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Abstract

Aims. In this paper we continue our study of density cusps that mayain central black holes.

Methods. We recall our attempts to use distribution functions withemmory of self-similar relaxation, but mostly they apply ypim
restricted regions of the global system. We are forced tgiden related distribution functions that are steady btised-similar.
Results. One remarkably simple distribution function that has adilless cone describes a bulge that transits from a near btdek h
domain to an outer ‘zero flux’ regime whepell r~7/4. The transition passes from an initial inverse square prttilough a region
having a ¥r density profile. The structure is likely to be developed atarly stage in the growth of a galaxy. A central black hole is
shown to grow exponentially in this background with an edfiog time of a few million years.

Conclusions. We derive our results from first principles, using only thgaar momentum integral in spherical symmetry. The initial
relaxation probably requires bar instabilities and cluchpwnp interactions.

Key words. theory-dark matter-galaxies:haloes-galaxies:nudiitbhole physics-gravitation.

1. Introduction feeding was left unresolved. This requires an anisotrogtc D
) ) ) with a filled loss cone of the nature of the Bahcall & Wolf solu-

We discussed the relation between the formation of blac&shol,, (Bahcall & Wolf 1976).
(hereafter BH) and of galactic bulges, or of bulges with @@n — ere e repair these omissions for a special case of non
mass in the previous papers of this series of papers (Hemikgglf_similar infall. We use the same technique of inferrieg-
etal,, referred to here as paper |, Il, and references fterpaf  sonaple distribution functions for collisionless matterfi the

Previous research (KR1995, Ma98) and more receniyne dependent Collisionless Boltzmann (CBE) and Poisstn s
(Ferrase and Merritt 2000, Gebhardt et al 2000) has estallis whijle insisting on a central point mass. The temporal evoiut
a strong correlation between the BH mass and the surrougglows for relaxation of collisionless matter in additiangossi-
ing stellar bulge mass (or velocity dispersion), which weeta ple ‘clump-clump’ (two clump) interactions.
as an indication of coeval growth. Such growth may occur as \we use, in this paper as in the previous (I, Il), the Carter-
BH ‘seeds’ accrete gas or disrupted stars in a dissipatste- fapenriksen (Carter & Henriksen 1991) procedure. In this way
ion during the AGN (Active Galactic Nuclei) phase, but therge obtain a quasi-self-similar system of coordinates (H200
is as yet no generally accepted scenario. Moreover, the p006A) that enables expression of the CBE-Poisson set with
cessity for a seed and observations of early very supermagpiicit reference to a previous transient self-similanaical
sive BHs (e.g. Kurk et al., 2007), together with changes & the|axation. Thus we can remain ‘close’ to self-similaring as
normalization of the BH mass-bulge mass proportionality.(e the simulations appear to do.
Maiolino et al. 2007) suggest an alternate growth mechanism. e pegin the next section with a summary of this approach
In fact some authors (Peirani & de Freitas Pacheo 2008) hayespherical symmetry that is common to all papers in this se-
studied the possible size of the dark matter component in Bfds including the useful results found earlier (papersi)!,
masses and deduce that between 1% and 10% of the black kglgsequently we recall the limiting case with a high binding
mass could be due to dark matter. ergy cut off in the distribution function (hereafter DF).i$ls to

We explored coeval growth in the case of spherically symiemind us that such a cut-off, existing famy reason, produces
metric radial and non-radial infall (paper |, II), using @WiBu-  a flat cusp. Finally we give the key result of this paper as a non
tion functions with a self-similar memory. However althbuge  self-similar DF (of a type found previously (Evans & An 2006)
obtained reasonable descriptions in sections, we did nétain but not used in this connection) that describes the tramstbne.
distribution function (DF) that could be fit to Black Hole bal This zone extends from a central mass through a shallow re-
and bulge continuously. Moreover the problem of the bladk hogion (to be compared with observations of the milky way) into
a Bahcall & Wolf feeding region. Ultimately it enters an imge
Send offprint requests to: MLeD Preprint: IFT-UAM/CSIC-09-28 square law region.
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2. Dynamical Equations and radial results This integro-differential system is closed by

Following the formulation of H2006 we transform to infallnra 1
ables the collisionless Boltzmann and Poisson equationa fo 0= —2/ PdY dz. @)
spherically symmetric anisotropic system in the ‘Fujiwdoam R

.g. Fuiji 1983 I . . . .
(e.g. Fujiwara ) namely This completes the formalism that we will use to obtain our

results.
of of j2 o0\ of For easy reference in this paper, we summarize the general
o Vo T\ e Jaw (1) forms of the self-similar DFs that we discussed previously.

