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Abstract

The Vlasov equation is a kinetic model describing the evolution of a plasma which is a
globally neutral gas of charged particles. It is self-consistently coupled with Poisson’s equation,
which rules the evolution of the electric field. In this paper, we introduce a new class of forward
Semi-Lagrangian schemes for the Vlasov-Poisson system based on a Cauchy Kovalevsky (CK)
procedure for the numerical solution of the characteristic curves. Exact conservation properties
of the first moments of the distribution function for the schemes are derived and a convergence
study is performed that applies as well for the CK scheme as for a more classical Verlet scheme.
A L' convergence of the schemes will be proved. Error estimates (in O(At? + h? + Z—i) for
Verlet) are obtained, where At and h = max(Ax, Av) are the discretisation parameters.
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1 Introduction

The Vlasov equation describes the dynamics of charged particles in a plasma or in a propagating
beam. The unknown f (¢, x,v) which depends on the time ¢, the space x and the velocity v represents
the distribution function of the studied particles. The coupling with the self-consistent electric fields
is taken into account through the Poisson equation.

The numerical solution of such systems is most of the time performed using Particle In Cell (PIC)
methods, in which the plasma is approximated by macro-particles (see [4]). They are advanced in
time with the electromagnetic fields which are computed on a grid. However, despite their capability
to treat complex problems, PIC methods are inherently noisy, which becomes problematic when
low density or highly turbulent regions are studied. Hence, numerical methods which discretize
the Vlasov equation on a grid of the phase space can offer a good alternative to PIC methods
(see [6, 11, 12, 17, 5]). The so-called Eulerian methods can deal with strongly nonlinear processes
without additional complexity, and are well suited for parallel computation (see [14]). Moreover,
semi-Lagrangian methods which have first been introduced in meteorology (see [16, 18, 19]), try
to take advantage of both Lagrangian and Eulerian approaches. Indeed, they allow a relatively
accurate description of the phase space using a fixed mesh and avoid traditional step size restriction
using the invariance of the distribution function along the trajectories.

Traditional semi-Lagrangian schemes follow the characteristics backward in time. In [7], follow-
ing the idea of Reich [15], we introduced a forward Semi-Lagrangian scheme for the Vlasov-Poisson
system based on a forward numerical solution of the characteristics using a classical Verlet or
Runge-Kutta (order 2 and 4) scheme. The Verlet scheme can only be applied for specific differen-
tial equations, as for example the characteristics of the Vlasov-Poisson system, but not for more
general cases, as the characteristics of the guiding centre or the gyrokinetic approximation of the
Vlasov equation. Therefore an alternative to Verlet is necessary. On the other hand, Runge-Kutta
schemes, which can be used in the general case, are very costly in our context, especially when
going to higher order, as they require a deposition of the charge and the solution of the Poisson
equation at intermediate time steps. We propose here, a new scheme for the characteristics based
on a Cauchy-Kowalevsky (CK) procedure, that can be performed up to an arbitrary order. Second
and third order are developed in the present paper. We shall also discuss the conservation of the
first moment for both Verlet and CK algorithms.

A proof of the convergence of PIC method for the Vlasov-Poisson system was performed by
Cottet and Raviart [9]. Proofs of convergence and stability of the classical Semi-Lagrangian method
applied to the same model were obtained by Besse and Mehrenberger [1]. These estimates are made
in L? norm, since L™ seems out of reach as they explain. They manage to do it because they deal
with split methods, and thus only consider constant coefficient transport at each split step. In order
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to prove convergence in more general cases, the L' norm seems appropriate, as it enables to use
the partition of unity property of the splines. Moreover, Després [10] explains possible advantages
of studying L' convergence instead of more common L?.

We propose here a proof of L' convergence of the forward semi-Lagrangian scheme with both
Verlet and CK solution of the characteristics in the particular case of linear spline interpolation.
We also obtain second order error estimates in time and space.

This paper is organized as follows. In the first part, the continuous problem is presented. In
the second part, the discrete problem and the numerical scheme to solve it are explained. We also
prove the exact conservation of the first moment with respect to v at the discrete level for both
CK and Verlet schemes. Then the convergence of our numerical schemes is proved and finally the
schemes are validated and compared on a couple of classical test problems.

2 The continuous problem

2.1 The Vlasov-Poisson model

Let us consider f(t,z,v) > 0 the distribution function of positively charged particles in phase-space,
and E(t,z) the self consistent electric field. The dimensionless Vlasov Poisson system reads

% + 00, f + E(t,z)0,f =0, (2.1)
O, E(t,x) = p(t,z) = /Rf(t,x,v)dv -1, (2.2)

where x and v are the phase space independent variables. A periodic plasma of period L is con-
sidered. So z € [0,L], v € R, t > 0. The functions f and E are submitted to the following
conditions

f(t,0,v) = f(t,L,v),Yv € R,t >0, (2.3)

L
E(,0) = B(t,L) & %/O /Rf(t,:c,v)dvdm _ 1,V >0, (2.4)

which translates the global neutrality of the plasma. In order to get a well-posed problem, a zero-
mean electrostatic condition has to be added, which corresponds to a periodic electric potential:

L
/ E(t,x)de =0, Vt>0, (2.5)
0
and an initial condition

f(0,z,v) = fo(x,v), Vxel0,L],veR. (2.6)

Assuming that the electric field is smooth enough, equations (2.1), (2.3) and (2.6) can be solved in
the classical sense as follows.
The first order differential system

dX

E(t;(x’v)’s) = V(t;(:v,v),s),
(iz—‘t/(t;(x,v),s) = E(t, X(t;(z,v),s)), (2.7)

where (X(t;(x,v),s),V(t;(x,v),s)) are the characteristic curves, solutions of (2.7) at time ¢ with the
initial condition

X(s;(x,v),8) =z, V(s; (z,v),s) = . (2.8)
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For the existence, the uniqueness and the regularity of the solutions of this differential system, the
reader is referred to [3]. The solution of problem (2.1), (2.6) is then given by

flt,z,v) = fo(X(0; (x,v),t),V(0;(x,v),t)), Vzel0,Ll,veR,t>0. (2.9)
Since
(X, V) _1q
A(z,v) ’

the conservation of particles is ensured for all times:

%/OL/Rf(t,x,v)dvdx:%/OL/Rfo(x,v)dvdle.

According to previous considerations, an equivalent form of the Vlasov-Poisson periodic problem
is to find (f, F), smooth enough, periodic with respect to x, with period L, and solving the equations
(2.2), (2.7), (2.8) and (2.9). Introducing the electrostatic potential ¢ = (¢, x) such that E(t,x) =
—0,¢(t,x), and setting G = G(z,y) the fundamental solution of the Laplacian operator in one
dimension. That is —02G(x,y) = do(x — y) with periodic boundary conditions. It comes

L
B(t,z) = /0 K2 y) /R £t v)do — 1) dy,
where

K(x,y):—axG(:C,y) = ( —1), 0<z <y,

Y
L
y<zxz<L.

