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Abstract
We describe the asymptotic behavior of a filtration problem from a contaminated
porous medium to a non-contaminated porous medium through thin vertical fissures
of fixed height h > 0, of random thinness of order ¢ and which are e-periodically
distributed. We compute the limit velocity of the flow and the limit flux of pollutant
at the interfaces between the two porous media and the intermediate one.

1 Introduction

We consider a porous medium which is contaminated by some pollutant and which com-
municates with another porous and non-contaminated medium through vertical fissures
of height h > 0, of random thinness of order £ > 0, and which are periodically disposed.
Each of these porous media is given a e-periodic structure. Instead of considering a Stokes
problem in each of these porous media, we assume that the velocity of the fluid is governed
by a Darcy law with periodic permeability matrix.

The purpose of this work is to determine the influence of the fissures on the transport
of the contaminant into the non-contaminated medium, computing the global flux of
pollutant which penetrates in this non-contaminated medium and the asymptotic velocity
of the fluid which flows through the fissures.

Let © be a bounded, smooth and open subset of R?, with boundary I', such that

Qr = Qﬂ{x3>0}7§®,
QO = QN {ms < —h) #o.
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Let ¥ x {0} = 092N {x3 = 0}. X is a bounded and smooth subset of R?. We define

Iy = Tx{0},
F/: = XX {_h}7
Y, = {zeQ](x1,22) €3, —h<x3<0},
I+ = 9ON\IT,
I~ = 90\,
The domain 2 is thus equal to QT UTF UY,UT, UQ, .

Let (IT, T, P) be some probability space and (T (t)),.r be a group of transformations
on (I, 1), that is satisfying

teR

T(0) = Idy,
T(t1+t2) = T(tl)OT(tg) vtl,tz GR,
P(T'()A) = P(A) VAET,VteR,

where Idy is the identity map on IT and the set {({,w) e R x Il | T () w € A} is dt x dP
measurable, for every A € T. We suppose that 7" is ergodic (or metrically transitive),
which means that every A € T such that T (t) A = A, for every t € R, has a probability
P (A) equal to 0 or 1.

We introduce some random processes ¢ and r defined on R x II and satisfying the
following conditions:

1. ¢(t,w) is a stationary random process, that is, for every positive integer n, every
points ty,- -+, t,, every t in R, and every B € B(R), one has

PH{wlqt+t,w), --,q{t+t,,w) € B})
=P{wlqt, TMw), -, q(tn, T (H)w) € B}),

where B (R) is the Borel o-algebra on R. Since T' preserves the measure P, the

above equality implies that the joint distribution of {q (¢1),---,¢(¢,)} is the same
as the joint distribution of {q (t; +t),---,q(t, +t)}, for every ¢t in R.
2. The derivatives -4 and %X exist for m = 1,2, 3 and there exist non-random con-

e dtm
stants c¢1, ¢o and c3 such that the following bounds hold true with probability 1

dr
dtm

dq
dtm

J

0<e<q(tw) <<l |r(tw)]<1;

S C3, (1)
From the properties of T" and ¢, we derive the ergodic theorem (see, for example, [10]
and [18])
1 T
VneZ" :{(q"(0)) = lim ﬁ,/ q" (t,w)dt, (2)

almost surely, where the symbol (.) stands for the mathematical expectation with respect
to the measure P.
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Let (o (w));ez and (3; (w)),cz, be sequences of random variables satisfying
i (W) < ea; [Bi (W) < es, Vi€ Z, (3)

with probability 1, where ¢, is a non-random constant. We define, for every i, j € Z, the
fissure Y. ;; (w) as

Yo () = e R |ea; (—ePus) < a1 —ie <ea (—e%a3),
eij \W) = ca; (—e%x3) <y — je <eal (e 23) , 23 € |=h,0[

with 0 < e < 1,0 <80 <2/3and af (2) =r(z+0; (W),w) £q(z+a; (W), w) /2. Let
I (w) ={(i,j) € Z* | Y.;j (w) C Y,}. We also define the sets

F(—)"_EZ] (w) = aY;,ij (w)ﬂFaL, Pa—,e (CU) = (zg)e] (w OEZ] (CU)
iy (0) = oy @I, M) = U iy (@)
M@ = E\TLUTL) @) %) = 0 V()

Let Z =]—1/2,1/2[° be the unit cube of R? and assume that it can be decomposed as
Z =7Z'USUZ% where Z' and Z? are two disjoint, open and connected sets separated
by the smooth surface S (Fig. 1).

Figure 1: A 2D view of the periodic structure of the porous media.

We assume that Q* and €, are two e-periodic porous media which communicate
through the fissures Y. ;; (w).

Figure 2: The porous media and the fissures.
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(
O = otn( U (eZ2'+k QO = QO nl U (eZ2'+k
f S (eZ' +ke) |, Q% N S, (eZ' + ke) ),
Qs = QOF 7? Q. ° = QF A 4
] N kEUZ3 (8 + k{-j) ) h,s h N kéJZC* (8 + ]{;8) ’ ( )
SH = Qfn( U (€S+k:€)), S- = Q. n|( U (eS+ke)).
L keZ3 keZ3

We suppose that Q}L’a (resp. Q,:Jf) is the portion of Q (resp. ;) consisting of the
pores which are filled in with some fluid and Q¢ (resp. Q,:Lf) is the portion of QT (resp.
(2,,) consisting of the non-porous rocks. We suppose that

{GQZ’iﬂﬁYe (W) = T{ (),
I ENAY. (w) = T, ().

We define the fluid part of the domain as
0F (w) = Q7 U (T UY. UL, ) (w) UQ, 7.
Let f € C(QF), g" € L2 (QF;R?) and g~ € L? (€2;,;R?) be functions satisfying
supp (f) C QT and f >0 in QF ;5 supp (¢g7) C QF ;5 supp (97) C Q.
We consider in 2% (w) the reaction-diffusion problem with first-order reaction

—DAu, +v.-Vu, + Ru, = f in Q;(w),
u, = 0 onTHUT, (5)

ou
8n€ = 0 onSHTUS-UA.(w),
where wu. is the concentration of the pollutant, D = D,,, is the molecular diffusion

coefficient, R is a nonnegative reaction coefficient, n is the unit outer normal and v, is
the velocity of the fluid, which is the solution of the Darcy-Stokes problems

( MJF (K:)il Us,d - vPe,d g+ n Q}—’aa
o (Kg)il Ve,d — vPe,d = g 1in Q/:;;’
div(veq) = 0 InQ°UQ,T,
Veqg-n = 0 on 8(2}“5 U 89;; ur, (6)
—pe*Ave s+ Vp., = 0 inY.(w),
div(ves) = 0 inY:(w),
ves = 0 onA.(w),

\

with the following interface conditions
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e (Vers)s = (Vea)s on Iy, (W)U, _(w),
M528 (5);;)3 l25=0,~h = Ded — De,s on FtJ)r,e (WUT . (w),
2l ) on T ), "
\ pet e~ (K ), on Ty (),

where:

e v, g and p. 4 are respectively Darcy’s velocity and pressure in Q;{’e and Q;Jf,

e K and K_ are the absolute permeability matrices in Q;{’a and Q,_Uf respectively,

e ., and p. ; are respectively the velocity and the pressure of the Stokes flow in the
fissures,

e ut (resp. p, p) is the viscosity coefficient in Q}“E (resp. in Q,77, Y (w)),
o (vey), = ((ves); , (veys),) 18 the tangential velocity.

We suppose that the 3 x 3 matrices K and K are defined through the Z-periodic
construction: K = K% (x/e) and K = K~ (z/e), where KT and K~ are bounded,
symmetric and positive definite, and that u* and p are positive constants. In the above
interface conditions, (7); means the continuity of the mass flux through the interfaces
5. (w) and T'; _ (w), (7) represents the continuity of the normal stress through the corre-
sponding interface, and the two last equalities of (7) represent the Beavers-Joseph-Saffman
conditions on the tangential stress, with some nonnegative slippage coefficient 7 (see [3],
[6] and [15]).

