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1 Introduction

Fractional Brownian Motion (FBM) was introduced in 1940 by Kolmogorov as a way to generate
Gaussian "spirals" in a Hilbert space. But the seminal paper of Mandelbrot and Van Ness (1968)
emphasizes the relevance of FBM to the modelling of natural phenomena : Hydrology, Finance,...
Various properties of FBM such as long range dependence, self-similarity and smoothness of the
sample paths are governed by the Hurst parameter H. During the decades 1970’s and 1980’s, the
statistical study of FBM has been developed, see for instance the historical notes in Samorod-
nitsky & Taqqu (1994), [16, chap.14] and the references therein. FBM has been more and more
used in several areas during the last decade (internet traffic, turbulence, image processing...).
Anyway, in many applications the real data do not fit exactly FBM which appears as an ideal
mathematical model : for example, a constant Hurst parameter is a too rigid assumption in many
applications, such as in finance or in turbulence, see Papanicolaou and Sglna (2002). Therefore
different generalizations of FBM have been proposed these last years to fill the gap between the
mathematical modelling and real data. One example is the family of model derived from the
Multifractional Brownian Motion (MBM) introduced independently in Peltier and Lévy Vehel
(1996) and Benassi et al. (1997). For the MBM the Hurst parameter H is replaced by a function
depending continuously on the time t — H(t). Finding a good generalization of the FBM en-
hancing the goodness of fit to the different applications has become a fashionable sport, played
by several authors, see for instance the work of Cheridito (2003) motivated by financial theory
and empirical econometric evidences; Bardet and Bertrand (2003) motivated by applications in
biomechanics or Ayache and Lévy Véhel (2000) motivated by applications in signal processing

and turbulence .

The MBM was defined for a Hurst parameter being a function depending continuously on time
H(.), but in some fields (image analysis or control of internet traffic) the interesting information
is the location of the change points of the function H(.). The Step Fractional Brownian Motion
(SFBM) which was introduced in [5], is defined as a generalization of the FBM with a piecewise
constant function H(.). It shares some nice properties of FBM | see [5]. A statistical study of
the SFBM has already been performed in [5], namely an almost surely convergent estimator of

its parameters, based on the generalized quadratic variation, has been introduced.

At this stage, we should insist on the following point. In the literature, the generalized
quadratic variation is often used for estimating a Hurst type index because, contrarily to the
usual quadratic variation, it follows a standard Central Limit Theorem, see for instance Guyon
and Leon (1989), Istas and Lang (1997) or Bardet (2000). This result is explained more precisely
in section 3 below. Let us mention that in a rather different setting Davydov and al. (2003)
propose a statistical index for measuring the fluctuations of a stochastic process X. This index

is based on generalization of Lorenz curves and Gini index. Davydov and al. develop a complete
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picture of the asymptotic behaviour and show that the fluctuation indices goes through to a
phase transition at H = 3/4 and they are the first to provide results in the critical case H = 3/4.

The almost sure convergence of the estimator of the parameters of the SFBM is a first step
of the statistical study. In applications, we would like to test the existence of one change point,
estimate the probability of error of type 1 or 2 and have confidence intervals for the estimated
parameters. In both case, we need the knowledge, at least asymptotically, of the law of the
estimator and since the estimator is derived from the generalized quadratic variation, we need a
Central Limit Theorem for the generalized quadratic variation.

In this work, we prove a Central Limit Theorem for the generalized quadratic variations of
SFBM. The remainder of the paper is organized as follows; in section 2, we recall the definition
of the SFBM and the statistical problem: this process is defined as a wavelet series which
is a generalization of the wavelet expansion of the FBM. In section 3, we justify the use of
generalized quadratic variation instead of the usual one: the generalized quadratic variation
follows a standard Central Limit Theorem without any phase transition phenomenon. Then we
state our main result which consists in a standard Central Limit Theorem for the generalized
quadratic variation of SFBM. This result is proved in Section 4 and rely on a deterministic Lemia

related to wavelets given in Appendix A and probabilistic Lemmas established in Appendix B.

2 Description of the problem

2.1 Recall on the FBM and its wavelet series expansion

A fractional Brownian motion By = {Bpg(t), t € IR} of parameters H €]0,1[ and ¢ > 0 is a
real valued centered Gaussian process with stationary increments that satisfies By (0) = 0 and
IE|Bg(s) — Ba(t)]* = 02|t —s[* for every reals s, t. The Hurst parameter H governs different
properties of the FBM : for instance, the rate of correlation of the increments of By (long range
dependence) ; the self-similarity of the process, i.e. for all A € IR,

Bu)er, C (M Bul®),_,.

the Holder regularity of the paths. FBM has several representations, see Samorodnitsky & Taqqu

(1994), [16, chap. 7|. Here we use its harmonizable representation,

eits — 1 o
Bu(t) = [ (|5H+/) < W(de) (1

where W (dz) is a Brownian measure and W (d¢) its Fourier transform, namely for any function
[ € L*(IR) one has almost surely, [ f(x)W(dz) = [ F(€) W(d€), with the convention that
f(6) = [re %% f(x)dz when f € L'(IR)( L*(IR). From the harmonizable representation (1),
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we derive the wavelet expansion of the FBM. Let us recall the definition of a Lemarié-Meyer

wavelet basis of L2(IR).

1. The functions 1, defined as v¥;x(z) = 29/24)(27 & — k) are generated by dilations and

translations of a unique function 1 called a "mother wavelet”. Observe that ¥ = g .

2. The family (¥ x)jez kez forms an orthonormal basis of L?(IR).

3. The functions 9,1, and then @, belong to the Schwartz class S(IR), where S(IR) is the

space of all infinitely differentiable functions f whose derivatives f (n) of any order n > 0

satisfy for all integer m, limy_o t™ fM(t) =o.

