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HOLOMORPHIC ACTIONS, KUMMER EXAMPLES, AND
ZIMMER PROGRAM
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ABSTRACT. We classify compact Kahler manifoldi4 of dimensiom > 3
on which acts a lattice of an almost simple real Lie group okra n— 1.
This provides a new line in the so-called Zimmer program,@ratacterizes
certain type of complex tori by a property of their automaspfis groups.

RESUME. Nous classons les variétés complexes compactesriginies
M de dimensiom > 3 munies d’'une action d’'un rése&iudans un groupe
de Lie réel presque simple de rang- 1. Ceci compléete le programme de
Zimmer dans ce cadre, et caractérise certains tores cregptempacts par
des propriétés de leur groupe d’automorphismes.
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1. INTRODUCTION

1.1. Zimmer Program. Let G be an almost simple real Lie group. Tteal
rank rkr(G) of G is the dimension of a maximal abelian subgroupf G
that acts byR-diagonalizable endomorphisms in the adjoint represiemaf
G on its Lie algebrag. Whenrkgr(G) is at least 2, we shall say th&tis a
higher rank almost simple Lie group. Ldt be alattice in G; by definition,
I is a discrete subgroup @ such thaiG/I" has finite Haar volume. Margulis
superrigidity theorem implies that all finite dimensioriaEar representations
of I" are built from representations in unitary groups and repredions of the
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Lie groupG itself. In particular, there is no faithful linear represation of I
in dimension< rkr(G) (see [27]).

Zimmer’s program predicts that a similar picture shoulddhfar actions
of ' by diffeomorphims on compact manifolds, at least when timeetision
dim(V) of the manifoldV is close to the minimal dimension of non trivial lin-
ear representations & (see [17]). For instance, a central conjecture predicts
that lattices in simple Lie groups of ramkdo not act faithfully on compact
manifolds of dimension less than(see [42, 41, 43, 21]).

In this article, we pursue the study of Zimmer’s program mhielomorphic,
kahlerian, setting, as initiated in [11] and [13].

1.2. Automorphisms. LetM be a compact complex manifold of dimension
By definition, diffeomorphisms d# which are holomorphic are callexlito-
morphisms. According to Bochner and Montgomery [6, 9], the grédup(M)

of all automorphisms df1 is a complex Lie group, the Lie algebra of which is
the algebra of holomorphic vector fields bh Let Aut(M)° be the connected
component of the identity iAut(M), and

Aut(M)* = Aut(M) /Aut(M)°

be the group of connected components. This group can bet&fiand is
hard to describe: For example, it is not known whether theiss®a compact
complex manifoldVl for which Aut(M)?# is not finitely generated.

WhenM is a Kahler manifold, Lieberman and Fujiki proved tiait(M)°
has finite index in the kernel of the action Afit(M) on the cohomology of
M (see [18, 26]). Thus, if a subgrodipof Aut(M) embeds intdAut(M)?, the
action ofl" on the cohomology oM has finite kernel; in particular, the group
Aut(M)# almost embeds in the group M@d) of isotopy classes of smooth
diffeomorphisms oM. WhenM is simply connected, Md#) is naturally
described as the group of integer matrices in a linear adgelgroup ([34]).
Thus, Aut(M)? sits naturally in an arithmetic lattice. Our main result goe
in the other direction: it describe the largest possiblédes contained in
Aut(M)%,

1.3. Rigidity and Kummer examples. The main example which provides
large groups™ C Aut(M)? is given by linear actions on tori, and on quotient
of tori (see [13],§1.2). For instance, if\g is a lattice inC, the groupSL (Z)
acts on the toruA = (C//Ao)"; since this action commutes with multiplication
by —1, SLn(Z) also acts on the quotieMy = A/(—1) and on the smooth
n-fold M obtained by blowing up the"4singularities ofMg. The following
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definition, which is taken from [12, 13], provides a commona®ination for
all these examples.

Definition 1.1. LetT be a group, an@ : I — Aut(M) a morphism into the
group of automorphisms of a compact complex manifldThis morphism
is aKummer example (or, equivalently, is oKummer type) if there exists

e a birational morphisrm: M — Mg onto an orbifoldV,
e a finite orbifold covek : A— Mg of Mg by a torusA, and
e a morphisrm : I — Aut(A)

such thaton(y) = (Top(y) ot Yoe forallyinT.

The notion oforbifold used in this text refers to compact complex analytic
spaces with a finite number of singularities of quotient tyipeother words,
Mo is locally the quotient ofC",0) by a finite group of linear tranformations
(see Section 2.4).

Since automorphisms of a tor@8 /A are covered by affine transformations
of C", all Kummer examples are covered by the action of affine foama-
tions on the affine space.

The following statement is our main theorem. It confirms Ziemis pro-
gram, in its strongest versions, for holomorphic actionscompact Kahler
manifolds: We get a precise description of all possibleoastiof lattices” C G
for rkr(G) = dimc (M) but also forrkg (G) = dimg(M) — 1.

Main Theorem. Let G be an almost simple real Lie group ahde a lattice
in G. Let M be a compact &ler manifold of dimensionk 3. Letp: I —
Aut(M) be an injective morphism. Then, the real rakk(G) is at most equal
to the complex dimension of M.

