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Fig. 1. An example shows that the nearest point is not the solution of Eq.
(1). p is a test point, and the nearest point q is one of the corner points of
the surface. All the other control points are above the plane P, which
passes through q and is perpendicular to the direction vector from p to q.
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patches not containing the nearest point are eliminated by
analyzing the relationship between these surface patches
and the test point. When the remaining surface patches
are small or flat enough, then the Newton’s method is used
to solve the nearest point for each remaining patch. The
subdivision process of the NURBS surfaces is robust, and
these methods seem geometrically more intuitive, reason-
able and robust. The key technique of these geometric
methods is how to eliminate the removable surface
patches. Piegl and Tiller directly decompose the base sur-
face into quadrilaterals within a relative geometric toler-
ance [8]. However, such a decomposition process is
pointed out to be time-consuming [5]. To reduce the com-
putation time of decomposition, Ma and Hewitt present a
control polygon approach for the same problem [5]. They
provide a condition that the nearest point is on one of
the four boundary curves. Selimovic provides an improved
algorithm by using two exclusion criteria [11]. The first one
is a sufficient condition that the nearest point is one of the
four corner control points, and the second one is another
sufficient condition that the nearest point is on one of
the four boundary curves. For the case shown in Fig. 1,
the method of [11] prunes the surface patch directly, and
costs no computation on solving the solutions of Eq. (1).

This paper presents a spherical clipping method for the
point projection problem of clamped B-spline surfaces. A
clipping sphere with its center point being the test point
p is introduced, and the radius of the sphere is set by the
Euclidean distance between the test point p and a point
of the surface. Thus, any surface patch outside the clipping
sphere can be eliminated. Another exclusion criterion is
also employed by using a new sufficient condition whether
the nearest point is on one of the boundaries curves of the
surface. The algorithms in [5] have an overlooked flaw and
may fail in some cases [1]. For clamped B-spline surfaces,
we will prove that the criterion in our algorithm is superior
to the comparable criterion in [11].

We assume that the clamped B-spline surface is defined
by

Sðu; vÞ ¼
Xn

i¼0

Xm

j¼0

Bi;pðuÞBj;qðvÞPi;j; u 2 ½u0;ur�; v 2 ½v0; vk�;

ð2Þ

whereuandvaretheparametersofthesurface,pandqarethe
degrees of the surface in u and v directions, fPi;jg are the con-
trol points in the space R3, fBi;pðuÞg and fBj;qðvÞg are the pth-
degree and the qth-degree B-spline basis functions based
on the knot vectors U ¼ ðu0; . . . ;u0;u1; . . . ;ur�1;ur ; . . . ;urÞ
and V ¼ ðv0; . . . ; v0; v1; . . . ; v1; . . . ; vk; . . . ; vkÞ, respectively.

This paper is organized as follows. Section 2 presents
the outline of the new algorithm. Section 3 compares the
new method with the method in [11]. Analysis and exam-
ples are also shown in this section. Some conclusions are
drawn at the end of this paper.

2. Algorithm for the point projection problem for B-
spline surfaces

The spherical clipping method is explained in this sec-
tion. The basic idea is as follows. Suppose that the point
p is a test point, the point q is a point on the surface, and
Oðp; jjpqjjÞ is a sphere with the center point p and its radius
jjpqjj. The nearest point to the point p must be inside the
sphere Oðp; jjpqjjÞ. Thus, any surface patch outside the
sphere Oðp; jjpqjjÞ can be directly eliminated. We also call
sphere Oðp; jjpqjjÞ the clipping sphere. During the subdivi-
sion process, the point q becomes more and more close to
the test point p and the radius of the clipping sphere be-
comes smaller and smaller, which will lead to higher and
higher elimination efficiency.

One of the key issues for the spherical clipping method
is to judge whether a surface patch is outside a sphere. If all
the control points of a surface patch are inside a sphere,
then the patch must be inside the sphere too. Thus, the
clipping sphere seems to be useful to compute the maxi-
mum distance between a point and a surface. Unfortu-
nately, even if all the control points of a surface are
outside a sphere, we can’t ensure that the surface is outside
the sphere. It seems not easy to judge whether a surface is
outside a sphere directly by its control net.