P oD In paper | we discussed the emergence in purely radial in-
= (rZ_) - 4712@/ f(r,vr,jz)dvrdjz, (2) fall of the rigorously steady DFs from Henriksen and Widrow
Jr\ or (hereafter HWDF, HW95)

where f is the phase- sgace mass dengityis the ‘mean’
field gravitational potential,© is the square of the specific angu-

lar momentum and other notation is more or less standard. ) )
The transformation to infall variables has the form (e.@nd the time-dependent DF from Fridmann and Polyachenko

nf = F(k)|E|Y?5(j?), (8)

H2006) hereafter FPDF, Fridmann & Polyachenko 1984)
. K 502 9
R_ reiaT/a Y :Vrei(l/ail)a-r, - (7E+Eo)l/2 (J ) ( )
Z=j 2o-(4/a=2)aT T _ at,

o(3/a-1aT A Introducing anisotropies in paper Il, we found the geneeét s
P(RY,ZT)= f (r,v, j5t), (3) similar solution to equation (5) to be

( ) e 2(1/a— l)C{TcD( )

_ = P(j%,k)&9, (10)
( ) p( ) 2aT. ( )
where
The passage to the self-similar limit requires takihg= 1a
0 when acting on the transformed variables. Thus the self-= 6Z 2a, (11)
similar limit is a stationary system in these variables, chhis _ 3-a (12)

a state that we refer to as ‘self-similar virialisation’ (H1/8999, q4= 2(a—1)
Le Delliou 2001). The virial ratio B/|W| is a constant in this
state (although greater than orejis kinetic energy andV is This yields the physical form of the general steady stath wit
potential), but the system is not steady in physical vaesilals self-similar memory to be
infall continues.
The single quantity is the constant that determines the dyy — |5(K)|E|q (13)
namical similarity, called the self-similar index. It isroposed a
of two separate reciprocal scalings,in time andd in space, K = E|(j3)~(za),
in the forma= a/d. As it varies it contains all domlnantphys-
ical constants of mass, length and time dimensions, singe thhereE = v2/2+ j2/(2r2) + ®. Taking firstP to be constant,
mass scalingt has been reduced t@3- 2a in order to main- and then taking it to be proportional to 9. this yields respec-

tain Newton’s constar( invariant (e.g. H2006). tively
We assume that time, radius, velocity and density are mea-
sured in fiducial units,/Vo,ro, Vo andp, respectively. The unit if = KJ|E|9, (14)
of the d|str|but|on function (DF from now on) i§ and that of K
the potential is/3. We remove constants from the transformedf = (2w (15)

equations by taking
_ _ 2 where we have defined = (3—a)/(4 — 2a). These limits were
fo=Po/VG, Vo= 4nGporG. ) found to apply to inner and outer extremes of the relaxecregi
These transformations convert equations (1),(2) to the 1@La simulated ‘bulge’ (i.e. no black hole was included in the
spective forms simulations).
The DF (13) can be put in a form that seems to generalize
the FPDF (Eq. 9). We choo$ell k(271 to obtain

1 Y R

EdTP*(3/a*1)P+(E*5)5RP f K .
nf = . :

oy Zz )) AP

((1/3 DY+ — ((3R B —(4/a—2)Z20;,P=0 (j2)73|E, — E|Y/2
() The density and potential laws are more general than those of

and the FPDF, being respectivety r =22 and® [ r2(1-3),

1d delP _o 6 None of these DFs can be said to apply to every region of the
RdrR\ 9R) 6)  simulated halos.
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3. High Binding Energy Cut-off development of this region in time, as this is the provincewf
erical work. We can however hope to find analytic descnisio
ultimate states.

