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Abstract

This paper is devoted to the pricing of Barrier options byirmpt quadratic quantization
method. From a known useful representation of the premiubaafier options one deduces an
algorithm similar to one used to estimate nonlinear filténgsjuadratic optimal functional quan-
tization. Some numerical tests are fulfilled in the Black§es model and in a local volatility
model and a comparison to the so called Brownian Bridge naeighalso done.

1 Introduction

Consider a fixed time horizof’, which will be typically the maturity of the option in a finaat
model, and let((2, 7,P) be a probability space (modeling the randomness of the mankth a
filtration 7 = {F;,1 < ¢t < T'} satisfying the usual requirements. The probabifitis supposed to
be the probability in the 'real world’ in opposite to the riskutral probability.

Consider that the stock price procés§ ). satisfies the following time homogenous stochastic
differential equation (SDE)

dXt = b(Xt)dt + O'(Xt)th, X(] =T c R, (ll)

where (W).e0,r) denotes a one-dimensional Brownian motion defined on thbapbibity space
(Q,F,P);b: R - Rando : R — R are continuous functions satisfying the global Lipschitz
and linear growth conditions:

[b(z) = b(y)| + lo(z) —o(y)| < Clz -yl (1.2)

and
b(2)] + [o(z)] < C(1+ |z]), (1.3)

for everyt € [0,7T] and for everyz,y € R. The filtration considered here is the natural filtration of
the brownian motion completed by tifenull sets.

It is known that under the above assumptions on the coeffgciihe diffusion there exists a unique
strong solution for the SDE (see e.g. [12, 16]). The unigasiod the solution is ensured by the global
Lipschitz assumptioril.2) whereas the linear growth assumptidn3) guaranties that this solution
do not explode (see [16] for more details).
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The first workable model for rational’ market pricing of ttad options have been proposed by
Black-Scholes inl973 and extended by Merton in the same year. In the Black-Schuotedel the
economics consists on two assets: the stock price with dipsees the previous SDE with{t, x) :=
pux ando(t, z) := oz, and a zero-coupon bound of constant interestrated maturity7.

Moreover, we know that under arbitrage free and completeaesumptions, the discounted price
at timet¢ of any European contingent claim is uniquely determined iartle expectation, under a
probabilityﬁ called risk neutral probability, of its discounted pay@fff(inctional of the price process
(Xt)te[o,r) which may depend on all the trajectory of the process), galetie information available
up to timet. If V; is the value of the option a timeand if » denotes the payoff at the maturity, then

V= e "TIE(R|F),
wherek is the expectation undé, so that the price at tim@is
Vo = e "TE(h). (1.4)

Our aim in this work is to estimate such an expectation foragbf path-dependent payoffs: barrier
options, by optimal quantization method. We consider hectass of exotic options whose payoff
depend on both the value of the underlying asset at the rmafamd its maximum or its minimum
over[0, T']. This means, payoffs of the form

h = F(XT, sup Xt) or h = F1()(T7 inf Xt)
t€[0,T) t€[0,T)]

When the payoff can be decomposed as

h = LP(XT)l{suptG[O'T] Xtel} or LP(XT)l{inftE[OAT] Xtef}

wherel is an unbounded interval &, one speaks about barrier options. This last class is apkati
case of payoffs of the form

h = @(X7)1ir, (x)>T)

where 7p(X) is the exit time of a domaiD C R? by a d-dimensional underlying asseéf =
(X1 .., X9,
Here are some useful definitions.

Definition. The option is said to be an up-and-out option if it knocks obiewthe price of its under-
lying asset crosses a specified value. It is said a down-ahdgtion if it has barrier below the initial
asset price and knocks out if the underlying asset prics ffelow the barrier.
The payoff of an up-and-out call expiring at tirfie with strike pricek” and up-and-out barriek is
given by :
(XT - K)Jrl{ sup X;<L}
t€[0.7]
and the payoff of a down-and-out call barrier option with anéy 7', strike K and barrierL is given
by
(X7 — K) 1 e x>
te[0.7]

The payoff of put options are defined similarly with — X7)* in place of( X7 — K)*.
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Note that closed formulas are available for the price of spttons in the Black-Scholes framework,
see [6]. But this no longer holds when we move out from the B&choles framework. So that
we are led to estimate the prices by some numerical procedu®me of the used methods is the
regular Brownian bridge method (see e.g. [1]). It providppraximation formulae of the price
of barrier options using diffusion bridge methods. Thisde#o useful forms to approximate these
prices from recursive formulas (already pointed out in JZ2inilar to an algorithm used in [18] to
estimate nonlinear filter by optimal quantization methodhe@ifference of our setting with respect
to the one of [18] is that our algorithm involves non-regdiamctions. Furthermore, if we consider
local volatility model in the previous setting, one way obpessing the algorithm is to use Lloyd's
algorithm (or stochastic algorithms) to compute the optignials and the transition probabilities. But,
because of the irregularity of functions appearing in ourtext, one must increase the grid sizes of
the marginal quantization of the price process to obtairdgg@proximations of the prices. Itis clear
that this will be very time consuming to use Lloyd’s algonitho compute grids sizes, and, this also
depends to the parameters of the model. Moreover, the nadugirantized process is not a Markov
chain and, for numerics, it is forced to satisfy the Markooparty.

