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ON THE INFLUENCE OF THE GEOMETRY ON SKIN EFFECT IN
ELECTROMAGNETISM

GABRIEL CALOZ, MONIQUE DAUGE, ERWAN FAOU, VICTOR PÉRON

ABSTRACT. We consider the equations of electromagnetism set on a domain made of
a dielectric and a conductor subdomain in a regime where the conductivity is large.
Assuming smoothness for the dielectric–conductor interface, relying on recent works
we prove that the solution of the Maxwell equations admits a multiscale asymptotic
expansion with profile terms rapidly decaying inside the conductor. This skin effect is
measured by introducing a skin depth function that turns out to depend on the mean
curvature of the boundary of the conductor. We then confirm these asymptotic results
by numerical experiments in various axisymmetric configurations. We also investigate
numerically the case of a nonsmooth interface, namely a cylindrical conductor.
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1. INTRODUCTION

Our interest lies in the influence of the geometry of a conducting body on the skin
effect in electromagnetism. This effect describes the rapid decay of electromagnetic
fields with depth inside a metallic conductor. The skin effect reflects the flow of current
near the surface of a conductor. After the early work [18], the mathematical analysis of
the skin effect has been addressed more recently in several papers, [20, 11, 12, 8].

The present work is motivated by recent studies [8, 4, 3, 17] in which authors analyze
the behavior of the electromagnetic fields solution of the Maxwell equations through
an asymptotic expansion for large conductivity. In particular, uniform estimates for the
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electromagnetic field at high conductivity are proved in [3], whereas in the note [4] a
suitable skin depth function is introduced on the interface between a conductor and an
insulator to generalize the classical scalar quantity. An asymptotic expansion at high
conductivity for this function shows the influence of the geometry of the interface : the
skin depth is larger for high conductivity when the mean curvature of the conducting
body surface is larger – and here the sign of the curvature has a major influence, which
means that the skin depth is larger in convex than in concave conductors.

In this paper, our aim is twofold

(1) Present elements of derivation for asymptotic expansions near the conductor-
insulator interface,

(2) Illustrate by numerical computations the theoretical behavior deduced from as-
ymptotic analysis in [4].

For our computations, we consider a special class of axisymmetric problems, which
allows their reduction to two-dimensional scalar problems. This enables to measure the
skin effect with reduced computational effort. We perform finite element computations
for relevant benchmarks (cylinders and spheroids). The interface problem for the mag-
netic field is solved with the library Mélina [13]. A postprocessing shows the accuracy
of the asymptotic expansion, and exhibits the influence of the mean curvature of the con-
ductor on the skin effect. Our computations also clearly display the effect of the edges
of the cylindrical conductor: In this case, the decay is not exponential near edges while
becoming exponential further away from edges.

The presentation of the paper proceeds as follows. In section 2, we introduce the
framework: we present the Maxwell equations and the result of [3] about existence of
solution at high conductivity and the formulation for the magnetic field. In section 3,
we present the asymptotic expansion of the magnetic field in the smooth case, and the
asymptotic behavior of the skin depth for high conductivity. In section 4, we restrict
our considerations to axisymmetric domains and orthoradial axisymmetric data, and we
present the configurations A (cylindrical), B, and C (spheroidal), chosen for computa-
tions. In section 5, we introduce a finite element discretization for the solution of the
problem in the meridian domain, and we check the convergence of the discretized prob-
lem. In section 6, we present numerical simulations in all configurations to highlight
the skin effect, and to exhibit the influence of the mean curvature of the conductor on
the skin effect. In section 7, we perform post-treatments of our numerical computations
in configurations A (cylindrical) and B (spheroidal) in order to investigate the nature of
the decay of the field inside the conductor: In smooth configurations (B) the rate of the
exponential decay is very close to the expected theoretical one, while in corner config-
urations (A) the exponential decay shows up in a region which is not very close to the
corner. Theoretical aspects in this latter case are going to be studied in [5]. In Appendix
A, we provide elements of proof for the multiscale expansion given in section 3. We
expand the Maxwell operators in power series, and we obtain the equations satisfied by
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the magnetic and electric profiles. In Appendix B, we derive the profiles of the ortho-
radial component of the magnetic field in relation with the 3D asymptotic expansion in
axisymmetric configurations.

2. FRAMEWORK

Let Ω be a piecewise smooth Lipschitz domain. We denote by Γ its boundary and by
n the outer unit normal field on Γ. We denote by L2(Ω) the space of three-component
fields square integrable on Ω.

We consider the Maxwell equations given by Faraday’s and Ampère’s laws in Ω:

(2.1) curl E− iωµ0H = 0 and curl H + (iωε0 − σ)E = j in Ω .

Here, (E,H) represents the electromagnetic field, µ0 is the magnetic permeability, ε0

the electric permittivity, ω the angular frequency, j represents a current density and is
supposed to belong to

H0(div, Ω) = {u ∈ L2(Ω) | div u ∈ L2(Ω), u · n = 0 on Γ} ,

and σ is the electric conductivity. We assume that the domain Ω is made of two (con-
nected) subdomains Ω+ and Ω− in which the coefficient σ take two different values
(σ+ = 0, σ− ≡ σ). We denote by Σ the interface between the subdomains Ω+ and
Ω−. In the most part of our analysis1, we will assume that the external boundary Γ is
contained in the dielectric region Ω+, see Figure 1.

Ω−
Ω+

Σ

Γ

FIGURE 1. The domain Ω and its subdomains Ω+ (dielectric) and Ω− (conductor).

To complement the Maxwell harmonic equations (2.1), we consider the perfectly in-
sulating electric boundary conditions on the boundary Γ

(2.2) E · n = 0 and H× n = 0 on Γ .

Note that we could also consider the perfectly conducting electric boundary conditions
E× n = 0 and H · n = 0 on Γ.

1Except in one configuration in which the roles of the conductor and dielectric bodies are swapped.
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2.1. Existence of solutions. Subsequently, we assume that the following condition on
the limit problem in the dielectric part Ω+ is valid:

Assumption 2.1. The angular frequency ω is not an eigenfrequency of the problem

(2.3)


curlE− iωµ0H = 0 and curlH + iωε0E = 0 in Ω+

E× n = 0 and H · n = 0 on Σ

(2.2) on Γ.

Hereafter, we denote by ‖ · ‖0,O the norm in L2(O). We quote from [3, Th.2.3]:

Theorem 2.2. If the interface Σ is Lipschitz, under Assumption 2.1, there are constants
σ0 and C > 0, such that for all σ > σ0, the Maxwell problem (2.1) with boundary
condition (2.2) and data j ∈ H0(div, Ω) has a unique solution (E,H) in L2(Ω)2, which
satisfies:

(2.4) ‖E‖0,Ω + ‖H‖0,Ω +
√

σ ‖E‖0,Ω− 6 C‖j‖H(div,Ω).

For convenience, we introduce in the Maxwell equations (2.1) the small parameter

(2.5) δ =
√

ωε0/σ .

Hence, δ tends to 0 when σ →∞. For σ > σ0, we denote by (E(δ),H(δ)) the solution of
the system (2.1) –(2.2).

2.2. Magnetic formulation. By a standard procedure we deduce from the Maxwell
system (2.1)-(2.2) the following variational formulation for the magnetic field H(δ). The
variational space is H0(curl, Ω):

(2.6) H0(curl, Ω) = {u ∈ L2(Ω) | curlu ∈ L2(Ω), u× n = 0 on Γ} ,

and the variational problem writes

Find H(δ) ∈ H0(curl, Ω) such that for all K ∈ H0(curl, Ω)

(2.7)
∫

Ω

( 1

ε(δ)
curlH(δ) · curlK− κ2H(δ) ·K

)
dx =

∫
Ω

(
curl

j

ε(δ)

)
·K dx ,

where we have set

(2.8) ε(δ) = 1Ω+ + (1 +
i

δ2
)1Ω− and κ := ω

√
ε0µ0 .

Assumption 2.3. We assume that the surfaces Σ (interface) and Γ (external boundary)
are smooth.

Under Assumption 2.3, the magnetic field H(δ) is globally in H1(Ω).
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3. MULTISCALE EXPANSION

Several works are devoted to asymptotic expansions at high conductivity of the elec-
tromagnetic field in a domain made of two subdomains when the interface is smooth:
see [20, 11, 12] for plane interface and eddy current approximation, and [8, 3, 4, 17] for
a three-dimensional model of skin effect in electromagnetism.

In this section we recall the results presented in [4] on the behavior of the skin depth
function. This relies on asymptotic expansions for the electromagnetic field analyzed in
the PhD thesis [17]. For the sake of completeness we give in Appendix A elements of
proofs.

