0 and (m,),>0 be a deterministic sequence of integers such that n >>
m,, >> d>. We define T}, as the first time when the random walk R is equal to the infimum

on the interval [0, n]

T, :=inf{k € [0,n] : Ry = L.(R)}.

For any a > 0, 0 > 0 and z € [0,d,,], we write

[oRVAL]

on N a
)—CJFVR(Q:)Q (R, € [a,a+ 6], 79 > n) —(w( ) ‘
on .
< m@ (T, > My, Ry, € [a,a+ 0], 79 >n)

on a
+‘C’+VR(95)Q (T, <my, R, € [a,a+ 0], 70>n)— Y <J n) ’

Therefore, we have to show that there exist two positive sequences (5%1))@0 and (8,(12))@0
both with limit 0 such that for any a > 0, 6 € [0, A] and x € [0,d,,], we have

(2.4) Q*(T,, > my, R, € [a,a+ 0], 0 >n) < 57(11) VRéx),

CyVg(zx) a 2 Vr()

. * < — < .
(2.5) |QY(T,, <my, R, € [a,a+ 0], 0>n)—9§ . P on ) < e

Proof of equation (2.4).
By the Markov property, we have

Qx(Tn > My, Rn € [aaa+5]7 To > n) = Z E(B [L(a - Rk7n - k)a Rk = Ik(R) > 0]

k=mn+1

where for z € R, and ¢ integer, we define
(2.6) L(z,0) == Q%Ry € [z,2+ 8], 0 > {).

By equation (2.3), there exists a sequence (7)o tending to 0 such that for any z € Ry, any
d € [0,A] and any integer ¢,

CLo ¢< z >‘§ e
ol +1) oVl +1
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In particular, L(z,¢) < ¢3/(¢ + 1) for some constant ¢z > 0. We deduce that

n

Q°(T,, > my, R, € [a,a+ 0], 79 >n) < Z

k=mn+1

C3

_ O — 1. >0).
n—k—{—l@(Rlg li 2 0)

Looking backwards in time, we see that Q*(R, = I > 0) = Q° (]Ek <ux, TO(E) > k) By
Lemma 20 of [107], there exists a constant ¢, such that for any k > 1 and = < vk, we have
Q° (Ek <z, 7(R) > k;) < ea(1+ 2) Vi (a)h 2.

We know (see [106]) that VE(u)/u has a positive limit when u goes to co. Therefore we have

«—

QR <z, (R) > k) < e5(1 + )2k
for some constant c5. We deduce that
(2.8) Q%(Ry, = It(R) > 0) < c5(1 + )%k 3/2.

Hence, uniformly in § € [0, A]

C3 -
*(T)y > My, Ry € [a,a+ 6], 70 >n) < cs(1 2 — 32
Q7 ( m la,a+ 6], 7o >n) < cs5(1 + x) k:mz+1”_k+1

We see that Zz/gm kT < cgma Y2 /n and S w2 ik < e P log(n). Tt
yields that
Q*(T,, > mp, R, € [a,a+0], 70 >n) < cze5(1+ x)Q(CG(m;I/Q/n) + con 32 log(n))

< 2D g (o124 12 10g0m))

since Vr(x) > ¢o(1 4 x) for some ¢y > 0 (Vg(z) > 1 for any > 0 and Vi(z)/z converges at
infinity to a positive limit from [106]). Then we choose el = csdp(ma, 2P 12 log(n)) to
complete the proof of (2.4).

Proof of equation (2.5)

We write as before

Q*(T, < My, Ry € [a,a+ 0], 70 > n) ZEQ a— Rp,n—k), Ry = I > (]
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where L(z, /) is defined in (2.6). By the definition of Vg(x), we have

(2.9) ‘Qx(Tn < my, R, €|a,a+ 6], 790 >n)— (5VR(;20+1/) (O’\C;ﬁ) ’
(2.10) < %E& UL(& — Ren—k) — &w (a\/_) CRy =1, > 0}
5C
+# > Q'R =1,>0).
k>mp

By equation (2.8), we have

D QRi=1r>0) <cs(L+2)? Y k%2 < caody Vaw)m, /2,

k>mnp k>mnp

It follows that for any a € Ry, z € [0,d,] and § € [0, A],

0C Y | 2=
(2_11)# Z Q°(Ry =1, > 0) < CIOVRTEx) <AC+||177/D2”oodn> _. VR_(‘T)UT(LD

n
k>my, Mn 0

where n") = 0,(1) by our choice of m,. On the other hand

o x 6C+ a .
(2.12) ;EQ “L(a—Rk,n—/f)—E (Uﬁ) ‘,Rk_lkzo]
= . 5C, a— Ry
kZ:oEQ “L(a — Bk, — k) — o(n — k)w ((ﬂ/ﬂ)

+(3C, o) g B} Un oy (0%) - (ﬁ)

By equation (2.7), we have

%E& DL(a— Ry,n — k) — U(icfk)w <0%) ( Ry =1y 2 0}

IN

aRk_[k20:|

1

< (R =1 >0 n—
< Z@ (R = Ip 2 0)—— M-t
k=0
< VR(l’)ng)
n
with 77%2) 1= = SUDg> iy, Me- The analysis of the function ¢ shows that
Lo (o) - ae (55 ) | = e
sup - = 0,(1/n
yEla—=x,a] n—=k ovn —k \/_
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uniformly in (a,x) € Ry x [0,d,]. We deduce the existence of (1, ))nZO going to 0 such that

VA 1 a— Ry 1 a B
2. e (o) oo (avm) | =)

ZQm(Rk =1, >0) sup

y€la,a+t]

IN

— (w%) - (f) |

< ﬁfﬂz:@x Sk=1Iy 2 0) < 77n WVi(w).
k=1

—_

Thus, equation (2.12) becomes

Zm" oC a V() ) 3)

This combined with equations (2.9) and (2.11) implies that

‘Q’”(Tn < my, Ru € [a,a+ 6], 7 >n) — 5VR<‘”)C+¢ ( a4 ) ]

on o\v/n
VR T
< VDm0 1 60 fom?).
Hence equation (2.5) holds with 5512) = 77,(1) + 77n ((5C’+/J) O

A result from Iglehart [54] says that under Q°, the random walk R, /(o+/n) conditioned
to stay positive converges to the Rayleigh distribution. We use this result to prove a more

general result :

Lemma 2.2. Let (d,),>0 be a sequence such that d,, = o(y/n). For any bounded continuous

function f, we have
(2.13) Eg {f (JR—H\/E) , To > n} = C’+VR (/ fu)(u)du + on(l))

uniformly in x € [0, d,].

Proof. Suppose first that f is a Lipschitz function with compact support. Write

T Rn - T
EQ |:f (—U\/ﬁ> , To > TL:| = kgzo EQ [an(Rk,k), Rk = Ik Z 0]
with

(2.14) (2, k) == EY [f (R’#gz) o> n—kz].
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We have

D2 k) < [ Floe@%(0 > n— k) < ——2L
CL(Z )—”f"Q(TO n )—\/m

Let (my)n>0 be a sequence of integers such that d2 << m, << n. We deduce that

n n

1
N Bilan(Ri k), Ri=1>0] < ¢ —
k=mn+1 Q[ ( ’ ) ) ) ] Hk:mn—i-l n_k+1

n

s —
hm VI — k+1

Q*(Ry =1, > 0)

S CHC5<1 + 13)2

by equation (2.8). We see that )" Wk 32 =0 (\/;WJ hence

n

(2.15) k:%n:HEé [an(Ry, k), Ry = I, > 0] < Vi%/%) (012 \/drz_n) :

On the other hand, since f is Lipschitz, we check that there exists c;3 such that

(58 (o o )

From the expression (2.14) of a,(z, k), we have for any z € [0, z],

sup
yER,2€[0,z]

R,k k

T 1 R O I P
(2.16)

We know that (f% conditionally on 75 > n converges under Q" to the Rayleigh distribution
(see [54]). It implies that there exists (7)xr>o tending to zero such that

E&{f(%),m>n—k}— (o >n—k / fu)(u)du
(2.17)

<77n k@ (7’0>n—k’).

Let € > 0. For n large enough and k < m,,, we have from (2.2) |Q%(7y > n — k) — \/_t

%_I
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Combined with (2.16) and (2.17), this gives

an(z, k) — /f

C13 (% + n3/2> Q%m0 > n — k) + 1,-4Q° (10 > 1 — k) + | floe

(it )

d, n my, . €
c JE— [E— —_—
“\n T2 "

7

for n greater than some ny, & < m,, € [0,d,] and z € [0,z]. We use this inequality for

IN

Slo

IN

IN

IN

2614

every k=0 ---,m, and we obtain

Mn c Mn

> |Eg [an(Ri k), Ry = I > 0] — / flu < 24— Y Q'R =1, >0)
k=0 -

Together with (2.15), it yields that

E: {f (f—"ﬁ> > n] - %/ﬂw f<u)¢(u)du‘ < Vi@( e+ 2014)

which implies equation (2.13). To complete the proof, we need to check that for any ¢ > 0,

there exists A large enough such that

sup Q* (i > A, 19> n) < VR(x)%.

z€[0,dn] oyn

Equivalently, we need to check that for any z € [0, d,,]
R, _
(ﬂ>14,7'0>n—k) ,Rk:IkZO

EX QO
kZ:; ¢ ov/n z=Ry,

For k > m,,, we already know from (2.15) that

- x . VR(Z‘) c dn VR(JI)E
Z Q"(Rr =1 >0) < n (12\/m_n)§ n

k=mn,+1
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for n greater than some n; and any x € [0, d,]. Let A such that QO(fT"ﬁ >A-1)<
n large enough. We observe that for any z € [0, d,,],

R, 1+ 2 R, _ d
0 n—k 0 n—k n
L _ "S> A m>n—k| < — 2 > A- " 1y>n—k
(B Ansank) < @ (TR s A k)
€ €

< < 2—
~ Vn—-k = Vn
for n large enough and k£ < m,,. It yields that

- Rn—k"'z
o @0(—>A,T >n—l<;)
kz:; Q o\/n 0

Therefore, there exists ny such that for any n > ny, and any x € [0, d,],
. R,
> B QO<%>A,TO>n—k) CR,=1;>0
k=0 gvn 2=Ry,

which completes the proof.

VR(ZL‘)
\/ﬁ .

,Rk:IkZO < 2e
z=Ry

VR(ZE)
NG

< (3¢)

2.2 Small deviations regime

£
n

for

B

We are interested in regimes where the random walk is close to the origin. This has been

investigated in [107] in the case of a starting point = = 0.

We recall that C was defined in (2.2). Similarly, let C_ be the positive constant such

that

Equivalently,

Q%(max R, <0) ~ O—

1<k<n n—oo \/n

log(n)

Lemma 2.3. Let d,, be a sequence in R, such that d,, = 0( vn ) and 6 > 0. We have

T C*C+ VR('I) o
Q (Rn € [Z,Z + (S),To > TL) n:oo QUMWL VE<U)CZU

uniformly in (z,z) € [0,d,] x [0, d,].

Proof. For ease of notation, we prove the theorem for n even. Let 6 > 0, and ¢’ € |0,

the Markov property, we have for any z € R,

J]. By

(2.18) Q%(R, € [z,2+0), 1o > n) = E§ [Q2 (Ryy2 € [2,2 4 0], 0 > n/2) , 70 > n/2].
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Looking backwards in time, we see that for any y > 0 and any integer k,

Q(Ri€ 2,2+ 8), 1> k) Q7 (Ry € [y y +8), o(R) > k).

By Lemma 2.1 applied to the backward process R, we deduce that uniformly in (y,z) €
R4 x [0,d,] and in &' € [0, 6], we have

QU(Ri € [z,240"), 10> k) < % (W (ﬁ) + ok(1)> .

By equation (2.18), it yields that

Q*(R, € [2,24+0"), 90 >n) <

N
&3

5" (U\/n/i> + on(1), 70 > n/2] .

Lemma 2.2 implies that, uniformly in x < d,,

L w(%),w(n/m] - o mwwczu%(lm(m
CoyF Vila),
L ent1)

It follows that uniformly in (z, z) € [0,d,] x [0, d,] and in &’ € [0, ¢],
/ C—C-i-\/— VR( ) AYoY,
v <
@B € ezt ) m>n) < SOVE A )0 + o)

C—C+\/_VR( ) N (5!
R VL( + (8" + 0,(1)).

We show similarly that

C_Cy /7 V(z )V
o3

More explicitly, this means that we can find a sequence (g,),>¢ tending to zero such that for
any (z,2) € [0,d,] x [0,d,], and any &' € [0, ], we have

Q" (R, €lz,24+ "), 70 >n) >

=(2)(0" + 0n(1)).

(219) Q"(R,€[z,2+0), 0>n) < C-Cym Valz )V«—( + 08" (14 e,/0),

o2 nil
(220) Q*(R,€lz,2+0), 9>n) > Cf\;iﬁ ‘2%3(/:2) VE(Z)(SI(l —e,/d).
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We can rewrite (2.19) as

C_Ci /7 V()
o2 i

Q%(Ry € [2,2+0'), 70 > n) < { }vﬁ(z)m + e, /81 +ms(2))

where

(2.21) mg(z) == V()
R

With (2.20), it follows that we have for any (z,2) € [0,d,] X [0, d,] and ¢’ € [0, d]
CLC.;.\/% VR(.T)

(2.22) ]Qw(Rn € 2,2+ 8), 70> ) = — SRV (a)0
C—C+ﬁVR<x) / / /
< { R }vﬁ(z)a (60/8 + g (2) + £nmmige (2)/5).
V—(2+9) . .
Let £ > 0. Let Z > 0 be such that <——- —1 < ¢ for any z > Z. Using (2.22) with &' =4
R

implies that for any z € [Z,d,] and any z € [0, d,], we have

C_Cy\/7 Vr(z)
ov2  n¥? E(Z)a

VE(z)d(en/(S + e+ e,6/9)

’@’”(Rn €lz,240), 10> n) —
(o)

< {EE I s

for n greater than some constant n;. We want to replace VE(z)é by the integral fzz+6 VE(u)du.
We observe that for any z > 7,

z+6
/ (VE(U) — VE(z))du
< BV +0) — Vi (2)
< (5V«E(z)€.

‘VE(Z)CS . /:ﬂS VE(u)du‘

IN

N

It yields that for n > ny, v € [0,d,] and z € [Z,d,].

C. fjﬁﬁ v§</x> /Z*‘s Ve (u)du

’Qm(Rn €z,2z+0), 70 >n) —

< { C‘fjiﬁ ‘ff@ bovi(2)(3e)

7 Va(z 240
(2.23) < CJC\B/_:;M) / Ve (u)du(3¢)
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the last line coming from the fact that VE is nondecreasing. It remains to deal with the
case z € [0,Z]. For h > 0, we define the compact set S(h) := {z € [0,Z + ¢] : VE(u—l—) -
VE(U—) < e Vu € [z — h,z + h]}. We notice that [0,Z + §]\S(h) can be described as a
finite union of intervals U;(z; — h, z; + h) where (z;); are the points in [0, Z + ¢] such that
Vﬁ(zﬁ—) - VE(zi—) > ¢. Therefore, in view of (2.19), we can take h > 0 small enough to

have for n large enough (say n greater than ny)

3

C_Cy\/7 Vg(z)
o2 nd2

(2.24) Q*(R, €10,Z + 6]\S(h), 79 > n)

(2.25) / Vo (u)du < de.
0,2+5\S(h) T

VAN

We observe that limsup,_,sup,cg(,) my(2) < € by compacity of S(h). Let ng be such that
SUD,es(n) Mayer (2) < € for any n > ny. Equation (2.22) implies that for any 0" € [\/g,, 21/E4],
for any z € S(h), and any n > ns,

‘Qm(Rn €lz,z+08), 70>n)— C_CV/ Vr(x)

R =(2)0"
< { Cf\jiﬁ ‘f;f;") }VE (2)8'(V/Em + € + £/En)

{C—O+ﬁ Vr(z)
o2 nd?

(2.26) }VE (2)8"(2¢)

for n greater than some ny. As before, we replace VE(z)(S’ by the integral f;”l VE(u)du and

equation (2.26) becomes

z+6’
(2.27) Q'(R, € [, 2+ ), 7o > n) — =Gt VT Val) / i V()

o2 i
C_Co /7 Vi(z) [
< ST / Ve (u)du(3).

For any z; < 29 in [0, Z + 0] such that [z1, 23] C S(h), decomposing the interval [z1, 25) in
small intervals of length between /g, and 2,/¢, yields that for any n > ny

Q% (R, € |z1,22), To > n) —

C_Ci/m Vr(x)
o2 3

C_CimVg(z) (=
o2 n3/2/ Vﬁ(u)du‘

/Z Ve (u)du(3e).
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Beware that the same inequality is true for non-degenerate intervals of the form (,], [,], or
(,) (we can see it by taking slightly larger or smaller intervals of the form [,) and then using

the continuity of the integral fzzf). Therefore, we have for any z € [0, Z] and n > ny

Q'(Ry € [, 4+ 0) N S(h), 1 > n) — S=CrV/TVal@) / Ve (w)du
[z,24+6)NS(h)

O'\/§ n3/2 R
c.cC Vi
VT Rg(/? / Ve (w)du(3e).
a\/§ n [z,246)NS(h) R

By our choice of h (see equations (2.24) and (2.25)), we have

Q°(R, €[z, z+4d]NS(h), 1o >n) < QF(R,€[0,Z4\S(h), 0>n)
C_Ci /7 Vr(x)
o2

<

and

/ Vo(u)du < / Vo (u)du
[2,248]NS(h)e T 0,2+5\S(h)
< e

It yields that for any = € [0,d,], any z € [0, Z] and any n > ny,

C_f\;gﬁ g(/f) / e VE(u)du’

. {C_fbﬁ f?,(/f)} / o Ve (u)du(52).

In view of (2.23), we have for n > max{n;,ns}, and any (z, z) € [0,d,] x [0,d,]

COC\J/FE\/% ‘2%3(/32:) /Z+5 VE(u)du)

< {C—f\;ﬁﬁ ng(/zf)} / o Vo (u)du(5¢)

which completes the proof. O]

)@%Rn €lz,2408), 10> n) —

)Qx(Rn €z,2+0), 70 >n) —

3 The subcritical case

Recall that S,, = So+ X1 + Xa +---+ X, is the one-dimensional random walk associated
to the branching process. We denote by

1o :=1inf{k > 1 : S, <0}
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the first passage time to 0 of the random walk S. Since E [X;] < 0, we know that S, drifts to
—o0 and 79 < oo almost surely. Notice also that for any vertex |u| = n, S(u) is distributed

as S,.

Let for h €]0,1] :
1-(1—=h)
B bh .

Our first lemma shows a recurrence formula for w,(z) := P*(Z, > 0).

B(h) :

Lemma 3.1. For any x € R and n > 1, we have
un(2) = 0ligz0 B [un—1(S1)] B (E” [un-1(51)]) -

Proof. Firstly, we obviously have w,(z) = 0 if < 0. Therefore take x > 0. We write that
the process survives (until the n'® generation) if and only if at least one of the individuals

in the first generation has a descendant in the n'" generation.

@il

with A; the event {the " individual in the first generation has a descendant in the n'

up(z) = B

generation }. Using the branching property of the process, one gets that the events {(A;,7 =
1,...,b)} are independent and have the same probability equal to E* [u,,_1(S7)]. Put this in

the preceding equation to obtain
() = B 1= (1= Blun1(S))"]
The conclusion follows from the definition of B. O
Define for any n > 1 and z € R :
wy () = B (E* [un-1(51)]) -

This allows us to rewrite the lemma as follows :

(3.1) Up () = Dl 5500 B [ty—1(S1)] wn ().
For future use, notice that
b—1_,
1 —wy(z) < TE [tn—1(S1)]
b—1

(3.2)

IN

5 un () =: cgup(x) .
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Lemma 3.2. For anyn > 0 and x € R, we have

H{7'0>n} H wk(Snk>]

k=1

Proof. We proceed by induction. The case n = 0 is easy since ug(z) = I(z>0y. Now suppose

n > 1 and x > 0. By equation (3.1), we have
Un(x) = DE® [uy—1(S1)] wy(z).