There is one steady solution that is not self-similar butohhi
is closely related to the Evans and An (Evans & An 2006) solu-

We recall in this section an extreme case that limits tr{ﬁ
flattening of the cusp near a black hole. There is evidence
(Le Delliou 2001, MWH 2006) for a cut-off in the number of

particles with high binding energy, even without a centiainp tion with anisotropy paramet@ = 0.5. This is an exact solution

mass. The presence of a central black hole of rivkss likely to ; ; ; ;
accentuate this trend by accretion. We may imitate such-aftut ]tcgrﬁqq?rztégﬂ t(r?;va ih?g ig /(E: f ng)r)e equations 10, 15) in the

in order to study limiting behaviour near the black hole, bing
the isothermal DF .(see e.g. papers | and Il) at negative &serg pP— ﬁ(jZ)wa,
and temperatures in the form
that is, written entirely in transformed coordinates,

mf = KelPE), (17) _
P=P(Zexp(4/a—2)aT)Zz™". (19)
HereE = Vv2/2+ j?/(2r?) + ® < 0. We suppose that the con-_ . o -
stantB > 0 and corresponds to some reciprocal cut-off energlfiS Solution is always steady but not always self-similar b
A straight-forward calculation of the density implied bychia CAUS€ of thd dependence. This equation is seen to satisfy equa-

DF vield te that int t | ti argition (5) by direct substitution when the dependence on T-is in
rath)ellrethgn(BSeer a”?/e\l%%ig;g?ra © only over negative en rg”cluded. The steady form (10) that we found in the previougpap

of this series is distinguished from the general steadsdigbe-
8v/2K 32 ing a possible limit of self-similar evolution. The same Iplem
=—3 |®I7"M(1,5/2,-B|®]), (18) has been addressed with arbitrary steady and isotropiitdist
tion functions in an interesting paper by Baes et al. (2005).
Where M(a,b,2) is the Kummer function. We expect this to A convenient choice is to také = K(j2)", wherev is any
hold where|®| ~ GM, /r is large, and in this limit the Kummer suitable real number. Then the DF is simply
function varies as-3/(2z). Consequently the density cusp be- I
comes as flat ag/[®| O r~Y/2. This was already noticed in mf = K(j%) . (20)
(Nakano & Makino 1999) and in (Merritt & Szell 2006), where o density associated with such a distributionEs<( 0
in both cases it is due to scouring by merging black holesnyn a,, _ > 1) '
case, as was recognized in (Nakano & Makino 1999), only the
cut-off is required. rv-w+1)
A cut-off in the number of particles per unit energyl /dE P = VK (Vv—w+3/2)F(v—w+3/2)
is to be expected on general grounds. The density of states (21)
(Binney & Tremaine 1987 ) for an isotropic DF in a region dom his may now be substituted into the Poisson equation toagive
inated by a point mass potentialgéE) = v2(nGM.)3|E|~%/2,  equation forf®| and hence the density in a self-consistent bulge.
from which the differential energy distributiodM/dE = There is a power law solutiofi r" provided thah > —1. In
g(E)f(E) may be calculated. Thus even a constifE) (for terms ofwandv, his
which p [0|®|%/2 and therefore goes like 1> near a point mass)
will show a cutoff in the mass distribution as the densitytafes _—21tv-w)
decreases in the expanding phase space. However the evidenc v-w+1/2"7
suggests thaf(E) is also declining with increasinfg| in the
most tightly bound central regions.

r2(v7w) |2¢|(vfw+3/2)'

(22)

and the logarithmic density slope lis— 2. Most of the density

) - . power laws i — 2) of interest arise for values of— w near—1.
Assuming the DF (14) and = 0.5), we predict the mass For examplev —w — —0.9 yields h— 2 — —1.5, while

e . B ;
distribution functiondM/dE O [E[™>. Thus a cut-off in the | '\~ ~5/6 yieldsh— 2 — —1.0. The limiting case with

) ; . . C T )
isotropic DF can be associated with the?® = r~* density \, _y,_ 1 (which has a logarithmic singularity at zero angular
profile. The mechanism for the high binding energy cut-off Ifomentum) gives as expectied 2 = —2. Settingv = O returns
not immediately evident, but it must be part of the dynamicgk g the self-similar bulge (15) and indeled 2= —2a in this
relaxation. High negative energy particles must be preteatly .,qe

excited to less negative energies, which does not seem t0 0OC-; is clear however that there is a special case whenw -+
cur in strict shell code simulations (HW 1999). However ityma

B : e e
occur due to the presence of sub-structure such as cIumpsl/O% = 0, for which the DF istf = K//j* This value treated
separately yields

bar formation by the radial orbit instability (MWH 2006). In 271K
any case it may not require black hole ‘scouring’, although t p=——P|. (23)
process does have the maximum effect (Merritt & Szell 2006, r
Nakano & Makino 1999). The Poisson equation is therefore linear and it is readilyesb
to find
4. Global Solution with Black hole and a | = /1 ClJl(VlBZKr) —HT\/ﬁCzYl( f;"Kr) 4|l
Bahcall/Wolf Outer Cusp 2nK ry/ rt/