Here, we assume that j is smooth and that Assumptions 2.1 and 2.3 hold. Let U− be a
tubular neighborhood of the surface Σ in the conductor part Ω−, see Figure 2. We denote
by (yα, y3) a local normal coordinate system to the surface Σ in U−: Here, yα, α = 1, 2,
are tangential coordinates on Σ and y3 is the normal coordinate to Σ, cf. [14, 6].

Ω−

h

Σ Σh

n
U−

FIGURE 2. A tubular neighbourhood of the surface Σ

In view of our numerical computations, we concentrate on the magnetic field H(δ)

solution of (2.7). It is denoted by H+
(δ) in the dielectric part Ω+, and by H−

(δ) in the
conducting part Ω−. Both parts exhibit series expansions in powers of δ:

H+
(δ)(x) = H+

0 (x) + δH+
1 (x) +O(δ2) , x ∈ Ω+(3.1)

H−
(δ)(x) = H−

0 (x; δ) + δH−
1 (x; δ) +O(δ2) , x ∈ Ω−(3.2)

with H−
j (x; δ) = χ(y3) Hj(yβ,

y3

δ
) .(3.3)

In (3.1)-(3.2), the symbol O(δ2) means that the remainder is uniformly bounded by δ2,
and in (3.3), the function y 7→ χ(y3) is a smooth cut-off with support in U− and equal to
1 in a smaller tubular neighborhood of Σ. The vector fields Hj : (yα, Y3) 7→ Hj(yα, Y3)
are profiles defined on Σ × R+: They are exponentially decreasing with respect to Y3

and are smooth in all variables.

3.1. First terms of asymptotics in the conductor region. Hereafter, we present the
construction of the first profiles Hj = (Hα

j , hj) and of the first terms H+
j . The normal
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component h0 of the first profile in the conductor is zero:

h0 = 0 .

Then, the first term of the magnetic field in the dielectric region solves Maxwell equa-
tions with perfectly conducting conditions on Σ:

(3.4)


curl curlH+

0 − κ2H+
0 = curl j in Ω+

H+
0 · n = 0 and curlH+

0 × n = 0 on Σ

H+
0 × n = 0 and div H+

0 = 0 on Γ.

Thus the trace h0 of H+
0 on the interface Σ is tangential.

The first profile in the conductor region is exponential with the complex rate λ such
that λ2 = −iκ2:

(3.5) H0(yβ, Y3) = h0(yβ) e−λY3 with λ = κ e−iπ/4 .

Note that, if h0 is not identically 0, there exists C0 > 1 independent of δ such that

(3.6) C−1
0

√
δ 6 ‖H−

0 ( · ; δ)‖0,Ω− 6 C0

√
δ .

The next term which is determined in the asymptotics is the normal component h1 of
the profile H1:

(3.7) h1(yβ, Y3) = λ−1Dαhα
0 (yβ) e−λY3 .

Here Dα is the covariant derivative on Σ and we use the summation convention of re-
peated indices. The next term in the dielectric region solves:

(3.8)


curl curlH+

1 − κ2H+
1 = 0 in Ω+

H+
1 · n = h1 and curlH+

1 × n = iλh0 on Σ

H+
1 × n = 0 and div H+

1 = 0 on Γ.

Like above, h1 is the trace of H+
1 on the interface Σ, and hα

1 denote its tangential com-
ponents. The tangential components Hα

1 of the profile H1 are given by

(3.9) Hα
1 (yβ, Y3) =

[
hα

1 + Y3

(
H hα

0 + bα
σhσ

0

)]
(yβ) e−λY3 , α = 1, 2 .

Here bγ
α = aγβbβα, where aγβ is the inverse of the metric tensor aαβ in Σ, and bαβ is the

curvature tensor in Σ and

H = 1
2
bα
α

is the mean curvature of the surface Σ. In particular, the sign of H depends on the
orientation of the surface Σ. As a convention, the unit normal vector n on the surface Σ
is inwardly oriented to Ω−, see Figure 2.
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3.2. Asymptotic behavior of the skin depth. In a one-dimensional model, when the
conductor Ω− is a half-space, the classical skin depth parameter is given by

(3.10) `(σ) =

√
2

ωµ0σ
.

This length corresponds to the distance from the surface of the conductor where the
field has decreased of a rate e. In our situation, following [4, def. 4.1], we extend this
definition to curved interfaces. For a data j, let us define

H(δ)(yα, y3) := H−
(δ)(x), yα ∈ Σ, 0 6 y3 < h0 ,

for h0 small enough. Hereafter for any Z = (z1, z2, z3) ∈ C3, |Z| denotes the vector-
norm (|z1|2+ |z2|2+ |z3|2)1/2 in C3 and 〈· , ·〉 the corresponding hermitian scalar product.

Definition 3.1. Let Σ be a smooth surface, and j a data of problem (2.1). such that for all
yα in Σ, H(δ)(yα, 0) 6= 0. The skin depth is the length L(σ, yα) defined on Σ and taking
the smallest positive value such that

(3.11) |H(δ)

(
yα,L(σ, yα)

)
| = |H(δ)(yα, 0)| e−1 .

Thus the length L(σ, yα) is the distance from the interface where the field has de-
creased of a fixed rate. It depends on the conductivity σ and of each point yα in the
interface Σ. A priori it also depends on the data j.

As a consequence of (3.5) and (3.9), there holds

(3.12)


|H(δ)(yα, y3)|2 = |h0(yα)|2 m(yα, y3; δ) e−2y3 Re(λ)/δ , with

m(yα, y3; δ) :=

1 + 2y3H(yα) + 2δ
Re

〈
h0(yα),h1(yα)

〉
|h0(yα)|2

+O
(
(δ + y3)

2
)
.

Relying on this formula, one can exhibit the asymptotic behavior of the skin depth
L(σ, yα) for high conductivity σ, cf. [4, Th. 4.2]:

Theorem 3.2. Let Σ be a regular surface with mean curvature H . Recall that `(σ) is
defined by (3.10). We assume that h0(yα) 6= 0. The skin depth L(σ, yα) has the following
behavior for high conductivity:

(3.13) L(σ, yα) = `(σ)
(
1 + H(yα) `(σ) +O(σ−1)

)
, σ →∞ .

Remark 3.3. The higher order terms O(σ−1) in equation (3.13) do depend on the data j
of problem (2.1).

4. AXISYMMETRIC DOMAINS

In order to perform scalar two dimensional computations which could represent cor-
rectly the features of a three-dimensional problem, we choose to consider an axisymmet-
ric configuration in which Ω+ and Ω− are axisymmetric domains with the same axis Ξ0:
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in cylindrical coordinates (r, θ, z) associated with this axis, there exists bi-dimensional
“meridian” domains Ωm and Ωm

± such that

Ω = {x ∈ R3 | (r, z) ∈ Ωm, θ ∈ T},
Ω± = {x ∈ R3 | (r, z) ∈ Ωm

±, θ ∈ T}.

Here T = R/(2πZ) is the one-dimensional torus. We denote by Γm and Σm the meridian
curves corresponding to Γ and Σ, respectively, and by Γ0, Γ+

0 the following subsets of
the rotation axis Ξ0, see Fig. 3

Γ0 = Ξ0 ∩ Ωm and Γ+
0 = Ξ0 ∩ Ωm

+.

O r

z

Ωm
−

Ωm
+Γ+

0

Γm
Γ0

Σm

FIGURE 3. The meridian domain Ωm = Ωm
− ∪ Ωm

+ ∪ Σm with boundary
∂Ωm = Γm ∪ Γ0

On such an axisymmetric configuration we consider a modification of problem (2.1)-
(2.2): We take j ≡ 0 and impose instead of (2.2) non-homogeneous magnetic boundary
conditions

(4.1) E · n = 0 and H× n = G× n on Γ ,

for a given data G ∈ H(curl, Ω) := {u ∈ L2(Ω) | curlu ∈ L2(Ω)}. Then, the varia-
tional problem for the magnetic field H(δ) solution of the Maxwell equations (2.1)-(4.1)
writes

Find H(δ) ∈ H0(curl, Ω) + G , such that for all K ∈ H0(curl, Ω),

(4.2)
∫

Ω

( 1

ε(δ)
curlH(δ) · curlK− κ2H(δ) ·K

)
dx = 0 .
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4.1. Formulation in cylindrical components. For a vector field H = (H1, H2, H3),
we introduce its cylindrical components (Hr, Hθ, Hz) according to Hr(r, θ, z) = H1(x) cos θ + H2(x) sin θ ,

Hθ(r, θ, z) = −H1(x) sin θ + H2(x) cos θ ,
Hz(r, θ, z) = H3(x) ,

and we set
H̆(r, θ, z) =

(
Hr(r, θ, z), Hθ(r, θ, z), Hz(r, θ, z)

)
.

