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Abstract

The velocity and pressure elds in the proximity of the voftls were studied by means of numer-
ical modeling and experimental investigation. The matheabmodel, based on the 2D incom-
pressible Navier-Stokes equations in arbitrary Lagran@ialerian formulation discretized by the
nite element method, was programmed in the Fortran languaging numerical library Mélina.
The results of the numerical simulations show the developroithe supraglottal jet and evolution
of the recirculation vortices within one vocal fold osdiita cycle. The physical model, scaled 4 : 1,
yields the acceleration, supraglottal pressure and aicaighals emitted by an elastic body vibrat-
ing in the wall of a wind tunnel due to coupling with the ow. &lvelocity elds in the supraglottal
domain were measured on this model by a PIV system syncla@miith the vibration.

Résumeé

Le champ de vitesse et de pression le long des cordes vodblestes était étudié a I'aide d'un
modéle numérique et par observation expérimentale. Le lmadathématique, basé sur les équa-
tions de Navier-Stokes 2D incompressibles discrétisées & méthode des éléments nis en
formulation d'Euler-Lagrange arbitraire, était progragmans le langage Fortran, a l'aide de la
librairie numérigue Mélina. Dans les résultats des sinmutat numériques on peut observer le
développement du jet derriere la glotte et I'évolution dmsrbillons de récirculation lors du cy-
cle d'oscillation des cordes vocales. Le modéle physiqueahelle 4 : 1 fournit les signaux
d'accéleration, pression supraglottale et le signal démques émis par un corps élastique, qui vibre
dans le paroi du canal aérodynamique grace au couplage'@vealément. Sur le méme modéle,
le champ de vitesse dans le domaine supraglottale étaitrénpau la PIV synchronisée avec les
oscillations.

Abstrakt

Pomoci numerického modelu agmani na fyzikalnim modelu byla zkoumana rychlostni a tlakov
pole v blizkosti kmitajicich hlasivek. Matematicky modedlo eny na 2D nestleitelnych Navier-
Stokesovych rovnicich diskretizovanych metodou kmyeh prvku ve formulaci ALE (Arbitrary
Lagrange-Euler), byl implementovan v jazyce Fortran,vyu iti numerické knihovny Mélina.
Vysledky numerickych simulaci ukazuji vyvoj preemi v hlasivkové &rbire a vznik recirku-
lacnich viru lehem periody kmitani hlasivek. Na fyzikalnim modelu eritku 4 : 1 bylo nanereno
zrychleni, subgloticky tlak a akusticky signal vyagany za pru nym ¢lesem kmitajicim ve ste
aerodynamického kanalu diky interakci s proudicim vzdochda stejném modelu byla vyhodno-
cena rychlostni pole v supraglotické oblasti metodou PIvchlyonizovanou s kmitanim hlasivky.
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Chapter 1

Introduction

At the current speed of technology progress, uid-struetinteraction affects an increasing num-
ber of technical applications — airfoil and helicopter robdade vibration, stability of suspension

bridges, towers, smokestacks and skyscrapers, vibratinmtone blades or ow in heat exchang-

ers and nuclear reactors. Thorough investigations of tafdsc disasters caused by wind-induced
vibrations, such as ruptures of aircraft wings, collapséhefTacoma Narrows bridge on Novem-
ber 7, 1940 or breakdown of the cooling towers in FerrybridgeNovember 1, 1965 lead to the
development of a new scienti ¢ and technical disciplines geroelasticity.

The aeroelastic calculations need to combine the methatises classical branches of mechanics:
dynamics of rigid bodies and structures, uid dynamics atabticity. In the majority of cases,
the consequences of the aeroelastic effects are rathesitatale — the ow-induced vibration may
affect negatively the operation of the systems, lead to natitigue or induce excessive noise
generation. However, there are processes where the uigiste interaction plays a crucial role;
this is the case of voice production in human vocal folds,chfis the subject of this thesis.

Since the complete equations describing aeroelastic ggeseare extremely dif cult to solve, a
classical approach in aeroelasticity is to reduce the nmécalgpart of the problem into a small sys-
tem of rigid masses, springs and dampers, which is furthepled with a simplied ow model.
The models often comprise semiempirical relations andteots An illustrative case study is
demonstrated in Dowel's monography [10]: the airfoil ifsligy is studied using a model which
consists of a rigid plate xed on a torsion spring, subjedi®dw described by the Bernoulli equa-
tion. Although such methods are still widely used and makegfastandardized and state-certi ed
procedures e.g. in civil engineering, aeronautics andesppplications, some more complex tech-
nigues have also been employed in recent years. These atedrehainly to the boom of nite
element and nite volume codes, which allow realistic maaiglboth of the ow and of the elas-
tic deformations. Mathematical modeling of the ow in humascal folds using the nite element
method, as well as measurements on a self-vibrating mezdiaical fold model, will be addressed
within this thesis.

When modeling ow-induced vocal fold oscillation, it is imbensable to understand the basic
principles of voice production in humans and to acquire achblasowledge about physiological
structures involved. Hence, the most important facts amensarized in the following introductory
section.
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1.1 Principles of voice production

The human voice is created by passage of the air ow betweealvolds, which are located in
the upper part of larynx (see Fig. 1.1, left). The vocal fofttsmerly called vocal cords) are
two symmetric soft tissue structures xed between the tltygartilage and arytenoid cartilages
(which are paired); basically they are composed of the taytenoid (TA) muscle and ligament
covered by mucosa (see Fig. 1.1, right). In fact, this thager model of vocal folds is only a
simpli ed description; more detailed information can beufi e.g. in Titze's monographs [45]
or [46]. Fig. 1.2 shows the laryngoscopic view of vocal foldken respiring and in phonatory
position.

