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Abstract settings for stabilization of nonlinear parabolic system with a Riccati-based strategy.
Application to Navier-Stokes and Boussinesq equations with Neumann or Dirichlet control
MEHDI BADRA®
Abstract. Let —A : D(A) — H be the generator of an analytic semigroup and B : U — [D(A*)]" a relatively bounded
control operator such that (A — o, B) is stabilizable for some o > 0. In this paper, we consider the stabilization of the
nonlinear system y’ + Ay + G(y,u) = Bu by means of a feedback or a dynamical control u. The control is obtained from
the solution to a Riccati equation which is related to a low-gain optimal quadratic minimization problem. We provide
a general abstract framework to define exponentially stable solutions which is based on the contruction of Lyapunov
functions. We apply such a theory to stabilize, around an unstable stationary solution, the 2D or 3D Navier-Stokes

equations with a Neumann control and the 2D or 3D Boussinesq equations with a Dirichlet control.

Key words. Feedback stabilization, Riccati equation, Lyapunov function, Navier-Stokes, Boussinesq, Neumann con-
trol, Dirichlet control.
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1. Introduction. The present paper is dedicated to the question of feedback stabilization of a nonlinear controlled
system of the form:

v + Ay + G(y,u) = Bu. (1.1)
In the above setting, A is a closed linear operator defined on a Hilbert space H, B is a linear and possibly unbounded

input operator defined on a Hilbert space of control U and such that (A — o, B) is stabilizable for some ¢ > 0, and G is a

nonlinear mapping obeying G’(0) = 0. It is also assumed that AL Ao + A has bounded imaginary powers for sufficiently

large Ao > 0 and that —A generates an analytic semigroup on H. Here, ¢t — y(t) is the state trajectory to be stabilized
by means of a control function ¢ — wu(t) that we want to express in a feedback form.
More precisely, we want to find a linear mapping § : H — U such that the solution to (1.1) with u(t) = §y(¢) obeys:

ly@ < Ce™ " [ly(0)],

for some norm || - || which has to be determined. Let us recall that a well-known strategy to construct § consists in
solving an auxiliary optimal quadratic cost problem stated over an infinite time horizon on the linear system:

y + Ay — oy = Bu.

The stabilizability of (A — o, B) guarantees the well-posedness of such problem and the resulting optimal control is then
given by u = —B*Ily where II is a linear mapping which is the unique solution to an algebraic Riccati equation, see
[24, Chap. 2]. In the present paper we consider a feedback control related to a Riccati operator II obtained from the
minimization of a cost function of the form:

[+ [T b
0 0

where R is a bounded, and boundedly invertible, linear mapping from H into a Hilbert space Z. We also make the
additional assumption that R is bounded from D(A'/?) into D(A*'/?) to guarantee that I maps H onto D(A*). It then
ensures that II is the solution to a Riccati equation that can be written in the following strong formulation:

A'TI+ A+ TIBB*Il = R*R + 2011.

Thus, if we set F(y) Lef G(y, —B*Ily) then the nonlinear system (1.1) for such a feedback control has the following form:

y' + Ay + B(B*I)y + F(y) = 0. (1.2)

Then our goal is to define stable solutions to the above equation and to provide a related Lyapunov function. Of course,

some assumptions on F' should be made, and these will be induced by the regularity theory of the non homogeneous
closed-loop linear system:

y +Any=f where An Ly B(B™II). (1.3)

In the first part of the present paper (subsection 2.2), we prove that the natural spaces in which a trajectory t — y(t)

of (1.3) is continuous are Hy; &of D(Af) and Hg" &of [D(A{)]), r > 0, and that the regularity theory for the linear closed-

loop system can be enounced as follows: if y(0) € Hf; and f € L2(H17;1/2) then t — y(t) € Hf is continuous. Then

starting from this observation, we also prove that if F' is a continuous mapping from Hﬁ_l/ % into H;IH/ % which satisfies

some related Lipschitz and boundedness assumptions, then for a prescribed initial datum y(0) € Hy; in a neighborhood
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of the origin there exists a unique continuous trajectory ¢ — y(t) € Hyy of system (1.2), see Theorem 4 below. Moreover,
we prove that the norm of Hy; defined by
2 def *r—4+1/2 r4+1/2
JElI7 = AR TLAG €€ gy

is a Lyapunov function of (1.2): for ||y(0)||» in a neighborhood of the origin the mapping ¢ — ||y(¢)||~ is decreasing and

ly@)ll- < Iy©)ll-e™".

A direct consequence of the above result is that, when dealing with a particular controlled PDE system which can be
rewritten in the form (1.2), the crucial point is to characterize the corresponding spaces of initial data Hy; for which the

stabilization result is valid. Indeed, since the closed-loop dynamic is contained in the definition of D(Ar), the elements of

r & D(Af;) may verify a closed-loop compatibility condition for large r and the stabilization result may be irrelevant

for such r. For instance, when considering the heat equation or Stokes like systems with Dirichlet feedback boundary
control, a trace compatibility condition appears in the definition of Hy; when r > 1/4, see [4]. Then in such situation
the relevant space of initial data is Hf; for r < 1/4. It means that to obtain a satisfactory stabilization result for the
nonlinear system (1.2), the nonlinearity should not be ”too strong”: to define solutions which are continuous in Hy; for
r < 1/4 the nonlinear mapping F' should be continuous from HE_I/Q into H;I'H/Q for r < 1/4. That is the reason why
Dirichlet boundary feedback control obtained from a low gain Riccati operator fails to stabilize the 3D Navier-Stokes
equations, and it explains why other strategies such that time dependent feedback control [28] or dynamical control [3]
have been investigated. That is why the end of the first part of the paper is dedicated to a general framework to contruct
stabilizing dynamical control obtained from an extended Riccati equation (see Subsection 2.3).

Let us underline that the results which are presented in the first part of the present paper deeply rely on the general
theory of optimal quadratic cost problem of [24], and that, according to the terminology of [8], we are in the particular
situation of ”low-gain” feedback law (R is a bounded operator). Notice also that the last quoted work gives an abstract
setting for general nonlinear closed-loop system (not necessarily obtained from a Riccati equation) but without providing
a Lyapunov function.

In the second part of the paper (sections 3 and 4), we give two exemples of applications of the above abstract
framework. We obtain new stabilization results for the Navier-Stokes equations with Neumann feedback control, and
for the Boussinesq equations with Dirichlet feedback or dynamical control, see Theorem 8, Theorem 9 and Theorem 10
below. Unlike the Dirichlet case treated in [4], while considering the Navier-Stokes equation with Neumann control we
obtain a 3D feedback stabilization result with no specific restriction on the initial datum. Indeed, since the spaces Hy; are
closed subspaces of (H?"(Q))? the 3D Navier-Stokes nonlinearity imposes to define a continuous trajectory ¢ — y(t) € Hj
of (1.2) for and index r greater than 1/4, which is precisely the value above which a compatibility trace condition appears
in the definition of Hy; in the case of Dirichlet control, see [4, Cor. 6 and Rem. 13]. In the case of Neumann control a
compatibility trace condition also appears in the definition of Hf; but only for » > 3/4, and it allows to define solutions
of the 3D Navier-Stokes equations for an initial datum in (H?"(Q))* for r € [1/4,3/4). Notice that analogous comments
apply for Boussinesq equations, and that the last section dealing with Dirichlet control extends the results of [4, 3] to
the Boussinesq equations. More generally, the abstract framework of the present paper can be applied to many other
parabolic system with a nonlinear term of bilinear type, or even of multilinear type, such as power function for instance,
see Remark 2 below.

We shall underline that the use of a Riccati based-strategy to stabilize the Navier-Stokes equations around a stationary
state has been the object of numerous works. For internal control, let us mention [6, 12] or the recent book [7] for finite
or infinite dimensional feedback control obtained from an infinite dimensional Riccati equation. For Dirichlet control, let
us mention [27, 28, 4, 9, 8, 10] and [7, Chap 3, par. 4] for finite or infinite dimensional feedback control obtained from an
infinite dimensional Riccati equation, [3] for dynamical control or [30, 5] for finite dimensional feedback control obtained
from a finite dimensional Riccati equation. About the stabilizability questions related to [9, 8, 10] for tangential control,
see [32]. Notice that [5] proposes a general abstract theory as well as a Lyapunov approach adapted to the case of finite
dimensional control. Finally, we shall also mention the recent work [11] where an optimal quadratic cost problem is used
to stabilize around an instationary state by means of an internal control.

The rest of the paper is organized as follows. Section 2 is dedicated to the construction of a feedback or a dynamical
control in a general abstract setting: notations and general definitions are stated in subsection 2.1, subsection 2.2 is
devoted to feedback control and subsection 2.3 is devoted to dynamical control. Thus, we apply the abstract framework
in the case of Navier-Stokes equations with Neumann control in section 3, and in the case of Boussinesq equations with
Dirichlet control in section 4.

2. Abstract Closed-loop Linear and Nonlinear System.

2.1. Technical background and notations. For a Hilbert space X, we denote by || - || x its norm, we denote by [X]’
its dual space and by (-|)[x},x the [X]'-X duality pairing. For two Hilbert spaces X1 and X2, we use the notation
X1 — X to say that X; is continuously embedded into X, for a € (0,1) we denote by [X1, X2] the interpolation
space obtained from X; and X2 with the complex interpolation method [31, p.55], we denote by £(X1, X2) the space of
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all bounded linear operators from X; into X2 and we use the shorter expression £(X) Lef L(X,X). If L is a closed linear

mapping in X, we denote its domain by D(L), and we denote by L* the adjoint of L.

Let us consider now a closed linear mapping L on X with bounded imaginary powers, and such that —L is the
infinitesimal generator of an analytic semigroup on X of negative type [13, Part. II, Chap 1, Par. 2.2. p.91]. Notice that
in such case the powers L for r € C are well-defined, see [31, Par. 1.15 p. 98] or [13, Part. II, Chap 1, Par. 5. p.167]
for the particular case 7 € R. Thus, we can set X" = D(L") when r > 0 and X" = [D(L*™")]’ when r < 0, we recall that

X" can be equipped with:
def

[ 1lxr = IIL" - llx, (2.1)
and that we have the following interpolation equalities:
(X7, X2, = XUmmter2 -y € (0,1), 1o <71 (2.2)

Notice that when 7 < 0, since we have L™ = (L™")™! the norm definition (2.1) can be justified by invoking [33, Chap.
2, Prop. 2.10.2, p. 60]. Moreover, equality (2.2) is obtained as follows. Since L™"2 is an isomorphism from X onto X2
as well as from X™ ™" onto X" [31, Thm.1.15.2, p. 101] we first obtain that [X"™, X"?];_o = L™2[X" 7", X]1_q.
Thus, since the fact that L has bounded imaginary powers implies [X"1 "2, X];_, = X(1=®)(1=2) [31 Thm.1.15.3, p.
103], then (2.2) follows from L~"2X(=®)(r=r2) — x(-e)mtars phocayse [ 7™ is an isomorphism from X =®)(r1=r2)
onto X I—®Im+ers  Next, for (r, r1,72) € R3, 12 < r1 and 0 < T < oo, we denote by L*(0,T; X") the usual vector-valued
Lebesgue space equipped with the norm Hz||ig(0}T;Xr> dof fOT L7 2(t)||% dt, and we define the space

W(0,T; X", X"2) < {z € L*0,T; X™) | dz L2(0,T; X”)},

dt
2
dt.
X

 (50)

When T = +oo we use the shorter expressions L*(X") def L?(0,400; X™) and W (X", X"?) W0, +o0; X", X"2).
Moreover, we denote by L (X") (resp. Cy(X")) the space of bounded (resp. continuous and bounded) functions of
t € [0, 00[ with values in X", we denote by L (X") the space of functions belonging to L*(0,T; X) for all T' > 0, and
we define LS. (X"), Wiee(X™, X"?) analogously. Since it is well-known that W (X", X"?) — Cy([X"™, X"2];5) [31, 1.8
(2), p-44 and Rem.3 p.143] then from (2.2) with o = 1/2 we have:

W(X”,XTZ) < Cb(X(TlJrrz)/Z).

Finally, since —L is the infinitesimal generator of an analytic semigroup on X of negative type, the mapping z +—
(2 4 Lz,2(0)) is an isomorphism from W (D(L), X) onto L?(X) x X'/? [13, Part. II, Chap 1, Thm. 3.1. p.143 and Par.
6 eq. (6.4)], and from a change of variable y = L™"z one easily obtain that the mapping

y— (y + Ly,y(0)) : W(X"T/2 X772y & L2 (X""'/?) x X" is an isomorphism for all r € R. (2.3)

equipped with the norm

T
def
Jelfoirixes xon < [ <||L”z<t>|%<+]
0

def

In the sequel, the letter C' denotes a generic positive constant that may change from line to line.

