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Abstract. We introduce a simplified model for the minimization of the elastic energy in thin shells. This
model is not obtained by an asymptotic analysis. The nonlinear simplified model admits always minimizers
by contrast with the original one. We show the relevance of our approach by proving that the rescaled
minimum of the simplified model and the rescaled infimum of the full model have the same limit as the
thickness tends to 0. The simplified energy can be expressed as a functional acting over fields defined on the

mid-surface of the shell and where the thickness remains as a parameter.
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1. Introduction

This paper is devoted to introduce and justify a simplified model for nonlinear elastic shells. Let w be a
bounded Lipschitz domain of R? and ¢ be a smooth function from @ into R3 (see the detailed assumptions
on ¢ in Section 2) and set S = ¢(w). We denote by n an unit vector field normal to S and by & the
map (81,82,83) — ¢(s1,52) + s3n(s1,s2). The elastic shell is defined by Q5 = P(wx] — §,0[) and we
consider that it is clamped on a part of its lateral boundary I'g s = ®(voXx] — 6, 0[), where 79 C Ow. The
energy density is denoted W and we assume that Qs is submitted to applied body forces f, s whose order

with respect to ¢ depends upon a parameter £ (see the order of f. s below). The total energy is given by
/ W(E f/ fr, (v —13) if det(Vv) > 0 and where E(v) = 1/2((Vv)' Vv — I3) is the

Green-St Venant S tensor and 1; is the identity map. We set
= inf J
Mys = f x,5(V),

where Us is the set of admissible deformations (which are equal to the identity map on I'gs). The Korn’s
type inequalities established in [6] (see also [12]) allow us to prove that if the order of fy s is equal to §2%~2
for 1 <k <2 (or 6% for k > 2), then the order of m, s is §2%~1.

Even for a classical St-Venant-Kirchhoft’s material, proving the existence of a minimizer for J s is still
an open problem. The aim of this paper is to replace the above minimization problem by a minimization

problem for a simplified functional J: ; defined on a new set D o, and which admits a minimum

m; s = min J: 5(v)
’ VEDS,~q

of the same order as m, s. This approximation is justified if one shows that

. M5 — My s
hm —_—

§—0 §2r—1 =0
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In the present paper we show this result in the case K = 2 (other critical cases will be investigated in
forthcoming papers).

The expression of J ; and the choice of Dj ,, rely on the decomposition technique introduced in [6].
Let us recall that a deformation v of the shell Qs, whose ”geometrical energy” -||dist(Vv, SO(3))|[12(g;)- 18

at most of order §%/2, is decomposed as (see [6] or Theorem 3.1 below)
v(x) =V(s1, 82) + s3R(s1, s2)n(s1, $2) + U(s1, $2,83), «=P(s), fora.e. s=(s1,82,83) € wx|— 4,0

The field V stands for the mid-surface deformation, the matrix field R takes its values in SO(3) and represents
the rotations of the fibers and T is the warping of theses fibers. It is also shown in [6] that the fields V),
R and v satisfy the natural boundary conditions on -y and on vy x| — §,d[ and that they are estimated in
terms of ||dist(Vv, SO(3))||r2(gs) and 0. With the help of these estimates, we justify the simplification of

the Green-St Venant’s strain tensor E(v) in order to give a simplified matrix E(v) which depends on the

triplet v = (V, R, 7) associated to a deformation v. This matrix depends linearly upon 6—v and on the first
s3
partial derivatives of ¥V and R (see Section 5) but which is nonlinear with respect to (V, R, 7).

Then we define the set D -, of admissible triplets v = (V, R, 7) and we derive the simplified total energy
Ji 5(v) as follows. Firstly we replace st W(E(v)) by st Q(E(v)) where @ is a quadratic form which is

K

assumed to approximate W near the origin. Secondly we add two penalization terms in order to approach

s . L. 0V . . . .
the usual limit kinematic condition —— = Rt, and to insure the coerciveness of J; 5. Finally in the term
Sa .
involving the forces we neglect the contribution of the warping v. As announced above we prove that J: ;

admit minimizers on Ds ,,. We justify the approximation process described above in the case x = 2.

In some sense, the introduction of J 1,6 can be seen as a nonlinear version of the approach which leads to
the simplified Timoshenko’s model for rods, the Reisner-Mindlin’s model for plates and the Koiter’s model
for shells in linear elasticity.

As general references on the theory of nonlinear elasticity, we refer to [8] and [24] and to the extensive
bibliographies of these works. A general theory for the existence of minimizers of nonlinear elastic energies
can be found in [1]. For the justification of plate or shell models in nonlinear elasticity we refer to [9], [10],
[11], [13], [15], [18], [23], [25], [26]. The derivation of limit energies for thin domains using I'-convergence
arguments are developed in [14], [15], [22], [23]. The decomposition of the deformations in thin structures is
introduced in [17], [18] and a few applications to the junctions of multi-structures and homogenization are
given in [2], [3], [4]. The justification of simplified models for rods and plates in linear elasticity, based on
a decomposition technique of the displacement, is presented in [19], [20]. In this linear case, error estimates
between the solution of the initial model and the one of the simplified model are also established. In some
sense, these works give a mathematical justification of Timoshenko’s model for rods and Reisner-Mindlin’s
model for plates.

The paper is organized as follows. Section 2 is devoted to describe the geometry of the shell and to
give a few notations. In Section 3 we recall the results of [6]: decomposition of a deformation of a thin
shell, estimates on the terms of this decomposition and two nonlinear Korn’s type inequalities. Section 4 is
concerned with a standard rescaling. We present the simplification of the Green-St Venant’s strain tensor of
a deformation in Section 5. We also introduce the set Ds -, of admissible triplets v = (V, R, V) and we prove
Korn’s type inequalities for the elements of Ds ., (see Corollary 5.3). In Section 6 we consider nonlinear
elastic shells and we use the results of [6] to scale the applied forces in order to obtain a priori estimates on

my 5. Section 7 is devoted to introduce the simplified energy J; s and to prove the existence of minimizers.
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In Sections 8 and 9, we restrict the analysis to kK = 2. We prove that

where mj is the minimum of a functional defined over a set of triplets. In Section 10, we give an alternative
formulation of the minimization problem for J£ ; through elimination of the variable v. Then we obtain
that m} ; is the minimum of a functional which depends only upon (V,R). At last an appendix contains
an approximation result for the elements of D5 ., and an algebraic elimination process for quadratic forms.

The results of this paper were announced in [7].

2. The geometry and notations.

Let us introduce a few notations and definitions concerning the geometry of the shell.

Let w be a bounded domain in R? with lipschitzian boundary and let ¢ be an injective mapping from

@ into R? of class C2. We denote S the surface ¢(w). We assume that the two vectors a—(sl,SQ) and
S1

——(s1, 82) are linearly independent at each point (s1,s2) € @.

682
We set

_ 98, 08 b1 At

(21) tl = 831, 2 = 6—82, n m

The vectors t; and to are tangential vectors to the surface S and the vector n is a unit normal vector to this

surface. We set

Q(; = wx] - (S,(S[
Now we consider the mapping ® : @ x R — R3 defined by
(2.2) D : (s1,82,83) — & = @(s1, $2) + s3n(sy, s2).

There exists 6 € (0,1] depending only on S, such that the restriction of ® to the compact set Qs, =
@ x [—do,d0] is a C'— diffeomorphism of that set onto its range (see e.g. [21]). Hence, there exist two

constants ¢g > 0 and ¢; > ¢y, which depend only on ¢, such that

(2.3) Vs € Qsy,  co <|||[Vs®(s))|]] <1, and for x = D(s) co < [||[VL@ H@)|]] < e
Definition 2.1. For § € (0,00], the shell Qs is defined as follows:

Qs = ().
The mid-surface of the shell is S. The fibers of the shell are the segments ®({(s1,s2)}x]—46,d[), (s1,52) € w.
The lateral boundary of the shell is T's = ®(dwx] — 4, d[). In the following sections the shell will be fixed on

a part of its lateral boundary. Let 79 be an open subset of dw which made of a finite number of connected

components (whose closure are disjoint). We assume that the shell is clamped on

FO,& = ¢(70X] -9, 5[)
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The admissible deformations v of the shell must then satisfy
(2.4) v=1I4 on Tos

where I is the identity map of R3.