Moreover the support of % is contained in the compact domain {£ € R,21/3 < |¢| < 8m/3}.

We denote ¢ a corresponding scaling function and for every | € Z we denote ¢; the function

x — oz —1). We will mainly use the following properties : @ has a compact support, ¢
and ¢ belong to the Schwartz class S(IR) and the family {y;,%;r,j € IN,k € Z,1 € Z}

forms an orthonormal basis of L?(IR). The decomposition of the kernel & +—

its _
(|Z|H+1/2> of the

representation (1) in the basis {cﬁl,%vk,j € IN, k € Z, 1 € Z} provides the following expansion

of the FBM

with

where

Bu(t)= Y. ®;(t,H) Gy + Bu(t), (2)
jeIN, keZ

N pite _ o
Bp(t) = Z{/}Rweﬂlﬁ@(f)df} m, (3)

leZ

o {m, Gjr; j € IN andk,l € Z} is a sequence of independent A'(0,1) Gaussian r. v.

e the functions ®; 1 (t,y) are defined by

) —
Pkt y) = /JR ez V5 k(§) dE. (4)

The terms By (t) and e, kez Pjk (¢, H) (j k respectively corresponds to the "low frequencies”

and the "high frequencies"” components of the wavelet expansion (2) of the FBM.
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2.2 Definition of the Step fractional Brownian motion.

The Step Fractional Brownian Motion (SFBM) is an extension of FBM in which the Hurst
parameter H has been replaced by a piecewise constant function H(.). More precisely, H(.) is

with values in (0, 1) and can be written for every real number ¢ as
H(t) = %0 ai pr, 7, (1) (5)

where 1) = —00, Tk4+1 = 00 and 71, ..., Tk is an increasing finite sequence of (non dyadic) real
numbers.

A SFBM is defined like a fractional Brownian motion, where we would have replace the
constant Hurst index H by the function ¢ — H(t) in the random wavelet series representation.
More formally the SFBM is defined by the random series

Xt = Y @ (tH(k27)) G (6)

JjEIN,kEZ

where
® (jk, J €IN, ke Zis afamily of standard centred Gaussian random variables.
e The functions ®; 1 (t,y) are still defined by (4) associated to the mother wavelet 1.
e H(.) is the piecewise function given by (5).

The integer K corresponds to the number of change points of the function H(.). In the case
K =0, H(.) is constant with value ag and (6) corresponds to the "high frequencies” component

of the wavelet expansion (2) of a FBM with Hurst index ag.

A useful representation

A straightforward calculation, see [5, Formula (5), p.107], shows the equivalence between (6) and

the following representation

Xt)y= Y, {QﬁH(k/y) {‘IJH(k/Qi) (th - k) = V29 (—k)}} Gk (7)
JjEIN,keZ
where
Wy(0) = [ € pe) x Jel 70 de. (®)
R
Observe that, as @Z is compactly supported and vanishes in a neighborhood of the origin, the
function & — |§1’€/<f1)/2 belongs to the class S(IR). Thus v, also belongs to the class S(IR).
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2.3 The statistical problem

Let X be a SFBM. We observe one path of the process X at the discrete times t; = i/N for
i € Z. The mesh goes to 0 as N tends to infinity. In [5], the second author has proposed an
estimator of the change times for abrupt change greater than a threshold n > 0, i.e. [0 > 7
where §; = a;+1 — a;. This estimator is based upon the difference between the estimate on a
right box and the corresponding one on a left box, both of size v where v is a fixed positive real
number. Thus two successive change points, say 7 and 7,11, could be detected separately as
soon as T;+1 — 75 > 27. For this reason and to avoid heavy notations, from now on we restrict to

the case of one change point. Under this assumption, the function H(.) becomes of the form

H(t) = ag 1(_0077.1)(75) + aq 1[7_1700) (t) (9)

with ap,a; € (0, 1) and 71 € IR. The change time 71 is estimated as the first crossing time of

1
the threshold n by the function Dy (%), i.e. ?I(N) = min{l € Z, telque |Dyx(I/N)| > n}. This

function is defined as,

Pyt = gy (i (e+) - (VP0)
and
[N+ Ny 2
(2) _ [+1 l -1
o = > x(55)-2x(5)+x(59)) (10)

is the 2-variation of step 1/N of the process X onto the box [t,t + ) for a fixed real number

v > 0 (for every real number z, we denote [z] its integer part). In [5, Th.2, p.106], the almost
(N)

sure convergence of the estimator 7,/ is proved. This result is derived from the almost sure
convergence of 1/2 + In (V]g)(t)) / (2 ln(N_l)) to inf{H (u), u € [t, t + [}

3 Statement of the main result and justification of the use of

Generalized Quadratic Variations

First a word about notations. Let X be a centered Gaussian process. Let d = (d¢)¢=o,. p

p
be a finite sequence of real numbers whose first moment vanishes, that is ng =0. We call
£=0
d-variation of step 1/N the process
@ [Nt]+N~
VW) = > [Ynk)P, (11)
k=[Nt]+1
where
U k+¢
yy(k) = Y diX (> . (12)
£=0 N

6
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The simplest example is the usual quadratic variation V]S,I)(t) which corresponds to d = (1 — 1)
and Yy(k) =X ((k+1)/N) — X (k/N). This usual quadratic variation presents the following
drawback. Consider the case where X is a FBM with Hurst index H, this is the simplest
one. Even in this case, the asymptotic behaviour of the quadratic variation changes following
H < 3/4 or not, see Formula (14) below. To avoid this phase transition at H = 3/4, one uses
the generalized quadratic variation still defined by (11, 12) for a finite sequence of real numbers

d whose first two moments vanish, namely one has
P P
> di=0 and > tdy=0. (13)
(=0 =0

A simple example is d = (1, —2, 1) corresponding to the quadratic variation Vjs,z) (t) defined by
(10).