We say that H is axisymmetric if H̆ does not depend on the angular variable θ.
The Maxwell problem (4.2) is axisymmetric, which means that, expressed in cylindri-

cal variables (r, θ, z) and components H̆, its coefficients do not depend on θ [9, 1, 15].
Recall that for a vector field H = (H1, H2, H3) the cylindrical components of its curl
write

(4.3)


(curlH)r = 1

r
∂θHz − ∂zHθ ,

(curlH)θ = ∂zHr − ∂rHz ,

(curlH)z = 1
r

(
∂r(rHθ)− ∂θHr

)
.

As a consequence, if the right-hand side G is axisymmetric, and if (4.2) has a unique
solution, then this solution is axisymmetric. According to (4.3), when H is axisymmetric
its curl reduces to

(4.4)


(curlH)r = −∂zHθ ,

(curlH)θ = ∂zHr − ∂rHz ,

(curlH)z = 1
r
∂r(rHθ) .

4.2. Axisymmetric orthoradial problem. We say that H is orthoradial if its compo-
nents Hr and Hz are zero.

We assume that G is axisymmetric and orthoradial, i.e.,

Ğ(r, θ, z) = (0, g(r, z), 0).

The components (Hr, Hz) and Hθ being uncoupled in (4.4), and the solution of problem
(4.2) being unique, we obtain that this solution is orthoradial

H̆(δ)(r, θ, z) = (0, h(δ)(r, z), 0).

4.2.1. Variational formulation. In this framework, the change from Cartesian to cylin-
drical coordinates requires the modification of the solution spaces H0(curl, Ω) used in
problem (4.2). Precisely, the weighted space characterizing the orthoradial component
h(δ)(r, z) is

V1
1,Γm(Ωm) = {v ∈ H1

1(Ω
m) | v ∈ L2

−1(Ω
m) and v = 0 on Γm}.

Here,
H1

1(Ω
m) = {v ∈ L2

1(Ω
m) | ∂j

r∂
1−j
z v ∈ L2

1(Ω
m), j = 0, 1},
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and for all α ∈ R, the space L2
α(Ωm) is the set of measurable functions v(r, z) such that

‖v‖2
L2

α(Ωm) =

∫
Ωm

|v|2 rαdrdz < +∞ .

Remark 4.1. The space V1
1,Γm(Ωm) incorporates essential boundary conditions, in partic-

ular on Γ0, where v = 0, see [1, Remark II.1.1].

This leads us to solve the following two-dimensional scalar problem set in Ωm.

Find h(δ) ∈ V1
1,Γm(Ωm) + g such that for all w ∈ V1

1,Γm(Ωm),

(4.5) aδ(h(δ), w) = 0 ,

where

aδ(h, w) :=

∫
Ωm

1

ε(δ)

(
∂zh ∂zw +

1

r
∂r(rh)

1

r
∂r(rw)

)
rdrdz − κ2

∫
Ωm

h w rdrdz .

4.2.2. Asymptotic expansion. Let (r(ξ), z(ξ)) = τ (ξ), ξ ∈ (0, L), be an arc-length
coordinate on the interface Σm. Here ξ 7→ τ (ξ) is a C∞ function, and L is the length
of the curve Σm. Let (ξ, y3) be the associate normal coordinate system in a tubular
neighborhood of Σm inside Ωm

−. Then the normal vector n(ξ) at the point τ (ξ) can be
written as (Frenet frame)

(4.6) n(ξ) =
(
− z′(ξ), r′(ξ)

)
with z′(ξ) =

dz

dξ
and r′(ξ) =

dr

dξ
.

Finally we denote by k(ξ) the curvature of Σm in τ (ξ).
In accordance with (3.1)-(3.2)-(3.3), we can exhibit series expansions in powers of δ

for the magnetic field h(δ) which we denote by h+
(δ) in the dielectric part Ω+, and by h−(δ)

in the conducting part Ω−:

h+
(δ)(r, z) = h+

0 (r, z) + δh+
1 (r, z) +O(δ2) ,

h−(δ)(r, z) = h−0 (r, z; δ) + δh−1 (r, z; δ) +O(δ2), h−j (r, z; δ) = χ(y3) hθ
j(ξ,

y3

δ
) .

Here the profiles hθ
j are defined on Σm × R+. Hereafter, we focus on the first terms h+

0 ,
hθ

0, h+
1 , and hθ

1. We introduce the interior and boundary operators

(4.7) D(r, z; ∂r, ∂z) = ∂2
r +

1

r
∂r + ∂2

z −
1

r2

and B(ξ; ∂r, ∂z) = −z′(ξ)(∂r +
1

r
) + r′(ξ)∂z .

In appendix B.1, we give the expansion of these operators in power series of δ inside the
domain Ω− and on the interface Σm. The terms h+

0 , hθ
0, h+

1 , and hθ
1 satisfy the following

problems coupled by their boundary conditions on the interface Σm (corresponding to
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Y = 0) – compare with (3.4)-(3.5), (3.8)-(3.9):

(4.8)


Dh+

0 + κ2h+
0 = 0 in Ωm

+ ,

Bh+
0 = 0 on Σm ,

h+
0 = g on Γm ∪ Γ+

0 ,

(4.9)
{

(∂2
Y − λ2)hθ

0 = 0 for 0 < Y < +∞ ,

hθ
0 = h+

0 for Y = 0 ,

with λ defined by (3.5), from which we deduce:

(4.10) hθ
0(ξ, Y ) = e−λY h+

0

(
τ (ξ)

)
.

The next problem in the dielectric part is

(4.11)


Dh+

1 + κ2h+
1 = 0 in Ωm

+ ,

Bh+
1 = −i∂Y hθ

0 on Σm ,

h+
1 = 0 on Γm ∪ Γ+

0 ,

Thus (4.10) yields that h+
1 satisfies Bh+

1 = iλh+
0

∣∣
Σm on the interface.

The next problem in the conductor part is

(4.12)
{

(∂2
Y − λ2)hθ

1 = −A1h
θ
0 for 0 < Y < +∞ ,

hθ
1 = h+

1 for Y = 0 .

Here, A1h
θ
0 = −

(
k+ z′

r

)
(ξ)∂Y hθ

0. From (4.10), we infer A1h
θ
0 = e−λY λ

(
k+ z′

r

)
(ξ)h+

0

∣∣
Σm .

Then, from equation (4.12), we obtain

(4.13) hθ
1(ξ, Y ) = e−λY

[
h+

1 (τ (ξ)) +
Y

2

(
k +

z′

r

)
(ξ) h+

0 (τ (ξ))
]

.

Note that we can also deduce this profile hθ
1 from equations (3.5) and (3.9), but this is

not obvious because the cylindrical coordinates are not a normal coordinate system, see
Appendix B.2.

Remark 4.2. Subsequently, we assume that the data g is a real valued function. Thus, the
right hand side of the boundary value problem (4.8) is real. Hence h+

0 is a real valued
function. Recall that Bh+

1 = κ eiπ/4h+
0

∣∣
Σ

. From the boundary value problem (4.11), we
infer: Re h+

1 = Im h+
1 . We will exploit this relationship in the numerical simulations of

skin effect, see §6.

4.3. Configurations chosen for computations. We consider three classes of geometric
configurations: one cylindrical configuration (A) and two spheroidal configurations (B
and C).

Configuration A: cylindrical geometry. We assume that Ω is a circular cylinder of radius
r1 and length `1, and Ω− is a coaxial cylinder of radius r0 and length `0. Hence, Ωm is
a rectangle of width r1 and length `1, and Ωm

− is a coaxial rectangle of width r0 and
length `0, see Figure 4. We choose the parameters r0 = 1, `0 = 2, r1 = 2, `1 = 4 in
computations.
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O r0 r1 r

z

Ωm
−

Ωm
+

Σm

a

FIGURE 4. The meridian domain Ωm in configuration A

Configuration B: spheroidal geometry. We assume that Ω is a spheroid, and Ω− is a
coaxial spheroid. We denote by a and c, respectively b and d, the semimajor and semimi-
nor axis of Ω−, respectively Ω. Hence, Ωm is a semi-ellipse with semimajor axis b and
semiminor axis d, and Ωm

− is a coaxial semi-ellipse with axis lengths a and c, see Fig-
ure 5. In computations, we consider the following parameters

O

c

d

r

z

a b

Ωm
− Ωm

+

Σm

FIGURE 5. The meridian domain Ωm in configuration B1

(4.14) Configuration B1: a = 2, b = 4, c = 1, d = 2 , (oblate spheroid)
Configuration B2: a = 4, b = 8, c = 1, d = 2 , (more oblate spheroid).

