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Abstract This paper is devoted to the off-line multiple change-
point detection in a semiparametric framework. The time series is
supposed to belong to a large class of models including AR(o0),
ARCH(o0), TARCH(00),... models where the coefficients change at
each instant of breaks. The different unknown parameters (num-
ber of changes, change dates and parameters of successive models)
are estimated using a penalized contrast built on conditional quasi-
likelihood. Under Lipshitzian conditions on the model, the consis-
tency of the estimator is proved when the moment order r of the
process satisfies r > 2. If r > 4, the same convergence rates for the
estimators than in the case of independent random variables are ob-
tained. The particular cases of AR(c0), ARCH(o0) and TARCH(o0)

show that our method notably improves the existing results.

1. Introduction. The problem of the detection of change-points is a classical problem as well
as in the statistic than in the signal processing community. If the first important result in this
topic was obtained by Page [20] in 1955, real advances have been done in the seventies, notably
with the results of Hinkley (see for instance Hinkley [13]) and the topic of change detection became
a distinct and important field of the statistic since the eighties (see the book of Basseville and
Nikiforov [3] for a large overview).

Two approaches are generally considered for solving a problem of change detection: an ’on-line’
approach leading to sequential estimation and an ’off-line’ approach which arises when the series
of observations is complete. Concerning this last approach, numerous results were obtained for
independent random variables in a parametric frame (see for instance Bai and Perron [1]). The
case of the off-line detection of multiple change-points in a parametric or semiparametric frame for
dependent variables or time series also provided an important literature. The present paper is a

new contribution to this problem.

In this paper, we consider a general class M7 (M, f) of causal (non-anticipative) time series. Let
M and f be a measurable functions such that for all (z;)icrv € IRY, M((zi)icn) is a (m x p)
non-zero real matrix and f ((m,),e JN) € R™. Let T C Z and (& )tcz be a sequence of centered inde-

pendent and identically distributed (iid) RP-random vectors called the innovations and satisfying
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var(&p) = I, (the identity matrix of dimension p). Then, define
Class My (M, f): The process X = (Xi)iez belongs to Mp(M, f) if it satisfies the relation:

(11) Xt+1 = M((Xt—i)iEﬂV)gt =+ f((Xt—Z)ZEﬂV) fOI' all te T.

The existence and properties of these general affine processes were studied in Bardet and Winten-
berger [2] as a particular case of chains with infinite memory considered in Doukhan and Win-
tenberger [8]. Numerous classical real valued time series are included in Mz(M, f): for instance
AR(00), ARCH(o0), TARCH(o0), ARMA-GARCH or bilinear processes.

The problem of change-point detection is the following: assume that a trajectory (Xip,---,X,)

of X = (X¢)tez is observed where
(1.2) X e MT;(Mg;,fg;) forall j =1,..., K%, with

e K€ IN*, T} = {1@11 +1,t 4 +2,...,tj} with 0 <] < ... <t} <n, tj € IN and by
convention tj = —oo and t}.. = 00;

® 0;:(;‘:1,"'70;d)G@CRdfOI‘j:L...,K*.

* *

The aim in the problem is the estimation of the unknown parameters (K*, (t] J<j<K*—1, (9] )ISJSK*) .
In the literature it is generally supposed that X is a stationary process on each set Tj* and is in-
dependent on each T} from the other T}, k # j (for instance in [18], [15], [6] and [7]). Here the
problem (1.2) does not induce such assumption and thus the framework is closer to the applications,

see Remark 1 in [7].

In the problem of change-point detection, numerous papers were devoted to the CUSUM pro-
cedure (see for instance Kokozska and Leipus [15] in the specific case of ARCH(oc0) processes). In
Lavielle and Ludena [17] a ”Whittle” contrast is used for estimating the break dates in the spectral
density of piecewise long-memory processes (in a semi-parametric framework). Davis et al. [6]
proposed a likelihood ratio as the estimator of break points for an AR(p) process. Lavielle and
Moulines [18] consider a general contrast using the mean square errors for estimating the param-
eters. In Davis et al. [7], the criteria called Minimum Description Length (MDL) is applied to a
large class of nonlinear time-series model.

We consider here a semiparametric estimator based on a penalized contrast using the quasi-
likelihood function. For usual stationary time series, the conditional quasi-likelihood is constructed

as follow:

1. Compute the conditional likelihood (with respect to o{Xo, X_1,...}) as if (X¢)ez is known
and when the process of innovations is a Gaussian sequence;
2. Approximate this computation for a sample (X1,...,X,);

3. Apply this approximation even if the process of innovations is not a Gaussian sequence.

The quasi-maximum likelihood estimator (QMLE) obtained by maximizing the quasi-likelihood

function has convincing asymptotic properties in the case of GARCH processes (see Jeantheau [14],
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Berkes et al. [4], Franck and Zakoian [11]) or generalizations of GARCH processes (see Mikosch and
Straumann [23], Robinson and Zaffaroni [22]). Bardet and Wintenberger [2] study the asymptotic
normality of the QMLE of 6 applied to Mz( fg, Mp). Thus, when K* is known, a natural estimator
of the parameter ((t;)ISjSK*fla (9;)1SJ’SK*) for a process satisfying (1.2) is the QMLE on every
intervals [t; + 1,...,t;41] and every parameters ¢; for 1 < j < K*. However we consider here
that K™ is unknown and such method cannot be directly used. The solution chosen is to penalize
the contrast by an additional term 3, K, where (3,)nemn is an increasing sequence of real numbers
(see the final expression of the penalized contrast in (3.2)). Such procedure of penalization was
previously used for instance by Yao [24] to estimate the number of change-points with the Schwarz
criterion and by Lavielle and Moulines [18]. Hence the minimization of the penalized contrast leads
to an estimator (see (3.3)) of the parameters (K*, (t h<j<r—1, (9;)1SJ’SK*)'

Classical heuristics such as the BIC one or the MDL one of [7] lead to choose 3,  logn. In our
study, such penalizations are excluded in some cases, when the models My (M, f) are very depen-
dent of their whole past, see Remark 3.3 for more details. Finally, we will show that an “optimal”
penalization is 8, o« y/n which overpenalizes the number of breaks to avoid artificial breaks in cases

of models very dependent of their whole past (see Remark 3.5).

The main results of the paper are the following: under Lipshitzian condition on fy and My, the
estimator (I?n, (t;/ n), <j<Rn_1> ((/9;)1 <j< I?n) is consistent when the moment of order 7 on the inno-
vations and X is larger than 2. If moreover Lipshitzian conditions are satisfied by the derivatives
of fg and My and if r > 4, then the convergence rate of (?j/n)lﬁjﬁl?n—l is Op(n~') and a Central
Limit Theorem (CLT) for (6;), <j<k, (With a v/n-convergence rate) is established. These results

are “optimal” in the sense that they are the same than in an independent setting.

Section 2 is devoted to the presentation of the model and the assumptions and the study of the
existence of a nonstationary solution of the problem (1.2). The definition of the estimator and its
asymptotic properties are studied in Section 3. The particular examples of AR(c0), ARCH(oc0) and

TARCH(o00) processes are detailed in Section 4. Section 5 contains the main proofs.
2. Assumptions and existence of a solution of the change process.

2.1. Assumptions on the class of models Mz(fg, My). Let 6 € IR* and My and fy be numerical
functions such that for all (z;);eny € RY, Me((ﬁﬂi)z‘elzv) # 0 and fg((ﬂ?i)igﬂ\/’) € IR. We use the

following different norms:

.|| - |l applied to a vector denotes the Euclidean norm of the vector;
. for any compact set © C IR? and for any g : © — R%; ||glle = supgeo(|lg(8)|);

for all x = (z1,-- ,2K) € RE) 2]l = I{laXK‘.%'i‘;
i1 e

) )

N

if X is IRP-random variable with r > 1 order moment, we set || X||, = (IE||X]||")/.