A justification for the use of Generalized Quadratic Variation

In this subsection, we restrict ourself to the case of process X being a FBM with a Hurst index
H. For every mesh Ay > 0, the variogram satisfy IE <|X(t +An) — X(t)|2) = o?A%. Since
the random variables X (¢t + Ay) — X (¢) are centered, the empirical estimator of the variogram
is

Vz(vl) = i (X (t; + An) — X (1)),

i=1
which is called the usual quadratic variation. Therefore, one of the most "natural” estimator of
_ VY
the Hurst index H is Hy = 51 X . However, the usual quadratic variation does not follow a
nay

standard Central Limit Theorem, and this is a major drawback.
More precisely, Guyon and Leon (1989) have proved that the random variables N2 x V]E,:l)
converge almost surely when N — oo, but the speed of convergence and the limit law goes

through a phase transition at H = 3/4. Actually, we have the following kind of expansion

(1) p
Vi EN —(2—2H) —(3—2H)
N = 1 R (S ed | N x (N + Op (N (14)
EvY VN (@:0 > ( )

where the random variables ey converge in law to a Gaussian distribution and the random vari-
ables (x converge to a centred non Gaussian distribution which belongs to the second Wiener
chaos. This phase transition phenomenon disappears when we replace the usual quadratic vari-

ation by the generalized quadratic variation or equivalently assume that the second moment
p

ZE dy vanishs. Therefore the generalized quadratic variation follows a standard Central Limit

=0

Theorem, that is converges to a Gaussian limit with the rate of convergence N'/2. We refer for

instance, with slightly different frameworks, to Istas and Lang (1997) or Bardet (2000).
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Statement of the main result

For every integer N > 1, we set

u 1) =B (Vi) and SN = [Var (Vi (1)) (15)

Theorem 3.1 Let X be a SFBM defined by (6) and (9) and V]E,d)(t) be its d-variation given
by (11) and (12). If the sequence d satisfies the conditions (13), then for every real number
t, we have V]S[d) (t) = ,ugffl) (t) + S](\?l) (t) x en(t) where the random wvariable en(t) converges in

distribution to a N'(0,1) Gaussian variable as N — oo and u%) (1), SJ(\C,l) (t) are given by (15).

The proof of Theorem 3.1 is presented in the following section. It relies on some technical lemmas

about wavelet series which are proved in the appendices.

Remark 3.1 The condition of nullity of the second moment of d, see (13), is crucial to prove
Lemma B.1 (see Remark B.1), which allows to obtain Lemmas B.6 and B.10.

For the sake of simplicity, we set Sy (t) = S](\‘,i) (t) in the sequel.

4 Proof of the main result

By definition, the Yy (k) are Gaussian centred random variables. In this Gaussian framework,
see for instance [11], the Central Limit Theorem is implied by the following property
AN (t)

R Sn(t) 0, (16)

with Ay () = max {u for p an eigenvalue of the covariance matrix cov (Yn (i), Yn(5)) (t)} where

In(t) = {k € Z, suchthat [Nt]+1 < k < [Nt] + Nv} denotes the set of indices. One often

bound Ay (t) by the quantity

Bu(t) = max > |eov (Yn(i), Yn(5))],
IV e

which is less difficult to handle. Relation (16) therefore results from

. BN()
lim ———= =0. 17
Ngnoo SN(t) ( )
From now on our goal will be to show that Relation (17) holds. The idea behind our proof is
that the increments of the SFBM are almost the same as that of an FBM except on the vicinity

of the change time. Thus we split the index set Ix(t) into three parts : the left of the change
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time, the vicinity of the change time and the right part. More precisely, for any real number
5 € (0, 1), we define

II(t,N) = {kz such that [Nt] < k < [Nt]+ Ny and k/N <1 — 3N_5},
B(t,N) = {ksuch that [N] <k < [Nt]+ Nyand i —3N~° <k/N <7y +3N"},
§(t,N) = {ksuch that [N] < k < [Nt]+ Nyand ri + 3N ~° < k/N}.

Similarly, we denote

‘]is(t7N) = {W]Vt], T1 —3N_6 and Jg(t,N) = [7‘1—|-3N_57 []Vt]_‘_,y] (18)

N

the convex closure of the sets 1/N x I{(t, N) and 1/N x I(t, N). Since the random variables

Yn (i) are centered, we have for every pair of integers 7, j
cov (Yn (i), Yn(j)) = E (Yn (i) Yn(j)) -

We denote, for p,q € {1, 2, 3},

Gpa(Not) = max B (Y () V(). (19)
N e )
and
FLN) = mas 3 By Yw0))l- (20)
1€ N( )jEIQ(t,N)
We have
Bn(t) < F({t,N)+Gia1(t,N)+Gs3(t,N) (21)

+ G21(t,N)+G3.1(t,N)+ Gi13(t,N) + Ga3(t, N).