Applying the recurrence hypothesis to wu,_1(57) gives :

Up(r) = V'E" |5, 50) B

= bnEx ]:[{T0>'I’L} H wk(sn_k-)]

n—1
Wiry> (n-1)) H wk(Sn—k—l)] ] wy,(z)
k=1

k=1

which completes the proof. O]

We state the key result of the section.

Proposition 3.3. For any x > 0,

n

H U}k(Sn,k)

k=1

(34)  E°

To > n] converges to a positive constant as n — oo.

Furthermore, the limit does not depend on the value of x.

Suppose that Proposition 3.3 holds. Let us see how it implies Theorem 1.1.

Proof of Theorem 1.1. Lemma 3.2 says that

Pm(Zn > 0) = H{wzo}bnEm

Hwk(Sn_k), To > n]

k=1

Proposition 3.3 implies that there exists a constant C' independent of x such that

P(Z, >0) ~ CP*(p > n).

n—oo

We conclude by equation (1.4). O

The remainder of the section is devoted to the proof of Proposition 3.3. The basic idea
of the proof goes back to Harris and Harris [48], but several important ingredients (such as
stochastic calculus and path decomposition for Bessel bridges) are no longer available in the
discrete setting. First, we derive the convergence in law of S,, conditionally on 79 > n. Then,

we prove the lower limit and the upper limit of Proposition 3.3 in two distinct subsections.
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3.1 A convergence in distribution

We use the Kolmogorov’s extension theorem to define the probability Q such that for
any n,

el/(Sn—So)

dQlr, = de|fn>

where F,, is the sigma-algebra generated by Sy, Sy,...,S,. Under QQ, the random walk .5, is
centered, and o2 defined by ¢"(v)/¢(v) is the variance of S; under Q. Moreover,

V(z) =Y QSk = Ii(S) > —z) = Vs(x)

k>0

with the notation of Section 2. We introduce for any z > 0,

(3.5) Vo(z) =1+ 7 *E {e'/skﬂ{skzsupowsegz} .

k>1

Then, with the notation of Section 2.2, we have V_(z) = Vg(z) Let Cy and C_ be the

positive constants such that
s
vn'

C_
0 —_—
Q %25?31 Sk <0) ~poo NG

and S* be a random variable on (0, 4+00) with distribution given by

1 .
P(S* €dz) = - PV _(2)dz .
( ?) fooo e—”“V_(u)due (2)dz

QO(TO > TL) ~n—oo

Lemma 3.4. For any x > 0, the random variable S,, under P*(- |19 > n) converges in law

to S*.
Remark 3.5. The case x = 0 can be found in [55].

Proof. We first show that the sequence is tight. By changing measure from P* to Q, we
have for any A > 0,

(3.6) P(S, > A, 10 >n) =e"Eg [e™%", S, > A, 1 >n].
We see that

3.7 E2 [e7 S, >n'/3 15 >n] < e,

( 0
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Moreover,

ln/3]
Eg [e5", S, > A, 19 >n] < Z e Q(S, €[00+ 1), T > n).
(=|A]
We use Lemma 2.3 with d, = n'/3, § = 1 to see that there exists ¢;5 > 0 and ny such that
for any n > n; and any A > 0,
[n/3)
(3.8) > e QNS €L+ 1), 1o >n). < eV (x)e AT,
(= A
Equations (3.6), (3.7) and (3.8) imply that for n greater than some n,, we have uniformly
in A>0,
P*(S, > A, 10 >n) < e”$17(x)2015e_”An_3/2.

By equation (1.4), we obtain that there exists ng such that for any n > n3 and any A > 0,
PI(Sn > A | T0 > n) < efl’A(3cl5/C'2)

which proves the tightness. We prove now that the the sequence converges to S*. It is enough
to check the convergence on the particular test functions, f(h) = e"hl{he[z,zﬁ)} for z >0
and 6 > 0. We write

E*[f(Sn), 70 >n] = 7”e”xE6[e_”S"f(Sn), To > n|
= 7"e"Q"(h € [z,2 +0), 10 > n).

We deduce from Lemma 2.3 that

. L, C_Cy V() [
E*[f(Sn), 1o >m] ~ 7 2o T / V_(u)du.

Equation (1.4) yields that

. T _ —n O—C+ V(I) /VZ+(S ¥
nhjgoE [f(Sa)[To>n] = ~ 20+/27 Con®/2 . ~(u)du

2446

= 1 /Z V_(u)du.

We can rewrite the limit as ¢1y ) f(u)e™*V_(u)du. The convergence in distribution follows.
Since the limiting measure is a probability distribution, we have ¢1y ) f(u)e ™ V_(u)du = 1,

which completes the proof. O]
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3.2 Upper bound in Proposition 3.3

We prove a simpler version of equation (3.4).

Lemma 3.6. Let K € N*. Then

K

[ we(Sa-r)

k=1

(3.9) lim E*

n—oo

T()>7’L] = ag

where ag is defined in (3.10).

Proof. Let for any integer ¢ € [0, K| §, =S, Kk1i — Sn_k. We have

3

Ew

K
Hwk(Sn_k), To > n] = FE*
k=1

K-—1 _
H U)K_k<Sn_K + Sk), To > n]

k=0

Since S is independent of S,_x, we can write

e
k=0

K-1
H Wg—k(Sn—k + Sk), T0 > n] = B [fx(Sn-k), 10 >n— K]

with fr(z) == E* []I{TO>K} | wK_k(Sk)] By Lemma 3.4, we know that S, conditio-
ned on 79 > n, converges in distribution to S*. Then by the continuous mapping theorem,
E? [fr(Sn—k)| 70 > n — K| converges to E [ fx(5*)]. We are allowed to make use of the conti-
nuous mapping theorem because S* has a density and fx has at most countably many points
of discontinuity (indeed, these are the points from which the random walk has a positive pro-
bability to reach the origin in at most K steps and stay positive before. They are related to

the atoms of the law of X which are at most countably many). Then,

. s P*(ro>n—K)
E Hwkwn_k) >Nl = E* [fx(Sn_i) |70 > n — K],
which tends to
(3.10) ar =B [fx(S)]
by equation (1.4). O

We deduce the following upper bound.
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Corollary 3.7. We have

I (= wi(Sazi)

k=1

lim sup E*

n—o0o

To >n] < inf ax.
K>1

Proof. We observe that for any n > K > 1,
n K
E* Hwk(Sn,k) To>n| < E” Hwk(Sn,k) To > n] )
k=1 k=1

By Lemma 3.6, it implies that

H wk(Sn,k)

lim sup £* To>n| <ag.
Take the infimum over K > 1 to complete the proof. [

3.3 Lower bound in Proposition 3.3

We show that infx>; ax is also a lower bound.

Lemma 3.8. We have

n

1w (Sns)

k=1

(3.11) lim inf E*

n—oo

To > n] > inf ag
K>1

and infg>; ax > 0.

Proof. Let ¢ > 0 and np > 0. We first prove that there exists K large enough such that

K

H Wi (Sn—k)

k=1

n

H wk(sn—k)

k=1

(3.12) E®

To > n] > (1—¢)E”

7'0>n] —-n.

Since wy < 1, we have, for any K < n,

H wk(Sn,k)

ﬁ Wi (Sp—r)

k=1

(1—-¢)E”

T0>n]

< FE* To>n

+ P? ( IT we(Sus) <1-¢

k=K+1

T()>TZ>.

Therefore, we need to show that

P* ( f[ wk(Sn_k) <l-—c¢

k=K+1

7'0>n>§77
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when K is large. We split it into three parts, by observing that

Px( H wk(Sn_k)<1—5 T[)>TZ>

k=K+1
§Px(A1|TO>n)+P$(A2|TO>n)—|—P$( H wk(Sn_k) < 1—6, Ag

k=K+1

T[)>TZ>

with

Al = {SnZM}u
Ay = {IK+1<k<nsuchthat S, , > M+k? S, <M},
Ay = ASN AL

By Lemma 3.4, the sequence (.S,,),>0 conditionally on {7y > n} converges in distribution to

S*. Therefore there exists M = M(n) such that P* <A1

To > n | < n/2 for n large enough.

7'0>n).

We use Lemma 6.2 (see Appendix) with o = 2/3. There exist some constants ¢y, > 0 and
b > 0 such that, for any k € [0,n],

Let us consider As,.

n

7'0>n) < > p (Sn_k2M+k2/3, S, <M

k=K+1

P (4

p* (SM > M+ k3 S, <M K

To > n) < cye”

It implies that

P (4

To >n) < cup Z e <n/2

E>K+1

for K = K(n) large enough. Therefore, we found M (n) and K(n) such that

It remains to bound the probability of having Az and {[],_x_ ; wk(Sn—r) < 1 —¢}. From
(3.2), we know that 1 — wg(z) < cgug(z). Furthermore,

up(z) = P*(Z), > 0) < E*[Z;] = V" P*(10 > k).
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We observe that P*(rg > k) < P*(Sg > 0) and we use the Cramér’s bound P*(S; > 0) <
EC [e"@ 5] = e""¢(1v)¥ to get that

(3.13) 1 —wi(z) < cze”p(v)F.

On the event As, we have

H We(Sp—k) >

k=K+1 k

(- s
(3.14) > (1 - 03eV(M+k2/3)¢(V)k> =: F(K).

Since limg o, F(K) = 0, we can choose K = K(e) large enough to have F(K) > 1 — e.

T0>TL>:0.

This proves (3.12). In particular, taking the limit n — oo, then infx>;, we obtain

Hence we get for K large enough,

Px< H wk(Sn_k) <1-—c¢, Ag

k=K+1

lim inf £*

n—oo

H wk(Sn_k)

k=1

K>

7'0>TL] >(1—¢) inflaK—n.

We take n — 0 and € — 0 to complete the proof of (3.11). Combined with Corollary 3.7, it
implies that

H wk(sn—k)

k=1

(3.15) lim E*

n—oo

To > n] = inf ag.
K>1
We show now that infx>; ax > 0. Let ¢ > 0 and n > 0. We write as before

P* (ﬁ We(Sp—k) < p |70 > n)

k=1
< P*(Ay| 19 >n)+ P*(As| 10 > n) + P* (H Wk (Sp_k) < p, Az |70 > n> )

k=0

We already showed that there exists M = M (n) and K = K(n) such that for n large enough
(316) Pm<A1’T0 >7”L)+PI(A2‘7'0>TL) <.
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We recall also that on the event As, we have

n

T we(Sacs) = F(K)

k=K(n)+1

where F(K) is defined in (3.14). We take care of choosing K big enough to have F'(K) > 0.
We emphasize that K does not depend so far on the value of u. We have for n > K,

T0>7”L> .

P (H wi(Sn—i) < pu)F(K), 1o > n> = E% gk u(Sn_k), 0 > n — K]

k=0

To > n) < pP* (Hwk(Snk) < u/F(K)

k=0

By the Markov property,

where gg ,(2) = P? (Hf:o wi(Sk—k) < p/F(K), 10 > K). By Lemma 3.4, using the conti-
nuous mapping theorem yields that E?[gx ,.(Sh-x) |70 > n — K] tends to v % E[gx .(S*)].
Again, we used the fact that the function gx , has only countable many discontinuities. Let
p > 0 small enough to have v ¥ E[gk ,(S*)] < n. By equations (3.16) and (3.17), we have

forn > K,
T0>n>

E* Hwk(Sn,k)
> (1 —n—F° (Hwk(sn—k) < p/F(K)

To > n] > uP* (H wWe(Sn—k) > 1

k=0

We take the limit n — oo. By (3.15), the LHS goes to infg>; ax. Therefore,
. S _
Il(nzfl ag > (1 —=2n) >0

if 1 is taken strictly smaller than 1/2. O

4 Mogul’skii’s estimate and corollaries

Before the proof of Theorem 1.2, we mention a small deviations result of Mogul’skii,
which gives the probability for a random walk to stay between two curves.
For any L, L € F[0,1], we write L < L when V¢ € [0,1],L(t) < L(¢) and L < L when
Vi € [0,1],L(t) < L(t) . Ifn > 1, we write L <, L when V1 < k <n, L (£) < L (%) and
L<,LwhenVl<k<n,L(k)<L(%).
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Theorem 4.1 (Mogul’skii). Let &, &, ... be i.i.d. random variables such that E[§] = 0

and o := E[¢}] < co. Let (x,, n > 0) be a sequence of positive numbers such that

lim z, = 400,
n—oo

.o

lim —~ = 0.

Define for any n > 0
Sp =50 +& + &4+ &,

where Sy = z almost surely under the probability P* (z € R).
When z = 0, write P := P° and define, for any t € [0, 1],

:SLth _atHt. 4G

T Tn

Sn(t) :

for  k/n<t<(k+1)/n.
Then, for any Ly, Ly € C[0,1], with Li(t) < Ls(t), we have, as n — oo,
log (P(Ly < 8, < Ly)) ~ —Cp, 1,2,

where

w202 /1 dt
CLl,LQ = 5
2 Jo (La(t) = La(1))

We keep the notations and assumptions of Theorem 4.1 throughout this section. For the

proof, we refer to [91].

Lemma 4.2. Set Ly, Ly € C[0,1], with L1 < Ly and L1(0) < 0 < L9(0). For any sequences
(LY)n and (LY), of F[0,1] such that ||L} — Li|lec — 0 and ||LY — La||oc — 0 as n — oo, we
have

log (P(L} < sp, < LY)) ~ —nx,?Cr, 1,.
Remark 4.3. In the conclusion of Lemma 4.2, we can replace the strict inequalities
L} <s, <Lj

by weak ones (or take one strict and the other weak) and obtain the same estimate by exactly
the same argument. One can easily check that this also applies to the other results of this

section since we deduce them from Lemma 4.2.
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Proof of Lemma 4.2. Let 0 < e < %min[(),l](LQ — Ly). We can choose N > 1 such that
Vi e{1,2},Vn > N’rf(l),&ﬁ{w? —Lj| <e.
Then, for any n > N, we have
{Li+e<sy<Ly—e} C{L} <s, <Ly} C{Ly —e< s, < Ly+¢}.

Using the corresponding inequalities for probabilities and applying Theorem 4.1, we get

2 2
—ClLite - < llT{IiloI.}f F" log P(LY} < s, < Ly)<limsup ;” log P(L} <s,<Ly) < —Ch, c Lyte-
n—oo

We make ¢ — 0. Then Cp 4cr,—- — Cr, 1, and Cp, ¢ 1,4c — Cf, 1,, and the lemma is

proved. [

Lemma 4.4. Set Ly, Ly € C[0,1], with Ly < Ly and L,(0) < 0 < Lo(0). For any sequences
(LY)n and (LY), of F[0,1] such that ||L} — Li|lec — 0 and ||L§ — La|joc — 0 as n — oo, we
have

log (P(LY} <y 8n <n LY)) ~ —nx,2Cp, 1,.

Proof. We introduce the sequences of piecewise constant interpolation functions (E?)n and
(L3),, defined by :

= t
We notice that
¥n > 1 {LY <, 50 <n L3} = {L} < s, < L3},

Before concluding by applying Lemma 4.2 with Z;‘ playing the role of L7, we have to check
that these sequences converge uniformly to L; as n — oo for j = 1,2. Set ¢ > 0. We can
choose N > 1 such that for j = 1,2 for any n > N, we have [|L} — L[| <e¢.

We can also choose 17 > 0 such that for 7 =1, 2,

vt € [0,1], (|t = '] <m = |L(t) — L;(t')| <e).
Let t € [0,1] and n > % Noticing that |Ltn—"J —t| < L, we get for j = 1,2

2 max(, D E30) - Ly < 125 (120) - (1) g, (12 - ol < 2=

n

Then HE;‘—L;‘HOO — 0 asn — oo and we can apply Lemma 4.2, which proves Lemma 4.4. [
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From now on, we set :
(4.1) Vn > 1, z, = n'/?.

Lemma 4.5. Set Ly, Ly € C[0,1], with Ly < Ly and Li(0) < 0 < Ly(0). Let (L), and
(L), be sequences of F[0,1] such that ||L} — Li|lec — 0 and |Ly — Laljoc — 0 as n — oo.
Let 3* and ~* be positive real numbers such that 0 < §* < v* < 1. Let u*,v* € R such that
Li(0*) < u* <v* < Ly(B*). Let (up)n and (vy), be sequences of reals satisfying

I, u”, Un v, LY (B(n)z, <u, <v, < Ly(B(n))x, VYn>1.
Ty n

Let (B(n)), and (y(n)), be sequences of reals satisfying

) g ) e 1< ) <o) <mn > 1

We also assume that :
dM e N*,Vm e N*, #{n: (v — 5)(n) =m} < M.

It is easy to see that the last condition holds if the sequence (y(n) —ny* — B(n) + np*), is
bounded. Then

1 E\  Sk—pm k ‘o
limsupmlog ( sup P~? (L? (E) <kx—ﬁ()<L3 (ﬁ) ,Vﬁ(n)<k§7(n))) < —Cflﬁv*,h,u*,

n—oo Un <z<vp n

where, for any functions continuous Ly and Lg : [0,1] — R such that Ly < Lo,

*

Cf*f . 202 /V dt .
o 2 g (La(t) — Ly(1))?

Proof. Write m := ~(n) — f(n). Notice that

{Vz € [un, va], Yk < m, z, LY (M) <2+ Sk <z,Ly (W)}

n

12 ¢ fokmon (5 (2055) o) <5 (i3 (205) )}

Let A={m e N*:3dn € N* ~(n) — B(n) = m}.

By hypothesis, each m € A is attained by v — 3 for at most M different values of n, hence we
can define a surjection ¢ : {1,2,..., M} x A — N* such that forany 1 <1 < M, o(l,m) =:n
satisfies y(n) — B(n) = m.
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For each 1 <1 < M, we define

N Lr ((1—t)6(2)+tv(n)> o, —v, Lr ((l—t)ﬁ(z)ﬂv(n)) 2, —
Ly'(t) = L) = :

Tm Tm

* ﬁ*)_lm, we obtain Ty ~ xm(fy* _ ﬁ*)—l/g.

Consequently these sequences of functions satisfy, as m — oo (and so n := ¢(I,m) — o0) :

where n := ¢(I,m). Using (2.2) and n ~ (v

LY(t) = Li(t) = (7" =B P L (L= 08" +t77) = v7],

Ly () = Lo(t) = (7" =B P [La (1= 1)8" +t7") — ']

For each 1 <[ < M, we apply Lemma 4.4 with E?L and EE” to the probability of the event

in the right-hand side of (2.3), we obtain, for the event on the left-hand side, as m — oo
k k
n n

exp | — 0 ml/:ﬂTQ‘72 1 a
< exp | —(1+0(1)) 2 /0@2(,5)51(75))2

2 2 a* dt
= exp| —(1+o(1 nl/?’wa/ )
= exp (=(1+ o) °CE 1)

This bound holds with n running along the M subsequences ¢(I,m),,, 1 <1 < M, which

together cover all the values n € N*, and thus Lemma 4.5 is proved. ]

Lemma 4.6. Set Ly, Ly € C[0,1], with Ly < Ly and Li(0) < 0 < Ly(0). Let (L}), and
(L), be sequences of F[0,1] such that ||L} — Li|lec — 0 and |Ly — Laljoc — 0 as n — oo.
Let 5* and ~* be positive real numbers such that 0 < * < ~v* < 1. Let (8(n)), and (v(n)),

be sequences of reals satisfying

) e, 2 e 1< pm) <Ay <0 Va2
n n
We also assume :

dM e N*,Vm e N, #{n: (v — 5)(n) =m} < M.
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It is easy to see that the last condition holds if the sequence (y(n) —ny* — B(n) + np*), is
bounded. Then

Sk—8(n
hmsup 1 log (sup p? (L’f <E) < ZEPm ( ) VB(n) <k < 7(71)))

ﬁ*,v*
< _OL17L2 )

where the sup, is over the z € R such that z,L}(6(n)) < z < x,L5(B(n)).