(24)

We consider an exact collisionless cusp that has an embeddégreJ; andY; are first order Bessel functions of the first and
central mass. It is necessarily not self-similar. We haemdkat second kinds respectively. The density is given by equgfidh

we expect a DF that is primarily dependent on angular momen- The constants in equation (24) must be such as to maintain
tum in the outer regions of a bulge (e.g. (15) before the max)i| and p positive despite the oscillations in the Bessel func-
mum in angular momentum). We can not follow analytically thBons. This may impose a limited range in radius, which is in
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Figurel. We show the various density regimes of the zeroflux cusp witlermbedded black hole. The constants in equation
(24) have been chosen for numerical convenience and posiéfiniteness to be®|, = 3, C; =5 andC, = —2/(niK’). Here

K’ = K/(8m) = 10 so thaC, = —M, = —1/57. In addition the plot is op /+/K’. All quantities are expressed in fiducial units;

Po andvp.

any case required to ensure a finite mass. In general thelBeseasity tends to the~’/4 density profile that is characteristic of
functions will be out of phase byr/2 and it is not possibile to the Bahcall and Wolf (Bahcall & Wolf 1976) zero flux solution.
keep their sum positive everywhere. However it is possible According to the smalt limits, we find it here outside a flat-
keep the whole expression positive by choosing an apptepriter regionr ! that gives way ultimately to an inner? region.
set of constants as we have done in our example. Because®ugside of the Bahcall/Wolf~7/4 region one would return to a
term containing the Bessel functions is declininga&*, once r~? profile (recalling that the potential there, i.e. at ‘infifiits
a critical transition region is traversed successfully lghaice not zero). This appears to connect a black hole throughnrger
of constants the positivity is assured henceforward. Iealy diate cusps to the inner NFW profile. Our figures are illusteat
only the difference of the potential moduli that is physiaal however and the constants of our formula would have to be cho-
this difference is free to oscillate as indicated. It is ietting sen for the best fit consistent with positivity in any parkicu
nevertheless thdtb|., is necessarily non-zero, as this suggestase.
that the solution must be embedd_ed in distant matter. Figure (1) indicates these various regimes when the con-
Asz— 0 one hash(z) ~ z/2 whileY1(2) ~ —2/(mz). Hence  stants are chosen such that the bulge mass is about fifteen (ac
the pOtential contains a central pOint mass in this |Imﬁ:;_|f: tua”y 5m, we represent the bu|ge massw = 4nporg’) times
—M.. The term inJ, tends to a constant and is presumably assghat of the central black hole. Starting from upper left theves
ciated with the bulge mass itself. Consequently by equg8h  moye inwards in a clockwise direction to show the outet/*
the density cusp near the central black hole has the profile  ggcillating region, then the! region, a transition region, and
Ci+|®w GM, finall_y ther—2 region. The curves are connected in a continuous
— + 7 (25) fashion.
The final figure (2) expands the outer oscillating Bahcall-
The constant; gives the difference in the modulus of the bulg&Volf region.
potential, coming from infinity to a radius whedg is well ap- Because of the slow decline in the density with radius, it is
proximated by the small argument limit (it dependskon This  evident that the outer radial limit to this solution is finiExactly
happens before the small argument limit applie¥,toVle see in where it applies will depend on special numerical casesjtbut
general from this solution that the near black hole cusp tam s seems in any case that it must be inside the radius where the
with a (—1) logarithmic density slope and steepent@f near density has an inverse square profile, essentially the sadiles
the black hole. This appears to encompass the observations. of the dark matter simulations.
A remarkable behaviour of this solution occurs at large  The physical behaviour all stems from a DF that has the
(actually largev/87Kr), whereJ (z) < /2/(mz) cos(z— 31/4)  simple formK/|j|. It appears to describe a zero flux equilib-
andYi(z) < /2/(mz)sin(z— 3m/4). This shows that the meanrium condition in the mean, together with a stably filled loss

p =2nK
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0.125 Given the e-folding time on the right of this last equatiorg w
3 can increase the mass of the black hole one hundred fold in
0.1+ three to four million years. On this basis one can expect the
rho ] presence of massive black holes very early in the historp®f t
0.075 3 Universe. This has to happen however before the bulge has be-
3 come isotropic, presumably in the rapid growth phase of érk d
0.05 ] matter haI_o. Some seed mass is nevertheless required, which
] may be primordial.
] Such a multi-power law behaviour does not give the sim-
O'OZSE ple linear correlation between bulge mass and black holes mas
LR L L B LI L AL B LR that we suggested in papers | and Il. However since the black
10 20 30 40 50 hole is incorporated into the global solution at all times, do
r expect such a correlation from the integration of equati8) (

integrated over. If most of the inner part of the outer /4
law can be considered to have fallen into the black hole, then
Ma/Mp = (re/1p)%/4.