Notation. From now on we denote by ¢ and C two positive generic constants which do not depend on
0. We respectively note by x and s the generic points of Qs and of Qs. A field v defined on Qs can be also
considered as a field defined on {25 that, as a convention, we will also denote by v. As far as the gradients
of field v, say in (W1(Qs))3, are concerned we have V,v and Vv = V,0.V® for a.e. z = &(s) and (2.3)
shows that

AVzo@)|| < [IVsv(s)ll] < Cl[[Vao(@)]]]-

3. Korn’s type inequalities for shells. Decomposition of a deformation.

We first recall the Korn’s type inequalities for shells established in Section 4 of [6]. Let v be an admis-
sible deformation belonging to (HI(Q(;))3 and satisfying the boundary condition (2.4). Setting V(s1, s2) =

1 6
v(s1, s2,t)dt a.e. (s1,$2) € w, we have

20
(3.1) { llo = Tallz2(@s)e + 1IVav = Tsll(z2(gp0 < C (82 + ||dist(Vav, SO(3))|L2(gy)),
(v —Ia) = (V = )ll(z2(0s))2 < CO(6"% +|dist(Vav, SO(3))]|r2(0s))
and
c. .
(3.2) o = Lall(z2(g5)2 + [IVav = Lsll(z2 (052 < S ldist(Vav, SOE))lIL2(2s),

(0 = 1) = (V = )l waceun < ClIdist(Vav, SOB))lz2(0)

Inequalities (3.1) are better than those (3.2) if the order of the geometric energy ||dist(V v, SO(3))||12(05)
is greater than §%/2.
Now the theorem of decomposition of the deformations established in [6] (see Theorem 3.4 of Section

3) is given below.

Theorem 3.1. There exists a constant C(S) which depends only on the mid-surface of the shell such that
for all deformation v belonging to (Hl(Q(;))3 and satisfying

(3.3) \|dist(V v, SO(3))||12(05) < C(S)5%/2,

then, there exist V € (H'(w))?, R € (Hl(w))3X3 satisfying R(s1,s2) € SO(3) for a.e. (s1,52) € w and T
belonging to (Hl(Qg))3 such that for a.e. s € Qs

(3.4) v(s) =V(s1, 82) + s3R(s1, s2)n(s1, s2) +0(s),

where we can choose V(s1, $2) = % /4 v(s1, S2,t)dt a.e. (s1,82) € w, and such that the following estimates
hold:

¥llzx(@pns < O8ldist(V.v, SO(3)) |12 (ay)

1900 < Clist 920, 506 i-can

||dzst(V v,50(3))l|L2(2y)

(3.5) Hasa (L2(w))? ~ 53/2

Hasa | dist(Vav, SOB)|12(0s)

||va -

(L2~ 51/2
< C||dist(V,v, SO(3))||L2(05)-

R||(L2(Qa))9
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0

Due to (3.4) and to the definition of V, the field T satisfies / (81, 82,t)dt =0 a.e. (s1,52) € w.
)

If the deformation v as in Theorem 3.1 satisfies the boundary condition (2.4) then indeed
(3.6) V=2¢ on .

Moreover due to Lemma 4.1 of [6], we can choose R and ¥ in Theorem 3.1 above such that
(3.7) R=1; on vy, =0 on I'gs.
From estimates (3.5) we also derive the following ones:

IR — I3 (L2(w))o ||dist(Vv, SO(3))||L2(0s)

(3.8) 53/ ?

V= dll e < sorglldist(Va, SOB)llze ey

4. Rescaling Q;

As usual, we rescale €5 using the operator
(Isw)(s1, s2,53) = w(s1, 2,053) for any (s1,s2,53) €

defined for e.g. w € L?(f) for which (Ilsw) € L?(2). Let v be a deformation decomposed as (3.4), by

transforming by II; we obtain

II5(v)(s1, 82, 53) = V(s1, 82) + 0S3R(s1, s2)n(s1, s2) + Us(V) (81, S2, S3), for a.e. (s1,82,953) € Q.

v ) _ 1011(7)

683 1) 653 )

The estimates (3.5) of ¥ transposed over 2 are (notice that Hg(

115 ()| 20y < 051/2||dzst(V v, SO(3))|L2(0s)

agii . (L2()? 51/2”‘&‘%(v v, SOB)llz2(0s)

(4.1) 51;6825) oy S 51/2||dzst(v v, 90(3))||L2(0s)
821225) - C6'2||dist(V v, SO(3))l| 12(0s)s

5. Simplification in the Green-St Venant’s strain tensor.

In this section we introduce a simplification of the Green-St Venant’s strain tensor E(v) = 1/2((Vv)T Vo—I3).
Let v be a deformation of the shell belonging to (H*(Qs))? and satisfying the condition (3.3). We decompose
v as (3.4). We have the identity

(Vo) 'Veu —1I3 = (Voo — R)TR 4+ R (Vv — R) + (Vv — R)T(V,0 — R).

5



hal-00437513, version 3 - 19 Nov 2010

In order to compare the orders (of the norms) of the different terms in the above equality, we work in the

fix domain 2 using the operator IIs. Thanks to estimates (3.5) we get

[dist(V.v, SOB))l|12 (0
||H5((VIU7R)TR+RT(V:EU*R))”(LI(Q))JXS S C 51/2 ( 6),

dot(Ter, SO
51/2 '

(5.1)

15 (Vv — R)T (Vv — R)) |11 @y < c[

In view of (3.1), these estimates show that the term IIs (Vv — R)”(V,v — R)) can be neglected in E(v).

Now we have

ov on ov on ov

8_51 =V,v (t1+83a—81), 8_82 =V.,v (t2+83a—s2), 883 =V,vn.
Then
on 9% OR ollsv 1 8H55
IIs(Vev — R ) =|=— —Rt 0S3— , II5(Vev —R)n =
(Vo0 = R) (ta + 88350) = (5~ Rta) + 8505 n+ s(Vor —RIn = 555,
. on . . : on
First, we can neglect the term 5S38— which is of order § in the quantity t, + 5S38—. Secondly, as a
Sa Sa

consequence of these equalities and the following estimates (obtained from (3.5) and (4.1)):

H ||dist(Vov, SO(3))lL2(0s)
D5 (LZ(Q))~" - 51/2 ’
s, a_Rn _ st (9,0, 506 llaian
(5.2) 05q  11(L2(02))3 61/2
. Hlaﬂgﬁ <C ||d’LSt(V v,S0(3 ))||L2(Q5)
0 0853 ll(r2()3 — 51/2 ’
OlLsv ||dist(Vov, SO3))lL2(05)
| v < 05 ]
. . T T aHéﬁ
we deduce that in the quantity Il;((V,v — R)TR + R*(V,v — R)) we can neglect the terms
Sa

Now, if in the Green-St Venant’s strain tensor of v we carry out the simplifications mentioned above,

we are brought to replace

%H(g((vzv)TVIv — Ig) by (tl | t2 | Il)_TH(; (ES (’U)) (tl | t2 | 1’1)_1

1
or 5((VZU)TV1’U —TI3) by (ti]t2|n) TE*(v)(t1|ta|n) "

where the symmetric matrix E*(v) € (L?(5))3*3 is equal to

1 ov 1
53711 (R) + 211 s3T12(R) + 210 —RT—— -t1 + =25

2 %83 2

X 1 v 1
E? (’U) = * 53F22(R) + Zo9 ERTG_SP) -t + 5232

ov
T— .
OR OR
1 3V aV oV
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where (t; | t2 |n) denotes the 3 x 3 matrix with first column t;, second column to and third column n and
where (t1 [ t2 |n)™7 = ((t1 | t2| n)’l)T. Let us notice that £*(v) belongs to (L? (Qg))3xs for any deformation

v(s) = V(s1, s2) + ssR(s1, s2)n(s1, s2) + 0(s), for a.e. s € Qs
where V € (H!(w))3, R € H'(w; SO(3)) and v € L?(w; HY(-6,9))3.
Remark 5.1. From the last estimate in (3.5) we deduce that
||H5 (VIU - R)||(L2(Q))3><3 < (0)

and then we get that the set
{s € Q||| (Vov —R)(s)]]| = 1}

has a measure less than C62. It follows that the measure of the set
{s € Q| det (Il [V,v](s)) <0}
tends to 0 as § goes to 0. L

Now, we introduce the following closed subset Ds of (H!(w))? x (H*(w))3*3 x (L*(w; H'(-6,9)))3
Ds = {V = (V,R,7) € (H'(w))? x (H' (w))**® x (L*(w; H' (=9,4))) |

é
R(s1,s2) € SO(3), / v(s1, 2, 83)dss = 0,
-5

s
/ 830(81, S2,83) - ta(s1,s2)dss =0, for ae. (s1,82) Ew, a= 1,2.}
-5
The last condition on 7 in Dy is not satisfied in general (if T is the warping introduced in Theorem 3.1),
loosely speaking this new condition will allow to decouple the estimates of T and Z;, (see the proof of
Proposition 5.2).