Proof. Let ¢ > 0. Let N be an integer such that Ne > Ly(8*) — L1(5*). We define for
j=0,1,...,N,
Ly(B°)(N —j) + Ly (67)J

ul =, N
With obvious notation, we have
sup p(z,n) = max sup p(z,n).
zn L} (B(n))<z<zn L3 (5(n)) 0STSN=1 i <ol

We apply Lemma 4.5 N times, with u,, = v/ and v, = v/, J=0,1,..., N — 1 and get by

the preceding equation :

k Sk—p(n k
hmsup 75 log (sup p? (L? (—) < 2B Ly (—) VB(n) <k < ’Y(n)))
n—s00 n Tp n

L L +L2(5*) Li(B*) — Lq L2+E’

where the sup, is over the z € R such that z,L}(8(n)) < z < z,Ly(5(n)).
In the computation of (2.4), we used the fact, obvious from its definition, that Cflzz only

depends on Ly — Ly, #* and 4*, which implies

VO< i< N—1.C% N o e . .
)= LR )<N_]_11v)+L2 BN+ § o LT )(N_§)+L2 (8%)J Ly, Lo+ 228011 (8")

We make ¢ — 0, then Cf C’fle and we conclude using the bound (2.4). O

L+€

Proposition 4.7. Set Ly, Ly € C[0,1], with Ly < Ly and L1(0) < 0 < L9(0). Let (L}), and
(LY),, be sequences of F[0,1] such that ||L} — Li|lec — 0 and |LY — Laljoc — 0 as n — oo.
We assume B and C' are mappings [0, 1] x N* +— N* nondecreasing in the first component
and such that, for any o € [0,1], the sequences (B(a,n) — an), and (C(a,n) — an), are
bounded.
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We know from Lemma 4.6 that for any 0 < 0* < ~v* <1, we have

: 1 z n k Sk:fB(B*,n) n k * *
hmsupmlog (sgpP <L1 (ﬁ) < — < Ly - VBB, n) < k< C(vy*,n)

n—oo In

B "
< _CLLLZ’

where the sup, is over the z € R such that z,L}(B(6*,n)) < z < z,Ly(B(6*,n)).
The claim of the present proposition is that this estimate holds uniformly in % and ~*
such that 0 < g* < v* < 1.

Proof. Let € > 0. Let N be an integer such that

]_ * *
V0SB <y <Ly -5 < 5 = OL Y, <o)

We apply Lemma 4.6 N(N + 1)/2 times with

b c

e = — < < N.

Then for n big enough, and any integers b and ¢ such that 0 < b < ¢ < N, we have

1 k Sk—B(l n) k b c
o s gn (X “k=Blyn) n 2 <L
nl/slog (sgpP <L1 (n) < . < Lj (n>,VB(N,n)<k‘_C'(N,n)

b ¢
NN
< _OL17L2 +¢,

where the sup, is over the z € R such that z,,L7(B(8*,n)) < z <z, Ly(B(5*,n)).
Forany 0 < 0* <~* <1,wecanfind 1 <b< N and 0 <c¢ < N — 1 such that :

b—1 b c c+1

— P = —* < .

N Sy ¥ sy
If b < ¢, then

1 w (kY _ 2t Sk-n@m _ oa(k ) ;

1 k Z+ S, p(L k b ¢
< —1 P|LY(— — < 7| = B(— < -C(—=
=~ n1/3 0g (Sgp ( 1 (n> < T, < 2 (TL)’V (N7n)<k— C(an)

b c
< -Cpp, te
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where the sup, is over the z € R such that z,, L7 (B(8*,n)) < z < x, Ly(B(5*,n)).
Else b=c+ 1, v* — " < 1/N, hence C’EIL < e . This case is easier :
1 z n ki Sk—B(/B*’”) n k * *

< 0<-Cl 1 +e
This ends the proof of the proposition. O

Remark 4.8. The upper bound above is sharp and may be replaced by an equivalence.
Keeping the above notations and hypothesis, we have, for any € > 0 small enough,

k S _B(n k w0 %
log <inf p* (L’f <ﬁ) < 2EB) (ﬁ) VB(n) <k < v(n))> ~ —na,*Cp

Tn

where the inf, is over the z € R such that z,, (L}(B(5*,n)) +¢) < z < x, (Ly(B(B*,n)) — ).
The proof of this result is very similar to the upperbound, but since it is not useful here, we

omit it.

The following lemma, the proof of which is trivial and omitted, makes Proposition 4.7
easier to apply.

() 2* e ,
Lemma 4.9. Under the assumptions of Proposition 4.7, Cp"p'" — 51’22, uniformly in

0<6*<~+*<1 asn — oo.

Remark 4.10. For the upper bounds in the preceding lemmas and in Proposition 4.7, we
can release the hypothesis that L; < Ly and L;(0) < 0 < L3(0). The following argument
extends the upper bound to functions satisfying L; < Lo, Cf, 1, < 0o and L;(0) < 0 < Ly(0)
(instead of the stronger conditions L; < Ls and L1(0) < 0 < Ly(0)) :

Let € > 0. Notice that the probability that s, stay between L7 and LI is less than
the probability that s, stays between Z’f = L? — ¢ and Zg = Ly + €. Hence we may
apply for example Proposition 4.7 with z’f and Zg and obtain a uniform upper bound
exp (—n1/30§:£(1 + 0(1))). Now let ¢ — 0, C’gl%z — Cfle uniformly in £* and ~*.

5 The Critical Case

Remind that Q”, defined by

vSn
—dP|z ,
oy

52

dQ|z,



tel-00544117, version 1 - 7 Dec 2010

5 The Critical Case

is a probability under which S, is centered. Let us define o2 := Eg[X7].
We turn to the proof of Theorem 1.2. Let (fx, £ > 0) be for the time being any sequence
of positive reals. We will precise the value of f; later on. For any |u| = k, we say that v € S

if for any ¢ < k, the ancestor u, of u at generation ¢ verifies 0 < S(uy) < f;. We introduce

|z|=n

In words, we are interested by the number of particles that have always been below the curve

f. For the underlying one-dimensional random walk (Si, k > 0), we then define
(51) Tf :mf{kz() : Skak orSkSO}

Proposition 5.1. The following two inequalities hold. For any x > 0,

(5.2) P(Z,>0) < Q(1y>n)+ i@(ﬂc > k)e Ik
k=1
(53) Pz(Zn - 0) > Q(Tf > n)el/x—m/fn

L+ 350 SuPocy<y, 167QV (7f > n—k)}
with the notation of (5.1) applied to the sequence f*: 0 fF:= fry.

Proof. By the Cauchy-Schwartz inequality,

which yields

(5.4) P(Z, > 0) 2 P(Z,(S) > 0) > %g]
We observe that
(5.5) Zn(8) = ) MuesyZn(S)

For any v € §, we define

Zn(8) = Z Tiuesy -

lu|=n,u>v
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Moreover, if w is a child of v, and v; denotes the ¢-th child of v, we set
Z0(S,w) = Z Z(S
1,0 W

which stands for the number of descendants of v in generation n who have never been beyond
the curve f neither below zero and who are not descendant of w. Let u be an individual in

generation n and u, be as previously the ancestor of u at generation ¢. We have

n—1
Zn(8> = 1+2Zﬁk(87uk+1>7
k=0

from which equation (5.5) becomes

n—1
Zn(SP = Zn(S)+ DD Muesy 22 (S, urs1)

|u|—n k=0

= +ZZZ” V2,2 (S.v).

k=1 |v|=k

Conditionally on v € S and S(v), the random variables Z?(S) and ZE (S, v) are independent.
This implies that

BZ,(S)) = )+ 30 Y B [BlZS) |5 € S, S@)EIZE(S.0) |7 € 8. 5(0)]
kl\v| k
< +ZZE$ (ZV(S)| v eS,S(v)]
kl\v| k
(5.6) < +ZZE’” S)lves, Sw)3.
k=0 |v|=k

For |v| = k, we notice that
(5.7) E[Z(S)|veS, SW)] = Tpesyb" * PO (1 > n — k) |
By the usual change of probability, we get for any a > 0 and ¢ > 0,

P (Tfk > é) = eyaE[eyxl]gE(a [H{Tfk>g}eiyse}

B X]Q (10 > 0)
= Qe (rp > 0)

IN
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Therefore, equation (5.7) says that
E[Z)(S)|veS, Sv)] < Tpesye” Q) (rpe > n — k) .

From (5.6), we deduce that

EZ2S) € B 28]+ Y 3 B [Mues) (59Q5 (rpe > n—£))°]

k=0 |v|=k

We notice that
(5.8)  E*[Z,(S)] =0"P*(1y >n) = Ege [e_”(S”_x)]I{TPn}] <e”Q(1y >n).

Consequently,

E*(ZX(S)] < Q(ry >n)+ nz_l B E” [H{Tf>k} (" Q% (141 >n — k))2]
k=0
— Q'(ry>n) + 21 Eoe [Tz 549 (@ (7 > n = k))*]
k=0
For any k, we compute that
Boe [Tgrpoie ™ (@ (ryp > n = k)’

< Ey [H{Tf>k}(@sk (Tfk >n— k)} O<su<pf {e”y(@y (’Tfk >n— k)} )
SYSJTk

Since
E@z []I{Tf>k}(@sk (Tfk >n — /{Z)] = @x(Tf > n) ,
it finally gives

Ege []I{Tf>k}e”sk (QS’c (Tfk >n — k))z} < Q%(ry >n) sup {e”y(@y (Tfk >n — k;)} )

0<y<fr
Hence,
n—1
E*[Z,(8)Y] < Q*(ry >n) [ 1+ Z sup {e”QY (tpe >n—k)} | .
— 0<y<fr
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Then, by (5.4) and (5.8),

EQI [efu(Snfx)]I{Tf>n}] 2
evrQe(ry > n) (1+ S, SUPg<y<s, 1€VQY (50 > n — k) })
euzfQanQ(Tf > n)
n—1 .
L+ 32020 SWPocy<p, 10VQY (170 > n — k) }

Turning to the upper bound, we observe that

P*(Z, > 0)

>

{Z,>0} c {Z.S)>0} O Ey.

where Fj, is the event that a particle u surviving at time n went beyond the curve f for the

first time at time k£ < n. We say then that u is k-good. We already have
P(Z,(S) >0) < E[Z,(S)] < Q1 > n).
For any k < n, we observe that

P(Ey) <E | Y Tuiskegooay | =P (70> n, 7p = k) <VP(ro >k, 7y = k) .
lu|l=Fk

This leads to
P (Ey) < Bg [Uroi Uirympye™ ] < Q(ry > k)™

Finally,

n

P(Z,>0) <Q(ry >n)+ Y _ Q(ry > k)e |

k=1
m
Let us turn to the proof of Theorem 1.2.
We first obtain the upper bound.
1/3
Proof of the upper bound in Theorem 1.2. Let d := <¥) , and define
Lt) == d1—t)"* vo<t<1,
k
fr = dn—k)"?=nL (—) VI <k <n.
n
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By Proposition 5.1, it is enough to bound R(n) := Q*(1; > n) + > ,_, Q%(1y > k)e /x. We
observe that by (5.2)

1
lim sup —~ mYE log (P*(Z, >0)) < limsup R(n)

n—oo n—oo

< max(Ry, Ry) = RV Ry,

where
1
R, = hmsup logQ“”(Tf >n),
Ry, = max lim SUp 75 log (Q%(rp > k)e ™) .

0<k<n—1 oo

By Lemma 4.6 with §(n) = 0 and 7(n) = n (Lemma 4.4 does not suffice because = may be
other than 0) and Remark 4.10,

Rl S _CO,L = —vud.

Set 5* = 0, B(0,n) = 0. For any v* € (0,1] and n > 1, define C'(v*,n) := |yn] — 1.
Proposition 4.7 and Remark 4.10 yield that, uniformly in v € (0, 1],

. 1 * *
im sup (7 g0y > 7)) 4GB ) =0,

N—00 A*
Y

where

2.2 2 201 _ 1\1/377"
0,  TO dt 3no*(1 —1t) p 13
Cor =73 /0 L(t)? { 202 .7 (1= =7)")

According to Lemma 4.9, this may be written,
1 0,k=t
lim sup log(Q(ry > k))Cy " ) =0.
n—oo 1<k<n n1/3 ’

We also have

B 1/3
Lfk:l/d(l—ﬁ) .

nt/3 n
Combining, we obtain
RQ S —uvd.

Finally,

37‘(‘21/20'2) 13

1
limsup — P*(Z,, > 0) < —vd = — ( 5

oo nl/3
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In the proof of the lower bound, since z — P*(Z, > 0) is nondecreasing, we may assume
without loss of generality that x = 0. Set € > 0. As a consequence of the Markov property,

we have

. To>n) > ueT,V(u)>en’, V(iu) >0,V1 <i<|u 5"1/370>n.
(5.9) P )>P'FueT,V(u)>en'? V(n) >0,V1 <i<|u)P
The first factor is controlled by the following lemma :

Lemma 5.2. Let ¢ > 0. Let n > 0 such that P(X >n) > 0. Then

enl/3
P'GueT,V(u) >en'? V() >0,V1<i<|ul)>PX > 77)[ " W

. . .. . . 1/3
Proof. Pick one individual u in generation [”‘n

—‘. The right-hand side of the inequality is
the probability of the event {V1 < < |u|, X, > n}. On this event, it is clear that u survives
and V(u) > en'/?). The lemma follows. O

Actually the lemma above allows us to assume that the original position is high enough (of
the order of n'/?) so that the condition L;(0) < 0 (which we need for the lower bound of
Mogul’skii’s estimate) holds.

Proof of the lower bound in Theorem 1.2. From no on we focus on the second factor in the
right-hand side of (5.9). We apply Proposition 5.1 with

L(t) = d1 -t vo<t<1,
fu = d(n—k)1/3+8n1/3:n1/3 (5+L(E>),‘v’1§k§n.

n

We have z = en'/® = f,. (5.3) yields

1 enl/
75 log(P" (10 > )

n—1
1 ent/? 1 Ve )T
> mlog(Q (Tf>n))—m10g <1~I—Z sup {e”"Q (Tf>n—k)}> —€

g 0<a< i
(5.10)= T~ Ty —¢,

with obvious notation.
Lemma 4.4, with L} = Ly = —¢ and Ly = L, yields

lim Tln = _Cfs,L'

n—oo
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Similarly, with the same functions and V0 < g* < 1, B(*,n) := |6*n], v* =1, C(1,n) = n,

we obtain from Proposition 4.7 and Lemma 4.9 that :

1 k
lim sup — 7 log ( max < sup Q* (Tj’f >n — k) + C’jéi)) =0.

oo N1 Osksn—l \o<e<fi

Hence

k k
T3 = o(l) 4+ max {0, max (I/L (—) +ve — C’fa’lL> }
0<k<n—1 n ’

a,l
< o(1) + max {0, Jnax, (vL(a) + ve — C’_&L)} .
As a consequence, limsup Ty < max {0, 7>} where

Ty := max (vL(a) 4 ve — Cf’;L) :

0<a<l1

A simple computation gives
(5.11) Vo<a<l1, Cyp=vL(a).
Therefore, as e — 0, Ty — maxo<a<i (vL(er) — C&f) = 0. In other words,

lim lim sup 75" = 0.

e~V nooo

Taking o = 0 in (5.11), we obtain

lim lim 77" = —Cy, = —vL(0) = —vd.

e—0n—oo
Combining the two last displays with (5.10), we get

37T2I/202) 1/3

1 1
lim lim inf — log P*""° (0 >n) > —vd=— ( 5

e—0 n—oo nlﬁ

By Lemma 5.2,

1
lim lim inf — log P°(3u € T,V (u) > en*’?, V(u;) > 0,¥1 < i < |u]) = 0.

e—0 n—oo nlﬁ

Thanks to the two last estimates, we complete the proof of the lower bound by letting ¢ — 0

in (5.9). O
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6 Appendix

We keep the notation of Section 3.

Lemma 6.1. For any o > 1/2, there exists a constant d > 0 such that for any integer k > 1
and any real z >k,
(6.1) Q(S; < —2%) < dke ™"
with p(a) = min(a — 1/2,1/2).
Proof. We closely follow the proof of Lemma 6.3 in [29]. Let dy > 0 such that dl :=
Egle~®X] < oo. By our assumptions, it means dy € (0, — s). By the Markov inequality, we
have for any z > 0,

QX < —2) < dye %7,
We observe that

Q°(Sk < —2%) < kQ"(X < —v2) + Q% (Sk < =2 X; > —Vz,i=1...k)
< dike™®VE 4 e_zail/QE(% [e_Sk/ﬁH{X»—\/E,lgzng

a—1/2

IN

k
dlkeidzﬁ + e E@ [eiX/ﬁH{X>_\/g}:| .

The inequality e < 1 + u + u? for u < 1 implies that
s - X X?
Eg e fﬂ{X>—ﬂ}] < 1+ Eg {T]I{X»ﬁ}} + Eg [7H{X>—ﬁ}]

EQ [X2
-

IA

For z > k, we get

s k Eo [X?\"
Ly [e X/\[H{X>—\/E}] < (1+ QL ]>
Eg [X?]\*
< (1+ ol ]>
z

It yields that

which completes the proof. O]
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Lemma 6.2. For any o > 1/2 and M > 0, there exists positive constants ds and dy such

that for any n > 1 and any k between 1 and n, we have
PSS,k >M+EkY 19>n,5,<M)< d37”n_3/2e_kd4.
Proof. Let o > 1/2 and M > 0. We define for any z > 0,
pr(z) == P*(10 > k, Si, < M).
By the Markov property, we have
Po(Syxk >M+kY 10>n,S, <M)=FE"[pp(Sn—k), Sn-rx > M+ k% 19 >n—k|.
We observe that

pr(z) = e Eg [ 10 >k, S, < M)
e”zyk(@z(ﬁ) >k, S, < M)
< QA (Sk < M).

IN

Since Q*(Sy, < M) = Q°(Sy < M — z), Lemma 6.1 implies that for any 2z > M + k°,
p(2) < € dskexp (—(z — M)M@/*) .
Therefore,

Pz(sn—k 2 M+kaa To > 1, Sn S M)
< ykd5kE$ [e”S“"“ exp (—(Sn_;c — M)“(a)/o‘) s Spe > M+ k%, 19 >n— k]

= "dske""Eg [exp (—(Sp—k — M)u(a)/a) Sk > M+ K 10 >n—k].
For k > /n, we get
P Sk > M +k* 10 >n, S, < M) < ~"dskexp (—(k™ — M)H)/*)
< d67nn—3/2 exp (—]{Jd7)

for some dg,d; > 0. Suppose then that k& < y/n. We show that we can restrict ourselves to
Sp_r < M +n'/3. Indeed,

P*(Sp_p > M + n'3 8, < M, 1> n)

v"e"* Eg [e_”s", Sp—r > M + n1/3, S, <M, 19 > n}
QT (S > M + 01/, S, < M)

W/new:@O(Sk < _n1/3)'

IA

IN
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We use Lemma 6.1 with z = \/n and o = 2/3. Tt yields that Q°(S), < —n'/3) < dgke """
We deduce that

P*(Sp_kx > M + n'3, 8, < M, 1 > n) < olgfy”e’””'rf?’/Ze’kd10

for some dy,dyy > 0. It remains to bound the probability that S,_, € [M + k® M + n'/3].
We have

PY(S, 1 € [M+k*n'?], 1 >n, S, <M)
< y'dske”" Ef [exp (—(Sp_p — M)M/) S,y > M+ k%, 10 > n— k] .