We first describe the asymptotic behaviour of the solution v. of (6)-(7) using I'-
convergence methods (see [4] and [8], for the definition and the properties of this varia-
tional convergence). We prove that the asymptotic velocities v, (in Q%) and vy, (in Q;)
and the asymptotic pressures pj (in Q7) and p; (in §,) are linked through the Darcy
laws (25) in Q1 and €, respectively. We also describe the asymptotic behaviour of the
velocity v, s (see Corollary 10). We then describe the asymptotic behaviour of the solution
u. of (5) using the energy method. We prove that the flux of pollutant through I'§ is
given through (39)s3, while the flux through I'; is given through (39)s.

Homogenization theory introduced in the few past decades (see for instance [7] and
[12] and the references therein) gives powerful tools for the description of equivalent
media which are heterogeneous at a microscopic level. The homogenization of transport
problems of chemical products through porous media has been studied by many authors
(see for example [11] and [13]). A model of random fissures has already been studied in
[9] for a problem of radiophysics posed in Ry U (Uj€ZQ§ (w)) URS,, where Q5 (w) is the
j-th fissure and Ry, = {x € R* | 1, < —h}, Ry = {z € R* | 5 > 0}. We here adopt the
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shape of the fissures used in [9], that we extend to a 3D case, in order to model in a quite
realistic way the constitution of the soil.

The paper is organized as follows. In the following section, we introduce and study
the appropriate local coordinates inside the fissures. In the third section, we study the
convergence of the velocities. The fourth part is concerned with the asymptotic analysis
of the contaminant transport problem. We first deal with the case where R = 0. We build
the solutions of local problems in the neighborhood of the fissures in order to pass to the
limit in the original problem and study their asymptotic properties. The fluxes across ['§
and I',” given in this section are those obtained in (39)3 4, respectively, with R = 0. In the
last part of this section, we also consider the case of a dispersive contaminant (R > 0)
with random dispersion in the fissures (see Remark 17). We finally give the asymptotic
behavior of the fully reaction-diffusion problem. We here again introduce the solutions of
local problems.

2 Local coordinates in the fissures

In the fissure Y. ;; (w), (4, j) € I (w), we define, for a fixed event w for which the conditions
(1) and (3) are satisfied, £, = x1 —ie, £, = x9 — je, 2 = —ux3, and introduce the curvilinear
coordinates t € (0,h) and y1,y2 € (—¢/2,¢/2). Thus doing, the lateral boundary of the
fissure coincides with the planes y;, yo, = £¢/2. These coordinates are described through

ta) —ar (709 (5-m) =0,

9 (3
( + y2> —a; (5_92) (% — y2> =0, (8)

9t) =0.

Defining ¢, = &,/,(y = & /e and 7 = 7%, the orthogonality conditions of the
coordinates given through

®1,e<§17£2727917927t) = é
(I)2,€<§17£27z7y17y27t) = f

(I)3,e(§1>5272>?/1792>t) - Z_€0¢5 (g_

Q_;'_ @_"_

0P, .03, 0P, 0P,

o, 0(, 0z 0z
0By 0By OBy, O,

aC, 9C, = 0z 02

and the condition v, (0, 0, 5*975) = 7 imply the following Cauchy system
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) _ r G — a;r <w5)
05, (0 @) o a1,
¢, —(af (v.)) j(;e)_iai—e(@z)e)
G ar () )
%, _ «N%»@“%Efgwd> |
(s — (a7 ()’ ol (2%) - a; E(wg)
\ ’QZJE (0’0’67915) -

which has to be solved.

Lemma 1 1. The system (9) has a unique solution 1. (C, (s, t) = T + 1 (¢, 7) +
V2 (Cor ), with ¥2(0,7) = 92 (0,7) = 0.

2. For every k € N*, every ¢, (5 € [—k, k|, and every T € R, one has, when ¢ is close

to 0
,lvz)e (gla §27 t) = T + O (52(170)) ’
We _ 14 o200,
2 287—
8we 8 ,lvz)e 8 ws — O (52(170))
ac.’ orr aC.or

Proof. 1. Observe that a} (¢.)—a; (¥.) = q (¢. + o; (w),w) > ¢; > 0 and ‘(azi (¢€))" <

a=1,2.

c3, thanks to (1). One deduces that, for every k € N* and every (, (, € [—k, k], the
functions

() (o ) G e — ) e,
o) 60 i - ) S

are bounded and Lipschitz continuous with respect to ((;,.) and ((,,1.) respectively.
The Cauchy problem (9) thus has a unique solution .. The condition . (0,0,7) = 7
imphes we (Cla C27 t) =T + Q/Ji <C17 T) + 1/13 <C27 T)7 Wlth wi (07 T) = wg (07 T) = O

2. Thanks to the preceding point and to the hypothesis (1), the quantities @Z)i, wg,

a;;bf, g?s and aci%r are equal to some O (52(1’9)), a=1,2 =m

Lemma 2 The system (8) has a unique solution (& (y1,y2,t), & (Y1,y2,t) . Z (Y1, Y2, 1)).

Proof. The Jacobian A of the matrix Mm’f?”f) can be computed as

8(6176273
~ o, —/Cl_a;__ v G —ay
A= ém<@)®—@ @)@—@
o, _ /Cz_a;L n /C2_a;
¢,y <(aj) af —a; _(aj) af —a; |
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Thanks to Lemma 1, one has A =1+ O (52(1_9)), when € is close to 0. One deduces,
using the implicit function theorem, that the system (8) has a unique solution (f 15 €9, 2)
|

Thanks to the implicit function theorem, one has

[ 0¢, L, o o
5 - = S —a; 1— eq)a E(I).ez )
oy — 3 “Z)( aC, A, )
0¢, 2, O~
L 2 (af —ap) 2, 10
2%2 A (aj 661;]) aCz 7 ( )
1 2 1-9“%eF
Do Ze00teg
[ o1 N
where c N c -
~ N/ _a'i / —al
B o= () STy
(3 i C’l a/i
=~ INES 1 G2 —
o, = : R J
J (J)a;-_aj— (aj)a;y_a]
One also has
( IE I(at — a~ ~ >
98, _ (az_ a; ) 8%@&]‘7 0z _ igg_lﬁi/fe (af —ay)
Oy A ¢,y oy A ¢,
2 + — 1—%&) ; _
0,  aj —a; ac, ot 0z 2 , 00, | _
YR N o~ ;oo = =t (af - ag),
0y A e s A ¢,y (11)
e,j
¢, o
0y _ 2,0y 0z _ 10w, [ 1He P
ot A o ot Aor J ez
\ 8<2 :

Let (9ea8)q 51,23 De the metric tensor associated to the local basis defined through
the vectors (10) and (11). One has the following result.

Lemma 3 1. The metric tensor (geap) satisfies a symmetry property and the

following behaviour

gt = (@) () +O0 (D), gem = () (E*Gt)+0(52(1*9)),
Je.12 0(82(1_9))’ Je23 = O(E 1_0))
gers = O(277), gess = 1+0(20°9),

«,$=1,2,3

where g; (e7t) = q (et + o (w) ,w), Vi € Z.