For any v € Ds, we consider v defined by

(5.4) v(s) = V(s1, s2) + s3R(s1, s2)n(s1, s2) + (s), for a.e. s € 5.

The deformation v belongs to (L?(w; H'(—6,d)))? so that, in general, the Green-St Venant’s tensor of v is
not defined. Nevertheless, the tensor field E*(v) belongs to (L?(€s))3*3 and we set

(5.5) E(v) = E*(v), E(v) € (L*(924)%*.

. . . . R . .oV .
Let us point out that if a triplet v satisfies the limit kinematic condition — = Rt,, then it is easy to
Sa

obtain

< Bl @qyee. Hasa s = 53/2||E( Mzz@ays=s

_”UH L2(@)° + H853 ‘(L2(95)3

which permits with some boundary conditions to control the product norm of v in term of || E(v)| (L2 (04))3%3

and §. In order to define an energy which have this property for any v € Dg, we are led to add two

7
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penalization terms, which vanish as § — 0, to ||E(v)||%L2(QS))3X3. This is why for every deformation v € Dj

we set

8R 2

o
6:6) &) = 1By s + 8 gt — oot Rt

Rty — — .
H(LZ(W))3 H631 2 059 ! L2(w)

Proposition 5.2. There exists a positive constant C which does not depend on § such that for all v € Ds

NG < EM)l(z2(a4))2x

—||v|| La(oays Hasg

C
S 5—355(V)

2
H 08 (L2 (w))3x3 62 H se CYH(Lz(w))s

Proof. First of all there exists a positive constant C' independent of § such that

R
n- Rtg + 8—Il Rtl‘

n Ru o
! LZ(UJ)+ 0s1 0ss

+5H Rt2’

2

o7
831 L2 (w)

(5.7) +1211ll22w) + 212l L2(w) + | 222]|L2(w) 51/2||E( M (L2(05))2x2
79 n’

ov
RT Y ¢, + Za HR
H 683 + s | 2(Q5) + 0s3

<C E 2 3x3.
sy < CIE®zz(@ppons
We use the definition of D to estimate the field RT7 - t,. Introducing the function R'T-t, + 83234, USING

Poincaré-Wirtinger’s inequality and the first condition on R*% in Ds give

< C(SHE(V)H(Lz(QS))sxs

(58) HRTﬁ ~ta + 53234 <
L2(Qs L2(Qs)

+ HRTﬁ . nH

Now we use the second condition on T - t,, (in the definition of Ds) in the above estimates and again (5.7) to

Ju
get the estimates on RT =— and Zs,
s3

Tav

1/2||Z3a||L2(w)} + H S n < C||E(V)||(L2(QJ))3><3.

pO{EIFCRS

(L2(25))? H(Lz(ﬂ(s))S

Finally (5.8) gives the L? estimate on v. Let us notice that due to the last condition on ¥ in Dj, we obtain

oV
the same estimates that in the case where v satisfies the limit kinematic condition — = Rt,,.

Sa
There exist two antisymmetric matrices A; and As in (L?(w))3*3 such that
OR OR
=RA =RA
881 ! 882 z
From (5.7) we get
HAln . tlHLZ(w) + HAll’l “to + Aon - tlHLQ(w) + HAQn . t2HL2 53/2 ||E( )||(L2(95))3X3-

Besides there exists a positive constant such

||A1||(L2(w))3X3 + ||A2||(L2(UJ))3X3

§C’{HA1n . t1 + HAln . t2 + Agn . tlHLZ(w) + HAQII . tQHLZ(UJ) + ||A1t2 — A2t1||(L2(w))3}-

2

8
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Hence we get

R

R OR.
E 2 () 3% H—t -5t H }
HEMW)(p2(05))2x2 + D51 > Osy ll(r2(w))e

5] + 5 <o
051 11(L2(w))3%3 089 1(L2(w))3%x3 — §3/2
Due to the estimates concerning the Z;, and the definition of £5(v) we finally obtain

C

H 050 H(LZ(w))3 < 556(")-

We define now the set of the admissible triplets
D5y, = {V: V,R,0)eDs | V=¢, R=13 on~y }

Notice that the triplet Iy = (¢, I3, 0) belongs to Ds ~, and it is associated to the deformation v = I,.
In some sense, the following corollary gives two Korn’s type inequalities on the set Ds -, with respect

to the quantity £s5(v), the more accurate of which depending on the order of &5(v).

Corollary 5.3. There exists a positive constant C which does not depend on § such that for all v € Dy -,

C
v - ¢||%H1(w))3 + R - I3H%1rjr1(w))3XS < 5_356(V)a

1
2
— 1 3 < = V).
IV = 91k () _0(1—1—555( ))

Proof. Recall that R =13 and V = ¢ on 7o, then from Proposition 5.1 we obtain

c
IR — I3||%H1(w))3X3 < 5_356(")-

Using the above estimate and again Proposition 5.1 we obtain the first estimate on V — ¢ (recall that
_ 99

t

a asa

6. Elastic shells

——). To obtain the second estimate on V — ¢, notice that ||R — Ig||(L2(w))3X3 <C. r

In this section we consider a shell made of an elastic material. Its thickness 26 is fixed and belongs to
10,280]. The local energy W : Sz — RT is a continuous function of symmetric matrices which satisfies
the following assumptions which are similar to those adopted in [14], [15] and [16] (the reader is also referred

to [8] for general introduction to elasticity)

(6.1) Jc>0 suchthat VE€S; W(E) > ¢|||E||J?,
(6.2) Ve >0, 30>0, suchthat VE€S; [||E|]| <60 = |W(E)-Q(E)| <c¢l||l|E|?

where @ is a positive quadratic form defined on the set of 3 x 3 symmetric matrices. Remark that @ satisfies
(6.1) with the same constant c.

Still following [8], for any 3 x 3 matrix F', we set

- .
63 () = W(§(F F—I3)) if  det(F) >0

+ o0 if det(F) <0.
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Remark that due to (6.1), (6.3) and to the inequality |||FTF — I3]|| > dist(F, SO(3)) if det(F) > 0, we

have for any 3 x 3 matrix F

o~

(6.4) W(F) > Edist(F, SO(3))2.

Remark 6.1. As a classical example of a local elastic energy satisfying the above assumptions, we mention
the following St Venant-Kirchhoff’s law (see [8]) for which

W(F) = %(fT(FTF ~Iy)" + %tr((FTF —13)%) if det(F)>0

+ oo if det(F) <0.

In order to take into account the boundary condition on the admissible deformations we introduce the

space
(6.5) Us = {u € (HY(Q5))? |v=1; on ro,é}.

Let k > 1. Now we assume that the shell is submitted to applied body forces f, s € (L?(£25))% and we
define the total energy Ji s(v)* over Us by

(6.6) Jis(v) = W(Vzv)(z)dz - fus(@) - (v(z) — Ig(z))de.
Qs Qs

To introduce the scaling on f s, let us consider f and g in (L?(w))? and assume that the force f, 5 is given
by

(6.7) fro(z) = 5“lf(31, s2) + 5“l7233g(51, s2) for a.e. x = ®(s) € Qs.

where

, 2k —2 if 1<k <2,
(6.8) Kk =

K if k>2.
Notice that Jy 5(Iq) = 0. So, in order to minimize J, s we only need to consider deformations v of Us
such that Jy s5(v) < 0.

Now from (6.1), (6.3), (6.4), the two Korn’s type inequalities (3.1)-(3.2), the assumption (6.7) of the
body forces and the definition (6.8) of ', we obtain the following bound for ||dist(V,v, SO@3))|L2(0s)

(6.9) [dist(Vav, SO@) |20y < O Y2 amd [ fug- (v~ 1) < C5*
Qs

which in turn imply that

(6.10) c6* 1t < J.s(v) <0.

* For later convenience, we have added the term fu,5(x)-Ig(x)dx to the usual standard energy, indeed
Qs
this does not affect the minimizing problem for J, 5.