2.2. Linear and nonlinear systems with feedback control. Let us now consider a closed linear operator A in a
Hilbert space H, with domain D(A), and such that AL g + Ao fits the above framework for some Ao > 0: —A is the
infinitesimal generator of a stable analytic semigroup (eiAt)iZO on H and A has bounded imaginary powers. Notice that

A* and A* € 4 4 Ao alsoA obey those properties. Then by applying the theoretical background of subsection 2.1 for
X :=H,L:=Aand L := A" respectively, we have that the spaces
H DAY ifr>0 and H" DA if r <0,

and

H DA™Y ifr>0 and H 2 [DAT) if r <0,

obey the following interpolation equalities:
[H7'1,H7'2]17a _ H(l—a)7'1+om-2 and [H:17H:2}17(1 _ I{ilfoz)mﬂm'z7 Yo € (0’ 1)’ ro < 1.

Moreover, since (e~**);>¢ is analytic on H, then obviously, (e~**);>¢ is also analytic on H, but not necessarily stable:
the solutions to the dynamical system

y + Ay =0 (2.4)
do not necessarily verify
tlim y(t) =0. (2.5)

In order to obtain the above limit one choose to act through a control function ¢ — u(t) in the following way:

y' 4+ Ay = Bu, (2.6)
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where B is a linear input operator defined on a Hilbert space of control U and with values in H 1. In the whole following
we assume that B is stictly relatively bounded with respect to A:
AT'Be L(UH) for 0<~y<1, (2.7)
and that there is ¢ > 0 such that
(A — o0, B) is stabilizable. (2.8)
Thus, in order to construct a control in a feedback form wu(t) = Fy(t), for § € L(H, U), ensuring the exponential decrease:
ly@lla < Ce™ " y(0)[|m ¢ >0,

let us introduce an auxiliary optimal control problem. For an initial datum ¢ € H and a control function u € L*(U) we
consider the solution y € Wi (H, H ') to the following linear controlled system:

v +(A—o)y=Bu e H', y(0)=¢e€ H. (2.9)
We are then interested in the following minimization problem:
inf{ T(,u) | (y,u) € Wiee(H, H™") x L*(U) satisfies (2.9)}, (2.10)
where the cost functional 7 is defined by
def > 2 > 2
Tw) ™ [T IR B+ [ o) (211)
0 0
In the above setting, Z is a Hilbert space and R € L(H, Z) is boundedly invertible (i.e. R™* € £(Z, H)). Notice that

the stabilizability of (A — o, B) guarantees the well-posedness of (2.10). Indeed, it implies the following condition:

for all £ € H there exists u € L*(U)
such that the corresponding solution (2.12)
y € Wioe(H, H™') to (2.9) belongs to L*(H)

which guarantees that for all £ € H there is a pair (y,u) for which J(y, u) is finite, i.e. the set that we are looking the
infimum (2.10) is not empty. According to [24, Chap. 2 Thm. 2.2.1] the solution of (2.10) is characterized as follows.

Theorem 1. If (2.12) is satisfied then for all & € H problem (2.10) admits a unique solution (ye,ue). The optimal
control obeys ug = —B*®¢, where (ye, ®e) € W(H, H™') x W(H}, H) is the unique solution to:

v +(A—-o)y =-BB*®, y(0)=¢ € H,
(Se)s -9 + (A" —0)® =R'Ry, ®(c0) =0,
o(t) =y(t) vVt >0,

where T1 is the unique nonnegative and self-adjoint operator of L(H), which belongs to L(H, H:™¢) for all € > 0, solution
to the following Riccati equation:

(MEJAQ # + (AL 1 + (BT B TI )y = (REIRC) i + 20 ([ V(€,¢) € H' x H'. (2.13)
Moreover, we also have (ye,ue) € Co(H) X Cy(U) and the estimate
lyeOlla + [lue@)lv < CliE]lm,  VE20, (2.14)

and I1 satisfies:
(T1€]€) = T (ye,ue) = inf{ J(y,u) | (y,u) satisfies (2.9)}4 (2.15)

Remark 1. Since (2.7) implies B € L(U,H™") and then B* € L(H.,U), a first immediate consequence of the above
theorem with € = 1 — v is that B*II is bounded from H into U (which hopefully guarantees the well-posedness of the
nonlinear term in (2.13)). Then it ensures that the linear map A+ B(B*II) is well defined as a bounded linear operator
from H into H™*:

(A€ + BB IE[C) g1 w1y = (EJA'C+ (B'I)"B* O V(€,¢) € H x H,.
Next, if we make the following additional assumption:
R'Re L(HY? H?), (2.16)
then arguing as in [9, Appendix B, Prop. B.4.1] we prove that Theorem 1 is also true with e = 0.
Theorem 2. If (2.16) is satisfied then the solution I of (2.13) belongs to L(H, H!) and satisfies:
(A"TE[Q)m + (EJATIO) i + (BB )y = (REIRG) m + 20(IE[Q)m V(8,¢) € H x H. (2.17)
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Proof. Since (2.17) is an immediate consequence of (2.13) with 11 € L£(H, Hy), let us focus on the proof of this last
statement. First, for £ € H we set U = e~ 0Ty g = ¢~ (RoF) Oy and ¢ = e~ M0+ P, and we verify that

%) . —~ t —~
De(t) = / eI+ 0)IT+ R*R)Je(r)dr  and  Ge(t) = e e+ / e Bl (1)dr.

t 0

Thus, by substituing the above expression of y¢ in the first above equality we obtain:

IIE = ¢ (0) = 1€ + L€ + Is¢,
where

Le :/ e AR ReAedt,  Ine = 2(\o +a)/ e A teAtegy
0 0

and

oo ~ t —~
I;¢ = / e N (2(N\o 4 o)+ R*R)L(Te)(t)dt  where  L(T)(t) = / e 77 Bl (1) dr.
0 0
To prove IT € L(H, H}), let us show ||A\*Ii§\|H < C||&|lm, i =1,2,3. First, an obvious calculation give

(A\*11§|C)H :/ ([2*1/2}%*RE?1/2]21/261&&'21/26&0}”#
0

and since from (2.16) we have [A*Y/2R*RA~/?] € L(H), the continuity of £ € H A\I/Qegtf € L*(H) (obtained
from (2.3) with » = 0) combined with Cauchy-Schwarz inequality yields |A*I1¢||z < C|/€]|m. Moreover, estimate
| A* L& || < C||€]| follows analogously from [A*'/2ITA~1/?] € £(H) which is a consequence of II € £L(H, Hi'?). Next,
for 0 < < min(1—~,1/2), R*"R € L(H"?, Hi/Q) N L(H) with and interpolation argument gives R*R € L(H", H)!) and
since we also have I € £(H, H) we deduce that A*"(2(\o + o)1 + R*R)A~" € L£(H). Thus, by writing

t T ~
A(2(Ao 4 0)IL + R*R)L(Te) (t) = [A*(2(A\o + o)1 + R*R)A™"] / AT AT AV Bl (1) dr,
0

then the Young inequality combined with the analyticity estimate ||A'*+"e_g(t_7) |l <C{t—71)"7", ABe L(U, H)
and the bound of |lug(t)||v given in (2.14), ensures that £ € H — A"(2(Ao + 0)Il + R*R)L(ue) € Cy(H) is continuous.
Finally, by writing

A Lyt = / Ao A3 (9N 4 o) + R R)L(fe) ()t
0
Young inequality with the analyticity estimate HE“_”e_g*tHH < Ct" ! yields || A* Is€||a < C|€a. O

Notice that if (2.16) is true then the above theorem ensures that A*II € L(H). Moreover, the self-adjointness of II
combined with TT € £(H, H!) and a duality argument guarantee IT1 € £(H ™', H). Then ITA and IIB also belong to £L(H)
and (2.17) can be rewritten as an equation stated in L(H).

Corollary 1. If (2.16) is satisfied then the solution II of (2.13) belongs to L(H, H})N L(H ™', H) and satisfies:
A1+ A + IBB*Il = R*R + 2011 (2.18)

In the sequel we will assume that (2.16) is satisfied. Next, according to Remark 1 we are allowed to introduce the linear
operator (D(Amn), Am)) as follows:

D(An) = {£€H | At+B(B'I)¢ € H}, (2.19)
Ané = A&+ B(BTII)E. (2.20)

Let us state the first main theorem of this subsection.

Theorem 3. The following results hold.
1. The adjoint of (D(An), An) is given by
D(A}) = H! and Afj=A"+ (B'I)*B", (2.21)
and the following equality holds:

D(Af) = H; Vrelo,1]. (2.22)

2. (D(An),—An) is the infinitesimal generator of an analytic and exponentially stable semigroup on H with an
exponential rate of decrease greater than o > 0: there exists € > 0 such that ||e” || £z < Ce™ T+t
3. For € € H the optimal trajectory ye satisfies ye(t) = " =AM for all t > 0.
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4. The spaces defined by

Hy YDAR) ifr>0 and HE YDA if r<o,

obey the interpolation equalities:

[HY HI2) o = HE 7902 ya € (0,1), ro <11 (2.23)
Moreover, we have:
Hp=H" Vre[-1,0]. (2.24)
5. The operator An satisfies IIAn € L(H) and AfIl € L(H) and
ALl +1IAg = 2011+ R*R + IIBB™II. (2.25)

Proof. First, (2.21) follows by noticing that An is exactly defined as the adjoint of (D(A*), A* + (B*II)*B*). Thus,
since (B*II)* B* belongs to L(H., H), a perturbation argument ensures that (D(A*), A* + (B*II)* B*) is the infinitesimal
generator of an analytic semigroup on H [26, Chap.3, Cor.2.4], and the analyticity of A follows from a duality argument.
As a consequence, for £ € H, the trajectory t — y(t) = e(" M is the (unique) weak solution of

Y =(0c—An)y e [DAR)] =H ", y(0)=¢ (2.26)
Moreover, since B(B*II) is well-defined as a bounded operator from H into H~' and since ye € W(H, H™'), we deduce
that B(B*M)ye € L*(H ') and we are allowed to replace ®¢ by Iy, in the first equality of (S¢): ye is solution of

Ye = oye — Aye — B(B"Iye € H',  y¢(0) = ¢,

which exactly means that y is solution of (2.26), and then that ye (t) = e 4™ for all t > 0. As a consequence, since by
Theorem 1 we know that ¢ 4™ )¢ belongs to L?(H) for all ¢ € H, the exponential stability of (e("*A“)t)tzo follows from
a well-known result due to Datko (see [26, Chap. 4, Th. 4.1] or [13, Th. 2.2 p. 93]) and then |[e™*1"|| (s < Ce(o+o)t
for some € > 0. Moreover, since — A generates an exponentially stable semigroup on H, it is boundedly invertible [13,
Part. II, Chap. 1, Prop. 2.9, p. 120], the fractional powers of Ar are well-defined [13, Part II, Chap. 1, Par. 5 p. 167]
and the fact that A has bounded imaginary powers combined with a perturbation argument [16, Prop. 2.7] ensures that
An (and Af also) has bounded imaginary powers which ensures (2.23). Next, since (2.24) is a direct consequence of
(2.22), it remains to shows (2.22). Since from (2.21) we have D(Af) = D(A\*), the fact that Af; has bounded imaginary
powers implies D(AJf) = [H!, H], = H.. Finally, from D(A};) = H} and I € L(H, H!) N L(H ™', H) we deduce that
ITAn € L(H) and ARl € £(H), and (2.25) follows from (2.18). O

As a first consequence of Theorem 3 we have that (2.3) with L := Ap is true, and then the following regularity result
for system (1.3) holds.

Corollary 2. Letr € R, yo € HY and f € L? (H;Ifl/Z). The solution to
y +Any=f and y(0) = yo, (2.27)
belongs to W(H;[Hm, H'?) and obeys the following estimate:
g s 272 172, < O e, + olling). (225)

The second consequence of Theorems 2 and 3 is the possibility to construct a Lyapunov function for system (1.3) with
f = 0. It is the subject of the following corollaries.