From Lemma B.4, we bound F'(¢, N). From Lemma B.6 , we bound Gi,1(¢t,N) and G33(t, N).
From Lemma B.8, we bound Gy 3(¢t, N) and G31(t, N). From Lemma B.9, we bound G2 (t, N)
and G23(t, N). Let us precise the notations, from now on we will denote by x A y the infimum
of the two real numbers x and y. With this notation, we get

Pn(t) Bn®) Sy 171
Sy(t) —  N1/2=2(aohai) N1/2—2(aohar) |

(22)

Lemma B.10 implies

Sn(t)

< 17— 4((10 A a1)
N1/272(a0/\a1) -

Cxm—t""2  when 56} ] (23)

y
P 2" 8 — 4(ap A ay)

N—oo

and Lemmas B.4, B.6, B.8, B.9 induce

lim B (t)

B 1 7-— 4(&0 A a1)
A aoRa) 0 when o€ } 2 8 dlan Aas) ] )

— 4(&0 A a1)
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Indeed, Lemmas B.4, B.6 and Lemma B.8 are respectively valid under the conditions

3—2(@0/\@1) and 5<7—4(a0/\a1)
4 —2(ag A ay) 8 —4(ag Nar)

1 3—2 7T—4
But a direct calculation shows that 3 <1 2a < 3 4@ , for every a € (0, 1). Thus (23) and
—2a —4a
(24) are true for every t € IR. Combined with (22) this induces that Relation (17) holds and

finishes the proof of the theorem. |

d>1/2, 0 <

A One deterministic lemma related to wavelets

From now on, for every integers N > 1, j > 0, k € Z and all real x, Ay ¥, ;; will be the function
defined as

AN, k(z) = i(:)dg v, (29' ((x + ﬁ) - k>> : (25)

In the sequel, C' > 0 will denote a generic constant that may change from line to line.

Lemma A.1 For every a € (0,1), every 6 € (0, 1) and every [ satisfying f + a > 5/2, there
exists a constant C > 0 such that when N(1=9) > p/2 the inequalities
oY {2 PaNYL @)} < 0 x NI (26)
JEIN k€Z,k/2i>7
and

SOY {2 AT @)} < ontEh (27)
JEIN k€Z,k/21<T

respectively hold when x € J{(t,N) and when x € Ji(t, N).

Proof. The bound (26) means that for any real number z inside the band left to the change
time J{(t, N), the contribution of the dyadic numbers k/27 at the right of the abrupt change is
controlled by C x N9(2=1=4 The bound (27) means that for any real number x at the right of
the change time J(t, N), the contribution of the dyadic numbers at the left is controlled by the
same quantity. Clearly, the two proofs are similar. We just prove the first bound.

The key argument is the fast decreasing of the functions ¥,. Since ¥, € S(IR), for all o > 1
there exists a constant C' > 0 such that for every x € IR,

Wa ()] <O x (3+]x])™. (28)

We call S(z) the left hand side of (26) and we split it into two series : the high frequencies for
J > jo denoted Si(x) and the low frequencies for j < jo denoted Sa(x). Thus we have that

Sy =Y Y {2VANTu @} = Si@) + S(@). (29)

JEIN k€Z,k /27 >T

10
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The critical index jo is determined by the inequalities
<t <o (30)

We first bound Si(z). Setting

£y few

j=jo+1 k€Z,k/2i>1

w2z~ b |,

we obtain that

L ¢
2
Si@) < 2 ;::0 {\dg\ R (w + N)} . (31)
Then it follows from (28) and (18) that for all = € J{ (¢, N),

Ri(x) < C i 3 {2_2j“<3+|2jx—k\)_2a}

J=jo+1 k€Z,k/2i>7

Cx Y 3 2@y

<
J=Jo+11>3x27/N?
0 [es)
< Cx 2—2j“/ 24 ) 2 dx
._jZOH 3x27 /N9 ( )
s
< CNQa Z 9- ]20,-1-201 1)
< 72 —
32 (2 i
9—(jo+1)(2a+2a—1)
= (O x N2 x

1 — 2—2a—2a+1
Next, since a > 0, by using (30), we obtain that for every = € J{(t, N)

Rl(x) < CXN—Q(a—i—a—&x—l/Q)'

Next, as the choice of the parameter « remains free, we can impose that a + o — dav — 1/2 > 1
(or equivalently a > (3/2 — a) /(1 — 6)), and we get that for every z € J{(t, N)

Ri(z) < CxN72

When z <7y —3N % and y = z + £/N where £ € {0,1,...,p}, we get for k/27 > 7

’y—k2_j‘ = ’x+€/N—k‘2_j‘ > ’l‘—k‘2_j’ — % > 3N 9 — %
Thus
2 |y— k27| > 27 x 3N (1— 3N(€5)>.

11
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The same calculation as above leads to

E g —2« 72
1
i (1-9) i i __r 2
The assumption N > p/2 implies that 1 SN > 5 Thus we have
Y] —2a
|:1—3]\[(1_5):| §9 fOI'aHE:O,,p

From (31) and (32) we deduce that for all = € J{(t, N)
Si(z) < C x N2,

It remains to bound S2(x). By using Taylor Formula it follows that, for every = € IR there exists
a 0, € (x, x + &) which satisfies

ANTau(@)| = |20, — k)| x 29 N2, (33)
Since ¥, € S(IR), there exists a constant C' > 0 (depending on p) such that for all y € IR,
Tay)] <Cx 2+p+ly)7, (34)
which implies that
‘xpg(w' 0, — k)‘ < Ox(24p+ \2ﬂ' 0, — k‘)*ﬁ.
Next by (30), we have that 2ij < pfor all j < jo. Then by using the triangular inequality, we
get
‘ij—k‘ < ‘zjex—khzf% < ‘Qjﬁm—k‘—i—p.
Since > 5/2 —a > 0, we deduce
w20, — k)| < Cx <2+’2jx—k’>_ﬁ forall 2 € IR
and then (33) entails that
AnTou@)] < 29N (24 [0 k)" fralecR

Thus for every = € J{(¢, N)

S AT @) < 29Nt Y (2+)k—2jx))72ﬂ
kE€Z, k)27 >m k€Z,k/2)>1

i [ee]
ot N4 / (2 +u)"? du
3x27 /N

IN

. . —(28—-1
— Ox2Y N (2+3><2J><N—5) (20-1)

O x 977(26-5) \o(26-1)—4

IN

12
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At least, we obtain that for every = € J{(t, N)