Note that all the numerical parameters are given in SI units, in particular, a, b, c, and d
are defined in meters, and the conductivity σ is defined in siemens per meter S.m−1.

Configuration C: spheroidal geometry. We introduce a configuration C, switching the
roles of the subdomains Ωm

− and Ωm
+ in the configuration B, see Figure 6. We denote by
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O r

z

a b

Ωm
−

Ωm
+

Σm

FIGURE 6. The meridian domain Ωm in configuration C1

C1 and C2 the configuration C, which correspond to the choice of parameters a, b, c, d,
see (4.14).

Right hand sides of problems. In configurations A and B, we take the data g = r. Hence,
h(δ) satisfies the following inhomogeneous Dirichlet boundary condition

h(δ)(r, z) = r on Γm .

For configuration C1, we take g = 0 and an interior data f := (curl j)θ with support
inside Ωm

+: f = 102 if r2/4 + z2 6 0.8 and f = 0 otherwise.

5. FINITE ELEMENT DISCRETIZATIONS AND COMPUTATIONS

5.1. Finite element method. In this section, we consider two benchmarks for the com-
putational domain: configuration A, see Figure 4, and configuration B, see Figure 5.
We use high order elements available in the finite element library Mélina, see [13], and
quadrangular meshes in the meridian domain. We discretize the variational problem
(4.5). The script used to solve the problem (4.5) is adapted from [2]. In the computa-
tions, we fix the angular frequency ω = 3.107. We denote by hp,M

(δ) the computed solution
of the discretized problem (4.5) with an interpolation degree p and a mesh M. We define

Ap,M
σ := ‖hp,M

(δ) ‖L2
1(Ωm

−) with σ = ωε0δ
−2, cf. (2.5) .

5.2. Interpolation degree. We first check the convergence when the interpolation de-
gree of the finite elements increases.

5.2.1. Configuration B1. We consider the discretized problem with different degrees:
Qp

2, for all p = 1, · · · , 20, and with three different meshes M1, M3 and M6 with 1, 3 or
6 layers of elongated elements in the skin region of the conductor Ωm

−, see Figure 7.

2 Recall that Qp is the vector space of polynomials of two variables and partial degree p defined on the
reference element K̂ := [0, 1]× [0, 1]
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FIGURE 7. The meshes M1, M3 and M6 for configuration B1

We represent in Figure 8 the absolute value of the difference between the weighted
norms Ap,M1

σ and A20,M6
σ , versus p in semilogarithmic coordinates, and in each case:

σ = 5 with circles, σ = 20 with squares, and σ = 80 with diamonds. We refer to [19]
for theoretical results of convergence for the p-version in presence of an exponentially
decreasing boundary layer. In Figure 9 we use mesh M3 instead of M1.

FIGURE 8. Graph of
∣∣Ap,M1

σ − A20,M6
σ

∣∣ with respect to p = 1, · · · , 19 in
semi-log coordinates, for σ ∈ {5, 20, 80} and configuration B1

In Figure 10, we plot in log-log coordinates the weighted norm A16,M3
σ with respect

to σ = 5, 20, 80, 100, 200, 300, 400 with circles, and the graph of σ 7→ σ−1/4 by a solid
line. The figure shows that A16,M3

σ behaves like σ−1/4 when σ → ∞. This behavior
is consistent with the asymptotic expansion (3.2) and the estimate (3.6), (recall formula
(2.5)).
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FIGURE 9. Graph of
∣∣Ap,M3

σ − A20,M6
σ

∣∣ with respect to p = 1, · · · , 19 in
semi-log coordinates, for σ ∈ {5, 20, 80} and configuration B1

FIGURE 10. In circle: A16,M3
σ for σ = 5, 20, 80, 100, 200, 300, 400. In

solid line: the graph of the function σ 7→ σ−1/4 in log-log coordinates for
configuration B1
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5.2.2. Configuration A. We consider a family of eight meshes with square elements
Mk, k = 1, . . . , 8 with size h = 1/k, see Figure 11. We represent in Figure 12 the

FIGURE 11. Meshes M1, M2, M3, and M4 for configuration A

absolute value of the difference between Ap,M2
σ and A16,M3

σ , versus p in semilogarithmic
coordinates, and in each case: σ = 5 with circles, σ = 20 with squares, and σ = 80
with diamonds. The figure shows that Ap,M2

σ approximates A16,M3
σ better than 10−4 when

p > 12.

FIGURE 12. Graph of
∣∣Ap,M2

σ −A16,M3
σ

∣∣ with respect to p = 1, · · · , 15 in
semi-log coordinates, for σ ∈ {5, 20, 80} for configuration A
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5.3. Stability of the h-version. In this subsection, we check the convergence of the dis-
cretized problem in configuration A for several meshes Mk of the computational domain
when k increases. We fix the interpolation degree p = 2 of the finite elements and use
the square meshes Mk. We plot in Figure 13 the absolute value of the difference between
A2,Mk

σ and A6,M8
σ with respect to k = 1, .., 8, in log-log coordinates.

FIGURE 13. Graph of
∣∣A2,Mk

σ − A6,M8
σ

∣∣ with respect to − log10(k) in
semi-log coordinates, when k = 1, .., 8 and σ = 5, 20, 80 for configura-
tion A

6. NUMERICAL SIMULATIONS OF SKIN EFFECT

Recall that the asymptotic expansion of h(δ) is described in §4.2.2. According to
Remark 4.2 the first term h+

0 is a real valued function. Hence the imaginary part of the
magnetic field h(δ) is small in the dielectric Ωm

+, because

| Im h+
(δ)| = O(δ) .

Thus, the imaginary part of the computed field is located in the conductor Ωm
−. We dis-

play this imaginary part to highlight the boundary layer near the surface of the conductor,
see Figures 15, 16 bottom, 17 and 18. In this section, h̃σ := hp,Mk

(δ) denote the computed
solution associated with the numerical parameters considered in each subsection.

6.1. Skin effect in configuration A. We fix the mesh M2, see Figure 11, and the in-
terpolation degree of the finite elements : p = 16. Here h̃σ = h16,M2

(δ) is computed in
configuration A for several values of σ, see Figure 14. Similarly, we compute | Im h̃σ|,
see Figure 15.

6.2. Skin effect in configuration B. Here h̃σ = hp,M3

(δ) is the computed solution for
several values of σ, with a fixed mesh M3 (Figure 7). We represent |h̃σ| and | Im h̃σ| in
configuration B1, with an interpolation degree p = 16, see Figure
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FIGURE 14. Configuration A. On the left, |h̃σ|when σ = 5. On the right,
|h̃σ| when σ = 80

FIGURE 15. Configuration A. On the left, | Im h̃σ| when σ = 5. On the
right, | Im h̃σ| when σ = 80

6.3. Skin effect in configurations B and C. In order to exhibit the influence of the sign
of the mean curvature H of the interface Σ on the skin effect, we fix in this subsection
the conductivity σ = 5. We perform computations in configurations B and C. We note
that H > 0 in configuration B, and H < 0 in configuration C. We compute | Im h̃σ| in
configurations B1 and C1, see Figure 17. We then compute | Im h̃σ| in configurations B2
and C2: H > 0, and H < 0, see Figure 18.

Figures 17 and 18 show that the skin depth is larger for a fixed conductivity when
the mean curvature of the conducting body surface is larger. Moreover, the sign of the
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FIGURE 16. Configuration B1. At the top, |h̃σ| when σ = 5 (on the left),
and σ = 80 (on the right). At the bottom, | Im h̃σ| when σ = 5 and
σ = 80

curvature has an influence on the skin depth. This length is larger in convex (Figures 17
and 18 on the left) than in concave conductors (same figures on the right).
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FIGURE 17. On the left, | Im h̃σ| in configuration B1 (H > 0). On the
right, | Im h̃σ| in configuration C1 (H < 0). σ = 5

FIGURE 18. On the left, | Im h̃σ| in configuration B2. On the right,
| Im h̃σ| in configuration C2. σ = 5
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7. POSTPROCESSING

In this section, we perform numerical treatments from computations in configuration
B1, see subsection 6.2, and configuration A, see subsection 6.1, in order to investigate
whether solutions are exponentially decreasing inside the conductor and with which rate.
Let us recall that the standard skin depth `(σ) is given by (3.10).