10
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Again from (6.3)-(6.4) and the estimates (6.9) we deduce

(& —
Z||(VZU)TV$U — Is][fp2(0,y5xs < Jrs(0) + [ frs- (v—1g) < C5*
Qs

Hence, the following estimate of the Green-St Venant’s tensor:
1 T k—1/2
||§{(Vzv) vIU*IB}H(L2(Q§))SX3 <Cé / .
We deduce from the above inequality that v € (W*(Qs))? with
||Vzv||(L4(Q5))3X3 S 052.

We set

My,s = inf Jy s(v).
veUs

As a consequence of (6.10) we have

Mg,
cs 52r—1 <0.

In general, a minimizer of J, s does not exist on Us. In what follows, we replace the elastic functional
v +— Ji 5(v) on Us by a simplified functional defined on D5 which admits a minimum.
From now on we assume k > 1.

7. The simplified elastic model for shells

The aim of this section is to define a functional Ji ;5 on the set D5 -, which will appear as a simplification
of the total energy J s defined on the set Us. In order to perform this task, we use the results of Section 5
and we proceed in three steps. Let us first consider an admissible deformation v satisfying (3.3), decomposed

as in (3.4) and such that J, s(v) < 0. It is convenient to express the energy J,, s(v) over the domain

Jis(v) = / W(l((VIU)TVIv — 13)) det (t1 + 33%%2 + 33%|n)d51d52d53

(71) Qs 2 851 852

—/ ((5”,]‘ + 5”/_253g) . (v — Id) det (t1 + 53%|t2 + 53%|n)d51d32d33.
Qs 881 882

The triplet associated to v by the decomposition (3.4) is denoted v = (V, R, 5). The following estimate

has been proved in Section 6

1
S (Vo) Vo — T H < C51/2,
HQ{( ’U) v 3} (LQ(QS))SXEE -

Then, for all § > 0, the set A = {s € Q;[||[Ils((V4vs)T Vavs —I3)(s)]|| = 6} has a measure satisfying

625—2

meas(A9) < 09—2

Now, according to assumptions (6.2) and x > 1 and the above estimate, in the first term of the total energy

1 1
J,s(v) we replace the quantity W (5 ((VZU)TVJCU — 13)) by @Q (5 ((VI’U)TVZ’U — Ig)) . Following the analysis

1 ~ ~
of Section 5, we then replace Q(§((VIU)TVZU - Ig)) by Q((t1]t2|n)"TE(v)(t1 |tz [n)~!) where E(v) is

11
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on
defined by (5.3) and (5.5). At last, we replace det (t; + 53 |t2 + 83—

by det (t1|t2|n). Setting for
O ) by det (i aln)

all 3 x 3 symmetric matrix F
(7.2) W(F) = Q((ba [t2 |0) ™ F (ta [t |n) )
all the above considerations lead us to replace the first term in the right hand side of (7.1) by
(7.3) /Q W (E(v)) det(t[t2|n)ds; dszdss.
5
Observe now the term involving the forces in (7.1). We have

’ ’ a a
}/QJ (5/{ f 4 5F *2539) . (’U — Id) det (tl + 836_:11|t2 + 536—:2|n)d51d52d53

_ 25m'+1/ [f S(V=¢)+ %g. (R - Ig)ni| det(tq[t2|n)dsidsz

2 On On
_ el . _ - -
= /wg V- ¢) [det (651 It | n) + det (t1| 5. | n)}dsldSQ
l<a/ 1 —
<C8" *2([| fll(z2@ys + N9l z2@s) (1Y = @l 2wy + IR = Is]| (L2 (w)ysxs + m”vﬂ(mms))S)-
Then, in view of the first estimate in (3.5) we replace the term involving the forces by
(7.4) L.s(V,R)=6"T'L(V,R)

where
1
2/ V (,b + g (R*Ig>n:| det(t1|t2|n)d81d52

/ - 0t (221 ) (12 1)t

At the end of this first step, we obtain a simplified energy for a deformation v € Us which satisfies (3.3) and
J,w;(v) <0

Jé,izsnpl(v) - /Q we (E(V)) det(t1]t2[n)ds dsadss — 5K/+1£(Va R).
é

Indeed the energy J ;ig"p ! (v) can be seen as a functional of v defined over Dy -, since we have already notice
that E(v) belongs to (L%(£25))3*3. As a consequence, in a second step we are in a position to extend the

above energy to the whole set Ds ,, and to put
Vv € Ds v, J:fampl(v) = / we (E(v)) det(t|t2|n)dsidsadss — 5”l+1£(V, R).
Qs

As observed in Section 5, the functional J:iglpl is not coercive on D5 ,. In a third step, in view of Proposition

OR OR |2
5.2 and in order to obtain the coerciveness of the simplified energy, the two terms 53’ —ty—— H ,
ds1 = Osy ll(L2(w))?
9y 9 2 .
5” -Rto — o RtlH are added to ngnpl.
0s1 0ss L2(w) s

12
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Using all the above considerations, we are able to define the simplified elastic energy on Ds -, by setting

for any v in Ds -,

OR . |2
5 5() :/Q W (E(v)) det(t1|t2|n)d51d52d53+53H8—81t2* e H(Lz(w))z
(7.5) ’
v 2 '
5H— Rty — Rt’ — 0" 1LV, R).
+ 0s1 27 sy Hirzw) £O%R)

The end of this section is dedicated to show that the functional Jg 5 admits a minimizer on D5 -,. Let

v be in Ds , we have
(7.6) "C(Vv R)’ < C(I1fllz2@ys + Ngllz@ys) IV = dllz2wys + IR = Isll(z2(w))sxs).
The quadratic form @ being positive, the definition (5.6) of Es(v) and (7.5)-(7.6) give
CEs(v) = CF" (I fllzzpe + Nallizzons) (1Y = o + IR = Tallaysm) < I3 4(9).
Now thanks to Corollary 5.3 and (6.8), we get, if J: 5(v) < 0(= J: 5(1a))
(7.7) Es(v) < Ca* (|| fllcr2 (e + llgllzz@s)*.

Hence, there exists a constant ¢ which does not depend on 4 such that for any v € Ds ,, satisfying J; s(v) <0,

we have

el < Jé,é(v).
We set
(7.8) mg 5= inf JZ 5(v).

VEDS,yq
As a consequence of the above inequality, we have

s
mn,&

c< §2r—1

<0.

In the following theorem we prove that for x and ¢ fixed the minimization problem (7.8) has at least a

solution.

Theorem 7.1. There exists vs € Ds,, such that

(7.9) my s = J2,5(V5) = min J;(;(v).

VEDs, v

Proof. Since J; 5(Is) = 0, we can consider a minimizing sequence v, in Dy ,, such that J? 5(v,) <0 and

mis= lm T2 s(va).

From (7.7) we get
Es(vn) < O (|| frrzqye + gl r2eye)*

13
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Thanks to Corollary 5.3 and Proposition 5.2, the above estimate show that there exists a subsequence still
denoted n such that (recall that ||Ry|| (e (w))sxs = V3)

Vo, — Vs weakly in (H'(w))?
R, — R; weakly in (H'(w))**3
R, — Rs strongly in (L?(w))**® and a.e. in w

T, —Ts weakly in (L*(w; H(—6,9))).
Then setting vs = (Vs5,Rs,7s) € Ds ~,, We get

E(vy,) — E(vs) weakly in (L2(2))>*?,
OV, oV Vs Vs

Ryt — —2 -R,t; — Rth—a—

kly in (L?(w))?.
D51 959 n D5, Rst1  weakly in (L%(w))

Now, passing to the limit inf in J? 5(v,), we obtain

my s < Jgs(vs) < Lm Jg s5(ve) = lm Jg 5(vi) = my 5.
’ ’ n—-+oo ’ n—-+00 ’

8. Asymptotic behavior of the simplified model. Case « = 2.

In this section we study the asymptotic behavior of the sequence (v;) of minimizer given in Theorem 7.1
2,5
53

this task, we work on the fixed domain 2 and we use the operator Ils defined in Section 4. We denote D the

following closed subset of D1 ., (i.e. Ds, for 6 =1 or Dy o, =I5 (Dé,w)):

and we characterize the limit of the minima as a minimum of a new functional. AS usual, to perform

%

D= {v = (VRV) €Dy, | 5= = Rta}.

