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DECORRELATION ESTIMATES FOR THE EIGENLEVELS OF THE
DISCRETE ANDERSON MODEL IN THE LOCALIZED REGIME

FREDERIC KLOPP

ABSTRACT. The purpose of the present work is to establish decorrelation estimates for the
eigenvalues of the discrete Anderson model localized near two distinct energies inside the
localization region. In dimension one, we prove these estimates at all energies. In higher
dimensions, the energies are required to be sufficiently far apart from each other. As a
consequence of these decorrelation estimates, we obtain the independence of the limits of
the local level statistics at two distinct energies.

RESUME. Dans ce travail, nous établissons des inégalités de décorrélation pour les valeurs
propres proches de deux énergies distinctes. En dimension 1, nous démontrons que ces
inégalités sont vraies quel que soit le choix de ces deux énergies. En dimension supérieure,
il nous faut supposer que les deux énergies sont suffisamment éloignées 'une de l'autre.
Comme conséquence de ces inégalités de décorrélation, nous démontrons que les limites des
statistiques locales des valeurs propres sont indépendantes pour deux énergies distinctes.

1. INTRODUCTION

On (2(Z%), consider the random Anderson model

H,=-A+V,
where —A is the free discrete Laplace operator
(1.1) (“Au)p = >y for u=(un),eza € (2%
|m—n|=1

and V,, is the random potential
(1.2) (Viow)n = wpttn,  for u = (up),eza € 2(Z%).

We assume that the random variables (wy),cz¢ are independent identically distributed and
that their common distribution admits a compactly supported bounded density, say g.
It is then well known (see e.g. [12]) that

e let ¥ := [—2d,2d]+suppg and S_ and S; be the infimum and supremum of 3; for
almost every w = (wy,),ez4, the spectrum of H,, is equal to X;

e for some S_ < s_ < s; < Sy, the intervals I = [S_,s_) and I} = (s4,S54]
are contained in the region of localization for H, i.e. the region of ¥ where the
finite volume fractional moment criteria of [1] are verified for restrictions of H, to
sufficiently large cubes (see also Proposition 2.1). In particular, I := I_ UI, contains
only pure point spectrum associated to exponentially decaying eigenfunctions; for the
precise meaning of the region of localization, we refer to section 2.1.2; if the disorder
is sufficiently large or if the dimension d = 1 then, one can pick I = 3;
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e there exists a bounded density of states, say A — v(FE), such that, for any continuous
function ¢ : R — R, one has

(13) / S(EY(E)AE = E((50, o(H.)b0)).

Here, and in the sequel, E(-) denotes the expectation with respect to the random
parameters, and P(-) the probability measure they induce.

Let N be the integrated density of states of H, i.e. N is the distribution function
of the measure v(E)dE. The function v is only defined E-almost everywhere. In the
sequel, when we speak of v(F) for some E, we mean that the non decreasing function
N is differentiable at F and that v(E) is its derivative at E.

1.1. The results. For L € N, let A = A;, = [~L,L]? be a large box and N := #A; =
(2L + 1)% be its cardinality. Let H,(A) be the operator H,, restricted to A with periodic
boundary conditions. The notation |A| — +o0 is a shorthand for considering A = Ay, in the
limit L — +o0. Let us denote the eigenvalues of H,(A) ordered increasingly and repeated
according to multiplicity by Ej(w,A) < Ey(w,A) < --- < Ex(w,A).

Let E be an energy in I such that v(E) > 0. The local level statistics near E is the point
process defined by

N
(1.4) E(&B,w,A) = be (5w (§)
n=1
where
(15) £n(B,w, ) = [A|W(E) (Bu(w,A) — B), 1<n<N.

One of the most striking results describing the localization regime for the Anderson model is

Theorem 1.1 ([15]). Assume that E € I be such that v(E) > 0.
When |A| — +o0o, the point process Z(-, E,w, ) converges weakly to a Poisson process on
R with intensity the Lebesgue measure i.e. for (Uj)i<j<j, Uj C R bounded measurable and

UpNU; =0if j # 3 and (kj)i<j<s € N7, one has

#{J; &n(E,w,A) € Ui} = Ky J v
_w U;1%
P w; : : — e IUI 21—
’ _ ’ A—7d et kj!
#{jvgn(Eﬂ")?A) GUJ}:kJ =
An analogue of Theorem 1.1 was first proved in [17] for a different one-dimensional random

operator.
Once Theorem 1.1 is known, a natural question arises:

e for E # FE’, are the limits of Z(¢, E,w,A) and Z(&, E',w, A) stochastically indepen-

dent?

This question has arisen and has been answered for other types of random operators like
random matrices (see e.g. [14]); in this case, the local statistics are not Poissonian.
For the Anderson model, this question has been open (see e.g. [16, 19]) and to the best of our
knowledge, the present paper is the first to bring an answer. The conjecture is also open for
the continuous Anderson model and random CMV matrices where the local statistics have
also been proved to be Poissonian (see e.g. [4, 7, 19, 20]).

The main result of the present paper is
2



hal-00467011, version 2 - 5 Sep 2010

Theorem 1.2. Assume that the dimension d = 1. Pick E € I and E' € I such that E # F',
v(E) >0 and v(E'") > 0.

When |A| — +o00, the point processes Z(E,w,A) and Z(E',w,\), defined in (1.4), converge
weakly respectively to two independent Poisson processes on R with intensity the Lebesque
measure. That is, for (Uj)i<j<s, U; C R bounded measurable and Uy NU; =0 if j # j' and
(kj)i<j<s € N7 and (Uii<j<rs U; C R bounded measurable and U}, NU; = 0 if j # j' and

(k:;»hgng e N7 one has
( #{j§£n(E,W,A) S Ul} =k

- _ J R .
) #{]agn(anaA) € UJ} - kJ _ ei|U]’| ‘U]’kj He_‘UJ"l |Uj/|k1
Bl o

1.6) P
WO FIN s e cvi=# ([Tl

/!

j=1 J

#{J: (B, w,A) € Uy} =k
When d > 2, we also prove

Theorem 1.3. Assume that d is arbitrary. Pick E € I and E' € I such that |E — E'| > 2d,
v(E) >0 and v(E'") > 0.

When |A| — +oo, the point processes Z(E,w,\) and Z(E',w, ), defined in (1.4), converge
weakly respectively to two independent Poisson processes on R with intensity the Lebesgue
measure.

In section 3, we show that Theorems 1.2 and 1.3 follow from Theorem 1.1 and the decorrelation
estimates that we present now. They are the main technical results of the present paper.

Lemma 1.1. Assume d = 1 and pick 8 € (1/2,1). For a € (0,1) and {E,E'} C I s.t.
E # FE', for any ¢ > 0, there exists C > 0 such that, for L > 3 and cL* < ¢ < L*/c, one has

o(Ho(A) N (B +L7(=1,1)) 0, o
o g <{0<HW<A§>> N(E +L7(-1,1) # @D < O(e/L)* s D",

This lemma shows that, up to sub-polynomial errors, the probability to obtain simultaneously
an eigenvalue near £ and another one near E’ is bounded by the product of the estimates
given for each of these events by Wegner’s estimate (see section 2.1.1). In this sense, (1.7) is
similar to Minami’s estimate for two distinct energies.
Lemma 1.1 proves a result conjectured in [16, 19] in dimension 1.

In arbitrary dimension, we prove (1.7), actually a somewhat stronger estimate, only when
the two energies E and E’ are sufficiently far apart.

Lemma 1.2. Assume d is arbitrary. Pick € (1/2,1). For o € (0,1) and {E,E'} C I s.t.
|E — E'| > 2d, for any ¢ > 0, there exists C > 0 such that, for L > 3 and cL* < ¢ < L%/c,
one has

o(HL () N (E+ L(-1,1)) # 0,
a9 P({E ) n (e s i ) e ) < c@nr e

This e.g. proves the independence of the processes for energies in opposite edges of the almost

sure spectrum.