Yy

L

2.2 Existence, uniqueness and regularity of the solution of the continuous prob-
lem

Theorem 1 Assuming that fo € Wem (Ry x R,) (Wiis. (R, x R, being the Sobolev space of
functions with first derivatives in L, compactly supported in v and periodic in x), positive, periodic
with respect to the variable x with period L, and Q(0) < R, with R > 0 defined as follows

Q(t) := 1+ suplv| : x € [0, L], 7 € [0,t]| f(7,z,v) # 0,

1 (L
—/ /fo(x,v) dvdr =1,
Ljo Jr

then the periodic Vlasov-Poisson system has a unique classical solution (f, E), periodic in x, with
period L, for all t in [0,T), such that

and

fewh®o, T, Wk (R, xR,)),

C,pery

E € WH(0,T; W22 (R)),
and there exists a constant C = C(R, fo) dependent of R and fy such that
Q(T) < CT.

Moreover if we assume that fo € Weper,(Ry X Ry), then (f, E) € W™>(0,T; Weper, Rz x Ry)) x
WLeo (0, T; Wper2 (R)), for all finite time T.

For the proof, the reader is referred to the references [3, 13].
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3 The discrete problem

3.1 Definitions and notations

Let Q = [0, L[x[—R, R], with R > Q(T'), and M}, a cartesian mesh of the phase-space Q. M}, is
given by a first increasing sequence (z;)ic[o..v,] of the interval [0, L] and a second one (v;);co..n,]
of the interval [-R,R]. Let Axz; = x;41 — z; the physical space cell width and Av; = vj41 — v;
the velocity space cell width. In order to simplify the study, a regular mesh will be used, i.e
Ar; = Ax = ﬁ, and Av; = Av = %, where N,, N, belong to N. Then h is defined being
max(Azx, Av).

For each function g defined on all the points (z;,v;) € M), we will set g; j := g(z;,v;), and the
sequence is completed on Z x Z by periodicity in 2 and by 0 in v. The sequence (z;,v;) will also
be defined on the whole set Z x Z, by x; := iAz, and v; := —R + jAv. The set of all L-periodic
functions in z and compactly supported in v will be denoted P(f2).

Now let f = ( fi,j)(z‘,j)erZ be a continuous grid-function, periodic in the x direction and
compactly supported in the v direction, with a support included in [—R, R]. If f is a function
defined on the points Mj,, a discrete grid-function f can be defined by fm = f(xi,v;) for all
(i,7) € [0, Nz] x [0, N,]. In order to lighten notations, f will be kept instead of f. Let L?(Q) (resp.
L}(9)), the set of grid-functions whose ||'||Li(9) (resp ||-||L,11(Q)) is bounded

No N,
1
£z @) = (Azdo Y > |figl*)2,
i=0 j=0
N, Ny
1fllzs @) = Azdv Y > " [fil.
i=0 j=0

As was precised in the introduction, a L? convergence analysis for backward Semi-Lagrangian
scheme, in the case of a Strang split time advance, was performed in [1]. In paper [7], it is explained
that for split methods, where the split steps consist of constant coefficient transport, forward and
backward methods are exactly the same. So all the L? results exposed in [1] are also valid for our
method when time splitting is used. In this paper, we shall consider the convergence of a non split
method, and the L! norm seems more appropriate for this kind of study.

Remark 3.1 If f € L%(Q), then f € L}l(Q) thanks to the Cauchy Schwarz inequality, as 2 is
bounded.

In the sequel, a final time T is fixed, as well as a uniform time discretization (t"),<n, of the
interval [0,77], with time step At = ¢"T!1 — " At each point (z;,v;) € My, an approximation
fn(t™, xi,vj) of the exact distribution function f(t",x;,v;) at time t" = nAt is defined. The
approximation function f5(¢") is then given at each point of R, x R, thanks to an interpolation
operator Ry, defined on a uniform grid:

Ry : LY(Q)NPQ) — L' (Q)nP(Q),
f—= Ruf = Z Jii%i 5

(4,J)EZXZ

where ¥; ; will be linear spline functions for our study. In numerical results, since linear interpola-
tion is quite diffusive, cubic splines will be used. In order to get a convergent scheme, the operator
Rj, must satisfy some approximation properties which will be detailed later.
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3.2 The numerical scheme

The electric field operator for the real-valued function g € L!([0, L] x R) is defined this way:

L
v) = /O K () /R oy v)dv — 1), (3.10)

The approximate function fj is solution on the grid of the following Vlasov equation:

Ofn Ofn Ofn
T ——(t,x )—}—va—(t x,v) + Ep(t,z)—=— 5

This function follows approximate characteristics, solutions of

(t,x,v) = 0.

dX
d—th(tv (.%', U)7 S) - Vh(tv (.%', U)7 8)7
dv;
dth( (x,v),s) = Ep(t, X (t; (z,v), s)), (3.11)
where E}, is defined exactly from f;, using (3.10): Ej = E[fn](z). So we get:

Vit € [tn, tn+1[: fh(t, Z, U) = ZwZJSh(m — Xh(t; (.%'k, Ul), tn))Sh(?} — Vh(t, (mk, Ul), tn)),
k,l

so that fj, is given on the mesh at time " by:

(", xi,v5) Zwleh x; — ) Sp(v; —v)  Vn.

These are the interpolation conditions enabling to define f; everywhere. The computation of
(Wi )k, from the grid values amounts to solving a linear system, which is trivial in the case of
linear splines, where wp, = fa(t™, xg,v).

Let us recall that the linear B-spline §' is defined as follows

S(m):{ (1_‘95’) ing ’x‘ Sl,

0 otherwise.

The spline S, actually used, which shall be defined with the size of the mesh will be

with h = Ax for splines in the x variable and h = Aw for splines in the v variable. From now on,
Sy, will be denoted by S for the sake of simplicity.

The distribution function is updated this way: The ending point of the characteristic starting
from (z;,v;) is computed: (X" (2, 05), "), V(0" (24,v),¢")), (i, 5). Then, since f, is
constant along the approximate characteristics, the value is deposited on the nearest grid points,
the number of which depending on the degree of the splines used for the interpolation. This amounts
to computing f at time t,41 at the grid points using the following formula.

P iy 0g) =Y fal wr,w)S (@i = Xp(t" 5 (2, 00), ) S (05 = V(8" (@r, ), 1)) V(L j),

Note that
(Xn (" (i, 09), 1), Ve ("5 (2, 05),£7)), V(, ),
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are computed by a numerical solution of the differential system (3.11). Since this requires an
explicit solution of that system, any standard ODE solver such as Verlet, Runge-Kutta or others
can be used. Our analysis will be based on the Verlet algorithm, which is second order accurate,
and on a Cauchy Kovalevsky procedure, which can be of any order, as an alternative to more costly
Runge-Kutta solvers. But we will consider only the second and third order, because higher ones
would not increase accuracy in our case, as we will explain.

3.2.1 Verlet algorithm
Starting at time ¢" from the grid point (z,v;)

1
e Step 1: Vk,I, xz—;Q —xp = %vl,

e Step 2: compute the electric field at time s

1

— deposition of the particles xZJlrﬁ on the spatial grid z; for the density pp: pn (i, t"+%) =
1
dkawiS(@i — xz—;Q ), like in a PIC method.