In this work, we propose a procedure based on (quadrati@ingifunctional quantization method.
It consists first in considering the ordinary differentiguiation (ODE) resulting to the substitution of
the Brownian motion appearing in the dynamics of the priceess (1.1) by one quadratic quanti-
zation of the Brownian motion. Then, constructing some @jomarginal quantization of the price
process based on the solution of the previous ODE'’s, we slhantdestimate the premium of barrier
options from a recursive formula similar to an algorithmdiseestimate nonlinear filter using optimal
guantization method. Note that by construction, the maigjaantized discrete process is a Markov
chain. Furthermore, because this procedure is based orulmrgization of the Brownian motion, it
does not depend on model parameters and price estimatebtaneed in few seconds (at most in 6
seconds and sometimes instantaneously, for consideredpées). Numerical simulations are per-
formed in the Black-Scholes model and in the local volgtifitodel called a pseudo CEV model. A
comparison with the Regular Brownian Bridge method showttheformer method may some times
be faster and competitive with respect to the last one.

The paper is organized as follow. Since in a general settivgestimation of the prices requires
paths discretization of the process, we will recall in St the Euler scheme and some relevant
convergence rate. Then, we will see in Section 3 how to déhiegrice estimates from (continuous)
Euler scheme. The obtained formulas are well known and areawer in a useful form to apply an
algorithm similar to that used in nonlinear filtering esttioa via optimal quantization. The algorithm
and the relevant error are given in Section 4. This algorithwolves the marginal quantization of
the stock price process and, in Section 5, we show how to mamstuch a process from a basic
construction of functional quantization of a diffusion pess. We end by some numerical experiments
where we compare our method with the regular Brownian bridgéhod in the Black-Scholes model
and in the pseudo CEV model.

2 Euler Scheme

Consider a one-dimensional Brownian diffusion prodess <o, 1), solution of the following stochas-
tic differential equation

dXt = b(Xt)dt + O'(Xt)th, XO =z €eR (21)
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whereb : R — R, o0 : R — R are continuous functions satisfying conditions (1.2)3)Jand
(Wt)se(o,m) denotes a one-dimensional Brownian motion define@ i, P).

Let us divide the sef0, T'] into n subsets of lengtfi’/n and set for everye = 0,...,n, &, = %
The stepwise constant Euler scheme is defined by
- - - T - T S
th+1 :th—Fb(th) 5—|—0’(th) EZk_;,_l, XOZCE, kZO,,TL—l (22)

where(Zy)1<k<n is @ sequence afi.d random variables distributed A$(0;1).
For everyt € [0,T], sett = t if t € [ty,txr1), k =0,...,n — 1. A natural extension of the
discrete Euler scheme is the continuous Euler scheme ddtinederyt € [0, 7] by

X =X +0(Xy)(t — 1) +o(X)(Wy =Wy, Xo=ux
which satisfies the SDE . .
X :x+/ b(Xs)dS—i—/ o(Xs)dWs.
0 0

The above paths discretization methods generate soms arnich estimates are given in the follow-
ing results (see e.g []).

> Strong error rate. Assumeb ando satisfy for everyn € (0, 1),

Vt € [0,T],Yy,z € RY,  |b(s,y) — b(t,2)| < C(t — s|* + |y — 2]). (2.3)
Then,
(a) for everyp > 0, for everyn > 1,
_ T %/\Cl{
| sup |X; = Xilllp < Chop e’ Por(1 4 |a]) <_> ;
t€[0,T] n
(b) for everyp > 0, for everyn > 1,
~ TC, log(n)
I sup [ X = Xilllp < Cpop €707 (1 + |2])y ) — =

t€[0,T]

> Weak error.We recall some weak error estimates for path-dependerargptive refer e.g. [10] for
the proofs). Let

D([0, 7], RY) := {g £ 0, 7] — RY, cadlag}.
If £ :D([0,T],R?) — Ris a Lipschitz functional for the sup norm, that is,

[F(&) = F(E) < Cr sup [£(t) —€'(1)]

t€[0,T]
then
EF(Xoep 1) — EF(Keieppmy)] < % (2.4)
and
EF(Xociory) ~ BF(Kreom)| < 0122 (25)

4
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On the other hand, if a domaiR has a smooth enough boundabyy € C3(R) ando uniformly
elliptic on D : Jog > 0, Vo € R o?(z) > o3, then, for every bounded measurable functjon
satisfyingd(supp(f), D) > 2 > 0,

E(f(X)11x)51y) — B(f(X) 1 x)s1y) = Cn ' +o(n™!)
and )
E(f(X)15)ory) — E(F(X)Lr(x)s7)) = O(n2)
wheren is the number of discretization steps ar(@") is the exit time of the process from the open
setD, i.e
7(Y) =inf{t € [0,T], Y; € D}.
Then the convergence rate is of order! for the continuous Euler scheme and of ordet/? for the
discrete one.

3 Approximation of knock out option prices using diffusion bridge

According to the convergence rate for the continuous Eucleeme we would like to estimate the price
of path-dependent options by replacing the asset priceepsd;),c(o,r) by its continuous Euler
process X ).c(o,7) in (1.4). Then, given values of the procéss,) at discrete times;,, k = 0,...,n,
one deduces formulas integrating the useful informatiorcivis the probability that the barrier is not
knocked over the time intervald, 7']. Remark that this information is lost when replaciigby the
discrete Euler procesk in (1.4) because we do not known if whether or not the barsiémiocked
between time interval&ty, tx+1),k = 0,...,n — 1. But, integrating this information in the former
case requires the knowledge of the distributions of the mari and the minimum of the continuous
Euler proces$X;) over the time interval0, T, given its values at the discrete time observatigns

Proposition 3.1. We have

A% -1
E(tg%ozfz}] Xe| Xy, =xp,k=0,...,n) = E(k:gl.i}r{z—l G (Uk)) (3.1)
and
. S . 1
E(tg[l()l,r’ll“] Xt|th =z, k=0,... 7”) = E(k:(inlflnfl ka,$k+1(Uk)) (3.2)

where (Uy)k—o....n—1 are i.i.d random variables uniformly distributed over the unit intak, G;}y

-----

and F, | are the inverse functions of the conditional distributiendtionsG.. , and F, ,, defined by

_opla=w)y—w)

G:c,y(u) = <1 —¢€ YT > l{uZmax(m,y)}

and

(z—u)(y—u)

)
Fx,y(u) =1- <1 —€ YTt > 1{u§min(m7y)}'

This result is proved_using the independence property ofptbeesses{Xt)te[tkmﬂ, for k =
0,...,n — 1, given theX;, = x;, and the knowledge of the distribution of the supremum (¢ed t
infimum) of brownian bridge diffusion over time intervdls;, ¢ 1), with end pointsc, andxy 1.