(1) If rkr(G) = dim(M), then G is locally isomorphic t8L+1(R) or
SLn+1(C) and M is biholomorphic to the projective spae&C).
(2) If rkr(G) = dim(M) — 1, there exists a finite index subgrofip in I
such that either
(2-a)p(Io) is contained inAut(M)°, or
(2-b) G is locally isomorphic téLn(R) or SL,(C), and the mor-
phismp : g — Aut(M) is a Kummer example.

Moreover, all examples corresponding to assertion (2-@)dascribed in
Section 3.4 and all Kummer examples of assertion (2-b) aserdeed in Sec-
tion 6. In particular, for these Kummer examples, the compeusA associ-
ated toM and the latticd fall in one of the following three possible examples:
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o[ C SLy(R) iscommensurable t8l ,(Z) andAis isogeneous to the prod-
uct of n copies of an elliptic curv€ /A,

e C SLy(C)is commensurable t8L ,(04) whereoy is the ring of integers
in Q(v/d) for some negative integer, andA is isogeneous to the product of
copies of the elliptic curv€ /oy;

e In the third examplen = 2k is even. There are integeaisandb such that
Ais isogeneous to the productbtopies of the abelian surfa€? /Hap(2),
whereH,, is the division algebra of quaternions over the rational bersQ
defined by the basidl, i, j, k), with

i=a,j?=b,ij=k=—ji.

Moreover, the group is a lattice inSL,(R) commensurable to the group of
automorphisms of the abelian grobﬁ,b(Z)k that commute to the diagonal
action ofH, (Z) by left multiplications (seg6).

As a consequencé, is not cocompactA is an abelian variety ani¥l is
projective. This theorem extends the main result of [13jfrdimension 3 to
all dimensionsh > 3 whenG is almost simple; the strategy is different, more
concise, but slightly less precise.

1.4. Strategy of the proof and complements.After a few preliminary facts
(§2), the proof of the Main Theorem starts§8: Assertion (1) is proved, and
a complete list of all possible paifM, G) in assertion (2-a) is obtained. This
makes use of a previous result on Zimmer conjectures in thenarphic
setting (see [11]), and classification of homogeneous osiguamogeneous
spaces (see [2, 22, 23]). On our way, we desdridevariant analytic subsets
Y C M.

The core of the paper proves that assertion (2-b) is satisteth the image
p(To) is not contained iMut(M)? andrkgr (G) = dim(M) — 1.

In that casel” acts almost faithfully on the cohomology bf, and this lin-
ear representation extends to a continuous representdti@ron H*(M,R).
Section 4 shows th& preserves a non-trivial cone contained in the closure of
the Kahler conex (M) c HY1(M, R); this general fact holds for all linear rep-
resentations of semi-simple Lie grou@gdor which a latticel’ C G preserves
a salient cone. Section 4 can be skipped in a first reading.

Then, in§5, we apply ideas of Dinh, Sibony and Zhang together with rep-
resentation theory. We fix a Cartan subgrddipn G and study the eigen-
vectors ofA in the G-invariant cone: Hodge index theorem constrains the set
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of weights and eigenvectors. When there isfamvariant analytic subset of
positive dimension, Yau’s Theorem can then be used to pfatdt is a torus.

To conclude the proof, we then show that invariant analyilzsgets can be
blown down to quotient singularities, and we apply Hodge éagis theorems
in the orbifold setting. This makes use of Section 3.

Section 6 lists all tori of dimensionwith an action of a lattice in a simple
Lie group of rankn— 1. Since Sections 3.4 and 6 provide complements to the
Main Theorem, we recommend to skip them in a first reading.

1.5. Aknowledgment. Thanks to Michel Brion, Jean-Pierre Demailly, Igor
Dolgachev, Stéphane Druel, Jean-Frangois Quint for diseussions, com-
ments, and ideas. Demailly provided the proof of Theoremwhie Brion
and Dolgachev helped us clarify Section 3.1.

2. COHOMOLOGY, HODGE THEORY, MARGULIS EXTENSION

Let M be a connected, compact, Kahler manifold of complex dinoens
2.1. Hodge Theory and cohomological automorphisms.

2.1.1. Hodge decompositionHodge theory implies that the cohomology groups
HK(M, C) decompose into direct sums

HM.C) = @) HPIM.C).
p+a=k

where cohomology classes %M, C) are represented by closed forms of
type(p,q). This bigraded structure is compatible with the cup prodGcim-
plex conjugation permutddP9(M, C) with H*P(M, C). In particular, the co-
homology groupdHP-P(M,C) admit a real structure, the real part of which
is

HPP(M,R) = HPP(M,C)NH?P(M,R).
If [K] is a Kahler class (i.e. the cohomology class of a Kahlemjorthen

[K]P € HPP(M,R) for all p.

2.1.2. Notation. In what follows, the vector spadé’!(M,R) is denotedV.
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2.1.3. Primitive classes and Hodge index theorebet [k] € W be aKahler
class i.e. the class of a Kahler form (alternatively, Kahleasdes are also
calledample classes). The set of primitive classes with respedkjds the
vector space of class@g in W such that

/ K" A U] = 0.
M

Hodge index theorem implies that the quadratic form

(1 ) = [ (K" 2A AW

is negative definite on the space of primitive forms (see,[88]3.2). We
refer the reader to [16], [15] and [40] for stronger resuitd aonsequences on
groups of automorphisms ™.

2.1.4. Cohomological automorphisms.

Definition 2.1. A cohomological automorphismof M is a linear isomor-
phism of the real vector spaé€ (M, R) that preserves the Hodge decomposi-
tion, the cup product, and the Poincaré duality.