When air is expired from lungs, the constriction formed by tocal folds (which is calledlottis)
induces acceleration of the ow and creates underpressmger certain circumstances (subglottal
pressure, glottal width, longitudinal tension in the TA dighment) the uid-structure interaction
may invoke vocal fold oscillations. Note that the vibratiera passive process —when voicing, peo-
ple do not perform any sort of periodic muscle contractibieytonly adjust the initial con guration
and let the vocal folds vibrate by the air ow.

The creation of voice by vocal fold vibration is usually neé=l to as phonation. In regular loud
phonation, the vocal folds collide and close the channelptetely; the duration of the glottis clo-
sure may span a considerable part of the vibration periodeWWhispering or in breathy phonation,
the vocal folds may vibrate without collisions.

Even in the case of normal loud phonation, the vocal foldscapable of vibrating in different
modes — from the vocologist's point of view, the resultingceois then classi ed into differenteg-
isters the two most important of them being thedal (chestandfalsettoregisters. Independently
of the voice pitch, we sing in the rst two octaves (up to 350iRmen, approximately) in the modal
register, where the vocal folds vibrate as a whole, inclgdie TA muscle and where the voice has
ample, rich “color” (spectrum). When trying to reach higlfreguencies, the vocal folds suddenly
switch to falsetto register, where most of the vibration amnirates to the ligament and mucosa,;
the resulting voice color is rather “ at”. In training of therofessional western-culture singers, a
considerable effort is devoted to smooth out the modaktaddransition — the subject tries to make
the register switching as little audible as possible. Insather singing techniques like yodeling,
on the contrary, the singer exploits the register transitideliberately for artistic purposes.

In normal vocal fold vibration, there is a typical phase shibng the vertical axis: the inferior
part of the vocal fold collides prior to the superior segmémisome rather irregular or pathological
cases, longitudinal modes (2-0, 3-0 and higher, see [48]beabserved. These higher eigenmodes
of vibration were measured and reported e.g. in [41]. Fouleegphonation, however, the vocal
folds usually vibrate symmetrically and as a whole, i.e.hi@ 1-0 mode, with vibrational nodes at
the anterior and posterior commissures and with the solead in the middle.

The frequency of vibration is in uenced by many factors,nparily by the longitudinal tension

in the TA muscle and in the ligament. The periodical glottiaisare modulates the air ow and

generates a sound with the fundamental frequency denotedlyu50. The spectrum of the acoustic
signal contains harmonic frequencigs = k FO, k = 2;3::: and to certain extent also other
frequencies which manifest as noise.

The sound produced by the vocal folds themselves, which easbberved for example in exper-
iments on excised larynges [18], does not resemble humae atiall; it can be compared to the
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Figure 1.1: Scheme of the vocal tract in sagittal sectioft)(lethe vocal folds are located in the
region of the cricoid and thyroid cartilages. Detailed viefsthe larynx with termination of the

trachea in coronal section (right) reveals some of the cmagld physiological structures forming
the vocal instrument. In the left picture, the anteriortpdsr axis is oriented from left to right. In

the right one, it is perpendicular to the picture plane. Fégwadapted from [4, 21].

sound produced when blowing a bird-call. The human voicalt®$érom the acoustic ltering of
the original signal by the vocal tract. Based on the actuahggry of the vocal tract, which can be
modi ed mainly by the position of the tongue (see Fig. 1.Brtain frequencies in the spectrum are
ampli ed and other suppressed: in this way, different vawale generated from the same source
signal. When pronouncing the vowels [a:] and [i:], for exdenphe sound generated by the vocal
folds is exactly the same; the difference is that for [a:] thegue is lowered and the lips wide
open, which creates a large resonance cavity with a largedroadiator. When producing the [i:]
vowel, on the contrary, the tongue reduces the oral acoustione to minimum, which changes
the resonance frequencies of the vocal tract completelg.vbhal tract can be hence regarded as an
acoustic resonator, whose frequency response is detatyjniés dimensions and actual geometry.

1.2 Objectives of the study

There is no doubt that the possibility to produce voice isigltfor human communication, although
many people do not realize this until they lose their voicagerarily (due to common respiratory
in ammations) or permanently (e.g. after laryngeal casrerGood knowledge and understand-
ing of the processes and mechanisms which lead to selfisedtaibration of vocal folds is thus
important and has extensive applications. The Institut€hgrmomechanics has been, for exam-
ple, involved in the European project Eureka E!28N&wVoiceon the development of new voice
prostheses for patients after total laryngectomy (sukg@aoval of larynx necessary after certain
cancers, approximately 30 000 patients per year worldwitle¢ results of the Czech research team
were summarized in report [31] and presented in [32].
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Figure 1.2: Laryngoscopic view of the vocal folds in resgirg (left) and phonatory (right) po-
sition. During respiration, abduction of the arytenoidtitages moves the vocal folds far apart.
When phonating, the vocal folds are adducted close togatheave only a narrow glottal opening.
Anterior-posterior axis is oriented vertically, with thatarior commissure at the bottom. Images
provided by courtesy of Medical Healthcom Ltd., Prague.