The estimate (1.8) in Lemma 1.2 is somewhat stronger than (1.7); one can obtain an analogous

estimate in dimension 1 if one restricts oneself to energies E/ and E’ such that £ — E’ does not

belong to some set of measure 0 (see Lemma 2.11 in Remark 2.2 at the end of section 2.3).
3
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Remark 1.1. As the proof of Theorems 1.2 and 1.3 shows, the estimates (1.7) are (1.8) are
stronger than what it needed. It suffices to show that the probabilities in (1.7) are (1.8) are
o((¢/L)%).

In [7] (see also [8]), the authors provide another proof of Theorems 1.1 and of Theorems 1.2
and 1.3 under the assumption that the probabilities in (1.7) are (1.8) are o((¢/L)%). The
analysis done in [8] deals with both discrete and continuous models. It yields a stronger
version of Theorem 1.1 and Theorems 1.2 and 1.3 in essentially the same step.

Whereas in the proof of Lemma 1.1, we explicitly use the fact that H, = Hg + V,, where Hg
is the free Laplace operator (1.1), the proof we give of Lemma 1.2 still works if Hy is any
convolution matrix with exponentially decaying off diagonal coefficients if one replaces the
condition |E — E’| > 2d with the condition |E — E’| > supo(Hy) — inf o(H)).

2. PROOF OF THE DECORRELATION ESTIMATES

Before starting with the proofs of Lemma 1.1 and 1.2, let us recall additional properties
for the discrete Anderson model known to be true under the assumptions we made on the
distribution of the random potential.

2.1. Some facts on the discrete Anderson model. Basic estimates on the distribution
of the eigenvalues of the Anderson model are the Wegner and Minami estimates.

2.1.1. The Wegner and Minami estimates. One has
Theorem 2.1 ([22]). There exists C > 0 such that, for J C R, and A, a cube in Z¢, one has
(2.1) E[tr(1;(Hy(A)))] < ClJ[[A]

where

e H,(A)) is the operator H,, restricted to A with periodic boundary conditions,
e 1;(H) is the spectral projector of the operator H on the energy interval J.
We refer to [10, 13, 21] for simple proofs and more details on the Wegner estimate.
Another crucial estimate is the Minami estimate.

Theorem 2.2 ([15, 2, 9, 5]). There exists C > 0 such that, for J C K, and A, a cube in Z4,
one has

(2.2) E[tr(1;(Ho(A))) - tr(1x (Ho(A)) = 1)] < CLJ| K[ |A

For J = K, the estimate (2.2) was proved in [15, 2, 9, 5]; for J # K, it can be found
in [5]. In their nature, (1.7) or (1.8) and (2.2) are quite similar: the Minami estimate can be
interpreted as a decorrelation estimate for close together eigenvalues. It can be used to obtain
the counterparts of Theorems 1.2 and 1.3 when E and E’ tend to each other as |A| — +oo
(see [7]).

Note that the Minami estimate (2.2) has been proved for the discrete Anderson model
on intervals [ irrelevant of the spectral type of H, in I. Our proof of the decorrelation
estimates (1.7) and (1.8) makes use of the fact that I lies in the localized region.

2.1.2. The localized regime. Let us now give a precise description of what we mean with the
region of localization or the localized regime. We prove

Proposition 2.1. Recall that I = I, UI_ is the region of % where the finite volume fractional
moment criteria of [1] for H,(A) are verified for A sufficiently large.

Then,
4
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(Loc): there exists v > 0 such that, for any p > 0, there exists ¢ > 0 and Ly > 0 such
that, for L > Lg, with probability larger than 1 — L™P, if
(1) ¢nw is a normalized eigenvector of H,(Ar) associated to an energy Ey, , € I,
(2) zpw € AL is a mazimum of x — |pnu(x)] in Ap,
then, for x € Ap, one has

(2.3) |90n,w($)| < Lqe*’/|$*$n,w|.
The point x, ., is called a localization center for oy ., or Ey .

Note that, by Minami’s estimate, the eigenvalues of H,(A) are almost surely simple. Thus,
we can associate a localization center to an eigenvalue as it is done in Proposition 2.1.

In its spirit, this result is not new (see e.g. [1, 6, 7]). We state it in a form convenient for our
purpose. We prove Proposition 2.1 in section 4

2.2. The proof of Lemmas 1.1 and 1.2. The basic idea of the proof is to show that, when
w varies, two eigenvalues of H,,(A) cannot vary in a synchronous manner, or, put in another
way, locally in w, if F(w) and E'(w) denote the two eigenvalues under consideration, for some
v and 7/, the mapping (w,,wy) = (E(w), E'(w)) is a local diffeomorphism when all the other
random variables, that is (wa)ag{y,y}, are fixed.
As we are in the localized regime, we will exploit this by noting that eigenvalues of H,,(A)
can only depend significantly of (log L)? random variables i.e. we can study what happens
in cubes that are of side-length log L while the energy interval where we want to control
things are of size L~%. This is the essence of Lemma 2.1 below. This lemma is proved under
the general assumptions (2.1), (2.2) and (Loc). In particular, it is valid for if one replaces
the discrete Laplacian with any convolution matrix with exponentially decaying off diagonal
coefficients.
The second step consists in analyzing the mapping (w~,wy) — (E(w), E'(w)) on these smaller
cubes. The main technical result is Lemma 2.4 that shows that, under the conditions of
Lemmas 1.1 and 1.2, with a large probability, eigenvalues away from each other cannot move
synchronously as functions of the random variables. Of course, this will not be correct for all
random models: constructing artificial degeneracies, one can easily coin up random models
where this is not the case.
Lemmas 1.1 and 1.2 will be proved in essentially the same way; the only difference will be
in Lemma 2.4 that controls the joint dependence of two distinct eigenvalues on the random
variables.

Let J, = E4+ L™9~1,1] and J, = E'+ L~9[—1,1]. Pick L sufficiently large so that J, C I
and J; C I are contained in I where (Loc) holds true.
Pick ¢L® < ¢ < L*/c where ¢ > 0 is fixed. By (2.2), we know that

P (#[0(H.(Ag) N 1] > 2 or #[0(Ho(Ag) N J}) > 2) < C(¢/L)*

where #]-] denotes the cardinality of -.
So if we define

Pyp=P (#[U(HW(AE)) N JL] =1, #[U(HW(AK)) n J/L] = 1) )
it suffices to show that

e(log L)” if the dimension d =1,
(log L)Y if the dimension d > 1.
5
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First, using the assumption (Loc), we are going to reduce the proof of (2.4) to the proof of a
similar estimate where the cube Ay will be replaced by a much smaller cube, a cube of side
length of order log L. We prove

Lemma 2.1. There exists C' > 0 such that, for L sufficiently large,
Py < C(¢/L)* + C(£/0)% P,
where { = C'log L and
Py = P(#lo(Hu(A7) 1 J2) > 1) and #o(Hou(A) 0 T4 > 1)
where Jp, = B+ L™4(~2,2) and J, = E' + L79(-2,2).

Proof of Lemma 2.1. Fix C > 0 large so that e-¢7108L/2 < [,=2d=4 where ¢ and 7 are given
by assumption (Loc) where we choose p = d. Let 0y be the set of probability 1 — L™P where
(1) and (2) in assumption (Loc) are satisfied. Define ¢ = C'log L. We prove

Lemma 2.2. There exists a covering of Ay by cubes, say Ay = Uyer[y + Aj], such that
#I =< (£/0)?, and, if w € Qq is such that Hy(Ag) has exactly one eigenvalue in Jy, and
ezactly one eigenvalue in J; , then
(1) either, there exists v and +' such that v+ A; N~ + A; =0 and
o H,(v+ A;) has exactly one e.v. in Jg,
o H,(v + A;) has exactly one e.v. in Jy .
(2) or Hy,(Ag;(y)) has exactly one e.v. in Jr and exactly one e.v. in Jy.