Notice that V € (H?(w))?. Then we define the following functional over D

(8.1) jg(v):/Q((t1|t2|n)_TE(v)(t1|t2|n)_1)det(t1|t2|n)—£(V,R).
Q
where
o IR OR 1, 0V
a 11'1 Rtl Sga—ln Rt §R 8—5;3 -t
R 1 ov
8.2 E = ~——n. _RT .
(8.2) (v) * Sig5R B2 gRT5e -t
* * RTg_;{:; ‘n

As in Theorem 7.1 we easily prove that there exists vo = (Va, Rg, V) € D such that
(8.3) my = J2(ve) = min Jo(v).
veED

Theorem 8.1. We have
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Moreover, let ve = (V5,R5,Ts) € D5, be a minimizer of the functional J5 s(-), there exists a subsequence

still denoted 0 such that
Vs — Vo strongly in (H'(w))?,
R; — Ry strongly in (H'(w))>*3,

1
(8.4) ng,(; — 0 strongly in L*(w),
1 —
5—21_15(55) — Vo strongly in (L*(w; H'(—1,1)))3.

The triplet vo = (Vo, RO,VO) belongs to D and we have
my = Ja(vo).

Proof. For all v= (V,R,V) €D, we have (V,R,¥s) € Ds -, where

Ts(s1, 82, 83) = 02V (s1, 52, %3) for a.e. (s1,82,53) € Qs.
Using the fact that v € D, which implies that g—in -Rty = g—zn - Rt1, we have
CORNE L [ Qb1 1) B 2| 0)7") detafaln) ~ £V R) = 2o (v).
Then, taking the minimum in the right hand side w.r.t. v € D, we immediately deduce that 77;%5 <m3.

We recall that v5 = (Vg, Rg,m) € Ds ., is a minimizer of J§

m3 s . 25,5("6) . 25,5(")

and moreover with (7.7)
E5(vs) < C8° (| fz2cne + llallzzcane)*.

Thanks to the estimates in Proposition 5.2, Corollary 5.3 and the above estimate we can extract a subsequence
still denoted § such that

Vs — Vo strongly in (H'(w))?,
R; — Ry weakly in (H'(w))**® and a.e. in w,
1 — .
5—21_15(55) — 7V weakly in (L*(w; H'(—1,1)))3,
1
(8.6) gZiwg — Zino weakly in L?(w),
OR; OR N . 9, \\3
(851 to — D59 tl) Y  weakly in (L*(w))°,
1/0Vs Vs . 2
g (6—31 . R§t2 — 8—32 . Rgtl) X Weakly in L (w)

o _
Then from the fifth convergence we obtain a_Vo = Rotas. So we have Vy € (H?(w))? and v = (Vo, Ro, Vo)
Sa

belongs to D. From the above convergences, and upon extracting another subsequence, we also get
1 ~
EH(; (E(vs)) = Eg weakly in (L?(€2))**?

15
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where

ORy ORy oW
S, Rot1 + 2 S;——n-Rotz + 2 RT :
3a n-Rot;1 + 2110 38111 ote + 2120 0853 1
OR, oW,
Eq = * S3 6—2011 Roto + Zo9 0 Rg 650 -to
oW
* * ROT 95, ‘n
with
Wo = VQ =+ SBZSLOROt/l + SngQﬁOROt/Q.
Due to the expression of J3 5 we have
J35(vs) rl = ORs,  ORs, |2
s = [ Q{2 m) ™ ST(B(a)) (b1 2 [m)7") det(ti[taln)ds dsadSs + | 520t — 520
) Q ) 0S9
Vs Vs 2
Rty — 2% Ryt ‘ — L(V5,Ry).
52“ stz = 55, Rt L (Vs, Rs)

With the convergences (8.6), since @ is quadratic and thanks to the expression of £, we are in a position to

pass to the limit-inf in the above equality which gives

[ @(tta]tam) ot |2 [0)") det(tsta ) dsadsadSs + [1X B + [V [rys — £ Ro)
Q

JS (v, s
< lim 2,5( 5) ~ lim My s
6—0 93 6—0 93
Hence we get
Q((t1|t2|n) TEq(ty [t2|n) ") det(t[ta|n)ds1ds2dSs — L(Vo, Ro) < i M3
0 1]t2 0(l1 | L2 1|62 51052003 0,0_61j1%63.

First, notice that if v = (V,R,V) € D then V satisfies

R
/ %(81,82, S3) - ta(s1,82)(55 —1)dSs = 0 for a.e. (s1,52) € w.
1 3

OR ORy ORy
Now we apply Lemma A with a = (—On -Rot1, —n - Rgty, —n - Rotg) b = (Z11,0, Z12,0, £22,0)s
_ 881_ s S1 Os 52
oW ow ow
( R 5 SO Rg 5 SO to, ngj : n) and with the quadratic form defined by

1
Qm(a,b,c):/ Q((tl|t2|n)*TE0(t1|t2|n)’1)det(t1|t2|n)ng for a.e. (s1,82) € w.

-1

We obtain

(87)  minZ(v) < / Q((t1 1t |0) " "Eo(t | £2|n) ") det(ta b2 m)dsi dszdSs — £(Vo, Ro).

Q

S S
. 2,6 Mas
Hence m3 < lim 63’ . Recall that we have 63’ < ms3, so we get
6—0
mS

. 2,8
lim =m3.
=0 03

(L2 (w))?
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Finally, from convergences (8.6) we obtain Z;,0 = 0, X = Y = 0 and moreover we have the strong

convergences in (8.4). r

9. Justification of the simplified model. Case x =2

In this section, the introduction of the simplified energy is justified in the sense that we prove that both
the minima of the elastic energy and of the simplified energy have the same limit as § tends to 0.
Theorem 9.1. We have

lim 20 — lim Mas _ ms.
50 50 O3
Proof.
m
Step 1. In this step we prove that mj < ?THB 23’6 . Let (1)5)0 <5< be a minimizing sequence of deformations
belonging to Us and such that
m Jos(v
(9.1) lim —2° = lim 26(v5)
§—0 ) 6—0 53

From the estimates of Section 6 we get

||diSt(Vz1}5, SO(S))||L2(Q5) < 053/2,

(9.2) H%{vxv}vm - <0542,

IB}H(LQ(QS))SXB
||VI’U§||(L4(QS))3><3 S 051/4.

1 6
We still denote by Vs(s1,82) = %/ vs(81, 82, $3)dss the mean of vs over the fibers of the shell. Upon
-5

extracting a subsequence (still indexed by d), the results of [6] show that there exist V € (H?(w))?, R €
(H'(w))?*3 with R(s1,s2) € SO(3) for a.e. (s1,52) € w, Zag € L*(w) and V € (L?(w; H' (-1, 1))3 satisfying

1
— 0
(9.3) / V(s1, $2,53)dS3 =0 for a.e. (s1,$2) € w, % = Rt,
—1 a

together with the boundaries conditions V = ¢, R =I5 on 7, and with the following convergences

IIs(vs) — V  strongly in (Hl(Q))3

II5(Vzvs) — R strongly in (LQ(Q))BXB,

(9-4) H&(Ua - V&) 3

— S3(R—1I3)n strongly in  (L*(Q))”,

1 .
57106 ((Vavs) T Vavs = I3) = (61| t2[n) "E (t1[t2|n)™"  weakly in (L*())°,

26
where _
OR OR 1 ov
536—8111~Rt1+211 536—8111~Rt2+212 ERTG—%’ -t
OR 1 °)%
E= S3—n-Rty + 20 R -t
* 3 85211 2+ 222 5 35 2
ov
RT .
* * 95,
Now, recall that
Jas(vs) 1 1 T 1
(9.5) R > W(Qﬂzs((vzva) Vs L,))H,;(det(V(I))) 5 /o, fr,6 - (vs — La).

17
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0
In order to pass to the lim-inf in (9.5) we first notice that det(V®) = det(t1|t2|n)+ s5 det (a_n [to | n) +
S1

sz det (tﬂ% | n) + 53 det (@|@ | n) so that indeed Il5(det(V®)) strongly converges to det(t [t2|n)
089 081 089

in L*°(£2) as ¢ tends to 0.
We now consider the first term of the right hand side. Let & > 0 be fixed. Due to (6.2), there exists
6 > 0 such that

(9.6) VE €8s, [||Ell| <0, W(E) > Q(E) —el|| E]|]*.

We now use a similar argument given in [5]. Let us denote by xg the characteristic function of the set
AY = {s € U ||| ((Vavs) T Vavs — I3) (s)|]| > 6}. Due to (9.2), we have

52

(9.7) meas(A9) < 09—2.