So(x) < Y {Q_Qja x O x 277(26-5) N5(2ﬁ—1)—4}
i<jo

— O x N(S(Qﬁ—l)—ll > (Z 2—j(2ﬁ+2a—5)) )

J<jo

By assumption, we have 2642a—5 > 0 which implies Sy(z) < C x N°W=D=2for all 2 € JI (¢, N).
This finishes the proof of Lemma A.1. |

B Some probabilistic lemmas

Several terms behave like the corresponding ones for the FBM. We give some definitions in force

in this section. Let

Bat) = > 3279 (W (24— k) = Wy (k)| G + Balt) (35)

JEIN keZ

where B is defined by (3). The process (Bq(t), t > 0) is a FBM with Hurst parameter a. For any
a € (0, 1), we denote Y, n(k), resp. Y n(k), the increments defined by (12) when X is replaced
by B, resp. Ea, that is

P k+ ¢ - POkl
Yon(k) = > dy B, (;\;) Yon(k) =3 di B, (;) for keZ  (36)
/=0

and we set S, v the quantity defined by

k=1

N~
Suon = |Var (Z |Ya,N(k)|2). (37)

Eventually, we denote CNJS?,;(N, t), resp. é,(;}c),(N, t), the analog of G 4(N,t) , when X is replaced
by Bg,, resp. Bg,, namely

égé(N, t) = max Z ’E (Yai7N(n) Yai7N(m))’ , for i=0orl. (38)
’ n€lptN) TN

First, we recall some properties of the FBM

Lemma B.1 Assume that conditions (138) are satisfied. For every a € (0, 1), we have the

following properties

13
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(i) Let Yo n(k) be defined by (36), then for every k € Z, Y, n(k) is a centered Gaussian r.v.

with variance

FE (|Ya,N(kz)\2) = N2 xC(a,d) where C(a,d)= /]R x u” ) dy < oo,

(it) Let Sq N be defined by (37) and assume conditions (13) are satisfied, then there exist two

positive constants C1, Cy such that

Cp x NY/2720 < § v < Oy x NV/?2720, (39)

(1ii) Let ég;z](N,t) be defined by (38), we have

GO (N, t) = o (N1/2_2‘“) for i=0orl. (40)
Remark B.1 The condition of nullity of the second moment of d in (13) is crucial to obtain the
upper bound in (39) and derive (40). Indeed, this condition implies that gq(v) = O(v?) where gq

is the function defined by (41). This is explained at the end of the proof of part (ii) of Lemma
B.1.

Proof. In this proof, we denote
p .
> dge™ (41)
£=0
where d is the finite sequence associated to the generalized quadratic variation V]S,d). The two
following properties play a key role in both proof of point (i) and (ii).
e The function gq and its derivative g; are bounded on IR.

e The conditions (13) are equivalent to gq(v) = O(v?) as v goes to 0.

0)=0
and the nullity of the second one provides ¢/;(0) = 0, this induces the second point. With this

notation, we have

C(a,d) / lga (0)]? x u= @+ gy

and C(a,d) < oo as soon as the first moment of d is null, that is >-7_,d¢ = 0. We turn us now
to the proof of (i), (ii) and (iii).
i) By using conditions (1, 36), we get

(a—1/2)

Yo (k) = /IR(Zdexe"(ﬁ)) o — e, (42)

£=0

14
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Thus

B ([Yan(k)2)

where the last equality results from the change of variable v = {/N. But Conditions (13) imply
that C(a,d) < oo for all @ € (0,1). Therefore Y, y(k) is a Gaussian centered r.v. with variance

N=2 x C(a,d).

ii) Since S, N corresponds to the (d) quadratic variation of the FBM B, which has stationary

. —(a—1/2)\ |2
= () (5 ) “
2
_ /]R <ng><e”§/N> x [¢](2o+D)
/=0
_ é 2a+1
= /|9 (N) x |€]~¢
= N 2% (C(a,d),

[Nt]+ Ny

increments, the quantities Z

k=[Nt]+1

set t = 0 as it is done in (37).

The proof mimics the one given in Bardet (2000). We just gives

the main lines. Since the Y, y(k) are centred Gaussian r.v. we have

2
Sa,N

N~
= Var (Z ]YmN(k)\Q)
k=1

N~ Nv
= 33 Cov (Y (R, Yan(m)?)
iy ¥y
— QZZCOU wn (k) Yo n(m))?
k=1m=1
Ny N~y — \2

=1m=1

By using successively (42) and the change of variable v = /N, we get

FE (Ya,N(k) Ya,N(m)>

o0
We denote p,(k) = / v~ 2+ 5 cos (kv) x |ga(v)|* dv for k € Z and a € (0, 1). Thus we have
0

2

dg

= /|£| (2a+1) i ngxe (%)¢

= 2N [0 s cos (k= m) v)  lga(v)]” do.

N~ Ny

SEa = AN S S gk = m)?

k=1m=1

15

Y, n(k)|* do not depend on the time ¢. Therefore, we could
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Remark that pq (k) is well defined since for every k € Z we get |pq (k)| < C(a,d) < co. Moreover
we have p,(0) = C(a,d). On the one hand, we can bound from below SiN by retaining only the
diagonal terms in the two series. So, we get
Ny
Sen = AN N pa(0)? = Cx N
k=m=1

which induces the lower bound of (39). On the other hand, the upper bound follows from
technical and tedious calculations. To put in a nutshell, it results from conditions (13) that
lga(v)]? = O(v?) as v goes to 0. By using successively two integration by parts (we integrate
twice the term cos(kv) and derive the product term), we get |p.(k)| < C/k? for every k # 0.

Thus, we deduce

N~ N~ N~
Sg,N < 4N Zpa(0)2 + Z Z pa(k_m)z

k=1 k=1m=1, m#k
1—4 Al i 1
< OCxN ™ 4+ (Cx _—
< poxy Y o

k=1m=1, m#k

which implies the upper bound of (39) and finishes the proof of the point (ii).