Note that cohomological automorphisms are not assumedesepre the
set of Kahler classes or the lattieE (M, Z), as automorphism$* with f
Aut(M) do.

2.2. Nef cone and big classesRecall that a convex cone in a real vector
space issalient when it does not contain any line: In other words, a salient
cone is strictly contained in a half space.

TheKahler coneof M is the subsek (M) C W of K&hler classes. This set
is an open convex cone; its closuke(M) is a strict and closed convex cone,
the interior of which coincides witlk (M). We shall say thatg (M) is the
cone ofnef cohomology classes of typgd,1). All these cones are invariant
under the action ofut(M).

A class[w)] in HY1(M, R) is big and nefif itis nef and [, w" > 0. The cone
of big and nef classes plays an important role in this paper.

Theorem 2.2(Demailly and Paun)Let M be a compact &ler manifold, and
[w] € HY1(M,R) be a big and nef class which is not d@HKler class. Then

(1) there exists an irreducible analytic subset™YM of positive dimension

such that
/ wimY) — g
Y
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(2) the union of all these analytic subsets Y is a proper Zarisbsed
subset ZC M.

Proof. The existence of in property (1) follows from Theorem 0.1 in [14].
Let us now prove property (2). Theorem 0.5 in [14] shows thatdasgw)|
is represented by a closed positive curf€nwhich is smooth in the comple-
ment of a proper analytic subsétC M, has logarithmic poles along, and
is bounded from below by a Kahler form, i.€.> k for some Kahler fornk
onM. Our goal is to show that all irreducible analytic sub&éts M of posi-
tive dimension that satisfy property (1) are contained.inWe assume that
is not contained iZ and din{Y) > 0, and we want to show that the integral of
[w]9™M(Y) onY is positive. In order to compute this integral, we represehy
T and regularizd in order to take its dirfY )-exterior power.
Leta be a smooth and closed form of tyfile 1) which represents the class
[w)]. LetC > 0 be a constant such that> —Ck. Write T as

i
T= — >
o+ T[aalp > K,
and consider the sequence of truncated curfgpis > 0, defined by
Ta=0a+ TI—TGE max(y, —a).

On the setp > —a, T, coincides withT and thusT, > K; on the setp < —aiit
coincides witha. In particular,T; > —Ck onM. Sincey has logarithmic poles
alongZ, the setsp < —a are contained in smaller and smaller neighborhoods
of Z whena goes to.

Sincey is locally the difference of a smooth function and a plurisaib
monic function, is upper semi-continuous and, as such, is bounded from
above. ThusT, has bounded local potentials, and its Monge-Ampeére prod-
ucts can be computed on any analytic subse¥iddy Bedford-Taylor tech-
nique (see [3]).

Since the cohomology class ©f is equal to the class df we have

/[w]dim(Y) :/Tgim(Y) 2/ Kdim(Y)_/ (Ck)dm(Y).
Y Y Yn{y>-—a+1} Yn{yp<—a+1}

The first term of the right hand side of this inequality goezdm whera goes
to —co. The second term converges to the volum& avith respect tak. This
concludes the proof. O

2.3. Margulis rigidity and extension. LetH be a group. A property is said
to holdvirtually for H if a finite index subgroup ol satisfies this property.
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Similarly, a morphisnh: I — L from a subgrou of H to a groupL virtually
extends toH if there is a finite index subgroulpy in I' and a morphisnﬁ\:
H — L such thah coincides withh on the subgroup.

The following theorem is one version of the superrigiditepbmenum for
linear representations of lattices (see [27] or [36]).

Theorem 2.3(Margulis) Let G be a semi-simple connected Lie group with
finite center, with rank at leasgt, and without non trivial compact factor. Let
I C G be an irreducible lattice. Let hI — GLy(R) be a linear representa-
tion of I'. The Zariski closure of (') is a semi-simple Lie group; if this Lie
group does not have any infinite compact factor, then h vilfiextends to a
(continuous) linear representatidn: G — GLk(R).

Another important statement due to Margulis asserts thedurcible lattices
I in higher rank semi-simple Lie groups are "almost simpl&'lis a normal
subgroup ofl", eitherl" is finite or’ has finite index i". Thus, ifp is a
morphism froml” to a groupL with infinite image, therp is virtually faithful
(see [27] or [36]).

As explained in [13], Margulis theorems, Lieberman-Fujtkeorem, and
the fact that the action dfut(M) onH*(M,R) preserves the lattidd*(M, Z)
imply the following proposition.

Proposition 2.4. Let G andl” be as in theorem 2.3. Let: ' — Aut(M) be a
representation into the group of automorphisms of a comiabler manifold
M. Letp*: T — GL(H*(M, Z)) be the induced action on the cohomology ring
of M.

(a) If the image op* is infinite, thenp* virtually extends to a representa-
tion p* : G — GL (H*(M, R)) by cohomological automorphisms.

(b) If the image ofp* is finite, the image op is virtually contained in
Aut(M)O.