Reasoning on the value of S,,_;, we get

Eg [exp (—(Spep — M)M®) 1S, > M +k®, 70 > n — K]
LM 4nl/3)

< ) exp(—(0— MM QU (S p € [(,L+1),70 > n — k).
l=|M+ke|

By Lemma 2.3, there exists a constant cd;; such that for any m > 1 and any ¢ < M + nt/3,

we have
Q%(Sm € [, 0+ 1), 70 > m) < dyym™3/*(1 + )2,
where we used the fact that the renewal function behaves linearly at infinity. We deduce that

Eg [exp (= (Sp—k — M)”(a)/a) , Spnek = M + k%, 79 >n — k|
[M+nt/3]
< du(n =RV YT (07 exp (<(0 = M)
0= | Mtk

_ _ k13
< d12n 3/2e k

for some dis,dy3 > 0 since k < y/n. It completes the proof. [l
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The critical barrier for the survival of

the branching random walk with absorption'
Bruno Jaffuel

Université Paris VI

Summary. We study a branching random walk on R with an absorbing
barrier. The position of the barrier depends on the generation. In each ge-
neration, only the individuals born below the barrier survive and reproduce.
Given a reproduction law, Biggins et al. [15] determined whether a linear
barrier allows the process to survive. In this paper, we refine their result :
in the boundary case in which the speed of the barrier matches the speed
of the minimal position of a particle in a given generation, we add a second
1/3 to the position of the barrier for the n'® generation and
find an explicit critical value a. such that the process dies when a < a. and
survives when a > a.. We also obtain the rate of extinction when a < a.
and a lower bound for the population when it survives.

order term an

Key words. Branching random walk, absorption.

AMS subject classifications. 60J80.

1 Introduction

We study a discrete-time branching random walk on R. The population forms a well-
known Galton-Watson tree 7, and some extra information is added : to each individual
u € T we attach a displacement &, € R from the position of her parent. We set the initial

ancestor o at the origin, hence the individual » has position

|ul

V)= 3 &= &

o<v<u

! This chapter comes from an article submitted to Annales de I’Institut Henri Pointcaré. We improve here
results for the critical case that constitute the second half of Chapter 2, and this leads to repeating certain
arguments. In particular, Section 2.2 borrows heavily from Section 4 of Chapter 2.
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where |u| is the generation of u and wu; the ancestor of u in generation i. We denote by
7, :={u € T : |u| = n} the population at time n. We define an infinite path u through 7

as a sequence of individuals u = (u;);ey such that
Vi € N, |'LLZ‘ =1 and U < Ujgq-

We denote their collection by 7.

Now we explain how the displacements £,,u € 7 are distributed. A simple choice, with
very nice properties would be to take them i.i.d. but actually everything still works in a
more general setting. All individuals still reproduce independently and the same way, but we
allow correlations in the number and displacements of the children of every single individual.
If we write I'(u) for the set of children of u, our requirement is that the point processes
{&, u € I'(u)}, (with u running over all the potential individuals of the random tree 7°) are
ii.d.

We define a barrier as a function ¢ : N — R. In the branching random walk with absorp-
tion, the individuals u such that V(u) > ¢(|u|), i.e. born above the barrier are removed :
they are immediately killed and do not reproduce.

Kesten [61], Derrida and Simon [31],[32], Harris and Harris [48] have studied the conti-
nuous analog of this process, the branching Brownian motion with absorption. The unders-
tanding of what happens in the continuous setting, more convenient to handle from technical
point of view, greatly helps us in the discrete one. In particular, we borrow here some ideas
from Kesten [61].

Biggins et al. [15] introduced the branching random walk with an absorbing barrier in
order to answer questions about parallel simulations. Pemantle [97] and Gantert et al. [44]
also studied this model.

A natural question that arises is whether the process survives. This obviously depends on
the walk as well as on the barrier. The case of the linear barriers has been solved by Biggins
et al. [15].

Before stating their result, we need to introduce some notation :

We denote the intensity measure of the point process by p, and its Laplace-Stieljes

transform by @ :
B) =B | 3 e | = [ e u(dz)
u|=1 R
We assume that the expected number of children ®(0) is finite and that negative displace-
ments occur, i.e. that u((—oo,0)) > 0.
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We also define ¥ = log ®, this is a strictly convex function that takes values in (—o0, 4+00].

We call critical the case where

(1) =E Y e | =Tland ®'(1):=E | > &e ™| =0.

lul=1 lu|=1
This can also be written U(1) =0 and ¥'(1) = 0.

Theorem 1.1 (Biggins et al. [15]). In the critical case, we have :

=014e<0,

P(Ju € T, Vi > 1,V (u;) Sie){ S 0ife>0

The aim of this article is to refine this result by replacing the linear barrier ¢ — i with
a more general barrier i — ¢(1).
Given a barrier ¢ we do not know in general whether P (Ju € 7., Vi > 1,V (w;) < (7)) =

0 or not. Theorem 1.1 leads us to focus on barriers such that @

— 0.

Some specific technical difficulties arise in the computation of the second moment (that
we use in order to give a lower bound for the survival probability or to prove survival) when
dealing with Galton-Watson trees of unbounded degree. Actually individuals with many
children may cause trouble. In order to have a sufficient control, we assume from now on

that the following condition holds :
(1.1) 361 > 0, ®(1 + 61) < 400 and 35, > 0,E [#7,'1?] < +oo.

In the critical case, provided the number of children is deterministic or condition (1.1)

holds, we obtain the following theorem :
Theorem 1.2. We assume
o2 :=0"(1)=E Z et | < +oo.
|lu|=1
Let a. =32 (37?202)1/3. Then we have :

=0ifa < a,

P(Elu € T, Vi > 1,V (u;) < ai1/3) { ~0ifa>a

Unfortunately, we are not able to conclude in the case a = a., nor to give a necessary
and sufficient condition on a general barrier for a line of descent to survive below it.

Theorem 1.2 has the following corollary :
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Corollary 1.3. Under the hypothesis of Theorem 1.2, we have, almost surely, on the set of

ultimate survival of the underlying Galton- Watson process,

V(uy)

inf limsup 13 = a,.

While proving Theorem 1.2, we actually obtain stronger results. The two following pro-

positions together imply the theorem.

3m202
2b2

be the one such that b, > 2% For any € > 0, for any N € N large enough, we have with

Proposition 1.4. If a > a., then the equation a = b+ has two solutions in b, let b,

positive probability :
VE > 1,4 {u € Tyr : Vi < N*, (a — b,)i'? <V (u;) < ai'/?} > exp (Nk/?’(ba —e)).
Proposition 1.5. If a < a., then there exists some constant ¢ > 0 such that
1 . .
i log P (Elu € 71,,Vi<n,V(u) < azl/?’) — —c.

The constant ¢, which depends on a, is determined in Section 5.
When 0 < a < a., extinction means that the total progeny Z is almost surely finite. This
random variable has infinite mean, since the expected number of surviving individuals in

generation n is exp (an'/3(1 + o(1))). We can estimate the tail of the distribution of Z :

Proposition 1.6. If a < a., then let g be the optimal function determined in Section 5,
c:=g(0) and d := maxp ] g.
P(Z > k) = k~al+e),

Remark 1.7. In the case a < 0, g is decreasing, hence d = ¢ and the claim of Proposition 1.6
is weaker than a known result, conjectured by Aldous and proved by Addario-Berry and
Broutin [1], and improved by Aidékon [3| that for a = 0, E[Z] < +00 and E[Z log Z] = +o0.
Exponents less than —1 are obtained (in a work in progress by Aidékon, Hu and Zindy) for

linear barriers ¢ — —ei, which corresponds to what is often referred as the subcritical case.

1.1 About general barriers
Consider a general barrier ¢ : N — R. We define

p(n) e o(n)
pYE and ¢~ = hgg}lf el

a® :=limsup

n—oo
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We deduce from Theorem 1.2 that there is extinction when a™ < a. and survival when

a~ > a.. Making some modifications to the computations of Section 3, we can prove the

following result :

. 2 2 . . .
Theorem 1.8. Assume a™ > a.. The equation a™ = b+ 3%3 admits a unique solution
ba, = % if a* = a., and two solutions if a > a.. Let by+ > 23& be the larger solution.
2 2 . . .
If a= < 352 then there is extinction.

2
2ba+

. 2.2 2 2
We notice that 35,9 < 3T0° — 4 ¢
27, 202, 3

When at > a., a= > 327;;"2, there is not always survival. For example, if ¢(n) equals
+

atn'/? for n even and a~n'/? for n odd, then at does not matter, it is easy to see that there

is extinction if a~ < a. : staying below this barrier is almost as difficult as for the barrier

n +— a~n'/3. The trouble comes from the fact that ﬁ% is too often close to a™.

Actually the condition in Theorem 1.8 is sharp in the sense that, if we choose some

3r202 p(n)
2b2+ nl/3
a

at > a, and a” > , we can construct a barrier ¢ satisfying lim sup,,_, = a' and

liminf, ﬂ?g = a~ such that the process survives with positive probability. It suffices to

take p(n) = a n'/3 if n € {N* : k € N} and p(n) = a*n'/? otherwise, for some integer N

big enough, depending on a™ and a~. The proof of this is essentially identical to the proof

of the lower bound contained in Section 4.

1.2 The reduction to the critical case

It is possible to apply these results to certain non critical branching random walks.
We analyze in which cases this reduction is possible in Appendix 7. Let ¢ > 0 such that
O(t) < 400 and P'(t) < 4+o00. We define a new branching random walk by changing the
position of the individual z into V(z) =tV (z) + U(t)|z| for all z € T

Then, with obvious notation, a straightforward computation gives :

(1) =E|Y & | =1

lul=1

= > g '(t)
d'(1) = —E Lo =t —U(t) = tU'(t) — U(t).
0=-%|¥ & B MO =1 -
When we can find ¢* > 0 such that :
(1.2) () = W (t*) = 0,
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then the new branching random walk is critical and we can apply Theorem 1.2, provided
o2 :=FE [Z|u\:1 gﬁe*g“} = t*2®"(*) — W(¢*)? is finite. This last condition, which is equivalent
to ®”(t*) < oo will always be fulfilled when 3t > t*, ®(t) < +oc.
The strict convexity of U implies that, when it exists, t* is unique.
The existence of ¢* is discussed in Section 7.

The rest of the paper is organized as follows :
Section 2 introduces the tools we will use in the proof of our main results.
Section 3 is devoted to the proof of the upper bound in Proposition 1.5, which contains the
first part of Theorem 1.2.
In Section 4, we prove Proposition 1.4 which implies the second part of Theorem 1.2.
In Section 5, we complete the proof of Proposition 1.5. We skip many details of technical
arguments already exposed in Section 4 to obtain the lower bound and go back over some
results of Section 3 in order to prove that the two bounds agree.

In Section 6, we prove Theorem 1.8, Proposition 1.6 and Corollary 1.3.

2 Some preliminaries

2.1 Many-to-one lemma

Since E |:Z|u|:1 e_E"] = 1, we can define the law of a random variable X such that for

any measurable nonnegative function f,

Then E[X]=E >, _, £ue_5“] so that X is centered by hypothesis.
We denote

o? = E[X?] = &"(1).

Let (X;)ien+ be a ii.d. sequence of copies of X. Write for any n € N, S, := > . X;.
S is then a mean-zero random-walk starting from the origin.
We can now state the many-to-one lemma : (this is exactly Lemma 4.1 (iii) of Biggins-

Kyprianou [12]) :
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Lemma 2.1 (Biggins-Kyprianou [12]). For any n > 1 and any measurable function F :
R™ — [0, +00),

E|> eVMFPV(w),1<i<n)| =E[F(S;,1<i<n).

lu|l=n
The proof of the lower bound for the survival probability also requires the following

bivariate version of the many-to-one lemma.

Lemma 2.2 (Gantert-Hu-Shi |44]). Let (X,v) be a random variable taking values in R x N*

such that for any measurable nonnegative function f,

Ef(X,»)] =E | > e f(¢wT)

Ju|=1

Let n > 1 and (X, v;)1<i<n be i.i.d. copies of (X,v). Write for any 0 < k < n, S, =
> o<i<k Xi- Then for any measurable function F : (R x N*)" — [0, +00),

E | e MFV (), #(w), 1 S i <n)| =E[F(S; 1,1 <i < n)].

lul=n

The proof, very similar to the one of Lemma 2.1, is omitted.

2.2 Mogul’skii’s estimate

For any L, L € F[0,1], we write L < L when Vt € [0,1],L(t) < L(t) and L < L when
Vi e [0,1], L(t) < L(t) . If n > 1, we write L <,, L when V1 < k < n, L (%) < L (%) and
L <,LwhenVl<k<n,L(%)<L(%).

Theorem 2.3 (Mogul’skii). Let &, &, ... be i.i.d. random variables such that E[§] = 0

and 0? := E[£}] < oco. Let (x,, n > 0) be a sequence of positive numbers such that

lim z, = 400,

n—o0

Iim — = 0.

Tn
n— o0 \/ﬁ
Define for any n >0
Spi=5S +&+&+ .+,
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where Sy = z almost surely under the probability P* (z € R).
When z = 0, write P :=P° and define, for any t € [0,1],

S|in
salt) = 2 Sl H

Then, for any Ly, Ly € C[0, 1], with

for  k/n<t<(k+1)/n.

(21) Ly < Ly and L1<O) <0< L2(0),

we have, as n — 00,

log (P(Ly < s, < Lg)) ~ —Clp, 1,z >,

where

w202 /1 dt
CL1,L2 = 35
2 Jo (La(t) — La(t))

We keep the notations and assumptions of Theorem 2.3 throughout this section. For
the proof, we refer to [91]. The choice of z,, = n'/3 is the same throughout the paper, we
introduce it as late as possible (see equation (2.2)) because many argument of this section

do not depend on it and we prefer the notation z,, when n'/3 is the spatial scaling.

Lemma 2.4. Set Ly, Ly € C[0,1], with Ly < Ly and L1(0) < 0 < Lo(0). For any sequences
(LY)n and (LY), of F[0,1] such that ||L} — Li|lec — 0 and ||LY — La||oc — 0 as n — oo, we
have

log (P(L} < s, < L)) ~ —nw;,2Cy, 1,

Remark 2.5. In the conclusion of Lemma 2.4, we can replace the strict inequalities
LY <s, <Lj

by weak ones (or take one strict and the other weak) and obtain the same estimate by exactly
the same argument. One can easily check that this also applies to the other results of this

section since we deduce them from Lemma 2.4.
Proof of Lemma 2.4. Let 0 < e < %min[(),l](Lg — L;). We can choose N > 1 such that
Vi€ {1,2},¥n > N, ||L} — Lj|l« < e.
Then, for any n > N, we have
{li+e<s,<Ly—e} C{LY <s, < Ly} C{L1 —e<s, < Ly+e¢}.
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Using the corresponding inequalities for probabilities and applying Theorem 2.3, we get

2 2
—Cpytey—e <liminf Zn log P(L} <s, < Lj)<limsup % log P(LY <s,<Ly) < —Cp,—cLyte-

n—oo N n—o0

We make ¢ — 0. Then Cp +cp,-e — Cr, 1, and Cp, . 1,4 — Cp, 1,, and the lemma is

proved. ]

Lemma 2.6. Set Ly, Ly € C[0,1], with Ly < Ly and L1(0) < 0 < Lo(0). For any sequences
(LY)n and (LY), of F[0,1] such that ||L} — Li|lec — 0 and ||L§ — La|joc — 0 as n — oo, we
have

log (P(L} <, 8n <n L3)) ~ —n:p;QC’LLLQ.

Proof. We introduce the sequences of piecewise constant interpolation functions (a similar

argument with the linear interpolation functions also works) (L"), and (L%), defined by :

Vi€ {1,2},Vn>1,¥0 <t <1, L(t) := L" (Lil—”J) .

We notice that
Vn > 1,{L" <, sp <, L3} = {L? < s, < L2}

Before concluding by applying Lemma 2.4 with Z;‘ playing the role of L}, we have to
check that these sequences converge uniformly to L; as n — oo for j = 1,2. Set ¢ > 0. We
can choose N > 1 such that for j = 1,2 for any n > N, we have |1} — Lj||lo < e.

We can also choose n > 0 such that for j = 1,2,

Vit e [0,1], (Jt —t'| <np=|L;(t) — L;(t")] < ¢).

Let t € [0,1] and n > % Noticing that |% —t| < L, wegetforj=1,2

L (%) — L (%) ‘ +|L; <%) - Lj(t)‘ < 2.

Then ||Z§L —Lj||sc — 0 as n — oo and we can apply Lemma 2.4, which proves Lemma 2.6.

]

1~
Vn > max(N, 5), L (t) — Lj(t)‘ <

From now on, we set :
(2.2) Vn > 1,z, = n'3

74



tel-00544117, version 1 - 7 Dec 2010

2 Some preliminaries

Lemma 2.7. Set Ly, Ly € C[0,1], with L; < Ly and L1(0) < 0 < Lo(0). Let (L}), and
(LY)n be sequences of F|0,1] such that | L} — Li|lec — 0 and ||LY — La||ec — 0 as n — oo.
Let B and v be positive real numbers such that 0 < g < v < 1. Let u*,v* € R such that
Li(B) < u* <v* < Lo(B). Let (uy)n and (vy), be sequences of reals satisfying

bn u®, I, v, LY (B(n)z, <u, <v, < L3(B(n))z, Vn>1
xn xn

Let (B(n)), and (C(n)), be sequences of reals satisfying

#Hﬁ, %e% 1 < B(n) <C(n)<n,¥n>1.

We also assume that :
M € N*,Vm € N*, #{n: (C — B)(n) =m} < M.

It is easy to see that the last condition holds if the sequence (C(n) —ny — B(n) 4+ nf), is
bounded. Then

1 k\  Si-Bmn k
limsupmlog( sup P? <L’f (ﬁ) < 2B )<L’2L (ﬁ) ,VB(n)<k§C’(n))) < —Cf;lvw,u*,

n—oo Un <z<vp Tn

where, for any functions continuous Ly and Ls : [0,1] — R such that Ly < Lo,

Gy w202 [T dt
CLLL2 = 5 5 -
8 (La(t) — La(t))

Proof. Write m := C'(n) — B(n). Notice that

B B
{Vz € [tun, v, Vk < m,x, L} (W) <24 Sp < Ln ( (n7)L+ k)}

(2.3) C {Vk <m,x, L} (W) — v, < Sk < x, L5 <W) — un} )

Let A = {m € N*: In € N*,C(n) — B(n) = m}. By hypothesis, each m € A is
attained by C' — B for at most M different values of n, hence we can define a surjection ¢ :
{1,2,..., M}x A+ N*such that for any 1 <1 < M, p(l,m) =: n satisfies C(n)— B(n) = m.

For each 1 <1 < M, we define

I ((1—t)B(n)+tC(n)) — Lr ((1—t)B(n)+tC(n)) 2 —

Ly (t) = , L) = :

Tm Tm
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where n = (I,m). Using (2.2) and n ~ (y — 8)"'m, we obtain z, ~ z,,(y — 3)~/5.