Let us stress that the upper bound of (39) follows from the bound |p.(k)| < C/k?* for all
integer k > 1, which results from the nullity of the second moment of d, that is Y-j_, ¢d¢ = 0.
Indeed, pq(k) is defined as an improper integral both at 0 and oco. Since cos(kv) and gq4(v) are
bounded and a € (0,1), the term v~—(2¢+1 insures the convergence at co. Similarly, the successive
primitives of cos(kv) and the derivatives of gq(v) remain bounded, hence the derivatives of
lga(v)[* x v~ (2T would still converge at co. We focus on the convergence at 0. Set f(v) =

lga(v)[? x v~ (et The first integration by parts gives

[e%s) 1 o ,
/0 cos (kv) x f(v)dv = —%/0 sin(kv) x f'(v) dv

since sin(0) = 0 and f(oco) = 0. Then, the second integration provides
oo

/OOO cos(kv) f(v)dv = —;2/0 cos(kv) x f"(v)dv + % [cos(kv) x f'(v)]

— _132/000 cos(kv) x f"(v)dv — %f’(o)

since f’(00) = 0 and cos(0) = 1. But gq(v) = O(v?) induces f"(v) = v'72% x (C + O(v))
o0

as v goes to 0. This insures the convergence of the integral cos(kv) x f”(v)dv at 0, since
0

1 —2a > —1for all a € (0,1). To conclude with, we remark that if >-)_, ¢dy # 0 then f"(v) =

16
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1729 % (C' 4 O(v)) as v goes to 0 and / cos(kv) x f”(v)dv = oco. In this case, we would have
0
|pa(k)| = O(1/k), therefore the upper bound of (39) does not hold.

iii)Denote

Ban(t) = max Z lcov (Y, n(n), Ye, n(m))] for i=0orl.
nely (t) meln(t)

From Istas & Lang, we have imy_.o 8o, N(t)/Sa;, v = 0. But G4, v > Gz()zz(N’ t) >0, for all

p,q € {1, 2, 3}. Combined with (39) this induces (40). |

Next, we give two Lemmas concerning the regularity in quadratic mean of the high frequencies

and low frequencies component of (35).

Lemma B.2 Let ?Q,N be defined by (36). There exists a constant C > 0 such that for all
a € (0, 1) and for every integers n,m € In(t),

\E(?G,N(n)?aw(m))' < Cx N (43)

Proof. Since ¢ is a Lemarié-Meyer scale function, we have Supp ¢ C [—4n/3, 47 /3]. For every

integer k, this induces

it _ o 2m 00 iw+2rm) 1y .
/]Rwe*& o = | (Z M¢<§+2m>> e e dg, (44)

= |£ + 27"7T|a+1/2

where the sum is a finite sum, which in fact only contains the terms corresponding to the indices

r=—1and r =0. Since >_)_,d¢ = 0, we have
o> 0 - p
> —i P(& + 2rm) i(e+2rm) (L)
Yon(n) = / e e e dge N )| de
1; { 0 rzz—l € + 2rm|et/? ;)
Combined with the Parseval formula, we get

N - or ° 5 rm nt
E(Ya,N(n) YavN(m)) = > {/0 e tkE (Z |§+(£2:—7r2|“+1/2) (Zdee (§+2rm) N)) df}

keZ r=—1

X {/0 etk€ (Z |£—|—2’I“7Ta+1/2> (Zdee i(£+2 N )> dﬁ}

r=—1
2T 0 S p
_ P(§ + 2rm) i(e+2rm) ()
= /0 (,:Zl |£+2Tﬂ.|a+l/2) X (ezodee
0 Ai
(§+2T7T 7 m—
X (_Zl |£+2m‘a+1/2> (nge i(6+2 N )) dg.

17
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From the other hand, by using Relations (13) and Taylor formula, one obtains that for every

0eclR
p

Z dg €i£0

=0

1 p
< S10 x <252 !dz\>
2 /=0

which induces

p
3 dg eErm ()
/=0

1 s 1 [([& 5
£=0
Since @ is a bounded function, we deduce the following upper bound

o T 1 1 (L ’
[ (Yan() Yan(m)| < 5 x 1817~ x 3 (ZZoe \d«\)

2 0 2
x/o (Z |§+2m\3/2—a) d¢

r=—1

which implies (43), since 3/2 —a €]1/2,3/2].
Lemma B.3 For every a € (0, 1) we have

X 27 Ak ()

jEIN k€Z

2
< OCxN?240xN™

Proof. From (7, 12, 25, 35, 36), we have
2j n\|?
> S lavt (5)] = B

jEN keZ
2
< 2B (Yon(m)P) +2E (

= OxN 2 L0xN™*

Yo (n) — ?Q,N(n)\2>

}7@7]\/(71)’2)

where the last equality results from Lemma B.1 (i) and Lemma B.2.