From the above proposition we deduce general formulas gaktonnexion between the expecta-
tion of a functional of both the terminal valuér of the proces$X;) and its maximum (or the min-
imum) over the time intervgD, 7]. From now on we make the abuse of notati®p := X;,, Vk €

{0,...,n}.
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Proposition 3.2. (a) Let f be a real-valued non negative function definedignsuch thatf (z, -) is
a nonnegative function satisfying

sup Ef (z, max X;) < +oo. (3.3)
x>0 tG[O,T}

Then

+o0 n
Ef(Xr, max X;) = Ef(X7,0) —|—E/O <1 — H GXkLXk(Z)> d.f(Xr,2). (3.4)

te[0,7] it
Likewise if
supEf(z, min X;) < +00)
x>0 tE[O,T}
then
_ _ _ too [ T _
BS(Xr, min Xv0) =Bf(Xr.0)+E [ ([] (1= Fy,, 5,()) | def(Xr2). - @9)
b 0 k:1

(b) If furthermore fo(z) := lim f(z,y) < +oo for everyz > 0. Then

Yy—r+o0

~+o0 n
Ef (X7, max X;) = Efso(X7) —E/O (H GXk_l’Xk(z)> d.f(Xr,z) (3.6)
k=1

t€[0,T]

and
L _ +o0 n _
Ef(Xr, i, Xy V0) =Efoo(Xr) — E/O (1 - kHl (1- kal,Xk(Z))> d.f(Xr,2). (3.7)

This proposition follows from the following lemma.

Lemma 3.1. (a) LetZ be a positive random variable and lgbe a nonnegative function with finite
variation (on compact sets) such that

d 0. 3.8
E(/]O,Z]'g'><+ 38)

Eg(Z) = 9(0) + /(O+ P72 ) do(e) (3.9)

Then

(b) If furthermoreg., := Erf g(x) < +o0 then

Eg(Z) = goo — /(0+ )P(Z < z) dg(z). (3.10)
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Proof. (a) We have

It follows that
Eg(Z) = g(0)+E / dg(u)
10,7]
— 4(0) + /( P2 o),

the last inequality coming from Fubini’s theorem; which d¢snapplied owing to assumptidf.sg).
(b) Justuse the factth@#(Z > u) =1 - P(Z < u). O

Now we are in position to prove Propositi8re.

Proof of Proposition 3.2. (b) One deduces fror(.1) that

E(f(.%'n, tIGI[IOa)’ZE} Xt |Xk = Tk, k - 0 n) = E(f(l'n, Ogrl?gafl(fl ka,mk_H(Uk)))

where G, 1 and theUy, are defined like in(3.1). Then, applying Lemma&.1 (b) to the function
g9(z) = f(:vn, z) gives

E(f(:ﬂn, max G:vk,mk+1(Uk))) = foo xn

0<k<n—1 /
= - [
-,

r]ila;{ G:Bk,lvk+1(Uk) < Z)d f(xn’ )
-1

—+00
= foo xn

P(
< Uk < ka,xk_H (Z))> dzf(xm Z)

H )df(scn, 2).

Consequently
Ef(XT,treI%O&%c] X)) = E(E(f(XT,tTEI%S%%E X)|Xp =2,k =0,...,n))
= Bra¥n)<E [ (] Gx (0| dofErc).
k=1

The formula relative to the minimum is proved likewise byngs{3.2) in place of(3.1).

(a) is proved like(b) by using Lemma.1 (a) instead of Lemma.1 (b). O

Proposition3.2 allows us to rewrite the estimates of the premiums of somalweswtic options (in
particular barrier options) in a useful form in view of thetiopal quantization approximation method
as well as of Monte Carlo simulation methods. Let us menti@t the following representations of
the price estimates of Barrier options are well known evehafcomputational method used here to
derive them is a little different.
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Proposition 3.3. Let f(z) = (z — K)" andg(z) = (K — z)™.

(a) The price of an up-and-out put option expiring at tiffievith strike K" and up-and-out barried.
is estimated by

te[0,T] k=1

(b) The price of an up-and-out call option expiring at tifiewith strike X' and up-and-out barrier.
can be approximated by

Cup = "TE(Xr — K)"1{ qp x<1y) =¢ E (f(XT) 1T GX“,X,C(L)> . (3812

t€(0,T] k=1

(c¢) The price of an down-and-out put option expiring at tiffiewith strike X and down-and-out
barrier L can be approximated by

Pop = "TE((K — Xp)T 1
t€[0,T]

zsry) =€ E <g(XT) H (1-Fx,_, % (L))) . (3.13)
k=1

(d) The price of an down-and-out call option expiring at tiffigvith strike X and up-and-out barrier
L is approximated by the following formula :

Cop = e "TE((Xp — K)Jrl{tei[%fT x>0y) =€ TE (f(XT) I1a- ka_l,xk(L))> - (3.14)

] k=1

Note that the right hand side of Equatididsi1), (3.12), (3.13), (3.14) are obtained by re-conditioning.
Then, it follows from Jensen inequality that the correspogdariances are smaller than the variances
induced by the left hand side of the same equations.

