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INVARIANT TORI FOR THE CUBIC SZEGO
EQUATION

PATRICK GERARD AND SANDRINE GRELLIER

RESUME. Nous poursuivons ’étude de I’équation hamiltonienne
suivante sur l’espace de Hardy du cercle

i0pu = T(Jul*u) ,

ou II désigne le projecteur de Szegd. Cette équation est un cas
modele d’équation sans aucune propriété dispersive. Dans un tra-
vail précédent, nous avons montré qu’elle admettait une paire de
Lax et qu’elle était compleétement intégrable. Dans cet article,
nous construisons les variables action-angle, ce qui nous permet
de ramener la résolution explicite de I’équation a un probleme de
diagonalisation. Une conséquence de cette construction est la solu-
tion d’un probléme spectral inverse pour les opérateurs de Hankel.
Nous établissons également la stabilité des tores invariants corre-
spondants. En outre, des formules explicites de résolution ainsi
obtenues, nous déduisons la classification des ondes progressives
orbitalement stables et instables.

ABSTRACT. We continue the study of the following Hamiltonian
equation on the Hardy space of the circle,

i0pu = T (Jul*u) ,

where II denotes the Szegd projector. This equation can be seen
as a toy model for totally non dispersive evolution equations. In
a previous work, we proved that this equation admits a Lax pair,
and that it is completely integrable. In this paper, we construct
the action-angle variables, which reduces the explicit resolution of
the equation to a diagonalisation problem. As a consequence, we
solve an inverse spectral problem for Hankel operators. Moreover,
we establish the stability of the corresponding invariant tori. Fur-
thermore, from the explicit formulae, we deduce the classification
of orbitally stable and unstable traveling waves.
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1. INTRODUCTION

1.1. The cubic Szegd equation. In the paper [2], we introduced the
evolution equation

(1) i0wu = TI(|ul*u) ,
posed on the Hardy space of the circle

2= u= Y ak)e™, S [abf < +oo ).
k=0 k=0
where II denotes the Szegd projector from L? to L?,
Y(cy) € (3(Z) , TI( Z crpe™? ) = ch ekl
ke=—00 k=0
If L% is endowed with the symplectic form

w(u,v) =4Im(ulv) , (ufv) = /ugﬁ

or’
Sl

this system is formally Hamiltonian, associated to the — densely defined—

energy

E(u) = / W% .

Sl
The study of this equation as a toy model of a totally non dispersive
Hamiltonian equation is motivated in the introduction of [2], to which
we refer for more detail. In [2], we proved that the Cauchy problem for
(1) is well-posed in the Sobolev spaces

HS = H*N L2

for all s > % The unexpected feature of this equation is the existence
of a Lax pair, in the spirit of Lax [7] for the Korteweg-de Vries equation,
and of Zakharov-Shabat [16] for the one-dimensional cubic nonlinear
Schrodinger equation. Let us describe this structure. For every u €
H}r/ ? we define (see e.g. Peller [13], Nikolskii [11]), the Hankel operator
of symbol u by
H,(h) =M(uh) , he L7 .

It is easy to check that H, is a C -antilinear Hilbert-Schmidt operator
and satisfies the following symmetry condition,

(Hu(h)lha) = (Hy(ho)lh1) , ha,ho € LY

In [2], we proved that there exists a mapping u — B,, valued into
C-linear skew-symmetric operators on L2, such that u is a solution of
(1) if and only if

@) CH, = (B ]
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An important consequence of this structure is that, if u is a solution
of (1), then H,q) is unitarily equivalent to Hy). In particular, the
spectrum of the C-linear positive self adjoint trace class operator H?>
is conserved by the evolution. Moreover, one can prove that

, i
(3) B, = —iTj,p2 + 5}15 :
where Tj, denotes the Toeplitz operator of symbol b,

Ty(h) = TI(bh) .

This special form of B, induces another consequence, namely that, for
every Borel function f bounded on the spectrum of H2, the quantity

(4) J[fl(w) = (f(HZ)(D)[1)

is a conservation law. Here f(H?) is the bounded operator provided
by the spectral theorem. Let us mention some particular cases of such
conservation laws which are of special interest. If \? is an eigenvalue
of H? | denote by P the orthogonal projector onto the corresponding
eigenspace of H2. Then

IPL)I* = J[Lpzy] () -
A special role is also played by

(5) Jon(u) = (H"(D[1) , n € Zy

for which f(s) = s, and by their generating function

(6) J(@)(w) =1+ a"Jon(u) = (I — zH) ' (1)]1) -
n=1

for which f(s) = (1 — zs)~'. Notice that £ = 2.J; — J3.

A third consequence of the Lax pair structure is the existence of
finite dimensional submanifolds of L2 which are invariant by the flow
of (1). By a theorem due to Kronecker [5], the Hankel operator H, is
of finite rank N if and only if u is a rational function of the complex
variable z, with no poles in the unit disc, and of the following form,

A(2)
with A € Cy_41z], B € Cy][z], B(0) =1,d(A) = N —1ord(B) =N,
A and B have no common factors, and B(z) # 0 if |z| < 1. Here
Cplz] denotes the class of complex polynomials of degree at most D,
and d(A) denotes the degree of a polynomial A. We denote by M(N)
the set of such functions u. It is elementary to check that M(N)
is a 2N-dimensional complex submanifold of L%. In [2], we proved
that the functions Jo,,n = 1,--- 2N, are in involution on M(N),
that their differentials are linearly independent outside a closed subset
of measure 0, and that the level sets of (Ji,..., Jon) are generically
compact in M(N). By the Liouville-Arnold theorem [1], the connected
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components of these generic level sets are Lagrangian tori, which are
invariant by the flow of (1).

The purpose of this paper is to study these invariant tori in detail by in-
troducing the corresponding action-angle variables. As a consequence,
this will provide explicit formulae for the resolution of the Cauchy
problem for (1). Notice that similar coordinates were introduced for
the Korteweg-de Vries equation by Kappeler-Poschel [4] ; and more
recently by Kuksin-Perelman [6] as an application of Vey’s theorem,
and, for the cubic one-dimensional nonlinear Schrédinger equation, by
Grébert-Kappeler—Poschel [3]. Our method here is however completely
different, since it is based on specific properties of Hankel operators.
We now describe the results in more detail.

1.2. Action angle variables in the finite rank case. We denote
by M(N)gen the set of u € M(N) such that 1 does not belong to
the range of H,, and such that the vectors H>*(1), k = 1,..., N, are
linearly independent. We proved in [2], Theorem 7.1, that M(N)gey is
an open subset of M(N), whose complement is of Lebesgue measure
0. Moreover, it can be shown that M (N )ge, is the set of u such that
H? admits exactly N simple positive eigenvalues A3 > --- > A% with
the following additional property,

N
(7) v; >0for j=1,...,N and ZUJ2<1,

J=1

where, for each j, we define the normalization constants

(8) vi = 15D,
and where P; denotes the orthogonal projector onto the eigenspace £
of H? associated to )\?. Indeed, given an orthonormal basis (e, ..., ey)

of the range of H, such that HZe; = Me;, the modulus of the determi-
nant of the vectors H2*(1), k =1,..., N in this basis is equal to

[(Len)] .- [(Lew)| | det(AF*)1<jmen] -

Moreover, i 1/]2 is the square of the norm of the orthogonal projection
of 1 onto the range of H,, hence is < 1 if and only if 1 does not belong
to the range of H,.

We then define our new variables. The first set of action variables is
given by

Li(u)=2X, j=1,...,N.
We define the first set of angle variables as follows. Using the antilin-

earity of H, there exists an orthonormal basis (eq, - -, ey) of the range
of H, such that

Hu(ej) :)\jej s jzl, ,N.
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Notice that the orthonormal system (ey, - - -, ey) is determined by u up
to a change of sign on some of the e;, in other words up to the action
of {£1}¥ acting as a group of isometries. Therefore we can define the
angles
o;(u) :==arg(lle;)* i =1,...,N .

Since M(N)gen is a symplectic manifold of real dimension 4N, it re-
mains to define N other action variables and N other angle variables.
We do the same analysis with the operator K, = H, T, as the one we
did with H,. Here T, is nothing but the multiplication by z, namely
the shift operator on the Fourier coefficients. We will show that K2,
which turns out to be a self-adjoint positive operator, has N distinct

eigenvalues denoted by pi > 5 > - > pj. Furthermore, the 7 are
the N solutions of the equation in o,

N

222
iV _

=1 "\
satisfying
(10) MN>2> A >pu2>o> 0 > uAh > 0.