— solve the Poisson equation on the grid z;: E(x;, t"+%).
e Step 3: Vk,I, UZJ[I —v = At E(azkl 2 t”+ 2),

1
n+1 ntz _ At ntl
e Step 4: Vk, I, x}; — Tyt = U

This is the way the algorithm is implemented. In our convergence study, the slight difference is
that an exact solution of Poisson’s equation, based on the Green formula (3.10), is used.

3.2.2 Cauchy Kovalevsky procedure

The idea is to get high order approximations of the characteristics using Taylor expansions in time.
And then, using the charge conservation equation, and higher velocity moments of the Vlasov
equation, to replace time derivatives with terms containing only spatial derivatives and moments
at time t,, which can be easily computed. Up to third order, these Taylor expansions in time lead
to

At? At? d
X" = X" LAtV 4 5 EN(X") 4 = BX (), ) =i
n " o ons A2 d At3 d?
vl = vy AtEM(X HTEE(X() t)jp—n +T@E(X(t),t)‘t:tn.

In order to be able to compute all terms of these expansions we need the three first total time
derivatives of E(X(t),t).

d oF dX 6 OF

FEX@) ) = - (X(0),8) + — () 5 (X(2), 1)

= —J(X(t),t) + J(t) + V(t)p(X(t),t),

where p(z,t) = [ f(z,v,t)dv — 1, J(z,t) = [ f(z,v,t)vdv and J(t) = T fo (x,t) dz. Indeed,

the Poisson’s equation yields %—? = p and integrating the Vlasov equatlon with respect to velocity,
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yields the charge conservation equation % + g—i = 0. Hence taking the derivative of the Poisson’s
equation with respect to time and using this equation we get

From which we obtain, as fOL E(x,t)dx = 0, that

OF _
=+

The second order total derivative in time of E reads

i 07 07 0]
FEXM,) = ——(X(1),) = V()5 (X(#).1) + —(1)

op op

+ BX(1),)p(X (1), 1) + V(0) (5, (X (@), ) + V()5 (X(2),1)).

. . Op 9Op dJ
In order to use this expression, we need %—{, ‘g—i, B_ft)’ 8—;’, d—‘t](t)

The Cauchy-Kovalevsky procedure consists in getting rid of time derivatives, replacing them
with space derivatives obtained from the equation, in our case, we use the velocity moments of the
Vlasov equation. First for p, we use the charge conservation equation:

ap ~aJ
E(X(t)’t) = —%(X(t),t). (3.12)

In order to get the time derivative of the current J, we need to use the Vlasov equation, multiply
it with v, and integrate it with respect to v, so that we get:

({;—i—l—— 2—|—E/—vdv—0

where I, ( fR x,v,t)v™ dv so that, using that f is compactly supported and integrating by
parts:

I
OF x(t).¢ ol

5 (K (0),8) = == (X(2),1) + E(X (1), 8)(1 + p(X(2),1)). (3.13)

X

Let us prove that Ccll—{(t) =0

dJ 1 [FoaJ
E(f) = < ; 8t(t x)dx
L
_ %/0( %IQ(t z) 4+ E(t,2)(1 + p(t, z))dz

= ([Iz(tO)—IQ(tL / Etwdw—i—/ E(t,z)p(t, z)dx

[E2(t, L) — E*(t,0)]

Pl e

thanks to periodicity, in fact (2.3), (2.5). We will see later, that numerically this value is also zero.
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We finally get the following third order Cauchy Kovalevsky (CK3) time algorithm, using (3.12),
(3.13):

n+1 n n AtQ n n At?’ n .n n n n T
X = X"+ AtV +TE (X)+?(Vp(X)—J(X)+J),
n+1 n n n At2 n.n n n n 7
V = V"+ AtE (X)—i—T(Vp(X)—J(X)—i-J)
X" t") — E™M(X") -2V — (X, " v X" "
bR (G = BNXT) = 2V S (X ) + (VIR (X, ),
Let us now introduce a notation, which will be useful later:
At? At?
XM= XM ARV = EN(XT) + —¢”(X” V"),
and
At? At3

VI = VP ALET(XT) 4 0" (X V) 4 S (X VT,
where ¢, p are naturally defined.

Remark 3.2 Obviously, in order to get a second order algorithm (CK2), we just keep the terms
until At? included.

3.3 Exact conservation of number of particles and momentum
3.3.1 B-spline interpolation

First, let us recall some useful properties of B-splines interpolation. The linear space of B-splines
of order m + 1 writes, denoting by s(™ the m! derivative of s

Smi1a, = {s(x) € C"Y(R), sV (z) =0,Vz € (5,2i41),Vi € R},
if m+ 1 is even, and
Sm—l—l,Ax = {8(1‘) € Cmil(R% S(erl)(x) =0,Vz € (xi—%7xi+%)7Vi € R}a

if m+ 1 is odd.
The space of B-spline functions in two dimensions is defined as the tensor product of 1D spaces.
Let us precise the interpolation operator:

Ry, ;(f)(@,v) = wij(f)S(x —2:)S(v —vj),
Ruf(z,v) ZRh”
Now come the properties:
® Spti,h = Span(Sm41(. — 4)Smaa (- — v;); V(4, j) € Z),
® Sppn CWH 1<p<oo 0<k<m,

o Stability || Ry f|[rr@) < Cllfllr@) YfeLP(@Q)NPQ), 1<p<oo (i),
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e Consistency and accuracy. There exists C' >0 | Hf—RthWk,p(Q) < ChmH*k\f\WmH,p(Q) Vfe
WP @) NPQ) 1<p<oo 0<k<m (i),

e > Spn(.—x)=1 (iQ), [Swm(u)du=Az (iv).
o Y uSi(yy—v)=v. (v)
For the last item, we will give the proof: Let us suppose v = v, + aAv, o € [0,1]

Z uSi(v —v) = vpS1(aAv) 4+ vp1151(Av — aAv)
!

= (p+alv)
= v
Let us also precise particle and momentum conservation. The proof for the mass is independent

from the spline degree, and the one for the first moment will only be shown for linear splines, even
though it has been checked for the first three splines.

3.3.2 Particle conservation

The discrete algorithm preserves the total number of particles, as the following computation shows:
m"t = /f (" z,v) dx dv,
= Zw"“/Sx—x)S(v—vj)dxdv

= AxAvZ "+1 (xi,v5),

= AxAUZZwMS X (" (wg, v), ™) S (vj — V(T (2r, 1), 1),
5 kil

= AxAvaQJ = AmAvZf"(wi,vj) =m",
k,l irj

thanks to partition of unity property (iii).
Let us precise the way the interpolation operator acts, in fact:

fo@™ z0) = Zw”S — X5 (" (2,05), ™) S (v — Vi, (87 (4, 0), "),

= ZW"‘HS (x —z3)S(v —vj), (3.14)

by definition of w;';. This implies a kind of continuity of f;, at time t" on the grid points.