We deduce the asymptotic bound on F(t, N) :

Lemma B.4 Let F(t,N) be defined by (20). For every § € (1/2, 1) we have

. F(t,N)
N N1/2—2(aohar)

Proof. From (7,9, 12, 25) combined with Lemma B.3, we get

E(WmP) = X % 2 A (1)

JEIN k€Z, k/27<m
18
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2

+T T e

n
AN\IIa17j7k‘ NT
: ) N
JEIN k€Z,k/27>1

2
< Z 22—2jao ANV ik (;) + Z 22—23'@1

JEIN keZ JEIN keZ
< Ox N2 4 Ox N2 4 0x N4

2

n
AN\IjalijC (N)

From Cauchy-Schwarz inequality, we get

B (Yy(n) Yn(m)| < I (Yy(n)?) x \JIE (Yiy(m)?)
This induces
F(t,N) < Cardly(t, N) x (C' x N7 4+ C x N72 4 ' x N™)
By definition, we have Cardl(t, N) < 6 N'=%. By using § > 1/2, we deduce
F(t,N) < C x N1-6-2(aona1) _ (N1/2—2(a0/\a1)) .
|

The asymptotic behavior of i1 ; and G3 3 is given by Lemma B.7 which proof needs the following

Lemma:

Lemma B.5 Let Y,, n and Y,, n be defined by (36). Then for all 5 such that B+ ag > 5/2
and B+ a1 > 5/2, for every 6 € (0, 1) there exists a constant C > 0 such that

Yn,m € I (t,N) |IE (Yn(n) Yn(m)) — IE (Yag n(n) Yoy n(m))| < C x NO(26-1)—4
Vn,m € I3(t,N)  |IE(Yn(n) Yn(m)) — E (Yo, n(n) Yo, n(m))] < C x NOEB-D=4,

Proof. The two inequalities can be obtained similarly, so we will only prove the first one.
Relations (7, 12, 25) and (9) imply that

EYnn)Yym) = > > 27H0ANT, (;)XAN‘I’ao,j,k @) (46)

JEIN k€Z,k/2i<my

o n
+ 3 > 27U AN,k (N) X ANy jk <N>

JEIN k€Z,k/29>7

3

From the another hand, we have that for ¢ =0 or 1
E (Yo, n(n) Yon(m) = B (Yo,n(n) Yo, n(m))

—2ia; n m
= Z Z 2 2ja; ANlIl(li,j,k (N> X AN\IJai,j,k (N)

JjEN keZ

+ I (Yon(n) Yo, v (m))

19
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P
- ~ [(k+¢
where Y,, nv(k) = E dy By, (;) . Combined with Lemma B.2, we get
/=0

[IE (Yn (1) Y (m) = Yao,n(n) Yoo (m))] < CN7* (47)

+ Z Z 27290 | AN, ik (N) ANTagjk ()’
JEIN k€Z,k/29 >
o n m
+ D> D 2N ANT, ik () ANVay jk () ’ -
N N
Then Cauchy-Schwarz inequality implies that for ¢ =0 or 1

JEN keZ, k)29 >
o, n m
oD 27N | ANY, i (N> ANTa, ik <N>’

JEIN k€Z,k/21>T
< (Z >, 2

JEIN k€Z,k/29>m

2|3

n
AN, ik <N)

2) 1/2
1/2

m\ |2

AN, ik (N) )

where the last inequality follows from lemma A.1 and holds for n,m € I{(¢t, N) and S+a; > 5/2.
We deduce that all for n,m € I{(t, N)

(55 wn

JEIN k€Z, k /29 >7
5(26—1)—4

|E (Yn(n) Yy (m) — Yoo n(n) Yoo n(m))| < Cx NOZI-D=4 1 0 N4,

This finishes the proof of the first bound of Lemma B.5. Muitatis mutandis, the proof of the

second bound is the same. [ |

Lemma B.6 Let G11(N,t) and G33(N,t) be defined by (19).

7—4(0,0 /\al) . G171(N, t) . . G373(N, t) .
S d(ag Aay)’ T NI NIa2aene) 0 4 M S e =

If 6§ <
Proof. For sake of simplicity, we assume that ag < a;. The idea behind the proof is that the
covariance of the increments mimics the corresponding one for a FBM when both indices are on

the same part of the change point. More precisely, with the same notations as in (38), we have

Gii(N,t) < GYI(N.t) + max > |E(Yy(n)Yx(m) — Yon(n) Yon(m)),
7 neh(t,N) mely(t,N)
Gas(N,t) < GEUN.O + max S I (Vn) Yir(m) — Yin(n) Vi(m)].

20
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From Lemma B.5, for every 3 > 5/2 — ag, we have

1) + Card I{(t, N) x C x NOZO-1)=4
1) + Card I(t, N) x C x N°Z6-1)—4,

G11(N,t) < Ng(,])(
G3,3(N,t)

A
Q

1 N
~(1
Sa
From Lemma B.1, we have égé(N, t)y=o0 (NUZ*QC”') for i = 0 or 1. Moreover as Ig(t,N) C
In(t), we get that Card Ig(t,N < CardIyn(t) < N~ for p=1, 2 or 3. This induces

IN
Q

G1,1(N, 1)
N1/2—2(a0/\a1) -

G3,3(N, 1)
N1/2—2(a0/\a1) -

0(1) + C x ]\[5(26—1)4-2&0—7/27
o (N—2(a1—a0)) + O x NO@B—1)+2a0-7/2

Since ag < aj, the first term of the right hand side of the second inequality converges to 0.
Therefore Lemma B.6 results from the existence of a real number 3 satisfying 8 > 5/2 — ag and
d(28 — 1) 4+ 2a9 — 7/2 < 0, which is equivalent to the condition §(4 — 2ag) < 7/2 — 2ag. This
finishes the proof of Lemma B.6. |

The asymptotic behavior of the quantities G13(N,t) and Gs1(NV,t) is given in Lemma B.8

which will be a consequence of following result :

Lemma B.7 Let Yy be defined by (12). Then for oll 5 such that B+ (ag ANa1) > 5/2, for every
6 € (0, 1) there exists a constant C > 0 such that if (n,m) € I{(t, N) x I{(t, N) then

|E (Yn(n) Yn(m))| < C x NOB=1/2)=2=(a0har), (48)

Proof. Formula (46) is valid for every pair (n,m) € Z2. From the Cauchy-Schwarz inequality,

a straightforward calculation gives us

[E (Yn(n) Yn(m))]
1/2 1/2
, n\ |2 , m\ |2
- (ZZT% A0 () ) " (Z > e (§) )
JEIN kEZ JEN keZ,k/2i<m

m
ANYq, ik <N)