Let Wy = fg, My and i = 0, 1, 2, then for any compact set © C IR, define
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Assumption A;(Vy,0): Assume that |0°Wy(0)/00%||e < oo and there exists a sequence of non-
oo .

negative real number (o Ek)(\lfg, ©))i>1 such that ) Oz](;)(\lfg, ©) < oo satisfying
k=1

|

In the sequel we refer to the particular case called ” ARCH-type process” if fy = 0 and if the

O (x ) O'Wy(y
a0 o0

< (Tg,0)|z) — lz,ye RN
H@ ZOC 0:9)|zk —yk| for all z,y

following assumption holds on hy = MGZ:

Assumption A;(hg,0): Assume that ||0°hg(0)/08%||e < oo and there exists a sequence of non-
negative real number (o Ek)(hg, ©))i>1 such as Oé](j)(hg, ©) < oo satisfying
k=1

Now, for any i = 0,1,2 and 6 € O, under Assumptions A4;(fy, ©) and A;(My, O), denote:

Oho(x)  Fhyly
o9 90

H <Zak (hg, ©)|22 — y2| for all z,y € R™N.

21) B0 =Y 870) where B (0) ==} (fo.{0}) + (E|&l) "ol (M, {0}),

k>1

and under Assumption A;(hy, ©)

(22) BO®) =" B)0) where B(0) := (Elgl)* o (g, {6})-

k>1

The dependence with respect to r of 5,(:)(6?) and ﬁN,(j)(H) are omitted for notational convenience.
Then define:

(2.3) O(r) := {0 € ©, Ay(fy,{0}) and Ag(My, {0}) hold with 3 (#) < 1}
U{0 € R?, f3 = 0 and Ay (hg, {0}) holds with 3 (§) < 1}.

From [2] we have:

Proposition 2.1 If § € O(r) for some r > 1, there exists a unique causal (non anticipative, i.e.
X is independent of (&;)i>t for t € Z) solution X = (Xi)iez € Mz(fo, My) which is stationary,
ergodic and satisfies HXOHT < 00.

Remark 2.1 The Lipschitz-type hypothesis A;(¥g,O) are classical when studying the existence of
solution of general models. For instance, Duflo [9] used such a Lipschitz-type inequality to show the
existence of Markov chains. The subset ©(r) is defined as a reunion to consider accurately general
causal models and ARCH-type models simultaneously: for ARCH-type models Ay(hg,{0}) is less
restrictive than Ayg(Mpy,{0}). However, remark that Ao(hg,{0}) is still not optimal for ensuring
the existence of a stationary solution for ARCH-type models.

Let 0 € O(r) and X = (X})tez a stationary solution included in My ( fy, Mp). For studying QMLE

properties, it is convenient to assume the following assumptions:
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Assumption D(0): 3k > 0 such that eing(\hg(x)]) > h for all 2 € RM,
€

Assumption Id(©): For all §,0' € 62,
(f@(X07X—17"') = for(Xo, X—1,-+) and hg(Xo, X1, -+ ) = he(Xo, X_1,---) a-S-> = 0=10"

Assumption Var(0): For all § € ©,

( Ofe Oheg

W(XmX—la"'))lSigd#o or (W(XO’X_l’“.))lﬁiSd#O a.s.

Assumption D(©) will be required to define the QMLE, Id(0) to show the consistence of the QMLE
and Var(©) to show the asymptotic normality.

2.2. Euzistence of the solution to the problem (1.2). Consider the problem (1.2) and let (X1,...,X,)
be an observed path of X. Then the past of X before the time ¢ = 0 depends on ] and the future

after t = n depends on 0%... The number K* — 1 of breaks, the instants ¢7,--- ,#;._; of breaks and
parameters 07, -- -, 0%. are unknown. Consider first the following notation.
Notation.

o for K > 2, Fg = {z = (t,...tgx—1) ; 0 < t; < ... <tg1 < n} In particular,
tr = (t’{, e ,t%*fl) € Fi~+ is the true vector of instants of change;

o For K € IN* andt € Fg, T = {t €L, th <t< tk} and ny = Card(Ty) with
1 <k < K. In particular; T} = {t € z, ti, <t< t;} and n; = Card(T}) for
1<j<K* Foralll <k <K and 1< j < K", let ng; = Card(T; NTy);

The following proposition establishes the existence of the nonstationary solution of the prob-

lem (1.2) and its moments properties.

Proposition 2.2 Consider the problem (1.2). Assume there existsr > 1 such that 87 € O(r)
forallj=1,...,K*. Then

(i) there exists a process X = (X)iez solution of the model (1.2) such as || Xy||» < oo for
t € Z and X s a causal time series.
(ii) there exists a constant C > 0 such that for all t € Z we have || X, < C.

Remark 2.2 The problem (1.2) distinguishes the caset € Ty = {1,...,t} to the other ones
since it is easy to see that (Xi)iery is a stationary process while (X;)is¢ is not. However, all
the results of this paper hold if (Xy)iers is defined as the other (Xt)teT;, Jj > 2 (by defining
a break in t =0) or, for instance, if we set X; =0 fort <0.

3. Asymptotic results of the estimation procedure.

3.1. The estimation procedure. 'The estimation procedure of the number of breaks K* — 1,
the instants of breaks t* and the parameters §* is based on the minimum of a penalized
contrast. It is clear that if (&); is a Gaussian process and if X € My(fy, Mp) then for s €
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T ={t,t+1,...,t'}, the distribution of X, | (Xs_;)jen~ is N(f@ (Xs,l, .. .), hg(Xs,l, . ))
Therefore, with the notation f; = fy (Xs_l,XS_Q .. .), Mg = My (Xs_l,XS_g .. ) and hj =

M;?, we deduce the conditional log-likelihood on 7' (up to an additional constant)

(X, — f3)°

log (he
= + log (hg) .

L,(T,0) := —% qu(ﬁ with ¢(0) :=

seT

By convention, we set L, (0,0;) := 0. Since only Xj,..., X, are observed, L,(T,#) cannot
be computed because it depends on the past values (X_;);en. We approximate it by:

SN2
1 ~ —~ (XS - fég) Ts
0) = ) qu(e) where g,(0) := T + log (he)
seT [%
with fg = fg(Xt,l, . ,Xl,u), Mg = M, (Xt,l, . ,Xl,u) and ﬁg = (@)2 for any determin-
istic sequence u = (u,,) with finitely many non-zero values.
Remark 3.1 For convenience, in the sequel we chose u = (uy)nen with u, = 0 for alln € N

asin [11] orin [2]. Indeed, this choice has no effect on the asymptotic behavior of estimators.

Now, even if the process (&;); is non-Gaussian and for any number of breaks K —1 > 1 and

any t € Fg, 0 € O(r)X, define the contrast function j; by the expression:

(3.1) Jo(K,t,0) = —Qi (T, 01,) = iKZ (Te N'T%, 64),

k=1

Finally, let (v,)nenw and (Bn)nenw be sequences satisfying v, > 1 and f, := n/v, — oo
(n — o0). Let Kpax € IN* and for K € {1, , K} and (£,0) € Fx x O(r)% (O(r) is
supposed to be a compact set) define the penalized contrast jn by

(3.2) To(K,1,0) := Ju(K.t,0) + — K = J,(K,t,0) + 5, K
vn
and the penalized contrast estimator (K,,%,,8,) of (K*,t*,6") as
~ 1
(3.3) (K,,%,,8. )= Argmin Argmin (J,(K,t,0)) and T, =—".
ISK<Kmax (t,0)€FrxO(r)K n

For K > landt € Fg, denote d, () = (0(T}), ..., 0(Tx)) := Argmin (L(z, Q)) — Argmin (jn(;, Q)).
0eo(r)X 0e0(r)X

Then, é\n(Tk) is the QMLE of 0} computed on T} and /Q\n(f‘) is the QM LE of §*.