Corollary 3. The linear operator 11 obeys:
AR ALY € c(HY, [HE)) Ve € [0, 1]. (2.29)
Proof. Since from Corollary 1 we know that II € £(H, H}) N L(H™*, H), the fact that IT € £L(H™'/? H}'?) follows

by interpolation. Moreover, from (2.24) and (2.22) with » = 1/2 we deduce that Aﬁl/Q € [,(Hi/Q,H) and AE/Q €
L(H,H™'?). Then we have A;Il/z II A%[/Q € L(H) from which (8) is a direct consequence. O

Corollary 4. For r € R, the linear operator
Hr lngEr-‘—l/Q HA;+1/2

is bounded from H{; onto [Hy;])' and the bilinear form

€10 & (L&)t mr. for all (€,¢) € Hiy x Hf, (2.30)

defines an inner-product in Hyj: the norm defined by
def

l€llr =/ (&€)r (2.31)

is equivalent to || - || pr, -
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Proof. The first part of the corollary is a direct consequence of (8), and since ||£||» = ||AT&]|o for all £ € Hy, it suffices to
prove the second part of the corollary for 7 = 0. First, || - o < C|| - || & is a straightforward consequence of II'”) € L(H).
To prove the converse inequality, let us first pick £ € H and set ¢ = Allj/ 25 € H™ Y2 and from (2.3) we have

_ _ _ _ d _
el = 145" 2Cllr < Clle™ ™Clly g, = Clle Ant<||L2<H>+HAn1( ] !

and %ef‘qnt{ = —Ane A41t¢ yields
€]l < Clle™ ™ Cllrary < CIR™ leez,x) 1R ™0 L2y
Finally, we conclude by observing that:
[Re' A 2a gy + (B el ™A 22 ) = (TIC]C) = (Mo [€) = [1€].
O
Corollary 5. The mappings
def 1 T * T 1/2 def T
el ere 2 2 (1RAF el + 1B mAT2e2) " and lellmre? sup EO (23
\/E CeHlT;rl/? |—|C|—|T+l/2

define equivalent norms in HrTIJrl/2 and in Hﬂflm respectively. Moreover, we have
(Ang|€)r = oll€]17 + TIE1711/2 (2.33)

Proof. First, from (2.25) we deduce that for all £ € H:
(An€le)m = o (€M) + RN + 5 (B el
and by replacing £ by Aﬁ+l/2§ for £ € Hﬁ+1/2 in the above equation we obtain:
(Angl€), = o (1 €1€) + S RAT €l + (B AL ¢l (234)

Then (2.33) is proved, and from B*II € £L(H,U) and the fact that R : H — Z is an isomorphism we deduce that that
[ [Trs1/2 ~ [l -l yr+1/2. Next, from [IAn € L(H) and ||AIT]+1/2 Nl ~ [l [1r+1/2 we deduce that
I

(€100, = (AR AL 26 AL"20) < Clell /e 16l Traaja, ¥(6,0) € Hi M x H™2,

which first gives || [|,~1/2 < C|[ - || ;r—1/2. To obtain the converse inequality we start by noticing that [[ - [],41/2 ~
11

| ALFY2 || implies [|Ag" - [1r41/2 ~ | A5 ? - || &, and by replacing € in (2.34) by Aj*¢ for € € Hlf[flm we obtain:

_ 1 e — _
(E|AR"€)r > S I|IRAT €% > ClAL el 1AT € s )2
and we conclude with:

(€lA; ') r—1/2
re1/2 > —————— > (C||A .
Uellemsya > B > Al

Corollary 6. For allrT € R and € € Hy;, the mapping t — ||efA“t§HT decreases to 0 and obeys:
(€712

le”Amtell, < eIl where B, = iz
" ' ' o#geHT/? Nz

Proof. From (y' + Anyly)r = 0 we deduce that 2 |y(t)[|7 + 20 |ly(t)||7 + 2[|y(t)|]f+1/2 = 0, and the concusion follows
from Bl - 7 < [1- 1741/2- O

Finally, let us give an abstract characterization of the spaces Hy; in the case where r € [0, 1].

Proposition 1. For all v € [0,1] the linear operator I + A~*B(B*II) is an isomorphism from Hy; onto H" and the
following characterization hold:

Hy={¢cH|¢+A'B(B'I¢c H}, relo1] (2.35)
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Proof. Let us set T Ly a- ! B(B*II) for readability convenience. First, from (2.19) we deduce that:

Hi={¢eH|t+A'BB')¢tcH'}Y={¢€cH|T¢c H'}, (2.36)

which also means that T € L£(Hj;, H'). Then since T also belongs to £(H) and interpolation argument yields T €
L(Hp,H") for » € [0,1]. Next, to prove that T is injective in H we suppose that £ € H obeys the equality T¢ =
&+ A7'B(B*TI)¢ = 0, and by multiplying by A*II¢ and using (2.17) applied to (£,€) we obtain:

(o -+ o)€M} + 3 | Rely + 5 1B TIE = o,

which ensures that £ = 0. Thus, to prove that T is surjective, it suffices to remark that T¢ = f € H is equivalent to
AT¢ = Af € H or to Ané = Af € H™'. Then for f € H the element £ = A;;'Af € H obeys T¢ = f € H. Then we
have proved that 7" is an isomorphism from H onto H. Finally, since (2.36) exactly means that T~ maps H' to Hf,
we obtain T~' € L(H", H};) by interpolation. O

We are now in position to state the existence and uniqueness of a stable solution to the following nonlinear system:

Y +Any+ F(y) =0, y(0) =y € Hyj, (2.37)

where the nonlinear mapping F'(-) satisfies the following assumptions.
IF@llyrse < CUEllmg €l yrsora, (2.38)
1E©€) = FOll -1z = CUIE = Sy €l grsrrz + ICHag 1€ = Cll rrs2)- (2.39)

Theorem 4. Assume (2.38)-(2.39) and yo € Hyp for r € R. There exist p > 0 and p > 0 such that, if § € (0, p)

and ||yoll» < 0, then system (2.87) admits a solution y,, € W (H, TH/Z,HITI*U?) such that HyyOHW(HrH/Q ar-1/2) < 00,
I I

which is unique within the class of functions in Li,,(Hf) N LZOC(HTH/Q) Moreover, every solution with an initial datum
obeying:

F —
llyoll» < Dy where - sup w,
Dr 0¢§€Hﬂ+1/2 ||€H7“|_|€|-|'r+1/2

is such that t — ||yy, (t)||» is decreasing and we have:

lywe Ol < lyollre= 7t~ 2O loll-/D0t, (2.40)
~ Drlyoll?
ot 2 T

e 21 jpdt < . 2.41

/0 [yyo (O 1r41/2dt - < 2D — ol (2.41)

Proof. Let us use the notation W, &f W(HMI/Q, Hﬂ71/2) for readability convenience. In a first step, let us suppose that
llyoll- < D» and that y € L2 (HR)N L2, (HTH/Z) is a solution of (2.37) and let us prove that y € W, as well as estimates

(2.40) and (2.41). Since (2.38) ensures that F(y) € L. (Hy~ /2y from (2.37) we obtain y € Wioe (Hy H[ 2 3—1/2)7 and
by (+|-)r-multiplying the first equality in (2.37) by y(¢) and we obtain:

%Hy(t)llf +20[ly@)17 + 201~ ly@)ll+/ Do) [ly(B)[1741/2 < 0.

Thus, because ||yo|l» < Dy, the mapping ¢ — ||y(¢)||» is a nonincreasing function lower than D, and:

%Hy(t)llf + 20|y (017 + 21 = [lyollr/Rs) [y(&)[1741/2 < 0.

Then (2.40) follows from G, |y(t)||2 < [|y(t )HTH/27 and multiplying the above equation by e
(0, 00) gives (2.41). Moreover, since the first equation in (2.37) with (2.38) yields:

Ly @172 < KeTly@)Trs1/2 + YOl Ty r41/2/Dr < (Kr + DIy 1r41/2,
r+1/2

29t and integrating over

where K, denotes the supremum of ||Ané|| —1/2/[|§]1r4+1/2 over 0 # & € Hy

M,
2 T 2
< .
”y”Wr =1 ||yo||r/Dr ”yO”T

, we also have:

(2.42)
for some M, > 0. In a second step, in order to prove existence and uniqueness of a solution to (2.37), let us determine
p >0 and p > 0 such that for ||yol|» < & and § € (0, ) the mapping:

V:z2eW, -y, €W, where .+ Any.+ F(2)=0, v.(0) =10,
is a contraction of By & {z € W, | ||z]lw,. < pd} into itself. First, by combining (2.28) and (2.38),(2.39) we obtain:
19 (2)llw, < Colll=llw, + llyollr) and  [[¥(21) = U(22)llw, < Crlllzallw, + ll22llw, )21 = 22w,
and for z, z1, z2 in Bs and ||yo||» < d, we deduce that:

W (2)[lw, < Colpp+1)6  and  [|¥(z1) = ¥(22)[lw, < 2C1ppllz1 — 22w,
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Then for any p > 0 and p > 0 obeying pu < ﬁ and p(1 — Cou) > Co the mapping VU is a contraction of Bs into itself
and (2.37) admits a unique solution in Bs. Moreover, if we also choose (p, 1) such that p € (0,D,) and p > 1/%

then (2.42) ensures that every solution in Lis.(Hf) N LIQOC(H;IH/Q) belongs to Bs. As a consequence, for such (p, 1) the
fixed point solution of (2.37) is unique within the class of functions in Lis. (Hf) N LfOC(HﬁH/Q). O

Remark 2. Notice that (2.38)-(2.39) suggests that the nonlinear term is of bilinear type: F(£) = B(E, &) where B(-,-) is
bilinear. It is the main situation when considering Navier-Stokes type nonlinearity. In fact, Theorem 4 remains true if
(2.38)-(2.39) hold only in a neighborhood of the origin in H™'. It means that a nonlinearity obtained from a multilinear
mapping can be considered, such as power functions for instance.

2.3. Linear and nonlinear systems with dynamical control. Another way to obtain the limit (2.5) is to consider
(2.6) with a function ¢ — u(t) itself solution to a dynamical system of the form:

W +Fu=g (2.43)
where ¢t — g¢(t) is now a control function for system (2.6)-(2.43). In the following, we suppose that E is a closed linear
operator in U such that —F generates an analytic semigroup on U, and that £ = Ao+ E has bounded imaginary powers.
Then we define the spaces U™ = D(E"), Ul = D(E*") and U™" = [D(E*")], U;" = [D(E")]’ for r > 0 and we recall
that the following interpolation equalities hold:

U, U)o = USTmFor2 and [UI, U)o = USTH0™2 0 vy € (0,1), 79 <71

Thus, we introduce the extended state space H “xu , we introduce the extended linear operator A defined in H by:

D(A) (i:ef{ (y,u) € H| y—A'Buc H' ue Ul}, Ay, u) Cl:Ef(Anyu,Eu),

and we set A %' X\o + A. Notice that D(A) is equipped with the norm ||&(y, )| = ||A(y — A~ Bu)||lu + ||Eullu. Next,
if we also introduce that canonical projection B € £(H):

def
B(w,9) = (0,9),
as well as the new state Y = (y,u) and the new control V = (w, g), system (2.6)-(2.43) can be rewritten as follows:
Y' +AY =BV. (2.44)

The following Theorem states that A fits the framework of section 2.2.
Theorem 5. The following results hold.

1. The linear operator (D(A), —A) is the infinitesimal generator of an analytic semigroup on H, and AY Mo+ A has
bounded imaginary powers.
2. The adjoint of A is given by
A*(y,u) = (A*y,—B*y + E*u) and D(A*) = H} x U},

and the following characterization of D(&*T) forr >0 hold

D(A*™) = HI x Ul Vr > 0. (2.45)
3. The following characterization of D(&T) for r € [0,1] holds:
DAY = {(yu) eH|y—A'BueH ,uecU"} Vrelo1l]. (2.46)

Moreover, D(A") for r € [0,1] can be equipped with the equivalent norm |y — A7 Bullar + ||ullo--
Proof. First, by remarking that for A € C the equality (A + A)(y,u) = (f, h) is equivalent to

A+Ay=Bu+f and A+ E)u=h, (2.47)
we deduce that the resolvent set of A is exactly the union of the resolvent sets of A and of F, and that the positive
2 def

halfaxis R is contained in the resolvent set of A = Xo + A. Moreover, since we also notice that for A in the resolvent
set of A, (2.47) is equivalent to

y=A+A)TTAATBY A+ E) T Th+ A+ AT and u= A+ E)"'h,

by using the boundedness of A~ B as well as resolvent estimates related to the analyticity of (e™*")4>0 and of (e F*) >0,
we deduce that there exists M > 0 such that for all F' = (f,h) € H and for all X in an open sector of the complex plane,
symmetric with respect to the real line and with an opening angle greater than 7 [13, Chap. II-1, Thm. 2.10], we have:

M
]

1A+ A) " Flla < 57l

The above estimate proves that —A generates an analytic semigroup. Next, to characterize the adjoint of A let us
show the inclusion D(A*) C D(A*) x D(E*) which is the only non obvious fact to prove. If Y = (y,u) € D(A*) then
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Z € D(A) — (Y|AZ)x is continuous for the topology of H, and by successively remarking that D(A) x {0} C D(A)
and that A~'B(U) x U C D(A) we deduce that z € D(A) — (y|Az)m is continuous for the topology of H and that
v € D(E) — (y|Ev)y is continuous for the topology of U. Then it means that y € D(A*) and u € D(E™) and the desired
inclusion is proved. Next, let us recall that A has bounded imaginary powers if and only if the operator defined for z € C
such that Rz > 0 by
A= MnTE /+wt*2(t+&)*1dt,
n 0

can be extended to strongly continuous functions from {z € C | #z > 0} to L(H). Since an easy calculation gives