The central subject of this study was mathematical modeimtyexperimental investigation of the
glottal velocity elds during ow-induced vocal fold vibr#gon. In the rst approximation, it can
be assumed that the ow eld in the glottal region does notraigsigni cantly along the anterior-
posterior axis (see Figs. 1.1, 1.2). Thus, it seems reatt@alnvestigate only 2D ow elds in
the coronal plane. In the mathematical model, this appréecilitates substantially the numerical
computation: the 3D and 2D models do not differ in princiddes the latter one requires much
less computational power. As regards the physical modeticRalmage Velocimetry (PIV) is a
method which examines the ow eld in a selected 2D plane —deeit is perfectly suitable for 2D
examination.

In regular phonation both vocal folds vibrate symmetricafror the purposes of mathematical or
physical modeling, a simpli ed approach is often used: themetry is assumed ad hoc and only
one half of the channel is modeled. This setup, sometimdsdcdtemilarynx con guration®, is
useful to avoid complexity, time consumption of the alduoris and dif culties with unsymmetric
vibrations, related rather to pathological voice produttilt is necessary, however, to keep in mind
that the symmetry is in general not warranted, and in somecéspven not realistic (as an example
one may take vortex shedding and jet attachment upstreargldktés, which are de nitely not
symmetric phenomena).

The approach presented in this thesis tries to take adwaofabe hemilarynx con guration, while
avoiding untenable assumptions: since the subject of thdy 6 the 2D ow eld within glottal
space, the whole channel is modeled, but one of the vocas ieldxed to the channel wall and
does not move at all. This approach can be regarded as a sichgiarting point for further, more
complex analysis. Physiologically, it might be related ¢ace production in subjects with unilateral
vocal fold paralysis.
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1.3 Overview of existing vocal fold models

The mathematical model of Ishizaka & Flanagan [20] is uguaijarded as the cornerstone of vocal
fold modeling; it has been widely used (in various modi cais) until present. In this model, the
vocal fold was modeled by a system comprising two massesctdngular shape connected with
springs and dampers, the aerodynamics was based on theuBieegoation. It is interesting that
such a trivial model, which neglects a large majority of thal rsystem features, gave surprisingly
good results.

The model of Pelorson and Hirschberg [28] includes moragtigl rounded vocal fold shape and
concentrates on the ow separation point. To simplify theatpns, the aerodynamic forces which
act on the second mass are neglected. Steinecke and Hd&}esEl a similar model to investigate
the in uence of vocal fold asymmetry. A slightly differentvo-mass model, featuring translational
and rotational motion, was developed by Liljencrants [2B]hen studying the Hopf bifurcations
using the original Ishizaka & Flanagan's model combinedhvtory's model of surface waves
[37], Lucero showed [25], that by a proper choice of modebhpaaters it is possible to model the
falsetto-type vocal fold oscillations, too. Haek et al. [17] proposed a three-mass 2-degrees-of-
freedom model with smooth shape, coupled with quasi-1D @sdaibed by non-stationary Euler
equations. A multi-mass model was rst introduced by Tit28,[44]. The main drawback of all
lumped-parameter models was pointed out in the work of Sdoy Titze [37]: there is no clear
relation between the model parameters and the anatomylofoea folds.

Calculation of the aerodynamic forces in the models sunzedrabove is usually based on the
Bernoulli equation, the models mostly do not respect thé veeal fold shape. In some cases
(Pelorson and Hirschberg [28]) a variable ow separatioinpés modeled; in other studies (e.g.
Liliencrants [23], Lous et al. [24]), this parameter is asgdl to be constant.

In recent years, a completely different approach to glottalmodeling has been tried: instead of
simplied 1-D ow models, the 2D ow elds have been calculat using nite volume or nite
element methods, for example in the studies of Alipour andeTjl] or Thomson et al. [42].
The main drawbacks of this approach are obviously the coatipail costs, and the dif culties in
supplying geometrical and structural parameters for thdeho

Regarding the physical vocal fold models, notable resutseweported by Deverge, Pelorson et
al. [8], who modeled the vocal folds by two exible latex tuodled with water, self-vibrating

in a wind tunnel. Barney et al. [2] and Kob et al. [22] used Vdoid replicas, which were
driven externally: two plane shutters closing a wind tuninethe rst case, and rotating cams
in a hydrodynamical channel in the latter. Recently, remabld studies have been published by
Thomson et al. [42], who managed to design a true-scaled/igetting vocal fold model fabricated
from a highly exible polyurethane rubber compound.
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Mathematical modeling

In previous works of the author (summarized in detail in raastesis [30] and published in [17]) the
system was thoroughly examined from the mechanical poiniegi: the vocal folds were modeled

by a two-degree-of-freedom oscillator, placed in the wakh @hannel and coupled with quasi-1D
ow of ideal uid, described by the non-stationary Euler egjions. The coupled equations were
solved by a semi-analytical method — in this case it was ptesg integrate the governing equations
analytically over the spatial variable and proceed with atioal solution of a system of ordinary

differential equations with respect to the time variable, ito perform numerical simulations of
the vocal fold vibration in time. Another possibility was ltnearize the equations, transform the
system into an eigenvalue problem and carry out stabilifyesis in frequency domain.

Later on, the algorithm was modi ed to re ect more accurgtiile conditions occurring for narrow
glottal apertures in order to model more precisely proces®eompanying glottis closure. The
modi ed model included variable ow separation point in tes of a moving boundary condition,
speci ed according to a semiempirical criterion. The rdifferential equations were discretized
by the nite difference method and solved using an expliclieme. However, this method, reported
in [33], did not bring substantial improvement.

