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STOCHASTIC 2D HYDRODYNAMICAL SYSTEMS:
WONG-ZAKAI APPROXIMATION AND SUPPORT THEOREM

IGOR CHUESHOV AND ANNIE MILLET

ABSTRACT. We deal with a class of abstract nonlinear stochastic models with multiplica-
tive noise, which covers many 2D hydrodynamical models including the 2D Navier-Stokes
equations, 2D MHD models and 2D magnetic Bénard problems as well as some shell mod-
els of turbulence. Our main result describes the support of the distribution of solutions.
Both inclusions are proved by means of a general Wong—Zakai type result of convergence
in probability for nonlinear stochastic PDEs driven by a Hilbert-valued Brownian motion
and some adapted finite dimensional approximation of this process.

1. INTRODUCTION

Our goal in this paper is to continue the unified investigation of statistical properties
of some stochastic 2D hydrodynamical models which started in our previous paper [9].
The model introduced there covers a wide class of mathematical coupled models from 2D
fluid dynamics. This class includes the 2D Navier-Stokes equations and also some other
classes of two dimensional hydrodynamical models such as the magneto-hydrodynamic
equation, the Boussinesq model for the Bénard convection and the 2D magnetic Bénard
problem. We also cover the case of regular higher dimensional problems such as the 3D
Leray a-model for the Navier-Stokes equations and some shell models of turbulence. For
details we refer to [9, Sect.2.1].

Our unified approach is based on an abstract stochastic evolution equation in some
Hilbert space of the form

O+ Au+ B(u,u) + R(u) = Z(w) W,  ul—o = &, (1.1)

where W is a multiplicative noise white in time with spatial correlation. The hypotheses
concerning the linear operator A, the bilinear mapping B and the operators R and = are
stated below. These hypotheses guarantee unique solvability of problem (1.1).

For general abstract stochastic evolution equations in infinite dimensional spaces we
refer to [11]. However the hypotheses in [11] do not cover our hydrodynamical type model.
We also note that stochastic Navier-Stokes equations were studied by many authors (see,
e.g., [6, 14, 21, 32] and the references therein). In [9] we prove existence, uniqueness and
provide a priori estimates for a weak (variational) solution to the abstract problem of
the form (1.1), where the forcing term may also include a stochastic control term with a
multiplicative coefficient. In all the concrete hydrodynamical examples mentioned above,
the diffusion coefficient may contain a small multiple of the gradient of the solution.
This result contains the corresponding existence and uniqueness theorems and a priori
bounds for 2D Navier-Stokes equations, the Boussinesq model of the Bénard convection,
and also for the GOY and Sabra shell models of turbulence. Theorem 2.4 [9] generalizes
the existence result for Boussinesq or MHD equations given in [13] or [3] to the case of
multiplicative noise (see also [12]) and also covers new situations such as the 2D magnetic
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Bénard problem or the 3D Leray a-model. Our main result in [9] is a Wentzell-Freidlin
type large deviation principle (LDP) in an appropriate Polish space X for stochastic
equations of the form (1.1) with =° := \/eo as ¢ — 0, which describes the exponential
rate of convergence of the solution u := u® to the deterministic solution u®. One of the
key arguments is a time increment control which provides the weak convergence needed
in order to prove the large deviations principle. We refer to [9] for detailed discussion and
references.

Another classical problem is that of approximation of solutions in terms of a simpler
model, where the stochastic integral is changed into a ”deterministic” one, replacing the
noise by a random element of its reproducing kernel Hilbert space, such as a finite dimen-
sional space approximation of its piecewise linear interpolation on a time grid. This is the
celebrated Wong-Zakai approximation of the solution and once more the lack of continuity
of the solution as a function of the noise has to be dealt with. This requires to make a
drift correction coming from the fact that the Ito integral is replaced by a Stratonovich
one. For finite-dimensional diffusion processes, this kind of approximation is well-known
(see, e.g., [19], [25], [26], [33] and also the survey [29] and the references therein). There is
a substantial number of publications devoted to Wong—Zakai approximations of infinite-
dimensional stochastic equations. For instance, in [16], and [17] I. Gyongy established
Wong-Zakai approximations of linear parabolic evolution equations satisfying a coercivity
and stochastic parabolicity condition and subject to a random finite-dimensional perturba-
tion driven by a continuous martingale; some applications to filtering and some stochastic
dynamo models are given. Z. Brzezniak, M. Capinsky and F. Flandoli [4] studied a similar
problem for a linear parabolic equation subject to an perturbation driven by an infinite
dimensional Gaussian noise. In [5] Z. Brzezniak and F. Flandoli and in [18] I. Gyongy and
A. Shmatkov obtained some more refined convergence, either a.s. or with some rate of
convergence. Let us also mention the reference [8] by I. Chueshov and P. Vuillermot which
deals with semilinear non-autonomous parabolic PDE systems perturbed by multiplicative
noise and considers some applications to invariance of deterministic sets with respect to
the corresponding evolutions and the reference [27] by G. Tessitore and J. Zabczyk which
studies Wong-Zakai type approximations of mild solutions to abstract semilinear para-
bolic type equations. Similar Wong Zakai approximations were proven in Hdélder spaces
by A. Millet and M. Sanz-Solé in [22] for a semi-linear stochastic hyperbolic equation and
by V. Bally, A. Millet and M. Sanz-Solé in [2] for the one-dimensional heat equation with
a multiplicative stochastic perturbation driven by a space-time white noise. Similarly, in
[7] C. Cardon-Weber and A. Millet proved similar Wong-Zakai approximation results in
various topologies for the stochastic one-dimensional Burgers equation with a multiplica-
tive perturbation driven by space-time white noise. In references [16], [17], [22], [2] and [7],
these approximations were the main step to characterize the support of the distribution
of these stochastic evolution equations.

Except for [7] which studies a toy model of turbulence and has a truly non-linear feature,
all the above papers require linear or Lipschitz assumptions on the coefficients which do not
cover non-linear models such as the Navier-Stokes equations or general hydrodynamical
models. Some result on the Wong-Zakai approximation for the 2D Navier—Stokes system
is proved by W. Grecksch and B. Schmalfuss in [15], but for a linear finite dimensional
noise, which is a particular case of the framework used in this paper. We also mention the
paper of K. Twardowska [30] which claims the convergence of Wong-Zakai approximations
for 2D Navier—Stokes system with a rather general diffusion part. However, the argument
used in [30] is incomplete and we were not able to fill the gaps.

In the same spirit, a slightly more general approximation result, using adapted linear
interpolation of the Gaussian noise, provides a description of the support for the abstract
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system (1.1) and thus covers a wide class of hydrodynamical models. This is the well-
known Stroock-Varadhan characterization of the support of the distribution of the solution
in the Polish space X where it lives. Note that the approach used in the present paper is
different from the original one of D.W. Stroock and S.R.S. Varadhan [26], and is similar
to that introduced in [22] and [23]. Indeed, only one result of convergence in probability
provides both inclusions needed to describe the support of the distribution. See also
V. Mackevic¢ius [20] as well as S. Aida, S. Kusuoka and D. Stroock [1], where related
results were obtained for diffusion processes using a non-adapted linear time interpolation
of the noise. The technique proposed in [20] was used in [16] and [17] to characterize
the support of the solution of stochastic quasi-linear parabolic evolution equations in
(weighted) Sobolev spaces. The references [2], [7] and the paper by T. Nakayama [24]
establish a support theorem for the one-dimensional heat or Burgers equation, and for
general mild solutions to semi-linear abstract parabolic equations along the same line.
However, unlike these references in a parabolic setting, the argument used in this paper
does not rely on the Green function associated with the second order differential operator
and deals with a nonlinear physical model. As in [9], the control equation is needed with
some control defined in terms of both an element of the Reproducing Kernel Hilbert Space
of the driving Brownian motion and an adapted linear finite-dimensional approximation
of this Brownian. For this class of control equations we first establish a Wong-Zakai type
approximation theorem (see Theorem 3.1), which is the main step of our proof and, as we
believe, has an independent interest. Note that all previous works were using intensively
a time Holder regularity of the solution of either the diffusion or the evolution equation.
Such a time regularity is out of reach for the Navier-Stokes equations and the general
hydrodynamical models we cover.

A key ingredient of the proof of the main convergence theorem is some ”time integrated”
time increment which can be obtained with a better speed of convergence to zero than
that needed in [9]. To our best knowledge, there is only one publication related to the
support characterization of solutions to 2D hydrodynamical models. The short note [31],
which states a characterization of the support for 2D Navier-Stokes equations with the
Dirichlet boundary conditions, does not provide a detailed proof and refers to [30] where
the argument is incomplete.

The paper is organized as follows. In Section 2 we recall the mathematical model intro-
duced in [9]. In this section we also formulate our abstract hypotheses. Our main results
are stated in Section 3 under some additional integrability property on the solution. We
first formulate the Wong-Zakai type approximation Theorem 3.1, which is the main tool
to characterize the support of the distribution of the solution to the stochastic hydrody-
namical equations. This characterization is given in Theorem 3.2 and we show how the
support characterization can be deduced. In Section 4 we provide some preliminary step
where the noise is truncated. Section 6 contains the proof of Theorem 3.1. It heavily
depends on the time increment speed of convergence, which is proved in Section 5. In
the appendix (see Section 7) we discuss with details the way our result can be applied
to different classes of hydrodynamical models and give conditions which ensure that the
solution fulfills the extra integrability assumption we have imposed (see (3.1)).

2. DESCRIPTION OF THE MODEL

2.1. Deterministic analog. Let (H,|.|) denote a separable Hilbert space, A be an (un-
bounded) self-adjoint positive linear operator on H. Set V = Dom(A%). For v € V set

lv]| = ]A%v\. Let V’ denote the dual of V' (with respect to the inner product (.,.) of H).
Thus we have the Gelfand triple V. C H C V'. Let (u,v) denote the duality between
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w €V and v € V' such that (u,v) = (u,v) foru e V,ve H,and let B:V xV — V' be
a mapping satisfying the condition (B) given below.

The goal of this paper is to study stochastic perturbations of the following abstract
model in H

dpu(t) + Au(t) + B(u(t),u(t)) + Ru(t) = f, (2.1)
where R is a continuous operator in H. We assume that the mapping B : V xV — V'
satisfies the following antisymmetry and bound conditions:

Condition (B):

(1) B:V xV = V' is a bilinear continuous mapping.
(2) Foru; € V,i=1,2,3,

(B(u1,u2), uz) = — (B(u1,us) , uz). (2.2)

(3) There exists a Banach (interpolation) space H possessing the properties
(i) VCHCH;

(ii) there exists a constant ag > 0 such that
[vllF, < aolol loll  for any v e V; (2.3)
1) for every n > 0 there exists C,, > 0 such that
n n
(B(ur,us) , us)| < nllusl® + Cy llualify uzll,  forwi eV, i=1,2,3. (2.4)

Note (see [9, Remark 2.1]) that the upper estimate in (2.4) can also be written in the
following two equivalent forms:
(#ii-a) there exist positive constants C; and Cy such that

[(B(ut,uz) , us)| < Cillus|® + Ca uallyy luallyy, for wieV, i=1,2,3; (2.5)
(#3-b) there exists a constant C' > 0 such that for u; € V, i = 1,2,3 we have:
[(B(u1,ug) ; uz)| = [(B(u1,us) , uz)| < Cllualls [Juz| [Jus]|- (2.6)

For u € V set B(u) := B(u,w); with this notation, relations (2.2), (2.3) and (2.6) yield
for every n > 0 the existence of C, > 0 such that for uj,up € V,

[(B(ur), uz)| < nlludl® + Cy lual? - (2.7)
Relations (2.2) and (2.7) imply that for any n > 0 there exists C,, > 0 such that
(B(u1) = B(uz) , ur —ug)| = [(Blur —uz), uz)| < nllur —uz|* + Cy Jur —uaf? Juzlzy (2.8)

for all uy,us € V. As it was explained in [9] the main motivation for condition (B) is that
it covers a wide class of 2D hydrodynamical models including Navier-Stokes equations,
magneto-hydrodynamic equations, Boussinesq model for the Bénard convection, magnetic
Bénard problem, 3D Leray a-model for Navier-Stokes equations, Shell models of turbu-

lence (GOY, Sabra, and dyadic models).