As before, by the antilinearity of K, there exists an orthonormal basis
(f1,- -+, fn) of the range of K, such that

Ku(fm)zﬂmfma m:1, ,N,

and (f1,---, fny) is determined by u up to a change of sign on some of
the f,,. We set

Lo(u) :=2p2,, j=1,...,N and 0,,(u) := arg(u|f,)*, m=1,...,N .
Define
Qv :={(L,....In,L1,...,.Ly) €R*; [, > L1 > I, > --- > Iy > Ly
Our main result reads
Theorem 1.1. The mapping

xv = (I,....In,Li,...,Ln; 1, ..., 0N, 01, ..., ON)

is a symplectic diffeomorphism from M(N )gen onto Qn x T*N, in the
sense that

N N
(11) Xnaw = dI Adip;+ > dLy Adby,

j=1 m=1

As we will see in the proof, a complement to this theorem is an
explicit formula giving u in terms of xn(u)— see Proposition 3 below.
As a first consequence of this result, we obtain an explicit solution to
the Cauchy problem for (1) for data in M (N )gen.

>0} .



hal-00538601, version 1 - 23 Nov 2010

INVARIANT TORI FOR THE CUBIC SZEGO EQUATION 6

Corollary 1. The cubic Szegd equation (1) is equivalent, in the above
variables, to the system

{ ¢o;=121; , 0y =—3Lp

1.3. The infinite dimensional case. Theorem 1.1 and Corollary 1
admit natural generalizations to infinite dimension. In this case, we

define the set H}L/ ;en as the subset of functions u in H}r/ ® so that H?

admits only simple positive eigenvalues
AP > A0 > .
on the closure of its range, and such that, for any j > 1,
vy = 1P| £0.

We shall prove that H}F/ gen is a dense Gy set in H}F/ * and that the

motion stays on infinite dimensional invariant tori, leading to almost

periodic solutions valued in H}L/ ?. More precisely, denoting by (12,)>1
the sequence of positive eigenvalues of K2, and observing that

MN> >N > s>,
we can define as before orthonormal systems (e;);>1 and (f;,)m>1, with
Hu(ej) = Ajej o Ku(fim) = tmfim -
As before, we introduce the following sequences of angles,
;= arg(lle;)* , On = arg(ulfn)®, jm > 1.

We then have the following generalization of Theorem 1.1 and of Corol-
lary 1.

Theorem 1.2. The mapping

1 y —i
X:iu€HE o (&G =X e 51, (Ym = Hme 9m>m21)

is a homeomorphism onto the subset of ? x (% defined by

(11

= {((¢)sz1, (vm)m=1) € €2 X 1G] > Im| > |G| > || > --- >0}
Moreover, the evolution of (1) reads through x as
ij = N2, 1V = — 112 -

This theorem is deduced from Theorem 1.1 through an approxima-
tion argument by the finite rank case. The convergence of this approx-
imation is a consequence of a compactness result on families of Hankel
operators— see Proposition 2 below.
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1.4. Application to inverse problems for Hankel operators.
Theorems 1.1 and 1.2 can be rephrased as solutions to inverse spec-
tral problems on Hankel operators. We denote by h'/? the space of
sequences (¢,)n>o of complex numbers such that

[e.9]

(12) > nley)* < oo,

n=0
endowed with its natural norm. Given ¢ € h'/2, we define the operator
I.: ?(N) — (*(N) by

Ve = (zp)nz0 € C(N) , Te(a), = chﬂvxp :

p=0

In view of (12), it is clear that I'. is Hilbert—-Schmidt. We also introduce

PC = Pg
where
Vn €N, ¢, = cpy1 -
Our first result concerns the prescription of positive singular values of

both I'. and T.. Recall that the positive singular values of an operator
A are the positive eigenvalues of the operator v/ AA*.

Corollary 2. - Let (\j)i<j<n, (1tj)1<j<n be N-tuples of real numbers
satisfying
M >y > > g > > Ay > uy >0

The set of sequences ¢ € hY? such that T', has rank N and admits
Aj, 1 <7 <N, as simple positive singular values, and such that I,
has rank N and admits pj, 1 < j < N, as simple positive singular
values, is a Lagrangian torus of dimension 2N .

— Let (Aj)j>1, (ftm)m>1 be sequences of positive real numbers satisfy-
mg

M>p>d>p>>0, ) N <oo.
=1

The set of functions ¢ € h'/? such that the positive singular values of
e oare A;, 7 > 1, and are simple, and such that the positive singular

values of T are pi,,, m > 1, and are simple, is an infinite dimensional
torus.

In the particular case of real values sequences ¢ in h'/2, T, is self-
adjoint and Corollary 2 has the following simple reformulation.

Corollary 3. — Let ¢y ..., (N, 71, --.,7n be real numbers such that

G| > || > [G] > |y > ... > [Cn| > |yw| > 0.
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There ezists a unique sequence ¢ = (¢p)n>o0 of real numbers such that

I'. has rank N with non zero eigenvalues (1, ..., n, and such that the

selfadjoint operator T, has rank N with non zero eigenvalues v, . . ., Yn.
— Let (¢j)j>1 5 (Ym)m>1 be two sequences of real numbers such that

G >l > (G > [l >..>0 7ZCJZ <00
j=1

There exists a unique sequence ¢ € h'/? of real numbers such that the
non zero eigenvalues of the selfadjoint operator I'c are (;, j > 1, and
are simple, and the non zero eigenvalues of the selfadjoint operator T
are Ym, m > 1, and are simple.

Notice that, in [14] and [15], Treil proved that any noninvertible
nonnegative operator on a Hilbert space, with simple discrete spectrum,
and which is either one to one or with infinite dimensional kernel, is
unitarily equivalent to the modulus of a Hankel operator. This implies
in particular that any decreasing sequence of positive numbers in ¢2 is
the sequence of the positive singular values of a Hilbert-Schmidt Hankel
operator. In Corollary 2, we prove that it is possible to prescribe both
singular values of T, and of I',, assuming that they are all simple and
distinct, and we describe the set of solutions as a torus.

As for Corollary 3, it has to be compared to the result by Megretskii,
Peller, Treil [9], who characterized in the widest generality the self-
adjoint operators which are unitarily equivalent to Hankel operators.
In the special case of Hilbert-Schmidt operators with simple non zero
eigenvalues, Corollary 3 establishes that it is possible to impose the
spectrum of both I, and I, and that this completely characterizes the
symbol.

Finally, let us emphasize that Corollaries 2 and 3 are completed by
an explicit formula which gives the sequences ¢, see Remark 3 below.

1.5. Stability of invariant tori and instability of traveling waves.
Given ([1, .. -7[N7L17 .. -;LN) € QN7 denoteby T([l, .. -7[N7L17 .. .,LN)
the corresponding Lagrangian torus in M (N)ge, via xn. Our next re-
sult is a variational characterization of T([y, ..., Iy, L1,. .., Ly) which
implies its stability through the evolution of the cubic Szego equation,
analogously to the result by Lax [8] for KAV. We recall the notation

Yu € HY® M(u) = (—idpulu) = Y_ kla(k)[? .
k=0

Theorem 1.3. Forn=1,...,2N, define

N

L; Ly — I
1 =Y 27 (1- 2 !
(13) J2n ; ]( [.)H<[k_[j)

T/ k#j
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Then T(I1,...,In,Ly,..., Ly) is the set of the solutions in Hi/Q of the
mainimization problem

inf{M(u) : Jop(u) =jon , n=1,...,2N} .
Consequently, T := T(Iy,...,In,L1,...,Ly) is stable under the evo-
lution of (1), in the sense that, for every e > 0, there exists 6 > 0 such
that, if

i — <
52{1 luo — V|12 <0,
then the solution u of (1) with u(0) = ug satisfies

inf t) — <e.
sup inf Jlu(t) = vllm/z < e
Let us mention that there is a similar result for the infinite dimen-
sional tori deduced from Theorem 1.2 — see Remark 4 below.

Our next observation concerns the case N = 1, where T([, L) consists
exactly of functions

(14) Uap(2)

where || and |p| are fixed positive numbers which depend on [y, L;.
In [2], it was observed that such functions u are traveling waves of
equation (1), in the sense that there exists (w,c) € R? such that

(%

:1—pz

t— e’”’tua,p(ze’m)

is a solution to (1). Moreover, Proposition 5 and Corollary 4 of [2]
establish the orbital stability of this traveling wave as the solution
of a variational problem, which is exactly the statement of Theorem
1.3 in this case. Therefore it is natural to address the question of
orbital stability for all the traveling waves of (1), which were classified
in Theorem 1.4 of [2]. The next result gives a complete answer to this
question.

Theorem 1.4. If u is a traveling wave of (1) which is not of the form
Uap aS defined in (14), then u is orbitally unstable.

The proof of this theorem is based on the explicit resolution of Equa-
tion (1) when the Cauchy data are suitable perturbations of the trav-
eling wave .

1.6. Organization of the paper. We close this introduction by de-
scribing the organization of the paper. In Section 2, we introduce some
fundamental tools which will be used in the paper, including the com-
pressed shift operator, a trace formula and a compactness result. In
Section 3, we prove Theorem 1.1 on action-angle variables in the finite
rank case and its corollary about the explicit solution of (1). Section
4 contains the generalization to infinite dimension stated in Theorem
1.2. Section 5 is devoted to the solution of inverse spectral problems
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for Hankel operators as stated in Corollaries 2 and 3. In Section 6, we
prove Theorem 1.3 about stability of invariant tori. Finally, Section 7
establishes the orbital instability of traveling waves.