The approaches described above, which use rather simploed-dimensional uid model, can
be very useful to reveal critical ow values, observe theuence of various model parameters
and examine the mechanical phenomena related to vocal itmidtion, such as the displacement,
velocity and acceleration waveforms or impact intensityd all this without requiring excessive
computing power. They do not, however, tell much about thid-mechanical part of the problem,
and some important effects like ow separation, vortex stied or recirculation cannot be modeled
this way at all. Within this thesis, a completely differenatimematical model is presented. The ow
is described by incompressible non-stationary Navieké&teequations in 2D, solved by the nite
element method (FEM).

The main advantage of the nite element method is its cajgtd handle problems with complex
geometries. Unlike the nite difference method, which il giopular thanks to simplicity of its im-
plementation and effectiveness of the algorithms, FEM i sudted even for unstructured meshes
— one can use meshes with very ne elements in the domaing,ewtigh gradients of the solution
are expected, and coarser elements elsewhere to spareteomgsources. In comparison with the
nite volume method, which approximates the solution by egeiwise constant function, the nite
element method (using a piecewise polynomial approximat®ads to higher-order, more accurate

12
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numerical schemes [13].

The nite element method, which is widely used for numerisalution of elliptic and parabolic
partial differential equations, for example in structurschanics, seems to be somewhat less pop-
ular in computational uid dynamics (CFD); actually mosttbe commercial CFD codes employ
some variant of the nite volume method. This might be caulsgdhe computational costs of the
FEM (with the same number of mesh elements, lower-order odsth such as the nite volume
method — offer less accurate, but less computationally resipe solutions), but also by the fact,
that for high Reynolds numbers the standard nite elementhogk does not give reliable results.
To understand this unfavorable feature, it is necessargatize that for high-velocity ows the
viscous term in the Navier-Stokes equations becomes insigm against the convective term. It
is well known, that for such systems with dominating coniec{sometimes also called singularly
perturbed problems), standard nite element method is ndable as it produces nonphysical,
“spurious” oscillations in the solution [12]. There exiglveral stabilization concepts, which can
help overcome this numerical problem, namely streamliffesion method (alias streamline up-
wind Petrov-Galerkin method, SUPG) or Galerkin least-sgsianethod. These methods, however,
require a very careful choice of the stabilization paramset8ince the Reynolds numbers of typical
glottal ows do not usually exceed valuesige = 1000 500Q the standard, non-stabilized nite
element numerical scheme was used in this study.

When modeling ow past vibrating vocal folds, yet anothasbstantial complication is encoun-
tered: due to vocal fold vibration, the computational damaichanges in time (which implies that
the mesh is deformed, too); this makes the straightforw& dliscretization impossible. There-
fore, the Navier-Stokes equations were rst reformulateduibitrary Lagrangian-Eulerian (ALE)
approach. Based on a special mappi(g) of the xed, reference con guration ¢ (e.g. domain
occupied by the uid at timé = 0) onto the deformed, actual con guration; (domain in time

t > 0), the ALE method makes possible to apply the nite elementhoé on problems with
time-variable geometry [27].

The Navier-Stokes equations are nonlinear; besides thefaf the existence and uniqueness
of the solution (which are available only for several singali rather academic cases), this also
complicates the numerical solution. The direct FE diszagidbn would lead to a system of nonlinear
algebraic equations, which would be, due to the number ohowks, extremely inconvenient to
solve. This is why it is necessary to use a suitable linetioizaf the convective term. Within this
work, the Oseen iteration process was used.

Numerical solution of partial differential equations, \iter by the nite volume or nite element
method, leads to a large system of linear equations; thdesfay of the whole algorithm is thus
essentially affected by the linear solver used. Basicalig, can choose between the direct methods,
which are fast but become too memory demanding when emplaydalrge matrices, and iterative
methods, which are memory ef cient, but much slower in gaheloreover, when using iterative
methods, it is hecessary to concern about convergencehwiwot trivial. Most of the modern
CFD codes on the market now feature an iterative linear sbl@sed on multigrid acceleration — a
concept, which can dramatically improve the time ef cienwekile preserving reasonable memory
requirements. The numerical implementation, which shaliéscribed here, uses a powerful direct
linear solvelUMFPACK [7].

The mathematical formulation and numerical solution ofgheblem in 3D and in 2D is, in prin-
ciple, the same. The difference is that in 3D, it is much mamglicated to specify the geometry;
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actually, no complete 3D geometrical data regarding thalfmdd shape can be found in litera-

ture so far. In 3D, it is necessary to specify more structaral material properties of the system,
which are generally not known. What is more, 3D modeling ltesn considerably increased el-

ement numbers and matrix sizes, requiring more time and metasolve. Therefore, it seems

reasonable to start with a 2D mathematical model, which ean kuture extended into 3D without

principal modi cations.

The geometry of the problem, i.e. the 2D shape of the vocdsfahd adjoining vocal tract, was
speci ed according to measurements on excised human lasympgrformed in the Institute of Ther-
momechanics [34]. More speci cally, the geometry of the putational domain ¢ at zero dis-
placement was modeled on the basis of the measurements midh@embranous coronal section
of larynx No.8 (female, 72 years, phonated at the fundarh&eguencyF 0 = 308 Hz).