We postpone the proof of Lemma 2.2 to complete that of Lemma 2.1. Using the estimate
on P(€), the independence of Hy(y 4 A;) and H,(y' 4+ A;) when alternative (1) is the case
in Lemma 2.2, Wegner’s estimate (2.1) and the fact the random variables are identically
distributed, we compute

—2d A\ o(Huw(A35(0))) N T # 0
o1 cusie ({700 n 7 Zof)
+ (/D> P(#[o(Ho(A(0))) N Jr] = 1)P(#[o(Hu(A7(0) N JL] > 1)
< CL™ % 4+ (00> (/L)% + C(£/0)4 P, < C(L/L)* + C(0/0) P

where P; is defined in Lemma 2.1 for 5¢ replaced with ¢. This completes the proof of
Lemma 2.1. ]

Proof of Lemma 2.2. For v € {Z% N Ay, consider the cubes (v + AZ)yEZdeA[ They cover Ay.
Recall that we are taking periodic boundary conditions. If the localization centers associated
to the two eigenvalues of H,(Ay) assumed to be respectively in J;, and .J 7 are at a distance
less than 3¢ from one another, then we can find v E (7% such that both localization centers
belong v + A; (for ¢ = ClogL and C > 0 sufficiently large). Thus, by the localization
property (Loc), we are in case (2).

If the distance is larger than 3/, we can find v € ¢Z% and 4 € ¢Z® such that each of the
cubes v+ A; /2 and 7' + A; /2 contains exactly one of the localization centers and (v + A; /2) N

(v + AZ/Q) = (. So for { = C log L and C > 0 sufficiently large, by the localization property

(Loc), we are in case (1).
This completes the proof of Lemma 2.2. O
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We now proceed with the proof of (2.4). Therefore, by Lemma 2.1, it suffices to prove that
P1, defined in Lemma 2.1, satisfies, for some C > 0,

e if the dimension d = 1,

25 P < C g L 2d : pt
(2.5) 1= C(/L) {EC if the dimension d > 1.

Let (Ej(w,€))1<j<(it1ye be the eigenvalues of H,(A;) ordered in an increasing way and
repeated according to multiplicity.
Assume that w — E(w) is the only eigenvalue of H,(A;) in Jr. In this case, by standard
perturbation theory arguments (see e.g. [11, 18]), we know that

(1) E(w) being simple, w — E(w) is real analytic, and if w — p(w) = (p(w;7))yea;

denotes the associated normalized real eigenvector, it is also real analytic in w;

(2) one has 9,,, E(w) = ¢*(w;~) > 0 which, in particular, implies that

(2.6) IVuEW)llg = 1;

(3) the Hessian of E is given by Hess, E(w) = ((h3)),3 Where
o hyg = —2Re((Ho (A7) — BW)) ¢y (W), vs(w)),
o ¢y = p(w;7)I(w)dy
e II(w) is the orthogonal projector on the orthogonal to ¢(w).
We prove

Lemma 2.3. There exists C > 0 such that
C

| Hesso (Bl < G BT o ) B

Proof of Lemma 2.3. First, note that, by definition, H,(A;) depends on (20 + 1)¢ random
variables so that Hess,E(w) is a (20 + 1) x (20 4 1)% matrix. Hence, for a = (ay)yen; € Che
and b = (by)yen; € CMe, we compute

(Hess, E a,b) = —2((Hy (A7) — BE(w)) ™ Ya, ¥)

where

Yo =) | D al&)(6,] | ow) = D ayp(win)(w)s,.

YEA; YEA;
Hence, ||t4]]2 < C|lal|~ and, for some C > 0,
- C
~ dist (E(w), o (Ho(Ap) \ {E(w)})
This completes the proof of Lemma 2.3. U

[Hessy, (E(w))]lgoo e

Note that, using (2.2), Lemma 2.3 yields, for € € (4L7%, 1),

P ({w o(Ho,(Ap) N Jp = {E(W)}1}> < Cef2dr—d

" [[Hessw (E(W)) g —er = €7

Hence, for € € (4L79,1), one has

(2.7) P, < Cel®L=% 4+ P,
where
(2.8) P =P(Q0(e))

7
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o N
Ho(Ap) 0 Jp = {E'(w)}

{E'(w)} = o(Hu(Ap)) N (B = Ce, E' + Ce)
We will now estimate P.. The basic idea is to prove that the eigenvalues F(w) and E’'(w)
depend effectively on at least two independent random variables. A simple way to guarantee
this is to ensure that their gradients with respect to w are not co-linear. In the present case,
the gradients have non negative components and their ¢!-norm is 1; hence, it suffices to prove
that they are different to ensure that they are not co-linear.
We prove

Lemma 2.4. Let L > 1. For the discrete Anderson model, one has

(1) in any dimension d: for AE > 2d, if the random variables (w~)~en, are bounded by K,
for Ej(w) and Ey(w), simple eigenvalues of Hy(Ar) such that |E(w) — Ej(w)| > AE,
one has

(2.10) VB (w) — Byl > ~2 2 L 4 1)~

(2) in dimension 1: fir E < E' and > 1/2; let P denote the probability that there exists
Ej(w) and Ey(w), simple eigenvalues of H, (A1) such that |Ey(w)—E|+|Ej(w)—E'| <

e’ and such that

(2.11) IV (Ej (W) — B(w))lh < e

then, there exists ¢ > 0 such that
(2.12) P < el
We postpone the proof of Lemma 2.4 for a while to estimate P.. Set

_8 . . .

e if the dimension d = 1

2.13 A=A = ~ ’

(2.13) B {%661/2 if the dimension d > 1.

For v and 4" in A;, define

(2.14) Qgg () = Qo(e) N {w; |Jyy(E(w), E'(w))| > A}

where J, /(E(w), E'(w)) is the Jacobian of the mapping (w-,wy) — (E(w), E'(w)) i.e.

0., E(w) (9%, E(w)

J%A/(E(w),El(w)) = &‘,WE'(w) O, E'(w)|"

In section 2.4, we prove

Lemma 2.5. Pick (u,v) € (RT)?" such that ||ull; = ||v|]; = 1. Then

2
Uj U 2
> — — .
ol P |u— vt
We apply Lemma 2.4 with L = ¢ and Lemma 2.5 to obtain that
(2.15) P.<> P QW )+ P,
vEY
where
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in dimension 1, we have P, < C'/*%¢~ 27 for any 1/2 < 8/ < 3; thus, for L sufficiently
1) ind 1, we have P, < C/f?%e~
large, as ¢ > clog L and 8 > 1/2, we have
(2.16) P, < L™,
(2) in dimension d, as by assumption AE > 2d, one has P, = 0, thus, (2.16) still holds.
In the sequel, we will write w = (W, Wy, w, 1) wWhere w, v = (W5) 3y}

To estimate IP’(Q&’%I(E)), we use

Lemma 2.6. Pick ¢ = L™%\73. For any Wy, if there exists (wg,wg,) € R? such that
(wg,wg,,wvﬁl) € Qg:g, (€), then, for (wy,w,) € R? such that |((,uﬂf,(,uvl)—(w?/,w?{/)|Oo > LI\ 2,
one has (E;(w), Ej(w)) & Jr x Jy.

Recall that g is the density of the random variables (w-),; it is assumed to be bounded and
compactly supported. Hence, the probability P(Qg:g,(e)) is estimated as follows

PO ) = B ( [ Ty @)oo o

(217) SEyy </ Q(WV)Q(WV’)ded"JV’>
|(wrywyr) = (@G w5 ) oo <L™4AT2

< CL72d)\74
where [, .,/ denotes the expectation with respect to all the random variables except w, and
wfyl.
Summing (2.17) over (v,7/) € A%, using (2.15) and (2.16), we obtain

P. < CL24)\4,
We now plug this into (2.7) and use the fact that e = L=9\73 to complete the proof of (2.5).
This completes the proofs of Lemmas 1.1 and 1.2. O

Proof of Lemma 2.6. Recall that, for any v, w, — Ej(w) and w, — Ej(w) are non decreasing.
Hence, to prove Lemma 2.6, it suffices to prove that, for |(w,,w,) — (wg,wg,ﬂoo = L7I\72
one has (E;(w), Ej(w)) & Jp, x J}.

