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Abstract: This work is devoted to the numerical simulation of an incompress-
ible fluid through a porous interface, modeled as a macroscopic resistive inter-
face term in the Stokes equations. We improve the results reported in [M2AN
42(6):961-990, 2008], by showing that the standard Pressure Stabilized Petrov-
Galerkin (PSPG) finite element method is stable, and optimally convergent,
without the need for controlling the pressure jump across the interface.
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Analyse d’une méthode d’éléments finis
stabilisée pour les écoulements a travers une
interface poureuse

Résumé : Ce travail concerne la simulation numérique d’un fluide incompress-
ible a travers une interface poureuse, modélisée par un terme d’interface résistif
macroscopique dans les équations de Stokes. Nous améliorons les résultats de
[M2AN 42(6):961-990, 2008], en montrant que la méthode d’éléments finis sta-
bilisée classique PSPG (Pressure Stabilized Petrov-Galerkin) est stable, et con-
verge de facon optimale, sans controle additionnel sur le saut de pression a
Iinterface.

Mots-clés : Equation de Stokes, interface poureuse, méthode d’éléments finis
stabilisée.
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1 Introduction

We consider a regular domain Q C R%, d = 2 or 3, and a porous interface defined
by a hyperplane domain I' ¢ R?~!, dividing Q in two connected subdomains
as 0 = Q UT'UQy. We denote by ny, ne the outgoing normals from each
subdomain €; at the interface, with n; = —ng, and we define n = n,. The
fluid velocity u and pressure p are governed by the following modified Stokes
equations [3]:

Vp— pAu+rpéru=f in Q,

1
divu=0 in £, ()

with a homogeneous Dirichlet condition on 9. In (1), the symbol u stands for
the fluid viscosity, f for a given volume force, dr for the Dirac measure on I', and
rp > 0 is a given interface resistance, related to the permeability and porosity of
the interface. Without loss of generality, rr is assumed to be a constant scalar.

Problem (1) can be reformulated equivalently as a two-domain Stokes prob-
lem, complemented with the interface conditions

[u] =0, [pVu-n-—pn]=—-rru on T, (2)

where [q] def q1r — g2r denotes the jump across I' and ¢; def qla, (i=1,2).

In [3], problem (1) was discretized with an extension of the PSPG stabilized
method (see [4]): an additional consistent term (based on (2)) was introduced to
control the interface pressure jump. Numerical evidence showed, however, that
this term did not improve noticeably the behavior of the numerical solution with
respect to a standard PSPG stabilized formulation [3]. The aim of this note is
to show that, indeed, stability and optimal accuracy can be derived without the
need for this extra interface stabilization term (which is convenient in practice).

2 Finite element formulation

Let {Tn}o<n<1 be a regular family of quasi-uniform triangulations of 2, con-
forming with the interface I'. The corresponding triangulation of the interface

is denoted by G, and we set h def maxreT;, hr, where hy is the diameter of the

element T'. We introduce the spaces V' & [H (D)), Q e L3(€2), and the finite

element spaces of degree k > 1, Vﬁ and N, }’f , equal order approximations of V'
and Q:

Vi L0, € (CO@) | vpr € (PR VT € TR} NV,

def = .
N;f = {qhmi € CO(Qi), i=1,2] dn|T € P, VT € E} nQ.

Note that the space N ,’f of discrete pressures allows discontinuity at the inter-
face I'.  As underlined in [3], this is of utmost importance to get a correct

approximation of the solution without excessive mesh refinement. Additionally,

we introduce the spaces Vg e {veV|v|r =0} and V’g’h “von \%$
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Let us consider the two following bilinear forms
r def . .
A5 (zh,y,) S (WY, Vop) — (pr, divos) + (reus, vg)p + (divan, g,)

h2
+6 Y L (uAuy + Vpn, Van)r,
TETh H

o h
B5* (zn,y5,) o A5 (e, y,) — 6 Z L ([u~vuy, -n — ppn] + reun, [gnn]) 5
E€gy

for all &, = (up,prn) and y, = (vp,qp) in V’,j X N,’f and § > 0 is a stabilization
parameter. The discrete formulation proposed and analyzed in [3] is based on
Bg". In this note, we consider the numerical analysis of the standard PSPG
formulation

