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Any point (x, y, z)T is on the surfaceE or S if and only if
E(x, y, z) = 0 or S(x, y, z) = 0.

Lemma 1. If there exist two pointsp, q ∈ E such that
S(p) < 0 andS(q) > 0, then the two surfacesE andS
intersect with each other.

Proof. Suppose there exist two pointsp, q ∈ E such
thatS(p) < 0 andS(q) > 0. The ellipsoidE is a simply
connected surface, which means there exists a continuous
pathC(t) on E such thatC(0) = p andC(1) = q. Thus,
the functionS(C(t)) is a continuous function int in [0, 1].
SinceS(C(0)) < 0 andS(C(1)) > 0, so there exists some
t0 ∈ (0, 1), such thatS(C(t0)) = 0, which means that point
C(t0) is an intersection point betweenE andS. Thus,Sand
S2 intersect. So we have completed the proof.

One of the two pointsp or q can be any point on the ellip-
soidE, which can be directly obtained. Without loss of gen-
erality, supposep has been obtained. For the intersection
testing problem between two quadrics, any element in their
pencil is a quadric, which is simple-connected. We can con-
structp = (0, 0, 0)T , which is on one of the two quadrics.
Here is the details. Suppose the two quadricss1 ands2 are
determined byfi(x, y, z) = 0, i = 1, 2. If f1(0, 0, 0) = 0
or f2(x, y, z) = 0, thenp = (0, 0, 0)T is ons1 or s2. Other-
wise,p = (0, 0, 0)T is on a new surfaces∗2, which is deter-
mined byf1(0, 0, 0)f2(x, y, z)−f2(0, 0, 0)f1(x, y, z) = 0.
The intersection testing problem betweens1 ands2 is equiv-
alent to the problem betweens1 ands∗2. Let s2 be s∗2, we
have constructed the pointp to be(0, 0, 0)T .

To find the other pointq, we introduce the following con-
strained function

S∗(t) = S(t)|t∈E,

which means the definition domain ofS∗ is surfaceE.
The ellipsoidE is a compact subset of the real Euclidean
space thus any continuous function such asS(x, y, z) would
attend its maximum and minimum on the ellipsoidE.
From the mathematical theory,S∗ is bounded, whose up-
per bound and lower bound are denoted byµ andν. Fur-
thermore, for any real numbert ∈ [ν, µ], there exists point
pt ∈ E such thatS∗(pt) = t. If ν or µ is zero, orν and
µ are of opposite sign, then there is a pointt ∈ E such
that S(t) = 0, which means thatt is an intersection point
betweenE andS. Thus, we have

Theorem 1. The two surfacesE andS intersect with
each other if and only if eitherµ > 0 andν < 0, orµν = 0.

Proof. Necessity. Suppose surfacesE and S intersect
with each other. IfS∗(t) ≤ 0 or S∗(t) ≥ 0, then we have
µ = 0 or ν = 0, and thus we haveµν = 0. Otherwise, there
exists two pointsp, q ∈ E such thatS(p) < 0 andS(q) >
0. Thus, we haveµ > S(q) > 0 andν < S(p) < 0.

Sufficiency. Ifµν = 0, then there is a pointt ∈ E such
thatS(t) = 0, andt is an intersection pointE andS. Thus,

the two surfacesE andS intersect with each other. Other-
wise, supposeµ > 0 andν < 0. There exist two points
p, q ∈ E such thatS(p) = ν < 0 andS(q) = µ > 0.
From Lemma 1, the two surfacesE and S intersect with
each other. So we have completed the proof.

From the assumption, pointp has been found, so we only
discuss on the value ofµ. Bothµ andν are extreme values
of S∗, andµ is also the solution of the following constrained
maximization problem

max S∗(x, y, z)
s.t. E(x, y, z) = 0.