2.2. Noise. We will consider a stochastic external random force f in equation (2.1), driven
by a Wiener process W and whose intensity may depend on the solution u. More precisely,
let @ be a linear positive operator in the Hilbert space H which belongs to the trace class,
and hence is compact. Let Hy = Q%H . Then Hy is a Hilbert space with the scalar product

(6,9)0 = (Q 26, Q2%), Yo, 4 € H,

together with the induced norm |- |o = /(+,*)o. The embedding i : Hy — H is Hilbert-
Schmidt and hence compact, and moreover, i i* = Q. Let Lo = Lg(Hy, H) denote the

space of linear operators S : Hy — H such that SQ% is a Hilbert-Schmidt operator from
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H to H. The norm on the space Lq is defined by ]S]%Q = tr(SQS*), where S* is the
adjoint operator of S. The Lg-norm can be also written in the form:

1S[7,, = tr([SQY[SQY?I*) = D> 1SQ" 2y > = > [[SQ"*| v | (2.9)
k>1 k>1
for any orthonormal basis {4} in H.
Let W (t) be a Wiener process defined on a probability space (€2, F,PP), taking values
in H and with covariance operator (). This means that W is Gaussian, has independent
time increments and that for s,¢ >0, f,g € H,

E(W(s),f) =0 and E(W(s), )(W(t).g9) = (s At) (Qf,9)-

We also have the representation

W(t) = lim W,(t) in L*(Q;H) with Wa(t) = ) a;"B;(t)e;, (2.10)

1<j<n

where f3; are standard (scalar) mutually independent Wiener processes, {e;} is an or-
thonormal basis in H consisting of eigen-elements of @, with Qe; = gje;. For details
concerning this Wiener process we refer to [11], for instance. Let (F;,¢ > 0) denote the
Brownian filtration, that is the smallest right-continuous complete filtration with respect
to which (W (t),t > 0) is adapted.

We now define some adapted approximations of the processes §; and W. For all integers
n>1and k=0,1,...,2", set t;, = k727" and define step functions s,,, Sy, 5, : [0, 7] —
[0,T] by the formulas

Sy =1k, Sn =11 V0, 5, =t for se [tk,tk+1[. (2.11)

It is clear that s, < s, < 8,. Now we set B}“(s) = T712" (B;(s,,) — Bj(sn)), for every
s € [0,T], and thus we obtain an adapted approximation for Bj(s) given by the formula

Br(s) = T72" [B(t) — Bt 1 VO)], for s € [ty tipl. (2.12)
Clearly B]"(s) =0 for s € [0,t;] and B]"(s) = T712"B;(t1) for s € [t1,t2[. We also let
(s = 3 Bis)a) (2.13)
1<j<n

denote the corresponding finite-dimensional adapted approximation of W.

Lemma 2.1. There exists an absolute constant cg > 0 such that for every o > ao/\/T
and t € [0,T] we have as n — oo

B(s)

lim P( sup sup " > an2%> = 0.
0

n—=00 \ 1<j<n s<t

> oml/22"/2> = lim P(sup /I/I\? (s)

n—oo s<t

Proof. One can see that
Ont) = { s sup|31(s)| zan'222h < () U bl = T2,
1=jsn s<t 1<j<n 0<k<2n

where 7}“ = T71/22"2(B;(t.41) — B;(tx)] are independent standard normal Gaussian ran-
dom variables. Therefore, if & > vVT—121n2 we have

~ n2n+1 0 9
P(Q,,(t < n2"P(]7% > aV/Thn) = / e * 2
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n1/22n+1 0 - 2n1/2
—22/24, [ (_ 27/ 41 2)}
yA zZ ex n 8] n .
T o oot P /

This proves the first convergence result. The second one follows immediately from the
estimate

n 2 x 2 * 2
sup [W ()| =sup > [B(s)] < n sup sup|5i(s)]

s<t Ho s<t 152y 1<j<n s<t

O
In the sequel, we will localize the processes using the following set:
o —n

Q,(t) = { supsup ﬁjn(s)‘ < an'/?2"2 % N {sup W (s)| < om2"/2}. (2.14)

j<n s<t s<t Ho

It is clear that Q,(t) C Q,(s) for t > s and Q,(t) € F;. Furthermore, Lemma 2.1 implies
that P (£2,(T)¢) — 0 as n — oo.

For any n > 1, we introduce the following localized processes ﬁ}" and W”
. P . —~n
B (t) = B} (D1, @, 3 <n, W'E) =W (t)lg,q)- (2.15)
For all integers n and j = 1,--- ,n, (Bf(t),O <t <T) (resp. (W™(t),0 <t <T)) are
(Fi)-adapted R (resp. Hy) valued processes.

2.3. Diffusion coefficients. We need below two diffusion coefficients o and & which
map H into Lg(Hp, H). They are assumed to satisfy the following growth and Lipschitz
conditions:

Condition (S): The maps 0,6 belong to C(H; LQ(HO,H)) and satisfy:

(1) There exist non-negative constants K; and L such that for every u,v € H:

lo(wi, +l6()i, < Ko+ Kilul?, (2.16)
jo(u) = o), +16(u) —(v)[1, < Llu—vf (2.17)
(2) Moreover, for every N > 0,

lim sup |6(u) —(u)oll,|r, =0, (2.18)

where 11, : Hy — Hy denote the projector defined by Il,u = >}, (u, ek) ek,
where {ex,k > 1} is the orthonormal basis of H made by eigen-elements of the
covariance operator  and used in (2.10).

Condition (DS): For every integer j > 1 let 0j,6; : H — H be defined by
oj(u) = qjl»/QJ(u)ej . 0(u) = qjl»/25(u)ej , YueH. (2.19)

We assume that the maps 7 are twice Fréchet differentiable and satisfy

(1) For every integer N > 1 there exist positive constants C;(N), i = 1,2,3 such that:

C1(N) :=sup sup |D&;(u)|rm,m) < oo, (2.20)
J |ul<N

Cy(N) = Su,pls‘lil?\[’DQ&j(u)‘L(HXHvH) < 00, (2.21)
o ul<

sup sup |[[D&;(uw)]"v|| < C3(N)[[v]|  for every v e V. (2.22)

J|ul<N
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(2) For every integer n > 1, let the functions o, 0n : H — H be defined by

on(u)= > D&;(w)oj(u), on(u)= > D&j(u)d;(u), Yu€e H, (2.23)

1<j<n 1<j<n

where o and 7, are gwen by (2.19). For every integer N > 1 there exist positive
constants Ky, Cn such that:

‘Sﬁgvsgp{\en(U)!Jr\én(U)\} < Ky, (2.24)
sup  sup {[0n(u) = 0n(v)| + [0n(u) — 8n(v)[} < Onlu—ol. (2.25)

[ul,Jv]<N 7
(3) Furthermore, there exist mappings o, 0 : H — H such that every integer N > 1

lim sup {|on(u) — o(u)| + |n(u) — o(u)[} = 0. (2.26)

Remark 2.2. As a simple (non-trivial) example of diffusion coefficient o and & satisfying
Conditions (S) and (DS), we can consider the case when 6(u) is proportional to o(u),
i.e. d(u) = coo(u) for some constant ¢y and o(u) is an affine function of u of the form:

o(u)f =Y fioj(u) for f=> fi/ge; € Ho,
Jj=1 Jj=1
where oj(u) = g; +Sju, j = 1,2,.... Here g; € H satisfy Zj21 lgj|> < oo and S;: H — H
are linear operators such that ST : V.V and ., |Sj|%(H,H) + sup;>; |S;|%(V,V) < 00.
For instance, in the case H = Lo(D) and V = H'(D), where D is a bounded domain in
R?, our framework includes diffusion terms of the form

o(u)dW(t) = Y (9j(x) + dj(x)ulx))dp; (1),

1<j<N

where g; € Lo(D) and ¢; € CY(D), j = 1,2,...,N are arbitrary functions. In this
situation, another possibility to satisfy Conditions (S) and (DS) is

o(wdW(t)= Y s;([Ryul(x))dp;(t),

1<j<N

where s; : R — R are C*-functions such that s} and s} are bounded, and [Rju](z) =
Jp rj(z,y)u(y)dy with sufficiently smooth kernels 7;(x,y).

In order to define the sequence of processes u" converging to u in the Wong-Zakai
approximation, we need a control term, that is a coefficient G of the process acting on an
element of the RKHS of W. We impose that G and R satisfy the following;:

Condition (GR): Let G : H — L(Hy,H) and R : H — H satisfy the following growth
and Lipschitz conditions:

Ko+ Kilul*,  |G(u) — G(U)‘%(HO,H) < Llu —v[?, (2.27)
Ro(1+ [u]),  |R(u) = R(v)| < Rafu — o], (2.28)

|G(u) ‘%(HO,H)

<
[R(u)] <

for some nonnegative constants K;, R;, i = 0,1, L and for every u,v € H (we can assume
that K; and L are the same constants as in (2.16) and (2.17)).
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2.4. Basic problem. Let X := C([O,T];H) N L? (O,T; V) denote the Banach space en-
dowed with the norm defined by

T 1
full = { sup [P + [ uts) s} (229)

The class A of admissible random shifts is the set of Hy—valued (F;)—predictable stochas-
tic processes h such that fOT |h(s)|3ds < oo, a.s. For any M > 0, let

T
Sy = {h e L2(0,T; Ho) : / Ih(s)2ds < M}, Ay = {h € A: h(w) € Sy, a.s.}. (2.30)
0

Assume that h € Ay and € € H is Fy-measurable random element such that E|¢|* < oo.
Then under the conditions (B), (GR), (2.16) and (2.17) in (S), Theorem 2.4 [9] implies
that there exists a unique (F;)-predictable solution u € X to the stochastic problem:

ut) = £— /O [Au(s) + Bu(s)) + R(u(s))] ds (2.31)
—l—/o (o +5)(u(s)dW(s) +/0 G(u(s))h(s)ds, a.s. for all t € [0,T].

This solution is weak in the PDE sense and strong in the probabilistic meaning. Moreover,
for this solution there exists a constant C':= C(Kj, L, R;, T, M) such that for h € Ay,

T T
B( swp fu)ft+ [ u@lPdt+ [ u@lfd) <01+ EEY. (232
0<t<T 0 0
Remark 2.3. In the case of 2D Navier-Stokes equations in a domain D C R?, we can
choose H as the space of divergent free 2D vector fields from [L*(D)]? (see [9]). Therefore,
the finiteness of the integral fo |u(t)||3,dt stated in (2.32) is a Serrin’s type condition. In
the case of deterministic Navier—Stokes equations this condition implies additional regu-
larity of weak solutions (see, e.g., [10]). For instance, they become strong solutions for an
appropriate choice of the initial data. However we do not know whether similar regular-
ity properties can be established for our abstract model without additional requirements
concerning the diffusion part of the equation.

2.5. Approximate problem. We also consider the evolution equation on the time in-
terval [0,7):

() = € /O [Au™(s) + B(u"(s)) + R(u"(s))] ds + / oW (s)dW(s)  (233)

—~n

—i—/ot&(u"(s))W (S)ds—/ot (Q+ 0)( d8+/ G(u s)ds, as.,

on
where W (t) is defined in (2.13). Let again h € Ay, £ be Fy measurable such that
E|¢[* < +o0.

n
First, since (W, ,t € [0,T]) is Ho-valued and (F;)-adapted, we check that the follow-
ing 1nﬁn1te dimensional Vers1on of the Benes criterion holds: for some § > 0 we have

that supg<s<r E((exp(5|W (s)]3)) < +oo. This is a straightforward consequence of the
inequality for some standard Gaussian random variable Z:

S E(exp (317 (s)[3)) < 1§]llnOgslgTﬂ*l(exp(éT222"\53‘(%) —ﬂj<s)\2))

IN

(IE(exp(éTﬁ1 2" \Z\Q)))n < 400
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for 6 > 0 small enough. Therefore for any constant ~y, the measure with density L), =

exp (*y fo (s)dW (s) — L fo ]W (s)[3 ds) with respect to P is a probability Q, << P,
such that the process

(W, (s) :== W(s) — AW™(s5),0 < s < T) is a Q, Brownian motion (2.34)

with values in H, and the same covariance operator ). Then Theorem 3.1 [9] shows that

W't = € [ LAu(s) + B () + Ru"(s)] ds + / 7 {(u" (5)) W (5
0 0

—/ (g—i— Q ds+/G s)ds, a.s.,
0

has a unique (F;)-predictable solution u™ € X which satisfies (2.32) where P is replaced
by Q. Therefore, u™ € X is the unique solution to problem (2.33) when ¢ = —vyo, and u”
also satisfies (2.32) with expected values under the given probability P, but the constant
C in the right hand side depends on the constants K;, L, R;, T, M, and in addition, it
may also depend on n.