To overcome this problem, we introduce the objective
squared distance function for judging whether a surface
is outside a sphere. By using the product formula of two
B-spline basis functions in [6], the objective square dis-
tance function

Fðu; vÞ ¼ ðp� Sðu; vÞÞ2

can be turned into B-spline form

Fðu; vÞ ¼
Xj
i¼0

Xi

j¼0

B̂i;2pðuÞB̂j;2qðvÞfi;j; ð3Þ

where the new knot vectors Û and V̂ for B̂i;2pðuÞ and B̂j;2qðvÞ
are
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Û ¼ ðu0; . . . ; u0|fflfflfflfflfflffl{zfflfflfflfflfflffl}
2pþ1

; u1; . . . ;u1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
a1þp

; . . . ; ur; . . . ;ur|fflfflfflfflfflffl{zfflfflfflfflfflffl}
2pþ1

Þ and

V̂ ¼ ðv0; . . . ; v0|fflfflfflfflfflffl{zfflfflfflfflfflffl}
2qþ1

; v1; . . . ; v1|fflfflfflfflfflffl{zfflfflfflfflfflffl}
b1þq

; . . . ; vk; . . . ; vk|fflfflfflfflfflffl{zfflfflfflfflfflffl}
2qþ1

Þ;

and

fij ¼
X

a

X
b

X
c

X
d

P̂abP̂cd

X
b

k1
a;p;b;ik

2
c;p;b;i=C2p

p

( )

X
c

v1
b;q;c;jv

2
d;q;c;j=C2q

q

( )
: ð4Þ

Here Cj
i denotes the binomial coefficient j

i

� �
, P̂ij ¼ Pij � p,

k1
a;p;b;i and k2

c;p;b;i are non-negative real numbers depending

on i; a; c; b;U and Û, v1
b;q;c;j and v2

d;q;c;j are non-negative real

numbers depending on j; b; d; c;V and V̂. If j is equal to zero,
we have

fi0 ¼
X

a

X
c

P̂a0P̂c0

X
b

k1
a;p;b;ik

2
c;p;b;i=C2p

p

( )
: ð5Þ

When Sðu; vÞ is a Bézier surface, we have

fi;j ¼
Xi

k¼0

Xj

l¼0

Cp
kC2p

i�kCq
l Cq

j�lP̂k;l � P̂i�k;j�l=ðC2p
i C2q

j Þ ð6Þ

and

fi;0 ¼
Xi

k¼0

ðCp
kCp

i�kP̂k;0 � P̂i�k;0Þ=C2p
i ;

where P̂i;j ¼ 0; forall i > p or j > q. The spherical clipping
method may be mathematically described as the following
theorem, which can be obtained directly from the convex
hull property of B-spline basis functions.

Theorem 1. Suppose that a 2 Rþ. If fi;j P a2 for all 0 6 i 6 j
and 0 6 j 6 i, then Fðu; vÞP a2, which means that the
surface is outside the clipping sphere Oðp;aÞ.

At the beginning of the spherical clipping method, a can
be set as jjpqjj, where q is one of the four corner control
points of the surface. If Theorem 1 is satisfied, then all
points on the surface except q are outside of the sphere
with the center point p and its radius jjpqjj. So the point
q is the nearest point. During the subdivision process, the
radius of the sphere a becomes smaller and smaller, which
will lead to better elimination efficiency.

We also provide another sufficient condition whether
the nearest point is on one of the four boundary curves
of the surface.

Theorem 2. If there exists an integer k ¼ 0 or k ¼ j, such
that for all i 2 f0;1; . . . ;jg and j 2 f0;1; . . . ; ig, fi;j P fk;j, then
Fðu; vÞmust reach the minimum value at the boundary u ¼ u0

or u ¼ ur. Similarly, if there exists an integer k ¼ 0 or k ¼ i,
such that for all i 2 f0;1; . . . ;jg and j 2 f0;1; . . . ; ig, fi;j P fi;k,
then Fðu; vÞ must reach the minimum value at the boundary
v ¼ v0 or v ¼ vk.

Proof 1. We only prove the former sufficient condition.
Without loss of generality, we may assume that fi;j P f0;j,
for all 0 6 i 6 j and 0 6 j 6 i. For all u 2 ½u0;ur �; v 2 ½v0; vk�,
we have
Fðu; vÞ ¼
Xj
i¼0

Xi

j¼0

B̂i;2pðuÞB̂j;2qðvÞfi;j

¼
Xi

j¼0

Xj
i¼0

B̂i;2pðuÞfi;j

( )
B̂j;2qðvÞ

P
Xi

j¼0

Xj
i¼0

B̂i;2pðuÞf0;j

( )
B̂j;2qðvÞ

¼
Xi

j¼0

Xj
i¼0

B̂i;2pðuÞ
( )

f0;jB̂j;2qðvÞ ¼
Xi

j¼0

f0;jB̂j;2qðvÞ

¼ Fðu0; vÞ:

Thus, Fðu; vÞ must reach the minimum value at the bound-
ary u ¼ u0, and we complete the proof. h

If the nearest point is detected to be a corner point or on
the boundary of the original surface by using Theorems 1
and 2, we return the corner point or the nearest point on
the boundary curve immediately. Without loss of general-
ity, we assume that the nearest point is neither a corner
point nor on the boundary of the original surface. The out-
line of our algorithm is described as follows. Firstly, we cal-
culate the objective function Fðu; vÞ, which describes a
clamped B-spline surface SF in R1 space. Secondly, we split
the surface SF , and after each split, we try to eliminate each
of the parts by analyzing the control net of SF with Theo-
rems 1 and 2. The subdivision process stops as soon as a
flatness condition is satisfied or the remaining region is
within a given tolerance. Finally, we apply the globalized
Newton method as described in [9] for each of the remain-
ing patches. Another similar outline can be found in [11].

3. Analysis and examples

Selimovic provides two exclusion criteria for the point
projection problem of NURBS surfaces [11]. The first exclu-
sion criterion is based on the plane clipping method. As
shown in Fig. 1, the plane and the sphere separate the
whole space into three parts A, B and C. From the geomet-
rical intuition, the plane clipping method in [11] can elim-
inate the surface patches in part A, while our spherical
clipping method may eliminate both parts A and B. More-
over, the plane clipping method in [11] seems unable to
compute the farthest point problem, while our spherical
clipping method can be used to compute the farthest point
problem by changing ‘‘outside” into ‘‘inside” in the corre-
sponding algorithm.

Theorem 3 will show that the second exclusion criterion
in Theorem 2 extends the comparable one in [11].

Theorem 3. Given a clamped B-spline surface, if the second
exclusion criterion in [11] that the nearest point is on one of
the four boundary curves is satisfied, then the criterion in
Theorem 2 is satisfied.

Proof 2. Suppose that the constructive tangent cone Tc of
the surface Sðu; vÞ is given by the axis Z and the angle b,
and that the p is a test point. If the exclusion criterion in
[11] that the nearest point is on one of the four boundary
curves is satisfied, i.e.,
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\ðPi;0 � p;ZÞ < p=2� b; for all 0 6 i 6 n; ð7Þ

we will prove that fi;0 6 fi;j for all i and j, which is the crite-
rion in Theorem 2. From Eq. (7), any angle between two
vectors in Tc is less than p=2. The direction vector
Pi;kPi;kþ1
�����!

is in the tangent cone Tc , so we have

ðPi;kþ1 � Pi;kÞ � ðPj;lþ1 � Pj;lÞP 0: ð8Þ

Combining with Eqs. (7) and (8), we have

P̂a;b � P̂c;d ¼ P̂a;0 þ
Xb

k¼1

ðPa;k � Pa;k�1Þ
( )

� P̂c;0 þ
Xd

h¼1

ðPc;h � Pc;h�1Þ
( )

P P̂a;0 � P̂c;0:

Since 1 ¼
P

bBb;qðvÞ and 1 ¼
P

jB̂j;2qðvÞ, we haveX
b

Bb;qðvÞ
X

d

Bd;qðvÞ ¼
X

j

B̂j;2qðvÞ:

From the formula (3.2) in [6], we have

X
b

Bb;qðvÞ
X

d

Bd;qðvÞ ¼
X

j

X
b

X
d

X
c

v1
b;q;c;jv

2
d;q;c;j=C2q

q

( ) !

B̂j;2qðvÞ:

Thus, we obtain

X
j

B̂j;2qðvÞ ¼
X

j

X
b

X
d

X
c

v1
b;q;c;jv2

d;q;c;j=C2q
q

( ) !
B̂j;2qðvÞ:

From the linear independent property of the B-spline basis
functions, we have

X
b

X
d

X
c

v1
b;q;c;jv

2
d;q;c;j=C2q

q

( )
¼ 1: ð9Þ

Combining with Eqs. (4), (5) and (9), we have

fi0 ¼
X

a

X
c

P̂a0P̂c0

X
b

k1
a;p;b;ik

2
c;p;b;i=C2p

p

( )

¼
X

a

X
c
P̂a0P̂c0

X
b

k1
a;p;b;ik

2
c;p;b;i=C2p

p

( )