2. The contravariant components (gg‘ﬁ)aﬁz123 of (gwg)a 5=123 satisfy a symmetry
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property and

v = — 40 (52(179)) L g® = 0 (52(179)) ’

g€12 = 0 (62 —0) ’ g€13 = 0 (62(1_0)) ’

g2 = 10 (82(1—9)) L gB = 140 (82(1—9)) .
Proof. Observing that

—q; (e_ez)—gqi (e7%)| = O(e27%),
62~ a ()| = o),
det (goap) = (a:) (7°) (@)" (7°) + O (£2079),

these formulas are direct consequences of (10)-(11). m
One deduces from the preceding results that the gradient of a function u expressed in
the local coordinates (y1,y2,t) inside the fissure Y, ;; (w) is of the form

3 1 8u 1 8u 8u

for some non-diagonal matrix O ( (1= 9))
Hence, using the formula Au = ﬁ a( |g|ga585u>, for o, 5 = 1,2,3, with |g| =
g

|det (gap)|, one has

1 J%u 1 J%u 1 a( ou
<(qi)25’(y1)2 (¢;)° 0 (y2)>  @q; Ot ot ( ( )

3 Study of the fluid flow

3.1 Existence of a weak solution and a priori estimates

We define the functional space

V. — veL? (Q5 (w);R?) | div(v) =0in Q5 (w), v |y.w€ H' (Y2 (w); R?), _
: v:0onA€(w),v-n:0on89}“€U8§2,;’;UT

V. is a complete space when endowed with the norm

1/2
= (102 ey + 10 a(or sim9) + 190 R nrany) -

[v]lv
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Multiplying (6) by ® € V., using Green’s formula and the conditions (7), we obtain
the following variational formulation

/ﬁ/m _ (KH) ™ vea - Oda + ,u/ (K2) ' veq - ®dx + uez/ V., - Vodz

; Q7 Ye(w)

—|—7/ (K;)_l/Q (UE,S)T ’ (q))q— dx’ + /7/ (Kz;)_l/Q (U&S)fr ’ <(I))T da’ (12)
rg. Dhe
Q}“E Q%

where ' = (z1,x2). Using standard arguments, we immediately deduce from this vari-
ational formulation that the system (6)-(7) has a unique weak solution (v.,p.) € V. X
L? (9. (w)) /R.

Lemma 4 There exists a non-random constant C independent of € such that

/ P dr < 082/ V.| da, / v.2dz < C,
Ye(w) Ye(w) Q2 (w)
/ |v5|2d:p'+/ > da’ < Ce?, 62/ \Vo|*dz < C.
F(J)r,s Lpe Ye(w)

Proof. Define the normalized fissure
(21,29, 3) € R? | a; (—e7%23) < 21 < af (—e%3), } (13)

Zeij (w) = { a; (_6—9553) < 29 < aj (—6_9563) , w3 € (—h,0)

For every ¢ € C'(Z.;; (w)) such that ¢» = 0 on the lateral boundary of Z. ;; (w), one
has inside Z ;; (w)

2
) aZL O 2
(v (57227373))2 = (/—8—:'/}1dzl> < ¢ (—570373) /_ (a—j}l) dzy.

Thanks to the hypothesis (1), one has the following Poincaré estimate

/ Y dzdzs < C/ |V|* dzydzs.
Ze,ij(w)

Ze,ij(w)

Defining z; = (z1 — €i) /e and z2 = (22 — £j) /¢, one gets the first estimate.

We replace ® by v, in the variational formulation (12). Since the matrices K and
K_ are bounded, symmetric and positive definite, we deduce, using the first part of this
Lemma, that

/ |v€7d|2dx+/ |vE,d|2dx+u€2/ |Vv5,5|2dx+7/ ‘(UE,S)T}de/
afe a5 Ye(w) rg

f h,f 0,e

+’7/ ’(v575)7’2 dx’ < C / g+ . ’U&ddl‘ —+ / g - ’U57dd$ ,
- Q}“E Q

—e
Fh,s h,f

10
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hence, using Cauchy-Schwarz inequality

1/2 1/2 1/2
/ lv|? de < C / |ve|? daz +C / |v.|? da <C / |ve|? da:
Q5 (w) Qfe O c Q5 (w)

f h,f

1/2
82/ Vo, |” dz < C (/ |v€\2daz> :
Ye(w) 5 ()

Using a trace theorem in the normalized fissure Z. ;; (w), we have

and

/ VP dzdz < C / (V| dzydzs,
07Z¢ ;5 (w)

Zeij(w)

which ends the proof. m
We now deal with the pressure. We define the extension p. 4 of the pressure p. 4 in the
solid parts of the porous media

Ped in Q7°UQ,7,
o 1
Ded —‘Zl|/1p5,d (acz+al)dz VzeeZ2+1e CcQrUQ;,, €73
Z

We define the zero mean-value pressures

( 1
+ 5 | 5 o4 in OF
P DPe,d |Ql+‘/g+p€7d X 1mn )
p; ’ﬁe,d T ’ﬁe,ddl‘ in Q]:,
2 | Ja;
Pe = Pes— o Pesdr in Y. (w), (i,7) € I (w).
LT T @l - 5

Lemma 5 There exists a non-random constant C' independent of € such that

/ Vpi[fde < C, / Vp[Pde < C, / (P)’dx < C,
or 2 Ye(w)
/ i)Y de < C. / o)Yde < C

o+ -

h

Proof. We multiply (6);2 by Vp. and obtain

/ |Vp5,d|2 de = _/ g+ : Vpe,ddx + MJr/ (K:)il Ve ,d * Vpe,ddxa
/ |Vp€7d|2 dr = —/ g~ - Vpeadr + ,u_/ (KE_)_1 Ved - Ve ade.
@, hf @,

11
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The boundary conditions (6),, the smoothness of g* and Lemma 4 imply
/ (V| de < C; / V- |*dx < C.
o+ 0

Using Poincaré-Wirtinger’ inequality, we have

/ v}) de < C<Q+>/ Vpel*de < C,
O+ n

(pr)*dz < C(Qh)f \Vp|2de < C.
o

Q, h
In order to get estimates on p-, we consider the problem

div, (®0) = P:(ez ez, 23) in Z. ;5 (w),
P = 0 on 0Z. ;5 (w),

where the fissure Z. ;; (w) is defined in (13). This problem has a unique solution @Y in
the space {(—A)f1 Vw | w e L? (Z.;j (w))} (see [17] for example), such that

/ (VOO dzdwy < C / (72)° dzdas, (14)
Ze,ij(w) Zeij (W)

where, due to the hypothesis (1), the constant C' is non-random and independent of e.

Let us define
e (92); (w1 — ie) /2, (w2 — je) /€, 23)
O (2) = [ £(DD), ((x1 —ie) /e, (22 — je) /2, 3)
(P2)5 (21 — ie) [e, (22 — je) [€, 3)
Then
div (0.) (2) = div. (80) (2) = P2 (2) in Yoy (),
o, = 0 on 9Y. ;; (w)
and, thanks to (14)
/ Vo, de < / VL dzdas < C/ (P2)? dzdas = %/ Pz (2))? da.
YE(UJ) Zs,ij(w) Zs,ij(w) € Yf(w)
(15)

Multiplying (6)5 by ®. in Y; (w), we get
pe’ / V. - Vo.dz — / (p= (x))* dz = 0.
Ye(w) Ye(w)

Using the inequality (15), we have

/yg(m (pe @) dw < € (/Ys(w) (= (x))Qde) " (EZ/YE(W) |va|2d:7c) 1/2.

Thanks to Lemma 4, we derive the last estimate in Y, (w). m

12
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3.2 Convergence

Observe the following result.

Lemma 6 1. For every ¢ € C3 (Y3), we have

¢ (21,2, 23) dz = h {¢*) /(p (2',0) da’, almost surely.
>

2. Let (w.). be a sequence such that sup, ng(w) (w.)? dx < +00. There exists a subse-
quence, still denoted in the same way, such that

liH(l] w-pdz = h{q*(0)) /w (2,0) ¢ (2/,0) da’, Vo € Co (R?) , almost surely.
e=0)y, () ”
Proof. 1. Define &, (y) = ei —er; (¢7%) — y1qi (7%) and &, (y) = ej —er; (e771) —

y1g; (e7%) where r; (e7%) = r (7% + B; (w),w) and ¢; (%) = q (et + a; (w),w).
According to the properties of the above-defined curvilinear coordinates, we have

}:g% Z /1; B QO(.[L'l,fL'Q,xg) dx

(4,)€l(w)” "5

(w)
= lim / / / §ic e (y), —t) i (5_915) q; (s‘et) dydt
e=0 €/2J —€/2J0

7])6‘[5

= }:ILI(I] Z / (ei,ej,—1) q (5’9t) dt

7.7 GIE

h e
— ll—{%z—:—@h </Ecp (:pl,xz, 95) dxld:pg) q* (s)ds

— hle) [e@ 0
)
where we have used the ergodicity result (2).