To keep the convergence result as general as possible, in the sequel we only suppose
that & satisfies Conditions (DS) and that problem (2.33) is well-posed in X.

3. MAIN RESULTS

In this section we first state Wong-Zakai approximation results (see Theorem 3.1) and
then show in Theorem 3.2 how the description support can be derived from Theorem 3.1.

More precisely, let v and u™ be solutions to (2.31) and (2.33) respectively. Our first
main result proves that the X norm of the difference u" — u converges to 0 in probability.
This Wong—Zakai type result is the key point of the support characterization stated in
Theorem 3.2 below.

Theorem 3.1. Let conditions (B), (S), (DS) and (GR) hold, h € Ay for some M > 0
and & be Fo measurable such that E|¢|* < 4+o0. Let u be the solution to (2.31) such that:
(i) t — ||u(t)|| is continuous on [0,T] almost surely,

(ii) there exists ¢ > 0 such that for any constant C > 0 we have

E( sup lu()ll) < oo, (31)

0,7¢

where T¢ := inf{t : sup,<; |u(s)|* + fo |lu(s)||2ds > C} AT is a stopping time.

Suppose that for every n > 1 problem (2.33) is well posed and let u™ denote its solution.
Then for every A > 0 we have

T
lim ]P’( sup |u(t) — u™(t)[? +/ |u(s) — u"(s)||>ds > )\) =0. (3.2)
N0 N tel0,T] 0

The convergence in (3.2) allows to deduce both inclusions characterizing the support of
the distribution of the solution U to the following stochastic perturbation of the evolution
equation (2.1):

dU(t) + [AU(t) + B(U(t)) + R(U(t))] dt =Z(U(t))dW (t), U(0)=¢e H,  (3.3)

where E € C(H; Lg(Ho, H)) is such that conditions (S) and (DS) hold with 5 = o = E.
Thus problem (3.3) is a special case of problem (2.31).
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Let ¢ € L?(0,T; Hy) and p= = o be defined by (2.23) and (2.26) with 6 = 0 = =. We
also consider the following (deterministic) nonlinear PDE

3t%(t)+AU¢>(t)+B(%(t))+R(v¢(t))+%ga(%(t)) = E(vg(1))0(t),  vs(0) =€ € H. (3.4)

If B(u) satisfies condition (B) and R : H — H possesses property (2.28) we can use
Theorem 3.1 in [9] to obtain the existence (and uniqueness) of the solution v, to (3.4) in
the space X = C([O,T];H) N L2(O,T; V). Let

L={vs: ¢€L*0,T;Hp)} C X.
Our second main result is the following consequence of the approximation Theorem 3.1.

Theorem 3.2. Let conditions (B) and (S), (DS) with ¢ = 0 = E be in force. Assume
that R : H — H satisfies (2.28). Let (U(t),t € [0,T]) denote the solution to the stochastic
evolution equation (3.3) with deterministic initial data & € H. Suppose that conditions
(i) and (ii) of Theorem 3.1 hold for this solution U. Then suppU(-) = L, where L is
the closure of £ in X and suppU(-) denotes the support of the distribution PoU~!, i.e.,
the support of the Borel measure on X defined by u(B) =P{w : U(-) € B} for any Borel
subset B of X.

Remark 3.3. Both Theorems 3.1 and 3.2 are conditional in the sense that they provide
an approximation of the solution u or the description of its support when u satisfy some
additional conditions concerning its properties in the space H (see the requirements (i)
and (ii) in Theorem 3.1). We do not know whether these conditions can be derived from
the basic requirements which we already have imposed on the model. However they can
be established under additional conditions concerning operators in (2.31). For instance,
we can assume that the bilinear operator B possesses the property

(B(u,u), Au) =0 for u € Dom(A) (3.5)

(this is the case of 2D Navier-Stokes equations in a periodic domain, see, e.g., [10]) and
the diffusion coefficient o + & satisfies the estimate

’A%(U(U) + 5(“))’%Q(H0,H) < K(1+ HAl_‘SuHQ) for all u € Dom(A)

for some K > 0 and 0 > 0. Under these conditions we can apply It6’s formula to the norm
lu(t)||?> = |AY?u(t)]? and obtain that

IANTN

lu(t A ) |2 +2/0 " Au(s)l2ds = ¢ +2/0 (o + &) (u(s)dW (s), Au(s))

_ 2/0 TN(R(U(S)) + G(u(s))h(s), Au(s)) ds + /0 TN|A1/2(U + ) (u(s))lz ds

for an appropriate sequence of stopping times {7n} (see [9] for similar calculations). In
the standard way (see [11]) this implies that u(t) € C'(0,7;V) a.s. and

T
E{ sup u(t)” +2 |Au<s>|2ds} < o1 +EJg?)
t€[0,T) 0

for some constant C' > 0. Since V' C H, this implies the requirements (i) and (ii) in
Theorem 3.1. Unfortunately the assumption in (3.5) is rather restrictive. To our best
knowledge, in our 2D hydrodynamical framework it is only valid for 2D Navier-Stokes
equations with the periodic boundary conditions.

Other simple examples where we can apply Theorem 3.1 and 3.2 are the shell models
of turbulence. We can consider either the GOY model or the Sabra model, or else the
so-called dyadic model. Indeed, (see [9, Sect.2.1.6]) in all these models we have that
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|(B(u,v),w)| < Clu||AY?v||w|, Yu,w € H,Yv € Dom(A'?). Thus condition (B) holds
with H = Dom/(A?) for any choice of s € [0,1/4]. In particular we can choose H = H. In
this case conditions (i) and (ii) in Theorems 3.1 and 3.2 trivially hold.

In the Appendix (see Section 7) we show that conditions (i) and (ii) in the statement
of Theorem 3.1 can be also established under another set of hypotheses which hold for
several important cases of hydrodynamical models such as (non-periodic) 2D Navier-Stokes
equations and 2D MHD equations.

Proof of Theorem 3.2. The argument is similar to that introduced in [23].
In the definition of the evolution equation (2.33) let 6 = Z, 0 = 0, G = 0. Then if vy

is the solution to (3.4), where ¢ = W, is the (random) element of L?(0,T; Hy) defined
by (2.13), then we have that u" = v for u™ defined by (2.33). Note that is this case,

well posedeness of (2.33) in X is easy to prove on w by w. Under this choice of &, ¢ and
G for the solution u to (2.31), we obviously have that U(t) = u(t), where U solves (3.3).
Therefore the Wong-Zakai approximation stated in Theorem 3.1 implies that

ImP(jlv.. —Ullx >A) =0 forany A >0,
n W

where || - ||x is the norm defined by (2.29). Therefore Support(PoU~1) C L.

Conversely, fix h € L?(0,T; Hp), let n > 1 be an integer, 6 = —0 and G = 0 := =. Let
T : Q — Q be defined by

Th(w) = W(w) — W (w) + / h(s)ds. (3.6)
0

Then for every fixed integer n > 1, by Girsanov’s theorem there exists a probability
Q" << P such that T is a Q"-Brownian motion with values in H and the same covariance
operator (). Indeed, the proof is easily decomposed in two steps, using Theorem 10.14 and
Proposition 10.17 in [11].

n
First, since (W, ,t € [0,T]) is Hp-valued and (F;)-adapted, the argument used at the end
—n
of section 2 with v = 1 proves that the measure with density L} = exp < fOT W (s)dW(s)—

—n
%fOT W (5)|%ds> with respect to P is a probability Q; << P, such that the process

(Wi(s) :== W(s) — W"(S),O < s <t) is a Q; Brownian motion with values in H, and the
same covariance operator Q.
Then using once more these two results, since h € L?([0,T], Hp), the measure with

density L2 = exp <— fOT h(s)dWy(s) — % fOT |h(s)|2ds) with respect to Q; is a probability
Q92 << P, such that the process

Wa(t) = Wh(t) + /Ot h(s)ds = W (t) — W"(t) + /Ot h(s)ds

is a H-valued Brownian motion under QQ2, with covariance operator ). Clearly QZ = Qo.
Let U denote the solution to (3.3); then, since T can be seen as a transformation of

the standard Wiener space with Brownian motion W (t), we deduce that U(-)(T"(w)) =

u"(+)(w) in distribution on [0,7]. Thus Theorem 3.1 implies that for every ¢ > 0,

limnsupIP’({w | U(T7H(w)) —opllx < e}) > 0.

Let ng > 1 be an integer such that
Qo ({w : [Uw) —wnllx <e}) =P({w : |U(T;*(w)) —vallx <e}) > 0.
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Since Q"' << P, this implies P({w : |U(w) — vp|x <€) > 0 which yields:
L C Support(P o U_l).
This completes the proof of Theorem 3.2.

4. PRELIMINARY STEP IN THE PROOF OF THEOREM 3.1

Let M > 0 be such that h € Ap;. Without loss of generality we may and do assume in
the sequel that 0 < A < 1. Fix N > 1, m > 1 and X €]0, 1]. Let us introduce the following
stopping times which will enable us to bound several norms for v and u":

t
) = int {1502 swp o)+ [ Juo)Pds = N} AT,
sE[O,t} 0

t
72) = inf {t >0: sup |u(s) —u™(s)? +/ u(s) — u"(s)|>ds > )\} AT,
s€[0,t] 0

B]”(S)H v [n*% sup ‘Wn(s)

T,(L3) = inf {t >0: [sup sup
j<n s€0,t]

Hy

and

74 = inf {t >0: sup [Ju(s)|ly > m} AT.
s€[0,t]
In the sequel, the constants N and m will be chosen to make sure that, except on small

sets, T](\;) and 7',(714 ) are equal to T'; once this is done, only the dependence in n will be

relevant. Thus once N and m have been chosen in terms of the limit process u, we let
Ty = 7'](\}) A 7'7(12) A T,(Lg) A ’7’7221). (4.1)
(1)

One can see from the definition of 7" and T,s2) that
S[lolp ] (lu(s)? v [u"(s)[) +/0 (Iu()I? V [lu™(s)]|*) ds < 2(N + 1); (4.2)
se|0,m,

the definition of TT(L?’) yields

e ([sup i@l v [, ) ons )
(4)

Furthermore, the definition of 7;,” implies

sup |lu(s)||lg < m. (4.4)
s€[0,7]

We use the following obvious properties; their standard proof is omitted.

Lemma 4.1. Let ¥(t) = VU (w,t) be a random, a.s. continuous, nondecreasing process on
the interval [0,T]. Let Ty = inf{t >0 : ¥(t) > A} AT. Then

P(U(T) > X) =P(¥(1)) > A).
Let 7, be a stopping time such that 0 < 7, <T and IF’(T* < T) <e. Then
P(U(T) > A) SP(U(TAAT) > A) +e.

Apply Lemma 4.1 with 7, = 7 A7 A 7 and

¥(0) = sup [u(s) ~u P + [ uls) (5.
s€(0,t] 0
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Since a.s. u € C([0,7],H) and fOT lu(s)||* ds < +oo, the map ¥ is a.s. continuous and

(o < Ty {r{) < TIU{rP) < TYu{r® <7}

P
C { sup  Ju(s)[? —i—/o |u(s)|*ds > N} U { sup  Jlu(s)||y > m} U Q. (1),

SE[O,T](VI)] [O,T](\,l)}

where Q,(t) is given by (2.14). Therefore, by Chebyshov’s inequality, from (2.32) and
(3.1) we deduce that

P(r, < T) < CiN7H+ Co(N)Ym ™ + P(Q,(T)°) .