Let S denote the square Sg = {[(wy,wy) — (wg,wg,)]w < L79\72),

Recall that ¢ = L™9\73. Pick w4 such that there exists (w,oy,wg/) € R? for which one has
(wg, w,oy,,w,y,,yl) € Qg’g/ (€). To shorten the notations, in the sequel, we write only the variables
(wy,wy) as wy 4 stays fixed throughout the proof; e.g. we write E((w,,w,)) instead of
E((wy, wyr, wyy1))-

Consider the mapping (w-,wy) = @(wy,wy) := (E(w), E' (w)). We will show that ¢ defines
an analytic diffeomorphism form Sg to p(Sg).

By (2.14) and (2.9), the definitions of Qg’g,(e) and Qo(e), we know that

a(H(wnggl)(A[)) N(E—Ce,E+Ce) ={Ew)} C (E-CL 4 E+CL™),
a(H(wnggl)(Ag)) N[(E—-Ce E—Ce/2)U(E+ Ce/2,E + Ce)| =0,
U(H(wwwgl)(Ag)) N(E'—Ce,E' +Ce) ={F'(w)} c (E' = CL™ % E' + CL™),
J(H(wwwg/)(/\g)) N[(E' —Ce, E' — Ce/2) U (E' + Ce/2, E' + Ce)] = .

9
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By (2.6), as L=9\"2 < Ae, for (w,,w,/) € Sp , one has

o(Hy(Ap)) N (E —Ce/2,E +Ce/2) = {E(w)} C (E - Ce/4,E + Ce/4),

o(Hy(Ap)) N[(E—Ce/2,E —Ce/4) U (E + Ce/4,E + Ce/2)] =0,

o(Hy, (A7) N (E' —Ce/2,E' +Ce/2) ={E(w)} C (E' — Ce/4,E + Ce/4),

o(Hy(Ap) N[(E' — Ce/2,E' — Ce/4) U (E' + Ce/4, E' + Ce/2)] = 0.
Hence, by Lemma 2.3, for (w,,w,) € Sg, one has

[Hesse, (B(w)) e + [Hessu (B' (@) lgon < Ce™h < CLIN.
By (2.6) and the Fundamental Theorem of Calculus, for (w,,w,) € Sg, we get that,

IV (wy, wy) = Vep(w, wi)|

(2.18) Cdrye
< (|Hessw (B(w))llee et + [Hessu (B (w))llge o) LA™ < ON2.

Let us show that ¢ is one-to-one on the square Sz. Using (2.18), we compute

/ /
/ / 0, 0 Wy — Wy 2 Wy — Wy
) = ployio) = Vilub) - (7 707 )| < QC_%)H

As (W), W), wyy) € Q&’gl(s), we have

| Jac w(wg,wgfﬂ > A

I J—
4 )|
2 w,y,—wq/

|[Jac p(wy,wy) — Jac w(wg,wg/)\ < \?

Hence, for ¢ large, we have

|g0(w£/, w'/y’) - QD(W,Y, w’y’)

0 ¢ is one-to-one. The estimate (2.18) yields

As (wg,wg/,w%y/) € Q&’gl(e), for L sufficiently large, this implies that

1
(219) Weryioy) € 850 1y (B). B/ ()] 2 LA
The Local Inversion Theorem then guarantees that ¢ is an analytic diffeomorphism from
Sz onto ¢(Sg). By (2.19), the Jacobian matrix of its inverse is bounded by C/? for some
C > 0 independent of L. Hence, if for some |(wy,wy) — (wg,wg,ﬂoo = L79)\72, one has

(E(w), E'(w)) € J, x J}, then
LI02 = [y, t0y) — (@l = I (B @), B @) — ¢ (B, E)ow < CLX!

which is absurd when L — +o00 as A = A, — 0 (see (2.13)). This completes the proof of
Lemma 2.6. O

2.3. Proof of Lemma 2.4. A fundamental difference between the points (1) and (2) in
Lemma 2.4 is that to prove point (2), we will the fact that Hy is the discrete Laplacian.
In the proof of point (1), we can take Hp to be any convolution matrix with exponentially
decaying off diagonal coefficients if one replaces the condition |E— E’| > 2d with the condition
|E — E'| > supo(Hy) — inf o(Hyp).
As it is simpler, we start with the proof of point (1).

10
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2.3.1. The proof of point (1). Let Ej(w) and Ej(w) be simple eigenvalues of H,(Ar) such
that |Ey(w) — Ej(w)| > AE > 2d. Then, w — Ej(w) and w +— Ej(w) are real analytic
functions. Let w — ¢;(w) and w — ¢y (w) be normalized eigenvectors associated respectively
to Fj(w) and Ej(w). Differentiating the eigenvalue equation in w, one computes

w - Vy(Ej(w) = Er(w)) = (Vop; (), 9j(w)) = (Vorr(W), pr(w))
= Ej(w) = Ep(w) + (=App(w), pr(w)) — (=Ap;(w), ¢ ().
As 0 < —A < 2d and as ¢;(w) and ¢y (w) are normalized, we get that
AFE —2d < |Ej(w) — Ex(w)] —2d < |w - Vu,(Ej(w) — Ex(w))].
Hence, as the random variables (w)~ea are bounded, the Cauchy Schwartz inequality yields
AFE —2d

—d/2
2L+ 1),

Ve (Ej(w) = E(w))ll2 =
which completes the proof of (2.10).

2.3.2. The proof of point (2). Let us now assume d = 1. Fix E < E'. Pick Ej(w) and Ej(w),
simple eigenvalues of H,,(Ar) such that |Ey(w) — E|+ |Ej(w) — E'| < e=L”. Then, w — E;(w)

and w + FEj(w) are real analytic functions. Let w + ¢/ (w) and w +— ¢¥(w) be normalized
eigenvectors associated respectively to E;(w) and Ej(w). One computes
VoEjw) = (197 @;)]*)er, and  VoEg(w) = ([0" (@;7)]*)ren,.
Hence, if
(220) e > | Vu(Bj(w) = Br@)lh = Y 17 (@i7) = " (@i - ¢ (w37) + o (@i )]
vEAL

as [|VoEj(w)|| = |VuEgk(w)|| = 1, there exists a partition of A, = {—L,--- ,L}, say P C A,
and Q@ C Ay, such that PUQ = Ay, and PN Q = 0 and such that
o for vy € P, [¢7 (w;7) — o (wiv)| < e 273
o for v € Q, |9 (w;y) + P (wi7)| < e L7/2,
Introduce the orthogonal projectors P and () defined by
P=> "m0l and Q=> Kl
YEP v€eQ
One has ‘ '
[P = Pefla < VIe? and  |Q¢ + QeFllz < VIe V2.
Clearly ||Po? |12 + [|Q¢? 1> = [|l¢7]|?> = 1. As (@7, pF) = 0, one has
0= ((P+Q)¢, (P+Q)¢") = (P’ P") + (Q¢’, Q")
= IPFI? = Q¢/|I* + 0 (Ve H/2)
Hence 1 1
|PE|* = 5+ O(WVLe ™) and Q¢! | = 5+ O(VLe /%),
This implies that
(2.21) P40 and Q # 0.

We set h_ = Pyl — Po¥ and hy = Qul + Qy*. The eigenvalue equations for E;(w) and
Ej(w) yields

(=A+W,)¢! = AE(w)¢’ and (A + W,,)p" = —AE(w)e"
11
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where
AE(w) = (Ej(w) = Ep(w))/2, Wo=V,—-Ew), FEw)=(Ejw)+ Exw))/2.

To simplify the notation, from now on, we write u = ¢/; then, one has ¥ = Pu — Qu +

O(VL e X°/2). This yields

(=A+ W) (Pu+ Qu) = AE(w)(Pu + Qu),
(—A+ W) (Pu—Qu+h_—hy) =—-AEWw)(Pu—Qu+h_—hy)

that is

(—A+W,)(Qu) = AE(w)Pu+h
where h := (=A+ W, — AE(w))(h— — hy)/2. As PW,Q = 0, this can also be written as

[—(PAQ + QAP) — AE]u — hy,
[—(PAP +QAQ)+V, — Elu = hy.