2.1 Mathematical description

2.1.1 Equations of motion of the mechanical system

From the mechanical point of view, real vocal folds consgtita very complex system. They consist
of several tissue layers composed of diverse viscoelagttenals, whose mechanical properties are
generally not known. Therefore it is often necessary to tgkavith simpli ed, lumped-parameter
models and to try to match at least several fundamental dignauoperties (e.g. natural frequencies
and damping factors) of real vocal folds. To illustrate thetimod, the equations of motion will be
derived for a simple two-degrees-of-freedom dynamic sgste

Y 0
::> TFl(t) T
w, (t cl 7 W, (1)
v4 m, Ms cg T M.
X b, | b,
k, jJ (Ekz
| I
L
L

Figure 2.1: Geometric de nitions in the mathematical mo¢femilarynx con guration). Rigid
body of massn and moment of inertid (with respect to the center of gravity CG), supported by
springs and dampers. For the derivation of the equationsotibm the rigid body can be replaced
by a dynamically equivalent three-mass systam mo, ms.

The real, continuously elastic vocal fold is rst replacegldrigid body supported by two springs
and dampers (see Fig. 2.1). The kinematic model re ects @m#&dmodes of the vocal fold motion:
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vertical shift along the y-axis and rotation with respecttoFor the generalized coordinates one
may take vertical displacementg andw, at the locations ofn; andms,, respectively. Note that
within such system, the third mode — horizontal motion ofwtheal fold, which is important in real
voice production, too — is blocked; this is however necgstapreserve simplicity and to avoid the
necessity to supply additional parameters, which are noivkn

To derive the equations of motion, the rigid body of massstatic momenim e (with respect
to the location ofmz) and moment of inertid (with respect to the center of gravity CG) can be
temporarily replaced by a dynamically equivalent threessnsystemmy, m,, m3. The conditions
of equal mass, static moment and moment of inertia

mi+mep+mg = m

mil+ mel = me

myl?2+ myl? = J+ mé? (2.1)

yield

m; = L me’> mel+J

IF:

1 2

m = — me+mel+

2 512 e e J

ez J

ms = m 1 T = (2.2)

7

Now it is easy to write the linearized Lagrange functiorfor the equivalent undamped system
(assuming small amplitudes):

1 , 1 witw, 201 , 1., 1.
= = + = = = 4+ = = + = : .
L=Zsmiwi+ 5 ms > 5> M2 W3 2k1W1 2k2W2 (2.3)
Application of the Lagrange equations on (2.3)
d @L @L ,
- == — = F; 1=1:2; 2.4
d au oew @4)

whereF; are the (generalized) excitation forces, gives the equatid motion for the undamped
system

Fi1

m
mp wq + 73 (w1 + wp)+ kiwy

m
My Wy + Tg (w1 + wo) + ko wp Fa: (2.5)
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Using matrix notation and introducing the displacementaed/ (t) = ( w1 (t); wz(t))T, one may
rewrite (2.5) as

MW + KW = F; (2.6)

whereM, K are the mass and stiffness matrices &ne ( Fq; F2)T is the vector of excitation
forces. The spring stiffnessés, ko in (2.5), which were not speci ed so far, can be set in such a
way that the natural frequencies of the model match the wst tesonance frequencies measured
on real vocal folds (such experiments were performed in tistitute of Thermomechanics and
reported in [41]). The rst step is to substitute a harmordtuson W (t) = A €', where! 2 Cis

the complex angular frequency aAdthe amplitude vector, into the equations of motion (2.6wit
zero excitatior- = 0, which gives

12M+ K A=0: (2.7)

This equation is usually exploited to determine the cinceigenfrequencies of a system when the
mass and stiffness matrices are known. However, it can likinsereversed way — to calculate the
unknown stiffness constankg, ko from known (measured) eigenfrequencles ! ». In order to
obtain a nontrivial solution, the determinant of the maféixX7) must be zero:

2
12M+ K = Kk + FMyp2 o +M3yy2 M3pa_g. 2.
1+(my 4) 2+ (my 4) 16 0 (2.8)

Substituting the experimental angular resonance fregeghg, ! » into (2.8) yields a system of
two quadratic equations for stiffnesdes ko, which can be easily solved.

So far, we were concerned with the undamped system. Theieqgsiaif motion of the damped
system read

MW +BW + KW = F: (2.9)

The damping matriB is generally not easy to specify; one possible approachuséahe propor-
tional damping model, which assumes

B= 1M+ »K: (2.10)

The coef cients of the proportional damping, 2 can be calculated according to approximate
formulas [19]

(2.11)
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wheref; = Zi I'; are the measured resonance frequencies dnatand for the experimental 3dB
half-power widths of the corresponding resonance peaks.

Once the excitation forceB(t) are known, the equations of motion (2.9) represent a sysfem o
two linear second-order ordinary differential equatiombjch can be easily transformed into four
rst-order equations and solved numerically e.g. by the gatKutta method.

Using a different model with more degrees of freedom does<hange anything in the principles
and methods described, it just complicates technicallydémivation of the equations and makes
necessary to supply more structural constants. There i mveneed to linearize the Lagrange
function — for the numerical solution in time the equatiohsnotion need not be linear.

2.1.2 Formulation of the coupled problem

Once the equations of motion of the mechanical system ane@rknidis possible to proceed to the
formulation of the coupled problem, i.e. to derive equatiaescribing jointly the ow and the
vocal fold motion, which are in interaction. In our case, toeipling is realized by aerodynamic
forces (determined by the ow pressure eld), which act oa #urface of the vocal folds and induce
their motion; from the other side, the moving vocal folds iifypthe shape of the ow domain thus
affecting back the velocity and pressure elds.