Hence, given € > 0, one may choose N and then m large enough to have C; N~ +
Co(N)m~™7 < §. Using Lemma 2.1 we deduce that there exists ng > 1 such that for all
integers n > ng, P(2,(T)°) < §. Thus Lemma 4.1 shows that in order to prove (3.2) in
Theorem 3.1, we only need to prove the following: Fix N, m > 0; for every A > 0,

lim IF’< sup |u(t) —u™(t)[* +/ u(s) — u™(s)|[>ds > )\> =0, (4.5)
=00 N ie(0,7mm) 0

where 7, is defined by (4.1). To check this convergence, it is sufficient to prove
lim [E( sup |u(t) —u"(t)|2) +E/ l[u(s) —u”(s)\|2ds} — 0. (4.6)
n—00 te[0,7] 0

The proof of this last convergence result is given in Section 6. It relies on some precise
control of times increments which is proven in the next section.

5. TIME INCREMENTS

Let h € Ay, € be an Fop-measurable H-valued random variable such that E[¢[* < oo
and let u be the solution to (2.31). For any integer N > 1 and t € [0,7] set

Gn(t) = {osgggt lu(s)| < N}. (5.1)

The following lemma refines the estimates proved in [9], Lemma 4.3 and the ideas are
similar; see also [12], Lemma 4.2.

Proposition 5.1. Let ¢, : [0,7] — [0,T] be non-decreasing piecewise continuous
functions such that
0V (s =koT27") < ¢n(s) < thn(s) < (s+kaT27") AT (5.2)

Jor some integers ko, k1 > 0. Assume that h € Ay and § is a Fo-measurable, H-valued
random variable such that E|¢|* < co. Let Gy (t) be given by (5.1) and u be the solution
to (2.31). There exists a constant C(N,M,T) such that

T
L= B [ g ) [102(9) — u(@a ()P ds < COMLTIZ (53
for everyn=1,2,...

Proof. We at first consider the case ¢, (s) =0V (s — kgT2~™) for some ky > 0; then

kg
In = E/O 15N(¢n(s)) [u(thn(s)) — 5‘2 ds + I,

where t, = ko727 and

T
I;L - E/,c 16N(wn(8)) [u(thn(s)) — u((ﬁn(s))‘st'

0
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Therefore, using the definition (5.1) one can see that
I, < CN7T2_n + Irlz'
Furthermore, It6’s formula yields

¢'n(5)
U (8)) — u(Pn(s 2=9
[ (s)) — w(én(5))] /¢ B

so that I = 21956 I, ;, where

Pn(s)
n(s)

T ¥n(s)
Iy = 2E</tk0d81 N (Wn(s)) /%(S) (u(r) —u(dn(s)), (o + &)(U(T))dW(T)D

Lo = 5 Tdsl "o+ ) ) dr)
m2 o) [ Lo %)

T Pn(s)
Ly = 2E( / A515, (o) /Q5 . (Gu(r) Alr) , u(r) = u(én(s)) dr),

Ing = —2E< /Td81GN(1pn(s)) /d)f:;)<A u(r), u(r) — u(¢n(s))> dr),

Is = —2E< /Td81GN(wn(s)) /d):b:;)<B(u(r)), u(r) — u(en(s))) dr),

I = —2E</Td31G (n(5)) /(::)S)(R(u(r)), u(r) — u(qﬁn(s))) dr).

)

(u(r) = uba@)du(r)) + [ o+ ) ur)fE

Clearly Gy (¢n(s)) € Gn(r) for r < th,(s). This means that |u(r)| V [u(én(s))| < N in

the above integrals. We use this observation in the considerations below.
The Burkholder-Davis-Gundy inequality and (2.16) yield

T Pn(s)
L < 6 / ds /%(5) |<o+&><u<r>>|%Q1@N(r> [u(r) — u(én(s))? dr)

IN

tky Pn(s)
This implies that

|I,1] < Cn /OT |t (s) — (ﬁn(s)]l/Q ds < CNT ko + k1272,
In a similar way using (2.16) again we deduce that
ol < O [ 10a(5) ~ 6u(5) ds < ONT (R 4 k)2
The growth condition (2.27) ylelds

(s+k1T27™)
|1,.3] <C’N/ ds/ r)|odr <CN/ ds/ |h(r)|odr,
n(s) 0V(s—koT2~™)

and Fubini’s theorem implies

T
|In 3| < CN/ |h(r)]odr2™™ < C(N, T, M)2™
0

NI

61/2(Ko + K1 N2) / dsE 1, 1) = u(n(s)) 2 dr)?

(5.5)

(5.6)

(5.7)

(5.8)
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Using Schwarz’s inequality we deduce that
T YPn(s) 9
fa < 25( [ dsig 0 | o L= IO+ R aon(DIT)- 6:9)
ko n (S

The antisymmetry relation (2.2) and inequality (2.7) yield
[(B(u(r), u(r) = u(én(s)))| = [(B(u(r)),u(¢n(s)))|
< %HU(T)H2 + Clu(r) P [[u(n(s)) 13-

Therefore,

s

T ¥n(s) 9
sl <E( /tkdﬂ@N(W) /(b I ar)
O n
n(s)

T p
+ 208 ( [ g, i lu@aloDl [ Jutr) ).

bn(s)

Using this inequality, (5.9) and (2.3), we deduce:

T
T+ s <E [ 15 o (@I 1(s) = éu(s)lds

the
g 4
+ ONE [ 145 g 100G (DI 15) = 6 (3)ds
k,
v 2 g 2
<CN.TE [ g, g (6 () Pds = CON.T2E [ (s b,
ko ko
Hence, this last inequality and (2.32) imply
In,4 + In75 < C(N, T) 27", (510)

A similar easier computation based on the growth condition (2.28) on R yields
T
|In,6| < 4RON(1+N)/ W)n(s) _¢n(5)|d8 < C(T, N) (kO +k31) 27" (5'11)
0
Thus by (5.4), (5.6)—(5.8), (5.10) and (5.11), when ¢, (s) =0V (s — kgT2™") we obtain:
T
T =B [ 16, 0,00 (6] = ulon(@) ds < COLMTRTE. (512)
In order to obtain (5.3), we need to improve the bound for I,, ; (see (5.6)). We make it
using (5.12) and we again assume at first that ¢,(s) =0V (s — koZ27"). Let us denote

by Xin(s) = (s+ (1 +1)T27") , the step function defined with the help of relations (2.11)
and set

(i 7) Tftkl Xi,n(s) 2

trg s+iT2—n
A T—tkl st(E+1)T27"
UACSRIES / ds E / La o [0(r) = u(én(s))[” dr.
t zn(s) N
ko Xi,

The inequality (5.5) implies that

il < O [ asE( [ 1,0 ) uoa(e)R i)
n1l < N S G 1) — ul(on(s r
try én(s) Grir)
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, ‘ 1/2
< COng27"+ CN,T{ Z (I,(f’f) +I,(j’+)> } : (5.13)
—ko<i<ky
For any r from the interval [s + 727", x; »(5))[ we have 7, = X; n(s)); therefore

' T—tkl Xi,n(s)
76 < 2/ dsu-z[/ Lo lu(r) = u()? dr
thg s+iT2—n N

FT2 g, o[ (5)) = u(@n()P?]
Thus, using Fubini’s theorem and (5.12) we can conclude that

IT(Li,*) < C(N, M, T)273n/2‘

Similarly
‘ T—ty, s+(i+1)T27"
it < 2/ ds E[/ Ly (r u(r) = u(z,)[* dr
n N(r) n
tkO Xi,n(s)

T2, o[ (9)) = u(dn ()] < C(V, M, T)2 772,

Hence (5.13) implies I,,; < C(N, M, T)2-37/4. This inequality and the above upper
estimates for I,,; with ¢ # 1 prove (5.3) in the case ¢, (s) = ¢} (s) =0V (s — kgT27"). In
the general case, we can write

L (o (s)) [1(8n(9)) = ul(6n(5))
< 2 (L o 1408 (9) = w0 (DI + 155, 0 [4(6n(5)) — w(@ () )

this concludes the proof of Proposition 5.1 for functions ¢,, and 1, which satisfy (5.2). O

We also need a similar for the time increments of the approximate solutions u".

Proposition 5.2. Let ¢y, 1, : [0,T] — [0,T] be non-decreasing piecewise continuous
functions such that condition (5.2) is satisfied for some positive integers ko and ky. Fiz
M > 0, let h € Ay and £ be a Fo-measurable, H-valued random wvariable such that
E|¢|* < 0o. Let u™ be the solution to (2.33); for N > 0 set

G (t) = {oi?;t " (s)| < N} N {/Ot [u™(s)|2ds < N} N (), (5.14)

where Q,(t) is defined in (2.14) and let 7, be the stopping time defined in (4.1). There
exists a constant C(N, M, T) such that

I,=E /O Lan (6n () 14" (n () — W (dn(s))|> ds < C(N, M, T)n??273m/*  (5.15)

for everyn=1,2,...

Proof. We use the same idea as in the proof of Proposition 5.1 and at first suppose that
On(s) =0V (s — koT27™) for some ko > 0. Let ty, = koT2™"; then we have

I, <Onp2 "+ 10, (5.16)

where

=B [ oy 0" Wn(s) = (G s (5.17)

n/\tko
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It6’s formula applied to |u”(.) — u"(¢n(s))|? implies that I/, = > 1<i<6 I..i, where

i " ()
T — 2E / A5, (1) / ) on(), o ()W (),

n/\tko n (S

- Tn wn(s)
In72 = E/ dSlGn (s / ]U(u"(r))]% d?”,
e, R [ o

n

Ls = QIEJCﬂl dslG%(¢n@>)]Qw”“)(u“(r)—-u"<¢n<s», G ()W (r)) dr,

n/\tko n (8)

~ n Yn(s)
Ing = QE/T dslan (i (s)) /¢ (u"(r) —u"(Pn(s)), G(u"(r))h(r)) dr,

n/\tko n (8)

- Tn ¥n(s) 1
Ins = 2E /T dslas (on(s) / (w"() = u"(@n(s)), (0 + 30~ R)(u"(r))) dr,

n/\tko ¢n(s)

- Tn Yn(s)

Ing = —QE/ dSlG’]{,(wn(s))/ o (u™(r) — u™(dn(s)), Au™(r) + B(u™(r))) dr.
Tn/\tko n(S

Estimates for I~n72, I~n74, fn,5 are obvious. Indeed, we can first extend outward integration
to the time interval [ty,,T] and then use the growth conditions (2.16), (2.24) and (2.26).
This yields the estimate

|Ini <C(N,T)27™, i=24,5. (5.18)
Note that (5.18) holds as soon as 0 < 1, (s) — ¢pn(s) < C27" for some constant C' > 0, and
does not require the specific form of ¢,. Schwarz’s inequality and Condition (B) imply
—(u"(r) = u"(¢n(s)) , Au"(r) + B(u"(r))) < Cullulen(s))I* + Colu(r)*[[u(én(s))l3

< Collu(@n(s))II* [1 + u(r)*lu(én(s))?] -

Therefore, if ¢, (s) = (s — tg,) V 0 we deduce

Tn

p Un (s
SlG" n (s /
~ (¥n(s)) on

ns)

5 )
nel < V.7 [ ™ (6 (s))|dr

Tn /\tko

n

< C(N, T)QnE/ 1G§{;(wn(s)) ||u"(5 — tko)H2 ds

Tn/\tko

(Tn_tk0)+
< C(N,T)2"E / u™ (s)|2ds

(Tn/\tk:o —tkg )t

< C(N,T)2"E / "l (s)|Pds < C(N, T)27" (5.19)
0

Using (4.1) and the upper bound of ¥, (s) — ¢, (s) (and not the specific form of ¢,,), we
deduce

~ n Tn ¥n(s) n

|In,3| < CNTL22E/ dSlG%(wn(s)) / |un(’l“) — u”(¢n(s))|dr < C(T, N)’I’L275(520)
Tn/\tko d)n(s)

Since for s < ¢t we have G},(t) C G%(s), the local property of stochastic integrals, the

linear growth condition (2.16) and Schwarz’s inequality imply that

n

‘in,ﬂ < Qﬁ(E/ d81G’]{,(1/1n(8))

tkO NTn,
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‘/fn . Lan ) (o(u™(r)), w"(r) — u" (dn(s))) dW(?“)‘2>%

YATn

¥n(s) 1
<207 ( [ [ iy L) o D 0) — o)) (520
o, 7)( /ds /w”(s l_C(N T)2 /2, (5.22)
n(S

The inequalities (5.16) - (5.22) yield for ¢, (s) = (s — tg,) V 0:
o= [ oy oo [ 0(6) ~ (00 () P s < CONM T2, (523)

In order to obtain the final estimate in (5.15) we need to improve the upper estimates
of I~n71 and I~n73. This can be done in a way similar to that used in the proof of previous
Proposition. One can easily see that (5.23) holds when ¢,, < v, satisfy the assumptions
of the Proposition and ¢,, is piece-wise constant. Then (5.20) and Schwarz’s inequality
obviously imply that
’in,?,‘ < CNn3/2273n/4.
Thus, to conclude the proof we need to deal with the improvement of I, 1. Let the function
¢n, be piece-wise constant; then given r € [¢,(s), ¥y (s)], we have ¢, (s) € {r —i27" :0 <
i < ko}. Therefore, using the inequality (5.21), Fubini’s theorem and (5.23) applied with
the functions ¢y, ;(r) = r —¢T2”" and 1, (r) = r we deduce
(rd+koT2 ™")ANT | 1

sl < WD) 3 E [Tty () = " (@nir) | ds)’

0<i<ko T
= 1 —3n/4.
S(k0+1)QC(N7M7T)n22 )

this concludes the proof of (5.15) when ¢, is piece-wise constant. To deduce that this
inequality holds for arbitrary functions ¢, and i, satisfying (5.2), apply (5.15) for ¢, (s) =
(s — tg, )n and either Py = ¢ Or Uy, = 1y, this concludes the proof. O

Proposition 5.2 implies that
B [logco (10(6) = w6+ 0(6) = (5, )2) ds < O N, M 227500 (520
where G\ (t) is defined by (5.14). This is precisely what we need below.