3.3.3 Momentum conservation

Let us precise that in this paragraph (Xp,(¢; (zs, v5),t"), Vi (t; (z4,v5),t")) will be denoted (X ;(t), Vi ;(t)),
and that Poisson will not be solved exactly. The aim here is to prove that Vn

> it i) = > v a2 ;). (3.15)

4,J 4,J

10
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Let us distinguish two phases: the transport one and the deposition one. Let us start with the
deposition phase, where we have to get:

Z wn+11}151 .%'k - 1‘2)51(?}1 — Uj) = Z ngvlSl (wk - Xi7j(tn+1))51(?}l - ‘/i7j(tn+1))
i,3:k, 3,5,k

Z w"+1v151 (xp —x)S1 (v —vj) = Zw""’l S (v — vy)
ig ks /

_ n+1
o Zw ij Vi

2
thanks to the property (v) of linear splines. Moreover

Z Ulsl Ul (tn-i-l)) Vi,j (tn—I—l)7

thanks to the same property. So we finally get for the deposition phase:

wa“ ZwZ]V L (24, 05), 7). (3.16)

0, 1,J
Remark 3.3 This proof is given for linear splines, but was also checked for quadratic and cubic
ones. The transport phase is independent from the spline degree.

There remains to prove that

Zwﬁjv] Zw" 1% t"+1 (xi,vj),t") (3.17)
i7j

which corresponds to the transport phase. Note that this phase exists also in PIC methods, and
the following proof of conservation of moments is adapted from [4].

Verlet We have with our Verlet algorithm:
V™Y (20,05),87) = v + ALE™Y (X (8772 (x4, v), 7). (3.18)

The electric field is only known on the mesh. In order to know it everywhere, we use a convolution
between a spline function and the discrete E.

B e (X (8772, (24, 05), ¢ ZE"+ () S(xp — X ("3, (1, 0),7)).

To get (3.17) using (3.18) we just have to prove that

an En+ ) S () — X(tn+  (@3,05),1")) =0,

.9,k
and
SO W E R () S (k- X (3, (@i, 07), ") =SB () Y el Sk — X, (@i, 0)), ),
i,3,k k ,J
= ZE"JF%(%)PH%(%),
k

= 07

11
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for most of the centered algorithms used to solve Poisson numerically, like the following centered
finite difference one on staggered mesh, with linear regularization:

En+%($k+l) - En+%($k7%) = Aﬂ?ﬂn+%($k) Vk,

2

and ) )
E™2(z) =Y E"2(3;)S1 (¢ — @)
Indeed, we get:
SCEM @) ) = YD BT () BV R (@) (S (w1 — 70) — Si(@hys — 7)),
k k 7

ZEnJr%(xi)(EnJrE(x ) E" + (lerl)),

: 2
= SO B @) E ) - 3 B @) B i),
= 0,

thanks to periodicity.
To conclude, using (3.16) and (3.17), we get (3.15), which is what was wanted.

CK algorithm. We still have to prove that:
ngjvj Zw" \% t"Jrl (xi,v5),t")
/[:7-7
That means for the third order scheme:
Zw" EMz) = 0 (i)
Zw”cp (xi,v5) = 0 (i1)
wa¢ (zi,v5) = 0 (i)

each number being linked with the order of the algorithm.

First order. Using the same strategy (regularization of the electric field and centered algorithm):

an EM(z;) = Z wi i B () S (2 — x1),

okl
= ZE” 23,)p" (2x) = 0. (3.19)

12
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Second order. For the second order, we need J*, p, J

o= Ao > W S — ) -
k.l

- A A
J—J=Av ZwﬁlvlS(xi - & Z WE 101,
k,l kil

Zw;?jvjpn( = Av Z wz jwk lvj Zwl V55 (3.20)
i7j

1,5,k

AzAv
Zw" JMx;)) = Av Z wi'wi oS (T — ) — T Z Wi Wi VL
ivgikl ijk,l
= Av Z wiwi v S(Ti — k) Zwk KB (3.21)
4,5,k

using mass conservation and }_, ; ng = L (3.20) and (3.21) are the same, just exchanging (i, j)

and (k,1). So
Zwﬁjgon(xi,vj) =0.
.J

Third order. Here we need I} (x;)
L(t" x;) = / v? nglS(xk —2;)S(v — vp) dv,
R g
nglS(xk — x;) / (v2S(v) + 2008 (v) + v?S(v)) dv,
k.l R

nglS(xk —z)(a 4+ Aved).

In ® we still have >, ;wi';E™(z;) = 0. We also have three terms in % which will be approached
with a centered finite dlfference formula:

1 n n n
dea—fz L) = mzwi,j(fz(t s Tiv1) — Ia(t", wi-1)),

/[/7]

1
= 9Az Z wijwi (o +07) (S(@igr — x) — S(wicy — a)),  (3.22)

1,9,k,1
QZwmvja—(t ,x) = Ao Z wmwk,lvjvl(S(le —x) — S(xim1 — xp)), (3.23)
.. X i,j,k,l
1 n n
Zw i ] (9 x;) = AL Z wi7jwk,lv]2»(5(x,~+1 —xg) — S(xim1 — x1)). (3.24)
Tk

13
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Adding (3.22), (3.23) and (3.24) and using (3.19) we have:

1
Zw{fﬂgn(ggz) = Z ngwﬁl(a + 1)12 + 2v;v; + vf-)(S(xiJrl —x) — S(xi—1 — xp)),

1,7 1,5,k
2 2 2 2
Z w;fng’l(a + v + 2v5v; + vj)S(le —xp) = Z w?lw;fj(a + v + 2v5v + vj)S(ka — ;)
i7j7k7l i7j7k7l
= Z wijwi (o + vi + 2v;0; + vf-)S(xk — Zi-1),
i7j7k7l

just changing (i,7) and (k,1) and S(zky1 — ;) = S(xx — x—1). So we get:
> wpie(zi) =0.
1,J

Remark 3.4 We can see that the conservation of the first moment in v implies that numerically

dj _ ~ AzAv ™0, o0
% = 0, which means that =47+ Zi’j wyv; is constant.

4 Convergence analysis

Theorem 2 Assume that fy € Wc?’ vere (R X Ry), positive, periodic with respect to the variable x,
with period L, and compactly supported in velocity.

Then the numerical solution of the Viasov Poisson system (fn, Ep), computed by the numeri-
cal scheme introduced in section 3.2 converges towards the solution (f, E) of the periodic Viasov-
Poisson system, and there exists a constant C = C(||f||w1.00,m;w2(q))) independent of At and
h such that for Verlet and CK2 algorithms:

2

h
Lf = fallioo.r:21()) + IE = Enlliseom:po((0,0))) < C(AL* + h? + Kt)'

For CK3, we have:
2

h
If = fallie o120 0)) + 1E = Enllise o000 (0,1))) < C(AL® + B + N

Remark 4.1 In order to get these estimates for CK, we will have to assume At < Ax.

4.1 Decomposition of the error

Let f be the exact solution of the Vlasov Poisson equation and fj the approximate solution pre-

viously defined. In order to apply a discrete Gronwall inequality we express the I! error at time
tn+1

6n+1(i’j) = |f(tn+1’xi’vj) - fh(tn+1,xi,vj)| V(l,j),

"l = AzAv Z e, 5).