Using the positive character of W, (9.2) and (9.6) give

/Q%W(Ha(vmva))|H5(det(V<I)))| > /Q ;—QW(%H(;((VIUJ)TVIU(; - Ig))(l — xg)Hg(det(VCI)))

> /QQ(%Ha((VIUJ)TVzvg —I3)(1 - Xg))H,;(det(V@)) —Ce

1
In view of (9.7), the function xg converges a.e. to 0 as d tends to 0 while the weak limit of 2—61'[5 ((Vzv(;)TVIv(;—
I3)(1 - x%) is given by (9.4). As a consequence and also using the convergence of ILs (det(V®)) obtained

above, we have

. 1= -7 -1
%/Qﬁw(ng(vmw))né(det(vq») 2/9@((t1|tg|n) B (b1 t2|n)~") det(t tofn) - Ce.

As ¢ is arbitrary, this gives

(9.8) lim %W(Hg(vmvg))ﬂg(det(vq))) z/

Q((t11t20)""E (t1 2 |m) ") det(ta ]t /m).
—0JQ Q

Using the convergences (9.4), it follows that

§—0

. 1
tim (= /Q fas - (05— 1)) = L(V.R)
9
where L(-,-) is defined by (8.5). From (9.5), (9.8) and the above limit, we conclude that

. mas . Jos(vs)
. | — =] :
©:9) I =™ = i 5

> / Q((t1 [€21m)"7E (b1 [t [n)~") det(tatsln) — £(V.R).
Q
Proceeding as in the proof of (8.7) in Section 8, we get

/( Q((tl 1to|0)"TE (t; |t n)*l) det(t1]t2n) — LV, R) = min Jo(v) = m3.
) veD

mas

Finally we have proved that mj < lim
6—0

18
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3 3. m
Step 2. In this step we prove that mj > }HI(l) 28
—

Let us now consider a minimizer vy = (VO,RO,VO) € D of J> and the sequence ((Vg,Rg,Vg))6 of
>0

approximation of v given by Lemma C constructed in the Appendix. The deformation vs is now defined by

(9.10) vs(s) = Vs(s1,52) + 83Res(s1,52)n(s1, 52) + 8°Vs (sl, S2, %3), for s € Qs.

Step 2.1. Estimate on ||H5(VI’U§ — R5)||(Loc(g))3x3 and ||dist(vx’05,SO(3))||Loo(w).

From (9.10) and trough simple calculations, we first have

(vmvé - R6)to¢ = % - Réta + s3 aRén + 52 aV& - (vzvé - R6)53a—n
Sa Sa Sa Sa
(9.11) 0 0 0 0
| (Vivs — Rs)n = (56—%
zU§ ) - 853’
then
II5(V,vs — Rs) - II5(V D)
(9.12) Vs ORs Vs  OVs ORs Vs OV,
=(Z2 — Ryt b 52 Z Rt 5 52210 52,
(831 561+ 53 asan+ 08¢ |652 stz + 5 asan+ 08¢ | 853)

Thanks to (2.3) and the estimates of Lemma C in Appendix we obtain

(9.13) ||H5 (VI’U(; — Rg) ||(Loc(Q))3x3 <

=

and we deduce that there exists a positive constant Cy such that
(914) ||H§((VI’L}5)TV11}5 - 13) ||(LOC(Q))3><3 S Co.

Again using the estimates in Lemma C we get

dist(V 05, SOB)) [l (w) < %
and then we obtain
(9.15) for a.e. s € Qs det (vag(s)) > 0.
Step 2.2. Strong limit of %ng((vmv(g)Tvm — Ig).

Thanks to the estimates and convergences of Lemma C and (9.12) we have
(9.16) ||H5 (VIU(; — R5)||(L2(Q))S><3 < C6.

We write the identity (vag)TVzvg —1I3 = (vag — R(;)TRg + R(;T(Vzv,; — Rg) + (Vzvg — Rg)T(VIvg —
R;) + (Rs — R)TRs + RT(Rs — R). So, from (9.13) and (9.16) we get

(9.17) ||H5((VZU5)TVI’U5 - I3)||(L2(Q))3><S S Co.

19
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In view of (9.11), the strong convergences of Lemma C and (9.16) we deduce that

%HJ((VIW —R)ta) — Sgg—Rn strongly in  (L*(Q))?
s
(9.18) _°

ng((VI’U(; —~R)n) — v -n strongly in  (L*(Q))?
] 0S3

Now thanks (9.13) and the strong convergences (9.18) we obtain

1 .
%H(;(Vzvg —~R) — 0 stronglyin (L*(Q))3

and then using again Lemma C, (9.18) and the above decomposition of (V,vs)T V,vs — I3, we get

1
(9.19) 2—5H5((Vzv5)TVzv5 —I3) — (t1|tan) TE(vo)(t1[taln) ! strongly in  (L*(Q))**?,

where E(vo) is given by (8.2).

Step 2.3. Let € be a fixed positive constant and let 6 given by (7.2). We denote xg the characteristic
function of the set A9 = {s € Q;|||ILs((V4vs)T Vivs —I3)(s)||] > 6}. Due to (9.17), we have

52

(9.20) meas(AY) < 09—2

and from (9.15) we have det (V,vs(s)) > 0 for a. e. s € Q5. Due to (6.2), (6.4) and (9.19) we deduce that

T [ (1 ) W (I (Vavs) )15 (det(V)) < /

[ 5 [ Q61182 1) "B (vo) (b |2 )" ) det (b1 2}m)

+ 6/ [11(t1 [t2 [ 0)"TE(vo)(t1 | t2 |n)![[|* det(t1 |t2[n)
Q

where E(vg) is given by (8.2). Notice that there exists a positive constant C; such that for all E € S
satisfying 6 < |||E||| < Cy we have

W(E) < Gi[|El]].

1
Thanks to (6.3), (6.4), (9.17), the strong convergence (9.19) and the weak convergence gxg — 0 in L?(Q)

we obtain

. 1 = . 1 1
%13%/95—2x§W(H(;(va(;))ﬂg(det(V@)) < ;13%/9gxg|||%H5((va5)Tvzvg—Ig)|||H5(det(V<I>)) —0

Hence for any € > 0 we get

T [ L (M1 (Va0s) T (det (VD)) g/

Y [ Q6112 ) T B(vo) (b |2 )" ) det(ta2}n)

+ 6/ [11(t1 [ t2 |n)"TE(vo)(t1 [ 2 [n)~"[||* det(t: |t(n)
Q
Finally

(9.21) (@) Q%W(Hé(vmvé))ng(det(v@) g/ﬂQ((t1|t2|n)—TE(v0)(t1|t2|n)—1) det(t[t2]n).
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As far as the contribution of the applied forces is concerned, we use the convergences of Lemma C to obtain

(9.22) lim (i/g fa,6 - (vs — Id)) =L(V,R).

§—0 \ 3
From (9.21) and (9.22), we conclude that

T 25 < [ Q02| ) T B(va) b1 2 [) ") det(taftln) — £ R) = Talvo) =

6—0 03

Then we get hn%) 7%3

10. Alternative formulations of the minima m; ; and ms.

<mj. L

In the following theorem we characterize the minimum of the functional Ji; 5(-) over Djs ., respectively
Jo over D, as the minima of two functionals which depend on the mid-surface deformation V and on the
matrix R which gives the rotation of the fibers.
The first theorem of this section shows that the variable ¥ can be eliminated in the minimization problem
(7.9).
We set
—{(VR) € (H'(W)* x (H' @)™ | V=9, R=Ty on,

R(s1,s2) € SO(3) for a.e. (s1,82) € w}.

We recall (see (5.3)) that for all (V,R) € E we have set

10V 2% 2%
Zop = 5“@ ~Rt,) Rty + (a_s,ﬁ ~Rty) Rta|, Zp = 55 Bn
1r0R 0
r =-q— —
os(R) 2{8san Rés + 855n Rta}
Theorem 10.1. Let vs = (V5,Rs,Vs) € D5 such that mS 5 = J2 5(vs) = énin J: s(v). We have
; ; VEDs g
(10.1) m,s=FesVs;,Rs)= min F:s;(V,R
ST = i 7V R)
where
:,6(V’R) = 53/ aaﬁa/ﬂlraﬁ(R)Fa,B, (R) +5/ zaz/o/Zw‘Z’ !
(10.2)
GR oV 2 ,
53H—t _ & H H Rty — =~ . Rt ‘ _ 55 H1L(V R).
+ 0s1 2 Oss l(L2(w))3 0s1 2 0sa ! L2(w) ( )
The a,p, 5 and b, are constants which depend only of the quadratic form Q and the vectors (t1,t2,n).
Proof. We have
mps= min [5/Q((t1|t2|n)’TH5(E(v))(t1|t2|n)’1)det(t1|t2|n)dsld52dS3
VEDL,~q Q
R |2 oV 2 !
53H - o=t H ‘Rtz — 5= Rta|| — 5" HLV,R)|.
+ 651 059 ! (L2(w))3 0s1 2 059 ! L2(w) v, )}
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In order to eliminate 7, we first fix (V, R) € E. We set

/ Q((t1 It |0)~TIL5 (E(v)) (61 |2 | n)—l) det(t1[t2|n)dSs = Qm(a, b, c + d)

-1

where
1 Olls(v
T ag*(v) b
I'1(R) Zn Z31 111 e (35)
a=9 Flg(R) , b= 2], d=| Z32 |, c==-| = TL.{-Q
I'2(R) Zao 0 o2 852
70115(v)
0853
and we apply Lemma B in Appendix to obtain the theorem. L

The next theorem is similar to Theorem 10.1 for the limit energy and the minimization problem (8.3).