2. The sequence of measures (v.)_, with v. = 1y, dz, 14 being the characteristic
function of the set A, thus converges in the weak sense of measures, when ¢ goes to 0,
to the measure v = h(¢*) 1y (2')d2’. Using the hypothesis on (we)e, we deduce that
the sequence of measures (v.w.). has bounded variation. Up to some subsequence, the
sequence (v.w.), thus converges to some x, in the weak sense of measures. For every
¢ € Cp (R3), one has, thanks to Fenchel’s inequality

We 2 dv. > 2 | w.pdr, — 2dv...
(we) @ @
R3 R3 R3

Passing to the limit, we get

+00 > liminf/ (o) dve > 2 (xg, ) — / ©* (2/,0) dv.
R3 R?

e—0

13
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Thus
Sup{<><o,s0> lpeCo(RY), / 2 (2 0) d < 1} oo
RQ

Using Riesz’ representation theorem, we can identify x, with wv, for some w € L? (R?).
|

Remark 7 1. From Lemma 4, using the above result, we deduce that, up to some
subsequence

lim v. - ®dz = h (¢*(0)) /vf - ®da’, VO € Cy (I;R?),
P

e—0 Ye(w)

almost surely, and from Lemma 5, we deduce the existence of my € L? (X) such that,
up to some subsequence

lim Pepdr = /ﬂogody = h{q*) /7T0 (") p (2)da', Vo € Cy (2),
> >

almost surely, where ¥’ = (1, xs).
In the rest of the paper, we will no more indicate this almost surely convergence

where there is no doubt.

2. From Lemma 4 and the above computations, we deduce the existence of vy € L* (€;R3)
such that, up to some subsequence

velpre o wle=ly  wI2O5RY,

Wiy Dol D ORE),
lim v. - ®dr = h{q? /vo - ®dr’ VP e Cy (X;R?).
e—0 Ye(w) D

3. We set vy |[s=: vos. For every p € C3 (%), one has

Ozll_r% Z / div (v.) pdz = —ll_r}% Z / v. - Vipdx

(i) e (w)” Yorid () (ij)ele(w)” Yeuii ()

%

= h{¢*» / div (vo,r) pd’,
s
thanks to the estimates of Lemma 4. Thus div (vy ) = 0 in X.

4. It is easily seen that div (vafd) = 0 in QF and div (v&d) = 0 Q, . For every
p € CH(QT), one has

0 = lim div (ve) pdx = —lim ve - Vipdz + lim (ve)5 da’.
e—

e—0 |+, e—0 |+, +
QfE QfE I'oe

14
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Definition 8 A sequence (V)

Observe that
lim (0e)5 da’ = <q2 (0)>/ (vo,r)s oda’,
b

e—0 [+
FO,E

whence (v('{d)g sxq0y= (¢* (0)) (vo,r)5- In a similar way, but working in Y, ’;, instead
of A%, we have (U(Id)g sx{—nr= (a* (0)) (vo,f)s-

5. From Lemmas 5 and 6, we get, up to some subsequence

i ooon I (@),
E—
_ - 12 (0—
Pe Ty Po oL () (16)
lim peodr = h{¢? (O))/Woapdx’ Vo e Cy(2).
e—0 YE(UJ) »

We now set
v _{veLQ(mth;Ri”)\div(v):ommth, }
0 v-n=0onT*tUI'", v |sxo= (q? (0)) (vf)s = vs [ox{-ny |

Every function v € Vj can be extended in a function of L? (Y, (w);R3) independent

of x3 in Y; (w).

We define the appropriate notion of convergence for the problem (6).

. with V. € V. for every e, To-converges to some V € V)

Vs ‘Q}L,s 40 \%4 ‘Q+:I Vd+ w-L? (Q+; Rg) ,
e—
Ve |Q;”; v o, = Va w-L? (€3 R?)
lim V.-®dx = h{q*(0)) /Vf - ®dx’ VP € Cy (TR,
e—0 Ye(w) »

with Vi .=V |x.

We define the functional F. on L? (25 (w) ;R?) through

( ;ﬁ/ (Kj)lv-vder,u/ (Ke)lv-vdx+u€2/ Vol dz
+,€ —€
2 Oy Ye(w)

F.(v) = +7/+ (KNP ovpda’ + 4 | (K2) ™0, vpda
FOE Fh,s
ifveV,,
L +00 otherwise.

In order to describe the asymptotic behaviour of this functional, we consider the Z-

periodic solution @,f of the local Darcy systems

(K50 —Vrf = ¢ inZ' k=1,2,3,
div(®;) = 0 inZ%,
@lfn = 0 onlS,
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where (eq, eq, €3) is the canonical basis of R®. We then consider the Stokes system

—An, +VE, = e, inZ =(-1/2,1/2)*, k=1,2,
div(n,) = 0 in 2, (17)
n, = 0 ondZ,

where (e, e3) is the canonical basis of R?, and the local scalar problem

_Ano = 1 in Z/:(_1/271/2)27 (18)
no = 0 ondZ.

We define the 3 x 3 matrices K +, K ~, the 2x2 matrix Ky and the constant ko through

( A~
Kt = /1((132)le m,l=1,2,3,
K-, = /Z((IJm)ldz m,l=1,2,3,

1 (19)
(K¢),, = /Z(nm)ldz m,l=1,2,

ko = /Z\VnO\de:/nodz.
\ 7z 7z

One can prove that the matrices K* and K 7 are symmetric and positive definite (see
[16]). Our main result of this part reads as follows.

Theorem 9 Suppose that r is also a stationary random process. The sequence (Fy).
['-converges in the topology T to the functional Fy defined through

( PN PN
,u*/ (K*) vl -vidr + u/ (K*) vy v dx
o+ 05

h{g*) T (r) dat o YY) e
N B K s e ACOD

) /E ()2 4 (K7 ), - (o),

ifU € Vo,
| +oo otherwise,

" at(0) at(0)
where K** = f<§_(0)>> f<§_(0)>> K=* (21, 29,0) dzydzy.

Proof. For the definition and the properties of the I'-convergence, we refer to [4] and [8].
Upper I'-limit. Choose any smooth v € C! <Q+ UQ; R?’) N V. We define v |g+=:

vy, v lo-=:vg» v |s=: vy and build in Y ;; (w)

0 Ky p), (e, je,0) (0 2 da
( e,f)T h<q> /_}j?e,k,ij( )d 3 (20)

(v5)y (ig, je,0) [°
(,Ug,f)g - : hkfo /hne,o,ij (l‘) dl‘37

16
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where

) = gi (—e%3) (), (2 (21, 22, 23))
e iy (%) < q; (—8_956’3) (M)g (2 (21, 22, 73)) ) ’
Me,0,i5 () = ny(2(x1,72,73)),

with

Z(I‘l,xQ,x:{,) =

G (s) = q(s+ai(w),w),

1, being the solution of (17), n, the solution of (18) and K; and ko being defined in (19).
We then define the test-function v? through

¢ o ()((F) ), more
0 = o <§) ((k)lv;)j in th, (22)

v = vl in Y, (w).
One deduces from this construction that v0 |g+€ L? (QJ“E' R3), o2 e lo € L2 (Q,7; R?),
0 ly.w€ H (Yz (w);R?), 2 = 0 on A, (w), div(v?) = 0 in Q7 U Qh;, -n =0 on

983 (w) and

((K7) " vy), (ie, je, 0)
h{q)
Therefore v? € V.. Moreover v is independent of x3 in each fissure Y. ;; (w). Using
the ergodic result (2) and making some computations, one easily proves that (vg) . To-

converges to v.
We compute the limit lim._, F. (v?). We have

: 2 02 —
llir(l),ue /Ys(w) Vo|"de = hmue Z /“] |dx

(i,5)€le(w)

0
div (2?) = / div, (ne,kﬂ-j) (x)dxs =0, in Y. ;5 (w).
~h

o0 12
+ll—r>%/”bg Z - |V (v2),]” de.
(Zvj)els(w) 571J(w)
Using the expression (20);, we have