Consequently these sequences of functions satisfy, as m — oo (and so n := (I, m) — o) :

LY = Li(t) == (v=0)" P [Li (1= )8 +1ty) —v7],

Ly(t) = La(t) == (v=B) " [La (1= )B+1t7) —u]

For each 1 <[ < M, we apply Lemma 2.6 with Z’ln and Z’Z" to the probability of the event

in the right-hand side of (2.3), we obtain, for the event on the left-hand side, as m — oo

P (vZ € [tn, v, ¥k < m, 2 L (W) <t S <l <B(n2b+ k:))

exp | — 0 m1/37r202 1 a
< exp | —(1+0(1)) 2 /0@2(15)51(75))2

= exp (—(1 + 0(1))”1/37T2202 /; (Lo(t) — u iitLl(t) + v*)Q)

= exp <—(1 + 0(1))711/305’17_”*@2_“*) .

This bound holds with n running along the M subsequences (I, m),,, 1 <1 < M, which

together cover all the values n € N*, and thus Lemma 2.7 is proved. O

Lemma 2.8. Set Ly, Ly € C[0,1], with Ly < Ly and L1(0) < 0 < Ly(0). Let (L}), and
(Ly)n be sequences of F[0,1] such that |[L} — Liljee — 0 and ||Ly — La||ec — 0 as n — oo.
Let B and vy be positive real numbers such that 0 < 3 < v < 1. Let (#(n)), and (C(n)), be

sequences of reals satisfying

We also assume :
dM € N*,Vm € N*,#{n: (C — B)(n) = m} < M.

It is easy to see that the last condition holds if the sequence (C(n) —ny — B(n) 4+ nf), is
bounded. Then

1 K\ Se_sm k
lim sup — log (supIP’Z (U; (E) < 2B g (5) VB(n) <k < CW)) < —CplL

n—oo "L"n

where the sup, is over the z € R such that x,L}(B(n)) < z < x,LY(B(n)).
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Proof. Let ¢ > 0. Let N be an integer such that Ne > Ly(5) — L1(3). We define for
j=01,... N,

Ly (BN = j) + L5(8))

i J
With obvious notation, we have
sup p(z,n) = max  sup p(z,n).
an LT (B(n))<z<wnLy(B(n)) 0SFSN=1 5 i

We apply Lemma 2.7 N times, with u, = v/ and v, = v/, J=0,1,..., N — 1 and get by

the preceding equation :

1 k Sk—B(n k
hmsup 7 log (supIP’Z (L? (ﬁ) < ka( ) < Ly (ﬁ) ,VB(n) < k < C’(n)))

ﬁﬁ/ Byy
(2.4)< _CLl,Lz-l-LQ(ﬁ);;Ll(B) < —=Cpl e

where the sup, is over the z € R such that z,L"(B(n)) < z < z,Ly(B(n)).
In the computation of (2.4), we used the fact, obvious from its definition, that C’fl 1, only

depends on Ly — Ly, 3 and v, which implies

— (B
VO<j<N-—1, C @M DB @D [ RN HEE) o m@-n®-
N 2 N 1,42 N
We make ¢ — 0, then C’f’j’LﬁE — C’ffh and we conclude using the bound (2.4). O

Proposition 2.9. Set Ly, Ly € C[0, 1], with Ly < Ly and L1(0) < 0 < Ly(0). Let (L}),, and
(L3)n be sequences of F[0,1] such that |[L} — Li||oc — 0 and ||L3 — Lo|lcc — 0 as n — oo.
We assume B and C' are mappings [0, 1] x N* +— N*, nondecreasing in the first component
and such that, for any a € [0,1], the sequences (B(a,n) — an), and (C(a,n) — an), are
bounded.

We know from Lemma 2.8 that for any 0 < 5 < v < 1, we have

Sk—B(8n
lim sup —7z 1 7 log (SupIF’Z (L? <§) < ZEZBBn) o pn (%) VB(B,n) < k < C(v,n)))

n—oo -/I/‘n

/37’7
— _CLLLQ’

where the sup, is over the z € R such that x, L} (B(8,n)) < z < z,Ly(B(S,n)).
The claim of the present proposition is that this estimate holds uniformly in 3 and v such
that 0 < g <~y <1.
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Proof. Let € > 0. Let N be an integer such that

1
Vogﬁgvgl,(’y—ﬁ<N:>Cf’17L2<5).

We apply Lemma 2.8 N(N + 1)/2 times with

b
=S 0<b<e<N.

ﬂzﬁv N

Then for n big enough, and any integers b and ¢ such that 0 < b < ¢ < N, we have

1 k Sk—B(l n) k b c
- rn (X AN n( - < O(=
YE log (sgpP (Ll (n> < . < Lj (n>,VB(N,n)<k_C(N,n)

b ¢
NN
< _OL1,L2 +é,

where the sup, is over the z € R such that z,L7(B(8,n)) < z < x,Ly(B(5,n)).
Forany 0 < <~y <1, wecanfind 1 <b< N and 0 <c¢< N — 1 such that :

blopet oo cotd
N N N N

If b < e, then

1 n k Z+Sk—BB,n n k

mlog (SlipP (L1 (ﬁ) < TH < Lj - VB(B,n) <k < C(y,n)

1 " k Z+Sk:—B(i,n) . k b c

< mlog (SlzlpIP’ (Ll (ﬁ) < TN < Lj (ﬁ) ’VB(N’R) <k< _C<N’n)
b c

< —CFF +e

B,
S _CLl,?/LQ + 38,

where the sup, are over the z € R such that z, L} (B(5,n)) < z < x,L3(B(5,n)).
Else b=c+1,v— (3 <1/N, hence ngLg < ¢ . This case is easier :

1 z n k Sk’—B(ﬁm) n k
mlog (sgp]P’ (Ll (ﬁ) < —= < Lj - ,VB(B,n) <k < C(v,n)

T
< 0<-C, +e.
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Remark 2.10. The upper bound above is sharp and may be replaced by an equivalence.

Keeping the above notations and hypothesis, we have, for any € > 0 small enough,

Sk-B(n
log (ianP’Z (L’f (E) < 2B (%) VB(n) < k < C(n))) ~ —nz,*CL7,,,

n Tn

where the inf, is over the z € R such that =, (L}(B(8,n)) +¢) < z < x, (L} (B(B,n)) —¢).
The proof of this result is very similar to the upperbound, but since it is not useful here, we

omit it.

Corollary 2.11. The upper bound in Theorem 2.8 is still valid with condition (2.1) replaced
by

(2:5) 91(0) <0 < g2(0) and ¥t € [0,1], g1 (t) < ga(?).

Proof. Let g1, go be like in the statement of the corollary. For any ¢ > 0, replace ¢g; by
g1:=g1—¢and g by g := g2 + €.
We apply Theorem 2.3 with the functions g; and g5 :
2

I L log PG < 50 <n Go) < 7”’2/1 dt
imsup —= lo n Sn <n < — — — .
msup i 08 92 2 Jy [30t) - n®)?

Using the fact that {g1 <, $n <n g2} C {91 <n Sn <n g2}, We obtain

w202 /1 dt
n—00 o 2 0 [26 + gQ(t) -0 (t)]Q ‘

We make ¢ tend to 0 and conclude with the monotone convergence theorem. O]

1
lim sup Wlogp(m <n Sn <n g2) < —

Remark 2.12. For the upper bounds in the preceding results and in particular in Propo-
sition 2.9, we can release the hypothesis (2.1) to (2.5), thanks to the argument we used in
Corollary 2.11.

When estimating the expectations that appear in Lemma 2.1, we need some information
about the position of the walker at the end of his journey between the barriers we consider.

Thee following result tells us that the main contribution comes from the individuals close to
g2(D)zy, -

Corollary 2.13. Set Ly, Ly € C[0, 1], with Ly < Ly and L,(0) < 0 < Ly(0). Let (L}), and
(LY)n be sequences of F|0,1] such that ||[L} — Li||oc — 0 and ||LY — La||oc — 0 as n — 0.
Let € > 0. Then

log (P(L} <, 8p <p LYy, 8,(1) > L3(1) — €)) ~ —nx,°Cr, 1,
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Proof. It clearly suffices to prove the lower bound. Set 7 > 0 such that n < inf, > || L} — L} .
Obviously, we also have n < ||[Ly — Li||oo = lim,, || L} — L} -
For any A > 0, we define the sequence of functions (Zf")n by :

Vn > 1,¥0 <t < 1, L () := max(L7(t), min(LE(t) — n, LI(1) — e — A(1 — t))).
As n — oo, | L — LYo — 0, where
VO <t < 1,L(t) := max(Ly(t), min(Ly(t) — 1, Lo(1) — e — A(1 — t))).
L4 is continuous on [0, 1] and when A — oo, we have for any 0 < ¢ < 1 :
E4(t) — max(Li (1), La(t) — 1) = La(0);

whence szh — CpLy L,
For any A > 0, we have L™ < L™ and L"(1) > L2(1) — & whence

(2.6) P(LY <y Sp <n LY, s0(1) > L2(1) — &) = P(LT <,, 5, <n L2™).

We assume that A is large enough to have L4(0) < L;(0) < 0. Besides Vn > 1, L{" <
max (L}, Ly —n) = LY — n. Therefore we are allowed to apply Lemma 2.6 to estimate the
right-hand side of (2.6). It follows that

2
lim inf “" log P(L} <, 5, <u L. 5,(1) > L3(1) =€) = ~Cpy 1.

n—oo N

We conclude by letting A — oo. [

The following generalization of Theorem 2.3 is useful to deal with Galton-Watson trees

of infinite degree ; we refer to Gantert, Hu and Shi [44]| (Lemma 2.1) for the proof.

Lemma 2.14 (Triangular version of Mogul’skii’s estimate ). For each n > 1, let Xi("),

1 <i < n be iid. real-valued random variables. We define Si(n) = Sén) + Xl(n) + -+ Xz-(”)
for 1 <4 < n, we write the initial value of this random walk in exponent of the probability
operator : for any v € R, IP"T(S((]R) = x) = 1, and we simply write P = P° when the walks
starts from the origin. We define

(n)
. SLth Gt &t G
Sp(t) == = "

for  k/n<t<(k+1)/n.
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Assume that there exist constants & > 0 and 0% > 0 such that

n>1

(m) |7+ (n) (n)
(2.7) sup UXl ‘ ] < +oo, E [Xl ] = 0(n72/3) and Var (Xl ) — o
Let g1 and go be continuous functions [0,1] — R such that
91(0) <0 < g2(0) and g1 < go.
Then,

1
lim ——=

n—oo n1/3 log]P(gl <n Sn <n 92) = _091792‘

In Section 4, we need a lower bound in a particular case with ¢;(0) < 0 = ¢2(0) and

g2 > 0 on [0, 1]. In order to apply the results above, the following lemma will be useful :

Lemma 2.15. There are constants M > 1, and €, > 0 such that, with k := |eon'/3], such
that the probability P, (M, e1,eq) defined as

P(ﬂu € T, Vi < k, #I'(u;) < M, ¢ <%> < Viw) < 92 (%) ;—Mey < Viw) < —6162>

satisfies
EIQiLno hﬁg‘f # log P,(M,e1,e2) = 0.
Proof. Let €1 > 0 and such that for some M > 1,
p=PHT1 < M;FueT,—-M <V(u) <—e)>0.
By independence,
P(3u € Tp, Vi < k, #T(w;) < M, Vi < k, —iM <V (w;) < —igy) > pF.

Let 5 > O such that Mey < —g1(0). For any integer n large enough, we take k := |gon!/3].

Hence, for €5 > 0 small enough, we have

P (Hu € T, Vi < k, #T(u;) < M g, (%) ) o (1) - Meg < Y1) —s@) >
]

We shall use Lemma 2.15 combined the following variant of Mogul’skii’s result. We do
not write a complete proof, since we obtain this result by starting with the triangular version
(Lemma 2.14), then by applying arguments analogous to the ones of Lemma 2.8 (but for the
lower bound) and finally by applying the argument of Corollary 2.13.
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Proposition 2.16. Let, for 0 <1 < n, Xi(n), Si(n), and s, be like in Lemma 2.14.

Let g1, g2, (90)n, (G5)n, B, v, B and C be like in Lemma 2.8. Let u* and v* be real
numbers such that g1(8) < u* < v* < go(B). Let u,, and v, be sequences of real numbers such
that
% — u, z—" — ", LY (B(n))x, <u, <wv, < Ly(B(n))x,Vn > 1.

We have, for any e > 0,

n—oo nl/3 n

(n)
n C(”) SC(”)_B(”) n C(n> B,
» (T) e Tm s <%\ ) | )2

where the inf, is over the z € R such that u,, < z < v,.

liminf ——= log | inf P* [ VB(n) < k < C(n), g7 <_> < nl/3 <92 (ﬁ) ;

3 Upper bound for the survival probability

3.1 Splitting the survival probability

Fix a > 0. Obviously,

P (Ju € 7o, Vi,V (u;) < ail/g) = lim P(Ju e 7,,Vi <n,V(u) < ail/?’) :

n—oo

From now on, n > 1 is fixed.

We set a second barrier i +— ai'/ —b; ,, (with b;,, > 0 for 1 < i < n yet to be determined)
below the first one ¢ — ai'/? : if a particle crosses it, then its descendants will be likely to
stay below the first one until generation n.

Let H(u) := inf{k < n : V(ug) < ak'/® — by} be the first time the line of descent of
a particle u € 7,, crosses this second barrier (H(u) = oo if the particle stays between the

barriers until time n). We split the sum accordingly :

(3.1) P (Elu €7,,Vi<n,V(y) < ail/?’) < Ry + Z R;,

j=1

where
R;=P(Jue T, H(u)=jVi<n,V(y) < ail/g) for j=1,...,n,00.
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By Chebyshev’s inequality and then Lemma 2.1, we get

Ro < E

E : ]I{Vign,ai1/3—bi7n§V(ui)§ai1/3}]

UEZL

Sn
< E[e ]I{Vign,ai1/3—bi,n§5i§ai1/3}i|

(32) < P (Vi <n, ai'® b, < S < ai’?).

For 1 < j <mn,

R, < E

IN

Z ]I{V7'<‘7’ ai1/3_bi,ngv(vi)gail/s7V(U)<aj1/3_bj,n}
veT;

IN

S;
E [e ]I{Vi<j7ail/?’—bi,ngsigail/?’,V(Sj)<ajl/3—bj,n}:|

(3.3) < PP (Wi <, ai'? — by, < S < ai?).

3.2 Asymptotics for R

g:10,1] = [0, +00). We take for any ¢ € [0,1], go(t) := at'/3 and g,(t) = g2(t) — g(t). Then

we have

In order to apply Corollary 2.11, we set b;,, = n'/3g(1) for some continuous function

logP (Vi < n,ai'/? — b, < S <ai'?)

(3.4) lim sup 3 < —=Cy, g

n—oo

Putting together equations (3.2) and (3.4), we get

) log Ro
(3.5) llﬂsipw < —sy,
where
20?1 dt
( ) 51 a+ 91,92 a+ 9 /; g(t)g

3.3 Asymptotics for R;

We define B and C' by B(a,n) := 0 and C(«a,n) := |an] + 1 and write, for any a €
(0,1), j := C(a,n). Proposition 2.9 (combined with Remark 2.12) yields that, uniformly in
aec(0,1),

1 .
lim sup ﬁlogﬁ” <W < j,ai'’? — nl/gg(i) <S5 < ail/3> < 0%

g1,92°
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Putting together equations (3.3) and (3.3), we get that, uniformly in « € (0,1),

1
(3.7) lim sup —= YE log R; < aa'/* — g(a) — Cgng

n—oo

Obviously, for any n > 1,

(3.8) ZRj(n) <n sup Rj(n)=n sup Ren(n).

1<j<n 0<a<l

As a consequence,

(3.9) lim SUp 75 log Z R;(n) < —ss.

n—oo

where

310 s = i, {00+ o) + €95, ) = i, { -0l 4 gfa) + 5~ [7
0

0<a<l 0<a<l1 2 g(t)2

Combining (3.9) with (3.5) and (3.1), we obtain

1
lim sup — logIPj (Elu €T, Vi <n,V(uy) < a@1/3) < —s,
nt/

n—oo

where s := min(sy, s3).

3.4 Choice of g for the upper bound

Set a € (0,a.). We are looking for a function g such that s > 0. The existence of such a
function implies extinction and ends the proof the first part of Theorem 1.2.

We add the constraint g(1) = 0, (but assume fo JaE < o0). Taking o = 1, we see from
(3.10) and (3.6) that this implies s, < s1 and, as a result, s = So.

We choose g in such a way that the quantity —aa!/? 4 g(a) +

w202 o dt
2 Jo g(t)
in (3.10) does not depend on «. Hence g is defined as the solution of the equation :

— which appears

(3.11) vt € [0, 1], —at'’® + £(t) LT / fd“ = s,

where s is some positive constant, the value of which is to be set later in such a way that
f(1—=) = 0. According to the computations above, this value of s will give a bound for the

rate of decay of the survival probability.
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Equivalently, equation (3.11) may be written f(0) = s and V¢ € (0,1)

’

2 2
972/3_ e

3¢ 2f(t)*

By the Picard-Lindel6f theorem (see for example [5]), such an ordinary differential equation

(3.12) f(t) =

admits a unique maximal solution f defined on an interval [0,¢y.x) With tp. € (0, +00].

And if t,.c < +00, then f has limit 0 or +00 when t goes to tax-

Remark 3.1. The fact that f’(0) does not exist here is not troublesome at all since the

proof of the theorem, using Picard iterates, actually relies on equation (3.11).

In order to prove that there exists an initial value s such that ¢, = 1 and lim;_.; f(t) = 0,
we get a closer look at the differential equation.

First we state three simple results specific to this differential equation.

Proposition 3.2. Let A\ > 0 and [ a continuous function [0,ty) — (0,4+00). Define fy :
(0, A7) — (0, +00) by
Aat) = 2B F(O).

Then f satisfies equation (3.12) on (0,to) if and only if fr does on (0, \"y).

Proof. Assume that f satisfies equation (3.12) for any 0 < ¢ < 4. Then for any 0 < ¢t < A71¢,
Al = NP
2 2
2B (Lo 9
(3( ) 2f(At)?

2 2

3 21\ (t)?

This means that f, also satisfies equation (3.12) for any 0 < t < A~'¢,.

Conversely, assume that fy satisfies equation (3.12) on (0, A~'¢y). We notice that if ' > 0,
then (fy)x = fon. We take N = A71. Hence (fy)y = f also satifies equation (3.12) for any
0<t<(AN) oy =t. O

Proposition 3.3. Set 0 < a; < ay and s > 0. Let f1 and f5 be functions [0, tyax) — (0, 4+00)
such that

2 2 t du
VO <t < toae, Vi € {1,2), —at'/3 + fi(t) + =2 / = s.
th.2) () 2 Jo filu)?

Then7 fOT all 0 S < tmax; fl(t) S f?(t)
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Proof. Tt suffices to prove that, if 0 < tga, 0 < a1 < as and 0 < x1 < x5, then there exist
tnext > tstart SUCh that there are functions f; and fo : [tstart, tnexs) — (0, +00) such that

n2g? [t du
Vtstart S t < tnextavli € {17 2}7 _ai(tl/g - t;t/a:,))rt) + fz(t) + — Y = Tyg;
2 tstart fl(u)

then, for any tsare < t < thext, J1(t) < fa(t).
We choose text such that the Picard interates f* defined, for i € {1,2}, by :

Vtstart S t < tnexta f?(t) = Ty,

1/3 7T2U2 t du

VN € N, Vigars <t < tnexts /1) = f7 (Estare) + @i (872 — tloy) — —
2 tstart fZ (u)

exist and converge on [tstart, tnext)- Lhe limits f; are solutions of the integral equations for
i€ {1,2}.

It is easy to prove by induction on n that

Vn € N7Vtstart S < tnexta fln(t) S f;(t)
Letting n tend to infinity gives us the desired conclusion. O]

Proposition 3.4. Let [ be as above. Then we are in one of the following cases :
(A) tmax = +00 and f(t) — 400 ast — 00,
(B) tmax < +00 and f(t) — 0 ast — tpax.