Proof. (a) Let f(x) = (z — K)", g(2) = 1.<1) and seti(z, z) = f(z)g(z). Then it follows from
(3.6) that

+oo n
E((XT - K)+1{ sup XtSL}) = Eh’OO(XT) - EA (f(XT) H GXk_l,Xk(Z)> dg(Z)
k=1

te[0,T)

Now Vz > 0, heo(z) = 0anddg(z) = —d(z). Then

Cup=e¢"TE (f(XT) H kal,xk(L)> :

k=1
The items(b), (¢), (d) are proved in the same way @s). O

In the next section, we show how to estimate the previouepiiy optimal quantization. We will
give first an approximating algorithm and then, the inducedre Since this algorithm involves the
quantization of the price process and its transition priitials, we will point out how to construct a
functional quantization of the price process and how tovest its transition probabilities.
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4 Estimation of the prices by marginal quantization

The aim of this section is to propose an algorithm based dmapfjuantization to compute the path
dependent options pointed out in Sect®ro this end we will approximate by optimal quantizations
some expressions of the form

V:=E (f()‘(n) T (X1, X,g) (4.1)
k=1

wheref is a bounded measurable function®fitaking values ofR andg (-, -) a measurable function
onR? x R? which may depend on some real parameters like for Barriéomgivhere it depends also
on the barrier.

4.1 The algorithm

We will mainly refer to [18], where numerical solving of naméar filtering with discrete-time obser-
vation have been performed by optimal quantization methdtie only change is that in our setting
we will drop the dependance on the noisy observatiénstlie Y}'s following the notations in [18])
because our problem of interest here is not a filtering proble

We define for anys = 1, ..., n, the bounded transition kernél;, by

Hyf(z) = E (f(Xk)gr(2, Xp)| Xpo1 = z) = /f(y)gk(:v,y)Pk(w,dy) (4.2)
whereP,(z,-) = £(X} = :|X,_1 = x). For convenience, we set
Hof ) = ((X0) = [ f(o)ulde). 43)

Now for anyk € {1,...,n} set

We have

k

mf = E(E(f()_(k)H%(Xi—h)_(z‘)\ftk_l)>
=1

=1

k-1
= E (E(f(Xk)gk(thXk)!Xkl) H gi(Xi—hXi)>
e (

k-1
Hy(f(Xp—1)) [ ] 9:(Xio1, Xi))
=1

It follows that
mpf = w1 Hyf, k=1,....,n (4.4)
so that
V:ﬂ'nf:(HooHlo---OHn)f. (45)

9
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Then, to estimatd” we need to approximate,,. At this step, suppose that we have access to
the quantization()?)tk of the price process over the time stepsk = 0,...,n on gridsT, =
{a},... ,xff’“} of sizesNy, k = 0,...,n (see further on for facts about quantization).

Owing to equatiorn(4.4) our aim is to estimate the price using an approximation ofttadability
transition Py, (z, drg41) of X1 given X.. These probability transitions are approximated by the
probability transition matrixpy, := (5;/) of X}, given Xj:

P =P(Xp=al| Xy =ab_);i=1,...,Np1, j=1,..., Np. (4.6)

Then, following Equatior{4.2), we estimate the transition kernel matfif, by the quantized tran-
sition kernelH}, given by

N
7 I7ij s _
Hy=> H 0 .+ k=1...n
7j=1
where - o
H,ZJ = gk(:r:}ﬁ_l,xfc)ﬁ;g, 1=1,...,Ny_1, 7=1,...,Ng. 4.7)

For k = 0, we set (owing td4.3) and to the fact thaky = x( is not random)

Hy = 0.
We finally approximater,, by
%n:ffooﬁlo---oﬁn; (4.8)

which in turn can be computed by the forward induction

To = Hy,  7p = 7e_1Hp, k=1,....n. (4.9)
It follows that the pricédl” = m,, f may be estimated by summery
V= Tt

From the previous approach, we deduce the following esiimsatfor options of interest using
optimal functional quantization method. Set in this scgpe) := (z — K)* andg(z) := (K —z)™.

> Up-and-out optionsAccording to the forgoing we estimate the price of an up-antlput option

by R
Pyp = e_rT%ng

and the price of up-and-out call option is approximated by
@UB = e_rTiT\nf
whereT, is defined as inj4.8) with the associated transition kernel

B =G, (LFY, i=1,.. Nea;j=1,..., N

i J
Ty

> Down-and-out optionsThe down-and-out put option’s price is estimated by

Pop = eirT%\ng

10
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and the price of down-and-out barrier call option is estadaiy
Cop =e""Fuf
where for both cases, is defined as ir{4.8) with the associated transition kernel

H;] :in_l,mi(L)ﬁg’ Z‘Zl,...,Nk,l; jZl,,Nk
Remark 4.1. One numerical advantage of this algorithm is thatdoes not depend on the function

f appearing in (4.5). Then, onég, is computed we deduce both the call and the put price approxi-
mations. On the other hand, considering Equation (4.7) otiees that as soon rfék_l reaches the
barrier (for example, for the up-and-out option: there &igsuch that? | > L), then,H;’ = 0 for
everyi > iy. For numerical computation, we may take account of thisttaceéduce the computation
time.

4.2 Error analysis

In order to have some upper bound of the quantization ertonat of 7 f we need the following
assumptiongAl) and(A2) :

(A1) The transition operataPy(z, dy) of X givenX;_q, k = 1,...,n are Lipschitz.