—~ A= — i +oo -~ =
AT = ( A Aﬁfj) ) where (3(z) = ST / t*(t+ A7 B(t+ E)dt,
0 E ™ 0

then to prove that A has bounded imaginary powers it remains to prove that we can extend ((z) to a strongly continuous
function from {z € C | R(z) > 0} in L(U, H). From A(t + A)™' =T —t(t + A)~' and ||(t + A) 7Y 2oy < Co(1+4)7F we
deduce that ||(t+g)71||£(H’D<g)) = |A(t+A)"" llzcmy < 14+Co and an interpolation argument with [D(A), H],_, = D(A)
gives [|(t+A) " o panyy = I1A7(E+A) ey < (1+Co)(Co(1+1)"1) 7. Then (1+)' "7 A”(t+ A)~" is bounded
independently of ¢ and with A~YB € L(H) we can bound the term under the integral and obtain that 3(z) is bounded
independently on z € {z € C | R(z) > 0} in a neighborhood of 0. Then by [23, Ch. 17, Thm. 17.9.1] one can extend
B(z) to a strongly continuous function from {z € C | R(z) > 0} in £(U, H). Finally, since the fact that A, A and
E have bounded imaginary powers means that for € (0,1) we the interpolation equalities [D(&),Hh,r = D(:’Y)7
[D(A%), H)1—» = D(A™), [D(A), H)1—» = D(A7), [D(A*), H)1—» = D(A™"), [D(E), Ul—» = D(E") and [D(E"), U] =
D(E*") hold, then equalities (2.45) and (2.46) follow with an interpolation argument. Indeed, it suffices to remark that

the mapping (y,u) — (y — A~ 'Bu,u) is an isomorphism from H onto H x U as well as from D(A) onto D(A) x D(E),
and that (y,u) — (y,u) is an isomorphism from H onto H x U as well as from D(A*) onto D(A*) x D(E™). O

Next, let us introduce the spaces:
H DA™ and H L DA™ r>0, (2.48)
respectively equipped with norms
def -~ def
Iy, w)ller = lly = A Bullgr + [lullor— and  [|(y, w)llzr = llyllzz + llullor

and let us we set H™" &' [D([&*T)]’ and HJ &' [D(z&fr)]' for » > 0. According to Theorem 5, we have the following
interpolation equalities:

[HH™?]iq = HOTMFe2 and [HIY, H?)iq = HOT" T2 0 va € (0,1), 2 <71
Thus, for a prescribed rate o > 0 we consider
Y' +(A-0)Y =BV. (2.49)
Suppose now that there is a Hilbert space Z and a bounded operator R € L(H, Z), boundedly invertible and such that
R*R € L(HY? H*'/?) (see Remark 4 below), and consider the following minimization problem:
inf { T, V) | (Y, V) € Wioe(H,H ') x L*(H) satisfies (2.49)}, (2.50)
where the cost functional 7 is defined by

TV V) / T IRY (6)]12d + / T v 2. (2.51)

Moreover, we assume the following finite cost condition:

for all Yy € H there exists V € L*(H) such
that the corresponding solution to (2.49) (2.52)
with Y'(0) = Y, satisfies Y € L?(H).

Then the results of section 2.2 apply: for a prescribed rate o > 0 there exists a self-adjoint operator IT € L(H, Hi) which
is the unique solution to the Riccati equation

A*TI + TIA + TIBB*TI = R*R + 2011, (2.53)

the closed-loop operator Ay Y + BB*II is such that —Apr generates an analytic and exponentially stable semigroup
r def

on H, and the norm of Hfy = D(Ar) if » > 0, or Hpp Lof [D(A )] if r < 0, which is defined by

def *r+1/2 r+1/2
01102 = AP IARY2 )y
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is such that for Yy € Hf; the mapping t — |||e ™'Y} |||, decreases to 0 and obeys:
llle™ ™ Yolll» < e=[|[Yollly-

Moreover, for an extended nonlinear mapping F(-) satisfying the analogue extended version of (2.38)-(2.39), which is to
say with () instead of F'(-) and by replacing the norms of HS_I/Q, Hi; and Hﬂ+1/2 by the norms of ]I-]I;-I_I/Q7 o and
H;—Iﬂ/ 2, then the analogue extended version of Theorem 8 applies and guarantees existence and uniqueness of a stable
solution to the nonlinear system:

Y +AnY +F(Y) =0, Y(0)=Yo, (2.54)
provided that Yp is in a neighborhood of the origin of Hy;. Thus, since B is a bounded operator in H, the closed-loop
operator A is a bounded perturbation of A and we have D(An) = D(A) as well as the following equalities:

Hp =H" Vrelo,1].
Then it means that when r € [0,1] the stabilization result for system (2.54) hold for an initial datum Yy € H". In
the following, we suppose that r € [0,1/2] and that the nonlinear mapping has the form F((y,u)) = (G(y,u),0) where
G(-) : H"*/2 — H"~1/2 is a nonlinear mapping satisfying
IGE&D gr—1/2 < CIIE Ol 1€, O)llgr+1/2, (2.55)
1G(,0) = G(¢ Dl gr-12 - < CUIE = ¢0 = 1)l 1€, O lgr+1/2 + (S Tl [[(6 = €0 = T)llgr+1/2). (2.56)

Since we have Hfy = H" and Hy" = H™" = H~ " x U™ " it is easily seen that such F(-) satisfy the extended version of
(2.38)-(2.39). Moreover, if we introduce the components II; = 11§ € L(H, H}), Tl € L(H,U}) and TT3 = 115 € £L(U,U})

of I1, i.e.
(L I
T 251
then (2.54) can be rewritten as
Y +Ay+Gy,u) = Bu, y(0)=uyo (2.58)
W +Bu+Thy+Tu = 0, u(0)=uo, (2.59)

and the following corollary is a consequence of the extended version of Theorem 4.

Corollary 7. Assume (2.55)-(2.56) and (yo,uo) € H X U such that yo — A'Bug € H" andu € U" forr € [0,1/2].
There exist p > 0 and p > 0 such that, if 6 € (0,1) and |||(yo,uwo)|||r < 0, then system (2.58)-(2.59) admits a solution
(Yyo» Uy ) € W(HH/2 H"=V2) such that I (Yyo» wyo)llw aar+1/2 r—1/2y < PO, which is unique within the class of functions
in LS,(H") N L3, (H™TY/2). Moreover, there is D, > 0 such that every solution with an initial datum obeying:

loc
1(yo, wo)lll» < Dr,

is such that t — |||(yyo (), w0 (t))|||r is decreasing and we have:

11y (1), wollr < (v, wo)[lre™"". (2.60)
Remark 3. Notice that (2.60) implies the following estimate:
ly(8) = A~ Bu(®)|| - + [[u(®)lv- < Ce™" (llyo = A~ Buollsrr + luollv~)-

Remark 4. Suppose that B*A* ! ¢ E(Him,Uj/Q), and that for two Hilbert spaces Z1 and Zz we have two bounded

linear operators R € L(H,Z1) and © € L(U,Zs), both boundedly invertible and satisfying R € L(HY? H'?) and

[CHS E(Ul/Z,U*l/Q). Then if we set Z = Z1 X Za an adequate bounded linear mapping R € L(H,Z) can be defined as
follows:
R(y,u) < (R(y — A" Bu), 0u).
Indeed, its bounded invertibility is a direct consequence of the bounded invertibility of R and of ©, and the fact that
R e Lﬁ(Hl/27Hi/2) follows by remarking that:
R*R(y,u) = (R*R(y — A'Bu),0"0u — B*A* 'R*R(y — A"'Bu)).
Finally, let us give a sufficient condition for (2.52).

Theorem 6. Assume that (A, B) is approzimatively controllable and that B*(D(A*™)) — U"' for some n € N*. Then
the finite cost condition (2.52) is satisfied.

Proof. In a first step, let us prove that a sufficient condition for (2.52) is:

for all £ € H' there exists u € W(U',U)
such that the corresponding solution (2.61)
y € Wioe(H, H™1) to (2.9) belongs to L*(H).

Indeed, under the assumption (2.61) let us construct V = (0, g) with g € L*(U) such that Y = (y,u) solution to (2.49)
with Y'(0) = (yo,u0) € H x U belongs to L*(H) x L*(U). Tt will then implies (2.52). First, we fix ¢ > 0 and we set
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g =0 on (0,¢/3) so that the analyticity of (e"F*);>¢ ensures that u(e/3) € U'/2. Thus, we set g = u’ + (F — ¢)u where
u € W(e/3,¢,U',U) is chosen so that it is identically zero on (2¢/3,¢). Then the control g € L*(U) constructed on (0, €)
drives uo to 0 at 2¢/3 and fix u at zero on (2¢/3,¢), y obeys (2.4) on (2¢/3,¢) and the analyticity of (e~**);>o guarantees
y(e) € H'. Finally, we choose g = u’ + (E — o)u on (e, +00) where u € W (e, +00; U', U) is given by (2.61).

In a second step, it remains to prove that (2.61) is true under the assumption of the theorem. According to [5] the
approximate controllability of (A, B) guarantees the stabilizability of (2.9) by means of a finite dimensional control of
the form

u(t) = Zuj(t)vj

where (u1,...,ux) € (H'(R))¥ is solution to a differential equation and vj, 5 = 1,..., K is a linear combination of
real and imaginary parts of eigenvectors of A*. Then we have u € H'(U), and since each eigenvector of A* belongs
to D(A*™), the fact that B*(D(A*")) — U' guarantees v; € U', j = 1,..., K which also implies u € L*(U'). As a
consequence, u € W(U',U) and the desired result is obtained. O

3. Stabilization of Navier-Stokes equations with Neumann feedback control. We suppose here that €2 is a
bounded and connected domain in R? for d = 2 or d = 3, with a boundary T' = 9Q of class C*'. By L*(Q), L*(T),
H*(Q), H>"(T), HZ"™(Q) and H27(Q) = (H3"(R))’ for r > 0, we denote the usual Lebesgue and Sobolev spaces of scalar
functions in Q or in I, and we write in bold the spaces of vector-valued functions: L?(Q) = (L*(Q))¢, L*(I") = (L*(I"))4,
etc. Moreover, (-|-) is the usual inner product in L?(Q). We also introduce the space of free divergence vector fields:

VZT(Q)I{y€H2T(Q)|V~y:01n Q}, r > 0.

Let us underline that the following interpolation equalities hold:
[V2HQ), VP2 (Q))1—a = VHETIHem2)(@) - a € (0,1), 0<rm<rm <1 (3.62)

To justify the above equalities it suffices to remark that the orthogonal projection operator P : L2 Q) — VO(Q) is bounded
from H*"1(Q) onto V*™(Q), i = 1,2 and then to apply [31, Thm. 1.17.1.1, p.118]. Indeed, since we have Pf = f + Vp
where p € H'(Q) is the solution of —Ap = V- f in Q and p = 0 on I, then regularity results for the Laplace problem
with a homogeneous Dirichlet condition guarantees the claimed boundedness properties of P. Then [31, Thm. 1.17.1.1,
p.118] yields [H?*(Q) N V°(Q), H*2(Q) N V(Q)]1—a = [H* (), H*2(Q)]1—a N V°(Q) and the conclusion follows from
[V274(Q), V272 (Q)]1 o = [H2™ () N VO(Q), B2 () N VO(Q)]1 o and [H2 (), HZ? (Q)], o = HXO-m+om) (),

In the following, C' denotes a positive constant which may change from line to line and which only depends on the
geometry. We recall that n = (n1,...,nq) denotes the unit interior normal vector field defined near I, for a vector field y

defined near the boundary we denote by y,n def (y-n)n and y, def y — (y - n)n the normal and the tangential component
of y respectively, and for a scalar function or a vector field y its normal derivative is defined by j—g = Zle ni%. We
also underline that (2£), = %= and (2£), = %=~ see [21, App. A] for details.

Next, for v > 0 and f € L?*(Q2) we consider a pair (ze,r.) € VZ(Q) x H'(Q) solution to the stationary Navier-Stokes
equations:

—vAzZe+ (2e ' V)ze+Vre=f, V-z.=0 in Q, (3.63)
and we focus on the question of stabilizing around (z., ) the unstationary solution (z,7) of the Navier-Stokes equations
Oz—vAz+ (2-V)z+Vr=f, V-z=0 in Qx (0,+00), (3.64)

by means of a Neumann control. Our goal is to apply the Riccati approach presented in section 2 to construct a feedback
law § : V() — L*(T) such that the solution to the above equations with

I/W —(r=ren=%(z—2.) on I x(0,400)
obeys:

tl}{knoo z(t) = ze.

In the following we will use the notations:

x(y,p) & V% —pn and  xe(y,p) & V% + (ze - n)y — pn.