Proof. First notice that for any 0 < ¢ < tyay, f(t) < s+ at'/3. A consequence of this
inequality is that if ¢,,,. < +00, then the limit of f when ¢ goes to t,,.« can only be 0.
Now, suppose that t,.x = +00 but that f does not go to infinity. Then there are M > 0
and a sequence (t,), > 1 with lim, ¢, = +oc such that for any n > 1, f(t,) < M. We can
choose n such that %t;Z/g — gj\;j < 0.

Then it is easy to see that f decreases after ¢,. Indeed, consider

2 .2
. a, o3 WO
t, = 1nf{t2tn,f’(t)>§tn/ _W}'

We have, for t, <t <t,,

2 2 2 2
a,_ g3 TO a, 93 TO

3 ofe =3 e <0

f'(t) =
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If we assume t, < +oo, then f'(t.) < 0, then f decreases in a neighborhood of ¢, and
the inequality f'(t) < %t;Q/g — gj\jj still holds on this neighborhood, which contradicts the
definition of t,.

We have proved that f'(¢) is less than a negative constant for ¢ > ¢,,, which implies that

f reaches zero in finite time. O]

Assume we are in the second case of Proposition 3.4. We set A := ¢! and define the

function fy like in Proposition 3.2 (with ¢y = t;ax). We choose g = f) and set g(1) = 0 so
that ¢ is continuous over [0, 1] and satifies (3.12) for all ¢ € (0, 1).

Remark 3.5. A consequence of Proposition 3.2 is that the choice of the value s of f(0) does
not matter at all. If we replace s > 0 with another s > 0, we then replace A with A=A (g)3
and finally get the same g.

So we only have to prove that, when a < a., we are in case (B) of Proposition 3.4, and

we will deduce the upper bound in Theorem 1.2. This is contained in the following :
Proposition 3.6. Let f be the solution of equation (3.12) with initial condition f(0) = 1.
(i) If a > a., then tma = +00 and f(t) ~ bt'/? ast — +oo with b defined by b > % and

_ 3r2g2
a="b+ 53

(ii) If a = ac, then tmax = +00 and f(t) ~ 2¢/3 as t — +o0.

(11i) If a < a., then tpax < +00 and f(t) — 0 ast — tpax.
In the proof of the proposition, we will need the following lemma :

Lemma 3.7. Assume that [ is a solution on [0,400) of the differential equation and that :

: f(t)
P =0
Then we have 1) 3202
T
li LY i=a— )
P s = “T Top

Proof of Lemma 3.7. Let ¢ > 0. By hypothesis, for any t greater than some t;, we have

f(t) < (b+ ¢e)t'/3. For some real constants ¢y and ¢ and any t > ¢, we have, by equation

(3.11) :
2 2 t du 377'20'2
t) < A / = S VS
f(t) <co+a 20b+2)? J,, u2/3 ot la 2(b + ¢)2
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Hence 1) 37202
: Teo
fim sup S < (“ T30+ 5)2) ’
Letting € tend to 0 ends the proof of the lemma. O]

Iterating Lemma 3.7, we obtain :

Lemma 3.8. Assume that f is a solution on [0,+00) of the differential equation and let

bo be a real such that by > limsup,_, , ﬁ—fg We define the sequence (by)nen recursively by

2 2
bpi1:=a— 372rb2" . Then
n

ft)

Vn > 1, limsupm < by.

t——+o0

Proof of Proposition 3.6. (i) Assume a > a. and let b such that a = b+ 37;32. Define, for

0 <t < timax, fo(t) = bt'/%. Then fo satisfies equation (3.12) as f does, with initial condition
fo(0) =0 < f(0) = s. Hence

v0 S t S tmaxa f(t) Z f0<t>

This implies ¢y = +00. Now let h = f — fy. Then, by equation (3.11), we have, for ¢ > 0,

W) = s+(a—b)t1/3—/o %

) ) _37r202 s t7r202dU( 11 )
= s+ (a—b —sz) +/0 2 fo(w)?  f(w)?/)"

o=s+ [ E5 (g ) <o+ [ R

We apply Gronwall’s lemma and obtain, for any 0 < ¢y < t,

Notice that ”2{{2 =3 (2;;)3. Then if a > a, and b > 2%, the exponent in the right-hand side

of (3.13) will be less than 1. Hence inequality (3.13) implies (i).

2a.
5e.
exponent in the right-hand side of (3.13) is exactly %, which means that for some constant

by > 2

(ii) Assume a = a, and b =

This is the same as when a > a., except that the

Ac
3

Yt > to, fo(t) < f(t) < bet'/?.
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2a.
5.
(iii) Assume a < a. and . = +00. Then, by (ii) and Proposition 3.3, we have that any

by > 2

Apply Lemma 3.8. The result follows from that lim,, b, =

3¢, for t large enough,

: f(t)
Lim sup =% < by.
t—>+oop tl/g =

2a. 2a,
3 3

goes to infinity, which is absurd. We conclude that the hypothesis ¢,,,x = +o0 is false, which

We apply Lemma 3.8. If by is close enough to and b, — —oc0 as n

, we will have by <

proves the proposition. [

4 Lower bound for the survival probability

4.1 Strategy of the estimate

The basic idea is to consider only the population between two barriers (below i +— ai'/3

but above i + (a — b)i'/3), estimate the first two moments of the number of individuals in
generation n and then to use the Paley-Zygmund inequality to get the lower bound.

Unfortunately, Mogul’skii’s estimate causes the appearance of a factor ™" in the
estimates of the moments of the surviving population at generation n, so we will not be able
to prove directly that the population survives with positive probability.

Here is how to overcome this difficulty :

Set A > 0 such that e* € N and (vg)r>1 a sequence of positive integers. We consider the
population surviving below the barrier i — ai'/® : any individual that would be born above
this barrier is removed and consequently does not reproduce. For any k € N, we pick a single
individual z at position V(z) in generation e** and consider the number Yy (2) of descendants
she eventually has in generation e**+1)

We get a lower bound for Y(z) by considering, instead of z, a virtual individual Z in the
same generation e but positioned on the barrier at V(z) := ae*/3 > V/(z). The number
and displacements of the descendants of Z are exactly the same as those of z. Obviously, for
any u > z, V(i) = V(u) +ae*/® — V(z) > V(u). Hence the descendants of Z are more likely
to cross the barrier and be killed, which means that Yj(2) < Yi(2).

In order to apply Mogul’skii’s estimate, we add a second absorbing barrier i + (a— b)i'/3
for some b > 0 and kill any descendant of z that is born below it. This way, we obtain that,
almost surely, Z, < Y(2) < Yi(z), where

Zip = #{u € T 1 u> 2,VeM <i < D (g — b)i'3 < V(@) < ail/g} :
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Clearly, Z;, depends on z but its law and in particular A := P(Z; > vy) < P(Yi(z) > v) do
not.
We define, for any n > 1 :

P, =P (Vl <k<n, #{u € Tow : Vi < e, Vi(u;) < ail/3} > vk,l) .
If 1 <ng <n, then we have :
Pr1 = Po (1= (1= A4,)"1).

By induction, we obtain :

n—1 n
Pu>Poy [ (1= (1= A1) > Py, ] (1—e1%)
k=ng k=ng

log P,, > log Py, + Z log (1 — e*v;HAk) .

k=ng
With the equivalent log(1 + z) ~ x for small values of x, the previous inequality makes

Proposition 1.4 a consequence of the following lemma :

Lemma 4.1. If a > a., we can choose (vg)gen such that, when X is large enough and such

that e* € N, we have

o0
(4.1) Ze’”’“A’““ < +o0.
k=0

Fix 6 € (0,1), for example § = 1. The Paley-Zygmund inequality, with vy := 0E[Z},] will

provide us with the lower bound on Aj needed to prove Lemma 4.1 :

E[Z])?
4.2 A, >(1-96 2 (ELZ) :
We set k& > 0 and consider, as stated above, the descendants of an individual Z starting at

Ak/3

time e** at position ae**/3 over ¢}, := eM*¥+1) — M generations. The individuals of generation

1 are killed and have no descendant if they are out of the interval :
I == [(a = b)i'/?,ai'?].

We set, for k = 0 for example (then the equations also hold for all £ € N with the same

functions) :

(43) go(1) = a ((t ¥ 7)/ - (7)/) o) = 1+ 7)/ 01(1) 2= 0a(t) — (1)
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4.2 Upper bound for the second moment

We split the double sum over w,v € 7 according to the generation j of u; =uAv €T

the lowest common ancestor of v and v :

Ly
21 _ _E .
(4.4) E[Z] =E E : H{Ve*’“<i§e>‘<’“+1>,V(ui)eli,V(vi)eIi} - B,
u>2zZ,0>Z 7=0
|u|=|v|=er(k+1)
where By, = Zj, (for each time v = u = u;) and for j < k,
(4.5)
By;:=E § : ]I{Ve*k<i§e)‘(k+1),V(ui)eli} E : ]I{VeAk+j<i§eA(k+1),V(vi)eli}
u>2Z,|u|=er(k+1) v, fo|=eN k)
Vi1 AU 41

Thanks to Lemma, 2.1, we have :

hj(z) = E Z ]I{‘v’e)‘k+j<i§e)\(k+1),V(vi)eli} Vi(uj) =x

v>u,,v|=erk+1)

_ Sty —j
= E [e ]I{V0<i§£k—j,x-i—SiEIe,\kHH}

(4.6) < exp (CL (e)‘(k+1)/3 — (eAk —l—j)1/3) + beAk+j) P (VO <1 </lp—j,x+95; € IeAk+j+Z-) .

Actually we need w in order to define hy ;(x) but the real number obtained actually does not
depend on the choice of wu.

By conditioning on the o-algebra generated by the &,, v € T'(u;), e <i <eM +j—1
for each u, equation (4.5) gives, in the case of deterministic branching :

Bk,j < sup h;w(a:)E [Zk] .
IGICAk+j

In the general case, this argument fails because the number (and the displacements) of

the sisters of u;;; are correlated with &, ., (and with the fact that this individual exists).

We have independence of the o-algebra mentioned above for the descendants of the sisters

of u;y1. If we assume that each individual has almost surely at most r children, we obtain

Z ]I{veAk+j<iseA<k+1>,v(vi)eu} <(r—1) IS“P R, j+1 ().
v>uj,\v\:e>‘<k+1) xre ek i1

Vj 417U 41
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Hence

Bp; <(r—1) sup hy1(2)E[Z].

:EGIe)\k+j+1

In the case of an unbounded number of children, we remove all the descendants of the
individuals having a number of children greater than some number r; to be set later. This
obviously gives a lower bound, and that is what we want. Formally, we keep the same

notations and add a superscript *) when dealing with this new process. Equation 4.4 becomes

Ly
k)2 k
(4.7) E[Z"" => "B,
j=0

and we have the upper bound

Blik? <(rp—1) sup Ty (2)PE [Z,gk)] :

7 xEICM+j+1
with, obviously from the definition, hy ;(2)® < hy ;(2).
We define B and C by B(a,{) := |af] + 1 and C(«, £) := ¢ and write, for any a € (0,1)

j := B(a,lx) — 1. Proposition 2.9 (combined with Remark 2.12) yields that, uniformly in
a € (0,1) and x € Towy p(a,),

1
lim sup W]P’ (VO<i<lp—(j+1),5+5; € Lwyji14) < —C';‘l’}%.
k

k—oo

Combining with the bound (4.6) yields that, uniformly in « € (0, 1),

B
. ,B(a,l)— a,l
(4.8) hgisogp 7 log - [Z,f;k)} < 92(1) = go(@) + g(a) = Cg -

4.3 Lower bound for the first moment

For any £ > 1, we consider i.i.d. random variables XZ-(k), 1 < ¢ < /¢, with the same
distribution as X conditioned on v < 7 (with (X, v) defined in Lemma 2.2) and write

S](.k) = 3;1 XZ(k) for any 0 < j < /. Let € > 0.
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By Lemma 2.2,

(k) _
]E[Zk] = E Z ]I{Ve)"“<i§e)‘(k+1),V(ui)eli,#f‘(ui,l)grk}

u>Z,lu|=eMk+1)

Sy
N E |:e * ]I{vigzk’ae)‘k/3+siele/\kvLi’ViSTk}:|

(k

)
Vi S
= < k o
Pl <) [ “{wsekvaewswem}}

(4.9) > P(v <) exp (lllg/g (92(1) — 5)) P (gl <t Sg:) <t 92; ng) > 111/3 (92(1) — 5)) ;

where, for any ¢ € [0, 1],

S(k)
k . [tlx]
k
Let §; and &2 be like in condition (1.1), and let d3 := 11151. Holder’s inequality yields

Pv>r) = E|Tignsng Z et

Jul=1

= E | (#7°Lipz>r,)) #71_63Ze‘fu

ul=1

1
1+61 | 1+61

5 _s _
(4.10) < E#Tlgrnsn) "E| [ #T77 ) ™

lul=1

We begin with the second factor in the right-hand side of (4.10). The convexity of ¢ —
t1+51

gives
1+51
#7‘1—51 Z o~ &u < Z e Cu(1+81)
|u|=1 Jul=1
Hence
1+61
E|(#77%) e < ®(1+6,) < +oo.

Ju|=1
For the first factor in the right-hand side of (4.10), Markov’s inequality yields

E Tl+62
E [#T M pr5r) < %
k
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Finally, the bound (4.10) becomes

E [#7'11+52} 03

55— P(1+ 1)1
T

Py >r) <

We choose ry := LellchJ. Therefore

1 !
kh_)rgo 7 logP(v < ry)* = 0.

In order to apply Proposition 2.16 to the third factor of (4.9), we have to check the
conditions (2.7) of Lemma 2.14. Notice that for ¢ € [~1,6,], E [e*] = ®(1 + ¢) < +oo and

B [ox] - E [ e Mpmory] _ ®(1+1)
P(v <ry) ~Pv <)

3
This implies that sup,.; E [‘X{k)‘ } < +00.
Since X is centered,

P(v <) P(v <)

B [ X{’“’] _E [(XTer,y] E [ XM

Recall that X admits exponential moments, hence moments of all orders. Cauchy-Schwarz

inequality yields
E[XTspg] < VE[X2|P(v > 1) =0 (r,;5263/2> =0 <g;2/3) .

This inequality, combined with the previous one, proves the second condition in (2.7). It
remains to check the last one, which is a consequence of [E [ka)] — 0 and E [Xl(kﬂ] —

Var(X) = o2
With the notations of Lemma 2.15

P91 <o sl <o 9280 2 07 (9201) - <)
> P, (M,eq,¢2) inf Qu. (M, e1,62, 91, 92)

—Megéi/sgzg—eﬁgﬁi/s

where

Qek(Ma 51752,91792) =P (S(k) 1/3 > 5116/3 (92(1) - 5) ;

Zk—té‘gek J
1/3 . (k) 1/3 .
i _ 1/3 LEng J +1 Sz L€2€k J +1
Vi <y — 2207 ], 01 < 0 < gzlg/g < 92 L .
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We estimate Q, (M, €1, €2, g1, g2) by Proposition 2.16 with 5 =0,y =1, B({;) = L@E,lc/gj,
C(ly) = Uy, ug, = _M€2£]1€/3 and vy, = —6182611/3. Then letting 5 — 0 yields

1 k
hgglfﬁlogE [Z,g )} > g2(1) — & = Cyy g

This inequality holds for any ¢ > 0 small enough, hence also for £ = 0.

4.4 Proof of Proposition 1.4
Combining with (4.8) yields that, uniformly in « € (0, 1),
B *)

. a,lk) @
lim sup 1/3 BB kk —ga(a) + g(a) + Cgl 92"
R )

Consequently, in view of (4.7) and (4.2)

hffnsupgﬁlogfl )> [gun 92( ) = gla) = Cg,-

Lemma 4.1 yields

(4.11) max Gy(a) < 0= P (Juec T,V > 1, V() < ai'’?) >0

0<a<1

where

Ga(@) = —g2(a) + g(a) + WQ;Q /Oa g?tt)z +e P {—gg(l) + ”22“2 /01 dt ] .

vt e [0,1], £() = ( eﬂ_ 1)1/3.

We have go = af — af(0). We choosed for the width of the pipe the function g := bf. This

gives

We denote

0o

) =af(0)+ 0 —a) + 5 [ i+ |as0) - ert + B [1 ]

Since f(1) = e3f(0) and f' = L f~2 this becomes :

3202 3rlo?

G)\(Oé):(b-f- o —a> fla) 4+ e 3 [af(O)— o f(O)]
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3202
2b2

3rio? ~x/3 3rlo?
max Gy(«a) = G,(0) = f(0) {(b—l— T —a> +e (a— e >] :

0<a<1

Assuming a > a., we can choose b such that b+ < a. Since f is increasing on [0, 1],

This value is negative for sufficiently large A (that we can choose such that we also have

e* € N), which, in view of (4.11), completes the proof.

5 The extinction rate
Throughout this section, we assume a < a.

5.1 Upper bound

It follows from the computations of Section 3 that, for any continuous function g : [0, 1] —
[0, +00) such that ¢(0) = 1,

1
lim sup —— log IP (Ju e T,,Vi < n, V(y) < az’l/3) < —cy,
no M

20 [t du 1
. — aqt'/3
¢g 1= min <g(t) +— /0 FOE at ) :

The best choice for ¢ is the one described in the end of Section 3 : it is the solution of

where

the integral equation (3.11) with s = ¢, such that g(1) = 0 (or equivalently, t,.x = 1). We

can make this choice thanks to Proposition 3.2 and Proposition 3.6(iii).

5.2 Lower bound

For the sake of clarity, we treat only the regular case. The modifications required by the
general case are the same as above. We directly apply the Paley-Zygmund inequality to the
number W,, of individuals v € 7,, such that

?

Vi < n,ait/® —nPg(=) > V(u) < ai'/?.

n

Following the computations of Section 4, we obtain

1 1
liminf ——=log P (Ju € T, ¥i <, V(u;) < ai'’®) > lim inf 7 log (P(W,, > 1) 2) > —d,,

nt/3
20?1 du )
i 0<i<1 (g(t) T /0 g(u)? “ ) '
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The optimal g would be exactly the same as in the upper bound, except that we are forced
to take approximations because g must be strictly positive on [0, 1]. Since this optimal g is

such that g(t) + ”22"2 Otg(dgf)g — at'/? does not depend on ¢, we have proved

c:=supc, = inf d,.
g g

This completes the proof of Proposition 1.5.

6 Some refinements

6.1 About more general barriers

We are going to give a sketch of the proof of Theorem 1.8. The main idea is to consider

the function g9 defined by
V€ [0,1),g2(t) :== a3 g(1) =a”.

We compute the quantities R; and follow the arguments of Section 3. Almost everything
goes as before with a = a™, except that Ry, is less than before. We search for the optimal ¢
(with still gy = g2 — g). This is a solution of 3.11 (with a™ instead of a) over [0, 1], but the
boundary condition ¢g(1) = 0 is replaced by g(1—) = a* —a~. If a~ is the critical value %
of Theorem 1.8, then the function g(t) = b,+t'/3 almost works, but the factor giving the
exponential decay of the probability is 0 = ¢(0). If a~ is smaller than the critical value, we
obtain some solution (starting with the boundary condition at 1 and solving the differential
equation) with ¢g(0) > 0, which implies that there is extinction and that, roughly speaking,
the probability decays at least like exp <—g(0)n,1€/3(1 + 0(1))) along a subsequence ny such
that go(nk)/n,lc/g is close to a™.

Conversely, when we consider the same function g, with a~ greater than the critical
value, we can find a solution of the differential equation with arbitrarily small ¢(0) > 0 such
that g(1—) > a* — a~, which means that the probability to have an exponential population
exp ((a‘ —at+ g(l—))n}/g(l + 0(1))) is of order exp (—g(())n,i/g(l + 0(1))). Then we can
apply the arguments of Section 4.