Recall that a probability transitioR onR¢ is C-Lipschitz (withC > 0) if for any Lipschitz function
f on R4 with ratio [f]1,, Pf is Lipschitz with ratio[Pf].;, < C[f]Lip- Then, one may define the
Lipschitz ratio[ P, by

[P]Lip = sup {%

Then if the transition operato3, (z, dy), k = 1,...,n are Lipschitz, it follows that

, f anonzero Lipschitz functi0|}| < 400.

[PlLip == max [PrlLip < +00.

=L...n

(A2) It consists on the following two assumptions.

(i) Foreveryk =1,...,n, the functionsy(-, -) are bounded oRR? x R% and we set
Ky = max ||gkle
=1,...,n
(ii) Foreveryk =1,...,n,there existtwo constanig, ., and[g?] i, so that for every, 2/, z, 7’ €
R4,

~ ~/ A/’

9k (2, 2') — 9e(@,2)| < lgplLip |2 — 2| + [gF]Lip |2 — 2.

Theorem 4.1. Under Assumption§Al) and (A2) we have for every bounded Lipschitz continuous
function f onRR¢ and for everyp > 1,

o = Fnfl <> CR(F0) X5 — Xilp (4.10)
k=0
with
CR(f,p) = (2= 62,) K [ur]ip + K || Flloo (Ghst ) 2ip + (9741 2ip)-

11
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Proof. The proof follows from the proof of Theorefl in [18] by dropping the dependency on the
noisy observationgy, . . ., y,,) following the notations of the authors. O

-----

the next section how to construct this process after makistgpat background on product functional
quantization of gaussian processes, in particular, of bi@mwvmotion.

5 Marginal functional quantization of the price process

Before dealing with the construction of the marginal fuoitl quantization of the price process, we
make some background on functional quantization of gangsiacesses.

5.1 A brief overview on functional product quantization of gaussian processes

We remind first some basic notions about optimal vector dqeatitin. It is a process of approximating
a continuous range of values or a very large set of discrétesdy a relatively small set of discrete
values. Rigorously speaking, ti&-optimal quantization problem at levelfor a R%-valued random
vector X lying in L" (92, A, P) consists in finding the best approximation6fby a Borel function of
X taking at most: values. This problem can be reads as

enr(X) = inf X—)?C“rozC]Rd carda) <n
- (X) {ll 75 :
1/r
= inf (/ d(m,a)rdP(x)> . (5.1)
aCR? R4
carda)<n

whereX® = > aca ¥L{xec, ()} 1S the quantization ok on the gride and(Cy (@r))aca COrresponds
to a Voronoi tessellation dR? (with respect to a norm- | on R?), that is, a Borel partition oR?
satisfying for every: € «a,

Cola) c{z eR:: |z —a| = rbnin |z — b|}.
ca

The quantitye,, ,(X) is called theL"-mean quantization error. This error decreases to zero at a
n~1/d-rate as the size of the codebook: goes to infinity. This convergence rate has been investi-
gated in [4] and [23] for absolutely continuous probabilitgasures under the quadratic normish
and studied in great details in [11] under an arbitrary nomiRé for absolutely continuous measures
and some singular measures. Very recently, optimal vectantigation has become a promising tool
in Numerical Probability owing to its ability to approxineagither expectations or more significantly
conditional expectations from some cubature formulass Tdgulty to approximate conditional ex-
pectations is the crucial property used to solve some prbkmerging in finance as optimal stopping
problems (pricing and hedging American style options, 8&0)], stochastic control problems (see
[7, 19]) for portfolio management, nonlinear filtering pleims (see [18, 21] and [5] for an application
to credit risk).

A rigorous extension of optimal vector quantization to fiimeal quantization is done in [14] where
the vector quantization problem is transposed to randomablas taking values in an infinite dimen-
sional Hilbert space, in particular, to stochastic proesg&;).c(o,;] viewed as random variables with
values inL?([0, 1], dt). Many others works have been done in this direction as ely. f&m the
numerical point of view, it is pointed out in [20] how a Gawssiprocess can be quantized using

12
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Karhunen-Loeve product quantization based on produchtqeion of Gaussian random variables
coming from the Karhunen-Loeve expansion of the given Gangrocess. A closed formula for the
distribution of the quantization of the Gaussian procasgdrticular for Brownian motion) is derived
and some applications has been successfully performedané&e, namely, in the pricing of vanilla
and Asian call options in Heston model.

To recall some basic results about functional quantizasigopose thatH, (-|-)x) is a separable
Hilbert space and leX : (2, A,P) — H be square integrabl&-valued random vector with distri-
butionPx defined onH, Bor(H)) whereBor(H) stands for the Boret-field. Let|| - || denotes the
L%.(,P)-norm defined by| X |3 = E(| X |%). ~

Letx := {z1,...,2,} € H" be ann-quantizer and leX” be the quantization ok on the grid
x defined previously, where the Voronoi tessellati@r(x)):<i<, induced byz satisfies for every
ie{l,...,n},

Ci(z) c{y € H : |zi —ylp = min |z; —y|u}.
1<j<n

The quadratic quantization problem consists of finding aimw quantizerr € H" (if any), means,
ann-quantizer which minimizes the quantization erjjo¢ — )A(:”HQ over H™. From the numerical in-
tegration viewpoint, finding an optimal quantization mayatdifficult problem and we are sometimes
let to find some 'good’ quantizatioPA(m which is close toX in distribution, so that for every Borel
function F' : H — R, we can approximat&F'(X) by

EF(X®) =Y F(a:)Px(Cy(x)). (5.2)
i=1
Then if we have access to both thequantizerz = {z1,...,x,} and the distribution associated

to X7, (Px(Ci(x))),;, the estimation ot /(X) using Equation (5.2) is straightforward. The
induced error depends on the regularity of the functidii@nd here is some error bounds. Suppose
thatX € L?,(Q,P) and letF" be a Borel functional defined of.