Remark 3.2 If K* is known, the estimator of (*,0") may be obtained by minimizing Ty, in-
stead ofjn. However the knowledge of K* does not improve the asymptotic results established

i this paper.
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3.2. Consistency of (Kn,1,,0,). For establishing the consistency, we add the couple of fol-

nytns¥n

lowing classical assumptions in the problem of break detection:

Hypothesis B: j:1,m,i17<l*_1H9;+1 — 9;*” > 0.

Furthermore, the distance between instants of breaks cannot be too small:

Hypothesis C: there exists 7f,..., Ty with 0 < 71 < ... < Tg._y < 1 such that for
j=1,-,K* t& =[n7}] (where [x] is the floor of x). The vector T* = (7{,...,Tj-_,) is
called the vector of breaks.

Even if the length of 7} has asymptotically the same order than n, the dependences with
respect to n of t3, ty, T} and Tj are omitted for notational convenience.

Finally we make a technical non classical assumption. Using the convention: if A;(M,,©)

holds then o' (g, ©) = 0 and if A;(hg, ©) holds then o’ (My, ©) = 0, define:

Hypothesis H;, (i = 0,1,2): For 0 < p < i, the assumptions A,(fy,0), A,(My,0) (or
Ap(ho,©)) hold and for all j = 1,..., K* there exists v > 1 such that 07 € O(r). Denoting
* . 0 * . *
¢ = _min (—log(8(07))/8) A _min_(—1log(3(6}))/8)

j=l,w K"

the sequence (v,)nen used in (3.2) satisfies for all j =1, K*:

r/4n1 r/4 r/4n1 r/4

e 3 (3) (X a%0) I (F) (X 8%6)) <
k>1 £>kcx [ log(k) k>1 £>kc* [ log(k)

r/4

S ()™ (@ 0) + 0 (Mo, 6(r) + 0 (s, 6(r))) ) <o0.

k>1 >k/2
The assumption H; is interesting as it links the decrease rate of the Lipschitz coefficients
and the penalization term of (3.2). The classical BIC penalization and the one coming from
the MDL approach (see [7]) correspond to a sequence v,,  n/log(n). This choice is possible
if the Lipschitz coefficients decrease exponentially fast, which hold for all models M( fy, Mjy)
with finite order (see Remark below). However, if the decrease of the Lipschitz coefficients
is slower, our method can exclude such a choice and an heavier term 5, = n/v, >> log(n)

in the penalization has to be chosen.

Remark 3.3 Conditions (3.4) satisfied by (vy,), are deduced from a result of Kounias [16].
The conditions on (vy,), are not too restrictive:
(1) geometric case: if Oééi)<f.9, (r ))+ (M@,@( ))+Ozz (he,©(r)) = O(a*) with0 < a < 1,

then any (v,)n such as v, = o(n) can be chosen (for instance v, = n(logn)™!).

(2) Riemanian case: if ozg (f@, (r))+ (M@,@( ))JrozZ (hg,©(r)) = O(L™7) with vy > 1,
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o ify> 1+ (1V4rt), then all sequence (v,), such as v, = o(n) can be chosen (for
instance v, = n(logn)™!).

o if 1VAr~! <~y < 14(1V4r—Y), then any (vn), such asv, = O(n'~ V4 (logn)~?)
with & > 1V 4r~! can be chosen.

We are now ready to prove the consistency of the penalized QMLE:
Theorem 3.1 Assume that the hypothesis D(O(r)), 1d(©(r)), B, C and Hy are satisfied
with r > 2 and v,, — oo. If K. > K* then:

(3.5) (K,7,,0,) 2 (K*,7%,0%).

ny LnyYn
n—00

Remark 3.4 If K* is known, we can relax the assumptions for the consistency by taking
v, = 1 for all n as the penalization term in (3.2) does not matter. If K* is unknown then
a reasonable choice in any geometric or Riemanian cases is v,  logn (therefore (5, o
n(logn)™'), see Remark 3.3.

3.3. Rate of convergence of the estimators. To state a rate of convergence of the estimators

7,, and 0, , we need to work under stronger moment and regularity assumptions.

Theorem 3.2 Assume that the hypothesis D(O(r)), 1d(©(r)), B, C and Hy are satisfied
with > 4 and v, — 00. If Knay > K* then the sequence (|[t, — t*|lm)ns1 is uniformly tight
in probability, i.e.

(3.6) lim lim P([[t, — t*[m > 6) = 0.

0 —00 M—00

This theorem induces that w;'|[Z, — t*|m L 0 for any sequence (wp)n such as w,, — oo
and therefore |[£, — t*||m = op(w,): the convergence rate is arbitrary close to Op(1). This
is the same convergence rate as in the case where (X;); is a sequence of independent r.v.

(see for instance [1]). Such convergence rate was already reached for mixing processes in [18].

Let us turn now the convergence rate of the estimator of parameters 6;. By convention
if l?n < K*, set fj = T}(n for j € {I?n, ..., K*}. Then,

Theorem 3.3 Assume that the hypothesis D(O(r)), 1d(©(r)), B, C and Hy are satisfied
with v > 4 and \/n = O(v,). Then if 07 € O(r) for all j =1,---, K*, we have

(3.7) Vs (0u(T) = 7)) = Na(0, F(6;)7'G(O;)F(6;) "),
where, using qo ; defined in (5.2), the matriz F' and G are such as

N 82(]0,]' (‘9}‘) " 8qo,j (9;) 36]0,]'(9;)
(38)  (F()i = E(W) and (G(0]))ks = IB( o ).
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Remark 3.5 In Theorem 3.3, a condition on the rate of convergence of v, is added. The
optimal choice for the penalization term corresponds to v, < y/n as it corresponds to the most
general problem (1.2), see Remark 3.3. However, by assumption Hy it excludes models with
finite moments r > 4 satisfying: (77 = O(Oééi)<f9,@(7’)) + Oééi)<M9,@<T)) + aéi)(hg,@('r’)))
with 1 < v < 3/2 for some i = 0,1,2. For these models the consistency and the rate of

convergence of order n for T, hold but we do not get any rate of convergence for En
4. Some examples.
4.1. AR(o0) models. Consider AR(co) with K* — 1 breaks defined by the equation:

X =Y )X +& . ., <t<t], j=1-- K"
k>1
It correponds to the problem (1.2) with models M= (fp, My) where fo(wy,--+) = D, on(0)xp
and My = 1. Assume that O is a compact set such that >, [|¢x(0)|le < 1. Thus é(r) =0
for any r > 1 satisfying IF|&|" < co. Then Assumptions D(_@) and Ag(fp, ©) hold automat-
ically with 2 = 1 and a\” (fy,©(r)) = ||¢x(8)]le. Then,

e Assume that Id(©) holds and that there exists r > 2 such that [F|¢|" < co. If there
exists v > 1V 4r~! such that ||¢r(0)|le = O(k™) for all k > 1, then the penalization
v, = logn (or B, = n/logn) ensures the consistency of (I?n,fn,én)

e Moreover, if r > 4, v > 3/2 and ¢, twice differentiable satisfying ||¢}(6)]le = O(k™7)
and ||¢7(0)|le = O(k™7), then the penalization v, = 8, = /n ensures the convergence

(3.6) of £, and the CLT (3.7) satisfied by @n(j\}) for all j.