We set
Elim:{(V,R)GE | %:Rta, a:1,2}.

[e3

Theorem 10.2. Let vo = (Vo, Ro, Vo) € D such that m = Ja(vo) = mein J2(v). We have
veb

10.3 s = Fo(Vo,Ro) = i EV,R
(10.3) mj = F2(Vo, Ro) (Van)ﬂlélE”m 2(V,R)
where
OR OR
(10.4) F2(VR) = /waaﬁa,ﬁ, (5oonRes) (En-mﬁf) —L(V,R)

The Unpa’ g QTE the same constants as the one in Theorem 10.1.

Proof. We proceed as in Theorem 10.1. In order to eliminate V, we fix (V, R) € Ejim and we minimize
the functional J5 (V, R, ) over the space V. Thanks to Lemma B in Appendix we obtain the minimum with

respect to V and then the new characterization of the minimum mj. r

Of course, for all (V,R) € E;;,, we get
F35s(V.R) =6°F(V,R).

Let us give the explicit expression of the limit energies 77 ; and F in the case where S is a developable

surface such that the parametrization ¢ is locally isometric
V(Sl,SQ) cw ||ta(81752)||2 =1 tl(Sl,Sg)'tQ(Sl,Sg) =0.

We consider a St Venant-Kirchhoff’s law for which we have

A - '
W(F) = S(Er(FTF 1))+ Ler(FTF ~1,)?) i det(F) >0
+ 00 if det(F) <0,

so that Q =W = Ws.
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Expression of 77 ;. For any v = (V,R,7) € D5 4,, the expression (7.5) gives

A R
v) = 6/ —(tr(E(v)))2 + ptr((B(v))? } +63‘ —t2 ~ o5t H(LQ( s
(10.5) ¢
aV 2 K +1
+ 5” Go Rz — 5 Rt1’ P OF

where E(v) is defined by (5.3). It follows that the elimination of V in Theorem 10.1 gives the partial

derivatives of V with respect to S3

ov z 5
853 ( ) Rtl _% (52 Z(S% — 52))
o
(10:6) g ) Rtz | = 22 (24 2 - )
86_53(" ., 53)-Rn —1 i > (83 [T11(R) 4+ Ta2(R)] + [Z11 + ZQQD
and then
ES3 2 ,
:,6(V;R) :3(1_1/2) / |: 1*1/ Z +Z/(F11(R)+F22(R)) :|
“ a,f=1
£o - 5ES
+m/[1_ya;1 aB +V211+Z22)}+m/w(3§1+3§2)
3| == - a—R ’ —_— — a_v f'i,-‘rl
+9 H 0s1 b2 0s2 H(LZ(w)P H 0s1 Rt 0s2 Rty ‘ L2(w) =9 LV, R).

Expression of F,. For any v = (V, R, V) € D, the expression (8.1) gives

Jo(v) = /Q [g(tr(E(v)))z + ptr((B(v)?)] - £V, R)

where E(v) is defined by (8.2). It follows that the elimination of V in Theorem 10.2 is identical to that of

standard linear elasticity (see [18]) hence we have

(10.7) V(.,.,S3) = —ﬁ(sg - %) [L11(R) + Ta2(R) | Rn
and then
7 (V,R) ﬁ/ [ 1-v) i +u(F11(R)+F22(R))2} ~L(V,R).
a,B=1

Remark 10.1. In the case of a St-Venant-Kirchhoff material a classical energy argument show that if

(05)0<6§60 is a sequence such that

= lim J2’6(vé)
6—0 03 ’

then there exists a subsequence and (Vy,Rg) € E, which is a solution of Problem (10.3), such that the

sequence of the Green-St Venant’s deformation tensors satisfies

%H(;((Vzv(;)Tva(; — 13) — (1] t2 |n)_TE(V0)(t1 | t2 | n)_T strongly in (LQ(Q))3X3,
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where E(vp) is defined in (8.2) with V given by (10.7) (replacing R by Ry).

Remark 10.2. It is well known that the constraint g—: = Rt; and g—;: = Rty together the boundary
conditions are strong limitations on the possible deformation for the limit 2d shell. Actually for a plate or as
soon as S is a developable surface, the configuration after deformation must also be a developable surface.
In the general case, it is an open problem to know if the set [E;;,, contains other deformations than identity

mapping or very special isometries (as for example symetries).
Appendix.

Lemma A. Let Q,, be the positive definite quadratic form defined on the space R? x R3 x (L2(—1, 1))3 by

Ssa; + by Szai + by
X Ssag + ba Szag + bg
Ssaz +b Ssaz +b
V(a,b,c) € R® x R? x (L3(~1,1))°, m(a,b, :/AS 383 T8 || 88 T8 g
(a C) X x ( ( )) Q (a c) . ( 3) Cl(Sg) C1(53) 3
C2(S3) C2(S3)
c3(53) c3(93)
where A(Ss) is a symmetric positive definite 6 X 6 matrix satisfying
(A1) A(S3) = A(—S3) for a.e. Ss €] —1,1]
and moreover there exists a positive constant ¢ such that
(A.2) Ve € RS, A(S3)E € > cl¢)? for a.e. S3 €] —1,1].

For all a € R3, we have

min Qm(a,b,c) = min Q,,(a,0,c)
(b,c)er3x(L2(—1,1))3 c€L,

where

Lo = {c € (L3(~1,1))° | /_1 ca(S3)(S2 —1)dS; = 0, a € {1,2}}.

Proof. We write

Aq(S3)
ASy) = | -

AT(Ss) 1 As(S3)

Ay (Ss)

where for a.e. S3 €] —1,1[, A1(S3) and A3(S3) are symmetric positive definite 3 x 3 matrices. The both

minimum are obtained with
00(53) = —A51(5’3)A2T(Sg)5’3a, bo =0.

We have

1

(A.3) On(a,0,c0) = (/ S (A1(Sa) — Ag(S2) A7 (52)AT(53)dS3)a-a.

-1

In the following lemma we use the same notation as in Lemma A.
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Lemma B. Let a, b be two fized vectors in R? and let d be a fized vector in R? x {0}. We have

(B.1) min Q,,(a,b,c+d) = (/ S3[A1(S3) —AQ(Sg)Agl(Sg)AQT(Sg)])a.a+Q’m(b,d)

ceLly 1

where Q;n s a positive definite quadratic form which depends only on the matriz A.

Proof. Through solving a simple variational problem, we find that the minimum of the functional ¢ —
Qm(a,b,c+ d) over the space Ly is obtained with

c(S5) = —d — A5 (S3)AT (S5)(Ssa+b) + (S5 —1)A;'(S3)e

where e € R? x {0}

1 0
e =ceje; + eseo, e1=(0],e=|[1
0

is the solution of the system

1

[%df (/1 (2 - 1)A§1(S3)A2T(Sg)d5‘3)b+ (/ (2 - 1)2Ag1(53)d53)e} ea=0, a=1,2

-1 -1

1

Notice that the matrix / (S§ — 1)2A§1(8’3)d53 is a 3 X 3 symmetric positive definite matrix. Replacing c
-1
and e by their values we obtain (B.1). r

Lemma C. Let (V, R, V) be in Dy, there exists a sequence ((Vg, Rg,Vg))§ of (W2 (w))3x (W12 (w))3*3 x
>0
(W1o0(Q))? such that

(C.1) Vs=¢, Rsg=1Is on 7, Vs=0, on yx]—1,1],
with
Vs — V  strongly in  (H*(w))?
R; — R strongly in  (H'(w))>*3
1
S(Rg —R) — 0 strongly in  (L*(w))>*3
(C.2) 1/0Vs , 20, 1)3
S22 L
5(88a R(sta) — 0 strongly in (L% (w))
Vs — V  strongly in  (L*(w; H'((—1,1)))?,
5(;‘5/6 — 0 strongly in  (L*(Q))?,

and moreover

||dist(Rs, SO(3))|| oo w) <

1 Vs
<z

Tsa ~ Ryt

< é,
< (w))3
(C.3) 1 (=)

2 37112
||R6||(W1,oo(w))3><3 + ||V6||((W100(Q))3 < 7(40,15)2

The constant ¢, is given by (2.3).
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Proof. For h > 0 small enough, consider a C$°(R?)-function 1, such that 0 < ¢, <1

Yn(s1,s2) = 1if dist((s1,52),70) < h
Un(s1,s2) = 0if dist((s1,52),7) = 2h.