As for the uid model, we shall describe the ow of an incompsible viscous Newtonian uid in a
bounded 2D domain. In what follows, vector-valued quagsitivill be in bold, tensors and matrices
double-struck. Numerical indices denote vector compaent

Let { R? be the domain occupied by the uid at tinte2 (0;T). The boundary = @ is

composed of four non-intersecting parts (see Fig. 2.2): in[ outl wall[ vr,where i, and
out are virtual boundaries representing the inletand outlggy = 2L, [ 22, [ Ul [ u2, is

the xed wall, which is not a function of time, andyr = 5[ Y stands for the surface of the

moving vocal folds. The superscripts and 'u’ denote the bottom and upper parts, respectively.
G::II o G:/J:II
Gy
G, W G

b

. (

b2
C-“!/vall

Figure 2.2: Sketch of the computational domain and de nitaf its boundary parts. Inletj,,
outlet oy, xed wall 4 and moving vocal folds v .

bl
GNaII

Let qb(t) and qj“(t) be the generalized coordinates specifying uniquely th&iposof the bottom
and upper vocal fold, respectively. According to the meatarvocal fold model used, the indices
i;j may be equal to 1 for a one degree-of-freedom (1-DOF) systieay, may run from 1-2 in
the case of the 2-DOF model described in section 2.1.1 (1dase, we have simpl = wy,

q‘z’ = wy), from 1-3 for a generally moving rigid body in 2D with thre€®P or from 1-n when a
discrete multi-mass system is used. The number of genedatiaordinates might be even in nite
in the case of continuous elastic vocal fold modeling. In eage, the shape of the domain is an



CHAPTER 2. MATHEMATICAL MODELING 18

explicit function of the generalized coordinates only,= F (qb; qj“), i=1 ::NBOF ] = 1iNgor

Our goal isto ndthe ow velocityu (t; x), kinematic pressurg(t; x) and generalized coordinates
of the vocal foldsgf(t), ¢(t), t 2 (0;T), x 2 ¢, i = 1uNBoe,j = 1:Nfop . Kinematic
pressure is the pressure (in Pascals) divided by the uiditken

Incompressible ow of a Newtonian uid in a non-deforming eh@in is described by the incom-
pressible Navier-Stokes equations and by the continuityagon:

%t+(u ryu+rp u=0 in(0;T)
divu=0 in(0;T) ; (2.12)

where denotes the kinematic uid viscosity. However, since thdefian time derivative® =@4
not well de ned in a time-dependent computational domaijnthe standard, Eulerian form (2.12)
of the governing equations is not suitable for descriptibthe ow in a domain that deforms in
time. Therefore it will be reformulated using the arbitrégrangian-Eulerian approach.

2.1.3 Arbitrary Lagrangian-Eulerian method

Before we proceed to the derivation of the Navier-Stokesagous in ALE approach, let us remind
two basic time derivatives, which are used in uid dynamitfe rst one is theEulerian deriva-
tive @=@which represents the rate of change of some quantity in d peint. Thematerial
(substantive, Lagrangian) derivative

D @ _
a_@t+(u r): (2.13)

on the other hand, re ects the rate of change of some propérayspeci ¢ uid particle, moving
with the uid. Further, yet another time derivative — the Aldérivative — shall be introduced.

The fundamental concept of the ALE method, used in CFD probleith time-variable geometry
(such as wave propagation on free surface, uids contairdaging bodies, uid-structure inter-
action problems), is to relate the equations de ned in thealc “deformed” con guration — the
domain . at timet — to a reference con guration g, which is usually the domain at= 0 (see
Fig. 2.3). This is realized using the ALE mappiAg : o 7! ¢, which is for eacht 2 [0;T] a
smooth bijection (one-to-one mapping of onto  with continuous rst partial derivatives).

For the coordinates in the actual con guration, space doatds, we will use small letters; the
coordinates in the reference con guration — reference dioates — will be in uppercase. Hence
we may writex = X (t; X ) = A¢(X), X = A, L(x). In what follows, by we will denote the
domain, where the velocity and pressure eldd; x) andp(t; x) are de ned:

n (0]
= tx):t2(O;T);x2 ¢ (2.14)
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I

Y.

X =A(X)

S

Figure 2.3: lllustration of the ALE mapping; - a smooth mapping of the reference con guration
o onto the actual con guration ;. Reference coordinateé and space coordinates

A functionf : 7! R, de ned in the actual con guration, can be transformed itite reference
con guration, where it will be referred to &3

i X)=~1(tx); x=A((X): (2.15)

Let us de ne thedomain velocity

Wt X ) = gtAt(XF @@txu;X); (2.16)

or in space coordinates

wt;x)= w(tX); X =A x): (2.17)

. .. D*
Now we can proceed to the de nition of tid_E derivative Ot . 7'R:

DAf(t'x)— @f*(t'X)' X = A (x): (2.18)
pt VT @t T St ' '
Lemma 2.1. Let ¢ be a bounded domain,; = A{( o). Letf : 7! R be a function with
continuous partial derivatives of orderfl2 C! . Then

A
D f = @f+(w r)f

Dt @t
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Proof. Using the ALE velocity de nition (2.18), the domain veldgide nition (2.16), relation
(2.15) and applying the chain rule, for a xed= A{(X ) we can write

DA @ o _d _et, ¥ ef o d _
ﬁf (t,X)— @tf.*(t,X)— af t,At(X) = @t(t,X)'f' ~ @—X(t,X) I a/A‘\{tZ(X) } =
wi (X ) = wi(t;x)
_ @f oy
_@t(t,x)+ w r f(tx):
Ol

We see that the ALE derivatii@”=Dt = @=@t(w r ) is analogous to the material derivative
D=Dt = @=@¢(u r ) in Lagrangian approach. The difference is that in Lagramdiscription we
track the particles with velocity ; the ALE approach, on the other hand, follows the “defororéti
of the particles of the reference con guration (the verioéthe computational mesh for example),
whose velocity is the domain velocity.