We shall underline that most of the technical statements dealing with the well-posedness of Stokes-type system with
Neumann boundary condition which are given in the following can be found in [14] or in [21]. The last quoted work
is a complete study of stationary and instationary Stokes and Navier-Stokes system with Neumann boundary condition
treated by pseudo-differential methods. However, in order to be complete an self-contained, we choose here to give all
proofs exept the following two lemma’s. The first one is a lifting theorem which is a direct consequence of a theorem
due to Amrouche and Girault [1]. The second one is a regularity theorem for Stokes system with Neumann boundary
condition which can be found in [21, Thm. 6.3], see also [14].
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Lemma 1. Let Q be a bounded and connected open subset of R® of class C**11 for k € N and let (b, by) € HFF3/3(T) x
H’”l/z(l—‘) such that fr bo -n = 0. Then there exists (up,pp) € Hk+2(Q) X HkH(Q) satisfying:
Veoup=0 in Q, wu,=0bo and x(up,pp) =b1 on I’

and

lusller+2q) + IPoll arri ) < CUlbollgar+s/2ry + 101 llr+1/20y),
Moreover, the result is still valid with x. instead of x.
Proof. The lemma relies on [1, Thm. A.] which states that for all (go, g1) € HF*"3/2(I") x H**/2(I") satisfying Jrgom=0
and g1 -n = ¥(go) o0 Kgy-n—vVr - (go)- there exists u € H*™?(Q) such that:

. du
V-u=0in Q, wu=go and v =g on I' and [[ullgrrz) < C(llgollar+s/zry + 191 ller+1/2(ry)-

In the above setting K denotes the mean curvature of I' and Vr- denotes the surface divergence operator. Thus,
it suffices to define up € Hk+2(Q) as the vector field obtained for go = bo and g1 = (b1)r + ¥(bo)n, and to define
pp € H*F1(Q) as a pressure function obtained from a continuous right inverse of the trace operator [20, Thm. 1.5.1.5]
and such that p, = —b1 - n + ¥(bo) on I The results whith x. instead of x can be obtained analogously, with

= (b1)r — (ze - n)(bo)r + ¥(bo)n and py = —b1 -1+ (zc - n)bo - n + V(bhy) on I'. O

Lemma 2. Let Q be a bounded and connected open subset of R of class C**1 for k € N and let f € Hk(Q) If
(u,p) € VH(Q) x L*(Q) satisfies
u/Vu:VU—/pV-v:/f~v Yo e H'(Q), (3.65)
Q Q Q
then we have (u,p) € VFT2(Q) x H**1(Q) and the following estimate hold:
llullgr+z o) + 1Pl ar+i0) < Cllf ek q)-

Corollary 8. Let the assumptions of Lemma 2 be satisfied and let g € H**/2(T). If (u,p) € V}(Q) x L*(Q) satisfies

V/Vu:Vv—/pV-vz/f-U+/g~v V’UEHl(Q),
Q Q Q r

then we have (u,p) € VFT2(Q) x H*T1(Q) and the following estimate hold:
lullerr2() + Pl ey < CUFllax @) + I9llarrirz)-

Proof. The conclusion follows from Lemma 2 by remarking that if we write (u,p) = (@,p) + (ug,pg) where (ug,py) €
VEF2(Q) x H*(Q) is given by Lemma 1 with by = 0 and b; = g, then an integration by parts shows that (i, p) obeys
(3.65) with f 4+ Auy — Vp, € H¥(Q) instead of f at the right side of the equality. O

Next, let m € C? (T;R") be a compactly supported function of T' which is not identically equal to zero. Then our
objective is to prove that for a prescribed rate of decrease o > 0 there is a unique nonnegative and self-adjoint linear
mapping II € £(V°(Q)) belonging to £(V°(Q), VZ(Q)) and solution to the Riccati equation

/ VIIE : V¢ +/ VE : VIIC + / mIlE - mll¢ = / £-¢ +20/ e ¢, Y(EC) e VIQ) x VI(Q), (3.66)
Q Q r Q Q
such that for zo close enough to z. in V27(Q) for r € [0,3/4), system
Oz —vAz+ (2-V)z+Vr=f, V-z=0 inQ x (0,00), (3.67)
x(2,7) = x(2e,7e) + m’I(ze — 2)  on T x (0, 00), (3.68)

with initial datum
2(0) = 2o (3.69)
admits a unique solution which satisfies
[[2(8) = zellvar (@) < Ce™ 7" [|20 = zellvar()-
To achieve this goal we need: first to prove that system (3.67), (3.68) can be rewritten in the form (2.37), second to
characterize the spaces Hy; and finally to apply Theorem 4.
First, for zo € V°(Q) we should say that (z,p) € Wiee(V(Q
(3.69), if and only if, it satisfies (3.69) and for all v € Hl( ) an
% z(t) v+ / wVz(t) : Vo+ (z(t) - Vz(t) v —r(t)V - v) = /(X(Ze, re) +mPIl(ze — 2)) - v + / fru. (3.70)
Q r Q
Obviously, if (z,p) is regular an integration by parts shows that a solution to (3.70) obeys (3.67), (3.68) in a classical
sense. Thus, an easy calculation shows that (y,p) = (2 — ze,7 — 7¢) is solution of the variational formulation:

y(t) v+ /n(uVy(t) Vo (y(t) - Vze) - v+ (ze - Vy(t)) - v) + /Q(y(t) -V)y(t) v+ /r m>Ty(t) - v = 0,

), [V (Q)] x LE (L*(Q)) is a solution to (3.67), (3.68),
nd ¢

dt
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for all v € H'(Q) and ¢t > 0. Then, if we introduce the linear operator:

D(A def {veV(Q) | w a(v,w) is V°(Q) — continuous } (Av|w) Lef a(v, w), (3.71)
defined from the continuous bilinear form on H'(Q):

a(v,w) ef / (WVv:Vw+ (v-Vze) - w+ (ze - Vo) -w) V(v,w) € H(Q) x H'(Q),
Q
if we introduce the input linear operator B € £(L*(T),[V'(Q)]’) defined by
(Bulv) iy i@ = / mu-v Y(u,v) € LA(I) x V1(Q), (3.72)
r
with adjoint B* € £L(V'(Q),L*(T)) given by B*v = mu|r, and if we define the nonlinear mapping:
F:VH Q) = [V, (FO))viopvie = / (y-V)y-w V(yv) € VI(Q) x VI(Q), (3.73)
Q
the above system can be rewritten as follows:
Y + Ay + B(B*I)y + F(y) = 0. (3.74)
In the following, we are going to prove that A, B and F fit the framework of section 2 with H = V°(Q) and U = L*(T")

and we are going to make more precise the equivalence between formulation (3.70) and formulation (3.74).
First, recall that the trilinear form (v1,v2,v3) — fQ(vl - V)vg - v3 obeys:

’/ V)vz - vs| < Clluillas @) l[v2ll g2 (@) lvsllaes ), (3.75)

for all (v1,v2,v3) € H1 (Q) X HlJr52 ()% HS3 (), where s1, s2 and s3 are real nonnegative numbers such that s1+s2+s3 >
difs; #4,i=1,2,30r s1+s2+5s3>%ifs; =2, for at least one i [15, Prop. 6.1, (6.10)]. Then it yields

/Q(v'vze)‘v-l-/n(ze-Vv)m

and we deduce the existence of \g > such that:

a(0,0) + NollelEzey > S0l Vo € H(9). (3.76)

< COHZEHHQ(Q)||v||L2(Q)HU||H1(Q)7

We set A &' Ao + A and we are going to prove that

—A is the infinitesimal generator of an analytic semigroup on V().
2. A and A" are characterized by

o 2 dy- o
D(A) = {y e Vi(Q) | an = OonT (3.77)
Ay =-vAy+ (y-V)ze + (2¢ - V)y + VRy,
and: J

* _ 2 yT . —

D(A") _{er(Q)| o T (ze n)yr OOHF} (3.78)
A*y = —vAy+ "(Vze)y — (ze - V)y + VSy.
3. A has bounded imaginary powers and the fractional powers of A and of A* satisfy:

D(A") = D(A™)=V?(Q), Vrel0,3/4), (3.79)
D(A") = {y e V7 (Q) ‘ Zyg =0on P}, vr € (3/4,3/2], (3.80)
DAY = {y V(@) [V 4 (o m)y- =0 on r}, Vi € (3/4,3/2). (3.81)

In the above setting, the mappings R € £L(V?(Q), H'(Q)) and S € £(V*(Q), H'(Q)) are defined by p = Ry and ¢ = Sy
where p and g are the respective solutions to

—“Ap=V-[(y-V)ze+(2.-V)y] in Q@ and p= Z/sz: on I, (3.82)
and J
“Ag=V - ["(Vz)y— (2. -V)y] in @ and ¢= vy (ze *m)yn on T. (3.83)

dn

Remark 5. Notice that from (3.75) we deduce that ||(y - V)ze + (ze - V)yllL2(2) < Cllzelluz) lvllvi)- Then V - [(y
V)ze + (2e - V)y] belongs to H=(Q) and regularity results for Laplace problem with nonhomogeneous Dirichlet condition
ensures that R belongs to LIV (), H*~X(Q)) for r €]3/4,1]. Analogously, we can prove that S € L(V*"(Q), H*"~1(Q))
for r €]3/4,1].

We first need the following Lemma which is consequence of De Rham’s theorem.
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Lemma 3. If f € [HY(Q)]' obeys (f | V)t @), a1 (o) = 0 for allv € V(Q) then there exists a unique p € L*(Q) such
that

(f | U)[Hl(n)]/,Hl(Q) Z/pV-v Yv € Hl(Q).
Q

Proof. First, under the above assumptions we have in particular (f | v)img1(q) mi(@ = 0 for all v € VH{Q) N H(Q)
and De Rham’s theorem [2, Thm 2.8] ensures that there exists p € L?(Q), defined up to a constant, and such that
(f | v yai@ = [opV v foral v e H{(Q). Thus, we verify that each v € H'(Q) can be decomposed as
v =1 + vz + c(v)pa with v1 € Hy(Q), v2 € VI(Q), pa(z) = 5 *(#1,22,...,2a) and c(v) = Q7" [ v n. Indeed, since
we have V-4 = 1 then [, V- (v—c(v)pq) = 0 and we can choose v1 € Hg(€2) such that V-v1 = V- (v —c(v)pa), see [2,
Cor. 3.1, ii)]. Finally, since (f | v1)u1 (@),1t (@) = fsz pV - v1 and (f | v2)m1 (o)) 11 (@) = 0 an easy computation gives:

(f | U)[Hl(n)]/,Hl(sz) - / pV-v=((f| @d>[H1(n)]/,H1(sz) - / p)c(v),
Q Q
and by choosing p € L?(Q2) such that Jop=(f1 Pa)[H! (), H! (o) We obtain the desired result. O

Remark 6. Notice that since the orthogonal projection operator P : L*(Q) — V°(Q) is also bounded from H'(Q) into
V(Q) then its adjoint P* : VO(Q) — L2*(Q), which is simply the injection operator, can be extended as a bounded
operator from [VY(Q)]' into [H(Q)]" as follows:

<P*f|v>[H1(Sz)]',H1(SZ) = <f|PU>[v1(Q)]/,V1(Q) Vv € Hl(Q)
Then Lemma 8 has the following interpretation: if f € [H'(Q)] and g € [V}(Q)] coincide on V'(Q) then

(f 1) m @y mai©@ = (P g | v)m o) 1@ + / pV-v Yo eH'Y(Q).
Q

Theorem 7. The operator (D(A),—A) [resp. (D(A*),—A")] is the infinitesimal generator of an analytic semigroup
(e )50 [resp. (€7 V)0 on VO(Q) and equalities (3.77) and (3.78) are satisfied. Moreover, A has bounded imaginary
powers and the fractional powers of A and of A* satisfy (3.79),(3.80),(3.81).

Proof. First, according to [13, Part.I, Chap. 1, Thm 2.12, p.115] the coercivity condition (3.76) ensures that (D(A), —A)
and (D(A*),—A") are infinitesimal generators of analytic semigroups on V°(Q). Next, let us characterize D(A). For
y € D(A) we have Ay € V°(Q) and a(y,v) = [, Ay - v for all v € V'(Q), and by Lemma 3 there is p € L*(Q) obeying:

V/QVy:Vu—/ﬂpV-vz/Q(Ay—(y-V)ze—(ze-V)y)-U Yo € H'(Q).