1

(4,5)€l(w (4,5)€lc(w

—h
0

i (@) X ((Kf)_1 vy), (i, je, O)/ @i (—e7%23) V., (2 (21, 22, x3)) ds

—h

X/Y ( Kp) ™o 1), (ie, je,0) /O (—ePag) Vg (= (21, 29, 23)) ds

17
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We introduce the change of variables (z1, 22) = 2 (21, 22, x3), where z (21, z2, x3) has
been defined in (21);, and get

hm,uz—: Z / |d:p

(,5)€le(w) ElJ(W ) ( 3 )
— 4l Yo . (i€,72,0) ((Ky) " vy), (i€, je, 0) )
“e”“(” — / / ( xvznk (2) - Vo (2) a5 (s a (—e~Vas) dodrs

Using the ergodicity result (2) and the definition (19); of Ky, the above limit is equal
to

Mh<ée>72>/z () vp) ((Kp) M vg),) (@) dx,/ Ve () Ve (2) 42

A [ ), o), e

because vy is independent of x3 in Y}. Using a similar argument, we have

limpe? Z / (vg)3’2dx:uh%/ ((Uf)g)Qd:c'.

e—0
(4,5)€le (w z

=4

On the other hand, observe that, for every 1 € C! (£2; R?) we have

~ -1
lim [ o0 ydr = / <<K+> v;) / O (2) dz -
e—0 Q}',E O+ ] 71
_ / -

dz,
at (0) +(0
lim [ K (z) -¢(x)de = lim Z / / KT (y,0)dy -9 (ie, je, 0)

e—0 r+ e—0
0,e (4,5)€l(

a"'(O
= / </ / KJr (21, 22,0) d21d22> -~ (2, 0) da’
E\J(a(0)) J{a(0))

i / (K)o e 4 e [ (K)ol - ode
ot Q

We thus obtain

lim
e[ w0, <vs>de'+v/ (K (00), - (02), de’

0,e

= /ﬁ/m(ffr) vy vdd:c—l—,u/( ) vy v dx

a2 [ (7 () ), ),

whence lim,_,o F. (v0) = F (v).
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For every v € V), there exists a sequence (v,,), C C! (Q+ Uy ]R?’) NV, such that

T12(0F 10— TR3
vmm_:)LOOU,SL (QtuQ,;R%). (23)
Building the sequence ((vm)g)s associated to vy, through (22), the sequence ((vm)g)6
To-converges to v,,, and using the above computations for smooth functions, we have:
lim,_,o F. ((vm)g) = Fy (vm). Hence lim,, o, lim._,q F ((vm)g) = Fy (v). Using the diag-
onalization argument of [4, Corollary 1.18], there exists a sequence (v2)_, v? = (vm(e))g
(m () =0 +00), such that (v?)_ To-converges to v, and limsup,_,, F. (v2) < Fp (v).
Lower I'-limit. Let (v}). be a sequence such that v! € V. for every ¢, and (v})
To-converges to v. We write the subdifferential inequality

€

,uEQ/ ’va}z dx > ,uEQ/ A% (vm)g’2 dx + 2#62/ V ()" - (Vol =V (vm)g) dx,
Ye(w) Ye(w) Ye(w)

(24)
where ((vm)g)s is the sequence associated to v, through (22) and where the sequence
(Um),, satisfies the conditions (23). Observe that

/ V (0m)? - (Vol = V (0)2) dov = — / A ()2 - (v} = (0m)?) da,
e i (W) eij (W)

because v} — (v,,)! = 0 on 9Y: (w) \ (T§. U I;,.) (w), and 83:3)2 leym0= A(vm)?
Then, using the ergodicity result (2), we have

11m2pL€/ V (v )0 (V! — V(vm)o) d
q2)(1/q 1 (o — o) (2 deda’
<% 1/ /%/” Kp)™ (vm),) - (0 = o), (2') dzd
h{q*) (1/q
zno Um (’U—Um) ($,)d2d$/,

whence

m—ooe—0

lim lim2u52/ V (vn)? - (Vol =V (vm)g) dx = 0.
=(w)

Recalling the inequality (24) and the computations built in the above case of smooth
functions, we have

lim infueQ/ Vol da
=(w)

i) [ (@)

(a)° /z (Kp) ™" (vp), - (v7), do’ + uh= = (1) /E ((v7),)" do.

Thus, computing in an easy way the liminf of the other terms in F. (v!), we obtain:
liminf, F, (v}) > Fy(v). =
Let us write the problem associated to the limit functional Fj.

> p

19
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Corollary 10 The solution (ve, p:) of the problem (6)-(7) verifies the following properties:

o (v.). To-converges to vy € Vo, and set vy |o+= vafd, Vg |Q;: Vg g5 V0 ls=vo,¢-

e (pl). converges to p§, s-L* (), (p7). converges to py , s-L* (Q,) and (16)5 holds

true.

) vafd, Vg.gs V0,f5 pa, P and o are solutions of the following problems:

i) in the regions Q% and §;,, one has the Darcy laws

( t (]?Jr)l vafd - Vpar
div (vafd)

-1
o (K) via— Vg
div (v&d)
(v(—]’:d)g |2><{0}
\ (va,d)g |Z><{_h}

i) on X, the velocity (vo ), is given through

(vo.s)3 (') = (pg (2',0) = py (2, =)

in QF,

in Q7F,

in § (25)
in §,

on ¥ x {0},

2 X {_h}7

ko

ph(g*(0)) (1/¢*(0))

(26)

and the tangential velocity (voy) _ satisfies the modified Darcy law

(q) h

Proof. Thanks to the properties of the I'-convergence, the sequence (v.)

LK) (o), + L ((K**)*l/2 + (K**)’”Q) (voy), + VT = 0 in Y,

div(voy), = 0 in X,
(vo).-n = 0 ondX.

< To-converges

to vy € Vo and lim,. g F. (v.) = Fy (vg), where vy is the minimizer of the problem

inf (Fo(v)—Q/ g+~vda:—2/ g-vd:c) .
veEVO Q+ Q

For every V € V{, we have the following identity

~ -1
,LL+/ <K+) Vo,d Vdx + M_/ (
ot Q

(¢*)

+uh—/ (Kp) ™" (vog), - Voda! + puh
b

(q)”

~

-

-1
) Vo - Vdx

L1/ [ (wng), Vad

+ <q2> 7/ ((K*+)—1/2 + (K*_)—1/2> (UO,f)T . Vde/

%

= g+~Vd:c+/ g - Vdx.

o+ Q;

20
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We infer the existence of a pressure pg (resp. py, 7o) in QT (resp. 2, ) such that

(¢*) (1/¢%)
k

Vpg - Vdz + Vp, - Vdz + h/ Vo - Veda' + ph
> 0

/ (’UO,f)3 ‘/-?)dx/ = 07
Q+ Q =

which implies, because V' (resp. V;) is divergence-free in Q1 U, (resp. X)

(¢*) (1/¢*)
Ko

/ (— (pf{ (2',0) — pg (2, —h)) + ph (v07f)3) Vadz' + h/ won - Vodo.
) o5

This gives the result. m

4 Study of the transport problem

Let us now consider the transport problem (5). In this section, we will describe the
asymptotic behaviour of the solution wu. of (5), when ¢ goes to 0, distinguishing between
the cases R = 0 and R # 0.