Note that this problem of change detection was considered by Davis et al. in [6] under
moments of order greater than 4 is required. In Davis et al. [7], the same problem for
another break model for AR processes is studied. However, in both these papers, the process

is supposed to be independent from one block to another and stationary on each block.

4.2. ARCH(c0) models. Consider an ARC'H (00) model with K™ — 1 breaks defined by:
. [es) . ) 1/2 . . ‘ .
Xy = (@Do(ej) ‘|‘Zwk(9j)Xt7k) ft ) tj—l <t< tj L, j=1,--- K,
k=1

where for any 6 € O, ¢(0) > 0 and (¢x(0))r>1 is a sequence of positive real number and
IE(&%) = 1. Note that hy((zk)ken) = ©0(0) + > rey Yr(0)z;: and fp = 0. Assume that O is a
compact set such that >, o, |[¥x(0)||le < 1, then ©(2) = ©. Assume that infypeg 19(6) > 0
which ensures that D(©) and [ d(©) hold.

e If there exists v > 2 such that ||¢x(0)|le = O(k™7) for all k£ > 1, then the penalization
v, = logn (or B, = n/logn) leads to the consistency of (K,,7 0 ) when 07 € © for

ny LnyYn

all 7.
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e Moreover, if 7 > 4 and ¢, is twice differentiable satisfying ||¢/}(0)]le = O(k™7) and
|vr(0)]le = O(k™7) with v > 3/2, if ©(4) is a compact such that 07 € é(4) for all j,
then the penalization v, = §, = /n as in Remark 3.3 ensures the convergence (3.6) of
¢, and the CLT (3.7) satisfied by /Q\n(j\}) for all j.

This problem of break detection was already studied by Kokoszka and Leipus in [15] but

they obtained the consistency of their procedure under stronger assumptions.

Example 1 Let us detail the GARCH(p, q) model with K* — 1 breaks defined by:
q p
Xi=01&, 0} =aj;+ Y ap X7+ > bior, £, <t<t), j=1.- K
k=1 k=1

with [E(EY) = 1. Assume that for any 6 = (aq, ..., a,b1,...,b,) € O thena;, >0, by > 0 and
S r_ by < 1. Then, there exists (see Nelson and Cao [19]) a nonnegative sequence (Y (0))s
such that of = 1o(0)+> 5, V() X7 . Remark that this sequence is twice differentiable with

respect to 0 and that its derivatives are exponentially decreasing. Moreover for any 0 € © it
holds >, Ve(0) < (Xf_yar) /(1 —>7_, bk) and one can consider:

o(r) = {9 €0, (Bl&)"> ar+ ) b < 1} .
k=1 k=1

Then if Y70y ag; + > h_1bi; < 1 for all j (case r > 2), our estimation procedure as-
sociated with a penalization term B,K for any 1 << [, << n s consistent. Moreover,
if (IB|&|MHY2>01, apj+ > Uiy < 1 for all j, then our procedure with a penalization
1 << B, = 0(y/n) allows the same rates of convergence than in the case where (X;) are

independent r.v. For example, a penalization (3, « logn as in [7] can be chosen in this case.

4.3. Estimates breaks in TARCH(co) model. Consider a TARCH(oc0) model with breaks
defined by:

Xi=o0&, oo =b(0])+ S (bw;)max(xt,k, 0) — by (07)min(X, s, 0)),
E>1
for any 5, <t <tj, j=1,---,K* and where Y, -, max(||b; (6)|e, [|b; (#)]le) < oc. Then
fo =0 and (Ay(Mp, ©)) holds with oy’ (Mp, ©) = max(|[b; (8)[|e, ||b; (6)]le)-

o Assume [|&]|, D s, max (|| (0)le, |0 (8)]le) < 1 for r > 2. If there exists v > 1V4r~!
such as max(||b:(§)||@, b, (0)]le) = O(k~7) for all k > 1, then a penalization v,, = logn
(or 8, = n/logn) leads to the consistency of (I?n,fn,én) when 05 € ©(2) for all j.

e Moreover, if r > 4 and b, b, are twice differentiable satisfying ||0b; (0)/90|le = O(k™7)
and [|0%b; (0)/060*||le = O(k™7) with v > 3/2 (the same for b, ), then v, = 8, = V/n
ensures the convergence (3.6) of ., and the CLT (3.7) satisfied by En(ﬁ) for all j (with

0r € O(4)).
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5. Proofs of the main results. In the sequel C' denotes a positive constant whom value

may differ from one inequality to another.

5.1. Proof of Proposition 2.2. (i) It is clear that { X}, ¢t < ¢} exists and is causal, stationary

with finite moments of order r (see [2]). Therefore, X is defined by induction as follows:
(51) Xt = Mg; (thl, Xt,Q, e )ét + f@; (thl, thg, ) Vt c jw< j = 2 K*

Thus, X, is independent of (&;);s¢ and it suffices to prove (ii) which immediately leads
existence of moments.

(ii) Let us first consider the general case when Ag(fy, {0}) and Ag(Mpy, {6}) hold with
BO(6) < 1. As in [8] we remark that

1262 1l

||Xt||r = TO)(HT)

for ¢ < t7, with Z;; := Mg;(0,0,---)ft + fg;(0,0,---) for all j = 1,..., K*. Assume that
there exists C,; > 0 such that C,; = sup,, || Xil|, and let ¢ € T}, then

X0 = Zugl < Mgy (X ) = Mag (0,0, )1&] + Loy (X1, ) = fos (0,0,+-)].
We obtain for all ¢, by independence of (§;);>: and X;:
150 = Zellr < [ Mgy (Xo, -+ ) = Mz (0,0, )l 1€l 4[] foy (Xem, - -) = fo (0,0, )]

Then, we have:

| Mo; (X -1,++) = My (0,0, <Za (Mo )Pl < e Sl 0 ),
=1
1 for (Xi-1,-++) = fa: (0,0, <Zaofe, Xl <crtza (for.03).

We deduce that
[ Xellr < 1 Zellr + Cr (Za (for, {05}) + (IEHfoW)l/”ZOéO)(Me;,{9§})> :
i=1

Thus, || X" < 00, Crp1 < 00 and || X[, < [[Z;l + Cr,t+15(0)(9;) since Cyy < Cipy1. Sim-
ilarly for any i < ¢, we have C.; < C,.441 and || X;], < maxi<j<x~ {[|Z¢ |- + C’T,t“ﬁ(o)(@;)}.
Thus, by definition of C; 41 = sup,<; || X¢||, we obtain

Crarr < max {[|Zu;ll + Crin 8O0},

1<j<K

and the Proposition is established.
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In the ARCH-type case when f; = 0 and Ag(hg, {#}) holds with 5 () < 1, we follow the

same reasoning than previously starting from the inequality
1K — (Mo: (0,0, )& [lrj2 < [[g; (Xem1, -+ ) = 195 (0,0, )l 2 lI1€F 1 2-

Finally we obtain the desired result with

|Mo: (0,0, -+ ) & + for (0,0, )] Mo (0,0, - --) &oll»

C = max A max ) [ |

1<j<K* 1— 5(0)(9;) 1<j<K* 1_ 3(0)(«9’*)
J

5.2. Some preliminary result. The following technical lemma is useful in the sequel:

Lemma 5.1 Suppose that 05 € ©(r) forj =1,..., K* withr > 2 and under the assumptions
Ao(f9,0), Ao(Mpy,®) (or Ag(hg,©)) and D(O(r)), then there exists C > 0 such that

forallt € Z, E( sup ‘qt D <C.
0€O(r

Proof Using the inequality (a + b)?* < 2(a® + b?), we have for all ¢t € Z:

1itlew < 2(14 = foc0,..) Hé(r +[|£o(0,.) HE@)
< 2((X oo 000) - 3 ol (o, O IXiil? + | £o(0, o).
i>1 i>1
therefore