6. PROOF OF CONVERGENCE RESULT

The aim of this section is to prove Theorem 3.1. For every integer n > 1, 7, is the
stopping time defined by (4.1) and we prove (4.6). In the estimates below, constants may
change from line to line, but we indicate their dependence on parameters when it becomes
important.

From equations (2.33) and (2.31) we deduce:

—u(s)] + B(u"(s)) = B(u(s)) + R(u"(s)) —R(U(S))} ds

u"(t) =

— G(u(s))] h(s )d8+/ [o((u"(s)) — o(u(s))] dW (s)

+

+
%ﬁ%

YW (s)ds — &(u(s)) dW (s /0 0+ ) (" (s)) ds
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N

+ [ [ (6) = 5w ()] () ds. 61)
0

Let t,, and t,, be defined by (2.11), let &, denote projector in L?(0,7) on the subspace of
step functions defined by

(Enf)(t) = <T_12" t fs)d ) L, i l(t)

and let 6, : L?(0,T) + L?(0,T) denote the shift operator defined by
(G f)(t) = f((t+T27")AT) for tel0,T).
Using (2.12) and (2. 13) we deduce

/ ds—/ En [(6n110,9) u™(sy)) o I, | dW (). (6.2)
0

Hence

() = ult) = = [ [A@(6) =) + B (s) = Bluls) + R (5) = Alus)] ds
+ /O [G(u"(5)) — G(u(s))] h(s) ds + /0 (o + 8] () = o + 5] (u(s) ) WV ()

—n t

- 5 (5) - 5 )] (5) ds - / o+ 20) () ds + [ Sals) aWa),

0

where
n(s) = En [(8nlion) ()5 (u"(5,)) 0 Th] — &(u"(s)). (6.3)
1to’s formula implies that
OF +2 [ " (6) = ulo) s = =2 [ (B (6) = BGuls)) u"(s) = uls) ds

+2 /0 ( (G () = Glu(s)] h(s) = [R(u"(5)) = R(u(s))] , w"(s) — uls)) ds

+2 /Ot< [G(u™(s)) — 6(u"(s0))|W (s) — (Q + %@) (u"(s)),u"(s) — u(s))ds
+ /Ot\En(s)]%Q ds + 2/0t (En(s)dW(s), u"(s) — u(s)),

where Sn(s) = 2 (s) + (74 6) (W) = (7 + ) (uls)). (6.4)
Using (2.15) and (4.1), we have W, (s) = Wy(s) on the set {s < 7,,}; let
200 = [ (s), u(s) (o), (65
ZW(t) = Ot 1€ [(6n1p0.) (5)5(u"(s,,)) 0 TL | — 6(u”(s))|i@ ds,
20 = [ (1ot D) = (o 58) (6D o) — uls)) ds

The equation (2.8) with n = 1/2 and condition (GR) yield

|u"(t/\7'n)—u(t/\7'n)|2—|—/0 " [u™(s) — u(s)|Pds <2 > Z9 (A7) (6.6)

0<i<2
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#2 [ (24 VR + Bi+ Copallu)l) () = u(s) s

For every integer n > 1 and every t € [0, 7], set

tATn
T.(t) = sup |u"(s) —u(s)? +/ [u”(s) = u(s)||*ds. (6.7)
0<s<tATn 0
Using (4.4) and Gronwall’s lemma we conclude that for all ¢ € [0, 7]
ET,(t) < C E( sup |Z(s)]). 6.8
t=c 3 B sw |[206)) (6.8)

0<i<2

6.1. Estimate for ZT(LO). The Burkholder-Davies-Gundy inequality, equations (6.3), (6.4)

and (2.17) imply that for any 7 > 0 there exists C,, > 0 such that
tATn

20(s)]) <3E {/0 " (s) — u(s) P [Sa(s) 2, ds}

1/2

E< sup
s<tATn

<38 sup )l [ 2o, ]}

s<tATn
tATh 9
< nETu(t) + C"E</o Bn(s)l7, ds)
t
<nET,(t) +2C, EZW (A1) + 4LCy / E|u™(s A1p) — u(s ATyp)|*ds.
0

Thus if » = 1, (6.8) and Gronwall’s lemma imply that for some constant C' which does
not depend on n,

ET,(t) <C (IE sup ZW(s)+E sup {Z,(Lz)(s)‘). (6.9)

$<tATn s<tATn
6.2. Estimate of ZT(LI). The convergence of Z,Sl) is stated in the following assertion.

Lemma 6.1. Fiz M > 0, h € Ay and let Z,(f)(t) be defined by (6.5); then for fized N
and m we have:

lim E( sup ZW(tAT,)) =0. 6.10

Proof. For k = 0,...,2" — 1 let Q, = {ty < t A7, < try1}, where as above we set

tr = kT2™™. We consider Zr(ll)(t A Ty,) separately on each set €2, .
We start with the case w € Q,, ;, for £ > 2. Then (5n1[07t,\m]) (s) =1for s <tp_q and

Zy(Ll) (t A Tn) = /0 " {En [(5n[1[07t/\’rn}) (5)5(un(§n)) © Hn] B 5(un(5))‘iQ ds

IN

/t e 1 (s,)) o Th] — o (u" (5))|L,, ds

0<i<k—2 i

tk+1/\t/\Tn 9 9
=3 (15" (5,)) 0 Thal?,, + 7" (), ) ds.

k—1/\Tn

Thus using (2.16) and (4.2) we deduce that for some constant C' = C(Ky, K1, N,T) which
does not depend on n:

tit1/A\Tn
ZPEAm) <C2 4 S / 54" (5,)) 0 Ty — (" (5))17, ds
0<i<k—2”tiNn
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<C2" 42T sup  |5(u) oI, —6(u))l7,
[ul <2(N-+1)

tig1\Tn
vz 3 [ ) - s (o)), ds
0<i<k—2 7 tiNn
tATn
<C27"4+2T sup |6(u)oll, —5(u))|iQ —|—2L/ [u™(s,,) — u™(s)|* ds
|u|<2(N+1) 0

T

<C27"+2T sup |6(u)oIl, — 6(u))\%@ + 2L/ nlcms) lu"(s,) — un(s)‘Q ds,
0

[ul<2(N+1)

where G (s) is defined by (5.14). Furthermore, given w € €, 1 U Q,, 5 we have:
toANtATn
Z0@nm) < 20 () o, + 6, ) ds < €27
0
where C' = C(Ky, K1, N,T) does not depend on n. This yields

IE( sup ZD(t A Tn)> < C27"+2T sup  |o(u)oll, — 5(“)”%@
te[0,7) lu[<2(N+1)

$2LE [ gy () = u"(5) ds
0
therefore, (6.10) follows from (2.18) and (5.24). O
6.3. Estimate of ZT(LQ).

6.3.1. Main splitting. The identities (2.19), (2.13) and (2.15) yield

20nm) = 3 [ (B0 e) - 5 6576 ) — ue))ds

1<j<n
tATh 1
- / ((9 + 5@) (u"(s)), u™(s) — u(s))ds. (6.11)
0
For every j =1,--- ,n Taylor’s formula implies that

5i(u" (5)) — 5(u" (50)) = Dy (u"(sn))[u" () — u"(sn)]
1
+ /0 (1= p)dp{ D26 (u(sn) + ™ (5) = w™ (s0)])5 u" () = " (), u"(s) = " (s) ),

where (D%G;(v);v1,v2) denotes the value of the second Fréchet derivative D?G;(v) on
elements v; and ve. Therefore condition (2.21) and the bound (4.2) imply that for every
t€0,7],

ZO (AT | < To(t,1) + | 2P (1)), (6.12)
where
) =eN 1) Y [ ) - e I 6 - )l s
and o
7200 = % [ (050 )l s) — sl w6) —u(s)) B 6)ds

1<j<n

B /Ot/\Tn <(Q+ %@) (un(s)), un(s) _ u(5)>d5, (6-13)
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For G7%,(t) defined by (5.14), one has

T, (1) <Oy Y / " L o 1(5) — w ()2 6 (5)] " (5) — u(s)] ds.

1<j<n
Therefore, (4.1), the inequalities (4.3) and (5.24) yield for some constant C' := C(N, M, T)

IE( sup T, (t, 1)) < CN'Nn%Q%E/ nlg%(s) [u™(s) — u"(s,)|* ds < Cn®27 7. (6.14)
t€[0,7] 0

To bound Zy(?), rewrite u"(s) — u"(sy) in (6.13) using the evolution equation (2.33). This

yields the following decomposition:

ZP(t) = Y Tult,i), (6.15)
2<i<
where 6
2 = Y [ (Do ) Tl s ), 0 (s) — ) s
1<j<n 0
[ (e )@ en . ) uts)as (0.16)
with
To(s,n) = / o)AV ) + / n Fum ()W (r)dr, (6.17)
1<]Z<n/mm "(spn)) / Au"( dr} ﬁ] ( ), u(s) —u(s))ds,
1<JZ;H/ Da] sn))[/ B(u”(r))dr} B (s), u"(s) —u(s))ds7
W (t,5) 12;” / ' DJJ sn))[ / G(u"(r))h(r)dr} Bi"(s), u"(s) —u(s))ds,
1<JZ;H/ Da] sn))[/ R(u”(r))dr} B (s), u"(s) —u(s))ds7

with R(u) = R(u) + o(u) + 26(u). The most difficult term to deal with is 7},(¢,2) and
therefore we devote several separate subsections below to upper estimate it. Let us start
with the easier case 3 <17 < 6.