2. PRELIMINARIES

2.1. The compressed shift operator. We are going to use the well

known link between the shift operator and the Hankel operators. Namely,

if T, denotes the shift operator — the Toeplitz operator of symbol

z +— z —, one can easily check the following identity,

(15) H,T, =T H,.

With the notation introduced in the introduction, it reads
K,=TH,.

Moreover,

K:=H/T.T'H,=H,I - (.|1)H, = H> - (. |u)u .

We introduce the compressed shift operator ([11], [12], [13])

S:=P,T,,

where P, denotes the orthogonal projector onto the closure of the range
of H,. By property (15), ker H, = ker P, is stable by T, hence

S=P~PT.P,

so that S is an operator from the closure of the range of H, into itself.
In the sequel, we shall always denote by S the induced operator on the
closure of the range of H,, and by S* the adjoint of this operator.

Now observe that operator S arises in the Fourier series decomposition
of u, namely

[e o] [e o] e}

(16)  u(2) =) (ulz")z" =) (WTr(1))z" =) (ulS"Pu(1))2".

As a consequence, we have, for |z] < 1,
(17) u(z) = (ul(I = 28) 7 Pu(1).

which makes sense since ||S|| < 1. In the next sections, we shall see
how the above formula leads to an inverse formula for the maps xn
and .

2.2. A trace formula and a compactness result. For every integer
j > 1, we denote by F; the set of subspaces of L of dimension at most

j. Given u € H}F/Q, we define \;(u) > 0 by
M(u)= min  max (HZ(h)|h) .

FeFj_1 heFL ||h|=1

The following is a standard fact about nonnegative compact operators.
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o If H has finite rank N, then A3(u) = 0 for every j > N, and
A (u) > A3(u) > --- > A2(u) > 0 are the positive eigenvalues
of H2, listed according to their multiplicities.

e If H? has infinite rank, then A\j(u) > A3(u) > --- > 0 are the
positive eigenvalues of H2, listed according to their multiplici-
ties.

Likewise, we define p;(u) > 0 by
p5(h) = min  max (Kj(h)|h) = min  max (H;(h)|h)—|(hlu)]*.

FEFj—1 he F L ||h||=1 FEFj—1 heFL ||h||=1
From these formulae, it is easy to check that
A(u) > pa(u) > Xo(u) > po(u) > ...

The following result makes an important connection with function .J(x)
introduced in (6).

Proposition 1. For every u € Hi/2, the following identities hold.

- A2 I J'(x) 11
(18) ( ! - ’ )Z ) xé{_v_ajz]-} :
Z =Xz 1—pix J(z) A3

Jj=1 J

o0

1 — px 1.
(19) J<x>:H1_)\;;p’x¢{ﬁ’j21}'
J J

J=1

Proof. First notice that (19) is a direct consequence of (18) by integra-
tion and the fact that J(0) = 1. It remains to prove (18), which we
shall interpret as a trace formula. Indeed, recall that

K (h) = Hy(h) — (hlu)u,
so that an elementary calculation yields

(I—eH?) "M (f)—(I—2K2) 7 (f) = ﬁ(ﬂ<f—xH5>-1<u>><f—a:H5>-1<u> .

Consequently;,

Te((I —xHy) ™' — (I —2Ky) ™) = (7 —zHy) " (w)]* -

o
J(x)
Since, on the one hand,

[(I—aHy) ™ (w)|* = (I—=Hy) " Hy(1)]1) = %((I—xﬂi)_l(l)ll) =J'(z),

and on the other hand
Tr((I—2zH) ' — (I —2K))™") = oTr (H (I —xH) ' — KJ(I —2K.)~

u

_ i i
B xz(l—)\zx_ 1—,u2w) ’
=1 J J

Formula (18) follows. O
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From the above proposition, we infer the following compactness re-
sult, which will be of constant use throughout the paper.

Proposition 2. Let (u,) be a sequence of H}r/z weakly convergent to u
mn Hi/Q. We assume that

(Aj(up))j=1 4 Azt (i(up))j=1 v (7)1 in €2,

and the following simplicity assumptions :

o Ifj >k and \; >0, then \; > ).

o Ifj >k andi; >0, then 1i; > Ji.

o If \; >0 for some j > 1, then \; # [, for every m > 1.
Then, for every j > 1, \j(u) = A;, p;(u) = fij, and the convergence of
u, to u s strong in H}r/z.

Proof. Firstly, we make a connection between the sequences (A;);>1, (f;);>1

and (A\;(u))j>1, (1tj(w));>1 by means of standard functional analysis.

Lemma 1. Let (A,) be a sequence of compact selfadjoint nonnegative
operators on a Hilbert space H, which strongly converges to A, namely
VheH , Ayh — Ah .

p—00
For every j > 1, denote by F; the set of subspaces of H of dimension
at most j, set

®) = mi Ay(h)|h
af = min heFI{l%”:l( p(M)|R)

and assume
)

(l§~p — Ej
with, if j > k and a; # 0, @; > ai. Then the positive eigenvalues of A
are simple and belong to the limit set {a;}.

Proof. Denote by (eg»p )) an orthonormal basis of ker Aj with Apegp ) =

() (p)

a; e; . For every h € H, we decompose

h — Z(h|6§p))e(p) + hép)
J

J

where h?) € ker A,. Let a € R. Then, passing to the limit in

(20) (A4, — a)nl* =D (@ — a)?|(hle?)* + a?|h{|? |
J

we get

|(A = a)hl| > min(inf [a; — al, |a) 2]
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and therefore, if a ¢ {@;} U {0}, a is not an eigenvalue of A. Assume
now that a = @;, and come back to (20). If Ah =@;h, we infer

> I(RleP) 2 + ] — 0
k#j

or ||h— (h\eg»p ))€§p |2 = 0. Consequently, given eigenvectors hy, ha of A
with eigenvalue @;, we have

|(h1|ho)| = Tim | (hale)] [(hale)] = ([ [|Ba]]
which means that @; is a simple eigenvalue. O

Let us return to the proof of Proposition 2. By the Rellich theorem,
u, tends to u strongly in L2, hence, for every h € L2, we have

(21) Ho, (h) — HL(h)

Since the norm of H,,, is bounded by its Hilbert-Schmidt norm, namely
the H'/? norm of u,, which is bounded, we conclude that (21) holds
uniformly for h in every compact subset of Li, hence

Vn>1,H] (h) — H](h) .
p p—00
In particular, for every n > 1,
Jon(up) = (Hy"(1 I — — (H"(D[1) := Jon(u) |
and there exists C' > 0 such that
Vn > 1,sup Jo,(u,) < C™ .
P

Choose 6 > 0 such that 6C' < 1. Then, for every real number z such
that |z| < d, we have, by dominated convergence,

J(x)(up) =1+ Z:c Jon(ty) — 1+ Zx%n u) = J(x)(u) > 0.

Similarly,
J' (@) (up) — J'(x)(u)

J(@) () T
T(@)(uy) rre J(x)(u)

On the other hand, in view of the assumption about ¢? convergence of
(Aj(up))>1 and (pj(uy));>1, we also have, for |z| < 4,

o 2 _
Z ( A3 (up) _ 5 (uy) ) N Z Ao 7
1— )\2 (up)r 1 — p3(up)x ) poc = \1- Xia: 1 -Tx

and therefore
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Using Formula (18) of Lemma 1 above, we infer

(22)
=( % B\ & Xw
> () - (P )

for |z| < 0, and hence for every x distinct from the poles, by analytic
continuation. By the assumption of the proposition, no cancellation
can occur in the left hand side of (22), and the pole are all distinct.
On the other hand, applying Lemma 1 to A, = H. and to A, = K7, |
we know that

w21} ¢ (i =1}, {wiw).j = 1) ¢ {75 > 1}
and that the multiplicity of positive eigenvalues is 1. Consequently,
there is no cancellation in the right hand side of (22) either, and all the
poles are simple. We conclude that \;(u) = \;, p;(u) = f; for every
J > 1. Moreover,

Tr(HZ) = lim Tr(H} ),

p—r00
which, since Tr(HZ) ~ |lul|%,,., implies the strong convergence in H'/2.

U

3. THE ACTION-ANGLE VARIABLES

In this section we prove Theorem 1.1 and its corollaries 1 and 2.
The proof of Theorem 1.1 is split into five parts. Firstly, we study the
compressed shift operator in connection to the spectral theory of K2.
As a second step, using the compressed shift operator, we prove that the
unknown u can be recovered from x(u), with an explicit formula. The
third step is devoted to calculating the Poisson brackets between action
functions (7, L) and angle functions (¢, #), which implies in particular
that yn is a local diffeomorphism. This calculation is achieved thanks
to function J(z), the Hamiltonian flow of which satisfies a Lax pair
structure, as we proved in [2]. The surjectivity of xy is obtained in
the fourth step thanks to a topological argument, while the remaining
Poisson brackets are calculated in the fifth step.