6.2 Sketch of the proof of Proposition 1.6

First we give the upper bound. Let a < a. and let g be with the optimal function seen

before. Let n > 1. We add a second absorbing barrier i + ai'/® —n'/3g(1). We write Z; [resp.

n
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77| for the number of individuals in generation i that survive below the barrier i — ai'/3

[resp. between the barriers|. We have

= k
P(Z > k) SP(Zyy1 >0)+ > P (Z; > n—+1) +P(Z > Z)).
=0

The terms P(Z; > Z}) correspond to the R;. We know that they are, like P(Z,; > 0),
exp (—g(0)n'/3(1 + o(1))). It is not hard to see from the integral equation satisfied by g that

E [chmﬂ = exp ((g(a) — g(0)n'3(1 + 0(1))) .
Therefore, by Markov’s inequality,

Sz > oy < O e (- gn (14 o(1))

Finally we choose a sequence n = n(k) such that k ~ exp (dn'/?), and we obtain the upper
bound by letting k£ — oo.

For the lower bound, we consider the same barriers as above. For any « € [0, 1], the
probability that at least one individual survives between the barriers until generation |an]|
and is close to the lower barrier at time [an] is exp (cn'/?(1 4 o(1))). We choose o maxi-
mizing g. An individual close to the lower barrier at time |an| gives, with probability at least
exp ((c — £1)n'/3), in around e,n'/3 generations a number of children at least exp ((d — e3)n'/?).
Taking €1, €5, €3 small and making the same choice of n as for the upper bound yield the

result.

6.3 Proof of Corollary 1.3 from Theorem 1.2

Lemma 6.1. We assume that the underlying Galton- Watson process is supercritical, and we

denote by q the extinction probability. Then

nl/3

Va € R, P ( inf limsupM > a) € {q,1}.

In particular, when there is extinction, Too = 0 and we follow the usual convention which

says that the infimum of the empty set is +oo.

Proof of Lemma 6.1. Let f be the generating function of the underlying supercritical Galton-
Watson process. We mean that for any s € [0,1], f(s) = E [s#7']. It is well known that f

3
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has exactly two fixed points, 1 and ¢ € [0, 1) the extinction probability. Let a € R. In order
to prove the lemma, it suffices to show that the number

P ( inf limsup Viun) > a)

nl/3

is a fixed point of the generating function f.

We write the boundary of the tree
.= |J 7.
lv|=1
where
7. ={uveTo,u>v}
is the boundary of the tree 7" rooted at v. Hence

V() V(uy,) V(v) 4+ V(uy)

(6.1)  luf limsup 75 = inf Inf lmsup 75" = inf inf Hmsup —==775
For any v € T4, % — 0, hence for any u € 72,

, V() 4+ V' (u,) .. V¥ (uy,)

llglﬁs;}p RSYE = llinﬁsol.}p m

From this last equality and the independence properties of the branching random walk, we

deduce that the random variables

e V()
B TP g € T

form an i.i.d. family, and are distributed like inf,c7_limsup,,_, . %

With this in mind, equation (6.1) yields, for any a € R,

P < inf limsup Viu) > a> = P (Vv S ian lim sup Viu) > a>
uely

u€Too  p—oo nl/3 00 N—00 nl/3

h Vi
= E H P (ule%f” lim sup % > a)]
_UG'Tl [e's} n—oo

#1
= E P(inf lim sup V(un)> ]

n1/3

u€Too  n—oo

YAV V()
- e )

This completes the proof of the lemma. m
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Proof of Corollary 1.3. Let a > a.. By Theorem 1.2, the branching random walk absorbed

by the barrier i — ai'/3 survives with positive probability. In other words, with positive
probability,
Viu
Ju e T Vn>1, (1/§) < a.
n
Hence, with at least the same positive probability,
V(u
Ju € T, limsup <1 2) < a.
nooo MY

In light of the lemma, this implies that

- V(un)
P (g tmaw T > ) =
or, equivalently, that on the set of ultimate survival of the underlying Galton-Watson tree,

V(uy)

nl/3

the random variable

inf limsup

weToo  pooo
is almost surely less than or equal to a, for any a > a., hence also for a = a..

It remains to prove that this random variable is at least a., almost surely (remind that it
equals +00 when there is extinction). We reason ab absurdo. We assume that with positive
probability, this random variable is less than some positive real a < a.. We deduce the
existence of an integer N such that, with positive probability,

V(un) <a

Ju € T..¥n > N, e yER

Focusing on the value of V' (u,) on this event yields that there exist some real x satisfying
the following conditions :
(i) With positive probability, there exists u € 7y such that V(u) < x;
(ii) With positive probability, there exists v € 7o, such that Vi > 1, V(v;)+2 < a(N +i)'/3.
If condition (ii) holds for some z, then it obviously also holds for any smaller value.
Hence, since (i) holds for x = 0, we may assume x < 0 (if > 0 we take z = 0).
Actually condition (i) is equivalent to P (3u € 77 : V(u) < £) > 0 and implies that with
positive probability

u € Tu¥n < N, &, < %
Hence, with at least the same probability,
Ju € TyVn < N,V (u,) < m <0< an'/?.

N
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This, combined with (ii) yields that the branching random walk absorbed by the barrier

i — ai'/? survives with positive probability.

By Theorem 1.2, this implies a < a., which contradicts our assumption a < a. O]

7 Extension of the results to the non critical case

We assume ®(0) < 400 and ¢ := sup{t : ®(t) < +oo} > 0. We define, for 0 <t < (,

F(t) := @

Lemma 7.1. If equation (1.2) does not hold for any t*, then Y0 < t < (,tV'(t) < W(t) and

I is decreasing and conve.

Proof. For t > 0 very small, tW'(t) — U(¢t) < 0, since by convexity of ¥, either ¥/(0) € R
or U'(0) = —o0. Vt > 0, tW'(t) — ¥(¢) # 0 by hypothesis, and so by continuity, it is always

negative. As a consequence, for any 0 <t < (,

£ (1) — W(t)

F'(t) = — < 0;
207 (t) +2(U(t) — tW'(t
13
which ends the proof of the lemma. [

We are now ready to determine whether a branching random walk can be applied the

reduction of Section 1.2. It easy to construct examples for any of the cases studied below.

7.1 Case ( < 400

a) If ¢ < +o00 and ®(() = +o0, then, by Fatou’s lemma, lim; . () = +o0.

b) If { < 400, () < 4+o00 and ¥'({) = +o0.

In these two cases, it is easy to deduce from the lemma that we can find some t* € (0, ()
such that equation (1.2) holds.

When ¢ < 400, (() < 400 and ¥'(¢) < +o0, it depends on the sign of (V'(¢) — ¥(() :

¢) If CU'(¢)—V(¢) > 0, then by continuity we can find some t* € (0, () such that equation
(1.2) holds.

d) If (W'(¢) — ¥(¢) < 0, then it is impossible to find such a t* (because t — tW'(¢) — U(t)

is increasing) and consequently the reduction to the critical case does not work.
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e) If CU’'(¢) — ¥(¢) = 0, then t* = ¢ works, but we still have to check whether 5 is finite
or not.

It is easy to construct examples fitting any of these five cases.

7.2 Case ( = 400

In this case, we can be much more precise and tell whether we can find some t* € (0, ()
such that equation (1.2) holds directly from the intensity measure p of the point process
{&u |u] =1}

Define zp, = inf{z € R, u((—o0,x)) > 0} the minimum of the support of u (and —oo
if p is not lower bounded). Tt is clear that lim; ., F(t) = —zpin. If 2pm > —oo we will

consider p({Zmin}) the mass of the eventual atom of p in ;. We can now state :

Proposition 7.2. There is some t* € (0,() such that equation (1.2) holds if and only if
Tanin > —00 07 (({Zmin}) < 1.

Proof. We distinguish four cases :
a) If z,;, = —oo, then lim, o F' = —zp;, = +00. Consequently F' can not be decreasing,.
b) If 2 > —o0 and pu({Zmin}) = 0. We still have lim ., F' = —xp;,. Almost surely, for

all u € 77, £, < Tuin, hence Z|u|:1 et@min=&u) 5 () as t — +o0o. By the monotone convergence

theorem lim; ,,  E Z\u\:1 et(zmiﬂ*@)} = (. This implies that for ¢ large enough,

1
F(t) = —2min + . log | E Z H(@min—Eu) < —Tpmin-

lul=1

¢) If zpin > —oo and 0 < p({zmn}) < 1, we can write
1
F(t) = —@uin + 5 log (n({2min}) + (1))

where £(t) .= E [szl I[gunmmet(xmi“*fu)} decreases to 0 as t increases to infinity. Like in
case b), for t large enough, log (u({Zmin}) +£(t)) < 0 and F(t) < —Zpin.

In these three cases, we have proved that F'is not decreasing, and we conclude thanks
to Lemma 7.1 : there is some t* € (0, () such that equation (1.2) hold, since otherwise the
lemma would imply that F'is decreasing, which is false.

d) When z;, > —00 and p({Zmin}) > 1, we still have

V(t) = —tamin +log (1({Zmin}) + (1)) = —Zmin,
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where ¢(t) == E [Z|u\:1 115u>z,,,inet(“’miﬂ_fu)] decreases to 0 as t increases to infinity. By
convexity, ¥ increases, and so converges to —Z i, as t goes to +oo.

Finally, for any ¢ > 0, we proved that ¥'(t) < —x;, whereas W(t) > —txy,, hence
tW'(t) < W(t). O

Remark 7.3. When z,,;, > —oo and p({Zmin}) > 1, we obtain, by letting only individuals
with minimal displacement reproduce and killing the others, a supercritical Galton-Watson
subtree. Hence with positive probability, there is an infinite path through only such indivi-
duals. Besides, conditional on survival, there exists almost surely an individual from which
we can start an infinite path down the tree through individuals with minimal displacement.
In this case, it is easy, given a barrier, to determine whether the absorbed process survives
or not.

When 2, > —oo0 and p({xmin}) = 1, the Galton-Watson subtree described just above
is critical. The behaviour is obviously not exactly the same, but is very close. Under the
additional assumptions that the displacements are bounded and lattice and that the number
of children has finite variance, Theorem 9 from Dekking and Host [27| yields that, almost

surely,

min V' (u) = n&ymin + loglogn + o(1),

ul=n log 2
where C' := inf{z > 0 : p(xmm + ) > 0}. Therefore, in this case, the second order critical
barrier is of the order of loglog n instead of n'/3. In the non lattice case, C may be 0 and when

this happens, the behaviour is expected to be even closer to the one of the case p({Zmin}) > 1.

Bruno Jaffuel
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Université Paris VI
4 Place Jussieu
F-75252 Paris Cedex 05
France
bruno. jaffuel@upmc.fr
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The upper tail of the normalized minimal displacement

of branching random walks
Bruno Jaffuel

Université Paris VI

Summary. We study a branching random walk on R with null speed. We
are interested in the minimum over the individuals w in generation n of
V(u) := max,<, V(v) where V(v) denotes the position of the individual v.
Fang and Zeitouni [39] proved that this minimum displacement, normalized
by nl/3, converges almost surely to a constant b, and establish a small de-
viation result. We are interested in moderate deviations. We prove that the
rate of decay of the probability of having a branching random walk faster
than the typical behavior depends heavily on the upper tail of the law of
the displacements, being for example exponential in n'/3 when the displace-
ments have an exponential upper tail but giving a double exponential when
displacements are bounded from above.

Key words. Branching random walk, moderate deviations.

AMS subject classifications. 60.J80.

1 Introduction

We consider a unidimensional branching random walk. The population forms a Galton-
Watson tree 7, with the probability of a given indivicual to have exactly i children being
p;. For any u € 7 we write |u| for the generation of w. Additionally, for any i € N such that
0 <i < |ul, we denote by u; the ancestor of u in generation i. We denote by 7, :={u € 7T :
|u| = n} the individuals in generation n.

We assume that the Galton-Watson tree is supercritical, that is that

=1

We define m := inf{i € N,p; > 0} the minimum number of children. We assume m > 1, in

other words, the tree has no leaves.
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To each individual v in 7 except the root, we assign a displacement X, where the X,
(with w running over all the potential elements of the random tree 7 except de root) are
i.i.d. copies of a given real random variable X. We also require that the X, are independent
of the Galton-Watson tree. To be more precise, we can write i € {1,2,...} for the ™ child
of the root and recursively, if u = (i1,42,...,1,) € T, C {1,2,...}", then we write (u,i) =
(i1,99, .+ in,1) € Tny1 C {1,2,...}7"L for the i*" child of u. This labelling (called Ulam-
Harris labelling or lexicographic labelling) gives a countable tree of potential individuals.
Then we define the displacements as an an i.i.d. family of copies of X, indexed by this tree
(without the root) and independent of the Galton-Watson tree 7.

The root is set at the origin, thus the position of an individual u is the sum of the

displacements of u and of the ancestors of u (except the root) :

V(u) = Z X,
v<u
We are also interested in the maximal position of the random walk along the path from the

root to u :
V(u) := max V(v).

v<u

We define the log-moment generating function function :
Ax(t) :==1ogE [e¥] .

We assume that Ax(t) is finite for some ¢ < —1 and for some ¢, > 0. We consider only the
boundary case, which means that we assume the following condition :

o0

A(=1)) ip; =L and N'(—1) =0.
i=1
Actually this condition is not very restrictive since, for a large class of branching random
walks, it holds after an affine modification of X.
We also assume that the law of reproduction admits some moment of order greater that
one :
[e.e]
Je >0, Zz’lJrapi < +o0.
i=1
A known result is that, under these assumptions,
minM:n V(u)

3202 1/3
(1.1) — 5 b, := ( 7r20 ) a.s. as n — oo.
n
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where

(1.2) 0<o?:= Zz’piE [X%e™¥] < +o0.
i=1

Fang and Zeitouni |39] proved this result for regular trees. Under the moment condition on
the law of reproduction (and m > 1 which avoids conditioning on non extinction), this can
be extended by using technical arguments developped in [44]. Similar arguments and results
can be found in Chapter 3.

In the proof of the result above appears the following estimate :

1 —
Vb < be, —75 log P (min V(u) < bn1/3) — b —b,.
nl/3

|ul=n

Our aim is to estimate the right tail :

(1.3) P (min V(u) > bn1/3)

|ul=n

for b > b..

We expect a faster rate of decay than for the left tail of the distribution of the normalized
displacement because, for the minimum to be large, the potential needs to be large along
all the paths from the root whereas it suffices to have a small potential along one path to
obtain a small minimum.

The answer to our problem actually depends on the right tail of the distribution of X
and on m. We obtain a very fast decay, (1.3) being of the order of exp(—expn!/3?) when
X is upperly bounded and m > 2 (see Theorem 3.1). We still obtain a fast rate of decay,
like exp (—n“/3) with k > 1 when m > 2 and the right tail of X is of Gaussian-type (see
Theorem 4.1). When m = 1 or the distribution of X has an exponential right tail, the rate
of decay of (1.3) is of the same order exp (—n1/3) as for the left tail.

2 Some general bounds

For any u € 7, we denote by 7% := {v € T : v > u} the subtree of 7 constituted by the
descendants of u. The relative depth of v € 7" is |v|, := |v| — |u|. Accordingly, we define, for
any n € N, T :={v e T": [v|y = n} = T"(Tjujn, V" (V) = D pcnen X = V(v) = V()
and V" (v) := max,<,<, V*(w). .

We write 7 for the subtree of 7 obtained by keeping only the first m children of each

individual and, for N > 1, Ty = ’?ﬂ Ty for the corresponding N generation.
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For z > 0 and (3 € (0, 1], we define the following event :
(2.1) LS (x) = {#{ueTy:V(u) <z} <pm"}.

We use the following proposition in the other sections. It is the spine of the proof whatever
the right tail distribution of X. We shall see N as very small before n, either of the order of

a constant or tending to oo very slowly.

Proposition 2.1. Let n and N be integers such that 1 < N < n.
Let B € (0,1], b, by and by be real numbers such that by + by = b.

The following two inequalities hold :
(2.2)

N

P (min V(u) > bnl/?) >P (min Viu) > bn'3 #Ty = m]\) P ( min  V(u) > bgnl/S) ;

lu|=n lu|=N |u|=n—N

Bm~N
(2.3) P (min V(u) > bnl/3> <P (Ljﬁv(blnl/?’)) +P ( min  V(u) > bgnl/g) :

lu|=n lu|=n—N

Proof. We notice that for any v € 7,, and any 0 < N < |v| = n, we have
(2.4) V(u) = max{V(uy),V(un) + V' " (u)} < V(uy) + V" (u).
As a consequence,

{V(u) > b3} o {V(uy) > byn'3y n {V™ (1) > byn'/3}.
Taking the intersection over the u € 7, and writing v := uy lead to

{min V(u) > bn1/3}

|ul=n
O {Wwe Ty, V() >bn'?Yue T’ v, V' (u) > byn'/?}
o {Vv € Ty, V(v) > bin'3 #T =mM} N ﬂ {(Vu € T” n, V' (u) > ban'/?}.
veETN

Using the branching property, we see that conditional on the history of the branching random
walk up to generation N, the events {minuem_N V@(u) > bgnl/?’} are independent and have
the same probability as {min,er, , V(u) > byn'/?}. Considering the probabilities of the
events in the last display yields (2.2), since #7y > m®.

3
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We turn to the proof of (2.3). As previously, we deduce from (2.4) that
{V(u) > n'?} C {V(uy) > bin'3y U {V"™ (u) > byn'/3}.
Hence

{lmin V(u) > bnl/g} - {‘v’u € Ty, (V(u) < bn'/? = rrTlin V() > b2n1/3) } .
ul=n vel!

Conditional on the complementary of L’ng(blnl/B’), there are at least 3m” individuals —u’,
1 <i < [BmM] say in generation N such that V(u') < byn'/3, i =1,... [m’N], and the

random variables min Vuz(v) are independent copies of min,er,  V(u).

i
veT

Equation (2.3) follows. O

3 The case of displacements bounded from above

We introduce M =: ess supX = inf{x € R, P(X > z) = 0}. Our hypothesis imply
M > 0.

Theorem 3.1. If m > 2, M < 400 and b > b., then

1 5 —Yc
e log (—logIP’ (min V(u) > bn1/3)) s m

lul=n

Proof. We first prove the lower bound. Let ¢ > 0 and N € N. We consider the event E%
that any u € 7 such that |u] < N has exactly m children, and that their displacements are

all greater than M — . By construction,

E5 C {min V(u) > N(M—s)}.

lul=N

By using independence, we obtain

N
m-" —1 m(mN—l)

P(ES) = poy " P(X > M —e)

We set by :=b—b.+¢€, by :=b.—cand N := {%W Last equation gives :

: 1 e 1/3 (b—b.+¢)logm
i — <
b o (o (i 710 > ') ) < =0 08
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It remains to control the second factor in the right-hand side of (2.2). Since N = o(n)

and by = b, — € < b., we already know that

P(| lminNV(u) > bont/?) = 1 as n — oo.

Hence, for n greater that some ny,

IP’< min  V(u) > an1/3> >

1
lu|=n—N 2

This gives :

b—b.+¢)logm

: 1 N e 1/3 " (
hmsupmlog (—log]P’( min V' (u) > bon ) >§ <

n—oo lul=n—N

We have proved that both factors in the right-hand side of (2.2) decay at the same rate.
Let ¢ — 0 and the lower bound of Theorem 3.1 follows.

We turn to the proof of the upper bound. Our argument relies on (2.3) with = 1. Let
e>0. Weset by :=b—0b.— ¢ and by := b. + €. For any n > 1, we choose N := P’“&—W-‘ —1.
By construction,

Vn >1,P (Elu € Iy, V(u) > b1n1/3) =0.