�
X

b

X
d

X
c

v1
b;q;c;jv

2
d;q;c;j=C2q

q

( )

¼
X

a

X
b

X
c

X
d

P̂a0P̂c0

X
b

k1
a;p;b;ik

2
c;p;b;i=C2p

p

( )

�
X

c
v1

b;q;c;jv2
d;q;c;j

=C2q
q

( )

6

X
a

X
b

X
c

X
d

P̂abP̂cd

X
b

k1
a;p;b;ik

2
c;p;b;i=C2p

p

( )

�
X

c
v1

b;q;c;jv2
d;q;c;j

=C2q
q

( )

¼ fij:

So we complete the proof. h
Fig. 2 shows two examples. In Fig. 2a, with our spherical
clipping method, we can judge that the point P0;0 is the
nearest point. But both exclusion criteria of [11] are not
satisfied. In Fig. 2b, the shape of the surface is very compli-
cated. After one step of subdivision, one of the two surface
patches is outside the sphere Oðp; jjP00pjjÞ and can be elim-
inated by the spherical clipping method, the remaining
surface patch is verified to satisfy the exclusion criterion
in Theorem 2. However, it can be verified that both exclu-
sion criteria of [11] are not satisfied with both of the two
surface patches, and it needs more subdivision steps in
the method in [11].

Fig. 3 shows three more examples. The test surfaces in
Fig. 3a and b are Bézier surfaces, and Fig. 3c shows a
clamped B-spline surface case. The test points are sam-
pled from a d-offset surface of the given surface with a
small d. Table 1 shows the corresponding comparison re-
sults between the method in [11] and our new method.
Both the average subdivision time and the average com-
putation time of the new method are less than those of
the method of [11]. Usually, it is very easy to compute
fij in Eq. (4) for Bézier surfaces by using Formula (6),
while it seems to be a bit time-consuming to compute
the objective squared distance function in B-spline form
for B-spline surfaces.

Fig. 4 shows two examples comparing both efficiency
and correctness between the new method and the method
in [11]. There are altogether 441 test points sampled from
a self-intersected offset surface of the original surface at
parameters fði=20; j=20Þg, where i; j ¼ 0; . . . ;20. The corre-
sponding results are shown in Table 2. In Table 2, Ts and
Tc denote the subdivision time and the computation time,
MSelimovic and Mnew denote the method in [11] and the new
method, Ni denotes the number of the resulting nearest
points which are within the tolerance 10�i, i ¼ 3;4;5, and
N2 denotes the number of the points which are beyond
the tolerance 10�2. As shown in Table 2, all of the resulting
nearest points in the new method are within the tolerance
10�5. While in the method of [11], about 2% points are not
within the tolerance 10�5, and some of them are even not
within the tolerance 10�2. All these above examples are
implemented in Visual C++ on Windows PC with 1.7 G
CPU and 1.0 G memory.

4. Conclusions

A spherical clipping method on computing the point
projection problem for clamped B-spline surfaces is pre-
sented. Compared with the root-finding method, the
new method can geometrically eliminate most of the
roots not mapping to the nearest point. Compared with
the geometrical method in [11], as shown from geometri-
cal intuition, our spherical clipping method is able to
eliminate more surface patches than the plane clipping
method of [11]. The new exclusion criterion in Theorem
2 is proved to extend the comparable one in [11]. Exam-
ples are also shown to illustrate efficiency of the new
method. Our future work will be to extend the new meth-
od to the point projection problem for rational B-spline
surfaces.



Fig. 2. Example showing the efficiency of the exclusion criteria for B-spline surfaces.

Fig. 4. Examples for illustrating both efficiency and correctness.

Fig. 3. Tested surfaces: (a) a Bézier surface, (b) a Bézier surface, (c) a B-spline surface.
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Table 2
Comparison on both efficiency and correctness.

Method Ts Tc ðmsÞ MSelimovic Mnew

Ms Mn Ms Mn N5 N4 N3 N2 N5 N4

Fig. 4a 621.4 102.7 9.140 1.274 433 3 3 2 441 0
Fig. 4b 816.4 100.9 7.015 0.816 429 4 4 4 441 0

Table 1
Comparison on subdivision time and computation time.

Method Subdivision time Computation time

Selimovic Chen et al. Selimovic Chen et al.

Fig. 3a 109.1 56.2 1.029 ms 0.317 ms
Fig. 3b 125.9 67.0 1.127 ms 0.484 ms
Fig. 3c 111.4 66.3 1.262 ms 0.653 ms
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