1. If F'is Lipschitz continuous with Lipschitz constd]; i, then for everyn-quantizerz,
[EF(X) - EF(X®)| < [Fluip|X — X°|2

so that if (z,),>1 IS @ sequence of quantizers satisfyiign | X — X[, = 0, then X~
- n—oo
converge in distribution td(.

2. If Fis differentiable onH with an#-Holder differential DF’, 6 € (0, 1], then for every optimal
n-quantizerr, R R
[EF(X) —EF(X")| < [DFJl|X — X5

Some others bound are available (we refer to [20] for moraileNow let us say how to get some
'good’ quantizers for Gaussian processes to make senseabieys errors bounds. We consider here
a centered one-dimension&. := L?([0, T, dt)-valued Gaussian proceassatisfying

T
E|X|3, :/ E(X?)ds < +oc.
T
0
The processy admits the following representation in the Karhunen-lobuasis (see e.g. [14])

X (w) L S VNG W)k Pldw) —as. (5.3)

k>1

13
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where the sequendgy,);>, defined for every: > 1 by

b= Xew) (5.4)
Var((X|e}))

is a sequence afi.d N (0;1)-distributed random variables. Owing to the expansion)(&atural
way to produce a functional product quantization of a Gamsprocess ir2. of size at mostV is to
use a product quantizer of the form

L
S(d 2 (NE)
XM =3V g ek t) (5.5)
k=1
whereAlfW’“) is an optimalNV,-quantization of;, anddy := Ny x---x Ny < N,with Ny, ..., N >

2. An quadratic optimal produaV-quantizers also noteﬁt(dN) is obtained by solving the optimiza-
tion problem (see [14] for more detail):

min {[|X — Xy, dy = Ny x .- x N, < N;Ny,...,Np > 2, L > 1}. (5.6)

We suppose from now on that the previous optimization praldan be solved, at least numerically,
and that the optimal-tuple still be denoted byVy,..., N;. Then, numerical computation of a
Gaussian procesX is possible as soon as we have numerical access to the estgemsy. . \,),
which, for the Brownian motior@Wt)te[QT], has a closed formula:

eV (t) = \/gsin (w(k - 1/2)%) and )\ := (ﬁ)z k> 1.

So, the one-dimensional quadratic optimal product quanti?’, at level N, of the Brownian motion
(Wi)eepo, 1), is defined by

L
2 T t
N :,/_2:76 _ 2\ We) < < <k <
all,---,ZL(t) Tklﬂ(k_l/msm(w(k 1/2)T)aclk , 1 <ip, <N, 1<k<L,

wherez(Ve) = {x]lv’c,...,x%:} is the optimal quantization of th&/(0;1) of size N, anddy =
H£=1 N, is an optimal integer solving Problem (5.6) (with respedhi Brownian motion). Remark
that for everyt € [0, 7], the marginal quantizer,’ . (t) is of sizedy. For numerics, a whole
package of produc¥-quantizers of the standard Brownian motion are availabléew. quant i ze.
mat hs-fi . com We move now to the construction of the quantized price m®ce

5.2 Marginal functional quantization and transition proba bilities

Recall that the continuous Euler price process evolvesviatig the SDE

dXt = b(Xz)dt + O'(Xz)th, XO = X. (57)
Let (a™)y>1, with for every N > 1, o™ (t) = {a](2),..., o} ()}, be a sequence of optimal
productN-quantizers of the Brownian motion and let
dn
=(d
W) = > ah®lecn @y, tE 0T,
m=1

14
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be the marginal functional quantization of the Brownian iowt It is known that the sequence
(OZN)Nzl is rate-optimal, means,

W =W ||y = O((log N)~/?).
Consider the sequeneé’ = (z1),,—1...a4y, N > 1 of solutions of the ODE’s

N =T t xNS —EUO'/.INS S tO'xNS O[NS m =
i) = ot [ plad(e) - ool @) s+ [ o@h@)dede), m=1...dy (68)

t=tyif t € [tg,thy1), k= — 1, and define the marginal functional quantizationXgfover
the gridz" (t) = {7’ (t), .. :de( )} by

Zﬁﬂ O)1(%eCrm @V (1)} (5.9)

so that Equation (5.8) can be written as
~ t ~ 1 ~ t e
xN :x—i—/ [b(X) - 5aa'(ng)]der/ o(XN)dwdn),
0 N B 0 B

Recall that the procegs(;, ) is a Markov chain. Then, since by constructioX;, , k = 0,...,n) =
(ngv,k = 0,...,n), the discrete proces(th )k=0,...n IS @ Markov chain. On the other hand,
since the addltlonal terréao— appears in the ODE (thls correction term can be dropped bgidon

ering the stochastic integral in (5.7) in the sense of Sttich integral forZ.”, (2, ) convergence
T

investigation tools, see [14]), we must make the suppleamgrassumption thad is continuously
differentiable with bounded derivative to guaranty thesetice and the uniqueness of the solution.
Now, given the quantization proce$§’ N, to complete the estimation of the price of barrier options
following the introduced algorithm in Section 4.1, it suffito compute the transition probabilities
appearing in (4.6). Notice that all our grid$’ (¢;,) are of sizedy = N; x ... Ny. To define cor-
rectly the Voronoi cell associated to the grie¥ (¢;) we will consider that for every time step,

N(tr) = {1 (tx), ...z} (tx)} is a descendent ordered set. The computation of the tramsiti
probabilities will be made differently according to theléoling two situations.