2.4, Orbifolds. In this paper, an orbifoldMy of dimensionn is a compact
complex analytic space with a finite number of quotient siagties g;; in
a neighborhood of eacty, Mg is locally isomorphic to the quotient "
near the origin by a finite group of linear transformationdl examples of
orbifolds considered in this paper are locally isomorpbi€t'/n; wheren;
is a scalar multiplication of finite orddg. Thus, the singualrity} can be
resolved by one blow-up: The poigt is then replaced by a hypersurfage
which is isomorphic t®"~1(C) with normal bundleo (—k;).
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All classical objects from complex differential geometrg @efined orMg
as follows. Usual definitions are applied on the smooth bt {qs, ..., 0k}
and, around each singularify, one requires that the objects come locally from
ni-invariant objects oi€". Classical facts, like Hodge decomposition, Hodge
index theorem, Yau theorem, remain valid in the context difolds. The
reader will find more details in [10, 39].

3. LIE GROUP ACTIONS AND INVARIANT ANALYTIC SUBSETS

3.1. Homogeneous manifolds.The following theorem is a direct consequence
of the classification of maximal subgroups in simple Lie grosee [35],
chapter 6, or Section 3.4 below).

Theorem 3.1.Let H be a connected almost simple complex Lie group of rank
rkc(H) = n. If H acts faithfully and holomorphically on a connectedrmzact
complex manifold M of dimensiaa n then, up to holomorphic conjugacy, M

is the projective spacB"(C), H is locally isomorphic td®GL +1(C), and the
action of H on M is the standard action by linear projectivarisformations.

Following a suggestion by Brion and Dolgachev, we sketchafpthat
does not use the classification of maximal subgroups of Loeigs. LetA
be a Cartan subgroup id. SinceH has rankn this group is isomorphic to
the multiplicative grougC*)". The action ofA on M is faithful; this easily
implies that dinjM) = n and thatA has an open orbit. Thusl is a toric
variety of dimensiom with respect to the action of the multiplicative grop
In particular, there is no faithful action ¢ on compact complex manifolds
of dimension less than. SinceH is almost simple and connected, all actions
of H in dimension< n are trivial.

As a corollaryH acts transitively oM, because otherwide has a proper
Zariski closed orbit: This orbit has dimensienn and, as such, must be a
point m € M; the action ofH atm can be linearized, and gives a non-trivial
morphism fromH to GL (T,mM) ~ GL»(C), in contradiction withrkc(H) = n.
ThusM = H/L for some closed subgroup

SinceH /L is compactL is contained in a parabolic subgroBgsee [2]).
Since the dimension d¥l is the smallest positive dimension oHrhomoge-
neous spacd? = L andP is a maximal parabolic subgroup. Sinees maxi-
mal, the Picard number &f is equal to 1 (see [2}4.2).

As a consequenc#] is a smooth toric variety with Picard number 1 and, as
such, is isomorphic t&"(C) (see [19]). Since the group of automorphisms of
P"(C) is the rankn groupPGL ,1(C), the conclusion follows.
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3.2. First part of the Main Theorem. Let us apply Theorem 3.1. Létbe a
lattice in an almost simple real Lie gro@ Assume thal acts faithfully on

a connected compact Kahler manifoiti with dimc (M) < rkr(G). By [11],

the dimension oM is equal to the rank o6 and the image of in Aut(M)

is virtually contained imMAut(M)®. Hence, we can assume that the action of
[ on M is given by an injective morphismp: I — Aut(M)°. As explained

in [11], the complex Lie grougwut(M)° contains a copy of an almost simple
complex Lie grougH with rkc(H) > rkr(G). More precisely, ifp(I") is not
relatively compact iut(M)°, one apply Theorem 2.3 to extend the morphism
p virtually to a morphismp: G — Aut(M)?; if the image ofp is relatively
compact, then another representat@n™ — Aut(M)° extends virtually to

G; in both cases, the Lie algebraldfis the smallest complex Lie subalgebra
containing @q(g).

Theorem 3.1 shows tha is the projective spacé"(C) and Aut(M) co-
incides withPGL,;1(C) (and thus withH). As a consequence, the gro@
itself is locally isomorphic t&Ln1(R) or SLpy1(C).

Summing up, the inequality digfM) > rkg(G) as well as property (1) in
the Main Theorem have been proved.

3.3. Invariant analytic subsets. Let us now study -invariant analytic sub-
setsZ C M under the assumption of assertion (2) in the Main Theorem; in
particular ding (M) = rkr(G) + 1. LetZ be al -invariant complex analytic
subset. Assume, first, that @) is irreducible and (ii)2 has positive dimen-
sion.

3.3.1. Singularities. If dim(Z) < n—1, part (1) of the Main Theorem implies
that a finite index subgroup &f fixesZ pointwise. If the seZ is not smooth,
its singular locus i$ -invariant and has dimensiegnn— 2. Hence, changing
I" into a finite index subgroup, we assume thdixes the singular locus of
pointwise as well aZ itself if its codimension is larger than 1.

If I fixes a pointq € Z, the image of the morphisdy: ' — GL (TqM)
defined by the differential aj, i.e. by

Oq(Y) = dyq,

preserves the tangent coneZotq; in particular, the Zariski closure @(I")

in PGL(TgM) is a proper algebraic subgroup BGL (TqM). Since proper
algebraic subgroups &GL ,(C) have rank less tham— 1 = rkg (G), Margulis
rigidity theorem implies that the image &f is finite. These facts provide the
following alternative:
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e EitherZ is a smooth hypersurface,
e or Z contains a fixed poing for which the morphisndg has finite
image.