SupposeS∗ reachesµ at pointq∗. With Lagrange multi-
ple method, we have





E(q∗) = 0,
S(q∗)− µ = 0,
Sx(q∗)− λEx(q∗) = 0,
Sy(q∗)− λEy(q∗) = 0,
Sz(q∗)− λEz(q∗) = 0,

(3)

where Sx, Sy, Sz and Ex, Ey, Ez are partial derivative
functions inx, y, z of S andE, respectively. The geometric
meaning of the equation system (3) is that surfacesE and
Sµ are tangent with each other at pointq∗, whereSµ is de-
termined byS(x, y, z)− µ = 0. Thus, the above method is
called the tangent point method in this paper.

We eliminatex, y, z andλ from Equation (3) and obtain
a univariate polynomialD(µ) in µ, which is called judg-
ing equation in this paper. The resultant theory [2, 13, 14]
is useful for eliminating variables from a set of polyno-

mial equations. Given two polynomialsh1(t) =
n∑

i=0

cit
i

and h2(t) =
m∑

j=0

djt
j , where cn 6= 0 and dm 6= 0.

Res(h1, h2, t), the resultant ofh1(t) andh2(t) in t, is the
determinant shown in equation (4).

Any extreme value ofS∗ is a zero root ofD(µ). To deter-
mine whether there exists any positive extreme value or not,
we only need to test whetherD(µ) has any positive root,
which can be easily solved with Descartes’ method, the
Sturm sequence method, Du Gua-Huat-Euler theorem [7],
or the improved methods in [17],which are to explicitly
compute the number of the positive roots of a univariate
polynomial equation. On the other hand, there are some
methods which are useful to solve the equation system (3)
directly, such as the method in [16].

3 Examples

This section provides four examples. The first two ex-
amples are extracted from [12], which uses two separated
or intersected ellipsoids, respectively. The third and fourth
examples are not covered in [12], in which the algebraic
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Res(h1, h2, t) = det







cn cn−1 · · · c1 c0 0 0 0 0 0
0 cn cn−1 · · · c1 c0 0 0 0 0

...
...

0 0 0 0 cn cn−1 · · · c1 c0 0
0 0 0 0 0 cn cn−1 · · · c1 c0

dm dm−1 · · · d1 d0 0 0 0 0 0
0 dm dm−1 · · · d1 d0 0 0 0 0

...
...

0 0 0 0 dm dm−1 · · · d1 d0 0
0 0 0 0 0 dm dm−1 · · · d1 d0







. (4)

surfaceS is an ellipsoid and a quartic surface, respectively.
It seems that the new method has intuitive geometric mean-
ing and is less sensitive to rounding error by the floating
point arithmetic than the method in [12].

All the examples are implemented with the Maple soft-
ware.

Example 1. Given two separate ellipsoidsE : x2 +
y2 + z2 − 25 = 0 andS : (x − 9)2/9 + y2/4 + z2/16 −
R = 0. Firstly, let R = 1(see also [12]). With the
tangent point method, we haveD(µ) = 43046721µ2 −
927895986µ + 695656269. D(µ) have two positive real
roots 187/9 and 7/9. From Theorem 1, the two ellip-
soids are separated. On the other hand, when we first
pick a pointt(0, 0, 5)T from the first ellipsoidE, and have
S(0, 0, 5) = 153/16 > 0. Together with the fact thatD(µ)
has no negative real roots, the two ellipsoids are separated.
Secondly, letR = 1.77777777777 < 1 + 7/9, and the
two ellipsoids are also separated. In this case, we have
D(µ) = 43046721µ2 − 860934420.00µ + 0.009. D(µ)
have two positive real roots20.00 and1.0e−11. From The-
orem 1, the two ellipsoids are separated. With the method
in [12], because of the rounding error of the floating point
arithmetic, the characteristic equation has two real roots and
two complex roots, and then to obtain the wrong answer that
the two ellipsoids are intersected.