Since by < b., we have, for n greater than some nq,

— 1
P( min V bhin'/?) < -
(IZIIIHJ{T (u) > bin ) <3
This gives :
1 "N (b—b.—e)l
o _ R 13 — b, —¢)logm
hgg}lf i log ( log P (|u|r£$nN V(u) > ban ) ) > i :
Letting € — 0 yields the result. O]

4 The Gaussian-type case

The result in the case M < +oo says that P (min‘u‘:n V(u) > bn1/3) has a double ex-
ponential decay when b > b.; but the constant vanishes as M — oo, so that the decay is
expected to be much slower when M = 4o00. Actually, the rate depends on the right tail of
the distribution of X.
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For any p € R, we denote by R, the class of regularly varying functions of index p, in

other words the functions f such that

f(Az)

f(x)
We can now state our main result, which handles in particular the Gaussian case (with
K=2):

— M asz — +oo.

Theorem 4.1. Assume that m > 2, and that x — —logP(X > x) is regularly varying of
index Kk, where 1 < kK < +o0o. Then, for any b > b., as n — o0,
_ 1 r—1
logP (|nllin V(u) > bnl/?’) ~1logP (X > (b— bc)nl/?’) <mm — 1) .
Proof of the lower bound in Theorem 4.1. Set N € N, N > 1 (this time N is fixed and so
does not depend on n). For i =1,..., N, define
—i a;

a; ;=mr-1, )\ = N
ZZ‘:1 a;

Thanks to the branching property and the hypothesis —logP(X > ) € R,, we compute

P (min V(u) > bln1/3) > P(#Ty =m", V1 <i < N,Vue T, X, > \bin'/?)

|lu|=N

N

> P(#Ty =m") HIP (Vu € T, X, > Nibin'/? | 4Ty = m")
=1
al i

> P#Ty =m") [ [P (X > xbom?)"
=1
. 1+4o(1))AFmi

> P#HIy =m™) [[P(X > bln1/3)( +o(1)AFm
=1

s (1+o(1) i, Apm?
(4.1) > p " P (X > bn'/?) Loxpmt

By our choice of \; and a;, the exponent in the right-hand side becomes

S ot = Dt _ S m(H) 1 (ms-l—ly
1= = ‘
=1

- - N

[ —q K i k—1 =
(sz\il ai) (Zfil mﬁ) (sz\; m’“l) L =m=
Hence we can rewrite (4.1) in the following way :

. logP (minj,—n V(u) > bin'/?) me= — 1 e
lim inf > — )
n—o0 log P (X > bynl/3)

112



tel-00544117, version 1 - 7 Dec 2010

4 The Gaussian-type case

This is a lower bound for the first factor of the right-hand side of (2.2). Take b; > b — b,,
then by > b. and the second factor converges to 1 as n goes to infinity. Thus, combining (2.2)

and the estimates above gives :

log P (miny, =, V(u) > bn'/?) (mnll — 1>H_1

lim inf
fries log P (X > bin'/3)

=N
1 —m=-—1

Let by — b — b. and finally N — oo and the lower bound is proved. ]

Proving the upper bound requires several steps. We apply (2.3) twice : the first time
(with large N) in order to obtain a rough estimate (Proposition 4.2). Then we apply (2.3)
again and the previous estimate allows us to have a better control on the second term with

N small enough so that we can control the first term (as stated in Proposition 4.3).

Proposition 4.2. Assume b > b.. Then the sequence

n+— —logP (min V(u) > bnl/3>

lul=n

18 bounded from below by some regularly varying sequence of inder k.

Proof. We choose 0 < by < b—"b., bp =b—b; > b. and

logn
logm |

N = N(n) = Lm

We have

o b 1/3
Ly (b1n1/3) C {Elu €7, V(u) > bln1/3} C {Ell <i<N,JueT, X, > 1;1[ } )

o b n1/3
_ 1/3) > _ N_T !
log P (Eli% V(u) > bin ) > —log (m p— 1IP’ (X >y )> .

Since n +— N(n) is slowly varying, the right-hand side of the last inequality is regularly

Hence

varying of index k.

Since by > b, and N = o(n), we have, for any n large enough,

3 — by +b
p< min V(U)>bzn1/3> SP( min V(u) > 2; C(71—1\7)1/3> <

|u|=n—N |u|=n—N

By our choice of N, this gives that

—logP <| lminNV(u) > b2n1/3) > mM log2 ~ n"log2.

Proposition 4.2 is a consequence of (2.3) with § =1 and the estimates above. O
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Proposition 4.3. Let by > 0 and v € (0,%5), v = 7% say. Assume n — N = N(n) is
such that

inf n’m™™ >0 and lim N = oo.
n>1 n—00

Then
log P (L]BV (b1n1/3)) ) el
o o (i ‘
é{%hgriglf loglP (X > bynl/3) — (m 1 1)

The proof of Proposition 4.3 is postponed to the end of this section, after the proof of
the upper bound in Theorem 4.1 (from Propositions 4.2 and 4.3) and the statement and the

proof of preliminary results.

Proof of the upper bound in Theorem 4.1. We choose 0 < by < b — b., by = b — by > b. and

set :

1
Vn>1,N = N(n) = {5 ognJ
logm

where ¢ > 0 is small enough for the hypothesis of Proposition 4.3 to hold. Then we have

IOg]P) <L1ﬁv (b1n1/3)) 1 k—1
lim lim inf > (mnfl - 1) )
B—0 n—oo logIP’ (X > b1n1/3)

In light of Proposition 4.2, we see that the sequence :

Bm™N
n +— —log <IP (I EinNV(u) > b2n1/3) )

is bounded from below by a regularly varying sequence of index k + fe.

Thus, the second term in the right-hand side of (2.3) is negligible and this inequality

yields
log P (minjy =, V(u) > bn'/3) N K1
ot > (1)
PR logP (X > byn'/3) "
Since the function z — —logP (X > x) is regularly varying of index x, the last display
becomes
log P (minjy =, V(u) > bn'/?) b \"/ 1 k=1
mint S U
e 1ogP(X > (b— by = \b—0,) "
We conclude by letting by — b — b... O
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It remains to prove Proposition 4.3.

For any u € 7, we consider X := X the positive part of X, and, accordingly,

=> X

v<u

We could define, in the same fashion,

V' (u) == max X,

v<u

but we would have, since the X* are nonnegative, V' (u) = V*(u).
Obviously we have, for any u € 7, V*(u) > V(u) and thus V*(u) > V(u).

We define
= Z V*(u)m_N
u€7~—N

Since each X is counted once for each descendant of u in %N, that is to say m™¥ 1 times,

we have

(4.2) Sy = Zm*k Z X+

ueTy,

The relevance of these definitions is made clear by the following lemma :

Lemma 4.4. For any x € R, f € (0,1] and N € N,

P (L?V (x)) <P(Sy > (1-B)).
Proof. The lemma is a consequence of the inclusion :
L?(z) c {#{UETN } }
C {#{uefN V*(u) < }<6m }
c {#{ueTN V(i) > }z (1—ﬁ)mN}
c {Syv>(1-p)z}.
O

If, for some p > 0 and a > 0, f € R, is defined and locally bounded on [a, +00), then we

can define the generalized inverse
h .
f(z)=mf{y>a: f(y) >z}
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—
We recall some usefull properties (and refer to [17] for the proofs) : ? € R,-1 and 7(x) ~

f(z) as © — +o0. Here we deal with functions f that are increasing and right-continuous,
h

which implies 7(37) = f(z) for any x large enough.

Theorem 4.5 (Kasahara’s Tauberian theorem (1978)). Let Y be a nonnegative random
variable such that, for all X > 0,

Ay(\) :=E [e"] < 400
Ifo<a<l1, ®€R,, put U(N) = ﬁ € Ri_. Then, for B > 0,
H
—logP (Y >2z) ~ B®(z) as x — +00

if and only if

o

Ay (\) ~ (1 —a) (%)* T(N) as A — +oo.

Again we refer to [17] (Theorem 4.12.7) for the proof.

We state a last lemma before the proof of Proposition 4.3 :

Lemma 4.6. Let p > 0 and 6 > 0 be such that 6 < p. Assume that f € R, and that
g:x— g(x) :=a7°f(x) is bounded on each interval (0,a] (a >0). Then

A
Ve > 0,3xg > 0,Va > x,V0 < A < 1, ‘% — N <eX.

Proof. Clearly, g € R,_s. Thus, by the Uniform Convergence Theorem (see [17], Theo-

rem 1.5.2), we have,

A A
Ve > 0.3m0 > 0.2 > 20, ¥0 < A < 1, |9 yos| = M — N <e
g(x) N f(x)
We conclude by multiplying both sides of the inequality by \°. O]
Proof of Proposition 4.3. From now on, we set
oz::l ®:=—logP (X* > ) and U(\) ::LGRl :
K’ d(N) -
By taking B =1 and Y = X, Theorem 4.5 gives
a
(4.3) Ax+(t) ~ (1 —a)aT= VU (t) as — +o0.
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By using (4.2) and the independence of the X, u € 7, we can compute the moment

generating function of Sy :

N

N
Vt > 0, Agy (t) :=logE [e"V] = Z Z log E [etXJmfk} = kaAX+ (tm™") .

k=1 4T, k=1

Let a >0 and ¢ € (1,(1 — a)™!). We may alter Ax+ on (0,a) and obtain Ax+ such that
t— t*‘S/C;(t) is locally bounded. Then, since Ax+ € R(;_q)-1, we may apply Lemma 4.6 to

/{;. Because /C(: and Ay+ are equal on [a, +00), we obtain :

Ax+ (Nt
M,s(t) ;== sup A7° A (A1) AT | = 0 as t — +00.
2a<1 Ax+(1)
By taking A = m~t,m~2, ..., m~, in the last display we deduce from equation (4) that, for

any t and N such that ¢t > am?”,

As, (%) al ( )
SN E(1——1- k(1-5)
< E m T-a) +m M, s(t).
Ax+ (t) P 75( )

If N = N(t) is such that N — oo as t — +oo and for all ¢ large enough, t > am®, then the

right-hand side of the inequality is equivalent, as t — 400, to :

o 1
E m e = ————

By Markov’s inequality, for any x > 0, for any ¢ > 0, we have

P(Sy > z) < Agy (t)e ™.
As a consequence, taking x = ®(y) and ¢ = ¥(Ay) for any y > 0 and A > 0 yields
(4.4 log P (Sx > B(y)) < Asy (¥0\p)) — YO) ().

Since ¥(y)®(y) = y and ¥ € Ry_,, we have, as y — oo, ¥(A\y)P(y) ~ yA'~®. Uniformly in
A and N such that W(Ay)m= > a, we have, as y — oo,

1+o0(1)

mita —1

Asy (W(Ay)) < Ax+(P(Ay))

By (4.3), we have
Ax+ (U(y)) ~ (1 —a)aTay as y — +oo0.
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Then, by combining, (4.4) becomes
1+40(1)

log P (S > @(y)) < —=
mi-o —1

(1 —a)ama )y — yA (1 + o(1)).

We follow the proof of Theorem 4.5 in [17] and take, frow now on,

@

o 1% 1 r—1
B = <mﬁ—1> :<mﬁ—1> .

@
«

A <§>E (1—a)\— Al@

The function

is strictly convex on (0, +00), attaining its unique minimum —B at

B\ =
)\0: (—) .
«

Let 8 € (0,1]. Take y = <6((1 — B)b1n'/3) = —log P(X > by (1 — B)n'/3), this yields
logP (Sy > (1 — B)bin'/?) < —By(1 + o(1)) = B(1 + 0(1)) log P(X > (1 — B)byn'/?)

on condition that \I/(/\Og((l — B)bin'/?))m~N > q for any n large enough.

H
Since the sequence n — W(Xg @ (n'/?)) is regularly varying of index =% = 521 > ~, our

condition on N is a consequence of the assumption of Proposition 4.3, and letting 5 — 0

completes the proof. O

5 The exponential case

Theorem 5.1. Let b > b.. Let ty :=sup{t € R: Ax(t) < +oo} € (0,+00]. Then

, log P (miny,—, V(u) > bn'/?)
(5.1) hin_)s;ip (b — bojni/3

If © — P (X > x) is reqularly varying (of index 1, it is also true if the index is greater

—tom.

but in this case the conclusion of Theorem 4.1 is stronger), then

. logP (minj, =, V(u) > bn'/3)
5.2 1 f <
(5:2) oo logP(X > (b—bnt/3) =

Remark 5.2. Notice that

log P (X
tp = —limsup kLA o) (X > q:)
T——+00 X

As a consequence when this lim sup is a limit and is finite, the bounds in the theorem above

agree.
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Proof of Theorem 5.1. Let by > b—b. and by = b — b; < b.. Set N = 1. Then (2.2) gives
P (rrllin V(u) > bnl/g) > p, P (X > blnl/g)mP <| Ein1v(u) > 527”&1/3)

Since by < b, we deduce from (1.1) :

IP’< min V(u) > anl/g) — 1.

|u|=n—1
Hence ( . 1/3)
log P (minjy—, V(u) > bn
lim inf <
e logP (X > byn'/3) =m

We obtain (5.2) by letting by — b — b,..

We turn to the proof of (5.1). Let 5 € (0,1], by <b—b., by =b—mny > b. and t € (0,1).

Then Ax(t) < 400. Lett N € N. We have, like in the proof of Theorem 4.1,
P (L@(bml/S)) <P (Sx > (1— B)bin'3) < exp (Asy (£) — (1 — B)byn'/?) .
For any A € (0,1), by convexity of Ay+,
Ax+ (M) < AMx+ (8) + (1 = M) Ax+ (N0) = M+ (t) .

Hence
N

Asy(t) =D mFAx+ (tm™) < NAx+ (t).

Let 1 > 0. Set N := [£,n'/3]. We obtain, by Lemma 4.4 and Markov’s inequality,

log P <Ljﬁv(b1n1/3)>

/3

S 61Ax+ (t) — t(l — ﬁ)bl

lim sup

n—o0

Let 5 > 0. Since by > b,, (1.1) yields that for n large enough,

P ( min  V(u) > b2n1/3) < &9.

|lu|=n—N
We combine the estimates above with (2.3), which gives

log P (miny, =, V (u) > bn'/?)
Ve

lim sup

n—oo

S max {Ele+ (t) - t(l — ﬁ)bl, ElﬁlOgSQ} .
We conclude by letting e5 — 0, then ¢y — 0, and finally by — b —b., § — 0 and t — t,.
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6 The case m =1

Theorem 6.1. If m = 1, then there are constants 0 < co < ¢ < 400 such that for any
b > b,

log P (minjy—p V (u) > bn'/%)

(6.1) —c < liggf (b — boyni/3 ;
' log P (miny, -, V(u) > bn'/?)
(6.2) —cy > hfln_)solip (b — bjni/? .

Proof of (6.1). Let b > b., by > b —b. and by = b — by < b.. Let A > 0 be such that
P(X > A) > 0.
Take N = {#W and proceed like in the proof of the lower bound of Theorem 3.1 to

obtain

P(#Ty = 1;¥i > N,Vu e T;, X, > A) > (;mP(X > A)Y.
By (1.1), we have
lim P ( min  V(u) > bgnl/s) = 1.

n—0o00 |lu|l=n—N

Combining the two estimates above with (2.2) yields

log P (min,—, V(u) > bn'/3
—c; < liminf o8 (m1n| = (u) n )
1 in byni/3

where
 —log (mP(X > A))
(G .
A
We conclude the proof of the lower bound by letting by — b — b,.. O]

Before proving the upper bound (6.2), we state a simple result for Galton-Watson pro-

3

cesses

Lemma 6.2. Let T be a supercritical Galton-Watson process with extinction probability
q < 1. Then there exists p € (0,1) and s € (0,1) such that

E [s*7] <q+p".

Proof. Define the moment generating functions f, : s € [0,1] — E [S#Tn} for all n > 1. By
the branching property, foy1 = > o Pifu()" = fi 0 fu, hence f, = f™. Since the process is
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supercritical, f{(1) =)_.ip; > 1. Besides, f; is increasing and convex, with f;(1) = 1, hence
0 < fi(q) < 1. Let p € (f{(q),1). Then for some sy > ¢, we have

Vs € [q, so, f1(s) —q < p(s — q).

Then for any s € [q, $o|, we obtain by induction f,(s) — ¢ < p"(s — q). ]

3

Proof of (6.2). Let b > b., by <b—b, and by = b — by > b.. Let g € (0,1).

The argument we used in the preceding sections requires some changes here. Let N < n and
Axn > 1 be integers. We can, conditional on {#7y > Ay}, choose Ay distinct individuals
ut,u?, ..., u™ in Ty in a measurable way (with respect to the o-field "V generated by
the Galton-Watson process up to generation ), for example by taking the Ay first ones in

lexicographic ordering. Hence we can define a random variable Sf/v such that
A * ()0
oo | AE[ZE V)] = T Toen M)XK on (#Tx 2 A},
0 if {#TN < AN}
where, for any potential individual u such that |u| < N,

M(T) = A #{ < Ay s v’ > u} €0,1]

is a random variable measurable with respect to Fy "V and thus independent of the X,,.
Conditional on {#7y > Ay}, we have

VISESN, > AT)=1

ueETN

Therefore the convexity of Ax+ gives the inequality :

E[e"Mgnoany] = E[TgnsanE [ | FVY]]
N
= E |Tiyr>ayy exp (Z > Axe (t>\u(7))>
k=1 ueT;
< E []I{#TNZAN} exp (NAx+ (t))} =P (#7Tn > An)exp (NAx+ (1))
(6.3) < exp (NAx+ (1)) .

The analogous of (2.3) in this case, with Ay playing the role of m®, is

P (min V(u) > bnl/3) < P(#{ueTy:V(u >bn'?} > (1-5)Ay)

. BAN
+P ( min  V(u) > b2n1/3) .

|lu|=n—N
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The first term of the right-hand side splits into two terms :

P (#{u c TN : V(U) > blnl/?’} > (1 — ﬁ)AN) < ]P(#TN < AN)
‘HP) (#TN 2 AN; SN > (1 — ﬁ)blnl/?’) .

Markov’s inequality and (6.3) give us for the last term

P(#Tv > Ay, Sy > (1= B)bin'/?)

IA

E [et(sN‘(l‘ﬁ)bI””?’)H{#TNZAN}]

< exp (NA)(+ (t) - t(l - ﬁ)blnl/?’) .

Let 1 > 0 be such that e;Ax+(t) < t(1 — ). We set, for all n > 0,
N = lyéflblnl/g—l
This gives

hmsup log]P’ (#Tn > An, Sy > (1 — ﬂ)blnl/?’) < —(1 =)t —e1Ax+(1))by.

n—oo

For any s € (0, 1), we have
P(#Ty < A,) <E [s#7] s,
Let p and s like in Lemma 6.2. We obtain

P(#7y < A,) < (q —i—pN)s’A”.

Since m = 1, we have ¢ = 0. Let €5 > 0 be such that £, logp < g5 log s. We set, for all n > 0,
= [8261%1/3] .

We obtain

limsup —= log P (#7y < A,,) < (e11logp — e2log $)b;.

n—oo

/

Since by > b, (1.1) shows that for any €3 > 0, for any n large enough,

P ( min  V(u) > b2n1/3> < 3.

|lu|=n—N
Then
lim Sup log P ( min V(u) > b2n1/3) < by fBegloges.

n—00 |u|l=n—N
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Combining yields (6.2) with

¢y = min{feslog s — &1 logp, (1 — B)t — e1Ax+(t), —Pesloges}.

It remains to check that we can adjust the parameters in such a way that co > 0. We remark
that the good choices for €3 and 5 is to send them to 0 in this order, which gives the following

constant :
co = min{—eq logp, (1 — B)t — e;Ax+(t)}.

Since this value is clearly positive for ; small enough, Theorem 6.1 is proved. ]
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