> The cumulative distribution functiof'(-; z-) of the conditional law ofX; given X, = x is known
for everys < t. For example, this is the case in the Black Scholes model wh¢rer) is the
cumulative distribution function of the lognormal distition. In this case, since following Equation
(5.9),0(Xt,,k=0,...,n) = o—()?tfkv, k=0,...,n), the probabilities are estimated by

j);g ~ F(wﬁ(tk);va(tk_l)) — F(xﬁ(tk), xﬁv(tk_l)), (5.10)
with for everyk =0,...,n — 1,

u

o, (tg) = ORI N (t) = o )+l )

2
N (ty) = 0; x (tk) +00.
In fact, we have for every =0,...,n—1,
ﬁzj = P(Xk S C(xN(tk))|Xk,1 S C(I‘N(tkfl)))
~ P(XkJrl < Cj(l‘N(tk))‘Xk,1 S CZ‘(.%'N(t ,1)))
= P(Xk < wﬁ(tk)‘Xk,1 S CZ‘(.%'N(tkfl))) P(Xk < .%' tk |Xk 1€ C( (tkfl))).
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Afterward, we have for every > 0,

P(Xp < 23 X1 € Ci(a™ (th-1)))
P(Xk,1 S Ci(wN(tkfl))) 7

P(Xk < Z‘Xk71 S Cz‘(xN(tkfl)))

and considering the numerator in the right hand side of teeipus equation we have

z

P(Xp <z Xp1 € C’i(:vN(tk_l))):/

—00

(/ P(Xy € dz| X1 = y)dPXkl(y)> dx
Ci(zN (tg—1))

-/ Fz9)dPx,_, (y) (5.11)
Ci(aN (ty—1))
RF(z 3] (the1))P(Xi-1 € Ci(a™ (t-1))).

The last quantity is the approximation of the right hand sii.11) by optimal quantization with one
grid’s point, considering thafz¥ (t,_1)} is the quantizer of size one of the random variakle ,
over the Voronoi celt; (2™ (tx_1)).

> The cumulative distribution functioR(-, z) of the conditional law of; givenX; = x is unknown.
In this case, considering the (discrete) Euler Scheme gfrilse process (see (2.2)) we estiméatéy
the cumulative distribution functiof’ of the N (my; o7) with

=~ -~ T
mi = Xp—1 4 b(te, Xip—1)

Y op = UQ(thX\rkfl)

E7
so thatforevery,j =1,...,dy,
pg ~ F(wﬁ(tk), xﬁv(tk_l)) — F(wé\i(t/ﬁ),va(t/ﬁ_l)) (5.12)

where ther?, (t;,) andz}Y () are defined as previously.
Notice that since the error bound of the filter estimate ia@tinvolves the marginal quantization
error: || X;, — X}'||2, one must deduce this error from the above construction. \ievkhat the

sequence of non-Voronoi quantizatioﬁ’xN)Nzl defined for everyV > 1 by
dn
~ N
X7 =) ah (O lwecn @y
m=1

is rate-optimal inL", (Q,P) for p € [1,2): [[|X — X$N|L2T||p = O((log N)~1/2) (see [15]). One
theoretical challenge will be to compute the convergentefoa the marginal functional quantization
error.

6 Numerical illustration

We deal with numerical experiments by considering an Up-autdcall option in the Black-Scholes
model and a local volatility model already considered in|[A3d called pseudo CEV model. Recall
that in the Black-Scholes framework the stock price pro¢éss is modeled by the following SDE

(under the risk neutral probabilif)

dXt = T'Xtdt + O'Xtth, XQ = X0 (61)
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wherer is the interest ratey the volatility andi¥ a brownian motion undeP. For the pseudo CEV
model, the dynamics of the stock price process is ruled bydli@ving SDE (under the risk neutral
probability)

dX; = r Xudt + 19X,§57Xt dWy,  Xo =9 (6.2)

V14 X?
for somed € (0,1) and? € (0,9],9 > 0. The parameter still be the interest rate and(z) :=
0% corresponds to the local volatility function. We noticettfa a fixedé € (0, 1), if the initial
value of the stock procesk; is large enough then the pseudo CEV model is very close to B\ C
model
dX| = X](rdt +9(X})°"LdW;).

In particular, for numerical tests we will consider thatx c;—Xé*‘s where o denotes the regular
volatility. The only "aim of the really” rough calibratiorsijust to deal with reasonable values to
obtain prices close to those given by the Black-Scholes indeler all the experiments we set the
interest rater equal t00.15. The maturity is set td" = 1, the initial value of the stock process
o = 100 andé = 0.5 (in the local volatility model). For numerics, the solutiohthe ODE given
in (5.8) is approximated by a sixth order Runge-Kutta schamgemarginal quantizations are of size
dy = 966 (corresponding to the optimal decompositith = 23, N, = 7, N3 = 3, N, = 2, for the
problem (5.6), see [20]).

In the Black-Scholes model we compare the prices computed fhe quantization of the contin-
uous Euler process using (5.8) and (5.9) (which prices degresl by QEP prices) with the regular
Brownian Bridge method (RBB prices), given the true pricbtamed from a semi-closed formula
available in [6]. The regular Brownian Bridge (RBB) methadsome efficient method to compute
expressions like

Ef(X7y, sup X;) or Ef(Xr, inf X;),
te[0,T) te(0,1]
based on Propositiofi 1 and consisting (for example for the estimatiorfgf( X, SUPye(o,7] X)) in
the following steps :

SetS/ = 0.
for m=1to M

e Simulate a path of the discrete time Euler sché®ié€™) ) and setr), = Xt(:l), k=0,...,n.

e Simulatel'(™) = max (G

ma )~HU™), where(U™), <x<n, are iid witht/ ([0, 1])-distribution.