Lemma 2.1 holds also for vector-valued functidnsc;t). In this case(w r ) f is a vector with
components

X  @f

W —— .
o @F

w r)f = (2.19)

The next quantity, which will be important in following deations, is the Jacobi determinant of the
ALE mappingJ At :

@A @A

(X) (X)
@ @
JA(x) = @AX) _ . % . X = A M) (2.20)
T Gy Oy,
@X @%

Due to the fact that the ALE mappirfy is surjective8t 2 [0; T] and thatA{(X ) =1d( X ) = X
fort = 0, it can be proven [29] that

JAt> 0 (2.21)

Furthermore, the following relation holds [11, 29]:

DA
D—tJA‘(x)z JA(x) div w(t; x) : (2.22)
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Theorem 2.2. (transport theorem in ALE formulation)
Let V; : be a bounded domaif,2 C1 . Then

z AR

d D
— fdx= —f+fdi ; 2.2
at dx . Dt divw dx (2.23)

Proof. Letus denot&/y = A, 1(\4). By the substitution theorem, the integral can be rewriégn
Z Z

d _ d , . .
Gt th(t,x)dx it Vof“(t,X)J'A(X)dX.

Since the integration domai, is no longer dependent on time, we can apply the theorem on
differentiation of an integral with respect to a parametdsing the de nition (2.18) of the ALE
derivative, equation (2.22) and performing the inversesstittion we get

z z
d @ @
— 7t X ) T (X ) dX = = (X)) TMX)+ X)) =JAYX) dX =
dt wx) ) Vo @({z_f O e x) |@_t{z(_;
DAf ©x) DA JAL(x)
z A -

D—f (t;x)+ f(t;x)divw(tx) dx:
v, Dt

2.1.4 Navier-Stokes equations in ALE formulation

The incompressible Navier-Stokes equations can be defieedl the principles of conservation
of mass, momentum and angular momentum. Additionally, ieisessary to assume a constitutive
relation for the uid, which relates the stress and strairstas. In Eulerian description, the principle
of conservation of mass for an incompressible uid expressethe continuity equation

divu(t;x)=0 in (2.24)

The continuity equation does not include any time deriestignd can be discretized in a standard
way; therefore it will be used in this form even in the ALE farfation.

Now we will exploit the momentum equation. Let us considerdritrary non-material volum¥
with a boundary@V moving with a velocityv. The momentum equation (the second Newton's
law) states that the material time derivative of momentuetisal to the sum of external forces:

DEt( u) = @@){ W+ ur (u=r T+ f; (2.25)
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whereT is the Cauchy stress tensor, representing the effects fafcgeuiorces, anél is the density
of volume forces.

For further derivations, we will need the Reynolds transploeorem, which expresses the time
derivative of an integral form. The standard Reynolds farnstheorem deals with integrals over
material volumes, containing permanently the same pastiof continuum. In our case, however,
V is not a material volume; hence we will need the general foffReynolds transport theorem

(see [35] for detailed derivation)

4 4 4

d fdx = @fdx+ fvnd,; (2.26)

dt \V; vV @t @V

wheren stands for the unit outer normal. The theorem states thattheof change of the integral
of a functionf (t; x) over an arbitrary time-variable volumé is equal to the change éfinsideV
and the ux off across the boundar@V/ Note that in the surface integral, the velocityof the
boundary@ Vis involved, instead of the velocity of the boundary of a material volume (equal to
the ow velocity), which gures in standard Reynolds tramsptheorem.

Speci cally, the transport theorem (2.26) for the momentwm for the voluméV; and the boundary
@Ywhose velocity isv gives

z

z
@uW4-9 L (ww nd: 2.27)
v @t dt v, @v

Substituting (2.27) into the momentum equation (2.25)grated ovel; yields

z q z z
F = r- T+ f dx=— u dx (uw nd +
Vi 7 dt Vi @y
ur (u)dx; (2.28)
Vi

whereF is the resultant of the forces acting . When applying the ALE transport theorem
(2.23) to express the rstintegral on the right hand side2o28), we get

z DA z
F = —( w+( u)divw dx (uyw nd +
Vi Di @V
ur (u)dx: (2.29)
Vi

Using the Green's theorem, for the i-th component of theasgrintegral in (2.29) we can write
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z z Z
(uj)w nd = (ujw) nd = div( ujw)dx =
ev 5 @)% Vi
@ ui) @ uj) @ uj) .
= w + w + w + ujdivwdx =
v T @x @ = @ !
Z h i
= w r (uj)+ u;divwdx; (2.30)
Vi
which gives
Z Z
(uw nd = wr (u+ udvwdx: (2.31)
@y Vi