7.1. Configuration B. The mesh of the computational domain is the mesh M3, see
Figure 7. We extract values of |h̃σ| in Ωm

− along edges of the mesh M3 for z = 0: in this
configuration, the normal coordinate writes y3 := 2− r.

Then, we perform a linear regression from values of log10 |h̃σ(y3)| in the skin depth
`(σ), see Figure 19. We denote by n(σ) the number of extracted values on the axis z = 0
in the skin depth `(σ). From the linear regression, we derive a numerical slope s̃(σ) such
that

log10 |h̃σ(y3)| = −s̃(σ)y3 + b , b ∈ R .

FIGURE 19. In circles, extracted values of log10 |h̃σ(y3)|. In solid line,
linear regression of log10 |h̃σ(y3)|. On the left σ = 20 (interpolation de-
gree p = 12). On the right, σ = 80 (degree p = 16). n(20) = 6 ,
s̃(20) = 7.86906 and n(80) = 5 , s̃(80) = 16.29634. Configuration B1

Accuracy of asymptotics. Relying on formula (3.12), we can derive a Taylor expansion
of log10 |H(δ)(yα, y3)| with respect to y3: for y3 small enough

(7.1) log10 |H(δ)(yα, y3)| = log10 |h0(yα)|

− s(yα, σ)y3 +
δ

ln 10
|h0(yα)|−2 Re

〈
h0(yα),h1(yα)

〉
+O

(
(δ + y3)

2
)

.

Here the function
s(yα, σ) :=

1

ln 10

( 1

`(σ)
−H(yα)

)
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depends on the skin depth `(σ) and the mean curvature H(yα) at the point yα of the
interface Σ. We note that the mean curvature of the surface Σ is constant when z = 0.
Hence, we introduce hereafter the theoretical slope

s(σ) := s(yα, σ) when z = 0 .

In configuration B1, the principal curvatures at a point of the interface Σ when z = 0 are
the constants κ1 = 2 and κ2 = 1

2
. Hence, H(yα) = 5

4
. We infer

s(σ) =
1

ln 10

( 1

`(σ)
− 5

4

)
.

The accuracy of the asymptotic expansion is tested by representing the relative error
between numerical and theoretical slopes:

err(σ) :=
∣∣∣s(σ)− s̃(σ)

s(σ)

∣∣∣ ,

see the table 1. In order to make clear wether the influence of the curvature is visible in
computations, we also display the theoretical curvature ratio

curv ratio(σ) :=
5
4

1
`(σ)

− 5
4

.

σ 5 20 80

`(σ) 0.103 0.0515 0.0258
s(σ) 3.67332 7.88951 16.32188
curv ratio(σ) 0.148 0.069 0.033

degree p 10 12 16
n(σ) 7 6 5
s̃(σ) 3.64686 7.87347 16.308279
err(σ) 0.0072 0.002 0.0008

TABLE 1. Postprocessing in configuration B1 with the mesh M3

The relative error decreases more than a half when the conductivity is multiplied by 4.
Anyway, this relative error is much smaller than curv ratio(σ), which exhibits numeri-
cally the influence of the curvature on the skin depth. We perform similar computations
with the mesh M6 represented in Figure 7, see Table 2, and obtain still better results.

Remark 7.1. A similar postprocessing along the r-axis was performed for configuration
A, see [17, Ch. 8, §8.3.2]. Relative errors err(σ) are still consistent with the expansion
(7.1). Non-radial postprocessings was performed along the segment OL, when L is
the point with a colatitude ϕ0 in the interface Σm, see Figure 20: when ϕ0 = π/2 −
arctan (1/2) (i.e. rL =

√
2, zL = 1/

√
2), see [17, Ch. 8, §8.5.1]. Relative errors are

again very small.
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σ 5 20 80

degree p 8 12 16
n(σ) 13 9 7
s̃(σ) 3.64239 7.88170 16.33051
err(σ) 0.0084 0.001 0.0005

TABLE 2. Postprocessing in configuration B1 with the mesh M6 (see
Table 1 for the theoretical values `(σ), s(σ), and curv ratio(σ))

O

L

2 4 r

z

Σm

ϕ0

FIGURE 20. In the meridian domain in configuration B1, L is the point
on Σm with a colatitude ϕ0 = π/2− arctan (1/2)

7.2. Configuration A. The mesh of the computational domain is the mesh M4 repre-
sented in Figure 11. We extract values of log10 |h̃σ| in Ωm

− along the diagonal axis r = z,
see Figure 21: here we denote by

ρ :=
√

(1− r)2 + (1− z)2 ,

the distance to the corner point a with coordinates (r = 1, z = 1), cf. Figure 4.
When compared with Figure 19, we see that the curves do not exactly behave like

lines, which means that the exponential decay is not obvious. In order to measure a
possible exponential decay, we define the slopes s̃i(σ) of extracted values log10 |h̃σ(ρ)|
by:

s̃i(σ) :=
log10 |h̃σ(ri, zi)| − log10 |h̃σ(zi+1, ri+1)|

ρi+1 − ρi

.

Here, ρi is the distance to the corner point a defined by ρi :=
√

(1− ri)2 + (1− zi)2

with (ri, zi) the extraction points. We present in the Figure 22 the graph of the slopes
s̃i(σ) for each curve on the Figure 21 (σ = 20, 80). For the sake of comparison, we also
represent on the same figure the slopes of Figure 19 corresponding to configuration B1.
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FIGURE 21. In circles, extracted values of log10 |h̃σ(ρ)|, ρ is the distance
to the corner. On the left σ = 20 (interpolation degree p = 12). On the
right, σ = 80 (degree p = 16). Configuration A

FIGURE 22. The graphs of the slopes s̃i(σ). Configuration A and B1,
and σ = 20 (interpolation degree p = 12), σ = 80 (degree p = 16)

Whereas in configuration B1, the slopes clearly converge to a positive limit value as
ρ = y3 tends to 0, in configuration A the slopes tend to 0, which means that, stricto sensu,
there is no exponential decay near the corner. Nevertheless we notice that in a region
which is further away from the corner, a sort of exponential convergence is restored.
This phenomenon is due to the fact that the principal asymptotic contribution inside the
conductor is a profile globally defined on an infinite sector S (of opening π

2
in the present
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case) solving, instead the 1D problem (4.9) the model Dirichlet problem

(7.2)

{
(∂2

X + ∂2
Y )hθ

0 − λ2hθ
0 = 0 in S ,

hθ
0 = h+

0 (a) on ∂S .

8. CONCLUSION

Even though addressing axisymmetric configurations for which the Maxwell system
can be reduced to one scalar equation, our numerical experiments are in significative
accordance with our theoretical results concerning the decay of solutions inside the con-
ductor and their structure in the skin layer. Our asymptotics provide an a priori knowl-
edge on solutions, which can be used for the design of meshes in view of a good quality
finite element approximation: The mesh should fit the boundary of the conductor and
can be coarse far from its boundary inside the conductor – depending on the skin depth.
In this perspective, it is interesting to compare with [16] where an adaptive a posteriori
approach based on the hp method has been used for an industrial axisymmetric problem
in electromagnetism.

APPENDIX A. ELEMENTS OF PROOF FOR THE MULTISCALE EXPANSION

Subsequently, we assume Assumption 2.1 on ω and Assumption 2.3 on the domains.
In this framework, Theorem 2.2 gives the existence of δ0 such that for all δ 6 δ0, the
problem (2.1)-(2.2) has a unique solution (E(δ), H(δ)) which is denoted by (E+

(δ), H+
(δ))

in the dielectric part Ω+, and (E−(δ), H−
(δ)) in the conducting part Ω−. Furthermore, we

suppose that the right hand side j ∈ H0(div, Ω) is smooth and its support does not meet
the conductor domain Ω−.

Recall that (yα, y3) is a local normal coordinate system to the surface Σ in U−, see
Figure 2. The function y 7→ χ(y3) is a smooth cut-off with support in U− and equal to 1
in a smaller tubular neighborhood of Σ.