4.1 Existence of a weak solution and a priori estimates
We define the space
Hps e (Qf () = {ue H* (25 (W) J[u=0onT*UT"}.

Lemma 11 1. The problem (5) has a unique weak solution u. € H}
which is nonnegative in Q5 (w).

rror- (927 (@)
2. There exists a non-random constant C' which is independent of € such that

/ (u.)de < C ; / \Vu.|* de < C.
05 (w)

2 (w)

3. There exists a linear and bounded extension operator P* : H' (Q5 (w)) — H' ()
and two non-random positive constants C7 and Cy such that

P"S’U/E fry ue Zn Q? (CLJ) 9

/|P5u6\2d1’ < C’l/ u.|? dz,
Q Q5 (w)

f

/|VP€u5|2dx < Cg/ |Vu5|2dx.
Q Q?(w)

21
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Proof. 1. Using the standard variational methods, one proves that the problem (5) has a
unique solution u. € Hj, - (Q? (w)). Multiplying (5) par (u.)” = min (0, u.) and using
Green’s formula, one has

D ‘V(ue)‘Qd:ch/ (02 -V (ue)7) (o) dz+R (ue)7)* dz

Q5 (w) Q5 (w) Q?(w)

= f(ua)_dx < 07

+,e
Qf

because f is nonnegative. Because div (v.) = 0 in Q5 (w) and v, - n = 0 on 9Q5 (w), one
has
/ (ve - Vue) uedr = —/ (ve - Vug) udr = 0.
5 ()

05 ()

We deduce that fﬂ;(w) ‘V(ug)ffdx + Rfﬂ;(w) ((u5)7)2dx < 0, thus (us)” = 0, in

Q% (w), hence u. is nonnegative in Q5 (w).
2. As already observed, we have

D |Vu|”dz + R (u.)? do = fudz.
05 (w) 05 (w) ofc
For R # 0, one deduces from this equality, using Cauchy-Schwarz’ inequality, that
2 2
fQ?(w) (u.)”dx < C and fQ?(w) |Vu.|"dx < C.
In the case R = 0, one can prove, using [2, Lemma 3.4], that there exists a non-random
constant C' independent of ¢ such that

/ (us)? dx < C/ V.| dz.
Q;(w) Q;(w)

Thus, using the above equality, we get the desired estimates.

3. This is a particular case of the result given in [1]. m

We will still denote by wu,. its extension P°u. to the whole €. From Lemmas 11 and
6, we deduce the existence of ugd € Hl (%) and vy € H}- (Q,:), such that, up to some
subsequence

Ue o+ 8:0 ug W—HILr Qh),

Ug |Q; st Uy W‘Hll— (Ql:) ) (27)
im [ wpde = (g (0) / uf (2,0) ¢ (&) do! Y € Co (5).
e—0 Yg(w) )

We intend to describe the problems satisfied by ud and ug , in their respective domains.
We now define the notion of convergence associated to sequences satisfying the above
convergences.

Definition 12 A sequence (U.),, with U. € H{. 1 (Q5 (w)) for every e, T1-converges to
U, with U |g+=: U* € Hpy (UF) and U |q-=: U~ € Hp (Q5,). if the convergences (27)
are satisfied, replacing ue by U..

22
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4.2 The asymptotic behaviour in the case R =0

In this subsection, we deal with the case R = 0. Using the boundary conditions (5)s3,
we consider the variational formulation of the problem (5)

V€ Hip (9 (@) : D /
Q5 ()

Vu - Vudz + / (ve - Vue) udr = fudz,
i

Q5 (w) Qf*

where v, is the velocity of the fluid flow, that is the solution of (6)-(7). We consider the
Z-periodic solution b; of the cell problem

Ab; = 0 inZ' j=1,2,3, (28)
(Vbj+e)-n = 0 onS

and the problem
Ac,, = 0 inZ m=1,2,
(Ve +en)-n = 0 ondZ'.

We define the tensors D and D* through

~ ob;
D, = D (|25, 1
j |Z*] ]_'_/Zlazi z),
801
DY, = D —dZ ).
ml 5ml+ Z/azm Z)

Let x5 (resp. x°) be the characteristic function of Q}L’a (w) (resp. €, (w)). We have
the following result.

Lemma 13 One has, up to some subsequence:
1. X5 DVu, —. 0 DVug, in L? (QF; R®)-weak,
2. X DVu. —._,0 DVug, in L2 (Q;,; R?) -weak,
3. lim._,o ng(w) DV u. - pdz = h{g*>(0)) [, D*V,u§ (2/,0) - pda!, Vo € C(Z;R?),
where V., ud = (M %>

Ox1? Oxo

Proof. 1. Let ¢ € C*(QF), b5 = eb; (/). Multiplying (5) (for R = 0) by x5b5¢, we
get

/mxirDVu6 . (ngbj + ijgo) dr + /

X5 e - Vuebipdr = / X5 SV ed,
o+ o+

from which we deduce that

lim [ x5 DVu.p - Vbide = 0. (29)

e—0 O+

23
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Observe now that, through (28)

/XiDV(cpug)-(Vijrej) dv = D/ X5 (Vb +¢;) ¢ - Vuodr
Qt+ Qt

+D | x5 (Vbj + ej) ue - Vdz
Ot
= 0.

Thus, taking into account (29), one has, up to some subsequence

lim [ x5 D¢(e;-Vu)de = —limD mxi (Vbj + €;) ue - Vipda

e—=0 Jo+ e—0

- ob; D
= —-D Z' 6 Ld / od
;O | J_'_/Zlazi z) m@aziuo v
3
0b; out
Z‘Z1 (‘ | ! +/Z1 82@ Z) o+ 81‘1'@ &

2. In a similar way than above, we get, for every ¢ € C2° (Q,;)

3 _

b, 0
lim [ xZDyp(ej - Vu.)dr = DZ (‘Zl} dij +/ 8—;dz at
i=1 Z1 Y%

e—=0 Jo—
Q

dzx.
Q;&Ui(px

3. We define the quantity c;,, m = 1,2, through
xy —ie —e (a; (—e%23) + aff (—e7%23)) /2
e _ £q; (—e%x3)
e () = {q(0)) em xy — je —e (a; (e Px3) +a (—e%23)) /2 |7
eqj (—e%z3)

Then, using curvilinear coordinates, the ergodic result (2) and making some compu-

tations as before, we get the result. m
Our main result in this subsection reads as follows.

Theorem 14 The sequence (u.)., where u. is the solution of (5), converges in the topology

71 to the solution (ug,uy) of the variational formulation

YV (ut,ut) € Hy, (7)) x HE () : | DVui-Vutde+ | DVuy - Vudz
Q+ Q;

+/ (vafd~Vuf{)u+dx+/ (voa - Vug ) u~dz
o+ ;

h

h (g (0)) / DV - Voutda! — h (g2 (0)) / ((v0), - Vrut) u do’

STy R Ty i ) P
= \Zl|/ futdz,

Ot

24
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where vatd and vy 4 are the limit velocities appearing in Remark 7 and pe and p, are the
pressures appearing in Corollary 10.

Before starting the proof of Theorem 14, let us introduce the constant ”vertical”
velocity (ve,;), in the fissure Y ;; (w), (4, 7) € I (w), defined as

ko

(Veiij)s = (Pdes; — Pocis) uh (@) (1/g2) (31)

where p(j)L,mj =pg (ie, je,0), Pocij = Do (i€, je, —h), pe and p, being the pressures defined
in Corollary 10 (compare to (26)). Inside the fissure Y; ;; (w), for every (4,7) € I. (w), we
define, for every u € C? (Q) satisfyingu =0on ' =TT UT~

Ueij (T1, T2, T3) = ut (21,29, 0)

. + 0 1 t(vs,ij)g
Jr(u (x1,x9, —h) — ut (x1,29,0)) fraE ey E— exp | ———p— dt
0

/‘ nd (_6_901% (—eop) P C%) dt ’
(32)

where ¢; (s) is defined in (21),. We finally define the test-function wug . through

ut(x) in QF,
Upe (T) = Ueyj () In Yo (w), V(i,j) € L (w), (33)
u” () in Q.

The properties of this test-function are gathered in the following result.

Lemma 15 1. One has:

( 0 Ot ;5
—D— | qq; (—* &t
g (q g (—e%x3) Do )(x)
_ ae,i' .
—(:45) (—e"23) (voij)s ax; (z) = 0 in Yeu (W),
Ueij (T1,72,0) = ut (21,22,0), on Par,g,@'j (W),
L Ueij (1,79, —h) = u” (x1,29,—h) on Ly cii (w).

(34)
2. For everye >0, up. € Hip oo (R (w)).
3. The sequence (ug.)_ T1-converges to u.

Proof. 1. This is an immediate consequence of the definition (32) of 4. ;.