Thus, because Ay — (y - V)ze — (2e - V)y € L*(Q), Lemma 2 ensures that (y,p) belongs to V3(Q) x H*(Q), and an
integration by parts yields:
—VvAy+Vp=Ay—(y-V)ze — (2. - V)y in Q, x(y,p)=0 on T
The above trace condition means that (3—2)7 = t%: = 0, and the application of the divergence operator to the above
first equation gives p = Ry. Then (3.77) is proved. Next, to characterize D(A*), let us denote V* = {y € V3(Q) |
l/dd% + (2ze -n)yr = 0on T} and A%y = —vAy + “(Vze)y — (2. - V)y + VSy and let us prove that D(A*) = V¥ and
A* = A%, First, for all (y,v) € D(A) x V* an integration by parts gives:
/ (—vAy+ (y - V)ze + (2e - V)y + VRy) - v = / Y- (—vAv + "(Vze)v — (2 - V)v + VSv),
Q Q
which means that (Ay|v) = (y|A"v). Then we have V¥ C D(A*) and the operators A* and A* coincide on V*. Conversely,
if v € D(A") then for all y € D(A) we have (Ay|v) = (y|A*v) and then (Ay|v) = (y|A*v). Moreover, according to the
Lax-Milgram theorem there is unique 7 € V'(Q) obeying Ao(w[?) + a(w,?) = (w|A*v) for all w € V'(Q). Then by
choosing w = y € D(A) we obtain that v obeys (Ay|v) = (y|A*v) and (Ay|lv —v) = 0 for all y € D(A), which means that
v =71 € V(Q) and that \o(y|v) +a(y,v) = (y|A*v) for all y € D(A). A density argument ensures that this last equality
remains valid for all y € V'(£2), and by Lemma 3 there is ¢ € L*(2) such that Ao(y|v) +a(y,v) — [, ¢V -y = (y|A™v) for
all y € H'(Q) and

1// Vy:Vv+(y~V)ze~v+(ze-Vy)vvf/ qV~y:/y~A*v vy € H'(Q). (3.84)
Q Q Q
Thus, an integration by parts gives
1// VU:Vy—I—/(ze-n)v-y—/ qV-y:/(A*v— (Vze)v + (ze - V) -y Yy € H(Q).
Q r Q Q

Moreover, since (z. -n)v € HY?(T') and A*v — *(Vze)v + (2. - Vv) € L*(Q2), then Corollary 8 ensures that (y, p) belongs
to VZ(Q) x H'(), and integrating by parts in (3.84) yields

/(—I/AU+ t(Vze)v—(ze~V)v+Vq)~y+/(uj—z—qn—i—(ze-n)v)-y:/A*v~y vy e H'(Q),
Q r Q
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which means:

VAU + (Vz)v — 2. - Vo+Vg=A"v in @ and xe(v,q)=0 on T.
Finally, the application of the divergence operator to the first above equation gives ¢ = S(v) and the second above
equation means that udvT + (2ze - n)vr = 0. Then we have proved (3.78).

Now, let us prove (3.79) and (3.80)-(3.81). First, since A is closed maximal accretive and that A~' is bounded in
VO(Q)7 then according to [13, Part.I, Chap. 1, Thm 6.1 and Prop. 6.1, p.171] A has bounded imaginary powers and the
fractional powers of A and of A* satisfy D(A") = [D(A), VO (Q)]1-» and D(A*") = [D(A*), VO(Q)]1—. for all € [0, 1].
We underline that the same argument applies for the following auxiliary selfadjoint linear operators A; and Az defined
by:

D(A dEf { € V (Q) | wr ai(v,w) is VO(Q) — continuous }, (Asv|w) def ai(v,w), i=1,2
and
a1 (v, w) d:ef/('v cw4+vVe:Vw) and az(v,w) def Aza1 (v, w) + /(ze Sn)w - v,
Q r

where A2 > 0 is large enough so that as(-,-) is coercive. Then we also have D(A]) = [D(A;), VO (Q)]1—r, i = 1,2, for all

€ [0,1]. Moreover, analogously as in the first part of the proof, by invoking Corollary 8 and integrating by parts, we
verify that D(A;) = D(A) and D(A2) = D(A*). As a consequence, we have D(A") = [D(A1), VO(Q)]1—» = D(AT) and
D(A*") = [D(A2), VO (Q)]i—r = D(A3) and the proof of (3.79)-(3.80)-(3.81) is then reduced to the characterization of
D(AY), i = 1,2. We then fix ¢ = 1,2 in the following and we first remark that the continuity and coercivity of a;(-,-)
with the obvious calculation:

1412y 10 o) = (Aswly) = ai(y,v),

yield D(A}’?) = V'(Q), which proves (3.79) for r = 1/2. Moreover, since we know from Lemma 3 that there exists
p € L?(Q) satisfying:

ai(v,w)f/pv-v: Ay -v Yo e HY(Q),
Q Q

and since y € D(A?/ ) is equivalent to A;y € D(Al/Q) = V(Q), then equalities (3.80) and (3.81) for » = 3/2 are direct
consequences of Corollary 8. Then it remains to conclude for r € (0,1/2) and for r € (1/2,3/2) with an interpolation
argument. According to [31, Thm. 1.15.3.1, p. 103] the fact that A; has bounded imaginary powers also yields the
general interpolation equalities:

DA T = [D(A%), D(A)]1_0, Vo€ (0,1), a

>b>
Then using (3.85) for (a,b) = (1/2,0) with D(A[/?) = V(Q) yield D(A}) = [V}(Q),V
and (3.79) for r € (0,1/2) follows from (3.62) with (r1,72) = (1,0). Next, to prove (3.79)-
we introduce

i@ < {y e m'm)|

0. (3.85)
O()]1 /2 for all 7 € (0,1/2),
(3.80)-(3.81) for r € (1/2,3/2)

dy-
dn

and we write (3.85) with (a,b) = (3/2,1/2) as follows:
D(A)) = [HI Q) NV (Q), VI Q)sjo—r, ¥re(1/2,3/2).
Thus, we define the projection operator P; : H'(Q) — V(Q) by

:oonr} and Hg(mdef{ eH3(Q)| (fl‘qi;+(ze.n)y.r:()onl—‘},

def

P.f =y where ai(y,v)=ai(f,v) YveV(Q),
and with Lemma 3 and Corollary 8 we can verify that P; is also continuous from H3(Q2) onto H () N V!(Q). Then by
applying [31, Thm. 1.17.1.1, p.118] we deduce that D(A}) = [H}(Q), H" (Q2)]3/2—, N V'(Q) for 7 € (1/2,3/2). Finally,
since by [31, Thm. 4.3.3.1, p.321] or [19] we have H'(Q) = [H}(Q2), L?(€2)]2/5 then the reiteration Theorem [31, Thm.
1.10.3.2, p.66] yields [H?(Q), H (Q)]3/o-» = [H} (), [H}(Q), L(Q)]a/s]s/2-r = [HI(Q), L3 Q)]s 2,5 for 7 € (1/2,3/2),
which gives D(A}) = [H}(Q),L*()]1-2,/3 N V() for r € (1/2,3/2) and [31, Thm. 4.3.3.1, p.321] or [19] allows to
conclude. O

Let us now give an expression of B defined in (3.72) in terms of the Neumann operator associated with Ao + A. For
u € L3(T") set Nu = w where w obeys:

Aow — VAW + (w-V)ze + (ze - V)w+ V(Rw+Tu) =0, V-w=0 in Q, x(w Rw+Tu)=u onl. (3.86)
In the above setting, T is the linear mapping defined by p = T'u where p is the solution to
—Ap=0in @ and p=wu, on I. (3.87)

For rough data u € L?(I"), defining a solution to (3.86) can be done with the transposition method. It consists in looking
for a velocity w € V°(Q) obeying:

/Fuwp:/ﬂuwf Ve vo(Q), (3.88)
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where ¢ € V2(€) is the unique solution to A*¢p = f: ¢ € H*(Q) and
Mo — VA + “(Vzo)o — (2. - V) +VSp=f V-9o=0, inQ, xelp,Sp)=0 onT. (3.89)
The existence and uniqueness of w € V°(Q) solution to (3.88) is a consequence of the Riesz representation theorem, and

an integration by parts allows to prove that a smooth velocity (say w € VZ(Q) and u € H/2(I")) solution to (3.86) in a
classical sense is also the solution to (3.88).

Proposition 2. The operator N is bounded from L*(T") into V°(Q) and it satisfies:
N € L(H* >, V>(Q)) forall re0,3/2]. (3.90)

Proof. For u € H/ 2(I‘)7 the successive use of Lax-Milgram theorem and Lemma 3 first ensures the existence of a unique
pair (w, q) € V1(Q) x L*(Q) satisfying:

/(/\gw»erz/Vw:Ver(w»V)ze-v+(zﬁ-V)w-v)f/qV-v:/u«v Yo € H'(Q). (3.91)
Q Q r

Thus, since by Corollary 8 we have (w,q) € V3(Q) x H*(Q), an integration by part in (3.91) shows that (w, q) obeys:
Aow — VAW A+ (w-V)ze + (2 - V)w+Vg=0 in Q, x(w,q)=wu onT,

and by taking the divergence of the first above equality one verifies that ¢ = Rw+Tu and Nu = w € V3(Q). Then (3.90)
for r = 3/2 follows. Next, let us prove that N can be uniquely extended to a bounded operator from H_3/2(F) into
VO(Q). For f € V°(Q) and ¢ solution to (3.89) we obtain [, Nu- f = [.u-¢ by setting v = ¢ in (3.91) and integrating
by parts. Thus, by taking the sup over all f € V°(Q), with lelles/zry < Cllellvz) and [l¢llvz@) < Cllfllvow) we
deduce that || Nullyo() < Cllulg-s/2(r), and the density of H*2(I") into H~%/%(T") ensures that N can be extended to a
bounded operator from H~3/2(T) into V°(Q) in a unique way. Finally, (3.90) follows with an interpolation argument. [
Remark 7. (i) Notice that to define a solution w € V°(Q) of (3.86) with the transposition method it is sufficient to
have a boundary value u in the dual space of V3/?(T) = {y e H¥*(I) | Jry-n =0}, that we denote by V~3/2(T'). Then
in (3.88) the sign [.. must be understood as a duality product between V34T and V3/2(T).

(ii) In fact, for all solution w € V°(Q) defined by transposition the trace condition:

xX(w,Rw+Tu)=u on T,

is still valid. Indeed, from (3.88) one verifies that the transposition solution belongs to the space

2(Q) € {(y.p) € VOQ) x D'(Q) | —vAy + (y - V)ze + (2 - V)y + Vp € L*(Q)}
normed with
def
[Pz = lYlle) + I = vAy + (y - V)ze + (ze - V)y + Vpllez o).

Moreover, we can verify that Z(Q) is a Hilbert space and that V(Q) x H*(Q) is dense in E(Q), and then arguing as in
[25, Thm. 6.5, Chap. 2] we can prove that x can be extended in a unique way to a bounded operator from E(2) onto
V3/2(T). Here is the argument. According to Lemma 2, for all b € V¥/*(T') we can choose (v, pp) € VZ(Q) x H'(Q),
which continuously depends on b € VS/Z(P) and such that xe(ve,pp) =0 and vy = b on I'. Thus, since an integration by
parts ensures that every (y,p) € V() x H(Q) obeys:

[ xwm)-b= [ (vt (Taeyon = o Dyt Tn) oy [ v (-vAy+ (- D)z + (oo Dy + T,
r Q Q
then by taking the supremum over all b € V3/2(F) we deduce that:
HX(yvp)Hv—3/2(r) < C(HvaU(sz) +lvAYy — (y- V)ze — (2e - V)y + V17||L2(sz))7
and the conclusion follows from a density argument.

Next, we recall that m € C*(T;R") is a compactly supported function of T' which is not identically equal to zero.

Proposition 3. The following equality holds:
1. For all u € L*(Q) we have Bu = AN (mu) € [V}(Q)].
2. For all v € VY(Q) we have B*v = mo|r.
3. For all € €]0,1/4] we have A=Y*~¢B € L(L*(T"), V°(Q)).

Proof. The two first statements are straightforward consequences of (3.88). Thus, from D(;l\*l/‘““s) = VI/2+2:(Q)
we deduce that A*~1/47¢ ¢ £(VO(Q),V/2722(Q)) and with B* € L£(V/?*?5(Q),V°(Q)) we obtain B*A*~1/4~¢ ¢
L(V°(Q),L?(T")). Then the third statement follows from a duality argument. O

The following proposition states precisely the equivalence between formulations (3.74) and (3.70).
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Proposition 4. Let r € [0,1] and set

Wit Wi (VI (@), [VI(Q)) if r<1/2 and W E Wip(VIT(Q), VTIN(Q) if r>1/2.

Then y € Wi obeys (3.74), if and only if, there is a unique p € L}, ,(H*"(Q)) such that (z,7) = (ze,7e) + (y,p) satisfies
(3.70) for all v € H'(Q).

Proof. Let us show that formulation (3.74) implies formulation (3.70), which is the only non obvious fact to prove.
Suppose that y € W27 obeys (3.74), which means that:

(y/|v>[D(A*)]/7D(A*)+a(y,v)—|—/rmﬂy-v+/n(y-Vy)-U:0 Yv € D(A").