From [8], the action oF in a neighborhood of a fixed poigtcan be linearized.
Thus, in the second alternative, a finite index subgroup a€ts trivially in a
neighborhood ofy. Since the action of is holomorphic andM is connected,
this contradicts the faithfulness of the morphiBm> Aut(M). We deduce that
all irreduciblerl -invariant analytic subsets of positive dimension are simoo
hypersurfaces

3.3.2. Geometry of Z.By the first part of the Main Theorem (s€8.2), a
smooth invariant hypersurface is a copy®¥*(C) on whichT acts as a
Zariski dense subgroup &GL,(C). Such a subgroup does not preserve any
non empty algebraic subset. ThiZsdoes not intersect any other irreducible
I-invariant subset. Replacifigby finite index subgroups, one can now apply
this discussion to all-invariant analytic subsets:

Proposition 3.2. Let ' be a lattice in an almost simple Lie group of rank
n—1> 2. If I acts faithfully by holomorphic transformations on a compac
complex manifold M of dimension n, ahyinvariant analytic subset Z M

is a disjoint union of isolated points and smooth hyperstefaisomorphic to
P"-1(C).

3.3.3. Contraction of Z.Section 3.2 in [13] can now be applied almost word
by word to show the following result.

Theorem 3.3.Letl" be a lattice in an almost simple Lie group G. Assume that
I" acts faithfully on a connected compacihder manifold M,

rkR(G) = dimc(M> -1,

and the image of in Aut(M) is not virtually contained irAut(M)°.

Let Z be the union of all -invariant analytic subsets ¥ M with positive
dimension. Then Z is the union of a finite number of disjoipie® of the
projective space iZ= P"~1(C). Moreover there exists a birational morphism
. M — Mg onto a compact Ehler orbifold My such that

(1) mtcontracts all Zto points g € Mo;

(2) around each pointgthe orbifold M is either smooth, or locally iso-
morphic to a quotient ofC", 0) by a finite order scalar multiplication;

(3) tis an isomorphism from the complement of Z to the complenient o
the points ¢
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(4) mis equivariant: The group acts on M in such a way thattoy=yott
forallyinT.

3.4. Lie group actions in caserkg(G) = dim(M) — 1. In case (2-b) of the
Main Theorem, the group is a lattice in a rank — 1 almost simple Lie group,
andr virtually embeds intdAut(M)°. This implies that\ut(M)° contains an
almost simple complex Lie grouf, the rank of which is equal to— 1. The

goal in this section is to list all possible examples. Thus,assumptions are

(i) Hisanalmostsimple complex Lie group, and its rank is equaHd;
(i) M is a connected, compact, complex manifold andlil) = n > 3;
(iii) H is contained imut(M)P.
We now list all such possible pait,H).

Example 3.4. The groupSL,(C) acts onP"~(C) by linear projective trans-
formations. In particulaiSL ,(C) acts on products of tygg"~1(C) x B where
B is any Riemann surface.

The action ofSL(C) on P"~1(C) lifts to an action on the total space of
the line bundle® (k) for everyk > 0; sections ob (k) are in one-to-one cor-
respondence with homogeneous polynomials of degreand the action of
SLn(C) on HO(P"~1(C), 0(k)) is the usual action on homogeneous polyno-
mials inn variables. Letp be a positive integer anfl the vector bundle of
rank 2 overP"~1(C) defined byE = 0 @ 0(p). ThenSL(C) acts onE, by
isomorphisms of vector bundles. From this we get an actiotherprojec-
tivized bundleP(E), i.e. on a compact Kahler manifold which fibers over
P"-1(C) with rational curves as fibers.

Whenk = 1, one can blow down the section BfE) given by the line
bundleo (1). This provides a new smooth manifold with an actiorsbf,(C)
(for other values ok, a singularity appears). In that casd,,(C) has an
open orbitQ, the complement of which is the union of a point and a smooth
hypersurfacé®"~1(C).

A similar example is obtained from the*-bundle associated to(k). Let
A be a complex number with modulus different from 0 andl'he quotient
of this C*-bundle by multiplication by\ along the fibers is a compact Kahler
manifold, with the structure of a torus principal bundle 0P&~1(C). Since
multiplication byA commutes with th&L ,(C)-action ono (k), we obtain a
(transitive) action oL 4(C) on this manifold. In this casé/ is not Kahler; if
k=1, M is the Hopf manifold, i.e. the quotient &" \ {0} by the multiplica-
tion by A.
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Example 3.5.Let H be the groupO5(C) (resp.SOg(C)). The rank oH is
equal to 2 (resp. 3). The projective quad@g C P*(C) (resp.Q4 C P5(C))
given by the equatiofy x? = 0 is H-invariant, and has dimension 3 (resp. 4).
The space of isotropic lines contained @3 is parametrized byP3(C), so
that P3(C) is aSOs(C)-homogeneous space: This comes from the isogeny
betweerSO5(C) andSp4(C) (see [20], page 278), and provides another ho-
mogeneous space of dimensiiSOs5(C)) + 1.

Similarly, SO¢(C) is isogenous t&L 4(C), andPSOg(C) acts transitively
onP3(C). However, in this case, the rank of the group is equal to theedi
sion of the space (as in Theorem 3.1).

Theorem 3.6.Let M be a connected compact complex manifold of dimen-
sion n> 3. Let H be an almost simple complex Lie group wit(H) =

n— 1. If there exists an injective morphism-H Aut(M)°, then M is one of
the following:

(1) a projective bundI®(E) for some rank vector bundle E oveP"1(C),
and then H is isogenous ®GL (C);

(2) a principal torus bundle oveP"~1(C), and H is isogenous tBGL n(C);

(3) a product ofP"~1(C) with a curve B of genus(8) > 2, and then H is
isogenous t&@GL (C);

(4) the projective spac®"(C), and H is isogenous t®GLy(C) or to
PSO5(C) when n=3;

(5) a smooth quadric of dimensighor 4 and H is isogenous t605(C)
or to SO4(C) respectively.