J\ 172
AN\I/,“J’k (;)‘ ) X (Z Z 9—2ja1

JEN keZ

(g e

JEIN k€Z, k/2i >7

Since n/N € J{(t,N) and m/N € Ji(t, N), from Lemma A.1, we get

|E (Y (n) Yy (m))| < C NOB-1/2-2

VBB ()

JEN kEZ

m
AN\IJ@I?jvk <N>
JEIN keZ

2) 1/2

o\ /2
"
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From Lemma B.3, we get
|E (Yn(n)Yy(m))] < CNOBD=25 (0 x N79 4 O x N~}

which implies (48) and finishes the proof of Lemma B.7. |

Lemma B.8 Let G13(N,t) and G31(N,t) be defined by (19).

-2 N,
3 (a0 A1) then lim G 3( 1) =0 and hm Gs, 1N, 1)

If o< 4_ 2(&0/\(11) N—oo N1/2 2(&0/\(11) - N—oco N1/2 2((10/\@1)

Proof. To fix the idea, we suppose ag < aj. From (39, 48), for all § such that 8+ ag > 5/2,
we have
G13(N,t) Card I9(t, N) x C N°(B~1/2)=2—a0
and G31(N,t) < CardIi(t,N) x ¢ NOB-1/2)=2=a0,

IN

Since Card I{(t, N) < N and Card I3(t, N) < Nv , we get

G13(N,t) 5(8—1/2)—3/2+a G31(N,t) B(61/2)—3/2 10

Therefore Lemma B.8 follows from the existence of a real number § satisfying
(B—-1/2) > (2—ap) and 0 (6 —1/2) —3/2+ ap < 0, which is equivalent to the condition
d(2—ap) < (3/2—ap) assumed in the assumption of Lemma B.8. |

Lemma B.9 Let G2 1(N,t) and G 3(N,t) be defined by (19).

3= 2aNar) then hm G2a(N, 1) =0 and hm Gas(N.1)

If 6 < i 2ara) N N1/2—2(aohar) Neoso N1/2—2(aoha1)

Proof. To fix the idea, we suppose ap < a;. With the notations defined by (38), we have

Goa(N.t) < GRUN) + max Y |E(Yi(n)Yn(m) — Yoon(n) Yagn(m))],
€l (t,N) mely(t,N)

Gas(N,t) < GN) + max S |E(Yn(n) Yn(m) — Yoy n(n) Yoy n(m))].
neIQ(t’N)melg(t,N)

The bound (47) is valid for every pair (n,m) € Iy(t)?. By using successively Lemma A.l and

Lemma B.3, we get for i =0 or 1

[IE (Yn(n) Yy (m) — Yo, n(n) Yo, n(m))] < CN™*
+ C x N°B-1/2)-2 [Cx N7% 4+ C x N~

22
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for every (3 such that 8+ ag > 5/2. This induces
Goa(N,t) < GS)(N,t) + CardI{(t,N) x [CN~* 4 N(I-1/2=2-(aonm)]

From (40) and CardI{(t, N) < N+, we deduce

GQJ(N, t)

m < 0(1) + C X N&(ﬁfl/2)73/2+ao.

Similar calculations lead to

Ga(N, 1) ~2(a1—a) 5(5—1/2)-3/2+
00 < o (-t 0 x A
Therefore Lemma B.9 follows from the existence of a real number 3 satisfying

(B—-1/2) > (2—ag) and 0(8 —1/2) —3/2+ a9 < 0, which is equivalent to the condition

0(2—ap) < (3/2—ap) assumed in the assumption of Lemma B.9. |
7—4(ag A
Lemma B.10 Ifé < M, then there exists a constant C > 0 such that
8 — 4((10 VAN a1)
Sn(t
lim inf MOBESSYON I — ¢

N=00 N1/272(a0/\a1) -

Proof. To fix the idea, we assume that agp < a;. Since Yy (n) are Gaussain centered r.v., we

have
Sx(t)? =Var (Vw(®)) = Y > cov (Yi(n) V()

neln(t) meln(t)

=2 > 3 cov(Yn(n)Yn(m))?
neln(t) meln(t)

=2 Y > E¥n®)Yy(m)’
neln (t) meln (t)

> 2 Y > EYn(n)Yn(m))?.
n€ll(t,N) meI} (¢,N)

Then
1/2
1
ﬁSN(t) > > Yo E(Yan(n) Yoo n(m))?
n€ll(t,N) mell(t,N)
1/2
- > > E(Yn(n)Yn(m) = Yagn(n) Yagn(m))?
n€ld(t,N) meIl(t,N)
1/2
2
> Z E(Yao,N(n)2>

nell(t,N)

23
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1/2

- > > E(Yn(n)Yn(m) — Yo n(n) Yo n(m))°
n€ll (t,N) meI? (¢,N)

Next, by using Lemmas B.1 and B.5, for every f satisfying § + ag > 5/2, we get
1

V2

By using CardI)(t, N), we deduce

Sn(t) _ 5 §(26—1)+2a0—7/2
m Z \/N 1><Ca7’dfl(t,N)><C—C><N( ) 07/

Sy(t) > CardId(t,N)/? x C x N72% _ C' x CardI?(t,N) x N°Z-1)—4

7T—4
Since 0 < 3 4@0’ there exists a # > 5/2 — ag such that §(28 — 1) + 2ap — 7/2 < 0. From
—4ag
the other hand, when t < 71 < t + v we have N™! x CardI{(t,N) — |r; —t| when N —< oo.

. Sn(t)
Therefore, we deduce l}ﬁo%f N12—3(arnar) >C x /|1 —t|. |
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