{(—A +W,)(Pu) = AE(W)Qu — h,

(2.22)

where
hi:= (P - Q)h+ (AE(w)— AE)u, hy:=(Q— P)h+ (E(w)— E)u,
AE = (E - E)/2, E=(E+E))2.
By our assumption on Ej(w) and Ej(w), we know that
IABE(w) — AE| <2 [Ew)-FE|<e ™, |h|<CcVLe /2
Hence, we get that
(2:23) Iall + ol < OV e™2/2,
So the above equations imply that

e AF is at a distance at most v/L e~ L%/2 o the spectrum of the deterministic operator
—(PAQ +QAP),
e 1 is close to being in the eigenspace associated to the eigenvalues close to AFE,
e finally, u is close to being in the kernel of the random operator —(PAP + QAQ) +
Vo, —E.
The firsts conditions will be used to describe u. The last condition will be interpreted as a
condition determining the random variables w, for sites v such that |u,| is not too small.
We will show that the number of these sites is of size the volume of the cube Ap; so, the
probability that the second equation in (2.22) be satisfied should be very small.
To proceed, we first study the operator —PAQ — QAP. As we consider periodic boundary
conditions, we compute

(224)  —PAQ-QAP= ) (y+10l+ME+1)+ Y (I + D0+ +1)
yEOP YEOQ

where OP = {y € P; y+1€ Q} CPand 0Q ={y€ Q; v+ 1€ P} C Q. By (2.21), we

know that OP # () and 9Q # (.

We first note that 9P N dQ = (). Here, as we are considering the operators with periodic

boundary conditions on Ay, we identify Ay with Z/LZ.

For A C Ap we define A+ 1= {p+1; p € A} to be the shift by one of A. By definition,

(OP +1) C Q and (0Q + 1) C P. Hence, (OP +1)NIP =0 and (0Q + 1) N 9Q = 0.

Consider the set C := 0P U9dQ. We can partition it into its “connected components” i.e.
12
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C can be written as a disjoint union of intervals of integers, say C = Uﬁ“zl(ff. Then, by the
definition of OP and 0Q, for | # I’, one has,

(2.25) Cincy=Cin(Ci+1)=0.
Define C; = Cf U (Cf + 1). (2.25) implies that, for I # 1,
(2.26) CNCy =0.

Note that one may have uﬁozlcl = Ar. The representation (2.24) then implies that the
following block decomposition

lo
(2.27) — PAQ — QAP = — Z CIAC,
=1

where C is the projector C; = Z 1) (|-

v€C;
Note that, by (2.26), the projectors C; and Cy are orthogonal to each other for [ # I’. So the
spectrum of the operator —PAQ —QAP is given by the union of the spectra of (C;AC))1<i<y,-
Each of these operators is the Dirichlet Laplacian on an interval of length #C;. Its spectral
decomposition can be computed explicitly. We will use some facts from this decomposition
that we state now.

Lemma 2.7. On a segment of length n, the Dirichlet Laplacian A, i.e. the n X n matriz

0 1 0 - - 0
1 0 1 0
0 1 0
An: .
0 1 0
1 0 1
0 0 1 0

satisfies

e its eigenvalues are simple and are given by (2cos(kn/(n +1)))1<k<n;
o for ke {l,---,n}, the eigenspace associated to 2cos(km/(n + 1)) is generated by the
vector (sin[kjm/(n + 1)])i<j<n.
Moreover, there exists K1 > 0 such that, for any n > 1, one has

5 km 9 k'r - 1
cos | —— | — 2cos .
n+1 n+1/)| = Kin?

Proof of Lemma 2.7. The first statement follows immediately from the identity

sin M + sin M = 2cos ko sin kim .
n—+1 n—+1 n—+1 n—+1

The estimate (2.28) is an immediate consequence of
km K'n . ((k+E)T . [((k—K)m
cos — cos = —2sin | ——— |sin | —— ] .
n+1 n+1 2(n+1) 2(n+1)

We now solve the first equation in (2.22) that is describe u solution to this equation.
13
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Lemma 2.8. Let u be a solution to (2.22) such that |ul| = 1. Then, for L sufficiently large,
one has

(2.29) < L3

lo
U — Z Ciu
=1

where, if for 1 <1 <ly, we write C; = {y; ,--- ,7l+} (n; = 7;' -, +1), then,

e cither there exists a unique k; € {1,--- ,n;} satisfying
k 1
2 cos ( il > — AFE
n;+1
and ot € R such that

K1n2
(2.31) |Ciu — || < e E7/3

(2.30) <

where

ul {Sin <4kl(y;7l+_1+l)ﬂ> if v e G,
0 if v ¢ Cl.

e there exists no ky € {1,--- ,n;} satisfying (2.30) then

ICiul| < e~ L7/3,

Proof of Lemma 2.8. By Lemma 2.7, the spacing between consecutive eigenvalues of —C;AC)
is bounded below by 1/(K1n?).
lo lO
Let Ct =1— Z C;. Hence, u = Z Cyu + Ctu, the terms in this sums being two by two
=1 =1

orthogonal to each other. As AE > 0, the first equation in (2.22) then yields
(2.32) VI <1<l |—CACu—AECu| <CVLe ™™ and ||Chul| < OVLe ™2,

Write C; = {v, ,v, +1,--- ,WfL} where one may have 7, = 7l+' We assume that the (C;)1<i<,
are ordered so that 71+ <Y1
By the characterization of the spectrum of —C;AC],
e if 2cos(kym/(n+1)) is an eigenvalue of —C;AC] closer to AE than a distance L™2 /4K
(by the remark made above, such an eigenvalue is unique), then, for some o' real, one
has
|Cu — || < CL/2 e L7/2,

e if there is no such eigenvalue, then
(2.33) |Crul| < CL2 e L7/2,
This completes the proof of Lemma 2.8. O
We now prove that |u,| cannot be really small for too many ~.

Lemma 2.9. There exists ¢ > 0 such that, for L sufficiently large,

(1) either #C > L/3 and, for v € C, |uy| > e L2/s,
(2) orly > 2¢LP and there exists I* € {1,--- ,lo} such that, for |l —1*| < cL?, and~ € C,
one has |uy| > e LP/6.

14
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Proof of Lemma 2.9. To prove Lemma 2.9, we compare the values of v on C; and Cj41, that
is, the vectors Cju and Cj41u given by Lemma 2.8.
First, notice that up to an error of size at most e L7/ 3. w on C is determined by its co-

efficient Uy, O equivalently, by its coefficient Uy in particular as sin(k;w/(n; + 1)) =
(—=1)*=Ysin(kynym/(ng + 1)), the representations (2.29) and (2.31) yields

(2.34) || = || + ‘uﬁ — ot sin(kym/ (n + 1))‘ <Cce N3,
1 2k
Notice also that, as 2 < mn; < 2L + 1 is fixed, for p* := Moy cos i . one has
2 2 n;+1
(2:35) sup (Gl = plall| < Ce™H 2,
1<i<lp

To compare the values of v on C; and Cjy1, we use the second equation of (2.22) or, equiva-
lently, the eigenvalue equation for u that reads (see (2.22))

(2.36) (-A+V,—Eju=AFEu+e

where e = hy + ha (see (2.22)); hence, [le]| < CyLe L2,
We will discuss three cases depending on how far 'yl+ and v, are from one another:

(1) if dist(C;, Cy1) > 3, that is, if v <" +1 < Vg1 — L <t as {vf+1,- Vg1 —
1}ﬂ[U§°:1C1] =0, by (2.29), we know that |u,| < CL*7® forn € {y;' +1,--- Vg1 — 1}
The eigenvalue equation (2.36) at the points 'y;r +1 and 7, ; — 1 then tells us that
7L3/3
]uﬁ] + ]uqﬂl\ <Ce :
Thus, by (2.34) and (2.35)
(2.37) |Crual + 1 Cryyul] < Cem %
(2) if dist(C;,Cry1) = 2, that is, if 7l+ < 71+ +1=7, —1 <7, as 7l+ +1¢ uf@zlcl,
by (2.29), we know that |u_+ | < CL?~®. Hence, in the same way as above, the
1
eigenvalue equation (2.36) at the point ;" + 1 tells us that
_Lﬁ/g
\uvfr + uvl_ﬂl < Ce .
Thus, by (2.34) and (2.35)
_Lf
(2.38) [Crull = | Crrul| | < Ce™ 74,

(3) if dist(C;,Ci1) = 1, that is, if 5,7 +1 = Y41 then, the first equation in (2.22) and
the decomposition (2.27) yield

_ _ —LA/3
\u,yffl AE u,yl+\ + ‘u’n:rﬁl AEU%L’ <Ce .
The eigenvalue equation (2.36) at the points 'yl+ and 7, , yields

; -E— AE)uvﬂ

g1+t +

T —L8/3
+ \u,yl+ +u E AE)uvl;l\ < Ce .