2. This is an immediate consequence of the construction (33) of ug,, in Q" and in €,
and through the "boundary conditions” (34),3 satisfied by u . at the ends of the fissure
Yeij (w).
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3. From this construction, we deduce that (ug. |o+), (resp. (u(x€ |Q;) ) converges to
£

u™ (resp. u”) in H' (QF)-strong (resp. H' (£}, )-strong).
Moreover, for every ¢ € Cj (R?), we define

1 t<vs,ij)3
/qu e t) g (—e ) T (‘ D )%
A _/ 3 1 A
2 (w) U Weiij)g
/ v (=20 (=2 00) eXp( D )‘“

One has
limA, = li 1
SN Y N
0@ (—e7%) q; (—e7%) D
0 1
0 (o0 (_~—0
X/ o (ei,ej,x3) | 7o @l tt) (qé <,,)€ 2 ¢* (—e"x3) dx;
—h « £,47)3 dt
exp < —p
and
1
e = ‘ 1 t (v-35)
E—r E—r ..
(i,j)elg(w)/ - - exp (_ Ve ij 3) dt
0@ (—e7%) q; (—e%) D
0 1
0 — —
XEG/ © (52,5],595) c0eqi (—e70t) qj (—e7%) ¢ () dt
—he—0 t (Ue,ij)g
X exp D d

Thus

lim

E%O/Y'(UJ /

t (Vesij)s
ERACCU R N
hQZ <_8_6t) P < D

from which we deduce that

lim pug-dr = h{g*(0)) /u+ (',0)p (2',0)dz’
) by

e—0 YE(UJ

Thus the sequence (ug.)_ T1-converges to u.
Proof of Theorem 14. Thanks to the boundary conditions (6)47, we have

/ (v- - Vu) ug de = —/ (ve - Vug,e) ucdz.
7 (w)

Flw ;("J)
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Using Lemma 15 and the ” compensated compactness” result (see [14]), we immediately

deduce the following limits

lim [ (ve - Vuo)ugedr = / (vy - Vud) utdz,
o+

e—0 o+

lim (ve - Vug)ugedr = (Uo_d . Vua) u~dx,
e—0 Q; Q; )

upe being independent of € in QT U Q,. We then write

D/ Vu, - Vug dx — / (ve - Vuge) ucdx
e(w) e(w)
= D/ V., ue - Vg dr — / ((ve), - Vyuge) udz
Ye(w) = (w)

du. ’ 0
+D Ue uo’edx—/ (Ves) &uadx.
Ye (w) 8$’3 aZL'g Ye(w) I3

A direct computation gives

. 8’&5 8u0 e / ( 6u0 5> )
lim ( D “dx — Ves)a —— | Ucdx
e—0 < Yz (w) 8903 8903 Yz (w) ( ’ )3 8903

. 0u€ 6u€7ij aas,ij
= llin Z D —3qiqj — (05,5)3 8—333%%% dx

O(i,j)ejs(w) Ye,ij(w) Oxs Ox
4 Otc 5 Ol i
/ (—Da— (Qiqj%) — (UE,S)?’ %%%) uoda
(i,§)€l (w)”? Yoid (@) x3 T3 5
ou. ;
= lm - Z n a;] lzs=0 ¢iq;j (0) uda’
=0 (i7j)€IE(fJJ) FO,E,ij(w) 3
ou. ;
0 Z - < a;] ‘:vg—h) 4.4, (—h&? 9) u.dx’
(,5)€le (@) The,is (@) 3
Hence
lim | D Oue auo’edx— (Ve,s) % usdx
e—0 Ys(w)&rg aZL‘g Ye(w) $/3 aZL‘g

Z / ((Us,ij>3 - (Ue,s)g) ﬁ%%‘usdx

(i) ele(w)” Yo ()

= lim -D ) / (q@-qj (0) 8—553 |z5=0 U?) dx’

e—0 (ij)ele(w FO“J( w)
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Using (34);, we have

. 8uz—: 8uO € / ( auO z—:) )
lim ( D “dx — Ves)a —— | ucdx
e—0 ( Ve (w) 8373 8373 Yz (w) ( ’ )3 61’3

_ Dim (u™ (2',—h) —ut (2/,0))

0 0 1 t (Vi €
- (ivj)els(w) Fa:gaij(w)/ ) 7 eXp (_ <U€7 ])3) dt
0@ (—e7%) q; (—e%)

(u” (@, =h) = u* (2, 0)) exp (h (M)g) :

—Dlim E
0 - 0 B} e
)L (@) Treis @) / 1 exp <—7t G >3) dt

1 G (—e70) g5 (—e7%)

Introducing the change of variables s = — %, we get

/i ¢ (—E‘et)_chj (=) (_%) ”

h eh 1 0 (Ueij)g
_ - Weidls ) s =5 b (1/¢2
h/ qi<s>qj<s>e"p<” D ) s Sy )

using the ergodicity property (2). Thus, using the proof of Lemma 6, we get

lim (D Ouc loe . / ((UE,S)3 %) uadx)
e—0 Yz (w) 61’3 61’3 Ye(w) 61’3

_ h(%ﬁ/g (ug (0= — ut) — ug (4= — ut) exp <%%)) da.

We now compute, using Lemma 13

lim <D Vi ue - Vi dr — / ((ve), - Vyuge) uadx>
Ye(w)

e—0 YE(

= lim (/ D*Vrus ’ (vﬂ'u)o,s dx — / ((UE)T ’ (vTu>0,€> Uedl’)
Ye(w) Ye(w)

e—0

= b (0) [ DV - (T ) de = 1 0) [ (o), (Vo)

3

which leads to the limit variational formulation (30). =
The problem associated to this limit variational formulation (30) is given in the fol-
lowing Corollary.

Corollary 16 The sequence (u.)_, where u. is the solution of (5), T1-converges to the
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solution uqy of the problem

—div (DVuf ) +ug, Vi = (2] in QO

—div (ZA)Vua) + g4 Vg = 0 in Sy,
—DVu*- es
—h{¢*(0)) div, (D*Vug)

D ud (., 0
GO gVt = e (B0 4 ) ot 09

D*Vud -n, = 0 on 0%,

~ —D ug (., 0) ) _

DVu, -e3 = ————— 01 on I,

0T N 0) ( iy (—h) A '

ug = 0 on IT't,

L u, = 0 on '™,

+_ —
where A = exp (Dp° Po ko

_Po—Po ko gt -
B u)’ U |o+=:ug and ug \Qh S U -

Proof. This is an immediate consequence of the limit variational formulation (30). =

Remark 17 Consider the case of a dispersive contaminant with a diffusion coefficient
D (z,w) defined through D (x,w) = Do + Daisp (z,w) with

Ddisp (l‘, (,U) _ { Ddisp (SL’) » Zn Q+ U qu
Daisp (21, 02, —e %23 + a5 () ,w) in Yoy (w),

where (qij (w)); ;cz 08 @ sequence of random variables such that |a; (w)| < C, Vi, j € Z,
with probability 1, C' being some non-random constant. We suppose that D is continuous
with respect to the variable x and, with probability 1, dy < D (x,w) < dy, where dy and
dy are positive and non-random constants. We suppose that Dygsy 15 a stationary random
process.

Let u € C? (ﬁ) be such that w = 0 on I". We build the modified test-function . ;;
inside the fissure Yz ;; (w)

Ueij (71, T2, x3) = uT (21, 2,0)

0 (1)~ (a1,,0) [P el

3 Gi (—70) qj (—e7%) D, (—e~%)
+ 0

0
dt

9

/ exp (=t (ve,i7);)
8 () gy () D (e 7
where (D.) (8) = (Dot + Daisp (i€, je, s + vj (W) ,w)). Implementing this test-function in

the above process, one gets at the limit a problem similar to (35), except that (1/q¢*(0))
is now replaced by (1/D, (.) ¢* (0)), where {1/ (D.q? (0))) is the mathematical expectation

dt
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of 1/ (q*(t) Dy (., 1)), with respect to the measure probability P, and b; is replaced by the
Z-periodic solution b; of the problem

div(D (z)(ej + Vb;)) = 0 nZ' j=1,2,3,
(Vbj+e;)-n = 0 onbS,

and c,, by
div (D (z,w) (ém + V) = 0 inZ' m=1,2,
(Vem +en)-n = 0 ondZ.