3.1. Spectral theory of K> and the compressed shift operator.
As a first step, for u € M(N)gen, we study the eigenvalues of K2 on the
range of H,. We first observe that 0 cannot be an eigenvalue. Indeed,
otherwise there would exist g in the range of H, such that

K,g=0=1zH,qg,

which means that H,g is a non zero constant. This would imply
that 1 belongs to the range of H,, which contradicts the definition
of M(N)gen. On the other hand, if g is an eigenvector associated to an
eigenvalue o > 0, we have, from the identity K2 = H2 — (. |u)u ,

(23) (H; —ol)g = (glu)u .
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We first claim that o does not belong to {\?...,1%}. Indeed, assume
o= X7 in (23). If (glu) = 0, (23) implies that g = ke; for some k # 0,
therefore (glu) = kA;(1le;) and this would contradict the assumption
v; >0 —see (7). If (g|u) # 0, (23) implies that u belongs to the range
of H? — A?l , hence u is orthogonal to e;, which again is in contradiction
with the assumption v; > 0.

Therefore (23) yields

9= (glu)(H; —oI) " u,
which is possible if and only if
((Hy — o) ulu) =1,

or, by decomposing u on the e;’s,
N 2.2
DPCETEES

which is exactly (9). Notice that, as a function of o, the left hand side
of the above equation increases from —oo to 400 on each interval be-
tween two successive A?, hence the equation admits exactly IV solutions
pi, ..., 2. Summing up, we have proved that the eigenvalues of K?2
on the range of H, are precisely the p2,, m =1,..., N, defined by (9),
with eigenvectors

(24) Gm = (Hy; — pn, I) ™ ().

Since these eigenvalues are simple, and since K,(g,,) is also an eigen-
vector associated to u?,, we have

Ku(gm) = Tm9m
with |y,,|* = 2, Then an orthonormal basis (fi, ..., fx) of the range
of H, satisfying

KU<fm) = tm fm

is given by
1/2
m T 1/2 )
|

so that, using that
(ulgm) = (ul(Hy = pi )" (u)) =1,
in view of (9), we have
O := arg(u|fm)2 = al"gﬁm) :
Finally, we have proved that

—i0m

KU(gm) = Um€ 9m -
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Next we come to the link with operator S. Recalling the expression
(24) of g,, and the fact that K, = H,S, we infer, using the injectivity
of H, on the range of H,,
(25> S(Qm) = HUm eiGm P,
where

hi o= (H} — o, 1) 7' Py(1) .
We summarize the above result in the following lemma.

Lemma 2. The sequence (gn,) defined by (24) is an orthogonal basis
of the range of H,, on which the compressed shift operator acts as

S(gm) = HUm ewm hm 5 hm = (Hi - M?QnI)_lpu(l) .

3.2. The inverse spectral formula. We now prove that yy is one
to one, with an explicit formula describing u in terms of xn(u).

Proposition 3. If yn(u) = (2M%, ..., 2)%, 213, ..., 2u%5 01, - on, 01, . .., ON)

then
(26) u(z) = X(I — 2A)7'Y
where
X = ()‘J'VJ' eim)gjgN ’
Y = (Vk)fgng )

A= (Ajr)1<jr<n 18 given by

Z )\ky Vke —i(pr+0¢)
be(

and
2\ 1/2 2 2\ 1/2
M Aj — i,
(27) Vj ::( _A_;) H(}\é_)@) )
j kaj N T Nk
N 2.2
Novs 2
(28) by = o 5 ’f :
;(A-—w) — 1 kH#w

Proof. Our starting point is the formula (17) derived in the last section,

u(z) = (u|(I —z8) 'P,(1)), |2| < 1.

We compute this inner product in the orthonormal basis (&; := e*%i/%¢;) <<y
of the range of H,. By definition, we have

P,(1) = Z (Llej)e; = Z vjeil%e; = Z V€

1<m<N 1<j<N 1<j<N

u = Hu(Pu(l)) = Z )\jV]’ eii(pj/2€j = Z )\jV]’ eii@jé]’.

1<j<N 1<G<N

and
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Let us compute S(é). We expand €, in the orthonormal basis g,/||ge|-

N

- - ge
er =) (exlgr) 75 -
2 (Ble e
Moreover,
N )\2 2
lgell” = ’ = by
; (AF = 1d)
Hence

and, using Lemma 2,

—~
N
—~
Ll
x>
=
™
<
~—
I

N A, elrtoo)
Z 0% — i) — )"
Eventually, we obtain that

uw(z) = X(I — zA)7!

where

X = ()\jyj eii@j)lSjSN
T
Y = (Vk)1§k§N

and A = (Aj,k)lgj,ng with Aj,k == (éj|S(ék))

It remains to compute v; and b, in terms of Ay, fty,,. To this aim,
we shall use the generating function J(x) defined by (6), which in this
case is given by

N 2,,2 N 2
Ajv 1—psx
29 =1 = 2
(29) +xZ1—A2 ]Hll—Aga;
The second identity in (29) is (19).The first one comes from the expan-
sion of P,(1) along the orthonormal basis (ey,...,ex) :

J@) = ((I—=H;) " ()])
11 = PuI” + (I = 2Hy) " (Pu(1)[Pu(1))

2
- 1_ZV?+21—V])\233
j=1 i=1 j
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Notice that these identities are valid for all complex values of x, except
the poles )\]._2, 7 =1,...,N. The value of 1/]2 is then obtained by
computing the residue of J(z) at the pole 1/A?, while the value of b is

given by
1 1
bg — —4J, (—2) .
Hog Hy

We shall now prove that yy is a diffeomorphism from M(N)ge, onto
Q x T?N. The first step is to prove that yx is a local diffeomorphism.
This will be a consequence of a first set of identities on the Poisson
brackets of the actions and the angles.

4

3.3. First commutation identities. First we recall some standard
definitions. Given a smooth real-valued function F' on a finite dimen-
sional symplectic manifold (M,w), the Hamiltonian vector field of F'
is the vector field Xz on M defined by

Vm e M,Yh € T, M,dF(m).h = w(h, Xr(m)) .
Given two smooth real valued functions F, G, the Poisson bracket of F’
and G is
{F, G} = dGXF = CU(XF, Xg) .

The above identity is generalized to complex valued functions F, G by
C-bilinearity.

Proposition 4. For any j,k € {1,..., N} , one has

{207 0k} =0k, {203, 01} =0,

In order to compute for instance {247, 60;} one has to differentiate
0x along the direction of X .. As the expression of X, 2 is fairly com-
plicated, we use the ” Szego hierarchy” | formed by the sequence of
functions Js,, which we studied in [2]. More precisely, we use the gen-
erating function J(x) given by (29). In the sequel, we shall restrict
ourselves to real values of x, so that J(z) is a real valued function.

We proved in [2] that the Hamiltonian flow associated to J(z) as a

function of u has a Lax pair, which we recall in the next statement.
We set

w(z) == (I —xH?) (1) .
Theorem 3.1 (Szego hierarchy [2], Theorem 8.1 and Corollary 8). Let

5 > % The map v — J(x) is smooth on Hf and its Hamiltonian vector
field is given by

(30) Xy () = Sw

w(z)Hyw(z) .
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Moreover, the equation

(31) 8tu = XJ(QC)(U)

18 equivalent to

(32) O H, = [B,, H,] ,

with

BE(h) = 4% @@)H(@h) + o Hyw(z)(Hy (w) (@)h) — x(h\Huw(az))Huw(az)> .

Remark 1. Notice that, since B is skew-adjoint if x is real, we infer
that the spectrum of H, is conserved by the Hamiltonian flow of J(z).
Moreover, since

xJ(z)
).

we also deduce that the spectral measure of H? associated to vector 1 is
invariant. Since, by (9), the 2, are the solutions in o of the equation

((Hy — o) Hy(D[1) =1,

)

we conclude that the p2,’s are also invariant. We infer that the Poisson
brackets of J(x) with )\? or 2, are zero, which implies, in view of the
expression (19), that the brackets of X; or g with X3 or u?, are zero.

(33) By (1) =

Thanks to this theorem, we can compute the Poisson brackets of
J(z) with the angles ¢;. The result is stated in the following lemma.

Lemma 3.
1 2J(x)

21—)\?1‘

{J(2), @i}

Proof. Let us make e; evolve according to the Hamiltonian flow of J(x).
Taking the derivative of H,(e;) = Aje;, we get

e = [By, HyJ(ej) + Hu(é))
= M\iBg(e;) — Hu(Bjej) + Hu(é;)

Hence, (H, — A\;jI)(é; — Ble;) = 0, as by assumption ker(H, — \;I) =
Re;, there exists C; € R so that

5 f— z - . -
¢; = Bje; + Cje;.