Theorem A.1. Under the above assumptions, the solution (E(δ), H(δ)) possesses the
asymptotic expansion (see subsection A.7 below for precise estimates):

E+
(δ)(x) ≈

∑
j>0

δjE+
j (x) and H+

(δ)(x) ≈
∑
j>0

δjH+
j (x) ,(A.1)

E−(δ)(x) ≈
∑
j>0

δjE−j (x; δ) with E−j (x; δ) = χ(y3) Ej(yβ,
y3

δ
) ,(A.2)

H−
(δ)(x) ≈

∑
j>0

δjH−
j (x; δ) with H−

j (x; δ) = χ(y3) Hj(yβ,
y3

δ
) ,(A.3)

where Ej(yβ, y3

δ
) → 0 and Hj(yβ, y3

δ
) → 0 when y3

δ
→ ∞. Moreover, for any j ∈ N,

there holds

(A.4) E+
j ,H+

j ∈ H(curl, Ω+) and Ej, Hj ∈ H(curl, Σ× R+).
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Hereafter, we present elements of proof of this theorem and details about the terms
in asymptotics (A.2)–(A.3). In §A.1, we expand the “magnetic” Maxwell operators in
power series of δ inside the boundary layer U−. We deduce in §A.2 the equations satisfied
by the magnetic profiles, and derive explicitly the first ones in §A.3. Then in §A.4 and
§A.5, we do the same for the electric profiles. As an alternative, we show how to deduce
directly the magnetic profiles from the electrical ones in §A.6. In §A.7, we conclude to
the validation of the asymptotic expansion with a convergence result.

A.1. Expansion of the operators. Integrating by parts in the magnetic variational for-
mulation (2.7), we find the following Maxwell transmission problem

(A.5)



curl curlH+
(δ) − κ2H+

(δ) = curl j in Ω+

curl curlH−
(δ) − κ2(1 + i

δ2 )H
−
(δ) = 0 in Ω−

curlH+
(δ) × n = (1 + i

δ2 )
−1 curlH−

(δ) × n on Σ

H+
(δ) × n = H−

(δ) × n on Σ

H+
(δ) × n = 0 on Γ.

It is important to notice that, since κ 6= 0, it is a consequence of the above equations that

div H(δ) = 0 in Ω.

Therefore, we have in particular the extra transmission condition

(A.6) H+
(δ) · n = H−

(δ) · n on Σ.

We denote by L(yα, h; Dα, ∂h
3 ) the 2d order Maxwell operator curl curl−κ2(1 + i

δ2 )I
set in U− in a normal coordinate system. Here Dα is the covariant derivative on the
interface Σ, and ∂h

3 is the partial derivative with respect to the normal coordinate y3 = h.
Let aαβ(h) be the metric tensor of the manifold Σh, which is the surface contained in

Ω− at a distance h of Σ, see Figure 2. According to [4, 6], the metric tensor in such a
coordinate system writes

(A.7) aαβ(h) = aαβ − 2bαβh + bγ
αbγβh2 ,

and its inverse expands in power series of h

aαβ(h) = aαβ + 2bαβh +O(h2) .

With this metric, a three-dimensional vector field H can be split into its normal compo-
nent h and its tangential component that can be alternatively viewed as a vector field Hα

or a one-form field Hα with the relation

(A.8) Hα = aαβ(h)Hβ.

Subsequently, we use a property of the covariant derivative, that it acts on functions like
the partial derivative: Dαh = ∂αh.

We denote by T(yα, h; Dα, ∂h
3 ) the tangent trace operator (1 + i

δ2 )
−1 curl · × n on Σ.

If H = (Hα, h), then

(A.9) T(yα, h; Dα, ∂h
3 )H = (1 +

i

δ2
)−1(∂h

3 Hα −Dαh)dyα ,
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see [17, Ch. 6, eq. (6.87)]. The operators L and T expand in power series of h with
intrinsic coefficients with respect to Σ, see [6] for the 3D elasticity operator on a thin
shell. We make the scaling Y3 = δ−1h to describe the boundary layer with respect to
δ. Then, the three-dimensional harmonic Maxwell operators in U− are written L[δ] and
T[δ]. These operators expand in power series of δ with coefficients intrinsic operators :

L[δ] = δ−2

∞∑
n=0

δnLn and T[δ] =
∞∑

n=1

δnTn .

We denote by Ln
α and T n

α the surface components of Ln and Tn. With the summa-
tion convention of repeated two dimensional indices (represented by greek letters), there
holds

(A.10) L0
α(H) = −∂2

3Hα − iκ2Hα and L1
α(H) = −2bβ

α∂3Hβ + ∂3Dαh + bβ
β∂3Hα ,

and

(A.11) T n
α (H) =

{
(−i)p∂3Hα if n = 2p− 1

ip∂αh if n = 2p .

Here, ∂3 is the partial derivative with respect to Y3. We denote by Ln
3 the transverse

components of Ln. There holds

(A.12) L0
3(H) = −iκ2h and L1

3(H) = γα
α(∂3H) + bβ

β∂3h ,

where γαβ(H) = 1
2
(DαHβ + DβHα)− bαβh is the change of metric tensor.

A.2. Equations for the coefficients of the magnetic field. The profiles Hj and the
coefficients H+

j of the magnetic field satisfy the following system

L[δ]
∑
j>0

δjHj(yα, Y3) = 0 in Σ× I,(A.13)

T[δ]
∑
j>0

δjHj(yα, 0) =
∑
j>0

δj curlH+
j × n on Σ ,(A.14)

where I = (0, +∞). We perform in (A.13)-(A.14) the identification of terms with the
same power in δ. The components of equation (A.13) are the collections of equations

(A.15) L0(H0) = 0 , L0(H1) + L1(H0) = 0 , and
n∑

l=0

Ln−l(Hl) = 0 ,

for all n > 2. Similarly, the surface components of the equation (A.14) write

(A.16) curlH+
0 × n = 0 , and

n∑
k=1

TkHn−k = curlH+
n × n ,

for all n > 1. Using the expression of the operator L0, and expanding H+
(δ) in Ω+, we

thus see that, according to the system (A.5), the profiles Hn = (Hn, hn) and the terms
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H+
n have to satisfy, for all n ≥ 0,

(A.17)



(i) −λ2hn =
n−1∑
j=0

Ln−j
3 (Hj) in Σ× I

(ii) curl curlH+
n − κ2H+

n = δ0
n curl j in Ω+

(iii) curlH+
n × n =

n−1∑
j=0

Tn−jHj on Σ

(iv) H+
n × n = 0 on Γ

(v) ∂2
3Hn,α − λ2Hn,α =

n−1∑
j=0

Ln−j
α (Hj) in Σ× I

(vi) Hn = n× hn × n on Σ.

where λ = κ e−iπ/4, cf (3.5) (so that −λ2 = iκ2) and hn denotes the trace of H+
n on

Σ. In (A.17), we use the convention that the sums are 0 when n = 0. The transmission
condition (A.6) implies the extra continuity condition

(A.18) H+
n · n = hn on Σ.

The set of equations (A.17)–(A.18) allows to determine Hn and H+
n by induction.

A.3. First terms of the magnetic field asymptotics. According to equation (i) in
(A.17), the normal component h0 of the first profile in the conductor vanishes:

(A.19) h0 = 0 ,

because κ 6= 0, thus λ 6= 0.
Hence, according to (A.17) (ii)-(iv) and (A.18), the first term of the magnetic field in

the dielectric region solves Maxwell equations with perfectly conducting conditions on
Σ:

(A.20)


curl curlH+

0 − κ2H+
0 = curl j in Ω+

H+
0 · n = 0 and curlH+

0 × n = 0 on Σ

H+
0 × n = 0 on Γ.

Thus the trace h0 of H+
0 on the interface Σ is tangential.

According to equations (v)-(vi) in (A.17), H0 satisfies the following ODE

(A.21)
{

∂2
3H0(., Y3)− λ2H0(., Y3) = 0 for Y3 ∈ I = (0,∞)

H0(., 0) = (n× h0)× n .

The unique solution of (A.21) such that H0 → 0 when Y3 →∞, is, with the choice (3.5)
for λ, the tangential field H0(yβ, Y3) = h0(yβ) e−λY3 . Combining with (A.19), we find
that the first profile in the conductor region is exponential with the complex rate λ:

(A.22) H0(yβ, Y3) = h0(yβ) e−λY3 .
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The next term which is determined in the asymptotics is the normal component h1 of
the profile H1 given by equation (i) of (A.17) for n = 1. We obtain

(A.23) h1(yβ, Y3) = λ−1Dαhα
0 (yβ) e−λY3 .

According to (A.17) (ii)-(iv) and (A.18), the next term in the dielectric region solves:

(A.24)


curl curlH+

1 − κ2H+
1 = 0 in Ω+

H+
1 · n = h1 and curlH+

1 × n = iλh0 on Σ

H+
1 × n = 0 on Γ.

Recall that h1 is the trace of H+
1 on the interface Σ. We denote by h1,α its tangential

components. According to equations (v)-(vi) in (A.17) for n = 1, H1 satisfies the
following ODE (for Y3 ∈ I)

(A.25)
{

∂2
3H1,α(. , Y3)− λ2H1,α(. , Y3) = −2bσ

α∂3H0,σ(. , Y3) + bβ
β∂3H0,α(. , Y3)

H1,α(. , 0) = h1,α(. , 0) .