Z7j

14
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Then f(t" 1 2, v) — fr(#" ", 2, v;) can be decomposed as

FE Tz, 0) — (" g, ) = fET 2k, v) — Ruf (T 2, ) +
Ry f (" @y, vp) — Ry (8" g, v) +
Ry, fu(t" T g, vp) — R fu (0", o, v), (4.25)

where f}, is the function fj, at time ¢ but then follows the exact characteristics. Since f;f“ already
belongs to the image of Ry, we have Ry, f,(t" 1, zp, v;) = fr(t" L, o1, v7).

In order to estimate e”*!, the three terms of the right hand side of the previous equation have
to be dealt with. These estimations are developed in the following subsection.

4.2 A priori estimates
4.2.1 Stability for linear splines

Let us translate the useful spline properties in this case, and give a few more results about the
operator Ry,.

Lemma 1 The Ry, operator is consistent, that is, using property (i), for 1 <p < oo, and0 <k <1

3C>0 | |If = Bufllwes) < CH**|flweniy Vf € WP(Q) N P(Q).
This result is a classical property of B-splines.
Lemma 2 With linear splines, if w; j(fo) >0 V(i,j) thenVn w;;(f")>0 ¥(i,j).
Proof: With linear interpolation, we get in fact w; ;(f") = f"(x;,v;), so if fy is positive, w; ;(fo)
is also, and since f""!(x;,v;) is a sum of positive contributions coming from the f"(zy,v;) which
are positive by a recurrence hypothesis, it will also be positive, and so w; ;( 1) is positive for all
(4,7), and recurrently for all n.
Lemma 3 Stability: Let f belong to C(Q) N P(QY), then we have:

R fllLr ) = If1lL o)

Proof:

L
|Rhfllri) = /O/RIRhf(m,v)\dvdm,
L
_ /0A%wi,j(f)S(x—xi)S(v—vj),

= AxAvam(f),
1,7
= Wil

using [ S(z)dz = Az, the positivity of f thanks to Lemma 2 and the positivity of fo.

15
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4.2.2 Towards Gronwall

Let us precise that in this subsection, some lemmas are valid for all the time algorithms we use, and
when they are not, the lemmas will be proved in each case successively. For the Cauchy Kovalevsky
procedure, the proofs will be done for (CK 3), since their adaptation to lower orders is trivial. We
will now give estimates about the three right-hand side terms of the error e"*! (4.25):

Lemma 4 Let f belong to C'(2) N P(2), then we have:
1f = Ruflly < CR* (4.26)
Proof: Thanks to Lemma 3

lf = Rufller) = IBa(f = Bof)llre),
< Cllf = RufllLrva),
C/(||f||L°°(O7T;W2’°°(Q))h2’

IN A

thanks to the property (ii) of spline interpolation and the fact that the domain is bounded.
Lemma 5 Let f belong to C(2) N P(R2), then we have:

|| R f"H = RhfthrlHL,ll(Q) <e (4.27)
Proof: We compute

n ~n+1 n ~n+1
IBA ™™ = Bafa" i) = AeAo ) [(Ruf™ = Rufi” )@k, v,
o

= AxAvZ ] Z(f"“(wi,vj) - fhn+1(1’i,1)j))5(xk —x3)S (v —vj)l,

< AxlAv ) |wi(f") —wi(ff) \ZS X (" (24, 05),8")S (0 = V(" (24, 05), 1),
i

< AzAv Y wii(f") = wii ()],
i

< et

thanks once more to the partition of unity (iii) and f(z;,v;,t") = w; ;(f").
Lemma 6 Let f belong to C(2) N P(R2), then we have:

HRhfhn _Rhfhn—’—lHL}L(ﬂ) < Crr;ax(’X(tn—i-l;(xi,vj),t")_Xh(tn—i—l;(xi,vj),tn)"

,

VS (2,0, %) = Vi (i) 1)), (4.28)
Proof:

7 n+l n 7 n+l n
IRnfn" = Rufi o) = AzAv Y [(Bafn” = Rufo" ™) @k, ),
kol

= AxAvZ|wa F) (S (xr — XY (24,05), ™) S (v — V(" (24, 05), 7)),

kl 43
— S(wk — Xh(tn+1 (1'1,?)]) t" ))S(Ul - Vh(tn+1; (xzﬁvj)?tn)))"

16
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We can rewrite

(S(xg — X(tn+1 (i, v),t"))S (v — (tn+1 (isv5),1"))
= 8@y, — Xp (" (i, 07), 1) S (0 = VA ("5 (i, 07),17)))
= (S(zp = X (" (23, 07),87)) = Sz = X" (5, 05),87)))S (0 = V("5 (25, 05), 7))
= (S = V(™ (g, 0),8) — (01— VR (g, 0),80)) S (o — Xn(E15 (2,05, 7)),

Then, we use the fact that Sy is 1-Lipschitzian, compactly supported, and the property (i):
Z’ tn+1 (w4, 05), t")) — S(xk _Xh(th (zi,v5),t" ))S (v — V(th (zi,v5), t"))|
<X (21, 05),t7) = Xa (" (2, 07), 7)),
and

D 1S = VT (i, 05),87) = S(or = V(™5 (s, 0), ) S @k — Xn(t"F (1, 05), 7))
k.l

<V (i, 0), 1) = Va5 (2, 07), ")

So that we get:

; n+l
1Bnfn" = Rufi Ml o) < Afﬂﬁvz Jwing ()" (1 E (4, 0),87) = Xa ("5 (27, 0), t7)]
7]
IV (@,07),67) = V("5 (24, 09),8))),
< Cmax(|X (¢4 (4, 0), 87) = Xp (™ (4, 0) ") V(T (3,05), )= VR (05 (22, 07), 7).
Z7j
thanks to particle conservation (3, wi;(ff)) = >_;;wi;(fo)) and positivity of w; ;(f;'), where
(X,V) are the exact characteristics, solution of the differential system (2.7), and (Xp, V) the
approximate characteristics defined in (3.11).
To move on, we need another lemma which enables to control the difference between exact and
computed characteristics. It clearly depends on the algorithm we use. Let us first give the lemma
for the Verlet algorithm.

Lemma 7 : Verlet
If E € W2%([0,t] x R), and with (X,V) calculated exactly with the differential system (2.7),
and (Xp, Vi) computed with Ep, and a Verlet algorithm:

|X(tn+1 (xl’vj) t") - Xh(tn+1; ('Ii’vj)’tn” + |V(tn+1; (xi’vj)’tn) - Vh(thrl; ('Ii’vj)’tn”
< CAB+ At|(E — Ep)(t"2)|| oo

Proof: The strategy follows the work of M. Bostan and N. Crouseilles ([2]).
Let us recall how (x,v)"*! is computed from (z,v)" with the Verlet algorithm

At
"l =y —i—AtEh(t"+5 x" —}——v")

17
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xn+1 _ n+2 + _vn+1
2
Then we define X, (t"+1, (2, v"), ") = 2! and Vj, ("1, (2™, 0"), ") = oL
Let us begin with the characteristics in v:

tn+1

At
(Vi = V)L (27, 0™), %) = o™ + ALE,(t"T2, 2" + 5 ") =" - / E(s, X (s;(z",0"),t") ds,
tn

tn+1

= —/t (E(s, X(s; (ﬂ:",v”),t”)—E(t”+2 X(t"+2 (™, 0"™),t"))) ds,

n

At
= AHBETEX (T (@7 0"), ) - By(t7TE, " + ") (429)

Let us take care of the integral term in (4.29), using a Taylor expansion around s = 3 of

s+ E(s, X(s;(z™,0™),t").