Using that Re(éjle;) = 0 as e; is normalized, and observing that
i(BZejle;) is real-valued because of the skew-symmetry of BY, we ob-
tain C; = 0 . Eventually, we have

. pa
e; = Bye;
and

—4i(1]e;) = (14iB;(e;)) = (4B, (1)]e;) = zJ (z)(w(z)le;) = T35 -(Lle;) -
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As a consequence

, 1 2J(x)

. d
Pj = @al"g(ﬂej) =371 s
J

U

To compute the bracket with 6,,, we are going to use the same
method but we have to replace the Hankel operator H, by the shifted
Hankel operator K,,. We first establish that there is also a Lax pair
associated to K. We obtain it as a corollary of Theorem 3.1.

Corollary 4. The equation

(34) Ou = Xy (u) .
implies
(35) O K, =[Oy, K]
with
Cih) = T (w@w@)h) + o Huw(@)Hw)()h) -

Proof. One computes, by using Theorem 3.1,
K, = O0(H,T.) =By, H]T. = ByK, — H,BT.
— BK, — KB + H,[z B2,
By the formula of BY given in Theorem 3.1, and by the elementary

identity
Vg € L?, Tl(zg) — 2I1(g) = (2g]1),

we have
2, BI)(R) = = 7 (zhlw)w + a(h| Hyw)zH,w)
so that
H,[z,BX](h) = yn ((w—1|zh)H,w + x(Hyw|h) K, H,w)
1
_ % ((xH?w|2h) Hyw + o(H,w|h) K, H,w)
1
- 43 (2(K o Hyw|h) Hyw + o(Hyw|h) K, Hyw)
1
2
= T (K| Hyw) Hyw + (Hyw|h) Ky Hyw)
1
= [DI KJ(h)
where
.I’Q
(36) Di(h) = 7 (W Haw)Hew -
1

Here we have used that, by definition of w, w — 1 = xH?w. Coming
back to the above expression for the derivative of K,, we obtain the
claimed formula with C] = B + D:. This completes the proof. u
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This Lax pair allow us to obtain the analogous of Lemma 3.

Lemma 4.
1 zJ(x)
J(x),0,} = —=—-—
Proof. Let us look at the evolution of f,, under the flow of X (). Let
us take the derivative of the equation pi,, fr, = Ku(fn). We get, using
the same arguments as for ¢;, that f,, = CJ f,,,. We obtain

d . ;

(B ) ) + (UIC’”fm
— @zl - (i () 1) - €l
= i) + 2Dt £

Using the above Formula 36 for D}, we get

d 7 xJ(x)
Culfn) = 5 () (Hywlf) + 27 (Hool )
x xJ(z)
= ——(w—1[1)(H, H
= ) (Hawlf) + 2 (ol )
x x
= ZZ(Huw‘fm) = 4_Z(u|fm>(Huw|gm) :
At this stage we observe that
(H2 =2 1) How = (H2 a2, 1) ™ (I~ H2) 0 = (gt o)
This yields
(Howlgm) = ((H = p )™ Hy(w)|u)
1 J
. —(1+ a(Hywlu)) = (@)
it implies
J(x)
and eventually
d d x J(x)
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From Lemma 3 and Lemma 4 above, we easily deduce Proposition
4. Indeed, from formula (29), we have

{J(x), 0} = J(@)) (xl{ik;g;} - x{ﬂk’fj}) :

o1 I — pjx

N
{5 Om}  {p, O}
0 = —
Uaonh = g3 (2t - )
k=1
and the result follows from the comparison with the results of Lemma
3 and Lemma 4.

Corollary 5. The mapping xn s a local diffeomorphism.

Proof. Let us prove that the tangent map of y is invertible. Assume
that there exist (Ozj)lgjggN and (Bj)lngQN so that

N N N N
Doyl + ) awiydly+ ) Bidei+ > Biydd; = 0.
j=1 j=1 j=1 j=1

Since, by Remark 1 and Proposition 4, {I;,I;} = 0, {L;, I} = 0,
{HJ,Ik} = 0 and {p;, It} = —0,, by applymg the above identity to
Xr,, we get B, =0for k=1,...,N. Doing the same with X, , we get
Op=0fork=N+1,... 2N. Applying this identity to X, and then
to Xy,, we get a =0, k =1,...2N, this completes the proof. O

3.4. The surjectivity of the mapping yy. In view of the inverse
formula of Proposition 17, the surjectivity of yn is equivalent to the
fact that, for every (I, L, ¢, 0) in Qx x T*V, if u is the right hand side of
(26), then xn(u) = (I, L, ¢, 0). Though the formulae are explicit, this
fact is far from trivial and will lead to heavy calculations. Therefore we
shall use another approach. Indeed we already know from Corollary 5
that yn is an open mapping. Since Qn x T?V is connected, it suffices
to prove that yy is proper hence closed to obtain that it is onto. Let
us take a sequence (I® L®) o® 9®)) in Qn x T?N which converges
to (I,L,p,0) € Qn x T2V, and such that, for every p, there exists
u, € M(N)gen such that

v (up) = (I® LW HP) 9Py

Since
N | N
gl = 3P = 3 3 (U2
=1 j=1

(up) is a bounded sequence in H +/ . Up to extracting a subsequence, we

may assume that (u,),en converges weakly to some u in H}L/ 2. At this
stage we can appeal to Proposition 2 and conclude that the convergence
of u, to u is strong and that

2)\5(’&):[]7 j:l,...,N, 2lugn<u):[jm’ ')’nzl’”.’]\f7
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with A\j(u) = 0 if 7 > N, pp(u) = 0if m > N. Therefore u €
M(N)gen - This completes the proof of the surjectivity of .

3.5. The remaining commutation identities. At this stage we proved
that xn is a global diffeomorphism. We are going to show that it is
symplectic. In view of Proposition 4, it suffices to prove that the Pois-
son brackets of {¢;, ¢r}, {0k, 0k} and {p;,8,} cancel. We first remark
that, thanks to the first commutations properties and to the Jacobi
identity, these brackets are functions of the actions (7, L) only. Indeed,

applying
{f e, ont} +{ej Lo, [1} +{er {f,0j}} =0

to f =1, and f = L,,, we obtain, in view of Proposition 4,

{Ifa {90]" ka}} = {Lma {ija ka}} =0.

Writing {¢;, px} = g(I, L, ¢, 0), we infer, by Remark 1 and Proposition
4’
dg  O0g
dpc b
The same holds for {6y, 0} and {y;, 0} .
We now prove the remaining commutation laws by first establishing
the following result. Recall that J,(u) := (H(1)|1).

Lemma 5. One has {Js, J} = —%J%.

Proof. From the definition of .J;, one has J; (u) = (u|1) so that dJ;(u)(h) =
(h]1). On the other hand, J3(u) = (H2(u)|1) so that

dJs(u)(h) = (HyH,(1)+H,HyH,(1)+H;H,(1)[1) = 2(h|H}(1))+(u?|h).
As dJs(u)(h) = 4Im(h| Xges,) + 4iIm(h| X ), it implies that

XRng = —EHg(l) — iu2

2
1 1
XImJ3 = éHi(l) — ZUQ.
Thus, one obtains A
{Js, 1} = dJi(Xres,) + idJ1(Ximy,) = —%J7 and the lemma is

proved.

O
As a corollary, we get the following commutation laws.
Corollary 6. For any j, k, {¢;, pr} = 0.

Proof. From the definitions of J; and .J3, we have J; = Zj )\jl/jze*wf
and J3 = >, MvZe "k so that

{Js, i} =Y e =i\ o v+ ek N — (e eI\ Nl

gk
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On the other hand, by Lemma 5, one also has

7: —1
{Js, W} =—5JF = - Z)\ Npvivie ierten)

As the commutators {p;, ox}, { v, ¢, } and {\iv}, o;} only depend
on the actions ([, L), we can identify the Fourier coefficients of the
function {J3, J1} as a trigonometric polynomial in the angle variables.
We focus on the Fourier coefficient for j # k. Since {Ag, ¢;} = 0, one
gets

@0 03 [Heme v (L2 LEo)]

Taking the real part of both sides, we conclude

{99j799k} =0.
U
We now compute the commutation laws between the ¢;’s and the

0rx’s. We shall make use of the functionals N, y1(u) = (zulH2"(1)).

Recall that the operator K2 has the u?’s as eigenvalues with associated
. . . A2p2

eigenfunctions gy = (H2 — pil) " 'u, with ||gi]|* = bx = > o
3 k

Hence, by Formula (25),

Pu(zu) =) o5 (gk) = > ;
Kok k K
where hy, = (H? — 21)"'P, (1) Hence we have

et? e
N2n+1 Z Mk hk| H2n Mk

sz

where P, (1) =3, ;22 " We first compute the commutator of N3 with
Ji.

Lemma 6. One has {Ns, J;} = 0.