Tl T k41

e computef (X\™ T(m),

e ComputeSy, := f(X\™, 1) 4 57

end. (m)
with
-1 1 2 2
(Gay) (=) = 5(x+y+ V(x —y)? = 2To?(x) log(u)/n), u € (0,1).
Then for large enough/,
_ _ st
Ef(Xr, sup X;) ~ L.

t€[0,7]
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The numerical results are depicted in Table 2 and Table 3difing values of the barrigt and the
volatility o. The number\/ of Monte Carlo simulations is set t°. For the quantization methods,
the computation times (QEP c.t.) varies fronto 3 seconds when = 10 and, from1 to 6 seconds
whenn = 20, increasing with the barrier as pointed out in Remark 4.7 weler, for the RBB,
the computation time is df seconds whem = 10 and of5 seconds whemn = 20. The obtained
results show that the quantization method may sometimesin@etitive with respect to the regular
Brownian Bridge method, specially for small number of tim&cdetization steps.

c=0.07,n=10

L True prices RBB prices RBB var. QEP prices QEPc. t.
105 0.034 0.035 0.086 0.035 ils
110 00.59 00.60 2.942 00.59 1s
115 02.58 02.62 15.80 02.59 2s
120 06.01 06.11 33.54 06.03 2s
125 09.58 09.89 41.76 09.60 2s
130 12.07 12.13 43.09 12.08 3s

Table 1: Up-and-out Call prices from the quantization method (QEPgs) and the regular brownian bridge
method (RBB prices) in the Black-Scholes model foe= 0.15, 0 = 0.07, dy = 966, T = 1, K = 100,

Xo = 100, n = 10 and for varying values of the barriér. QEP c.t. is the quantization method computation
time.

o =0.07,n=20

L True prices RBB prices RBB var. QEP prices QEPc. t.
105 0.034 0.035 0.086 0.034 1s
110 00.59 00.60 2.942 00.59 3s
115 02.58 02.59 15.80 02.59 4s
120 06.01 06.05 33.54 06.02 4s
125 09.58 09.64 41.76 09.59 5s
130 12.07 12.10 43.09 12.08 6s

Table 2: Up-and-out Call prices from the quantization method (QEPgs) and the regular brownian bridge
method (RBB prices) in the Black-Scholes model foe= 0.15, 0 = 0.07, dy = 966, T = 1, K = 100,
Xo = 100, n = 20 and for varying values of the barriér

For the local volatility model we compare the QEP prices wiith prices obtained from regular
Brownian bridge method. Numerical results are depictedablds 4 and 5 for different volatilities
and for different values of the barrier. Our reference iaee computed from the regular Brownian
bridge method with.0” Monte Carlo simulations anth0 times discretization steps. We remark that
the quantization method is competitive (because it is fasith the same precision) with respect to
the regular Brownian bridge method when the barrier is ddseX,. But, the QEP prices become
less precise when the volatility and the barrier increase dkample wherr = 1.0 and L = 130,
where the absolute error is 8% with respect to RBB method). This might be due to the addition
error coming from the estimation of the transition prohiéib# by formula (5.12) since the conditional
law is not known.

Notice that, since we have used sixth order Runge-Kuttansehte approximate solutions of the
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c=01n=20

L True prices RBB prices RBB var. QEP prices
105 0.029 0.029 0.067 0.029
110 00.42 00.43 1.933 00.42
115 01.70 01.72 10.46 01.71
120 03.95 03.98 26.42 03.97
125 06.70 06.76 43.82 06.72
130 09.31 09.38 57.19 09.34

Table 3: Up-and-out Call prices from the quantization method (QEPgs) and the regular brownian bridge
method (RBB prices) in the Black-Scholes model for= 0.15, 0 = 0.1, dy = 966, 7 = 1, K = 100,
Xo = 100, n = 20, and for varying values of the barriér

¥ =0.7,n =20

L Ref. Price RBB price RBBvar. QEP price QEPc.t.
105 0.034 0.034 0.085 0.034 2s
106 0.074 0.074 0.222 0.074 2s
107 00.14 00.14 0.496 00.14 2s
110 00.59 00.59 2.949 00.59 3s
111 00.86 00.86 4.636 00.86 4s
112 01.20 01.20 6.841 01.20 4s
115 02.64 02.66 16.34 02.66 5s
120 06.25 06.29 34.47 06.30 6s
125 09.98 10.00 41.73 10.02 7s
130 12.44 12.45 41.65 12.46 8s

Table 4: Up-and-out Call prices from RBB and QEP methods in the loo&dtility model. Model parameters:
r=0.15,6 = 0.5,9 =0.07,dy = 966, 7 = 1, K = 100, Xo = 100 and for varying values of the barriér.

Y =1.0,n=20

L Ref. Price RBB price RBB var. QEP price
105 0.029 0.029 0.067 0.029
106 00.06 00.06 0.165 00.06
107 00.11 00.11 0.165 00.11
110 00.43 00.43 1.966 00.43
111 00.61 00.61 3.022 00.61
112 00.83 00.84 4.423 00.84
115 01.77 01.77 10.89 01.78
120 04.16 04.20 27.81 04.20
125 07.11 07.14 45.41 07.17
130 09.87 09.90 58.17 09.92

Table 5: Up-and-out Call prices from RBB and QEP methods in the loc#tility model forr = 0.15,
0=0.5,9=0.1,dy =966,7 =1, K = 100, X, = 100 and for varying values of the barriér
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ODE (5.8), there is no hope to improve of price approximatifom quantization method by increasing
the numbem of discretization steps, so that the RBB method will beconmeentompetitive when
increasingn. To improve the estimations for quantization method we nmease the size ofy .
But, this will increase the computation time and the methdbb&come less faster than the RBB one.
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