6.3.2. Bound for T),(¢,i), 3 <1i < 6. By duality we obtain
tATh - n S N
|T,.(t,3)| = Z ‘ B (s)(/ A1/2u"(r)dr, Al/? [Dc}j(u"(sn))] [u™(s) —u(s)])ds‘.
1<j<n 0 sn

Therefore, using (2.22), (4.2) and (4.3) we deduce that for every ¢ € [0, 7]

sup |Tu(t,3)] < C3(2N +2) an®/? 2"/2/ / [ (r Hdr) [u"(s) — u(s)|ds.

te(0,i]

For any n > 0, Schwarz’s inequality yields

t/\’rn Tn s
sup |T,(t,3)] < n/ |u"(s) — u(s)szs + Cn3/ / Hu"(r)”zdrds.
0 Sn

te[0,t]
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for some constant C' := C'(N,T,n). Finally, Fubini’s theorem and (4.2) imply that

IE( sup |Tn(t,3)|> < nTp(T) + C(N,T,n)n3 27", (6.18)
te[0,7)
Similarly, using (2.6) and (4.3) we obtain
([ [ B )], 105 ) ) - uls)) ds
o= 3 | [ sl e, )|
<Can3/22"/2/ / [u™ ()13, dr S H[DU]( H(sn )] [ (s) — uls)]|l -

Thus the inequalities (2.22), (4.4) and (4. yleld that for some constant C' := C' (N, m,T):

2)
E( sup \Tn(t,4)\) < C5(2N + 2)am?n32

—/ lu™(s) — u(s)||ds < Cn¥27%. (6.19)
t€[0,T) 0

Using (2.20), (4.2) and (4.3) we deduce

T (t,5)] < C1(2N + 2) an’/? 2"/2/ / G(u" )|dr> [u"(s) — u(s)|ds.
Therefore, (2.27), (4.2) and Fubini’s theorem yield for some constant C' := C (N, M, T)
E( sup |T,(t, 5)]) < Cnn? 2"/21[*3/ / \h(r)| drds < Cn3/?27™/2, (6.20)
te[0,7) 0 Sn
Similarly, relying on (2.24), (2.28), (4.3) and (4.2) we deduce
IE( sup |Tn(t,6)|) < Ck.pynn/227 /2. (6.21)
t€[0,T]

Thus, collecting the relations in (6.9)—(6.21), and choosing > 0 small enough in (6.18),
we obtain the following assertion:

Proposition 6.2. Let the assumptions of Theorem 3.1 be satisfied, T, (t) be defined by
(6.7); then we have:

ET,(T) < 7(N, M,m, T) + CE( sup [T,(t,2)]),
t€[0,7]
where imy, o0 Yo (N, M,m,T) = 0 and T,,(t,2) is defined by (6.16).
6.3.3. Splitting of T, (¢,2). Let T,,(¢,2) be defined by (6.16); then we have the following
decomposition:

= > St i), (6.22)
1<i<7
where
sy =35 () (D& (™ (50) T, 50), [0 () = u(s)] = [u"(50) = u(sn)] ) ds,

j=1"0

5u(62) == [ ((2+ 36 = (on-+ 52 (075 0"(5) = u(s) ).

5u(t:3) == [ ((en+ 52 (07(5) = (e + 580) (0" ()0 (5) = ) ) s,
Sulte) == [ (e 520 07 (s0)) [(5) = )] = " () = )]s
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Z /Mm ; DO'J( "(spn)) [/: [o(u"(r)) —o(u"(sy))] dW (r)

1<j<n

+ /Sn [G(u"(r)) —a(u"(sn))] Wn(r)dr] , u™(sp) — u(sn))ds,

Sn(t,ﬁ) = ATn Z 18_] DU] (Sn)) [o‘(un(sn))(W(s) - W(Sn))] - Qn(un(sn)) )
0

1<j<n

u"(sp) — u(sn))ds, (6.23)
S (7 = /Omrn( Z

1<j<n
u"(sp) — u(sn)>ds. (6.24)

The most difficult terms to deal with are S, (¢,6) and S, (¢,7). We start with the simpler
ones Sy (t,i),i=1,...,5.

—n

8" ()8 " (5u)) [ (50)) [ W )] - e (s

6.3.4. Bound for S, (¢,1). Let Z,(s, s,) be defined in (6.17); using (2.20), (4.2) and (4.3)

we obtain

|Sn(t,1)|<C1(2N + 2) an?/? 2"/2/0 TYIIn(S, sn)| (Ju"™(s) — u"(sp)] + |u(s) — u(sy)|) ds.

Thus for N, = [7"(Ju"(s) — u"(sn)[* + [u(s) — u(sp)|?) ds, Schwarz’s inequality yields

Tn 1/2
E( sup ]Sn(t,l)]> < Oy 02202 [EA]Y2 [E / yzn(s,sn)ﬁds} ? (6.25)
te[0,7 0

Since
EAG < E [ g (01G) — " sn)? + uls) = usn) ) ds
with G (s) defined by (5?14), using (5.3) with ¢, (s) = s, and ¥, (s) = s we deduce:
EN, < C(N, M, T)n%? 273/, (6.26)
Furthermore, the local property of the stochastic integral and (4.3) yield

E/n|I (5, 50)2 ds

2
< C/ [ ] ds
< C/ [ / Lan (r) \a(u"(r))\%@ dr 4 o n2E/ Lan (r) lé(u”(r))]iQ dr] ds.

Thus by (2.16) and the definition of the set G’ (s) given in (5.14), we deduce:

1G’" (o (u"(r))dW (r)

1G%(T)5(u"(r))W"(r)dr

.
E/ T, (s, 80)|% ds < C(N, M, T)n?27". (6.27)
0
Consequently the inequalities (6.25) — (6.27) yield

E( sup ]Sn(t,l)]> < O(N, M,T)n'3/4 2730/8, (6.28)
t€[0,T]
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6.3.5. Bound for S,,(t,2). The inequality (4.2) implies that

sup [Sp(t,2)| < C(N)T  sup  {l|on(u) — o(uw)| + [on(u) — o(uw)[} .
te[0,T] [u|<2(N+1)

Therefore, the locally uniform convergence (2.26) of p,, to p and p,, to p respectively yields
lim IE( sup | Sn(t, 2)|> = 0. (6.29)

n—00 te[0,T]
6.3.6. Bound for S, (t,3). The local Lipschitz property (2.25) and (4.2) imply

1S (£.3)] <2 ConsaV/N T 1/ u™(s) — u"(s0)| ds
0

n n n 9 1/2
<o) [y ") — s s]

where G (s) is defined by (5.14). Thus (5.24) yields

E( sup ysn(t,?,)y) < O(N, M,T)n3/*273/8 (6.30)
te[0,77

6.3.7. Bound for S,,(t,4). The local growth condition (2.24), relations (5.3) and (5.24),
and also Schwarz’s inequality imply

E( sup 15,(t.4)) < 2[?2N+2E/0m (" (5) — " (s0)] + [u(5) — u(sn)]) ds

t€[0,T]
_ Tn n n 1/2
< 2R 2 VT [E [ (lag ol (6) = " (50) + 1g, g uls) = u(s.) ) ds]
< C(N, M, T)n3*273/8 (6.31)

6.3.8. Bound for S, (t,5). The local bound (2.20) together with the inequalities (4.2)
and (4.3) yield

5.9) < Gy +9an2 [ [[ i) = ot saplaw
+‘ /8: [0(u"(r)) = & (u"(sn))] Wn(r)dr‘} ds.

Using Schwarz’s inequality, (2.17) and (4.3), we deduce

E( sup 5,(t5))) chn3/22"/2{ L= [ oo o) - ot o

tG[O,T} n/N\Tn

+a2n22”LE/

. , 1/2
/ |u™(r) — u”(sn)\dr‘ ds}
0 Sn

T SA\Tn
gCNn3/22”/2\/z{/ dsE/ Lan () (" (r) —u"(s W) 2 dr
0 s

n/\Tn

+a2n2TE/O ds/ " (r) — u"(s,)]? dr}

T SA\Tn
< Onn®?272\/L(1 + a®n2T) {/ dsIE/
0 s

1/2

1/2
e (o [u"() — " (50) 2 dr} .

n/\Tn
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Fubini’s theorem and (5.24) imply that

E( sup ]Sn(t,5)]> < VLC(N,T)nb?27/?
te[0,7

NI

Tn
x (E/ L o [ 0" (r) =™ (r) * + [w"(r) — w"(r,,) [ ] 27277 dr)
0
< C(N, M, T)n'3/*273n/8, (6.32)
Proposition 6.2 and the relations in (6.28)—(6.32) imply the following assertion:

Proposition 6.3. Let the assumptions of Theorem 3.1 be satisfied and let T,,(t) be defined
by (6.7); then we have:

ETo(T) < (N, M, m, T) +CE(tS[%pT Sn(t,6)] +tS[13PT]\5 n(t; 7)\)
S S

where limy, o0 Vi (N, M, m,T) = 0, S,(t,6) and S, (t,7) are defined by (6.23) and (6.24).

The upper estimates of S, (¢,6) and S,,(t,7) are the key ingredients of the proof; they
justify the drift correction term in the definition of u".

6.3.9. Bound for S,(t,6).

Lemma 6.4. Let the assumptions of Theorem 3.1 be satisfied and S, (t,6) be given by
(6.23). Then there exists a constant C(N,T) such that

E< sup |Sn(t,6)|) < O(N,T)n2"%. (6.33)
te[0,7)

Proof. For t € [0,T] set
ms) = B,"(s) Dér; (u" <sn>>(a<u"<sn>> [W(s) = W(sn)]),
=( 2 U = enluoa)) " on) - u(sn)).

We also have an obvious decomposmon

Z Un — on(u"(sn)) = Vn(i)(s)7

1<j<n 1<i<3
where (2.10) yields
VIO(s) = " Da;(u(sn))o(u(sn)) [W(s) — W(s,)] 8" (s),
1<j<n
Vi)=Y D Daj(u"(sn))ou(u (sn)) [Bilsn) = Bilsn)] 2'T 71 [8(s) = Bj(sn)]
1<5<n I#£j
V(3 Z Do j(u O'j( "(sn)) [Q"Tl (5J(§n) - 5]’(371))2 — 1:| .
1<j<n
The obvious identity
Ls<ry = Ysp<r} = Ysn<ra<s) (6.34)

yields the following decomposition, where G\ (¢) is defined by (5.14):

tATh )
$,0:6) = [ Bul®) 1oy ds = Y SV - S0, (6.35)
0

1<i<3
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with

t
Sy(;) (t) = /O ]‘{SnSTn}]‘GR;(Sn) (Vrgl) (8) 5 u"(Sn) — u(sn)) dS, 2 = 1, 27 3,

t
SWy = /O s <rn<st Lo (sn) An(s)ds.

We note that S%) (t) =0 for every i = 1,2,3 and ¢ < to.

Bound for 57(14) Set t_1 =ty = 0; using twice Schwarz’s inequality, we deduce

L1
E( sup |S(4 / 1 Tn Lan (s,) 1An(s)] ds
(te[o T] 0<kz<2n th {th—1<Tn<tp41} G (sn)
1/2 tet1 1/2
£ ) LT 5[ v )Y
0<k<2n 0<k<2m (27

N 1/2
< \/§{T2 E/O 16 (s.) ]An(s)\st} .
Schwarz’s inequality, (2.16), (2.20), (2.24) and the definition (5.14) of the set G (sy,) yield
n 2
Loy a1 < CV) (14 2 IW(s) = Wisnlo 16" (5)])

1<j<n

CN) (1+nIW(s) =Wy D2 13" (5)2)-

1<5<n

IN

Therefore, Schwarz’s inequality implies that for some constants C(N,T), ¢, co, one has:

E( sup |S((1)])

t€[0,T

< C(N,T)?2 n/2{1+n Z/ E W (s) — W(sn)|gr/z[E|Bjn(s)|4r/2ds}

1<j<n

1/2

< O(N, T)2*"/2{1 +n [ 155 ]1/2 [T*424"CQ2%] 1/2}1/2 <CO(N,T)n2"%.  (6.36)

Bound for Sy, o8 Using duality and Fubini’s theorem, we can write

SO = 3 / Lan<miLan o) B (5)

1<j<n

X/ ([Daj(u™(sn))o(u"(sp))]" (W (sn) — u(sn)), AW (r))ds
Z/ / Vsnsrylan s B ()

1<j<n
< (D5 (u" (s0))or(u" (sa))]" (" (50) = u(sy)) ds , dW(r) ).
Since ﬁ]"(s) is Fs = F, adapted for r < s <7, the process 57(11) is a martingale. There-
fore, the Burkholder-Davies-Gundy and Schwarz inequalities, (2.16), (2.20) and (5.14)
imply

E< sup \S(l <coE / Z / Lisp<rmtlan (sn) BJ ()

te[0,T) 1<j<n T
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1/2
x [Daj(u"(sn))o(u" (sn))]" (u"(sn) — ulsn))ds dr}
OO TN [ vy [ tonzrtonon 1070 <sn>><"<sn>>\2m‘]~"<s>\2ds}l/z
<C(N,T)/n2~ "/2 /dr > / 18;" (s)]? ds C(N,T)n27"/2 (6.37)
1<j<n r