Figure2. This figure shows the oscillations in the outer zerd. Conclusions

flux regime. We have sought in this series of papers (grit the present pa-

per) to find distribution functions that describe both dark raatt
cone (Tremaine 2005. The density oscillations may inditzaie  bulges and a central black hole or at least a central mass con-
collective behaviour is necessary. It is an isolated exangpl centration. In most cases we succeed only in describingdHe d
the class of distribution functions studied by Evans and Amatter bulges, but there are some notable exceptions.

(Evans & An 2006). In the discussion of cusps and bulges based on purely ra-
We can estimate the growth of a black hole in such a bulgeéal orbits (paper I), we were able to distinguish the Dimttion
in a straightforward way according to function of Fridmann and Polyachenko (9) from that of
dM Henriksen and Widrow (8). The FPDF was found to describe
ki :4rrrfp.(v_r)., (26) accurately the purely radial simulations of isolated sadin-
dt less halos carried out in (MacMillan 2006). These simufaio

wherer, = 6GM, /c2. The required mean radial velocity is found €tained the initial cosmological conditions although radial

to bevr — 4\/§K/(3pr)|¢|3/2 which is the same for the inward forces were switched off. The final state is close to selflaim
or outvrvard going particles in a steady state. We calcsiai@m virialisation rather than steady virialisation, since thill con-

- tinues.
the expression ; . :
P This correspondence between the theory and the simulations

~ K dj? gives us some confidence in the DF’s found by remaining ‘¢lose
Vi = 2p /VrdVr / (22 (27) 1o self-similarity. This is especially so since predicsatescrib-
ing the simulation results in paper Il were basedaon 0.72 ,
which becomes explicitly on transforming to an energy \@lda which was deduced elsewhere in the context of adiabatie self
throughdE = v, dv, similarity (H2007).
K 0 22E-0) g2 The FPDF can contain consistently a central mass concen-
v = _/ dE/ ar (28) tration thatis unlikely to be a true black hole, at least i ¢arly
r’pJo  Jo (j2)1/2 stages. It may represent a central mass concentration ge bul
This is conveniently written as initially. Subsequently with the rise of dissipation andtabili-
ties, there may be a slower phase of radial accretion towheds
2K [l®| centre. It is possible that this cycle could repeat severag in
=1 /0 d[E[\/2r3(|®|-[E[), (29) a process we have referred to as ‘interrupted accretiordetn
' this process the~2 density law would apply almost everywhere.
which yields finally the quoted result. In effect we have by igThe radial velocity dispersion is proportional to the pain
noringdE = —v;dv; calculated only the outward mean velocityThus it decreases as! near the central mass, and subsequently
which we take to be equal to the inward mean velocity of palecreases logarithmically with
ticles reaching the black hole. We elimind€ein terms of the The HWDF (8) is restricted to a strictly steady and self-
bulge quantities using equation (23) so thak2= rpp,/|P|p. similar bulge, but it has the merit of allowing a family of
By setting|®|, = ¢?/6, the calculation yields finally (restoringdensities and potentials (velocity dispersion) accordmghe
units) self-similar prescription. A central mass is allowed omthe
dinM, 8 [rp,Gppc 30 Keplerian limit whereina = 3/2. This gives a massless bulge
dat /27 ( |D|p ) : (30) with p Or~3. This is naturally iterated to give an inner flatten-
) . . ing but continued iteration is effectively in powers of Javhich
As an illustration we tak@, to be the mean density of I should therefore yield weak corrections. The iteration caly

: : ; 2 i .
in one kiloparsec (i.erp) and sef®|, = Vg,(Tp), the circular anp1y away fromr = 0, so that the central mass is a ‘renormal-

velocity atr,. We take this to be 200 km/sec and obtain finally j;eq" extended mass.

dinM The HWDF was shown in paper | to give a density that is
. —06 -1 . . . . A
g —138x10 (yr)— (31) linear in the potentiabnd hence a self-consistent bulge is found

<
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