E[|£2]1%, < ((zw (F0.00 ) +[1£of0.[12,)-

Thus E[ f§l1g,, < C for all t € Z and similarly E(|[hgllow)) = E(|Ml1g)) < Cu. Yet,
1

under assumption (D(O(r))), we have: |¢(0)| < E‘Xt — fH? +|1log(hf)| and using inequality

logx < x —1 for all x > 0, it follows: B

t
| log(hy) |—‘1og +log(%) <1+ |log(h )|+ ht

Finally, we have for all t € Z:

1
E(@Sg?)lqt(G)D < 1+[logh|+ — (EHhtHe +2E1X 1 + 2| fillay) <C. W
co(r

5.3. Comparison with stationary solutions. In the following, we assume that 07 € O(r) for
all j =1,..., K* with » > 1. It comes from [2] that the equation

Xij = My (Xepj)wen+) - &+ Jo: ((Xi—kj)ken-) forallteZ
has r order stationary solution (Xtvj)tel forany j =1,..., K*. Then

Lemma 5.2 Assume that the assumptions Ao(fg,0), Ao(My,©) (or Ag(hg,©)) hold and
that 07 € O(r) for j=1,...,K* forr > 2. Then:
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1. Xy = Xy1 forallt < tj;
2. There exists C' > 0 such that for any j € {2,---, K*}, for allt € T},

X = Xyl < C( _ inf% {5(0 (6050 £ 3 50 g })

1<p<t—t ~
i>p
2 _ y2 < ( . { 2(0) * (t—t:_1)/p (0) / g })
1% = Xislhz <€ 1§p£tlft§_1 ey +z>:ﬁ 9
i>p

Proof 1. It is obvious from the definition of X.

2. Let j € {2,---, K"}, we proceed by induction on ¢ € T7.

First consider the general case where Ay(fy, {0}) and Ag(Mj, {6}) hold with B (8) < 1.
By Proposition 2.2, there exists C, > 0 such that | X7 — XZll,2 < [ Xe|lr 4 1 X5l

C + maxjcj<r- [ Xojll < Cp foral j =1,...,K*andt € Z. For 1 < p <t —1t7, let
Xi — Xijllr. Then || Xy — Xl < U[(t—ts_,)/p) and for any t <i <7

Uy = Supt;_l-f-fpgiﬁﬁ

1 = Xiglle <3 BE G Xk = Xisl»

k>1
< ZB O X ik — Ximrglle +C > B (0)
k>p
<6(°( Vi1 +Cr Y B0]).

k>p
Similarly, it is easy to show that for all 1 < ¢ < [(t —t;_,)/p] we have
ug < BOO e+ C Y BY07).

k>p
Denote a = fO(67) < 1, b = C, prﬁg])(ﬁj) such that u, < auy_; + b. Considering
wo = up and w; = awy_1 + b, then wy = a‘wy + b(1 —a*~1) /(1 —a) < awy+b/(1 — a). Since

ug < C, by definition and u, < w, for any ¢, we have:

b
ue < a'ug + 1-4 < (5(0)(9;))607» +

5(0 0%) ZB

J k>p
C, . 0) /
< 71—6@(0*)(5(0 ©) + > a"6)).

k>p

Thus for all 1 <p <t —1t7

*\ (t—t* 0 *
1X7 = X2llej2 < CHlIXe = Xiglle < Crugueg_pyym < C(BOG) 507 13" 80(07))

i>p

and Lemma 5.2 is proved.

In the ARCH-type case when f; = 0 and Ay(hg, {#}) holds with 5©(#) < 1, we follow

the same reasoning than previously starting from the inequality

X7 = X2l <D0 B ONIXE = X2 4l

k>1
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Forall j=1,...,K* and t € Z, by Proposition 2.2, [|X? — X?/||,/» < C? and therefore

i < B0 A + 2 B0

k>p

~ o 2 2 .
for u, = SUDys 4 ep<ices X7 — X7;llr/2 and Lemma 5.2 is proved. [ |

5.4. The asymptotic behavior of the likelihood. For the process (Xt,j)
j€{l,---,K*} and s € T} denote:

teTy, j=1,....K*’

(Xoy = f7)

hs,j + IOg (hZ,J)
0

(5.2) gs;(0) ==
with £57 = fo(Xs 1.4y Xeoojy--.), o7 == (M7)? where M7 := Mp(X,_1,, X5 2;,...). For
any 1" C T}, denote
Ly, (T,0) := ——qu
seT

the likelihood of the j* stationary model computed on 7.
Lemma 5.3 Assume that the hypothesis D(O(r)) holds.
1. If the assumption Hy with r > 2 holds then for all j =1,..., K*:

230,

H@(r) n—00

Unp* .
— || 2 (T7,0) = Lo (T5
J
2. Fori=1,2, if the assumption H; with r > 4 holds then for all j =1,... K*:
0L, (T7.0)
00 891 H

*

nj n—)oo
10
Proof 1-) For any 0 € O(r), )%LJ?}*,@)—%LW (Tj*,@)) < Y |qt;_1+k( )—qt; 4k (0)]
i k=1
Then:
| 2o T0) — @0 < S ) — s @)
" n; S n; A o(r) n; k=1 =1t j—1tkg (r)

By Corollary 1 of Kounias [16], with » < 4 and no loss of generality, it is sufficient that

Z (%)T/A‘]E(H%j,ﬁk(e) qrs_ 1+k]< )”8(7"))

k>1

For any 6 € ©(r), we have:

1 o
(5-3) 1g:(0) = 2,5 (O)] < 51X = fol*1hg — hg”|

+ = (IX2 = X2+ 1f5 = £70fs + £77 4+ 2Xs] + 271X — X g| + By — h?)).

|D“|>—‘
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First consider the general case with Ag(fy, {6}) and Ag(My, {6}) hold and 3 (6) < 1:

145(0) = 4si Ollow < C(1+ [Xeyl + X + 11557 low + 15 11E¢)

x (|1 Xy = Xegl + 15 = 57 Now) + 17§ —

and by Cauchy-Schwartz Inequality,

T S,J s r/2
(Ells(6) = 45,50 l6p))* < CEL(1+ | Xosl + X2 + 1155 loe) + 1£515) "]

he'lew),

x E[(1X, = Xojl + 1£5 = 137 low + 175 — k5 llow) ).

Using Proposition (2.2) and the argument of the proof of Lemma (5.1) we claim that

E|X,|" < C, E||f;|5,) < C and that E| f;”[|5,, < C. Thus:

(5.4) (Elqs(0) — qu5(0)1g))? < C(BIX. = X,y + B\ f5 = £57 oy + Ellhy — by [l -

Since r/2 > 1, we will use the L"/? norm. By Lemma 5.2:

* 0) / nx
1, = Xeglloe < I1X, = Xyl < € inf {8067+ 3 506))
i>p

<C inf {B° e*k/2p+2/3(° 0:)}

1<p<k/2

_ |r/2 (0) (g*\k/pP (0) /g )
(5.5) —  EIX, - X,,["?< C(lgggk{ﬁ (67) +§>:5 )
i>p

Moreover, as (Ag(Mpy, ©(r))) holds, we have:

(5.6) 75 = kg ol < €Y al (Mo, ©()) || Xmi — Xamigllr-

i>1

From (5.6) we obtain:

k/2—-1
s EN 0 0
Hks=h3 ol < C( 3 a (Mo, ON I Xoi=Xoigllt Y o (Mo, ©
i=1 i>k/2

()X eei=Xoiglr ).