Proof. As N3(u) = (zu|H2(1)), one has

dN3(u)(h) = (zh|H,(1)) + (2u|Hy(h) + H(u))
= 2(h|H,(2u)) + (zu?|h).

So, one gets

1 1

XRens = §Hu(zu) - ZZUQ :
1 1

Ximng = 2Hu(zu) — Zzu2 )
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It implies that

{Ng, Jl} = dJl-XReN3 -+ idJl-XImNg = —%(2U2|1) = 0.

As a corollary, one gets
Corollary 7. For any k and j, {0, ¢;} = 0.

Proof. The proof follows the same lines as before. One writes that

{Ns, J1} = 0. One has

1 - o
0 = {N3, Jl} = Z{auk el@k’)\j%?efw?]}
J,k
— Z ez’(erw)[_i( ladl .}+{>\,V2 0 })4_@)\,”2{9 ]
= bkaSOJ Y50 Yk b, 7 k)il
.k

By cancelling the real part of the Fourier coefficient, one gets the result.
O

By computing the commutator of N3 and Ns, one gets as well that
{0k, 0} = 0. Let us give the proof for completeness. As Ns(u) =
(zu|HX(1)), we have

dNs(u)(h) = (2h|H, (1)) + (2ul HyHy(1) + H,Hy,Hy (1) +
+ HyHyH,(1)+ H;(h))
= (h|H,(2H}(w)) + Hy(w)H,(2u) + H;(2u)) +
+  (zuH2(1) + HZ(zu)ulh).
So, using the expression of Xgen, and of Xy,y,, we get
{N5, N5} = dN5(u)(Xrens) + idN5 () (X )
= 5 (| Hy(zH} (w)) + Hy(w) H (2u) + Hi(2))
+ z(zuHﬁ(u) + uH?(zu)| Hy(2u))
= —% [(zH7(u) + Hy(zu) | Hy(20*)) + (20| Hy(w) Hy(2u))]
Applying the formulae
(2flg) = (IL(f)1(g)) + (L@LES)) , Hir,(@)(b) = Hulab)

we have

(zu’| Hy(u) Hy(2u)) =

(wHy(zu) | Hy(2u)) =

(
(=, (u) | Hy(20%)) + (Hy(2u)| Hu(20%))
(

(zutly(u) | Hy(2u)) = (

H(zu)[uH, (2u)) = (Hy(zu)| Hy(20?)),
)
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so that eventually

{Ng, N5} — O
On the other hand, we have, as
Ns( Z He e and Ns(u etk
k
i(60+0) ,uﬁ + Jo
0= {Ns, N5} Z !0t 0) ek} 1

= {“ B2+ Jo), 0L W“’f( 2 0 )60, 6,)
by, by boby,

Now, as before, one can cancel the real part of the Fourier coefficients
to obtain

00,6353 F ik — ) = 0
and hence, {6y,0,} =0 .

We have therefore proved all the commutation relations between our
action angle variables.This proves that xy is a symplectomorphism and
completes the proof of Theorem 1.1.

3.6. The explicit solution of the cubic Szego equation. We first
prove Corollary 1.

Proof. Let us compute
Ay = Tr(HY) — Te(K?) = Te(H2) = Te(H2 — (Ju)u)?)

in terms of J, and J;. We get Ay, = 2J; — J7. On the other hand, we
already pointed out that 2.J; — J3 = |lu||7.. Since the cubic Szegd equa-
tion on M(N) is the Hamiltonian system associated to the functional
E(u) = |Jul|7+and to the symplectic form w, and since xy is a symplec-
tomorphism, we obtain that the cubic Szegé equation is equivalent to
the Hamiltonian system associated to

N

J=1

E(I,L,¢.0)

»-bIH

As the new coordinates are symplectic, we obtain that the cubic Szego
equation is equivalent to the system
{ jj — O y Lm - 0
P; = %[j , O, = —%Lm
U

Remark 2. Notice that the above system is explicitely solvable, and
therefore that we reduced the cubic Szego equation to a spectral analysis
of the Hankel operator associated to the Cauchy datum wuy. In [2],
section 4.1, we observed that the cubic Szego equation on M(N) could



hal-00538601, version 1 - 23 Nov 2010

INVARIANT TORI FOR THE CUBIC SZEGO EQUATION 27

be written as a system of 2N ordinary differential equations in the
variables given by the poles and the residues of the rational function
u. Therefore the above corollary provides an explicit resolution of this
system.

4. EXTENSION TO THE INFINITE DIMENSION

In this section, we prove Theorem 1.2. We begin with proving the

genericity of the set H Jlr/ gen

Lemma 7. The set HY2  is a dense Gs subset of H}L/Q.

+,gen

Proof. Let us consider the set Uy which consists of functions u € H’ 1/2

such that the first N eigenvalues of H? are simple, and such that, for
any j € {1,...N}, v; == ||P;(1)]] # 0. This set is obviously open in
H}r/ * It is also dense in H +/ gen Since any element u in H}r/ éen may
be approximated by an element in M(N’), N’ > N, which can be

itself approximated by an element in M(N')gen C Uy, since N’ > N.

Eventually, H +/ gen

1/2
dense, hence H. .,

is the intersection of the Uy’s which are open and

is a dense G set. O

We can now begin the proof of Theorem 1.2. First of all, it is clear
that, because of the simplicity assumption on the eigenvalues )\? and

p2,, each function ¢; and v, is continuous. Let (u,) in H be a

+ gen
sequence so that u, converges to some u in the topology of H?z. Since

H,, converges to H, in the Hilbert-Schmidt norm, the ¢* norm of
(A;j(u,)) tends to the ¢2 norm of (A\;(u)) in 2. As K,,, tends K, in the
Hilbert-Schmidt norm as well, the 2 norm of (vy;(u,)) tends to the ¢2
norm of (v;(u)). This implies that x(u,) tends to y(u) in 2 x 2

We now show that y is a homeomorphism. Let us first prove that y is
onto. Let (((;), (7m)) € E. As xn is onto on M(N)gen, for any N > 1,
to (1¢51, [v4], ¥4, 05)1<j<n corresponds a unique uy € M(N)gen. Since

lunlle = Tr(H ZAQ - ZA

(uy) is bounded in H'/? and there exists a subsequence, still denoted
by (uy), which converges weakly to some u € H/ /2, Appealing to
Proposition 2, we infer that u is the strong limit of (uy) in HY? and

that u belongs to H+/gen with x(u) = (({;), (vm))-
Let us prove that y is one-to-one. Again we use the formula (17),

u(z) = (u|(I —28) 'P,(1)) .
Arguing as in Section 3, it is easy to check that Formula (26) may be

extended here so that u is uniquely determined from the data in =, as
shown by the following result.
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Proposition 5. If x(u) = (({;);>1, (Ym)m>1), then

(38) u(z) = X.(I —zA)7'Y
where
X = (I/jCj)jzl
Y = (Vk)gg,

A= (Ajk)jr>1 is given by

ViveCrYe
A= J ’
" ; be(IGi 17 — 1vel*) (ICk[* — vel?)

and
LGP — )
’ Gl Tz (1617 = IC’kIQ)l/2 ’

e’} 2 2 2

by = Z |2C]| 2 2 2H ‘wz %|2 :

(G2 = Te)? ~ 162 - |W\ i [vel® = G
Proof. Since it is very similar to the proof of Proposition 3, we only
indicate the new features. Denote by R, the closure of the range of H,.
The main difference relies on the spectral theory of K, on R,. Indeed,
ifue H +/ gens» 1t may happen that K, has a kernel in R,, which is
equivalent, as we noticed in Subsection 3.1, to the existence of gy € R,
such that H,go = 1. In this case, an orthogonal basis of the Hilbert
space R, is given by the sequence (g, )m>0, Where g,,,, m > 1, is given
by the formula (24), and g is as above. However it turns out that the
existence of gy does not affect the formulae in Proposition 5. Indeed,
since gy € R, and K,g0 = 0 = H,Sgy, we infer Sgo = 0, hence, with
the notation of Proposition 3, the expression of S(é) is still

o0

>\ka (§ ik
)= 2 g =gyt o=l

and the expression of
Ajr = (&5(ex))
then follows for every j, k > 1. O

It remains to check that y~! is continuous on =, that is if x(u,)

tends to x(u) then u, tends to u in H'/2. First, as x(u,) converges,
the sequence (u,) is bounded in H'/? and hence, admits a convergent
subsequence which weakly converges to some v. Appealing again to
Proposition 2, we conclude that u, converges strongly to v. As x is
continuous and one-to-one, we have u = v.

Finally, the evolution formulae of ¢; and of ~,, for the cubic Szego
equation (1) are immediate consequences of similar formulae for u €
M(N) derived in Corollary 1, combined with the approximation of u
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by elements uy in M(N)gen, and the continuity of the flow map of (1)
on H}L/ ?as proved in Theorem 2.1 of [2]. This completes the proof.