The proof splits into three cases, according to the sizeebthits ofH.

3.4.1. Transitive actions.Let us come back to the rank/dimension inequality
obtained in Theorem 3.1. L&t be a connected compact complex manifold on
which a complex semi-simple Lie groacts holomorphically and faithfully.
LetK C Sbe a maximal compact subgroup andrtebbe a point oM. Then
(1) dime(S) = dimg (K);
(2) dimg(K) = dimg(K(m)) + dimg(Km) whereK(m) is the orbit ofm
andKp, is its stabilizer;
(3) Km embeds into a maximal compact subgroupsbf{ TnM); in other
words,Kp, is a closed subgroup of the unitary group, n = dim(M).

The inequality
dime(S) < dimg(M) +dimg U = 2n+n? (3.1)
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follows. Moreover, if the rank o8is less tham, thenK,, has positive codi-
mension inUy; this implies that codim(Km) > 2n— 2 by classification of
maximal subgroups df, or an argument similar t§3.1. The inequality (3.1)
can therefore be strengthen, and gives

dime(S) < n?+2.

We now apply this inequality to the proof of Theorem 3.6 inecéb acts
transtively. Thus, the semi-simple gro8js now replaced by the almost sim-
ple complex Lie groupd, with rankr = n—1.

If the Lie algebra oH is of typeB; or C;, i.e. H is locally isomorphic to
SO2+1(C) orSpa(C), we have

dimc(H) =2r24r < (r+1)2+2

and thusr? < r +3. This impliesr < 3. Whenr = 2, the groupH is lo-
cally isomorphic td5O5(C) andSp4(C); there are two examples of compact
quotients of dimension 3: The quadi@c P*(C), and the projective space
P3(C) parametrizing the set of lines contained in this quadrie @eample
3.5). Wherr = 3, the grougH is isogenous t607(C) (resp. toSpg(C)) and
there is no example dfi-homogeneous compact complex manifold of dimen-
sion 4 (see example 3.5 and [35], page 169, [2], page 65).

Let us now assume that is of typeDy, i.e. H is isogenous t&0 »(C),
with r > 3. We getr? < 3r + 3, so thatr = 3 andH is isogenous t60(C).
There is a unique homogeneous spisloaf dimension 4 for this group, namely
the quadria@Q c P°(C).

Similarly, the inequality excludes the five exceptionalgysEg(C), E7(C),
Es(C), F4(C), andG2(C): None of them acts transitively on a compact com-
plex manifold of dimensiomk(H) + 1.

The remaining case concerns the grélip- SL,(C), acting transitively on
a compact complex manifol of dimensiom > 3. WriteM = H /L whereL
is a closed subgroup &f. Two cases may occur: Eithkeiis parabolic, or not.

If L is parabolic, theM is a flag manifold of dimensionfor SL,(C). Flag
manifolds forSL ,(C) are well known, and only two examples satisfy our con-
straints. The first one is given by the incidence varfety P?(C) x P?(C)" of
pairs(x,|) wherex is a point contained in the linle or equivalently the set of
complete flags o€3: This is a homogeneous space under the natural action of
PGL3(C) and, at the same time, this igPa(C)-bundle oveiP?(C). The sec-
ond example is given by the Grassmann@(i, 3) of lines inP*: This space
has dimension 4 and is homogeneous under the natural adtiGlo(C).
This example appears for the second time: By Plucker enibgd@(1,3) is
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a smooth quadric ifP°(C) and, as such, is a homogeneous spacé@y(C)
(the groupsSO5(C) andSL4(C) are isogenous, see page 286 of [20]).

If the groupL is not parabolic, theh is contained in a parabolic group
with dim(P) > dim(L). This gives rise to & -equivariant fibration

M —H/P

with dim(H/P) < n. By Theorem 3.1H /P is the projective spac@"1(C)
and din{P) = dim(L) + 1. The fibers of the projectioM — H /P are quotient
of a one parameter group by a discrete subgroup and, as swchk|ligtic
curves. This implies tha¥ is an elliptic fibre bundle oveP"(C), as in
example 3.4.

3.4.2. Almost homogeneous examplést us now assume th is not ho-
mogeneous under the actiontéf but thatH has an open orb@ = H /L; let
Z =M\ Q be its complement; this set is analytic adenvariant. A theorem
due to Borel ([7]) asserts that the number of connected coeis ofZ is at
most 2. By Proposition 3.2, each componenZag either a point or a copy of
P"-1(C); if one component is isomorphic #®'~1(C) thenH is isogenous to
SLn(C) and acts transitively on this component. Assume nowZhaintains
an isolated poinin. This point is fixed by the action ¢, and this action can
be linearized locally arounoh. SinceH has rankn— 1 andM has dimension
n, the groupH is isogenous t8L ,(C). Blowing up the pointm, we replacen
by a copy ofP"~1(C). Thus,H is isogenous t6L,(C), and blowing up the
isolated points o, we can assume thatis the union of one or two disjoint
copies ofP"~1(C) on whichH acts transitively. This situation has been stud-
ied in details in [23] and [22]; we now describe the conclasiof [23] and
[22] without proof.