Bl X (s @0t = B 5 X @, o)) + - DB et x e o), )
+ /tH%(S—u)E'/(u,X(u; (2", 0"), ")) du. (4.30)

Let us precise that E'(s, X (s)) = L E(s, X(s)), E"(s, X(s)) = % E'(s, X(s)). Then using (4.30) in
(4.29), we get

tn+1

/t” (E(s, X (s; (™, 0"),t")) — E(t"+2 X(t”+2 (z™,v"),t")) ds,

— e
- E’(t”+%,X<t"+%;<x",v">,t">>[<%>2]in“,
tn+1
+ / / uw)E" (u, X (u; (z,v),t") du ds.
tn ”*2

There are here two terms to control. The first one is zero, and for the second one, we have,

S
/t”%(s —u)duds,
tn+1

5 — U g
< BN [ Gy

tn

tntl n+1

/+ (s —u)E" (u, X (u; (z",v"),t") duds| < |EI/HL<><>/
ntd tn

tn+1

1
< I [ -,
tn

A_tg " " A 3
< S IE e < CIE = At (4.31)

Now let us deal with the second term of (4.29). Since E is bounded:

s

At
o+ S = X ] = [ = Vs ), ) s,
t?’L

s

< /t (s = t")V'(u; (2", 0™),t")ds u € [t", 3],

n
s

< C(||E||Loo)/ (s —t")ds < C"At?. (4.32)

tn

18
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and thus, since E’ is bounded, using the zero mean theorem:

OB | )IX (" 25 (", 0"), 7) = a2,
O |=) A 135)

B2, X (1725 (2™, 0"), 7)) — BE(t" Tz, 2" T2)| <
<

Finally the second term of (4.29) can be controlled by

1 1
(B2, X (#4552, 0m), 7)) = Bt e E)] < ||(B = En) (™)l
+ Bz, X (672 (2, 0"), t7) — B(t"T2, 2" 2)|. (4.34)

So, using (4.31), (4.33) and (4.34), we get
(Vi = V)™ (2, 0), 87)] < CAE + AH|(E — Ep) (7)1 (0. (4.35)

Let us now deal with the characteristics in X:

At At e
(Xp — X)(t" s (2™, 0™), ) = 5 U —}—71)”“ —/ V(s; (2™, 0"),t") ds,
t’rl

1 1
= AV ("2 (27, 0", 1) — 50"~ 50",

tn+1

- /t (V(s; (2, 0™), ") — V("2 (2™, o), 7)) ds, (4.36)

n

so once again we have to control two terms.
For the first one, thanks to Taylor’s inequality, like for X, it comes:

tn+1

1] (Vs @™, 0"),t") = V("R (2", "), ") ds| < C(|[ B[ =) AL, (4.37)

Let us precise that this is nothing else than the error in the mid-point rule for numerical integration.
Now, the second term in (4.36):

s

V(T (2", o), 1) = v"+/ E(s, X (s; (2", 0"), ")) ds,
t

At
— 4 7E(t"*é,X(zt"*%; (™, 0™, ")),
3

+/t (E(s, X (s; (2™, 0"), 1)) — E(""2, X(£"72; (2", 0™), ")) ds,

n

and

3

| / (B(s, X (s: (2", 0"),1") = E("F2, X (772 (2, 07), 7)) ds| < O(||E']| 1) AL,

with the error formula for the rectangle rule. On the other hand

1 1 1 1
V(t”+2 (", 0"),t") — 51}” - 51}"“ = 51}” — 51}"“
+ - E(t X(t ( ™), ") + O(At?).
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Since

1 At
G0 =) = B (T 4,
we have, proceeding as for (4.33)-(4.34)
1 1 At
V(2 (@, o"), 07) = Jut = So™ = B X (@ o), 1) - B2 a2 )
+O(A)],
At nJrl 2
< 7(’\(E—Eh)(t 2)|| oo () + CAL?). (4.38)
To conclude, using (4.37), (4.38), we have:
(X5 — X)) (2,0),87)] < CAL + CAL||(E — Ep)(t"3)|| oo () (4.39)

Finally, using (4.35) and (4.39), we get the estimation of Lemma 7, and using (4.28), this also
implies

~ n+1 n n+1
1Bnfn " = Rufy Ml o) < CAE + At|(E — By)(t"F7)]| .

Lemma 8 : CK3
If E € W4*([0,t] x R), and with (X,V) calculated ezactly with the differential system (2.7),
and (Xp, Vi) computed with Ey, pp, Jn, and a CK3 algorithm:

(X (i, 05),87) = Xp(" s (i, 0), 8+ [V (3, 05),87) = V(™ (4, 05), 7))
< CAt 4+ C(AH|(E™ — Bl + AP(8" — 67 i ()
+AL[[(0" = o)l (@))-

Proof: This proof just relies on Taylor expansions and computations already made:

n+1 n AtQ n AtB n 4
X(t ;(aci,vj),t ) =x; + At?)j + TE (xl) + T¢ (mi,vj) + O(At ),

n+1 n Atz mn Atg n
Xn("5 (24, 05),8") = @i + Aty + ——Ejj () + ——Oh(2i,v;),
and
12 At?

A t
V(t”“; (xi,v5),t") = v; + AtE™ (z;) + T(ﬁ”(xi,vj) + T(p"(xi,vj) + O(At4),

At? At3
Vit (i, 0), ") = v + AtER () + 7¢Z($z‘7vj) + 7@2(%%‘%

and the lemma follows by simple subtraction.
In both cases we need to control the difference between the exact and approximate fields. Let
us begin with Verlet algorithm.

Lemma 9 : Verlet
If E€ W2>([0,t] x R) , it comes

1(E = En)(t""2)|| o) < C(h? + A2 + Ath® + ™)

20
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Proof: First

0y = [ Ky / Sy, 0)do — 1) dy,
R

B( — /
Bt ) = [ Kla)([ ey o - 1.
/
/

J

Hence
E(t”‘L%,x) — Eh(t”‘L%,x) = Y
Yy

L
0
L
0
L
| x
0
L
| x
0
L
+/K
0
L
| &
0
L
| &
0

(z, y)(
(,y)(
(=, y)(
(z, y)(
(z, y)(

1 1

R f(tn+§ Y, U) - fh(thrE Y, U)) d’U) dy’
1 1

(10300 = Bug (. 0)) do) dy,

(
(
(Rif (472, y,0) — F(£"%,y,v)) dv) dy,
(
(

n D G o) = Fu(e g.0)) do) dy
" D Flt™ 3 ,,0) = (e ) o)y, (440)
where
FE 2,y v) Zwklf" X2 (2, 00), ") S (v — V(E2; (2, v1), £7)
and
Fa(t2 g, 0) Zwkl (F)S(y — X (23 (2, 1), ) S (0 — V(" 25 (g, 0p), 7).