Indeed we can assume that

T Q

C
(C4) [ llwee z2) < 7 [[n] w20 2) < 55
Since w is bounded with a Lipschitz boundary, we first extend the fields V and R, = Rn into two fields of
(H?(R?))3 and (H'(R?))? (and we use the same notations for these extentions). We define the 3 x 3 matrix
field R € (H'(R?))3*3 by the formula

(C.5) R = (g—;}l %IRn) (t1|t2|n)_1.

aV ’ ’
By construction we have — = R t, in R? and R = R in w. At least, we introduce below the approxima-

084
tions V,, and Ry, of V and R as restrictions to @ of the following fields defined into R?:

/ 1
V5 (s1,52) = —2/ V(s1 +t1, 82 + t2)dt1dts,
97h? JB(0,3n) )
(C.6) 1 a.e. (s1,82) ER
R, = R’ t to)dt dt
n(s1,52) = 5 /B(o,gh) (s1+ 11, 52 + to)dtrdts,
and
(C.7) Vi = ¢ton + V(1 — ¥y), Ry, = It + Ry (1 - ¢p), in w.

Notice that we have

V, € (W22(R?))3, Ry € (WH(R?))*3,

(C.8)
Ve (W*w)?,  Rpe (W' w)™®  Vi=¢, Ryp=1I3 on 5.

Due to the definition (C.5) of R" and in view of (C.6) we have

(.9) V,; — V strongly in (H?*(R?))?,
- R, — R strongly in (H'(R?))3*3

and thus using estimates (C.4)

Vi, — V  strongly in (H?(w))?,
©10) { h (H*(w))

R;, — R strongly in (H'(w))?*3

Moreover using again (C.6) and the fact that R* — Ry, strongly converges to 0 in (H'(R?))**3 we deduce

that
1o ;
(R, —R) — 0 strongly in (L*(R?))"*?
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and then together with (C.4), (C.5), (C.7) and (C.10) we get

1
- (Ry —R) — 0 strongly in (L*(w))**?,

oV,

1
( h0sq

—Rytoa) — 0 strongly in (L?(w))?.

We now turn to the estimate of the distance between Ry, (s1,s2) and SO(3) for a.e. (s1,s2) € w. We apply
the Poincaré-Wirtinger’s inequality to the function (uy,us) — R (u1,us) in the ball B((s1,s2),3h). We

obtain

/B((é1 . IR (u1,u2) = Ry (51, 82)[||*durdus < Ch2|VR[EL2 (5 ((sy,52),3m)))2

where C' is the Poincaré-Wirtinger’s constant for a ball. Since the open set w is boundy with a Lipschitz

boundary, there exists a positive constant ¢(w), which depends only on w, such that
|(B((s1, 52),3h) \ B((s1, 52),2h)) Nw| > c(w)h>.

Setting my,(s1,52) the essential infimum of the function (uy,ua) — |||R(u1,u2) — Ry (s1,s2)||| into the set
(B((s1,52),3h) \ B((s1,52),2h)) Nw, we then obtain

c(w)h?mp(s1,52)% < CR*||VR |12 (B ((s1,59),30)))0

Hence, thanks to the strong convergence of R;1 given by (C.9), the above inequality shows that there exists
hé, which does not depend on (s, s2) € @ such that for any h < hé,

dist(R;,(s1,52),50(3)) <1/8  for any (s1,s2) € @.

Now,

e in the case dist((s1,52),7%) > 2h, (s1,s2) € w, by definition of R, and thanks to the above inequality
we have dist(Rp(s1,52),50(3)) <1/8,

e in the case dzst( 51,52 ) < h, (s1,82) € w, by definition of R}, we have Ry (s1,s2) = Is and then
dist(Rp(s1,82),50(3)) =

e in the case h < dzst((sl, 32),70) < 2h, (s1,82) € w, due to the fact that R = I; onto Yo, firstly we

have

||R - I3||?L2(w6h,70))3><3 S Ch2||VR ||%L2(W6h,70))3><3

where wyn 5, = {(s1,52) € R? | diSt((Sl, 52)770) < kh}, k € N*. Hence
||Rh - 13||?L2(w3h,'y0))3><3 S Ch2||VR ||?L2(W6h,'y0))3><3'

The constants depend only on dw.

Secondly, we set M the maximum of the function (u1,us2) — ||[Is — Ry, (u1,uz)||| into the closed set
{(Ul,UQ) Ewl|h< dist((ul,uQ),%) < Qh}, and let (s1,$2) be in this closed subset of w such that

My, = |[|Ts = Rj,(s1, 52l
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Applying the Poincaré-Wirtinger’s inequality in the ball B ((51, S2), 4h) we deduce that
V(s1,85) € B((s1.52),h),  [[[Ry(51,82) = Ry (s1,82)[|| < ClIVR [[(12(B((51,55),am)))2-

The constant depends only on the Poincaré-Wirtinger’s constant for a ball.

If My, is larger than C||VRI||(L2(B((51152)74h)))3 we have

’ 2 ’
Th?(Mp — C||VR || (L2(B((s1,52),41))°) " < [IRh = Is[|[TL2(B((s1.00).0))°
<|[R; — I3||%L2(w3h770))3><3 < Chr?||VR ||%L2(WGMO))3X3

then, in all the cases we obtain

My, < C||[VR[| (2

(Weh,~p))373
The constant does not depend on h and R’. The above inequalities show that there exists hg such that for
any h < h/O/

IR, (51, 52)—Ts]|| < C||VR,||(L2 yaxs < 1/8 for any (s1,s2) €w such that h < dist((s1,52),70) < 2h.

(Wﬁh,'m)

By definition of Ry, that gives |||Ry(s1,2) — Is]|| < 1/8.

Finally, for any h < max(hg, hy) and for any (sy, s2) € @ we have
dist(Rp(s1,52),50(3)) < 1/8.

Using (C.5) and (C.6) we obtain (recall that || - H2 is the euclidian norm in R3)

aV, ’ ’
HaTh(sl’ 32)_Rh(31aSQ)ta(31a52)H2 < Chl[Bll (w2 (w))s +C ([ VIl (22 (wan )2 HIR [ (11 w51y 72)

V(s1, $2) € w,
where wsp, = {(s1, s2) € R? | dist((s1, s2),0w) < 3h}.
We have

OVh

Do - Rpto = (1*1/%)(

8Vh
08¢

~Rjta) + 5 (0 - V).

Thanks to the above inequality, (C.4) and again the estimate of |||R;, —I3||| in the edge strip h < dist((s1,52),70) <

2h we obtain for all (s1,s2) € w

oV
H h (51,52) Rh(51752)ta(51752)H2

SC(h|l¢||<w2,w<w>>S F AWz snys + R e wsnexs + 116 = VI s 00)272) -

The same argument as above imply that there exists hg < max(h:), hg) such that for any 0 < h < hg and for

any (s1,$2) € w we have

(C.11) H W

1
(s1,52) Rh(51;52)ta(51752)H2 < 3

From (C.4), (C.5), (C.6) and (C.7) there exists a positive constant C' which does not depend on h such that

C
(C.12) |Ral[(w1.00(wy)zxs < E{HVH(H?(UJ))S + R (a1 (w)ysxs } -
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Now we can choose h in term of §. We set

h=05  &€(0,d)

/

and we fixed 6 in order to have h < hy and to obtain the right hand side in (C.12) less than (¢ is

1
_4\/§c'15
5€(0.60] such that (Vs5,Rs,Vs) € Ds 4, and
satisfying the convergences in (C.1) and the estimate in (C.3). C

given by (2.3)). It is well-known that there exists a sequence (V)
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