4.3 The asymptotic behaviour in the case of a reactive contam-
inant (R > 0)

In this subsection, we consider the reaction-diffusion equation (5) with first-order reaction,
that is with R > 0 (see for example [5], [11]). We denote w,.;; the solution of the
differential equation

8 _ Jij _ awa,i’
—Da—x?’ <<Qin) (—8 91’3) s ) (553) - (q@'q]') (—5 6373) Us,ijang (56’3

)
+R (¢:q;) (—8_056’3) We i (56’3; i 0,
)

I
o

)
+R (¢:q5) (—5_0563) Zeij (56’33 = 0,
)

where v, ;; is the velocity defined in (31). We have the following estimates.

Proposition 18 There exist non-random positive constants Cy and C independent of €
and of © and j, such that:

1. Ve > 0, V(i,j) € L. (w), Yoz € [=h,0] : 1 < w.y(z3) < Cy and —Cylas <
Zeij (13) < Ch.
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2.V (i,7) € I (w), Yaz € [—h, 0]

ll_I}(l)lww (x3) —cosh( x3> = 0,

lim |2 5 (23) — <1/q7€ sinh (Ras )| = 0,

i ) 1) () s (*952) = i (Re)| = 0
\ lim 2L (x3) (q:gy) (= 23) exp (xgv“j>—cosh< xg) = 0,

where R = VR (2 (0)) (1/¢2(0)) /D.

Proof. 1. Multiplying the equations (36) and (37) by exp (z3v.;/D) and integrating by
parts the first term of these equations, we obtain the Voltera type integral equations

( R Ve ij
We 45 (l‘g) = / QZQJ ) exp ( b]> We i (5)

X /%:Xp< =)

(@%) (=)
o) = ([ @) (o5 e (550) 2 9)

S

(¢:95) (—e79C)

¢ | ds + 1,

dg,

\

(which can be solved by the method of successive approximations). Taking into account
the hypothesis (1), we obtain the first point of the Proposition.
2. Consider the integral equations

wij (z3) =

(@ (0)) (1/¢ (0)) / (g — ) wy (s) ds + L.
(@ (0)) (1/¢2 (0)) / (s — ) 2y (5) ds + 23 {1/ (0))

SlRTD

zij (v3) =

whose solutions are w;; (z3) = cosh (7/?\,1'3) and z;; (z3) = (1/¢*(0)) sinh (7/?\,1'3) /7/3\ re-
spectively. The differences w. ;; — w;; and z.;; — z; satisfy integral equations of Voltera
type. Using the ergodic result (2), we prove the convergences

lim [weij (23) — wi; (w3)] = lm 2235 (25) = 255 (23)] = 0,
uniformly with respect to z3 € [—h,0].

The last estimates for the derivatives follow from the derivation of the equations (38).
n
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Let u € C? (ﬁ) be such that u =0 on 't UT~. We here define the test-function . ;;
inside the fissure Y, ;; (w) through

u” (w1, 29, —h) —ut (21, 22,0) w.;; (—h)

Zeij (—h)

We finally define the test-function ug. in the same way as (33). It is easily proved
that the sequence (ug.)_ Ti-converges to u. On the other hand, we compute

Ueij () = u" (21, 29, 0) We i (23) + Zeij (x3) .

( Uo,e (37', 0) = ut (371, T2, 0) )
Ueyj (', —h) = u™ (21,20, —h),
Oug ¢ | u (wy, g, —h) —uT (21, 22,0) wey; (—h) 1
) Oy 7 ze 5 (=) 4:9; (0)’
U €
a—; |$3:—h = u* (1‘1, L2, O) wé,ij (_h)
3
- —h) —u" 0) we ;i (—h
+u (xlvx?v ) u <x17x27 )w7]< )Zé,ij (—h)
\ Zeij (—h)
We have the following result.
Lemma 19 One has:
. Oup
lim = om0 (2ig5) (0) uf do
e=0 It () O3
(id)Ele(w)” To.cas@) 708
—1 / R ( _ n ~
= — u~ — uT cosh (Rh)) ug da’,
(1/¢2(0)) Jsginh (Rh) ’
O
lim cloe |x3f—h (QZQj) (hg 6) Ue do
€20 . (W) 073
(i.4)€le(w)” Theis @)

-1 R _ 5 + o —Po ko) _ .,
- T o (Rn) (oo () =)o (i ) o

Proof. Using the estimates of Proposition 18, we can replace, when ¢ is small enough,

weij (~) by cosh (RR), 2 (~h) by = (1/q (0)) sinh (RR) /R, w.; (~h) by the quan-

ity — Rl R sinh (R ma ity eplo/D) (o
Uty =T (e Ty Sinb <Rh) and 2L; (=h) by the quantity TR Y475 cosh (Rh).
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Thus

0u07€

Ozs |les=—n (¢:45) (hfe)

ut (xl_, To,0) w;’ij (—h) N L
= +u ($1, T2, —h) ;u (86;51’2, O) We i 5 (—h) zé@'j (—h) (qiqj) (h& )
exp (hv.;;/D) R
(9:95) (=%h) (1/¢*(0))
u” (1,29, —h) —u™ (21, 29,0) cosh ( Rh
~ | -Rr ( ) ( ~ ) ( ) (@ig5) (he™*)
(1/ (0)) sinh (Rh)
exp (hve /D)

(¢:q;) (e7%h)

sinh (ﬁh)

—ut (21, x9,0)

cosh (ﬁh)
—u't (x1, z2,0) sinh (ﬁh)
5 u” (z1, 29, —h) — ut (z1,22,0) cosh (ﬁh)

R
_ m exp (hv.;;/D)

sinh (ﬁh)
X cosh <7/€h)

= R exXp (h,’U&l'j/D)

(1/¢? (0)) sinh (ﬁh)

] ( ut (w1,22,0) (= (sinh)? (Rh) + (cosh)” (Rh)) )

—u~ (21,2, —h) cosh (ﬁh)

A~

= R —— exp (hv.;;/ D) (u+ (21,22,0) —u~ (21,22, —h) cosh (ﬁh)) ,

(1/¢? (0)) sinh <Rh>

whence

. Oug o\ _
lim > i 208 | (4a) (he™®) uzdo

(i7j)€IE(w) Fh,s,ij (UJ) 8:1:3

L R - R o —Po ko) _ .,
i 50 (S5
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Similarly, we get

: g,
iy S [ S () O) o

E_)O(i,j)elg(w) Ly (@) O
— lim u (:El)va_h) —ut ("L‘th?O) We 5 (_h) 1
E_>0(z',j)els(w) G 23 (=) 45 (0)
— lim u” (1,29, —h) — ut (21, 22,0) we ;5 (—h) utdo

Zeij (—h)

—0 +
(i,5)ele(w)? To.e,i5 (@)

~

u” (21,22, —h) — ut (21, 22,0) cosh (ﬁh)

= lim Z - R

ety T ) (1/q2 (0)) sinb (Rh)
- <1/;21<o>>/281nh7€ﬁh) (1w~ cosh (Rn) ) e,

which leads to the desired limit. m

Jr
uldo

(¢:q5) (0) ufdo

Now, using the same methods as in the above subsection, we obtain the following

Theorem.

Theorem 20 The sequence (u.)
solution uqy of the problem

e’

D'Vl -n, = 0

<u0 cosh< 7)%

—div (DVug ) +of, - Vu§ +Ruf = |2 f
—div (DVug ) + vy, Vuy + Ruy = 0
DV e — h (g2 (0)) div, (D*Vug)
D
0@ (0)) (o), Vg = | LT smh( )

)

. +7 o —
with A = exp (%%‘)), ug = ug o+ and uy = ug o

34

D R
5Vua-eg = (1/¢? <O>>smh ﬁh)
X | ug cosh h
o)
T o=
\ uy, = 0

~ )

where u. is the solution of (5), T1-converges to the

in QF,
in S,

+
on Iy,
on 0%,
onl,

on ',
on '™,
(39)
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