— + (w_—
Vg1 TL ( Y41

Summing these two equations, we obtain

+ (w

_ < e 3
E)u,yl+1| <Ce .

l+ — E)uﬂ/ﬂ + |uﬂ{l+ + (UJ
15
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Then, as the random variables (wy,)nez are bounded, using (2.34) and (2.35), there
exists C' > 1 such that

1
(2.39) (Gl = CemH 1) < Cuprull < C(ICul +e7H /%)

Notice that (2.38) and (2.37) also imply that (2.39) (at the expense of possibly changing the
constant C') also holds in case (1) and case (2). Hence, for 1 < [,1’ <y, we have

(2.40) c = Cpul| — Ve L4 < | Cpul| < CVU| Cpul| + CIF -t L7 /4
If case (1) in the above alternative never holds i.e. if for 1 <[ <y, one has dist(C;, C;4+1) < 2,
then, one has #C > L/3.
We know that ||[Cul|| =1+ O(e‘Lﬂ/g). So, for L sufficiently large, there exists 1 < [* < [y
such that
ICrull = (2v/60) " = (VL)
Hence, by (2.40), either of two things occur
e for some [, one has ||Cyul| < e=L°/5, then |I—1*| > &L for some ¢ > 0; thus, Iy > 2¢L°;
and for some 0 < ¢ < ¢, for || — I*| < cL?, one has ||Cjul| > e L7/,
e for 1 <[ <y, one has |Cju| > e=L7/5; then, case (1) never occurs, thus, by the
observation made above, #C > L/3
Finally, notice that, by (2.35), (2.34) and the form of u' (see Lemma 2.8), ||Cul| > e~ L7/5
implies that |u,| > e~ 1716 for n € C.
This completes the proof of Lemma 2.9. u

We now show that our characterization of u, a solution of (2.22), imposes very restrictive
conditions on the random variables (w-)_r<~y<r-

If ~ is inside one of the connected components of C, say C;, that is, if {y — 1,v,v+ 1} C C,
then, by the first equation in (2.22), we know that

[ty g1 + Uy—1 — AFEu,| < Ce 1713,
Plugging this into (2.36), the eigenvalue equation for u, we get
|(wy = B)uy | < e /1,

Hence, if v belongs to one of the (C;); singled out in Lemma 2.9, the lower bound for |u.|
given in Lemma 2.9 yields

(2.41) wy — B| < Ce V12,

Now, if n; > 2, there exists v € C; such that {y — 1,7,7 4+ 1} C C;. On the other hand, if
n; = 2, then, the approximate eigenvalue equation on C; reads

' < E wm‘) (uvfr> < OVLeE2,
w+ FE U~ -
Rl R
So, if ||Cu|| > e=17/6_ one has
(2.42) 1= (@, = E)w,s — B)| < Ce 1713,

Hence, we see that the random variables must satisfy at least ¢L? distinct conditions of the
type (2.41) or (2.42). As the random variables are supposed to be independent, identically
distributed with a bounded density, these condition imply that (2.20) can occur with a given

C

partition P and Q with a probability at most, e™ L*” for some ¢ > 0. As the total number of

16
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partitions is bounded by 2¥ and as 3 > 1/2, we obtain that, P, the probability that (2.20)
holds, is bounded by (2.12). This completes the proof of Lemma 2.4. O

Remark 2.1. The estimate (2.12) can be improved as, actually, not all partitions are allowed
as we saw in the course of the proof. Moreover, it is sufficient to assume that the distribution
function of the random variables be Holder continuous for the method to work.

Remark 2.2. We now present a natural weaker analogue of point (2) in Lemma 2.4. Fix

p > 0 and define
L

Agf = Jo(—CiAC) + L7, L7"].
=0
then, for p > 3, one has |AE¢| < 2L277, thus,

N U ag| =0

n>1L>n

Define the set of total measure

As=R\ | () U a&

N>1L>N
Hence, if E — E' = AE € A&, for L sufficiently large, as
inf dist(AE,o(—CjACy)) > L™°
Inf dist(AE, o(-CIAC)) = L7,

by the decomposition (2.27), a solution u to the first equation in (2.22) must satisfy |lul| <
L=W=p) if ||hy|| < L. Hence, we obtain

Lemma 2.10. Fiz v > 4. For the discrete Anderson model in dimension 1, for E—E' € A&,
for L sufficiently large, if Ej(w) and Ey(w) are simple eigenvalues of H,(Ar) such that
|Er(w) = Bl + |Ej(w) — E'| < L7 then ||V (Ej(w) = Ep(w))lh = L7

This can then be used as Lemma 2.4 is used in the proof of Lemma 1.1 to prove the following
variant of the decorrelation estimates in dimension 1

Lemma 2.11. Assume d = 1. For a € (0,1) and E — E' € AE s.t. {E,E'} C I, for any
¢ > 0, there exists C > 0 such that, for L >3 and cL* < ¢ < L%/c, one has

o(Hy(Ag)) N (E +L7(=1,1)) #0,
P <{O’(Hw(Ai)) N (E/ + Lid(—l, 1)) 4 @}) < C(E/L)Qd(log L)C

Comparing with Lemma 1.1, we improved the bound on the probability at the expense of
reducing the set of validity in (E, E’).

2.4. Proof of Lemma 2.5. Pick (u,v) € (RT)?" such that |lul; = [jv]1 = 1. At the
expense of exchanging u and v, we may assume that [[v]|o > |Jullz. Write u = aw + v* where
(v,v1) = 0. Note that, as all the coefficient of both u and v are non negative, v+ = 0 is
equivalent © = v. Let us now assume u # v that is v # 0. One computes

(2.43) lull3 = o®|[oll3 + [ 13 and [lu — o[l = (o= 1)[[o]|3 + [l 3.

Moreover, as all the coefficients of v are non negative, v admits at least one negative
coefficient. As all the coefficients of u are non negative, the decomposition u = av + v+
17
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implies that o > 0. The first equation in (2.43) and the condition |[v|j2 > ||u||2 then imply
€ (0,1). Combining this with u = av + v+ and |jul|; = |Jv||; = 1 yields

0<1—a< vt

Hence, by the second equation in (2.43) and the Cauchy-Schwartz inequality, we get

(2.44) =l < lu=vllz < Jollzllvtll + lotl2 < 2vnllv 2.

L
\/ﬁ

For any (7, k), one has

1 1
v Vg Uj Vi

As {v,v) = 0, one computes

2
Uj Uk 1,2 142 1,00
Z v; o — Z ((vjvk )* + (vkvj )7 — 2v5v; VEV; )
Jk Jk
2 12 1L 1L
~o( 5] (SCtr) 2 St ) (et
J k J k
= 2ol3 1 > oog s — vl
= 2 2= 53 1
Thus,
J =y —
el P Ju— vy
which completes the proof of Lemma 2.5. ]
3. THE PROOFS OF THEOREMS 1.2 AND 1.3
In [7], the authors extensively study the distribution of the energy levels of random systems

in the localized phase. Their results apply also to the discrete Anderson model; in particular,
they provide a proof of Theorems 1.2 and 1.3 once the decorrelation estimates obtained in
Lemmas 1.1 and 1.2 are known. We provide an alternate proof. The proof in [7] relies on
a construction that also proves Theorem 1.1 (actually a stronger uniform result). Here, we
only prove Theorems 1.2 and 1.3 independently of the values of the limits in Theorem 1.1.
The localization centers of Proposition 2.1 are not defined uniquely. One can easily check that,
under the assumptions of Proposition 2.1, all the localization centers for a given eigenvalue
or eigenfunction are contained in a disk of radius at most C'log L (for some C' > 0). To define
a unique localization center, we order the centers lexicographically and let the localization
center associated to the eigenvalue or eigenfunction be the largest one (i.e. the one most
upper left in dimension 2).