BoundforSg). Forj=1,--- n,l#j,i=1---,2" =1, set

251(0) = (Do 1) (1)) , (1) (1)) s,y Tesg
and for k =3,---,2", let
M= > > > ®j(i- (t:) — Bi(ti—1)) (Bj(t:) — Bj(ti-1))-
2<i<k 1<j<n I#£j
Then the random variable ®;,(i — 1) is F,_, measurable, and since for [ # j the sigma-
field F,_, and the random variables 3;(t;) — 8;(ti—1) and B;(t;) — 5i(ti—1) are independent,
the process (My,F,,2 < k < 2") is a discrete martingale. Furthermore, for the cases
(a) i < ¢ and " # j', (b) i < iand l # j or (c) i« = ¢ and (min(j,!), max(j,1)) #
(min(5’,1"), max(j",1)), one has
E[®;(i — 1) @ p (i — 1) (Bi(t:) — Bulti-1)) (Bj(t:) — B;(ti-1))
X (Bu(tir) = Br(ty—1)) (Bjr(tsr) — By (ti-1))] = 0.
Therefore, Schwarz’s and Doob’s inequalities yield

E< M) <IE( M><4E M2,
yax Myl Jmax My ) < AE(Msn )

<12 3 Y SR 0 B0 - A0 B8 - el
2<i<2m 1<5<n I#£j
Furthermore, using (2.20), (2.16) and (5.14) we deduce that for every i, j,1
E(®;(i — 1)?) < g C1(N)? (Ko + K1N?) (2N)?,
which implies

< /2, .
E(zg}%n yMky> < CO(N,T)n?2 (6.38)

A similar easier computation shows that

IE( max sup | > > @k - M(ﬁz(ﬁc)—5z(tk—1))(ﬁj(tk)—5j(75k—1)‘>

2<k<2M ) <t<tpyq 1<j<n 14

(Qgc%n Z qu — 1) (Bitr) — 5l(tk—1))(,8j(tk)—/Bj(tk—l)D
1<j<n I#£j
<{E(mes] 3 SSeute -0 a0 (300 - si0[ )}
1<j<n I#j

IN

{ E‘ Z Z ®;1(k — 1) (Bi(te) — Bi(tr—1)) (B (tr) — @(tk,l)r) }1/2
2<k<2n  1<j<n I£j

{3 > S E@ulk - DHE(B(t) - Alte)[)E(8t) - Bi)[*) }

2<k<2n1<j<n I#£j

IN
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< C(N,T)n27"2. (6.39)

Furthermore,

E| sup |[SP@®)|| <E[sup sup [SP(t)]
t€[0,T] ko teltytpa]

tit1
< Eswp| 3 / Lon <oy L (o) (V2 (), 4" (50) — () ds

2<i<k

|

+Esup[ sup
k>2 “telty tyt1]

This inequality, (6.38) and (6.39) immediately yield

t
/ Lo erplan on (Vi (5), 4" (50) — u(sn))ds

E< sup \S,(LQ)D < C(N,T)n2" 2, (6.40)
t€[0,T]
Bound of 51(13). The argument is similar to the previous one, based on a different
discrete martingale. For ¢t =1,--- ;2" =1, j=1,--- ,n, set

(i) =T27" <D&j(u"(ti))aj(u"(ti)), u"(ti) — u(ti) gt <mny 1om )
Then ®;(i — 1) is F,_,-measurable and independent of the centered random variable
Yij =2"T7B;(t;) — ﬁj(ti,l){z — 1. Furthermore, for (i,j) # (¢, ') one has
E(®;(i — 1) Yy ®p(i' — 1) Yiryr) =0.
Using (2.20), (2.16) and (5.14), we deduce that for all 4,5, E(|®;(i — 1)[*) < Cyp 272"

For k=2,---,2" set
M- Y Y a0
2<i<k 1<j<n

The process (Nj, Fz, ) is a discrete martingale; thus Schwarz’s and Doob’s inequality yield
E(max ]Nk\) < 2{E(|Np[?))?

2<k<2n
1

S Y E@ - D)E(YR) ) < Onani2nE (641)

2<i<2n 1<j<n
Finally, a similar argument shows that

IT Nt —t) Y q>j(k—1)ykj()

1<j<n

<X [T on-omf)

1<k<2n  1<j<n
<( L EY |ot-1vif)’ <ow, izt (6.42)
1<keon 1<<n

The inequalities (6.41) and (6.42) imply that

IE( max sup
1<k<2m tp<t<tpi1

N

E( sup ]S,(L?’)]) < C(N,T)n% 277, (6.43)
te[0,7

Using (6.35) and collecting the upper estimates in (6.35), (6.37), (6.40) and (6.43), we
conclude the proof of Lemma, 6.4. O
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6.3.10. Bound for S,(¢,7).

Lemma 6.5. Let the assumptions of Theorem 3.1 be satisfied and Sy (t,7) be defined by
(6.24). There exists a constant C(N,T) such that

E< sup |Sn(t,7)|) < O(N,T)n?27%. (6.44)
t€[0,T]

Proof. For s € [0,T], j=1,--- ,n, set
07 (s) = D (sa)) [ su) (| W w0 )] 37
Bals) = (30 T70) = an(™(s0)) " (50) — ulsn).

1<j<n

We obviously have that

Z Un - _Qn( "(sn)) = ‘Z@(@?

1<5<n 1<:<3

where

= > D& (u"(50)5 (U™ (50)) [Wa(sn) = Wal(sn — T27") V0)] B;" (s),

1<j<n
TO(s) = 3 3 D (5™ (50))(5 — 50) () — Bulm)] S [85(50) — By(50)].

T

1<5<n I#j
TO6 = 3 s s oa)) [ s = s B(s) - Bon) - 3
" 8_1§j§n0]u Sp))oj(u”(Sn T28 Sn) 1B5(8y i (Sn 5|
Using (6.34) we deduce the following decomposition of S, (t,7):

S(t,7) = / T Au(syds = Y 8900 - 59 0) (6.45)
0

1<i<3

where

t ~ .
51(17') (t) = /t 1{SnSTn}1GR;(Sn) (VVSZ) (5), un(sn) - u(Sn))dS, 7= 1, 2, 3,
2

t ~
SWy = /0 s, <rn<stlan (sn) An(s)ds.

We note that S,(@Z)(t) =0fori=1,2,3 and t < t».
Bound for 5'7(14). The proof is similar to that of the upper estimate of 57(14)
inequality implies

IE( sup |§7(L4)(t)|) {2T2— > / o Len ()

t€l0,7] 0<k<2n—1

. Schwarz’s

st}m.

An(s)

The inequalities (2.16), (2.20), (2.24), the definition (5.14) of the set G};(s) and Schwarz’s
inequality yield for t; < s < tg1o:

An(s)] < 1 +n

~ 2
Lep @) (

F Y 15" eP):

1<5<n
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Therefore, Fubini’s theorem and Schwarz’s inequality imply

E( sup $0(1)])

t€[0,T

<CNT2 ”/2{T—i—n Z Z

1<j<n0<k<2n “tr-1

<Cnp2{1+n2 3 S E

1<j<n 0<k<2n te—1V0

<CNT2 2{1—1—712 n Z Z /

1<j<n 0<k<2n 7tk 1v0

lkt1

- n 1/2

16 (s)ds}

ar / " wpas] }
r)!édr] : [/:Hl E\Bjn(s)]‘lds} %}%

Since for every s € [0,7] we have E‘W s) |3 < C(T)n*22" and E|ﬁ]"(s)|4 < O(T)2%, we
deduce the existence of some constant C(N,T') such that

/SW

thy1

IE( sup |9 )) C(N,T)n22""/2, (6.46)
t€[0,T]

Bound for ST(LI). For j=1,...,n let

21(5) = 1o, <ry Ly (o) (D5 (0" (5,)) [0 (3)) (War(s,) = Wasa))] s 0" (s,) = uls,))-

Then ¢;(s) is F, measurable and for ¢ > t3,

= X [Tese s Y =TT - ) () - ),

1<j<n 1<j<n

For fixed j the process (;(t)(B3;(tk1) — B;(tk)), 0 < k < 2") is a martingale increments.
Therefore, the Burkholder and Schwarz inequalities, (2.20), (2.16) and (5.14), yield

E( sup [5(1)])

t€[0,T

1
<cf / > wilots} + CB( 3 mas oo 95 ten) = (00
1<j<n 1<5<
1

T 9 5
< Cwr{nB [ Wals,) = W) s}

+OngE{n 3 Walt) = Walt )R8 (ter1) — 85t}

1<k<2n 1<j<n

NI

< CN,T\/E[T% + { Yo > EWalte) = Walte-1)[3EIS; (trr1) — Bj(tk)!2}

1<j<n 1<k<2n
< C(N,T)n27"/2, (6.47)

Boundforgr(f). Fori=1,---,2"-1,5=1,--- ;nand [ # j set

O;(i) = 22" T 1y, <ry lam o, )(Df}j(u"(ti))&z(un(fi))a u(t;) — u@z‘))-

Then ®;,(i) is F, measurable and since for I # j, F, ., B;(t;)—B;(ti—1) and By(t;)—Bi(ti—1)
are independent, if one sets Z; (i) = (Bi(t;) — Bi(ti—1))(Bj(t:;) — Bj(ti—1), the following
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process (Mj,2 < k < 2") is a (F;,) centered martingale:

tz+1

M= > ) Z/ D, (i — 1) (s — ;) Z;,(i)ds

2<i<k 1<j<n I#j ti
Ty 2 2 Buli = DZ(0).
2<i<k 1<j<n l#j
Furthermore, if i <’ and I’ # j/, or i’ < i and [ # j, or i = ' and (min(j, 1), max(j,1)) #
(min(j’, 1), max(j’,1')), one has E[‘ij,l(i—l)ZjJ(i)éj/’l/(z”—l)Zj/J/(i’)] = 0. Hence Doob’s,
Schwarz’s inequalities together with (2.20), (2.16) and (5.14) yield

E< M) <E( N )<4EM2n_
55, M) < B, masg, IML7) < 4R (M)

<or2 0 T S CE(10,6 - DP)E(Bi(t) — Biti-)P)E(18;(t:) — B(ti-1)[)

2<i<2n 1<j<n 1#£j

< C(N,T)n27". (6.48)
A computation similar to that performed in (6.39) proves that
E( max  sup / (k—=1)(s—tr)Z l(k:)dsD (6.49)
2<k<2M ) <t<tgyq 1S5en 12 t Js 7,

<7 3N S E(%uk - 1)P)

2<k<2" 1<j<n I#j
X E(I6i(tk) = Bi(te—1) P)E(18; () — 8 (te-1)2) }
The inequalities (6.48) and (6.49) yield

E( sup 159@)\) < O(N,T)n2""/2. (6.50)
t€[0,T]

NI

< C(N,T)n27 2.

Bound for Nﬁf’). Finally, fori =1,--- ,2" —1land j=1,...,n, set

() = Lgsny Loy (D" ()" () , u”(t) = u(t:)),
22n

j(l) = /t o [TQ (s — ti)(,@j(tﬂ_l) — ﬂj(ti))2 — %} ds.

Then the random variables Z; (i) and ®;(i) are independent, E(Z;(i)) = 0 and E(Z; ()%) <
Cr272". Furthermore, for (i,5) # (7,5), B(®;()Z; (1) P, ( )Zj(i")) = 0. The process
defined for £k = 1,--- — 1 by Nk = Zl<z<k Z1<J<n ( )ZJ( ) is a discrete (‘Ftk-H)

martingale. Doob’s and Schwarz’s inequalities, (2.20), (2. 16) nd (5.14) imply that

Bz 590) < B(, g 1)

—i—E( max  sup ‘ Z éj(k)/tt [?Ti:(s—tk)(ﬂj(tlwrl)_,Bj(tk)) ——} dSD

1<k<2m tk<t<tk¢+1 1<j<n

) B 1
< CE(‘NQ” 1‘ )2 + <2”n | ax 1I%1Ja§XnIE(<I>j(k‘)Q)E(Zj(k)Q)) ’

gc(mn max  max E(®;(k)?)E(Z;(k)? )) < C(N,T)n?27%. (6.51)

2<k<2n 1<j<n
The relations in (6.45) — (6.51) conclude the proof of Lemma 6.5. O
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Now using Proposition 6.3, Lemmas 6.4 and 6.5, we obtain (4.6); this completes the
proof of Theorem 3.1.