5. INVERSE SPECTRAL PROBLEMS FOR HANKEL OPERATORS

As a byproduct of the existence of the diffeomorphism y and of the
homeomorphism y, we first prove Corollary 2.
Proof. Denote by F : u € L2 + ¢ = (4(n))n>o € (*(N) the Fourier

transform. Notice that F realizes an isomorphism from H}L/ ? onto h/2.
Moreover, it easy to check that

FIULI:F=H?, FIT.IIF=K?.
Therefore, the set of sequences ¢ € h'/? such that I, has rank N and
admits A\; , 1 < j < N, as simple singular values, and such that I'. has
rank N and admits p;, 1 < 7 < N, as simple singular values, is sent
by F~1 onto

—1 2N

XN((Ila--wINaLl,---,LN)XT ),

with
I; = 2)\2 , L o= 202, .

The same argument applies in the infinite dimensional case.This com-
pletes the proof. O

Restricting to the case of selfadjoint Hankel operators will give us
the proof of Corollary 3 as follows.

Proof. Via the Fourier transformation F,
L2, ={he L’ :YneNh(n) eR}.

identifies to ¢3(N), and the operators H,, K, with u € Hi/Q NnL%,

respectively identify to I, [, with ¢ = Fu. Moreover, for every (I, L) €
Qy, one easily checks that

T(I,L)NLE, = xy' (1, L) x {0,7}*"}
and, if u belongs to this set, the non zero eigenvalues of H, (resp. K,)
on L7 , are

GL=Ae ™ G= Ave N (resp. vy = e L = pve )

Indeed, on the one hand xy'((I, L) x {0,7}*} C T(I,L) N L%, by
Proposition 3. On the other hand, if v € T(I,L) N Livr, the operator
H, is selfadjoint on L%ﬁr, hence has real eigenvalues (i,...,(y with
|(;| = Aj. The corresponding normalized eigenvectors &; in L7 . satisfy

Hy(&;) = G&;
therefore either €, = =+e; and ¢; = arg(1l]¢;)* = 0 if ¢; = A;, or
é; = +ie; and ¢; = arg[—(1|¢;)?] = w if {; = —); . The same holds for
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K,. The same argument applies in the infinite dimensional case. This
completes the proof. O

Remark 3. Notice that, in addition to Corollaries 2 and 3, the solu-
tions ¢ are given by

cn = XA"Y |
with the notation of Proposition 3 in the finite rank case, and Proposi-
tion 5 in the infinite rank case.

6. STABILITY OF INVARIANT TORI

In this section, we prove Theorem 1.3, which we state again for the
convenience of the reader.

Theorem 6.1. Forn=1,...,2N, define
N
L; L, —1I;
39 o = 27 (1 - 2 — 7).
(3) . Z ]( IJ)H<Ik—[j)
J=1 k#j

Then T(I1,...,In,Ly,..., Ly) is the set of the solutions in H}rﬂ of the
minimaization problem

inf{M(u) : Jop(u) =jon , n=1,...,2N} .

Consequently, T := T(Iy,...,In, L1,...,Ly) is stable under the evo-
lution of (1), in the sense that, for every e > 0, there exists § > 0 such
that, if

inf fuo — vllg2 <9,

then the solution u of (1) with u(0) = ug satisfies

inf - <e.
sup inf lu(t) = vlg2 < e

Proof. First of all, notice that Formula (39) expresses the common

value of Jo,(u) as u € T(ly,...,In,L1,...,Ly), in view of formulae
(27) and
N
Jon = Y A
j=1

with [; = 2)\?, Ly, = 2u2,.

Let us assume that the Lagrangian torus
T:=T(L,...,In,L1,...,Ly)

is the set of solutions in Hi/ ? of the minimization problem

(40) inf{M(u) : Jon(u) =jon, n=1,...,2N} :=m

where the js,,’s are given by formula (39) and let us prove that it implies
the stability.
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Let ul so that infyer |ul” —v|| 172 tends to zero as n goes to infinity.
We are going to show that the solutions u™ of the cubic Szegd equation
with u(™(0) = ué") are such that sup,cg infyer [|[u™ () — v|| g1/2 tends
as well to zero as n goes to infinity. As the functionals u — Jog(u)
are invariant under the cubic Szego flow and are continuous for the
weak topology of H'/2 we get that Jo(u™ (t)) = JQk;(U/én)) tends to joi.
Similarly, since M(u) is a conservation law, u™ is bounded in H'/2
and M (u'™) tends to m. Moreover, given any sequence (t,) of real
numbers, the sequence (u(™(t,)) has a subsequence which converges
weakly to some u € Hi/ 2, By the weak continuity of the Jy; and
the weak semi-continuity of M, Jox(u) = jor and M(u) < m. Hence,
since T is the solution of the minimization problem, M (u) = m, u,(t,)
converges strongly to u and u belongs to T. This gives the stability.

It remains to prove that the set of minimizers is T. Recall that H2*(1),
k=1,...,N are linearly independent if and only if the Gram determi-
nant
det(Jo(nim)(U))1<nm<an
is non-zero. By the choice of the sequence {jo,}i<n<on, there ex-
ists u € M(N)gen 50 that Jo,(u) = jon, 1 < n < 2N — any u €
Xv (I, ..., In, L1, ..., Ly) x T?V) is convenient. Hence, the determi-
nant
det (Ja(ntm))1<nm<an

is different from zero. Since H, is one to one on its range, it follows that
if u satisfies Jo, (1) = jon, 1 < n < 2N then u, H2(u), .. .,Hg(N_l)(u)
are independent. As a first step, the following proposition implies that
the set of functions u with Jo,(u) = ja, with M (u) minimal is a subset

of M(N).

Proposition 6. Let u € H,'> and N > 1 so thatu, H2(u), . .., Hi™" "V (u)
are independent. Then the following inequality holds

- det ((Jaerer) (w))o<ke<n—1, (Jogesn+1) (1) )Jo<k<n—1)
- det(Jagkte11) (4))o<ke<n—1)

with equality if and only if u € M(N).

Proof. This statement is a direct consequence of the following lemma
with A = H? and e = u. O

Lemma 8. Let A be a trace class positive self-adjoint operator de-
fined on a Hilbert space H and let e € H, N > 1. Assume that
A(e), A%(e),. .., AN(e) are independent. Then,

det ((Ak“(e), e)o<ken—1, (AFFN (e), e)ngSN—l)
() >
det ((AF*(e), €)o<ki<n-1))
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with equality if and only if the range of A is N dimensional and e
belongs to the range of A.

Proof. Denote by V' the space spanned by e, A(e), ..., AV 'e. Let P
be the orthogonal projector from H to V. Let A = PAP then A is

positive self adjoint and Tr(A) > Tr(A). In fact, one has
Tr(A) = Tr(P%A) = Tr(PA)
so that
Tr(A)—Tr(A) = Tr((I-P)A) = Tr((I-P)*A) = Tr((I-P)A(I-P)) > 0.
By definition, A is at most of range N so that by Cayley-Hamilton,

there exist o = Tr(A),02...,0N so that
~ N ~
(AN = (=1) oy (AN
j=1

In particular,

so that

PAN(e) = (1) 'g; AN (e)

j=1
and taking the scalar product with A¥(e), 0 <k < N — 1, we get

N
(AN (e),e) = > (=1) oy (AN T (e), ).
j=1
Solving the corresponding system in (o1,...,0n), we get that oy =

Tr(A) coincides with the right hand side of the inequality. Hence,
inequality of lemma 8 is proved. Furthermore, there is equality if and
only if

Tr((I — P)A(I — P)) =0.

This is equivalent, since A is positive, to (I — P)A(I — P) = 0 which, in
turn is equivalent to A(I — P) = 0. Indeed, let w € Im(/ — P) so that
(I — P)Aw = 0 then (({ — P)Aw,w) = 0 = (Aw, w) so that Aw = 0.
In particular, the range of A is a subspace of V. On the other hand, by
assumption the range of A is at least N dimensional, we obtain that
the range of A is exactly V. In particular, it implies that e belongs to
the range of A. Conversely, if the range of A is N dimensional and if e
belongs to the range of A, then V' is a subspace of the range of A and is
N dimensional, hence V' is the range of A. In particular, (I — P)A =0

so that Tr(A) = Tr(A). d
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We now show that Proposition 6 implies the theorem, namely that
T is the solution of the minimization problem. It remains to prove
that, if w € M(N) satisfies Jon(u) = jo, for n = 1,...,2N, then
u € T. Let u be such a function. Since det(Jamim)(4))i<nm<n =
det(jonim))1<nm<n # 0, we already know that H} has N simple pos-
itive eigenvalues A > --- > A% and its corresponding normalization
constants 7, ..., Uy are all > 0. Let us prove that

S\j:Aj, I;j:l/j,j:]_,...,N

where Ay, ..., AN, V1,..., vy correspond to any element uy € T. The
assumption Jo,(u) = jo, for n =1,...,2N reads