1
In order to lighten notations, X(t”+%; (zg,v;),t") and V(t”+%; (xg,vy),t") will be denoted X;:;LQ

and V . We have four terms to control.
The first one is controlled using property (ii) of consistency and accuracy:

L 1
| /O K () / (7, 0) — Ruf (£, 0)) do) dy| < O||K]|soh?.

Now, the second term of (4.40).

L 1 — 1
/0 K(z,y)( / (Ruf ("5, 0) — F("5,y,0)) dv) dy,

1
n+3

/ K(z,y) / (Wkl S(y — ) S(v — ) —wi Sy — X, ?)S(v — Vkl
We have, using Taylor expansion and Vlasov equation:
n+2

Wep o = £ (g v) = (g, v) + =
At of

tof 2
5 Bt —(zr, v) + O(AL?),

= f"(zg,u) — 7(vl8_x(xk’vl) + E"(ﬂ:k)%(xk,vl)) + O(A?).

21
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Moreover, since S is piecewise polynomial of degree one and continuous, we have almost everywhere
(which is enough as we are going to integrate these expressions)

n++ At At
Sy — X, %) =Sy — o — U+ O(A#?)) = S(y — ) — - oS (y — @) + O(A#).

ntl At At
Sw—V, ) =Sw—v - = EM(@) + O(AR) = S(v —w) = T-uS' (v = ) + O(AP).

Using, these expansions, we get:

1

/ K(x.y) / <wk, 2S(y — 2)S( — v) — wf Sy — X1 TH)S(0 = Vi) do) dy,

n

= 5H([ K /R klwS(v—w)(f“(ssk,vl)s/(y—xk)—%(:ck,wwy—xk)),

n

+ ZE"(xk)S(y —x) (f"(zg, ) S (v — vy) — %(mk,vl)S(v — ) dv) dy) + O(A?).  (4.42)

There are two terms in (4.42). They will be dealt with similarly using mid-point quadrature,
which is of second order. For the first term, it writes

n

/L K(z,y) / ZvlS v — ) (f"(zg,v)S (y — z) — ai(xk,vl)S(y —xy)) dv dy,
0 R 37 O

n

= szw/ K(z,y)(f™"(xr, v)S (y — xx) — %(xkavl)s(y — 7)) dy,

n o
= Avw %:l(le(ﬂ%ﬂ?H;)(f (e, 00) 8" (241 — Tk) — By e S 1 — 2x)).

) and S(z; 1= x) are non

Here, we have to use the properties of linear splines. S’(z, 41—
. _ . _ N . 1
zero only if £ =i or k =i+ 1. Then, we have: S’(xH% —z) = 52, Sz Tip1 = le) = x5 and

S(z,

i+l — x;) = S(mH% — Tip1) = % Using that, we get

n

Av %:l(vlf((m,wwé)(f"(mk’Ul)S'(xiJr% —xp) — 3—i(mk’vl)s($i+% — ),

_ AUZWK 520 (fN(le,vli; (i) % (%(wi,vl) + %(miﬂ,vl))) .

Using Taylor expansions with respect to x, we easily get:

f@ivr, o) — f@i,o) _ Of"
Ax ox

(251, 00) + O(Az?).

and

fn afn afn
2 ( o ('Il’vl) + %(xH*lavl)) = E(‘IEH,%,UI) + O(AIEZ),

since f € Wars. (R X R,). And to conclude for the first term of (4.42):

n

L
0
\/ K(z,y) / ZWS (v —v)(f"(zg,v)S (y — z) — aix(xk,vl)S(y —a3)) dv dy| < CAz?.
0 R %
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For the second term of (4.42), with a mid-point quadrature for the integral with respect to v, and
the same properties of splines:

/LK(QJ /ZE"Q: y— ) (f"(x v)S'(v—v)—a—(az v)S(v—1y)))dv)d
0 y B k k k» Vi l O ks Ul l Y,

k,l
=Av Y E"(xg) K(x,y — ) dy "(zg,v)S (v 1 — ) — @(xk,vl)S(vj+l —)),
0 2 ox 2

of"

k)Hf (l“kavyﬂ)—f (z,05) 1 afn(a:k,vjﬂ)*-ﬁ(ﬂ:k,vj))"

< 0 " 2" v
< Az Av|K||L Z|E (z Av 2( ov

k.j

Using again Taylors expansions, with respect to v, we get:

n

L mn n / af
| K| (3 B @0)Sty = ()0 ) = G o) = o) o) ds|
< AzA||K || > |E™ (a)| Av?,

k,j
< C||E™ |10 (o,r) AV < C'AV?,

since £ € W2([0,t] x R). To conclude, the second term of (4.40) can be bounded like that:

\/ K(z,y) / Rhf(t"+2 Y,v) — f(t"Jr%,y,v))dv)dy\ < C(Ath* + At?). (4.43)

For the third term of (4.40):

oy /O K(z,y)( /R Z(wk,z(f”) — (S — X[ S (0 — VIE)) do) dy,

< A0S wna(f) —wklfhr/ K, 9)IS( — X7 %) dy,
k.l

< HKHOOAJUAUZ | (zx, v1) — fr (z,v)| < Ce™. (4.44)
k,l

Eventually, the last term of (4.40):

\/ K(z.y) /fh<t 5 y,0) — falt™Ey,0)) dv) dy,

ntx n+3 +1
|/ K(z,y) /szkl fh Q)S(U_Vk,l 2)—S(y—Xh;kj)S( thf)) dv) dyl,
k,l
<szwklf / K(z X"+2)—S( X214
h y Yy — hkl Y,

< ||K||mAxAvZWk,z(fﬁ‘)lXZ,l - Xf;k,ﬂ’
Kkl

< CAP, (4.45)
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using successively the positivity of fj, mass conservation, fj is 1-lipschitzian and a result in Lemma

1 1
7: (4.32), where obviously, (XZ-—(Fle)’ Vhr?:;fl)) are the appoximate characteristic curves at time s

beginning at time " at (xg,v;).
To conclude, using (4.41), (4.43), (4.44) and (4.45) we get:

1(E = Ep) (7)1 < C(h% + AF + & + At h?),
which is what was expected.

Lemma 10 CKS& With the same hypothesis as in Lemma 8, we have :

AP At h? h?
+ =)+ Ath? + AP —— + AP — + Ath).

~ n+1 n+1
Brnfn = RBufa" "l < Cle (AtJFA 2 Ag Az Az?

Proof: Here, we need to evaluate the difference between the [°°(€) norms of the exact and ap-
proximate values of ¢, ¢ and 1, so to say the one between:

e E" and K}, p" and pj, J" and J}',
e their first spatial derivative and the one of I} and I3} .

Let us start with

(B — BP) (i) = / K (x1,y) / 9, 0) — fu(t",y,0)dv) dy,
< C(e" + h?).

simply using a quadrature with the mesh points, which will also be of second order thanks to
periodicity, and the fact that K is bounded. So that:

I1E™ = Ej|lis 0,7y < C(e" + h?), (4.46)

10" = Al ory = AxZIA(f”—fﬁ)(wz,v)dvl,
< C(e" +h?).