Forall s >#; ; and 1 <i <k/2—1, then s —i >t ;, s —i > k/2 and by Lemma 5.2:

1Xo—i — Xomijll, < € inf {8007 Wuzﬁf%;f)}

1<p<k—i =
12p
< C f (0) 9* k/(2p) (0) o*
- 1<1102k/2 {6 + ;6’ ( ])}

Thus, we can find C' > 0 not depending on s such as:

(5.7) Elhy—hy |42, <0( inf {500 3" 5000+ Y ol (M, 0

1<p<k/2
i>p i>k/2

))T/z.
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Similarly, we obtain:

6.8) Bllf - 17132 <ot {BO@) 35000} + Y ol 00) "

1<p<k/2 -
1>p i>k/2

Relations (5.4), (5.5), (5.7) et (5.8) give (the same inequality holds with hy replaced by Mjy):

(59) B la.(0) ~ 0,05y < €[ _int {87(6)" +Zﬁ£°)<e;>})”4
# (3 a0 0) "+ (3 a0k 00)
i>k/2 i>k/2

By definition uy = kc*/log(k) (< k/2 for large value of k) satisfies the relation
S () (0 (0) ™ < o
k>1
Choosing p = uy in (5.9) we obtain:
Vg \r/4 r Vg \r/4 ) /ey TK/8u
>0 G Bl a00) = 4 os ONd0) < - () (80@)) ™

k>1 k>1

G a) T G (3 @)+l 0t e))

i>uy, k>1 i>k/2

r/4

This bound is finite by assumption and the result follows by using Corollary 1 of [16] .

In the ARCH-type case when f3 = 0 and Ay(hg, {#}) holds with 5 (#) < 1, we follow

the same reasoning than previously remarking that (5.3) has the simplified form:
]_ S.7 1 1 S EN
0(0) = 4u(O)] < 5 X2IRG = 13|+ 31X = X2, + 11 — i),

Then
r s EN r/2
(Ellgs(0) — gs,;(0)lg))? < CIE[(IX2 = X2, + [1h§ — By o) "]
As ||||h§ — hZ’jH@(r)Hr/g <Cy a§° (he, O(r)|I X2, — X2, :|l;/2 we derive from Lemma 5.2,
i>1

5—1,j

B l0.(0)-a.,0)g < (it {5007+ 500)1) "+ (3 ale00)) "]

1<p<k/2
<p<k/ i2p i>k/2

We easily conclude to the result by choosing p = u; as above.

2-) We detail the proof for one order derivation in the general case where Ay(fy,{6}) and
Ao(My, {6}) hold with 3 (6) < 1. The proofs of the other cases follow the same reasoning.
Let je{l,--- ,K*} and i =1,--- ,d, we have:

6Ln(Tj, 0) 8Lnj(T 0) H <
892 89 9(7") on;

8% 1+k(9> a%;f,ﬁk,j(@)
) 00; 00; He(r)'

n
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By Corollary 1 of Kounias (1969), when r < 4 with no loss of generality, it suffices to show

k(0)  Oqe 1r4(0)

> (| 8%;% -

k>1

r/4
) <oo

o(r)
For any s > t;_, denote k = s — ¢ ;. For any 6 € O(r), we have:

00,(0) __(X.= [ Ofi _ (X.— f3)? Ol 1 O

00; hs 00 (h3)2 96, ' h 06,
0g55(0) _ o (Xoy = [57) 0" (Xoy = f37)" Ohg” 1 Ohy”
9, hy? 9 (h3)y2 90;  hy' 00;

Thus, using |aibicr — asbaca| < |ar — asl[bal|c2| + [br — bof|ar||ca| + |1 — caf|ar][bi],

[ - 52 e
d0; lle(r)

1 s s o
< 2(l1h5 = b lle 1 X = I3 lloto

O(r)

1 : ofsd ofs  of’
- X Xs EN , [ H 0 0 - s r>
ﬁ(| A5 = Flew) a6, 3 6 llowm 1Xs = follow
L2 y o 8hs’j

Hhe hy’llem1Xs,; — fa’jHé(r) .
1 s,7 s s,7 8f087j
E(IX Xl + M5 = fo" lowm)(IXs + Xol + 115 + fo”lle) )

ohg  OhyY ) 1 : ohy? 8h5 ohy?
- . Xs _rs - hs o hs,] . A H . %
@2 90, ~ 00, llogo e~ Jiller 3zl = o llew |57 o )+ 20

So for all s > ¢7_; it holds:

‘ ‘ 8q5 aQS ]

H@(r

0f5”

e

I 2 5

Ohj 2 ’ ’ 2 ohy? )

<0(1+|X| HX P B+ 1757 0+ 5 126 llec

o (1= X155 57 oo+ I - h”|re<r>+Haf9 % g+ Hahs %h—eH@@)

Since the processes admits finite moments of order r, by Cauchy-Schwartz Inequality:

85 88 T 2 r S,J1IT ENATES
(1) 222 s O ) SC(JE|X ~ X PP B~ 53182+ Bk~ 1 142)

o(r)
8f0 8f0 r/2 8h9 8h9 /2
Bl 5~ 56 low T Elgg — H@(T)

As (Ag(Mp,O(r))) and (A1 (Mp,O(r))) hold necessarily in this case, with the arguments of

the proof of 1-), for all s > #;_,,

EH@qs &sz ”Te/(l) < [( inf {5(0)(9;)k/(2p)+2 @(0)(9;)}>r/4+< Z a§0>(fe,@(r))>r/4

1<p<k/2
sp<k/ i>p i>k/2
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(X a0 00) "+ (X 0t 00)) "+ (X (00 ]

i>k/2 i>k/2 i>k/2
Choosing p = uy = kc*/log(k), we show (as in proof of 1-) ) that:

r/4

3 (%)ME(H e +x(0)  Oger_ +1,(0)

k 00, 00

)< oo
b1 o(r)

5.5. Consistency when the breaks are known. When the breaks are known, we can chose

v, = 1 for all n in the penalization of (3.2) as the penalization term does not matter at all.

Proposition 5.1 For all j = 1,...,K*, under the assumptions of Lemma 5.8 1-) with
v, = 1 for all n, if the assumption 1d(O(r)) holds then
0u(T]) =2 ;.

Proof Let us first give the following useful corollary of Lemma 5.3

Corollary 5.1 i-) under the assumptions of Lemma 5.3 1-) we have:

1~ . 1
‘n—;Ln(J},G) —@-(9)“%) =50 with £;(0) = =51 (0(6) .
ii-) Under assumptions of Lemma 5.3 2-) we have:

’ 1 81[1”(7}*79) ©5 0 with 8lﬁj(€) _ E(@ qoj( ))
- 2 .

w00 aez H (r) o0 00’ 00’
1
We conclude the proof of Proposition 5.1 using £;(6) = _§E (go,;(0)) has a unique maximum

J

in 0% (see [14]). From the almost sure convergence of the quasi-likelihood in i-) of Corollary
5.1, it comes:

Y * 1~ % a.s, *
9,1(Tj) = Argmax (n_;‘Ln(T] ,9)) — 0.

0cO(r) n—roo
|

Proof of Corollary 5.1 Note that the proof of Lemma 5.3 can be repeated by replacing
L,, by the quasi-likelihood L,. Thus, we obtain for i = 0,1, 2,

O'Ln(T7.0)  0'Luy(T5.6)

o0 op oV

n—oo

o(r)

(5.10)

k
;

i-) Let j € 1,---, K*. From [2], we have:
) 1
n*

J

Log(T;.0) = £;0)] =% 0.

6(7’) n—00

Using (5.10), the convergence to the limit likelihood follows.