AT (zh,yy) = (f,0n) Yy, € Vi x NE. (4)

3 Stability analysis
Let us consider the mesh-dependent energy norm
2 def 2 2 hZ. 2 1 2
I(wn o)l = 1l Vanllo o+ rellunlor +6 Y- =L Vonllor + ;”tho,Q'
TETh

Note that, unlike in [3], this norm provides no control on the interface pressure
jump. We address now the stability of (4) in the || - ||,, norm.
By applying the inverse inequality (see [1])

1Avh]lg 7 < cah™ [ Vorllo .z vn € Vi,

and the Schwarz and Young inequalities to the term > ;.. hZ (Aup, V),
we get the following coercivity estimate.

Proposition 3.1 Let § be such that 0 < (5CQA <1. Then

r % 2 2 & 1 2 1 2
A" (@n,@n) 2 S Vunlloq +rrlunlor +5 2 5 (|||(uh7ph)|||h - ;thHo,Q
2 &)
. def
for all &), = (un,pp) € Vi x QF, with €2 = 0 e, hTT||Vph||(2)7T.

The stability and the optimal convergence are stated in the following result.

Proposition 3.2 Under the assumption of Proposition 3.1 there holds:
(i) there exists a constant 8 = [(4, ﬁ) independent of h, such that

A (),
inf sup As" (@n,yn) > 6. (6)
2neVixQl y, evixqt 1l lunly

Moreover, if 6§ < 1 we have 8 ~ 6, and = O (u/rr) for ro/u>1;

INRIA
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(ii) let (un, pr) be the solution of (4) and assume that (u,p), the solution of (1),

is such that u; € [Hk“(ﬂi)]d, pi € H*(Q;), i = 1,2. The following estimate
holds

N —wnp =)l < e S (lullegio, + 19les,) )

i=1,2
where ¢ = ¢(rr, d, 1) is a positive constant, independent of h.

We remark that the stability and convergence results are essentially the same
as the ones given in [3], but without the need for the extra stabilization term.
The inf-sup constant § has also the same asymptotic behavior.

Proof. For the sake of conciseness, we prove only point (i). The proof of (ii)
follows [3], owing to the stability of A5". Let @), = (upn,pn) € Vi x Nff . Given
(5), the inf-sup stability of AS" requires additional stability estimates needed to
control the pressure.

A pressure p € LE(Q) has zero mean in ©, but this is not true in general
for its restriction to §2;, i« = 1,2. Following an argument of [2], we decompose
pr € NF C L3(Q) as py, = p)+Py, with pl); € L3() and By ; = (pri, e, (iee.,
py has zero mean over each subdomain and p, is constant in each subdomain).
The following relations hold:

2 2 —_ 2
thHo,Q = HP%HQQ + thHO,Qa
Pl + Dy 2|Q2] =0, (8)
— 2 _ !
1Prllo.o = P%,1|Ql| ‘*‘pi,z‘ﬂﬂ-

We show how to control separately pj) and pj,. Since pj ; € L§(%), i = 1,2,
there exists a function v° € Vy, such that v? € [Hg(Q:)]?, —dive) = p) ; and
||'vo||1 a0 < CQHp%HO o We take 112 as the Scott-Zhang interpolant of v° into
V’0€, n, defined separately on each subdomain. Using the properties of the Scott-
Zhang operator [1], we also have [[v}||, , < chp%HOQ and [[v° — o), <
cWthOHLQ. Since v, v?, € [Hj()]% i = 1,2, and P, is constant on each
subdomain, we have (v — v9)|r = 0, (p,,,dive?) = 0 and (p,dive?®) = 0.
Hence, using the fact that p, € N,’f is continuous in ; and )y we obtain,
integrating by parts in each subdomain:

—(pp, div ’U(;)L) = — (pg,divvo) + (p%,div(vO — ’U(})L))
> [ph|og — Eexcad ™t [phly 0

with £ defined in Proposition 3.1. Using Young’s inequality, this yields

1
A5 (@n, (05,0)) = —conl Vunllo o[l o = (5) " ercalliphllo o + 7015 o

BCQC%EQ.