We prove

Lemma 3.1. Pick o € (0,1) and ¢ > 0. Let v be defined by (Loc). Assume ¢ = {(L) satisfies
cL* <0< L%e.

If (Loc) (see Proposition 2.1) is satisfied then, for any p > 0 and € > 0, there exists Lo > 0
such that, for L > Lg, with probability larger than 1 — L™P,

(1) if (Ej)1<j<s € I? are eigenvalues of Hy,(Ap) with localization center in v + Ay, then

the operator H,(v+Ay14c)) has J eigenvalues, say (Ej)1<j<, with localization center

in 7y + My(14e/2) and such that sup |Ej — Ej] < emvet/4,

1<j<J
18
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(2) if (Ej)i<j<s € 17 are eigenvalues of Hy(v+Ay14e)) with localization center in v+ Ay,

then the operator H.,(Ar) has J eigenvalues, say (E;)i<j<j, with localization center
in vy + Ny14/2) and such that sup |E; — E;| < e vel/4,
1<i<J
(3) if (Ej)1<j<s € I' are eigenvalues of H,(y + Ag(14¢)) with localization center in 7y +
(Ag(14¢/2) \ Ae), then there exists (Bj)1<j<s such that, for 1 < j < J, one has
el

° Bj € EZd N [’}/ + (A£(1+5/2) \Af)] ’
e the operator H,(B; + Ad/4) has an eigenvalue, say Ej, satisfying |E; — EJ| <
—vel/8

e

The number v > 0 is given by (Loc).

Similar results can be found in [7].

Proof. With probability at least 1 — L™P, the conclusions of Proposition 2.1 hold which we
assume from now on.

To prove (1), let (p;)i<j<s be normalized eigenfunctions associated to (E;)i<j<s. Then,
setting pj = Ly4a,,,. %; and using (2.3) from (Loc) and the assumption that the localization
center are in v + Ay, one obtains

sup H1v+(AZ(1+s)\AZ(1+s/2))@jH€2(v+/\z(1+g)) <e
1<j<J

< J2€—u5€/47

<<<¢3j7 ¢k>€2(‘/+/\a1+s)))) 1<j<d Id
1<k<J

—vel/6
)

SUP ||(Hw(’7 + Ag(lJre)) — Ej)¢j||€2(’y+/\g(1+g)) < 67V65/4‘
1<i<J

This immediately yields (1) for L sufficiently large as

e J<(2L+1)%and cL® < ¢ < L/c,
e at a localization center, the modulus of an eigenfunction is at least of order L~%/2.

Points (2) is proved in the same way. We omit further details.

To prove (3), we set p; = 18,4804 where f3; is the point in %Zd closest to the localization
center of ¢;. The conclusion then follows from the same reasoning as above.

This completes the proof of Lemma 3.1. U

Pick (Uj)lSjSJ, (kj)lSjSJ S NJ, (U]I»)lgjgj/ and (k;)lgjgj S NJI as in Theorem 1.2. To

prove Theorems 1.2 and 1.3, it suffices to prove (1.6) for (U;)i<j<s and (U})i<j<; non

empty compact intervals which we assume from now on.

Pick L and ¢ such that (2L + 1) = (20 + 1)(2¢' + 1), ¢L® < £ < L*/c for some «a € (0,1)

and ¢ > 0. Pick € > 0 small. Partition A; = U Ay(7y) where Ay(y) = (20 + 1)y + Ay. For
IvI<

A C A and U C R, consider the random variables

1 if H,(A) has at least one eigenvalue in
X(E,U AN = E + (v(E)|A])71U with localization center in A’,
0 if not;
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if A=A, we write X(E,U,A) := X(E,U,A,A), and

S(B,U) =Y X(BE,UAM®), S(BULO:=> X(EUA(>").

ly[<e ly[<e
We prove
Lemma 3.2.
( #{j§£n(EaWaA) eUl}:kjl E(E’Ulag):kl
#{j§£n(EaWaA)€UJ}:kJ E(E’UJ’E):]{:J
P w; . / / / -P w; rorr! / - 0,
#{],gn(E ,W,A) € Ul} = kl E(E aUlag) = kl Lo
#{j§£n(ElaWaA) € UJ’} =k E(E/’ UJ”E) =k
( #{j§£n(E7W7A) eUl}:kjl E(Elevg):klv
Pl{w : BRI : ~ 0
L—+o00
#{j§£n(E7W7A)€UJ}:kJ E(EvUng):kJ
and
( #{j§£n(E/7W7A) € U{} = kll E(Elv U{,f) = kll’
P w; : : - P w; : : — 0.
: : : : L too
#{j§£n(ElawaA) S UJ’} =k E(Elv UJ”E) =K,

Proof. We first prove

Lemma 3.3. For any p > 0 and e > 0, there exists C > 0 such that, for U a compact interval
and L sufficiently large, one has

(31) P #méa(Bow,A) € U} £ S(E,U)}) < COL- (U] + 1) + L7,
and
(3.2) P({w; X(E,U) #X(E,U0)}) <L P+ Ce|U|.

Proof of Lemma 3.3. As A = U Ay(7) and these sets are two by two disjoint, the quantities
lyl<e

#{n; &, (F,w,\) € U} and X(F,U) differ if and only if, for some || < ¢/, H,(A) has at least
two eigenvalues in E + (v(E)|A|)~1U with localization center in Ay(7). By Lemma 3.1, this
implies that, except on a set of probability at most L™, H,((2¢+ 1)y + Ag) has at least two
eigenvalues in U + [—e /4 e=¥¢/4]. Thus, by Minami’s estimate (2.2), this happens with a
probability at most C/??L=24(|U| + 1)2 + L~P. Summing this estimate over all the possible
v’s, we complete the proof of (3.1).

The proof of (3.2) is split into two steps. Define

Y(E,U,e) = Z X(E,U, (20 4+ 1)y + Myi4e), (20 + 1)y + Ayi—e))-
ly|<e
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Then, we successively prove

(3.3) P({w; X(BE,U) #X(E,U,e)}) < L P+ Cel|U|
and
(3.4) P({w; X(E,U,e) #X(E,U0)}) <L P4+ Cel|U]

which implies (3.2).
To prove (3.3), we note that, by Lemma 3.1, except on a set of probability at most L7,
Y(E,U) and X(E, U, ¢) differ if and only if, for some |y| < ¢, one has

(1) either o(H,(A)) NoU # 0, .

(2) or o(Hy,((20 + 1)y + Agr1c))) NOU # 0, i

(3) or Hy,((2¢ + 1)y + Ag14¢)) has an eigenvalue in U with a localization center in the

cube (26 + 1)’)/ + (Aé(l—i—e) \Aé(l—a))

where U = E + (v(E)|A|)"'U + e %%/8[=1,1] and 6U = U \ (E + (v(E)|A|)~'U).
The probability of alternatives (1) and (2) is estimated using the Wegner estimate (2.1). It
is bounded by 2L% /8 < [P for L sufficiently large.
By point (3) of Lemma 3.1, except on a set of probability at most L~P, alternative (3)
implies that, for some 3 € v+ (Ay14¢/2) \ A¢), the operator H, (8 + A.y4) has an eigenvalue
in E4(v(E)|A|)~'U+e "*/3[~1,1]. The number of possible s is bounded by Cefde~%~¢ =
Ce'~9. Using Wegner’s estimate (2.1) and summing over the possible ’s, this probability
is bounded by Ce'=%(ef/L)*|U| + L < Ce(¢/L)YU| + L. Finally, we sum this over all
possible 4’s to obtain that the probability that alternative (3) holds for some 7 is bounded
by Ce|U|+ LP. This yields (3.3).
To prove (3.8), the reasoning is similar. By Lemma 3.1, except on a set of probability at
most L7, X(F,U, () and X(F, U, ¢) differ if and only if, for some |y| < ¢, one has

(1) either o(Ho,((2¢ + 1)y + Agrse))) N T # 0,

(2) or o(Hu(Ae(1) 10 0, ]
(3) or Hy((2€+ 1)y + Ay14-)) has an eigenvalue in U with localization center in the cube

(20 + 1)y + (Apase) \ Api—e))- .