1 0'Lo(T7,0)  0'L;(0) as
— — — . — 0 f
w00 o6 H@m o 10T
i =1, 2 and we conclude from (5.10). [

ii-) From Lemma 4 and Theorem 1 of [2],
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5.6. Proof of Theorem 3.1. This proof is divided into two parts. In part (1) K* is assumed

to be known and we show (fn,/Q\n) N (r%,0). In part (2), K* is unknown and we show
n—oo

K, P, K* which ends the proof of Theorem 3.1.

n—oo
Part (1). Assume that K* is known and denote for any ¢t € Fp:

~ ~

L,(t) == Ju(K*,1,0,(1)) = —2 KZ KZ L, <Tk Nty §n(Tk))

k=1 j=1

It comes that Zn = Argmin (ﬂ(z)) We show that 7, P oasit implies gn(fn]) —

EEJ:K* n—oo

é\n(T]*) 5 0 and from Proposition 5.1 é\n(fw) RN o7 for all j =1,---, K*. Without loss
n—o00 n—0o0
of generality, assume that K* = 2 and let (u,) be a sequence of positive integers satisfying

Uy — 00, U, /n — 0 and for some 0 < n < 1
Voun, = {t€Z) t—t|>m; u, <t<n-u, },
Wi, = {t€Z) |[t—t|>mm; 0<t<u, or n—u, <t<n}.

Asymptotically, we have P(||Z,, — 7*||m > 1) ~ P(|t,, — t*| > nn). But
P([, — t*| > mm) < P@ c VW) + P(fn c Wn,%)

< IP’( min (T,(t) — L,(t*)) go) +JP>( min (T,(t) — T,(t%)) go)

t€Vi un teEWy un

we show with similar arguments that these two probabilities tend to 0. We only detail below
the proof of ]P’(t I?/in (I.(t) — L,(t")) < O) — 0 for shortness.
€

mun

Let ¢t € V,,,, satisfying t* <t (with no loss of generality), then Ty N Ty =17, ToNTy =10
and T N Ty = T5. We decompose:

~ ~

(5:11) Tu(t) = Tn(t") = 2(La(T7,0u(T})) = La(TY, 6(T2)) + LT3 N T3, B0 (T3))
— Lo(Ty TS, 0,(T1)) + Lo(To, 0,(T5)) — Lo(To, 5,@))).

As #T7 =t*, #(TW'NTy) =t —t*, #Tp =n —t > u,, each term tends to oo with n. Using

Proposition 5.1 and Corollary 5.1, we get the following convergence, uniformly on V, .,

"~ a.s I~ a.s. ~ a.s. Zn T*ae a.s.
0u(T7) 5 6, 0,(T3) “> 03, 0,(To) “ 6 and Hi( ! )—Tl*z,l(e)H 2%,
n—o00 n—oo n—o00 n O(r) n—oo
Lo(Ti N T3, 0 e Lo (T, 0 e
R M L X )
t—t* O(r) n—oo n—t O(r) n—oo

For any € > 0, there exists an integer Ny such that for any n > Nj,

n

19
_Tik,cl(e)He(r) < 6,

HL i0) L (6)

n

t—t*

<% |
67

DM
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t—t*
Thus, for n > Ny,

— EQ(@;) <

6’ n

£ n—t’f (1o, 0,(T3)) — En(TQﬁn(TQ))’ _€

. L, (Tr, 0,(T LTz, 6,(T L, (T, 0,(T,
L)~ L2 0T = (o) - LT TD) I L1750 0)
L, (T, 0,(T .
+ ( 1n ( 1)) — 7 L1(0,(11))
< . Lo(T5,0u(T7))  La(T5,6.(Th)) NG
-6 n n 6
Then,
Lo (Tr, 6,(T: L, (T, 0,(T, . . . £
(5.12) ( L (T1) L L @) 7 (51(91)—51(9n(T1))) -

Similarly, for n > Nj:

Lo(TiNT3,00(T3))  Lo(TiN T3, 00(T1))
n n

(5.13)

Finally, for n > Ny,

LTy, 00(T3)) — (T, 0,(T2
(5.14) n(T2,0,(15)) — Ln(T3,0,(T3)) - _57
n 6
and from (5.11) and inequalities (5.12), (5.13) and (5.14) we obtain uniformly in ¢:
Ly(t) = 1,()

n

> 71 (£4067) — L2 (T)) + n(£a(65) — £20u(T1))) gg, n> No.

Since 0] # 03, let Vi, Vs be two open neighborhoods and disjoint of 6] and 65 respectively,
5, == Inf (ci(eg) —zi(e)) >0 for i=1,2,
geve

since the function 0 +— £;(0) has a strict maximum in 65 (see [14]). With & = min(7701, ndz),

we get
~ ~ L,(t) = I, (t* 5
o if Hn(Tl) € V) ie. Qn(Tl) € VQC, then % > 7]52 — 66 > %;
~ ~ T.(8) — T.(¢
[ ] If 9n<T1) ¢ Vl 1e 9n<T1) € Vlc’ then M > Tikél % Z %
n

In any case we prove that I,(t) — I,(t*) > %n for n > Ny and all t € V... It implies that
IP’(t min (fn(t)—fn(t*)) < O) — 0 and we show similarly IP’( min (fn(t)—fn(t*)) < 0) —0.
te n—00 n—00

7,Un i mn,Un

It follows directly that P(||7,, — 7*||m > n) — 0 for all n > 0.
n—oo

Part(2). Now K* isunknown. For K > 2, 2 = (21, -+ ,2x_1) € RE"Y y = (y1, -+ ,yx-_1) €
IRK"™~1 denote

Iz = yllo = max = min o —y;l.

The following Lemma follows directly from Part(1) and the definition of || - ||:
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Lemma 5.4 Let K > 1, @n,/Q\n) obtained by the minimization of j\n(Z, 0) on Fx x O(r)"
and T, =, /n. Under assumptions of Theorem 3.1, |7, — 7 oc % 0if K > K*.

n—-+0oo
Now we use the following Lemma 5.5 which is proved below (see also [18]):

Lemma 5.5 Under the assumptions of Lemma 5.3 1-), for any K > 2, there exists Cx > 0

such as:
Ngi * CK %
V(t,0) € Fx x O, un(t,0) = 221; —( — L;(6)) > 7“;—2 [
J

Continue with the proof of Part(2) shared in two parts, i.e. we show that P(I/(\'n =K) —

n—-+o0o

0 for K < K* and K* < K < K.« separately. In any case, we have

PR, =K) < P( il (T(K.L0) < (K. L.00)

t,0)€Fr xO(r)K
~ N .
5.15 < P( inf T(K. 1, 0) — J,(K* 5, 6%) < _— )
o1 B (LQ)E}}}?X@(T)K( (K.1,0) (K", 2%,07)) < o (K )

i-) For K < K*, we decompose .J,(K,t,0) — Ju(K*,£*,0%) = n(un(t,0) + €4 (t,0)) where

U, is defined in Lemma 5.5 and

K T*’e* K K* A zn T* AT, ’9
ewlt.0) =2 lzz(% - 0y0) + 3 50 (g0 - 2D ’9)] |
=1 J k=1 j=1

It comes from the relation (5.15) that:

(5.16) P(K,=K) < P((w)ei%fx@}((un(t 0) + en(t, 0)) < %(K* . K)).