1
> 57010, = (o) Vunlisg - 5

(9)
To handle the constant part of the pressure, we need the following Lemma
(whose proof can be found in [2] in a more complex case):

RR n° 7475
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Lemma 3.1 There exist two (non-constant) functions o5 € V}L, a = 1,2,
defined over the whole domain ) such that

HVﬁ(fiHO’Q + ||§%||0’F < EHT?}LQHO,Q@’ /l—\ﬁz’l Ny = — /Fﬁ(;g ‘Mo = ﬁh,a ‘Qa|.

Let 7, < w2 — T € VI, Since VP, = 0 and using (8) and Lemma 3.1,

we have

~(Pp, diven) = Y (Byi, (Bh —T3) - na)r
i=1,2

=Pl = B 1P, (192] + []) + B 5[]
_ _ _ 2
=2 (p1|0] + P310]) = 2IIp,]l5 0
and, by applying Lemma 3.1 once more, there follows
—(ph,divﬁh) = —(ﬁh,divih) - (]32, divﬁh)
_ 2 1 1
> 2|pullog — ||1”9L||O,Qd2 IV (@), - v%l)HO,Q
— 2 211012 1 _ _ 2
> 2Bl 0 = 4705 0 = 5 (1Brllo, + [P2llo,)
_ 2 _ 2
> ||ph||O,Q - dCQHP(f)LH&Sp
where we recall that d denotes the spatial dimension. Hence,
AS" (h, (TR, 0)) = = 2pe]| Vunlo olPnllo, — 2rrelunllo plPllo,q
2 _ 2
+ Pnllo.0 — dCzHP?LHo,Q

Lo 2 - 2 ~ 2 _ 2
> 5 1Bullo. = d2([phllo . — 42w IV unllo o — 4e*r unllo -
(10)
Therefore, by taking y;, = (A + (1 — Ay, 0), with A o ;&fggz) € (0,1),
and using (9) and (10), we obtain

o A . 2 11— _
A5 @) > (5 = 0= 032 ) iRl + -5 Il
(AR + (1~ A22) Tl

W _ 2
— SAGHE? — (1= N4 rE lunlf

]

1 9 o 1
> el = i (HCun. o)1 = 2 s

|2
0, />

. ~. def —9 o def 2 452\ 1.2.2 42710
where we have introduced ¢ = 1+dc“, and ¢z ,, = max (CQ +4¢ ), 5CxCo, 4C 0 )

Equation (11) provides a control on the pressure. To conclude the proof, we

INRIA
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take a test function z, < (1 —w)xp + wyy, with w f % € (0,1),

n+2e(142pc,
and apply (5) and (11), to obtain

” 1 o 1 2
A7 (enzn) 21— ) (Hunpn)l Sl o)
oo ( Llipnl2 g — i (n o) — lipall?
4¢ 0,92 max ) h U 0,02

1—w 2 2 w 2
> <2 - w/*LCIQnax> (N”VUI'LHO,Q + TFHUhHO,F + 52) + Z&”ph“O’Q
1

> - [ENS
2(p+ 2¢(1 + 2pc,,))
(12)
Moreover, it can be shown that zj, can be controlled by x;, as
lzally < (1= w)llznlly, +w (I(0h, Ol + 1@ O, + 1(@7, 0)5)
1 _ 1., _
< (= w)llznl, +wn collphlly o +wv2en+ )2 [Ballo o
< (1= wllznlly, +wiv2emaxllzall, (13)

IA

1= w+ w2 emax ) l2nll,

<, L+ 2CCmax (20max + V2)
=B e+ 2,

llnlls-

Combining (12) and (13) we obtain that the global inf-sup condition (6) follows

with a constant
def 1

7 (1 2t o +V9))

The stated asymptotic behavior of 5 follows from the definition of cpax. O
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