(4) or Hy(A¢(7)) has an eigenvalue in U with localization center in (20+1)y+(Ag\Agq_e))-
Following the same steps as in the proof of (3.3), we obtain (3.8). We omit further details.
This completes the proof of Lemma 3.3. O

As e > 0 can be chosen arbitrarily small and J and J’ are finite and fixed, Lemma 3.3 clearly
implies Lemma 3.2. O

In view of Theorem 1.1 and Lemma 3.2, to prove (1.6), it suffices to prove that, in the limit
L — +00, the difference between the following quantities vanishes

S(E, U, 0) =k, 5(E,Uz,0) =ky
(3.5) P(<w; A , , ,
E(E,Ul,g):kl,,E(E,UJ/,E):]CJ/
and
S(E,Up,0) = ky, Y(E', U, 0) = K,
(3.6) PlQw; : P < w;

S(E, Uy, 0) =ky S(E, Uy, b) = k),
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Both terms in (3.5) and (3.6) define probability measures on N’*7'. By Theorems 1.1 and
Lemma 3.2, we know that the limit of the term in (3.6) also defines a probability measure on
N/+/. Thus, by standard results on the convergence of probability measures (see e.g. [3]),
the difference of (3.5) and (3.6) vanishes in the limit L — +o0 if and only if, for any (¢;)1<j<s
and (t;/)1<j <y real, in the limit L — 400, the following quantity vanishes

!
E <e St SEUO -ty E(E’,Uj/,£)>

o E <€_ Z}]:l tj Z(E7Uj ,ﬁ)) E <€_ Z;']’/:l tj/ E(E/,Uj/,€)> )

Note that, as the sets (A¢(7))y<¢ are two by two disjoint and translates of each other, for
a fixed U, the random variables (X(E,U, A¢(7))},<¢ are i.i.d. Bernoulli random variables.
Thus,

!
E <e 23-1:1 t; E(E,Uj,é)—zj,:l tyr E(E’,Uj/,£)>

_ H - (e_ Sty X(BU )=S0 £ X(E/7Uj/,A4(7))> .
Iy <2/

The Minami estimate (2.2) and the decorrelation estimates (1.7) and (1.8) of Lemmas 1.1
and 1.2 guarantee that, for any p € (0, 1), one has, for some C' > 0 independent of -,

<X(E7 Uj7AZ(7)) = 1)

sup
1<j<j<J X(E, U37A€('Y)) =1
X(E Uy, A(v) =1
(3.7) + sup P 1
15/ <<’ J

X(E,Uj,Ao(7)) =1 d(1+p)
+ sup P (, 5 Ae()) §C<£> ]
1<j<s \X(E,Uj, Ag(7)) =1 L
1<y’ <J’

Using this, we compute

E <e Syt X(B U A ) -5 X(E',Uj/,Am»)

J
=1+ Z(e*ta' —1) - P(X(E,Uj, Ay(7)) = 1)

JT 0\ 41+p)
+ Y (7 = 1) P(X(E, Uy, Ag(7)) = 1)+ O <<f> ) |

Here, the term O((¢/L)*1+P)) is uniform in .
On the other hand, one has

E (7t XEGAOD) —1 4 (75 = 1) - P(X(E, Uy, A7) = 1),
(3.9) ,
E (e—tj/X(E ,Uj,,Az(v))> =1+ (e —1)-P(X(E,U;, Ae(7)) = 1).

22



hal-00467011, version 2 - 5 Sep 2010

By the Wegner estimate (2.1), we know that

(3.10) S [P(X(E,Uj,Ae(7)) = 1) + P(X(E',Ujr, Ae(7)) = 1)] < C (%)d
1<5'<J’
Thus, by (3.8), we have
E <e Syt X(BU; A ) -3 X(E',Uj/,Am»)
_ ﬁE <efth(E,Uj,Ag('y))) ﬁ B <e—t]~/ X(E/,Uj/,Ae(w/))> [1 L0 <(£L,1)d(1+p))] .
j=1 j’=1

In the same way, one proves

E (e— E‘j’:lth(E,Uije(v))) _ ﬁ E <e—t]~ X(E,Uj,Ag(fy))> [1 L0 <(€L*1)d(1+p)>} ’
(3.11) =
E (e— Z;’/:ltj, X(E',Uj,,Az(v))> _ ﬁ E (e—tj/X(E/,Uj,,Ag(y))> [1 L0 <(€L*1)d(1+p)>} _

j'=1

As #{|y| < '} < C(LE~1)?, we obtain that
(3.12) E <e_ Sty E(E,Ujvf)—Zf/:ltj, E(E'7Uj,7£)>
= (67 :7']:1 tj E(E,ijz)) E (e Z.‘]']/I:I tj/ E(E/7Uj/7£)> |:1 + O ((EL_l)dp)] )

Finally, note that (3.9), (3.10) and (3.11) imply that, for any (¢;)i1<;<s and (¢j/)i<j </, one
has

sup [IE <e’ Sty E(E,Uj,£)> 1E (e Zf/:ltj/ E(EQUJ./,Z))} < +oo.
L>1

Hence, by (3.12), as ¢cL® < ¢ < L%/c for some « € (0, 1), we obtain that
E <e St SEU -ty E(E’,Uj/,£)>

_F (67 St Z(E,Uj,2)> E(e Z]J,/:Itj,z(Eng/,z) S 0.
L—+o00

This completes the proof of Theorems 1.2 and 1.3.

Remark 3.1. The basic idea we used here is to split the cube A into smaller two-by-two
disjoint cubes (A, ()) in such a way that, up to exponentially small errors, the eigenvalues
of H,(A) can be represented as eigenvalues for H,(A,(¢)) and that they are independent of
each other. In [7] (see also [3] for a review of the results), this idea is exploited thoroughly
to study the eigenvalue statistics for random operators in the localized regime.
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4. PROOF OF PROPOSITION 2.1

Let I be a compact subset of the region of localization i.e. the region of 3 where the finite
volume fractional moment criteria of [1] for H,(A) are verified for A sufficiently large. Then,
by (A.6) of [1], we know that there exists a > 0 such that, for any F C I, V(z,y) C A%, one
has

(4.1) E(uf4|(F)) < Cemlrl,

where 1% denotes the spectral measures of H,(A) associated to the vector d, and 6,. In
particular, if F' contains a single eigenvalue of H,(A), say F, that is simple and associated
to the normalized eigenvector, say, ¢ then

(4.2) A1) = (@) le(y)].

Pick ¢ and § positive such that ¢|A|?> = §/K for some large K to be chosen below. Then,
partition I = Uj<p<nI, into intervals (I,,),, of length . By Minami’s estimate, one has

P({w; 3In s.t. I,, contains 2 e.v. of H,(A)}) < CH|I|/K < §/2

if C|I|/K <1/2. Pick K so that this be satisfied.
We now apply (4.1) to F' =1, for 1 <n < N and sum the results for s < a to get

ved, E (Zzeslwlmi’m(@)) < I

n xeA

Hence, by Markov’s inequality,

el CIA||I
(Y Y erluryion = B <

no(z,y)eA?
Thus, using the relation between ¢ and e, with a probability larger than 1 — §, we know that
(1) each interval I,, contain at most a single eigenvalue, say, F, associated to the nor-
malized eigenfunction, say, ,;
(2) by (4.2), one has

C|A|3eslz—yl
Vo) € A% fon(e) lealn)] < ARG

As ¢y, is normalized, if x,, is a maximum of z — |, ()|, one has
[pn(@n)] = A7,

thus,
This yields Proposition 2.1 if one picks § = L™ when A = Aj. )
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