So that using the equivalence of discrete norms, carefully noticing that

1
[1-1lie= g0,y = 7 Mz o,1)

we get:
3 7 1
10" = Phlli= o,y = = I10" = PhllLio.c:
C
< h?
< A33(6 + h?),
and

17" = Rllyomy = Ae 301 [ o0 =)o ool

< Cle" +h?),
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using the same arguments and the fact that f is compactly supported, so that:
1
1% = Tl o,y = 11" = Jillet ooy
C
< (" +h?).
< Ax(e + h%)

Let us precise that the same bound is obviously also valid for .J. So that we get, still using that €
is bounded:

C
n_ A < (" h2 )
16" = Phlliee(po.0)) < R (€" +17)
For the first spatial derivative of these three terms, we can use the same strategy of finite
difference. Let us do it with E.
O(E — Ep) (", 27) = (Bl — Ein-i—l,h) — (B — Ein—l,h) .
ox T 2Ax
so that using (4.46) we get:
\’T(tn)\’lw(m,u) < E(en + h%).

For p", J" and for I% just bounding v,v? in its integral definition, the same strategy leads to

O(Ax?),

W o c .
1% _SDhHlOO([O,L])Ssz(e + h?).

Plugging these estimates into Lemma 8 and then Lemma 6 completes the proof.

4.3 End of the proof

For the sake of simplicity, and since we are interested in At, Az tend to 0, we will assume At < 1
We can now apply Gronwall inequality since

Verlet For Verlet, using Lemmas 4, 5, 7, 9, we get,
T < O(h? + A + (AP 4+ At)(R% + W2 AtAL + ™) + e,
< (14 CAt)e™ + C(h? + AP + (A2 + At)(h? + At?)),

So that
2

h
e" < exp(C'T)e® + C(h? + At? + Kt)’

which is what was expected. Taking At = Ch®, we find the best global order with a = % being %.

CK2 For CK2, using Lemmas 4, 5, 8, 10, we get

At?
et < O+ A+ (5o + At)(h? + €M) +e",
2 t2

At n 2 3 2 2
< A
(1+C(At+ \ )6 +C(h +At +Ath + —~nh ),

Here, assuming At < Ax, we have :

h2
e" < exp(C'T)e® + C(h? + At? + E),
If you want to look for the best global order here, you find the same result as in Verlet, nevertheless,
this cannot fit with the other assumption At < Ax. Therefore, the only way is to take At = Ax,

and the global order is 1.
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CK3 For C'K3, using the same lemmas as for C K2:

o< O+ A+ (At+A—2+A—t3)+Ath2+At2 U + A3 — U ) +e”
© = ¢’ Az | Az Az A2 T
A2 A8 5 5 A2, A, 4
< - -
< "1+ C(At+ RN 5)) + C(h* + Ath® + Awh Az —~—h" + At%).
Assuming again At < Ax, we have
h2
e" < exp(C'T)e® + C(At3 + h? + Kt)
The same remark as with C K2 is still valid. We can see that we are limited because of the terms

Zt nd Ai. In order to be able to reach higher orders, we would have to use splines of superior

degrees m > 1 to get terms in hZ? like in the other proofs of convergence, for example: ([1, 2])

5 Numerical results

In order to validate our new schemes, we have tested them on two standard test cases of plasma
physics, the two stream instability and the bump on tail instability. We also compared them to the
classical and knowledgeably robust Verlet scheme. Notice that because of the diffusitivity of linear
splines, we have used cubic splines for the distribution function.

For the two stream instability, the initial condition is given by

folz,v) = \/%_We_UQ/Q v?[1 — acos(kz)],
with £ = 0.2 and o = 0.05. The computational domain is [0,27/k] x [-9,9] which is sampled
by N, = N, = 128 points. We used a time step At = 0.1 in the results of the left hand side of
Figure 1 and of At = 0.3 on the right-hand side of the figure. We display the L? norm which
reveals the dissipation of the scheme, the total momentum and the total energy. All of those are
conserved in the continuous Vlasov-Poisson system. We do not display the number of particles
which is conserved with an even better accuracy than the momentum. The momentum is exactly
conserved by the scheme and up to about 107! in the simulation. This is due to roundoff errors
and the truncation of the velocity space. The L? norm cannot be exactly conserved by any scheme
using a phase space grid as soon as the grid does not resolve anymore the filaments. The Verlet
scheme is our reference scheme here, and we observe that the results obtained with the CK schemes
are very close, especially for the smallest time step. Moreover conservation properties are better
for the third order CK3 than for the second order CK2.
For the bump-on-tail instability test case the initial condition writes

folz,v) = f(v)[1 + acos(ka)],

with

F(v) = npexp(—v2/2) + ny exp <_ v _§’2>

2vf
on the interval [0, 207], with periodic conditions in space. The initial condition fy is a Maxwellian

distribution function which has a bump on the Maxwell distribution tail; the parameters of this
bump are the following

9 2

W,’I’Lb = W,u == 4.5,1}15 == 05,

np:
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27

500

Ef




hal-00442957, version 2 - 30 Jul 2010

1000

L2 norm

Momentum

300
\\ — V2 — V2
\ -- CKz -- CK2
\ CkK3 729.5 K3
0005k
\
b T
4 200
0.990 Loy
v “.:\"“»« e 285
: ‘. T .
0.985 - R -
i i —— 280
0.980
21.5
0.975 55
0970, 00 200 300 60 500 S 100 700 Enli a0
Potential energy Total energy
10 - 196 - -
— V2 —= M 7
-~ CK2 -- CK2
..... cK3 104 - CK3
]
192 -
& | 100
) " il ) -
Y Wl‘!:‘lla'k',"uu i '\"
f W l' '\'
i 100
w6l 4
2
184
° 100 200 300 200 500 183 100 200 300 400 500

Figure 2: Bump on tail

whereas the numerical parameters are N, = 128, N, = 128, vy = 9, At = 0.2. The results are
displayed in Figure 2. Here the momentum does not vanish, so that the results are not polluted
by roundoff errors and the momentum is exactly conserved. The conclusion for the L? norm and
the total energy is the same as in the Two Stream Instability test case. The potential or electric
energy is a classical diagnostic for the bump on tail instability. The oscillations go on for a long
time with all three time schemes, even though there is a slight energy increase for the CK2 scheme.

6 Conclusion

In this paper, the proof of a L! convergence has been reached for linear spline interpolation. The
originality, except from the choice of the L' norm is that the convergence has been reached for a
non split method. In this paper, the computation of the characteristics has been made with the
Verlet algorithm, or with a CK procedure, but the proof can be adapted to other algorithms such
as Runge Kutta of any order. There remains for the moment some problems using splines of higher
orders, especially concerning stability. This prevents us from reaching real high order algorithms.
Numerical experiments that can be seen in [7], and confirmed here seem to prove that the method
is also stable and convergent for cubic splines. Nevertheless, there remains a problem to preserve
the I' norm of the coefficients w; ;, since some of them can become non positive in the solving of
the linear system with splines of degree higher than 2. Another way of tackling the problem will

28



probably be needed.
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