7. APPENDIX

We consider some additional properties of the solution to (2.31). The aim of this section
is to introduce some more properties on the coefficients o, 5, G and R which will ensure
that the property (3.1) holds. Let C denote a constant such that

lu| < C|lu||,Vu € V. (7.1)

7.1. Exponential moments.

Proposition 7.1. Let h(t) € Sys be deterministic, suppose that the operators G and o+ &
are uniformly bounded and that the linear growth of R is small enough, i.e., there exist
positive constants Ko, Ry and Ry such that:

G2 0. < Koy (0 + 3w, < Koo |[R(u)| < Ro+ Rolu| with o < 02 (7.2)

for everyw € H. Let u(t) be the solution to (2.31) such that the initial condition has some
exponential moment, i.e., Eexp(ag|é|?) < oo for some ag > 0. Then there exist constants
a1 €0, apl, Bla) >0 and ¢; > 0,7 = 1,2 such that for 0 < a < a1 and t € [0,T):

Eexp <a!u(t)]2 + ﬁ(a)/o Hu(s)H2ds> < ertteME exp(a/¢)?). (7.3)

The same estimate holds for Galerkin approximations u, of u with constants cy,co which
do not depend on n.

Proof. Let 09 = 0 4 &, ®o(t) = exp (afu(t)|?) and ®(t) = Po(t) exp (ﬁ f(f ||u(s)||2ds>. By

It6’s formula we have for every t € [0,T7:

a0(0) = (Bl Poo(e)it+ ()] exp (5 [ u(s) )
and
Ao (t) = ao(t) | 2(ut), du(t)) + oo (u(t)) [}, dt + 20l (u(t) u(t) e
Therefore, if I(t) = 2a [ ®(s)(u(s) , oo(u(s))dW (s)),
a0(t) = ()]~ (20— Allu®) +20( = Ru(®) + Glu@®)h(t) u(t) + aloo(u(®) 3,
202 o (u(t)) (), | dt + 1(2).

For any integer n > 1, let 7, = inf{t : supg<,<; [u(s)]* + fg |lu(s)||*ds > n} AT. Then we
have E(I(t A 1,) = 0 for t € [0,T]. Since |u(t)| < C|lu(t)|, if Ry from (7.2) is such that
Ry < C~2, for oy < ag small enough and 0 < a < ag, we have 1 — (R + 2~ aK()C? > 0.
For 0 < 8 < B(«) with () small enough, and for e small enough, Fubini’s theorem
implies:

tATh
sup E®(s A 7,) < exp(alé?) + E/ ®(s)[Roe ™" + Koe |h(s)[§ + aKo) ds
0<s<t 0

t
< exp(alé?) + /0 E®(s A Tp) [Roe_l + Koe Hh(s)]2 + oK) ds.
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Since ®(. A 7,,) is bounded, Gronwall’s lemma implies that there exist constants ¢, co
depending on Ky, Ry and « such that for every t € [0,7],

sup sup E®(tA7,) < exp(alé]?) exp(eiT + caM).
n 0<t<T

Using (2.32) and the monotone convergence theorem, we conclude the proof by letting
n — 0. U

7.2. Properties in 7. Now we are in position to state the conditions which guarantee

the validity of conditions (i) and (ii) in Theorems 3.1 and 3.2.

Condition (BS+) Let condition (B) hold with H = Dom(A'/*) and suppose that there
exists a constant K > 0 such that for u € H:

1 1
Aot )2 oy + 143500 oy < KL+ ) (7.4
Condition (GR1) There exist constants Ky and Ry such that for every u € H:
1 - 1 -
| ATG (W)L (11, 11) < KoL+ [[ull3y) , [ATR(u)| < Ro(1+ [Jully) - (7.5)

Proposition 7.2. Assume that conditions (BS+), (GR1), as well as (2.16) and (2.17)
from condition (S) are satisfied. Let the hypotheses of Proposition 7.1 be in force and let
u be the solution to (2.31). Assume in addition that E||¢||3, < co. Then there exist ¢ > 0
and g, > 0 such that

E(ess [8017171% Hu(t)H%) + IE(‘ /OT |A3/4u(7')|2d7"q*) < 00. (7.6)

Proof. We consider the Galerkin approximations u, and, to ease notations, we skip the
index n. Let 0p = 0 + & and for t € [0,7] set

I(t) := sup 2
0<s<t

/O t (Adoo(u(r))dW (r), Aiu(r))' .

Using Ito’s formula for ||u(t)||3, = |AY*u(t)[?> and usual upper estimates, we deduce that
tos t 1
suplfu(s)lfe+2 [ 1A () ds < 3+ 2 | |(Blu(s).u(s). Atuo)]ds

+I(t)+ /Ot4K(1 + |lu(s)|3,)ds + 2 /Ot|(—R(u(s)) + G(u(s))h(s), AY%u(s))|ds.
The inequality (2.6) and condition (GR1) imply
[(B(u,u), A2u)| < Collullp[ull| A¥*u] < [A¥*uf? + CF 272 |lulf|lull?,
|(=R(u) + G(u)h, Au)| < co(1+ [hlo) (1 + [|ullF,),
where ¢y depends on Ky and Ry. Hence, for X (t) = sup{|ju(s)||3, : 0 < s < t}, we deduce

X(t) + /0 Abu(s)Pds < €2 + 1) +¢1 + /0 [1+ [B(s)lo + [lu(s)|?] X(s)ds, (7.7)

where the constant ¢; depends on K, Ky, Ry, T, M and ¢y depends on Ky and Ry. Gron-
wall’s lemma yields

X(0) < [er+ €1+ 1)) exp (o2 /0 [1+ [h(s)lo + lu(s)]?] ds).
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This implies that for § > 0:
5 2 2571/2 t ) 1/2
EX(WF < COLT) [B (e + I+ 10)7 | [Eexp (2620 | fruts)Pas)|

Thus Proposition 7.1 implies that for § small enough we have:

1 1
E|X(1)]° < C(M,T)E[exp(2¢28/¢[*))]* [1+E|é[I3, +EL(t)]*
The Burkholder-Davies-Gundy inequality, relations (7.4) and (2.32) yield

1

EI1) < 6E /0 A4 () 1AV o+ B)(u(r) E, dr

t 1
< OB{aK [ funl (1+ Jutr)IR) dr} < e, K.C).
0
Thus there exists constants ¢ > 0 and ¢ := ¢(K, T, M, C) such that

sup E< sup |lun(s )||3{> =c < 400 (7.8)
n>1 0<s<T

for the Galerkin approximations u,. As n — 400, after limit transition we deduce that
the first term in the left hand-side of (7.6) is finite.
To prove that the second term is finite as well, note that (7.7) implies that for every n:

t t
| 1Ak un(o)? ds < €€l 1) +cxess sup [un()e [ [+ B + un(9)]P] ds
0 0<s<T 0

Thus we can use (7.8) and complete the proof of (7.6) by a similar argument. O
We prove that the process u solving (2.31) belongs to C([0,T],H) a.s.

Proposition 7.3. Let the conditions of Proposition 7.2 be satisfied and let u be the solution
0 (2.31). Then the process u belongs to C([0,T],H) a.s.

Proof. Let 0g = o+6; then for fixed § > 0, we have e %4y € C([0,T],H). Indeed, (7.4) and
(2.32) imply that EfOT |Aie_5Aao(u(s))|%Q ds < 400, so that f(f e g (u(s)) dW (s) €
C([0,T],H). Since for § > 0 the operator e =94 maps H to V and V' to H, we deduce that
almost surely the maps At =04 fg [B((u(s))+ R(u(s))] ds and At 04 fg G((u(s)) h(s)ds
belong to C([0,T],H). Therefore it is sufficient to prove that

limE( sup [u(t) —e*Mu(t)H?f) =0 (7.9)

6—0 0<t<T

for some p > 0. Let Ts = Id — e~%4 and apply 1t6’s formula to || Tsu(t)||3,. This yields
t t
ITsu(®le =ITs€l, ~ 2 [ Atu(s)Pds +20(0) + [ 14 Tyou(u(o)E o ds
0 0

) /0 (Blu(s)) + R(u(s)) — Glu(s))h(s), AbTu(s))ds,  (7.10)

where I(t fo (A4T500( (s ))dW(s),A%Tgu(s)). The Burkholder-Davies-Gundy and
Schwarz mequahtles together with (7.4) imply that for any p > 0:

E sup |I(t)[”
0<t<T

IN

T ) p/2
Gy ([ rsuts)14* 7, ao<u<s>>r%st)
0

IN

1
3 E sup |[|Tsu(t)] </ |A4T600 )|LQ d5>
0<t<T
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Hence (7.10) yields for 0 < p < 1 the existence of a constant ¢, such that

T 1 p
B sup [Tyu(®)} < o I3 + | [ 143 Tso0 (o)) g
7 1 p
+ B( [ [(Bluls) + Aluts) = Gluls)ho). A3T3ulo)| as)'].

Since for every u € H, || Tsull%y — 0 as 6 — 0 and sups~ |T5|r3,2) < 1, we deduce that

if {¢} denotes an orthonormal basis in H, then ]A%Tgao(u(s))Qlﬂgok]Q — 0 for every k
and almost every (w,s) € Q x [0,7]. Since supg~g [le |3y < +00, (7.4) implies

1
sup | A Ts00(u)[7, < O+ |lull3,) € LH(Q x [0,T]).
>

Therefore, the Lebesgue dominated convergence theorem yields
T
E/ ]A%Tgao(u(s))]%st —0 as 6 —0.
0

Furthermore, using (2.6) we deduce

T 1 T 3
| (B, A u)|ds < € [ fu)luluts) 143 T2u(s)] ds
0 0

T 127 T 1/2
< Cesssup [u(s)u| [ o) as] | [ 1atzucoas]
(0,77 0 0

Thus, using Proposition 7.2 for p > 0 small enough and Hoélder’s inequality, we obtain
T L0 p 2p
E[ ‘<B(u(s)),A2T5u(s)>‘ ds] < C |Eesssup [lu(s)|7
0 ]

1/2
([ o))
« [E(/OT|A%T§U(S)|2d5)2p} Y C[E(/()T|A%T§u(s)|2ds>2p] i

Given u € Dom(A%) we have |A%T52u| — 0 as 6 — 0 while |A%T52u| < 2|A%u|. Hence the
dominated convergence theorem yields E[fOT‘<B(u(s)), A%Tgu(s»‘ ds]p —0asd—0. A

similar argument can be applied to the term fOT‘<R(u(s)) — G(u(s))h(s), A%Tgu(s»‘ ds.
Thus we obtain that (7.9) holds with p > 0 small enough. O

7.3. Examples of models. In Remark 3.3 we have already shown that Theorems 3.1
and 3.2 can be applied to periodic stochastic 2D Navier-Stokes equations and also to some
shell models of turbulence. The corresponding arguments involve either the additional
symmetry of the bilinear operator B (see (3.5)) or some additional regularity provided
by the discrete structure of shell type models. These properties are not true for other
2D hydrodynamical problems which we have in mind (see Section 2.1 in [9]). However
the properties stated in (7.2) and also in Conditions (BS+) and (GR1) provide us with
another set of sufficient hypotheses on the operators in (2.31) which guarantee the require-
ments (i) and (ii) concerning solutions in Theorem 3.1. They allow us to cover several
important cases which include:

e 2D Navier-Stokes equations with Dirichlet boundary conditions,
e 2D Boussinesq model for the Bénard convection,
e 2D MHD equations and 2D magnetic Bénard problem in bounded domains.
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For more details concerning the models mentioned in this section we refer to [9] and to
the references therein. In all these cases a direct analysis based on results of interpolation
of intersections ([28]) makes it possible to prove that Dom(AY*) is embedded into Ly
type spaces and thus (due to the considerations in [9]) the basic hypotheses in Condition
(B) holds with % = Dom(A'*). Thus we can apply Theorems 3.1 and 3.2 assuming the
additional properties (7.2), (7.4) and (7.5) concerning R, G, o and &.

Acknowledgments: We would like to thank anonymous referees for pointing out refer-
ences of related works on the Wong-Zakai approximation of infinite dimensional stochastic
evolution equations, and for valuable remarks.
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