Since y' € LE([VH(Q)]) and (y- Vy) € LE ([H'(Q)]') the above equality can be extended to v € V(Q) with a density
argument and by Lemma 3 there exists a unique p € L (L*()) such that:

(P [0} 01 ey pa s + a0, ) — / T / mily v+ / (y-Vy)-v=0 YoeH Q). (3.92)
Q T Q

In the above setting, P* : [V1(Q)]' — [H'(Q)]’ is the extension of the injection operator P* : V°(Q) — L?*(Q) (see
Remark 6) and it is obvious to see that P* is also bounded from [V!727(Q)]’ into [H*~2"(Q)]' if » < 1/2, or from
VII(Q) into H™'P27(Q) if 7 > 1/2. Then y € WL implies P*y’ + (y - V)y € LE ([H'™*(Q)]) if » < 1/2, or
Py +(y-V)y € L} (HF27(Q)) if r > 1/2, and with m(ITy)|r € H*?(I") we obtain p € L (H?"(Q)) (apply Corollary
8 with an interpolation argument). Finally, for all ¢ € C§°((0,00)) the following calculation

/0OO <P*y,(t)‘”>[H1(Q)]’,H1(m¢(t)dt </O°° y/(t)¢(t)dt’P”>[v1(9)]/,v1(s2) = /Q (* /0Oo y(t)d(t)dt) -Po

[T ([vopo)soia=— [T [u-o)owa,

£ [, y(t) - v. Then (3.92) becomes

ensures that <P*y'(t)|v>[H1<Q>],YH1(Q) =

%/ y() - v+aly(t),v) — / p(t)V - v+ / mlIly(t) - v + / (y(t) - Vyt)-v=0 YveH (Q), Vt>0,
Q Q r Q
and (z,7) = (y + ze,p + ) obeys the desired equation. O

We are then in the framework of Section 2 with H = V°(Q), A and A = X\ + A defined by (3.71), (3.76), U = L*(T")
and B defined by (3.72). Indeed, as required, A is the infinitesimal generator of an analytic semigroup on H and has
bounded imaginary powers (Theorem 7), the mapping B obeys (2.7) with v € (1/4,1/2) (Proposition 3). Then problem
(2.9)-(2.10)-(2.11) with Z = V°(Q) and R equal to the identity in V°(Q) guarantees the existence of a self-adjoint
operator IT € £(V°(Q), D(;l\*)) which is the unique solution to the Riccati equation (3.66). Notice that such a problem
is well-posed since the finite cost condition (2.12) can be obtained from [17] with a classical extension of the domain
procedure. Then in order to obtain a local feedback stabilization theorem for system (3.74) it suffices to apply Theorem
4. But for such stabilization result to be relevant, one first need to characterize the spaces Hy; introduced in Theorem 3.

Proposition 5. The following equalities holds:

Hf = V(Q) Vrel0,3/4), (3.93)
Hy = {€eV7(Q)] y% +m(IlE). =0 on T} Vr € (3/4,3/2]. (3.94)

Proof. Let us first consider the case r € [0,1]. From B = AN and (2.35) we deduce that:
Hip = {¢ € VY(Q) | £+ N(m(IIE)[r) € DA}, Vr e [0,1].

Thus, for £ € V°(Q) the boundedness of II from V() into D(A*) < V?(2) combined with and boundedness property
of the trace operator yields m(II¢)|r € H*?(I'). Then (3.90) yields N(m(I€)|r) € V3(Q) — V?(Q), and with
D(A™) — V?7(Q) we deduce that Hf; is the closed subspace of V2"(Q) defined by:

Hfy = {€ € V¥ (Q) | € + N(m(ILE)|r) € D(A")}. (3.95)

Ifr € [0,3/4) then D(A") = V2"(Q) and (3.93) is an obvious consequence of (3.95). If r € (3/4, 1], then £+N(m(II¢)|r) €
D(A") means that & + N(m(II¢)|r) € V() and y?—; + y(%)f = 0. Then we obtain (3.94) by recalling that
V(W)T = m(TI¢), on T. Next, let us consider the case r € (1,3/2]. Starting from Hf; = {¢€ € Hf | An¢ € Hy '}
and using the fact that Hy~ ' = V¥ ~3(Q) = D(A™"') we first deduce that H}; = {¢ € HYy | Ané € D(A"™")}. Thus,
since Apé € D(A™') is equivalent to £ + N(m(II€)|r) € D(A"), and according to the characterization of Hy; given by
(3.95), we deduce that Hj = {€ € V1(Q) | £ + N(m(I1€)|r) € D(A")}. Then with N(m(II€)|r) € V3(Q) — V" (Q) we
obtain that (3.95) remains valid for 7 € (1,3/2] and the conclusion follows from (3.80) with r € (1, 3/2], analogously as
in the case r € [0, 1]. O
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Finally, from (3.75) with (s1, s2, s3) = (2r,2r,1 — 2r) we verify that the nonlinear mapping F' defined by (3.73) fits the
assumptions (2.38)-(2.39) for r € (0,1] if d = 2 and r € [, 1] if d = 3. Then Theorem 4 provides a stabilization result
for the abstract system (3.74), and with Proposition 4 and Proposition 5 we obtain the following stabilization Theorem.
Theorem 8. Letr € (0,1\{2} ifd =2 orr € [3,1\{3} if d =3, and set

W LWV Q), VTN if r<1/2 and W EW(VITT(Q), VIE(Q) dif r> 172,

Let 20 € {ze} + V7 (Q) and if r € (3/4,1] we also assume that
Vd(zo)T d(ze)r
dn dn

Then there exists p1 > 0 such that if |20 — ze|[v2r ) < p, system (3.67), (3.68), admits a solution (z,7) € {ze,re} +W?" x
L?(H?*"(Q)) which is unique within the class of functions in {ze,re} + LSo.(V2(Q) N L3 (VT2 (Q)) x L (H*(Q)).
Moreover, for all t > 0 the following estimate holds:

+m(Ilzo)r = v + m(Ilze)-.

HZ(t) - Ze“Hm"(Q) S Ce—atHZD - Ze||H2r(Q).

4. Stabilization of Boussinesq equations with feedback or dynamical Dirichlet control. In this section, we
still consider an open subset  of R? with d = 2 or d = 3 with a boundary T of class C*' and we consider a trajectory
(2,7, 7) of the Boussinesq equations:

Oz —Az+(2-V)z+Vr = 7e+f in Qx(0,+00), (4.96)
V-z = 0 in Q x (0,4+00), (4.97)
Or—AT+2-V7 = h in © x (0,400). (4.98)

In the above setting, z = z(x,t) represents the velocity of the particules of the fluid, 7 = 7(z,t) their temperature,
r = r(x,t) is the pressure function, e stands for the gravity vector field, and f € L?(Q) and h € L*(Q2). We consider here

the question of stabilizing (z,,7) around a stationary state (ze, e, 7e) € H*(Q) x H'(2) x H*(Q) by means of boundary

control. For @ & (u1,...,uq) € L2(T) def (L*(I)? and u def (@, uay1) € (L3(I))**, we consider the Dirichlet control

z=ze+M(a) and 7T=7c+mug1 on I x(0,4+00), (4.99)

where m € C’Q(F;]R"') is a compactly supported function of I' which is not identically equal to zero and M is an

operator used to localize the action of the control in the support of m, see (4.105) below. Then the triplet (w,p,6) def
(2 — zey7 — 1, T — T ) satisfies:

Ow —Aw+ (w-V)ze + (ze - VIw+ (w-V)w+Vp = 0e in © x (0,400), (4.100)

V-w = 0 in Q x (0,400), (4.101)

00 —A0+w -Vre+2.-VO+w-VO = 0 in Q x (0,400), (4.102)

z = M(u) on Ix(0,+00), (4.103)

0 = mugyr on I' x (0,400), (4.104)

and the question of stabilizing (4.96), (4.97), (4.98) around (ze, re, 7e) is equivalent to the question of stabilizing (4.100),
(4.101), (4.102) around zero.
def

In addition to notations of section 3, we need to define some other function spaces. Let H3"(Q) = H?*"(Q)

l € . .
for r € [0,1/4), let HZ(Q) % H2(Q) N L*,(Q) , where L?,,5(€) is the space of functions y € L*(2) such that
2

Jo dist(z, I)"y|* do < +oo, and let H3" () &ef {y € H"(Q) | y = 0onT} for r € (1/4,1]. Moreover, we set

HE(Q) = [Hy *"(Q)] for r € [~1,0]. Let us also introduce:

VZI(Q) def {yEHQT(Q);V-y:O inQ, y-n=0 onF}, r >0,

1
vir(Q) = {yeHQT(Q);V-y:O in Q, =0 onF}, 7’>1,

vrr) {yeH‘”(r);/Fy.nzo}, r € [0,1].

def

1 o 1
Moreover, we define V3"(Q) for r € [0,%) by V5" () = V2'(Q), for r = 1/4 by VE(Q) def {y e V3(Q) | y €
(L%, ,5(22))"}, and for r < 0 by V5" () 4 [V 27(Q)]'. Notice that the subscript 0 in H2"(€2) and in V3" () only means
that one may have a vanishing Dirichlet boundary condition.
In order to rewrite the system in the form (1.1), we introduce:
1. the (Leray) orthogonal projection operator P : L2(Q2) — V9(Q). Notice that from the Neumann problem related
to P we can verify that P € L(H?"(Q),V2'(Q)) for r € [0, 1], [18, Chap. I, Thm. 1.10].
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. the Oseen operator:

D(A) ¥ VEQ) and Aip © P(—Ap+ (¢ V)ze + (20 - V)).

Notice that —A; is the infinitesimal generator of an analytic semigroup on V9 (), that A, def Ao+ Ajq for Ao >0
large enough has bounded imaginary powers, that the adjoint of A; is given by

DAY EVEQ) and  Ajp T P(-Ap + {(Vz)p — (ze - Vo),

and that D(AY) = D(A}¥) = V2*(Q) for a € [0, 1], see for instance [5].

. the Dirichlet operator D; : VO(F) — VO(Q) associated with g + A1: Dqv def ¢ where ¢ is the solution of

A —Ap+(p-V)zet+ (2¢ - V)p+Vg=0 and V-¢p=01in Q, ¢=v on I.
Notice that D; € £(V2T(F),V2T+%(Q)) for r € [0, 3/4], see [29].

. the localization self-adjoint operator M € L(L*(T"); V(T)):

el (o) ([ o))

where m € C?(T;R") is a compactly supported function of T which is not identically equal to zero. Notice that
M € L(V*(T),V? () for r € [0,1] and that Supp(M (v)) C Supp(m).

. the input operator

Biu = A, PDy M (1) : (L*(T))* — [D(AY)].
Notice that By obeys (2.7) with v € (3/4, 1), see [4, Prop. 2], and according to [4, Prop. 3] its adjoint is given by
dep
Biy = ( T O )

where ¢(p) is the solution to the Neumann problem:

Ap = V-(2-V—"Vz))p in Q, /m¢: 0, (4.106)
r
% = (A—"Vz)+2-V)p-n onT. (4.107)

. the heat type operator on L*(Q):

def

D(A2) = H3(Q) and  Asp ' _Ag+ 2z - Vo
Notice that since —A is the infinitesimal generator of a stable analytic semigroup on LQ(Q) and has bounded
imaginary powers, a perturbation argument ensures that so does — A, where A, & Ao + A2 for Ao > 0 large

enough, see [26, Chap.3, Cor.2.4] and [16, Prop. 2.7]. Moreover, the adjoint of A is given by

def

D(A3) = H3(Q) and  Aje= —Ae -z Ve,
and we have D(A§) = D(A5*) = H3Z*(Q) for a € [0,1].

. the Dirichlet operator Ds : L? T — L2(Q) associated with Ao + A2: D2b = p where g is the solution of

Ao —Ap+2.-Vo=0in Q, p=0b on I.
Notice that Dy € £(H?"(T), H* T2 (Q)) for r € [0,3/4].

. the input operator

Bau = —(I — P)D1M(a) - V7e + Az Da(muasr) : (L*(D)* — [D(A3)]'.