Let P be a maximal parabolic subgroup wityP = P"~1(C) (P is unique
up to conjugacy).

Suppose, first, that is connected. Theh C P (up to conjugacy)M is
a projective rational manifold and it fibers equivarianttly®*(C) = H/P;
the fibers are isomorphic ®'(C), each of them intersecting in one point
(see [23]). The intersection of each fiber withis isomorphic toC and, at
the same time, is isomorphic ®/L; this is not possible fon > 2 because
all morphisms from the maximal parabolic groBpto the groupAff (C) of
holomorphic diffeomorphisms of factor through the natural projectiédh—
C*, and there is no transitive action Gf on C.

Thus,Z has indeed two connected components, as in [22] (see al$o [23
This case corresponds ®}-bundles oveP"~1(C), as in example 3.4M
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fibers equivariantly of?"~1(C) with one dimensional fiberg ~ P1(C), each
of them intersecting in two points; the two connected componentZadre
two sections of the projection onRS—(C), which correspond to the two line
bundleso ando (k) from example 3.4.

If k=1, one of the sections can be blown down to a fixed point (tlisgss
inverses the blow up construction described at the beginmiisection 3.4.2).

3.4.3. No open orbit.Let us now assume thit does not have any open orbit.
Then, blowing up all fixed points dfi, all orbits have dimension— 1. By
Theorem 3.1H is isogenous t6L ,(C) and its orbits are copies &"~1(C).

In that case, the orbits define a locally trivial fibratiorvbbver a curveB. Let

A be the diagonal subgroup 6 ,(C). The set of fixed points oA definesn
sections of the fibratioM — B. This shows that this fibration is trivial aid

is a producP"1(C) x B. A posteriori,H had no fixed point oM.

4. INVARIANT CONES FOR LATTICES ANDLIE GROUPS

This paragraph contains preliminary results towards tlefpof the Main
Theorem in case (2-b). Under the assumption of assertidy), (Rroposition
2.4 applies, and one can extend the actiof adn W = HYY(M,R) to an
action ofG; unfortunately, the nef con& (M) is notG-invariant a priori. In
this section, we find &-invariant subcone which is contained4n(M). This
is done in the general context of a linear representationsanai-simple Lie
groupG, for which a latticd™ C G preserves a salient cone.

4.1. Proximal elements, proximal groups, and representations.

4.1.1. Proximal elements and proximal groupketV be a real vector space
of finite dimensiork. Let g be an element oGL (V). LetA1(g) > A2(g) >
... > Ak(g) be the moduli of the eigenvalues gfrepeated according to their
multiplicities. One says thatis proximal if A1(g) > A2(Q); in this caseg has
a unique attracting fixed poilxg in P(V). A subgroup ofGL (V) is proximal
if it contains a proximal element, and a representa@en GL (V) is proximal
if its image is a proximal subgroup.

If T is a proximal subgroup oL (V), thelimit set AL of the groupr in
P(V) is defined as the closure of the g&f |g < I', g is proxima}.

4.1.2. Proximal representations and highest weight vectdrst G be a semi-
simple Lie group and\ be a Cartan subgroup (; let g anda be their respec-
tive Lie algebras, and the system of restricted roots: By definitians the
set of non-zero weights for the adjoint actionaafn g. One chooses a system



hal-00538251, version 1 - 22 Nov 2010

HOLOMORPHIC ACTIONS AND ZIMMER PROGRAM 17

of positive roots> . A scalar product:|-) ona is also chosen, in such a way
that it is invariant by the Weyl group. One denotes/idythe set ofweightsof
>; by definition

Wt:{)\ea|VO(EZ, ZMEZ}.

(ala)
The set odlominant weightsis Wt™ = {A e Wt| Va € =+, (A|a) > 0}. This
set corresponds to positive elements for the order definatftolmy A > A’ if
and only if (A|a) > (N|a) for all a in .

Letp: G — GL (V) be an irreducible representation@f This provides a
representation of the Lie algebrgsnda. By definition, the weights ofi in
V are the (restricted) weights @f This finite set has a maximal element
for the order defined olVt: This highest weightA is contained inWVt™, is
unigue, and determines the representapiap to isomorphism.

The image ofG in GL (V) is proximal if and only if the eigenspace &f
corresponding to the highest weighhas dimension 1 (see [1]).

If one starts with a representatiprwhich is not irreducible, one first splits
it as a direct sum of irreducible factors, and then apply tiegipus description
to each of them; this gives a list of highest weights, one &mheirreducible
factor. The maximal element in this listis the highest wemfip (see§ 4.2.2).

4.2. Invariant cones. In this paragraph we prove the following proposition.

Proposition 4.1. Let " be a lattice in a connected semi-simple Lie group G.
Let G— GL (V) be a real, finite dimensional, linear representation of G. If
" preserves a salient corn C V which is not reduced t¢0}, the coneQ
contains a G-invariant salient subcone which is not redue{D}.

Let G be a connected semi-simple Lie group &nde a Zariski dense sub-
group of G. Letp: G — GL(V) be a real, finite dimensional, linear repre-
sentation ofG. Assume thap(I") preserves a salient coewith Q # {0}.

If the interior of Q is empty, thermQ spans a propdr-invariant subspace of
V; sincel is Zariski dense this proper invariant subspacé-isvariant. We
can therefore restrict the study to this invariant subspacktassume that the
interior of Q is non empty.