Example 2. Given two intersected ellipsoidsE : x2 +
y2 + z2 − 25 = 0 andS : (x − 6)2/9 + y2/4 + z2/16 −
1 = 0. With the tangent point method, we haveD(µ) =
8503056µ2− 98257536µ− 94058496. D(µ) have two real
roots 112/9 and−8/9, and one is positive and the other
is negative. From Theorem 1, the two ellipsoids intersect
with each other. When pickt(0, 0, 5)T ∈ E, and we have
S(0, 0, 5) = 73/16 > 0, andD(µ) has a negative real root.
Thus, we also can draw the same conclusion.

Example 3. Given two intersected ellipsoidsE : x2 +
y2+z2−25 = 0 andS : (x−1)2/9+y2/4+z2/2−1 = 0.
With the tangent point method, we haveD(µ) = 6561µ2 −
24786µ + 15309. D(µ) have two positive real roots3 and

7/9. From Theorem 1, the two ellipsoids don’t intersect
with each other. When pickt(0, 0, 5)T ∈ E, and we have
S(0, 0, 5) = 209/18 > 0, andD(µ) has no negative real
roots. Thus, we say thatS is contained inE.

Example 4. Given an ellipsoid E : 2x2 +
3y2 + 4z2 − 25 = 0 and a quantic surface
S : (x − 1)4/9 + y2/4 + 4z2/23 − 1 = 0.
These two surfaces have an intersection point
(1, 0,

√
23/2)T . With the tangent point method, we

haveD(µ) = (214249− 64296µ + 1296µ2)(6436343µ3 +
219006µ2 − 83835µ + 5427)(21914624432020321µ6 +
1491354403691364µ5 − 1835296251045516µ4 +
62016971050548µ3 + 44064679219911µ2 −
5127987925710µ+209582935731)(27648µ3−72576µ2+
60876µ − 15809)(3057647616µ6 − 16052649984µ5 +
33243955200µ4 − 34087108608µ3 + 17707678272µ2 −
4238920368µ + 370833049). With the help of some
mathematic software, there are four real roots ofD(µ),
i.e., −0.154, 0.507, 3.592 and 46.019. When pick
t(0, 0, 5)T ∈ E, and we haveS(0, 0, 5) = 716/207 > 0,
and D(µ) has a negative real root. Thus, we say thatS
intersect withE.

4 Conclusions

We have presented the tangent point method to solve the
intersection testing problem between an ellipsoid and an al-
gebraic surface. The new method utilizes the fact that an
ellipsoid is a bounded and closed surface, and deduces a
conclusion that the ellipsoid and the algebraic surface in-
tersect with each other if and only if their judging equation
either has both negative and positive real roots, or zero is
its real root. When zero is not a real root of the judging
equation, with the help of a point on the ellipsoid, it only
needs to judge whether their judging equation has a nega-
tive or positive real root. The new method has intuitionistic
geometric meaning, and can tell whether the ellipsoid and
the algebraic surface are separated, or intersected, or one
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is contained in the other. In the future, we will extend the
tangent point method to the intersection testing problem be-
tween two algebraic surfaces.

Acknowledgements

The research was supported by Chinese 973 Pro-
gram(2004CB719400, 2004CB318000), the National Sci-
ence Foundation of China (60403047, 60533070) and
Ningbo Science Foundation. The second author was sup-
ported by the project sponsored by a Foundation for the
Author of National Excellent Doctoral Dissertation of PR
China (200342) and a Program for New Century Excellent
Talents in University(NCET-04-0088).

References

[1] X.D. Chen, J.Y. Yong, G.Q. Zheng, J.G. Sun.
Torus/sphere intersection algorithm.Journal of
Computer-Aided Design & Computer Graphics, 17
(6):1202–1206, 2005.(in chinese)

[2] E W Chionh, R N Goldman, and J R Miller. Using
multivariate resultants to find the intersection of three
quadric surfaces.ACM Transactions on Graphics, 10
(4):378–400, 1991.

[3] R. Farouki, C. Neff, and M. O’Connor. Automatic
parsing of degenerate quadric-surface intersections.
ACM Transaction on Graphics, 8(3):174–203, 1989.

[4] Q. Fu. The intersection of a bicubic bézier patch and
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