From (A.22), the unique solution of (A.25) such that H1 → 0 when Y3 → ∞ is the
profile

(A.26) H1,α(yβ, Y3) =
[
h1,α + Y3

(
H h0,α − bσ

αh0,σ

)]
(yβ) e−λY3 , α = 1, 2 .

Using the relation (A.8) and performing the scaling h = δY3 in the previous equation,
we obtain for the contravariant components

Hα
1 = aαβH1,β + 2Y3b

αβH0,β .

From (A.22), and (A.26), the tangential components Hα
1 are given by (3.9)

Hα
1 (yβ, Y3) =

[
hα

1 + Y3

(
H hα

0 + bα
σhσ

0

)]
(yβ) e−λY3 , α = 1, 2 .

Remark A.2. Note that the boundary value problems (A.20) and (A.24) are well-posed.
It is a consequence of the spectral Assumption 2.1 on ω.

A.4. Equations for the coefficients of the electric field. The second order Maxwell
operator for the electric field writes

(A.27)



curl curlE+
(δ) − κ2E+

(δ) = iωµ0j in Ω+

curl curlE−(δ) − κ2(1 + i
δ2 )E

−
(δ) = 0 in Ω−

curlE+
(δ) × n = curlE−(δ) × n on Σ

E+
(δ) × n = E−(δ) × n on Σ

E+
(δ) · n = 0 and curlE+

(δ) × n = 0 on Γ.

We denote by B(yα, h; Dα, ∂h
3 ) the tangent trace operator curl · × n on Σ in a normal

coordinate system. If E = (Eα, e), then(
B(yα, h; Dα, ∂h

3 )E
)

α
= ∂h

3 Eα −Dαe ,
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see [17, Ch. 3, Prop. 3.36]. We define B[δ] the operator obtained from B in U− after the
scaling Y3 = δ−1h. This operator expands in power of δ :

B[δ] = δ−1B0 + B1 .

Recall that ∂3 is the partial derivative with respect to Y3. Thus, denoting by Bn
α the

surface components of Bn, we obtain

(A.28) B0
α(E) = ∂3Eα and B1

α(E) = −Dαe .

According to the second and third equations in system (A.27), the profiles Ej and the
terms E+

j of the electric field satisfy the following system

L[δ]
∑
j>0

δjEj(yα, Y3) = 0 , in Σ× I ,(A.29)

B[δ]
∑
j>0

δjEj(yα, 0) =
∑
j>0

δj curlE+
j × n on Σ .(A.30)

We identify in (A.29)-(A.30) the terms with the same power in δ. The components of
the equation (A.29) are collections of equations, similar to the equations (A.15) set for
the magnetic field. The surface components of the equation (A.30) write

(A.31) B0
α(E0) = 0 , and B0

α(En+1) + B1
α(En) =

(
curlE+

n × n
)

α
,

for all n > 0.
According to the system (A.27) and (A.28), the profiles En = (En, en) and the terms

E+
n have to satisfy, for all n > 0, (we recall λ = κ e−iπ/4, cf (3.5), so that −λ2 = iκ2)

(A.32)



(i) ∂2
3En,α − λ2En,α =

n−1∑
j=0

Ln−j
α (Ej) in Σ× I

(ii) ∂3En,α = Dαen−1 +
(
curlE+

n−1 × n
)

α
on Σ

(iii) −λ2en =
n−1∑
j=0

Ln−j
3 (Ej) in Σ× I

(iv) curl curlE+
n − κ2E+

n = δ0
niωµ0j in Ω+

(v) E+
n × n = En × n on Σ

(vi) E+
n · n = 0 and curlE+

n × n = 0 on Γ.

Hereafter, we determine the terms En and E+
n by induction.

A.5. First terms of the asymptotics for the electric field. According to equations (i)-
(ii) in system (A.32) for n = 0, E0 satisfies the following ODE

(A.33)
{

∂2
3E0(., Y3)− λ2E0(., Y3) = 0 for Y3 ∈ I ,

∂3E0(., 0) = 0 .

The unique solution of (A.33) such that E0 → 0 when Y3 → ∞, is E0 = 0. From
equation (iii) in system (A.32) for n = 0, there holds e0 = 0. We infer

(A.34) E0(yβ, Y3) = 0 .
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From equations (iv)-(vi) in (A.32) for n = 0, and from (A.34), the first asymptotic of
the electric field in the dielectric part solves the following problem

curl curlE+
0 − κ2E+

0 = iωµ0j in Ω+

E+
0 × n = 0 on Σ

E+
0 · n = 0 and curlE+

0 × n = 0 on Γ.

According to the spectral Assumption 2.1, this boundary value problem is well-posed.
The next term determined in the asymptotic expansion is E1. From equations (i)-(ii)

in (A.32) for n = 1, E1 satisfies for Y3 ∈ I{
∂2

3E1(., Y3)− λ2E1(., Y3) = 0

∂3E1(., 0) = (curlE+
0 × n)(. , 0) .

We denote by jk(yβ) = λ−1(curlE+
k × n)(yβ, 0) for k = 0, 1. Hence,

(A.35) E1(yβ, Y3) = −j0(yβ) e−λY3 .

From equation (iii) in (A.32) for n = 1, and from (A.34), we obtain e1 = 0. From
equations (iv)-(vi) in (A.32) for n = 1, and from (A.35), the asymptotic of order 1 for
the electric field in the dielectric part solves :

curl curlE+
1 − κ2E+

1 = 0 in Ω+

E+
1 × n = −j0 × n on Σ

E+
1 · n = 0 and curlE+

1 × n = 0 on Γ.

Then, from equations (i)-(ii) in (A.32) for n = 2, E2,α solves the ODE for Y3 ∈ I:{
∂2

3E2,α(. , Y3)− λ2E2,α(. , Y3) = −2bσ
α∂3E1,σ(. , Y3) + bβ

β∂3E1,α(. , Y3)

∂3E2,α(. , 0) = (curlE+
1 × n)α(. , 0) .

We denote by jk,α the surface components of jk, for k = 0, 1. We obtain

E2,α(yβ, Y3) =
[
− j1,α +

(
λ−1 + Y3

)(
bσ
α j0,σ −H j0,α

)]
(yβ) e−λY3 .(A.36)

From equation (iii) in (A.32) for n = 2, we infer

e2(yβ, Y3) = −λ−1Dα jα0 (yβ) e−λY3 .

A.6. From E to H in the conducting part. An alternative way of calculating the mag-
netic profiles is to deduce them from the electric ones by means of a normal parameter-
ization of the intrinsic curl operator, see [17, Ch. 3]. Let E = (Eα, e) be a 1-form fields
in U−. There holds:

(A.37) (∇×E)α = ε3βα(∂h
3 Eβ − ∂βe) and (∇×E)3 = ε3αβDh

αEβ on Σh .

Here, Dh
α is the covariant derivative on Σh, and ε is the Levi-Civita tensor, see [10, 7].

The contravariant components εijk of ε depend on the normal coordinate h, and write in
a normal coordinate system

εijk =
(
det aαβ(h)

)−1/2
ε0(i, j, k) .
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Here, aαβ(h) is the metric tensor of the manifold Σh, see (A.7). The indices i, j, k ∈
{1, 2, 3}, and ε0(i, j, k) equals 1 when (i, j, k) is an even circular permutation, and equals
−1 when (i, j, k) is an odd circular permutation, and ε0(i, j, k) = 0 otherwise.

Remark A.3. Let a = det(aαβ), and recall that bν
ν = 2H . Then using (A.7) we obtain

εijk = a−1/2
(
1 + 2Hh + O(h2)

)
ε0(i, j, k) .

We make the scaling h = δY3 and expand equations (A.37) in power series of δ:

(A.38) (∇×E)α = δ−1jβα∂3Eβ + jβα
(
2HY3∂3Eβ − ∂βe

)
+O(δ) ,

(A.39) (∇×E)3 = jαβDαEβ + δY3j
αβ(2HDαEβ + EνDαbν

β) +O(δ2) .

Here,
jαβ = a−1/2ε0(α, β, 3) .

From the expansions (A.2) and (A.1) combined with Faraday’s law (2.1) written in
normal coordinates, we obtain the profiles Hj in the expansion (A.3) of the magnetic
field from the profiles Ej of the electrical field. In particular, from (A.34), (A.35), and
(A.36), we obtain explicitly the first terms H0 and H1, see (A.22), (3.9), and (A.23).