Remark 4.2. As the proof will show, if the action df on the linear span a2
is not trivial, the action of5 on the linear span of its invariant subcone is also
not trivial. In particular, ifG is simple, this action is faithful.
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4.2.1. Irreducible representationsWe first assume thatis irreducible. Propo-
sition 3.1, page 164, of [4], implies thatl") is a proximal subgroup diL (V),
and the limit set/\]g(r) of I" is contained iNP(Q). As a consequence, is a
proximal representation of the gro@and the limit seV\Ig(G) of p(G) coin-
cides with the orbit of the highest weight line of its Cartabgroup: This orbit
is the unique closed orbit @f(G) in P(V). As such/\g’(e) is a homogeneous
spaceG/P, whereP is a parabolic subgroup @.

Assume now thaf is a lattice inG. By [30], lemma 8.5, all orbit§ - x of
[ in G/P are dense, so thatIg(G) — G/P coincides with/\lg(r). In particular,

AE(G) is ap(G)-invariant subset dP(Q). The convex cone generatedbg(e)

is a closed andz-invariant subcone of). This proves Proposition 4.1 for
irreducible representations.

4.2.2. General caselet us now consider a linear representatmnG —
GL (V) which is not assumed to be irreducible. Prasad and Raghamath
proved in [31] thatl intersects a conjugate of the Cartan subgralg G
on a cocompact latticar C A'. ChangingA into A', we assume thdt inter-
sectsA on such a latticé\r.

SinceG is semi-simpleV splits into a direct sum of irreducible factors;
let A be the highest weight dip,V), letVy, ... Vi be the irreducible factors
corresponding to this weight, and ét be the direct sum of thé:

V= @ V.

1<i<m

By construction, all representatioxis 1 < i < m, are isomorphic.

Lemma 4.3. Sincel is a lattice,Q intersects the sum"\of the highest weight
factors on a closed, salient cog® which is not reduced to zero.

Proof. If uis any element of2, one can decomposeas a sunf, uy where
eachuy is an eigenvector of the Cartan subgr@dugorresponding to the weight
X. SinceQ has non empty interior, we can choose such an eleonanth a
non zero component, for the highest weighh. SinceAr is a lattice inA,
there is a sequence of elemewtsn Ar such that
u

Yn(U) _ Z X(Yn) Uy

IYa(UII - 4 [IYa(U)l
converges to a non zero multiplewf. SinceQ is I-invariant and all, are in
I, we deduce tha® intersecty/’. O
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The subspace &f’ which is spanned b@'’ is a direct sum of highest weight
factors; for simplicity, we can therefore assume tats spanned by’. In
particular, the interiont(Q’) is a non-empty subset bf.

Let T be the projection of' = @V; onto the facto¥;. The image ofnt(Q’)
by Ty is an open subcorm (Q') in V.

If this cone is salient, the previous paragraph shows thatréipresenta-
tion (p1,V1) is proximal. Thus, alV; can be identified to a unique proximal
representatiorR, with a given highest weight link = Ru™. We obtainm
copiesL; of L, one in each copy; of R. Apply Lemma 4.3 and its proof:
SinceQ’ is I-invariant,l is a lattice, and)’ has non empty interior, there is
a pointve L1 @ ... ® Ly which is contained i’. Let (a,...,an) be the real
numbers such that= (aiut,...,anu"). The diagonal embedding — V’,
W (aqW, ...,amw) determines an irreducible sub-representatio® afito V
that intersect€)’, and the previous paragraph shows tBatreserves a salient
subcone ofY'.

If the conemy (Q’) is not salient, the fiber *(0) intersectsQ’ on ar-
invariant salient subcone; this reduce the number of iceadiel factors fromm
tom—1, and enables us to prove Proposition 4.1 by induction omtineber
m of factorsV.

5. LINEAR REPRESENTATIONS AMPLE CLASSES AND TORI

We now prove the Main Theorem. Recall thatis a connected, almost
simple, real Lie group with real rankg (G) > 2, thatAis a Cartan subgroup of
G, and thaf" is a lattice inG acting on a connected compact Kahler manifold
M of dimensiom.

From Section 3.2, we know that the rank @fis at mostn and, in case
rkr(G) = n, the groupG is isogenous t8L . 1(R) or SL+1(C) andM is iso-
morphic toP"(C). We now assume that the rank®fatisfies the next critical
equalityrkr(G) = n— 1. According to Proposition 2.4, two possibilities can
occur.

e The image ofl" is virtually contained inAut(M)%; Theorem 3.6 in
Section 3.4 gives the list of possible paiM,G). This corresponds to
assertion (2-a) in the Main Theorem.

e The action of on the cohomology d¥1 is almost faithful and virtually
extends to a linear representation®dbn H*(M,R).

Thus, in order to prove the Main Theorem, we replécby a finite index
subgroup and assume that the actiol @n the cohomology oM is faithful



hal-00538251, version 1 - 22 Nov 2010

HOLOMORPHIC ACTIONS AND ZIMMER PROGRAM 20

and extends to a linear representatiorofOur aim is to prove that all such
examples are Kummer examples (whkp(G) = dimg(M) — 1).

We denote byw the spaceH'1(M,R), by Aw the highest weight of the
representatio® — GL (W) and byE the direct sum of the irreducible factors
V; of W corresponding to the weighiy (all V; are isomorphic representations).

5.1. Invariant cones in € (M)