Corollary 5.1 ensures that e,(t,8)) — 0 a.s. and uniformly on Fx x O(r)X. By Lemma
5.5, there exists Cx > 0 such that u,(¢,0) > Cx||t —t*||eo/n for all (¢,0) € Fx x O(r)K
But, since K < K*, for any ¢ € F, we have [[t—t*||oo /7 = |T—T"||oc > mini<jcse- (7] —
77_1)/2 that is positive by assumption. Then wu,(t,8) > 0 for all (¢,0) € Fx x ©(r)¥
and since 1/v, — 0, we deduce from (5.16) that P(K, = K) — 0.

n—00 n—oo

ii-) Now let K* < K < K. from (5.16) and the Markov Inequality we have:
P(K, = K) < P<J (K,2,,0.) — J(K*,t,0") + (K — K*) < o)

y<n) In
n

< P(V(K 8, 0,) = T 100 > )

)y =n? n = ’l}n
(5.17) < MEIT(KE,0,) — T.(K*t,0%)].
n
Denote Zn = (?ml, e ,?nK) By Lemma 5.4, there exists some subset {k; ,1 < j <

K*—1}of {1,--- , K — 1} such that forany j =1,--- | K*—1, tAmkj/n — 7;. Denoting
ko = 0 and kx+ = K, we have:

K* K
T(KE,.8,) — (K" £7,07) = (ZZ (T7.6,) = 3 LalTo. 61
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k]
— QZ WT5,00) = Y (T, )]
k=k;_1+1
and from (5.17) we deduce that
oy, K kj
P(K,=K) < 7ZEL (T7.6)— > L (Tnk,enk))
j=1 k=kj_1+1
k;
< CZ Lor,o) - S Ln(Tn,k,HM)’.
k‘—k‘j_l-i-l
Since for any j =1,--- , K* — 1, it comes from Lemma 5.3 that
k]
n* 7}*78; Z Ln nk7 nk) 1H_0>007
J k= k] 1+1
and therefore P(I?n =K)—0. =1

n—o0

Proof of Lemma 5.5 Let K > 1 and consider the real function v define on © x © by:
mem_{ min [max(L;(05) = £(0), £5(65) = £;(00)] if 06

1<j<k*

0if 0=20.
The function v has positive values and v(6,60") = 0 if and only if § = ¢ since the function
0+ L;(0) has a strict maximum in 07 (see [14]). By Lemma 3.3 of [17], there exists Cp« > 0

such that for any (¢,6) € Fx X O

ZZ%9mZQW4%

7=1 k=1
Moreover, for any j = 1,---, K* and 6 € ©, L;(0;) — L;(0) > v(0,0;) and denoting Cf =
2Cy+ the result follows immediately.

5.7.  Proof of Theorem 3.2. Assume with no loss of generality that K* = 2. Denote
(tn)n & sequence satisfying u, —s 00, u,/n—0 and P([t, —t*] > u,) — 0 (for example
n—oo n—oo n—o0

u, = ny/max(E|[7, — 7*[,n1)). For § > 0, as we have
P([£, —t'] > 0) S PO < [, — '] < wa) + P([Ey — ' > un)

it suffices to show that hm lim P(6 < [t, — t*] < u,) = 0.

d— 00 Nn—oo

Denote Vs,, ={t€Z/ 6 <|t—t*| <wu, }. Then,
PO < [f = '] < ua) < P( min (1(1) - T(t") <0).

t€V5,un
Let t € Vj,, (for example ¢t > t*). With the notation of the proof of Theorem 3.1, we have
Lo(T;,0,(T7)) > Lo(T7,0,(T1)) and from (5.11) we obtain:
L (t

(i_t]f(t*) = t_2t* (Zn(TmTz*ﬁn(TJ)) Lo(TsNT5 0, (T1))+ Lo (T, 0 (T5))— L (T, 0, (Tz))>.

We conclude in two steps:
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i-) We show that P (En(Tl NTy, §n(T2*)) — L.(TyNT3, §n(T1))> > 0 for n large enough.
Lo(Ty,0) L(Tr0) t—t L,(T,NTs,0 t—t oy,
M:— <1’)+ (Th 2’)andsince gu— —0 and
n n t* n t—t* n N n—oo

Then

o 1~ a.s.
0,(T) = Argmax (—Ln (T, 9)) — 0.
9eo(r) \1 n,6—00
1 ~ ~ ~ ~
It comes that W(LH(TI NTy,0,(T5)) — L,(T1 N Tz*,ﬁn(Tl))) converges a.s. and
uniformly on Vs, to L£2(65) — L2(67) > 0.
ii-) We show that (Zn (T, §n(T2*)) —L, (T, §n(T2))) 2% 0. For large value of n, we

n,0—00

t—t*
remark that é\n(TQ) € O(r) so that afn(Tg, é\n(TQ))/GQ = (0. The mean value theorem
on OL,/06; for any i = 1,...,d gives the existence of gm € [6,,(T3), 6,(T3)] such that:

 OLn(T5,0,(T3))  O°Lo(Ty,0n) ~

where for a,b € R? | [a,b] = {(1=N)a+Ab; X € [0,1]}. Using the equalities /[:n(TQ*, 0) =
Zn(Tl NT3,60) + L,(Ty,6) and 8En(T;,§n(T;))/ae = 0, it comes from (5.18):

On O,(To)) — 0,(T7)), Vi=1,....d,

00; 0000,
and it follows:

1 OL.(TyNTy,0,(T3)) n—t

1 = Ay - (0,(Ty) = 0,(Ty
G1) = Pl A @) - 0.(13)
1 PLo(Ts, 0,
with A4, = (n — 0 2(082071 m))gigd' Corollary 5.1 ii-) gives that:
1 0L, (T NT5,0,(T3))  as. OLs(63)
t—t* o0 i 00 0
as 1 2 * 2 *
and A, nﬁoo b (3(](%7;2(92)) Under assumption (Var), E(@q(%i;(%)) is a non-
singular matrix (see [2]). Then, we deduce from (5.19) that
n—=t,~ o % a.s.
(5.20) — (0u(1) = B(T5) =5 0.
- n,0—00
We conclude by the Taylor expansion on Zn that gives
1 ~ ~ ~ —~
P |Ln(T2v en(TQ)) - Ln(T2> en(T;)”
1~ ~ 2L, (T, 0)
< s ln(T) = Ou(T)| sup |22 50 as. W
< s 10D - BT sup [T as
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A~

) ( ))+(é\ (T*)—Q’f) for any
og(n)). Using relation (5.20), w

~

. Hence, \/n} (5 f — 0,(T7)) L5 0 and it suffices
G(05)F

5.8.  Proof of Theorem 3.3. First, (é\ (T) ) ( n (
j€{l,---,K*}. By Theorem 3.2 it comes t; — tr=op

obtain: 9 (T) _9 (T*) — 0 (108;( n)
to show that \/7( 9*) j) Nd(O,F(H;f)

e \ <.

n—oo

(67)7") to conclude.

o

For large value of n, Qn(Tj*) € O(r). By the mean value theorem, there exists (§n7k)1§k§d €
[@L(TJ*), 07] such that

OL,(TF,0,(T?)) 0L, (T:,07) 0L (T*,0,) ~
(T; (])): (T; ])+ (T; ’k)(en(T»)
00, 00, 0000, J

(5.21) —67).

1 OLn(T}, Ons)
Let F, = —2<—*—’) By Lemma 5.3 and Corollary 5.1, F,, = F(6})
n; 0000, 1<k<d n—00

(where F'(07) is defined by (3.8)). éut, under (Var), F'(¢7) is a non singular matrix (see [2]).
Thus, for n large enough, F,, is invertible and (5.21) gives

1 (8Ln<T7ﬁn<@*>> LT )y
N 90 90 '

As in proof of Lemma 3 of [2], it is now easy to show that:

i (7) - 07) = 25,

1 OL.(T;,0) »p .
— T 2 NG (0.G(65))

J

where G(07) is given by (3.8). Thus, since 8En(T;, gn(T]*))/GQ = 0, we have:

L LT ) _ 1Ol ) DT BTN s,
n* 00 n* '

n—00
J J

We conclude using Lemma 5.3 and the fact that 1/y/n = O(v,/n). R

00 00
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