A.7. Convergence result. The validation of the asymptotic expansion (A.1), (A.2),(A.3),
and (A.4), consists in proving estimates for remainders defined as

RE
m; δ = E(δ) −

m∑
j=0

δjEj and RH
m; δ = H(δ) −

m∑
j=0

δjHj in Ω .(A.40)

By construction of the terms Ej = (E+
j ,E−j ) in the dielectric and conductor parts, the

remainders RE
m; δ satisfy the assumption of [3, Th. 5.1], which is an estimate on the right

hand side when the Maxwell operator is applied to RE
m; δ.

Thus [3, Th. 5.1] yields that for all m ∈ N, and δ ∈ (0, δ0), there holds the optimal
estimate

(A.41) ‖RE,+
m; δ‖0,Ω+ + ‖ curlRE,+

m; δ‖0,Ω+

+ δ−
1
2‖RE,−

m; δ‖0,Ω− + δ
1
2‖ curlRE,−

m; δ‖0,Ω− 6 Cmδm+1.

Using Maxwell equations (2.1), we can deduce a similar estimate for RH
m; δ: We have

(A.42) RH,+
m; δ = (iωµ0)

−1 curlRE,+
m; δ and curlRH,+

m; δ = (iωµ0)
−1κ2RE,+

m; δ .

Hence, according to (A.41), we infer

‖RH,+
m; δ‖0,Ω+ + ‖ curlRH,+

m; δ‖0,Ω+ 6 cmδm+1.

In Ω−, the presence of profiles in the expansion prevents to link RH,−
m; δ and RE,−

m; δ via the
Maxwell equations in a similar way as (A.42). Nevertheless, there holds also uniform
estimates for RH,−

m; δ :

δ−
1
2‖RH,−

m; δ‖0,Ω− + δ
1
2‖ curlRH,−

m; δ‖0,Ω− 6 C ′
mδm+1.
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APPENDIX B. THE MULTISCALE EXPANSION OF THE ORTHORADIAL COMPONENT

We denote by (~er, ~eθ, ~ez) the basis associated with the cylindric coordinates (r, θ, z).

B.1. Expansion of the operators. In the basis (~er, ~ez), recall that
(
r(ξ), z(ξ)

)
= τ (ξ),

ξ ∈ (0, L) is an arc-length coordinate on the interface Σm, and (ξ, h = y3) is the as-
sociate normal coordinate system, see §4.2.2. The normal vector n(ξ) at the point τ (ξ)
writes

n(ξ) =
(
− z′(ξ), r′(ξ)

)
.

Hence, the tubular neighborhood Um
− of Σm inside Ωm

− is represented thanks to the pa-
rameterization

Ψ : (ξ, h) 7−→ (r, z) ,

(B.1) where r = r(ξ)− hz′(ξ) , and z = z(ξ) + hr′(ξ) .

Remark B.1. The curvature k(ξ) at the point τ (ξ) is defined by

(B.2) k(ξ) = (r′z′′ − z′r′′)(ξ) .

For h0 < 1/‖k‖∞ the change of coordinates Ψ is a C∞-diffeomorphism from the cylinder
TL × [0, h0) into Um

− :
Um
− = Ψ

(
TL × [0, h0)

)
.

Thanks to (B.1), we obtain(
∂r

∂z

)
= (1− hk(ξ))−1

(
r′ −(z′ + hr′′)
z′ (r′ − hz′′)

) (
∂ξ

∂h

)
.

To perform the formal expansion of h−δ solution of (4.5) in Ωm
−, we first use the change of

variables Ψ in order to write the equations in the cylinder TL× [0, h0). We then perform
the rescaling

(B.3) Y = δ−1h

in the equations set in Ωm
− and Σm in order to make appear the small parameter δ in the

equations. Actually δ appears in the equations set in Ω− through the expression of the
operator (1 + i

δ2 )
−1D, where D is defined by (4.7). We obtain the formal expansion:

D = δ−2
[
∂2

Y + δD1 + δ2Rδ

]
,

where D1(ξ, Y ; ∂ξ, ∂Y ) = −
(
k(ξ) + z′

r
(ξ)

)
∂Y , and Rδ is an operator, which has smooth

coefficients in ξ and Y , bounded in δ. Hence, we obtain

i(1 +
i

δ2
)−1D + κ2I = A0 + δA1 + δ2Qδ ,

with A0 = ∂2
Y − λ2I and A1 = −

(
k + z′

r

)
(ξ) ∂Y . Similarly, there holds

B = δ−1∂Y −
z′

r
(ξ)
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on the interface Σm, and

(1 +
i

δ2
)−1B = −iδ∂Y + δ2Pδ .

Note that these expansions correspond to the expansions (A.9) in orthoradial symmetry.

B.2. From the 3D asymptotic expansion to the 1D expansion. In this subsection, we
show that we can obtain the profiles hθ

0, and hθ
1 defined by (4.10) and (4.13) from the

general profiles Hα
0 and Hα

1 defined above.
We set (yα) := (ξ, θ) a coordinate system on Σ. Thus, the normal coordinate system

(yα, h) on U− is induced by the normal coordinate system (ξ, h) on Um
− . The tubular

neighborhood U− is parameterized by

Φ : (yα, h) 7−→ (r cos θ, r sin θ, z) ,

where r and z are defined by (B.1). The associated tangent coordinate vector fields are

x1(h) = (r′(ξ)− hz′′(ξ)) ~er + (z′(ξ) + hr′′(ξ)) ~ez ,(B.4)

x2(h) = (r(ξ)− hz′(ξ)) ~eθ .(B.5)

The normal coordinate vector field is x3(h) = n(ξ) = −z′(ξ)~er + r′(ξ)~ez .
A vector field H : (yα, h) 7→ H(yα, h) in U− writes (here α = 1, 2)

H = Hαxα(h) + hθn ,

and corresponds to the magnetic field in cylindric components

H̆(r, θ, z) = Hr(r, θ, z)~er + Hθ(r, θ, z)~eθ + Hz(r, θ, z)~ez.

Using (B.5) we easily obtain

(r(ξ)− hz′(ξ)) H2 = Hθ ,

and introducing the stretched variable Y = δ−1h, it follows

(B.6) (r(ξ)− δY z′(ξ)) H2 = Hθ .

We insert the following expansions

H2 = H2
0(yα, Y ) + δH2

1(yα, Y ) +O(δ2),

Hθ = hθ
0(ξ, Y ) + δhθ

1(ξ, Y ) +O(δ2)

in equation (B.6). Then we perform the identification of terms with the same power in
δ. We obtain the equations

r(ξ)H2
0 = hθ

0 ,(B.7)

r(ξ)H2
1 − Y z′(ξ)H2

0 = hθ
1 .(B.8)

According to (A.22), and (3.9) for α = 2, there holds

(B.9) r(ξ)H2
1 − Y z′(ξ)H2

0 = r(ξ)
[
h2

1 + Y
(
H h2

0 + b2
σhσ

0 −
z′

r
h2

0

)]
e−λY .
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Lemma B.2. The main curvatures κ1, κ2 of the interface Σ, and its mean curvature
H = 1

2
(κ1 + κ2) are

κ1 = k , κ2 =
z′

r
, and H =

1

2

(
k +

z′

r

)
.

This result together with (B.9) yields

r(ξ)H2
1 − Y z′(ξ)H2

0 = r(ξ)
[
h2

1 +
Y

2

(
k +

z′

r

)
(ξ) h2

0

]
e−λY .

We set r(ξ)h2
j(yβ) = h+

j (τ (ξ)), for j = 0, 1. Then, we infer (4.10)-(4.13) from the
equations (A.22)-(3.9).

B.3. Proof of the lemma B.2. The main curvatures are defined by κ1 = b1
1, κ2 = b2

2,
where bαβ is the curvature tensor. In this coordinate system on U−, the metric is defined
by

gij(h) = 〈xi(h), xj(h)〉R3 .

From (B.4)-(B.5), we obtain

gij(h) =

 (r′(ξ)− hz′′(ξ))2 + (z′(ξ) + hr′′(ξ))2 0 0

0 (r(ξ)− hz′(ξ))2 0
0 0 1


Recall that

gαβ(h) = aαβ − 2bαβh + bγ
αbγβh2 .

Hence, the curvature tensor on the interface Σ is diagonal, and its diagonal components
write

(B.10) b11 = k and b22 = rz′ ,

where k = k(ξ) is defined by (B.2). The inverse of the metric tensor aαβ in Σ is diagonal
and there holds

a11 = 1 and a22 = r−2 .

From (B.10), we deduce the lemma.
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