Notice that from the regularizing property of P, D1, M and D2 one can verify that By obeys (2.7) with v € (3/4,1).
Moreover, from the expression of Df, see [29], and from the Neumann problem related to P one verifies that the
adjoint B3 € L(D(A3), (L*(T))4") is given by

Bio— ( *MDI([*/]\D)(VTEQ) ) _ < mx(%)gn >

mD3AS0 —mo-

where x(0) = x is the unique solution to the Neumann problem:

—Ax = V- (V7ep) in Q, myx =0, (4.108)
Q
e _ 0 onT. (4.109)

dn
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According to [29] system (4.100), (4.101), (4.102), (4.103), (4.104) can be equivalently rewritten in the abstract form:
Puw' + A1 Pw + P(w - V)w — Pfe A, PiDM(u) € [D(A})],  Py(0) = P(2(0) — z.),
(I - P)w (I — P)D1M (),
0+ A+ w-Vre+w-V0 = AsDy(muasr) € [D(A2)]',  6(0) = 7(0) — 7.
Then with w = Pw + (I — P)D1 M (), by setting
Gi1(Pw,u) = P((Pw+ (I — P)D:M(u)) - V)(Pw+ (I — P)D:1M(q)),

and
Go(Pw,u,0) = ((Pw+ (I — P)D:1M(w)) - V0,
and by renaming z(0) — z. by wo and 7(0) — 7. by 6o for simplicity, system (4.100), (4.101), (4.102), (4.103), (4.104) can
be equivalently rewritten in the following abstract form:
Puw' + A1 Pw — POe + G1(Pw, @) = Biuc [D(A})], Pw(0) = Puwo, (4.110)

0 + A20 + Pw - V7 + G2(Pw,@,0) = Bou€ [D(A3)], 6(0) = bo. (4.111)

Thus, we introduce:
9. the closed and densely defined linear operator on Vo (Q) x L*(Q)
D(4) % D(A1) x D(42) and A( ‘ ) dof ( A:‘;ﬁ;{’@ie )

Notice that an easy verification shows that the adjoint of A is given by

x - . Al + oVTe
D(A) €' D(A}) x D(A3)  and A(‘P>d§f< ! )
(4) * D(AT) x D(45) ’ ARG
and that the known properties of A1, A2 combined with a perturbation argument ensures that —A generates an

analytic semigroup on V9 (Q) x L*(Q), that AL Ao + A for Ao > 0 large enough has bounded imaginary powers

and that D(A%) = D(A**) = VZ(Q) x HZ*(Q), for a € [0,1].
10. the linear input operator

B ()@~ o).

B
Notice that from the known properties of By and Bs, we have that B obeys (2.7) with v € (3/4,1) and that:
A7'B e L((H* (D)™, VZ(Q) x H*"(Q)), re[0,1]. (4.112)
Moreover, its adjoint is given by
dy
sl e Y| T m(o(p) + x(2))n
0 _ e
dn

where ¢(¢) and x(o) are the respective solution to (4.106), (4.107) and to (4.108), (4.109).

Next, by setting:
det [ Pw def [ Pw def G1(Pw,u
y = ( 0 )7 Yo = < 900 ) and G(yvu) = < G2E(P’w u g) )7

system (4.110), (4.111) can be rewritten as follows:

Y + Ay + G(y,u) = Bu € [D(A")]",  y(0) = yo. (4.113)
With the change of variable y = *(P(z — 2.), T — T.) we have then transformed (4.96),(4.97),(4.98),(4.99) to the abstract
system (4.113) with yo = *(P(2(0) — 2.),7(0) — 7). Moreover, operators A and B fit the framework of section 2 with
H =V%Q) x L?*(Q) and U = (L*(I))**!: A has bounded imaginary powers, —A generates an analytic semigroup on
H and B satisfies (2.7) for v € (3/4,1). Notice also that the required finite cost condition (2.12) can be obtained from
the null controllability results with internal control stated in [22], by means of a usual geometrical extension procedure.
Thus, since we have D(AY?) = D(A*Y/?) = V(Q) x HE(Q) we can apply the abstract Theory of Subsection 2.2 with
Z =V2(Q) x L*(Q) and R equal to the identity in V2 (Q) x L*(Q): for a prescribed rate o > 0 problem (2.10), (2.11)
guarantees the existence of a self-adjoint operator TT € L(V(Q) x L*(Q), V3 () x H3(Q)) which is the unique solution
to the Riccati equation (2.18). Notice that it will be convenient to write II as follows:

Il = ( Zl :2 > where w1 € L(V,(Q)), m € L(V,(Q),L%(Q)) and w3 € L(L*(Q))
2 3

so that for & = (¢, 0) € V2(Q) x L*(Q) we have II¢ = *(m1¢ + 73 0, ma@ + m30). Moreover, the nonlinear abstract system
subjected to the feedback control u = —B*Ily has the following form:

y' + Any + F(y) =0, y(0) = yo, (4.114)
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where F'(y) Lef G(y, —B™Ily). In a way similar to what is done in [4, Cor. 6] one can prove that the space Hy; Lef D(Af) is
a closed linear subspace of V27 (Q) x H?*"(Q) when r € [0, 1]. More precisely, as in [4] on can prove that when r # 1/4 we
have HY; = {(Py, 0) | (¢,0) € Z2 ()}, where for r € [0,1/4) we have =2 (Q) %' V> (Q) x H?"(Q), and for r € (1/4, 1]
the space Z{ (Q2) is composed with elements (i, 0) € V2" (Q) x H>"(2) which satisfy the trace condition

d * *
p = m’o(mPp+mie) = m’(¢((mPp+m50) + x((m2Pp+ms0))n on T,
o = m2j—s on TI.
Then since the nonlinear mappings w — (w - V)w and (w, ) — w - V6 satisfy the following estimates for r € (%, %]
[(w-Vwlgzr-10) < Cllwllaz @) lwllai+zr o), (4.115)
||’U) . V0||H2T—1(Q) S CH’U}HH2T(Q)H9||H1+2r(Q), (4116)
we can deduce that y — F(y) obeys (2.38)-(2.39) for r € (432,1], and Theorem 4 provides a local stabilization result
for system (4.114) with yo € Hf; and r € (932, 1]. Then with an easy adaptation of [4, Thm. 12] one can obtain a
stabilization theorem for system (4.96), (4.97), (4.98) with the boundary condition
d *
zZ—2e = mQ%(mP(z—ze)—FWg(T—Te)) (4.117)
—m*($((mP(z = ze) + 75 (1 = 72))) + x((m2P(z = ze) + m3(T = 7))))n on T x (0, +00),
d — le
T—Te sz on I' x (0,+00), (4.118)
dn
and with initial data
2(0) =20 and 7(0)=T0. (4.119)

Theorem 9. Let r € (432, 1\{3} and (20,70) € {(2e,7e)} + V> (Q) x H>(Q). Ifr > 1 we also assume that (z0 —

=2r

ZeyTo — Te) € 2 (), which is to say that the following initial compatibility conditions are satisfied:

oz = m2%(7rlp(zo )+ — 7)) (4.120)
—m?(¢((m1 P20 — 2e) + 75 (1 — 7e))) + x((m2P(20 — 2e) + w3(10 — 7e))))n. on T,
To—Te = m2W on T. (4.121)

Then there exist p > 0 and p1 > 0 such that, if § € (0,p) and ||P(z0 — ze)l|lm2r () + 170 — Tellg2r() < 9, system (4.96),
(4.97), (4.98), (4.117), (4.118), (4.119) admits a solution (z,r,T) in

{(zesrey 7o)} + LAV (@) 0 HY 2T (LA(Q)) x HTVET(HP(Q)/R) x W(H(Q), H7H(9),
which is unique within the class of function in

{(ze; e, 7)Y + LE(VIT2T(Q) N HYZTT(LA(Q)) x H 2T (H?(Q)/R) x Wiee(HTH(Q), H1(Q)).

loc loc
Moreover, for all t > 0 the following estimate holds:
12(t) = zellmer ) + IT(t) — Tellm2r o) < Ce™""(||z0 — Zellm2r (@) + (170 — Tellm2r())-
According to the above theorem, to define a solution to system (4.96), (4.97), (4.98), (4.117), (4.118), (4.119) when

d = 3 one must impose the initial velocity to fit the feedback trace condition (4.120), (4.121). Since such a condition is

C o . L . . def ,_ def
very restrictive in practice, another strategy consists in looking for a control function u = (@, ugt+1) = (u1, ..., Udt+1)
itself solution to an evolution equation:

i — Arui =g;  in T'x(0,400), i=1,...,d+1, (4.122)

where g Lef (g91,---,9a+1) plays the role of a control function for the whole system (4.96), (4.97), (4.98), (4.122). In the
above setting, Ar denotes the Laplace Beltrami operator. Then if we consider (4.122) with the initial condition u(0) = 0,
every initial datum obeying zo = z. and 790 = 7. on I' would fit the initial compatibility conditions zo — z. = M@ (0) and
70 — Te = Mug+1(0) on I'. It then allows to define a fixed-point solution to the Boussinesq system, see the introduction of
[3] for the particular case of Navier-Stokes equations. In the following, we apply the framework of section 2.3 to contruct
a stabilizing control g in the feedback form:

g(t) = F(2(t) — ze, T(t) — Te,u) ¥Vt > 0.

Let us denote by A, the vectorial Laplace Beltrami operator, i.e. (Apu); = Aru;, for all ¢ = 1,...,d+ 1, and let us
introduce:
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11. the unbounded operator E on U % (L2(I"))4+:
D(E) = (H*(D)™"  and  Eu=—Apu.

Notice that E is self-adjoint, that —F is the infinitesimal generator of an analytic semigroup on (L*(I'))*™!, that

E %' X\o + E for Ao > 0 has bounded imaginary powers and that D(E®) = D(E**) = (H>*(I'))**! for a € [0, 1].

Thus, (4.122) can be simply rewritten as
u +Fu=g,

and Subsection 2.3 applies with A defined from the pair (A, B) which has been introduced above, and for R given in
Remark 4 with R and © equal to the identity in V9 () x L?(Q) and in (L*(I"))**! respectively. Indeed, the assumption
B*A* ! ¢ C(H*l/Q, Ui/z) = L(VE(Q) x HJ(Q), (H(T))*™) is a consequence of regularity results for the Oseen and for
the heat equation which guarantees that D(A*3/2?) — V§(Q) x H*(Q) and then B*(D(A**/?)) — UY? = (HY(I"))**+*.
Notice that the finite cost condition (2.52) can be obtained from the null controllability result [22], by using Theorem 6,
if we additionally assume that I is of class C*'. Indeed, with such an assumption regularity results for the Oseen and for
the heat equation guarantee D(A*?) — V§(Q) x H*(Q) and that B*(D(A*?)) — U} = (H*(T"))*™. As a consequence,
for a prescribed rate o > 0 we have the existence of a self-adjoint operator IT € £(H, H}) which is the unique solution to
the Riccati equation (2.53). Notice that it will be convenient to write IT as follows:

™ WS T3
M= | m m w5 | €L(Va(Q)x LX(Q) x (L), V§(Q) x H3(Q) x (H*(T)*™),
T3 5 6

withm =77 € L(V,,(2)), 2 € L(V,(2), L2()), w5 € LIV (Q), (L)), ma = 75 € L(L*(Q)), 75 € L(L*(Q), (L*(1)**)

and s = 7§ € L((L*(T))?). In terms of the notations (2.57) we have the following correspondances:

H1=<7T1 e ), H2:(7T3 5 ) and H3=7T6.
T2 T4

Then (2.58), (2.59) with uo = 0 can be rewritten as (4.96), (4.97), (4.98) with the following boundary conditions
z=2ze+M(u) and 7T=7c+musy1 on I x(0,400), (4.123)
and
Oru — Apu~+ meu + M3 P(z — ze) + 5(T —7Te) =0 in I x (0,+00), (4.124)
and with the following initial conditions
z2(0) =z0, 7(0)=70 and wu(0)=0. (4.125)

Finally, from (4.112) we deduce that the space H" for r € [0,1] (defined in (2.48), (2.46)) is the closed subspace of
V2 (Q) x H?>"(Q) x (H?"(I'))%*! defined by:

H' = {(Pp,0.u) | (i, 0,u) € V¥ (Q) x H*(Q) x (H (D)™ s. t. 9= M(a) and o=ua onT}, relo,1,

and that H™" = V;27(Q) x Hy 2" (Q) x (H~>"(T))*** for r € [0,1]. Then it follows that (2.55), (2.56) can be obtained
from (4.115), (4.116) and the following stabilization theorem follows from corollary 7.

Theorem 10. Assume that I' is of class C*', let r € (%, 1] and (20,70) € {(2e,7e)} + V3 (Q) x H3"(Q). There exist
p >0 and p > 0 such that, if § € (0, 1) and ||z0 — ze|lgzr (o) + 1|70 — Te |l p2r () < 0, system (4.96), (4.97), (4.98), (4.123),
(4.124), (4.125) admits a solution (z,r,T,u) in
{(zerre, 7,0} + W(VHHH(Q), V(@) x HTV/27(H™ (Q)/R)
XW (H* Q) H7H Q) x W(H (D)™, (H*7H(ID) "),

which is unique within the class of function in

{(zere, 7,0} 4+ Wiee(VEHH(Q), VE7H(Q)) x H,, > (HY (Q)/R)

loc
X Wioe(H*" (), H* () x Wioe(H* (D))", (H* (D)),
Moreover, for all t > 0 the following estimate holds:

ot

12(2) = zellexzr (@) + I7(8) = Tellz2r(@) + W)l zr2r ryyarr < Cem 7 ([[20 = zellm2r (@) + 170 = Tellm2r(0)-
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