N N
EA??:EA%ﬁn:LUQN,
j=1 j=1

or, for every polynomial P of degree < 2N such that P(0) = 0,

Assume that for some jy, Aj, is different from all the A;’s. Then we
can select a polynomial P of degree 2N such that P(A\}) = 0 for every
7, P(S\?) = 0 for every j # jo and P(0) = 0, but P(S\i) # 0. Plugging
these informations into the above identity, we get 7;, = 0, a contradic-
tion. This implies S\j = ) for every j, and finally, by solving a Van der
Monde system, v; = v; for every j. O

Remark 4. There is an analogous result of Theorem 1.3 in the infinite
dimensional case, though it is easier. Indeed, given two sequences I =
(£;)j>1, L = (Lim)m>1 of numbers such that

[1>L1>[2>L2>"'>0, ZIJ<OO,
=1

denote by T(I, L) the infinite dimensional torus of those u € Hi{zen
such that x(u) = ((¢;)j21, (Ym)m=1) with I; = 2|¢* and Ly, = 2|ym|?
for all j,m. First of all, we observe that, for every n > 1, Jo, has a

constant value on T(I, L) given by
o L; Ly — I
Jon, = 27 (1 - =2 — .
T Z ]( I')H<Ik—[')
j=1 I kg /

Then we claim that T(1, L) is precisely the solution of the minimization
problem

inf{M(u) : Jon(u) =jon , n>1}.
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Indeed, if u € Hi/z is such that Jop(u) = jon for every n > 1, we

conclude that
1 1 ,u?
v {5 J@ =115

7=1
where .
A= gl = 5L
From formula (19), we infer
=1
(41) III_AQ II
j=1 =

Consequently, the sequence (X3) is a subsequence of the sequence (A3 (u)),
and the sequence (113) is a subsequence of the sequence (p3(u)). We de-

duce .
M (u) = Tr(K?) Z po(w) >y gl
m=1

with equality if and only if the sequences (13) and (p3(u)) coincide.
In that case, in view of (41), we conclude that the sequences (A7) and
(A3(u)) coincide too, and finally that w € T(I,L). The stability of
T(1, L) through the evolution of (1) therefore follows by the same com-
pactness arguments as in the proof of Theorem 1.3.

7. INSTABILITY OF TRAVELING WAVES

In contrast with the preceding section, we now establish instability
of traveling waves which are non minimal.

Theorem 7.1. The following traveling waves of the cubic Szego equa-
tion are orbitally unstable :

p(z) = aHl_;] , a0, N>1,0<|pj| <1,

7=1
¢
z
gO(Z) :am,OZ7£O,N227N—12£ZO,O<|}7‘<1
Proof. We first deal with traveling waves with non zero velocity,

ZZ

L—=p
where the constant o # 0 has been made 1 for simplicity, in view of
the invariances of the equation. Our strategy is to approximate ¢ by a
family (u§) in M(N)gen such that the family of corresponding solutions
(uf) do not satisfy

o(z) = N>2N-1>/(>0,0<]|p| <1,

9
NZN

42 inf (t) — o — 0,
(42) sup inf 1A () = wasllmre =3
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where ¢, g denotes the current point of the orbit of ¢ through the
action of T?,

Yap(2) = ep(ez) .
Specifically, if (42) holds, then, for & small enough, u®(t) belongs to a
compact subset of M(N), and consequently every continuous fonction
f on M(N) which vanishes on every ¢, s satisfies

sup | £ (1 ()] —3 0.
teR e

We shall choose for f, the function o defined by
A(z)
U2 = T + 2R
where A, R are polynomial functions. Notice that ¢ vanishes onto the

orbit of ¢ since N > 2. We now compute o(u(t)) by means of the
explicit inverse formula for y given in Proposition 3. This yields

2 .
o(us(t)) = tr(I) = Z L CR

2 2
1<jI<N bf()‘j - Nz)2

Notice that, in the above formula, all the quantities depend on &, but
only the angles ¢;, 6, depend on ¢. Moreover, from Corollary 1, we
know that they depend linearly on ¢, with velocities

d
(05 +00) = A2 — .

We claim that we may assume that all these velocities are pairwise
distinct. Indeed, using the diffeomorphism xy of Theorem 1.1, this
just comes from the fact that, on the open set

QN:{]l>L1>IQ>L2>"'>IN>LN>0}

of R*N, the quantities I; — L, are generically pairwise distinct. Conse-
quently,
Nviug

%/|a(u€(t))|2dt — -

We now estimate the right hand side of the above identity from below
as ¢ tends to 0. An elementary spectral study of H Z and of K ; shows
that their eigenvectors are

]
o 1_pNZN )

and that their eigenvalues belong to the pair

{(1 —‘plij\ZN)Q’ (1 - \;IQN)Q}

hence are bounded from above and below. From the continuity deduced
from the min max formula, we infer that A3, u7 are also bounded from

©;j j=0,1,....,N—1,
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above and below as ¢ tends to 0. Therefore, for some fixed positive

constant ¢,

)\gy4 N N 2 /N 1 2
i (5) () 2 % (57) (20)
1<j <N j=1 =1
Moreover,

1 N

_ 2 2 2 __ 2 2 2N
5, = 1 = el 3007 = IRG(OIP 3 IR0 = 1P,

o= j=1

as we proved in [2], Proposition 1. We conclude that

liminf lim —/|a NFdt >0,

e=0 T—oo

which contradicts

sup |o(u(8)] 0

Hence ¢ is orbitally unstable.

We now deal with stationary waves, which are Blaschke products

with N > 2,0 < |p;| < 1. Once again, we want to prove that there
exists a sequence ug in H}F/ ? such that

4§ — ell sz —3 0

but the solution u® of the cubic Szegd equation with Cauchy datum wug
satisfies

(43) hmlnfsup inf ||uf(t) — el g2 >0 .
—0 teR a€eT

Introduce the quantity
¢:=(lp)=(=D""pi...pn-1 .

We claim that we may assume that ¢ € R,. Indeed, by using invariance
of the cubic Szego equation through multiplication by complex numbers
of modulus 1 and by rotations of the circle, property (43) for ¢ and
the sequence (u) is equivalent to property (43) for

(2) = ePp(e2)

and
i5(z) = ePug(ez) .
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If we choose f = —(N — 1), we observe that

-1 —/

- 11 c - = ep;
- / [ B J
7=1 1 p]Z
so that § = ¢“ ™17, Hence a convenient choice of v ensures § > 0.

We therefore assume from now on that ¢ > 0.
We now introduce
=p+te.
Let us first determine the spectrum of Hga on the vector space
< 1>:=span(H,;:(1),n > 0).
We have
Hu(s) = Hcp + EHl
which is identically 0 on ker H,. On the range of H,, we have
Hi: = H> +e(Hy Hy + HiHy) +HY = I + R.
where R, is the rank two operator defined by
Re(h) = ((h|1)p + (hlp)) + £*(h|1).

Notice that we used the identity Hf, = 1 on the range of H,, which
holds since ¢ is an inner function. We observe that R. stablhzes
span(1, ¢), which is therefore < 1 >, and that its matrix in the ba-
sis (1, ) reads

M= eq+e? e+e?q
< € £q

Consequently, the eigenvalues of Hig on span(1, ¢) are the roots r1 of
the equation

(r—172—(2eq+H(r—1)—*(1-¢*) =0

which are given by
5 g2
re=tbe (a4 52 Wbegt ) =Lt elg£1)+0().

We therefore have
4 2 _
Hu(g)(l)—ngu(g)(l)+0‘2 = 0 s
o1=r4+r_=2+2q+¢*, 00 = ryr_ = (1+¢eq)?

Applying the Lax pair property described in Formulae (2) and (3), we
infer

H.(1) — o H2Z(1) + 0y =0
for every time t. Indeed, f = HL (1) — o, H2. (1) + 0y satisfies the linear

evolution equation
— = (Bys +=H:
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and f(0) = 0. Denote by w® €< 1 > the unique vector such that
H,:(w®) = 1. In view of the above formula, we have

_ —H (1) + 01 He(1)
- -

w® ,

We now study the evolution of
J2 (1) = (w1) , Ji(t) = (u[1) .
Again by the Lax pair property, we have
WS = J5 i =0 —00J5
which implies that
Ji(t) = e fyeT
where ~4 are given by initial conditions,

Yty =gte, T4 oL
r. r— l4eq

This leads to

qg+t1
Te= o Ofe) -
We infer, for every s > 0,
s/e s
€ € 2 1 2 2 —i(ry—r_)o/e
= [ VR@P = (03 472 + 2Re(r,7-e ) do
0 0

14+¢* (1—¢?%)sin(2s)
es0 2 4s '
On the other hand, if ¢ is orbitally stable, we have

= f(s) .

sup ||J15(t)|2 — q2| < C'sup inf ||u®(t) — emg0||Lz — 0,
teR teR a€eT e—0

which imposes f(s) = ¢* for every s and contradicts the above formula
for f. We conclude that ¢ is orbitally unstable.
O
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