For the incompressible uid(x;t) = const, substituting (2.31) into (2.29) nally yields

z A h i

D
F = —u+ (U w)r u dx: (2.32)
v Dt

As seen in (2.28), the vector of the outer foréess F\ + F s is composed of the volume forces

z
Fyv = f (t;x) dx (2.33)
Vi

and the surface forces

4 4 4

Fs= r Tdx = T(t;x) nd = (t;x;n)d ; (2.34)
Vi @V @y

whereT is the stress tensor and= T n is the stress vector (density of the surface forces). Now
it is necessary to include the constitutive relation. Sgpmp Newtonian uid, in which the shear
stress is linearly proportional to the velocity gradiehg tonstitutive relation states that

@u, @y

=V . 2.
@x " @x (2.35)

Tij= Pij+

where j; stands for the Kronecker deltR, is pressure and the dynamic uid viscosity. The rest
of the derivation is identical with that of the standard Max$tokes equations, and shall be only
brie y outlined here: using the constitutive relation (8)3t can be easily shown that

r T=r P+ u: (2.36)
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Neglecting the volume forcds, introducing the kinematic pressupe= P=, kinematic viscosity
= = and combining (2.32), (2.34) and (2.36) immediately yidlus ALE-formulation of the
Navier-Stokes equations, de ned in

—u+ (U w)r u+rp u=0

Dt
dvu=0 (2.37)

Note that if we are not interested in the detailed derivatibiime Navier-Stokes equations, the ALE-
formulation (2.37) can be obtained immediately by subtituthe result of Lemma 2.1 fdr = u
into the standard Navier-Stokes equations (2.12).

2.1.5 Initial and boundary conditions

To solve the Navier-Stokes equations (2.37), it is necgdsasupply suitable boundary conditions
on the boundary@ ; of the computational domain;. The boundary is composed of several dif-
ferent parts (see Fig. 2.2) —the inlgf, , the xed walls 4 , the moving vocal fold surfacesy ¢
and the outlet gt.

The inlet ow, coming through i,, is imposed as needed. In the computations presented within
this work a parabolic pro le of the vertical velocity compemt was used,

I
XIE)(x2 xBb)
(XéL x5t )2 forx 2 in; t2[0;T]; (2.38)

(X2
u(t; x) = 4Uo

whereU is the maximum ow velocity at the channel axis andl-, x B- represent the coordinates
of the top and bottom left domain corners, respectively.

Since we use a viscous model, the “no-slip condition” is gribed on the xed walls g :

u(t;x)=0 forx 2 wan; t2[0;T]: (2.39)

On the moving vocal fold surfaces, the velocity of the uidrfiees must be equal to the velocity
of the moving surface, which is given by the ALE-velooity Hence,

u(t; x) = wi(t; x) forx 2 ye;t2[0;T]: (2.40)

Finally, some condition has to be speci ed on the outlgt;. Unlike the previous cases, this
represents a rather delicate question — we need to set aesufyc “unrestrictive” formula. One
possible choice is the “do-nothing condition” [47]
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%(t;x)+ PEX)N(X) = Prer N(X)  fOr X 2 ou t2 [0,T]; (2.41)

where is the uid viscosity, @ =@denotes the normal derivative(x ) is the unit outer normal to
out andpyes IS a reference pressure, which can be set to zero. The physéeming of the refer-
ence pressure becomes clear when the do-nothing conditsst on i, , too, instead of prescribing
the parabolic velocity pro le. Then, the valuqair';f pot  determines the pressure difference be-
tween i, and oy Which drives the ow. In phoniatric terms, this differencedalledtransglottal

pressureand is approximately equal to the lung pressure during gimna

The origins of the do-nothing condition, which are not olngat the moment, actually arise from
the weak formulation of the Navier-Stokes equations. Thédten will be discussed more thor-
oughly in section 2.2.4.

Since the non-stationary Navier-Stokes equations indinae derivative, suitable initial conditions

ulx)= u@©;x);  p°(x)= p(0;x) (2.42)

must be supplied, too. One possibility is to solve the statip Navier-Stokes equations

h i
(u(x) w(x)) r u(x)+r p(x) u(x)=0 8x2 o

divu(x)=0 8x2 o (2.43)

and to use the stationary solution as the initial conditibhis approach is applicable only for low
Reynolds numbers (which is our case) — for higher ow velesit the numerical solution of the
stationary system does not usually converge.

2.1.6 Dimensionless variables

When describing physical processes by mathematical emsatit is often advantageous to pass
from dimensional quantities towards dimensionless végblFirstly, in the dimensionless form of

the governing equations, the relative importance of thesdoecomes more evident. The dimen-
sional analysis allows to create scaled, but dynamicathylar models, thus predicting the behavior
of the original system on the basis of the results from thiedaaodel. Moreover, the dimensionless
form of the equations is more suitable for the numerical tsmhudue to the computer arithmetics

properties.

In the Navier-Stokes equations (2.37) we shall introduceedisionless space coordinate, velocity,
time and pressure denot&d u® t®andp® These will be de ned using suitable scaks: U : T
andP as follows:

x=L x%* u=uUu® t=T71t% p=pP p% (2.44)
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The length scalé can be chosen as the length of the vocal fold (denbtedFig. 2.6). Based on
the geometric data available [34], the length scale usedeirdmputations was

L =43:11 10 *m: (2.45)

Itis convenient to take the velocity scdle as the ow velocity at the channel axis o, ,U = Uy
(see 2.38), according to the boundary condition which is@ibed there. Henceforth, it is not
possible to choose neither the time nor the pressure sdateaaty — it is necessary to set

L
T == 2.46

5 (2.46)
p = u 2 (2.47)

Note thatP is the scale of th&inematicpressure (dynamic pressure divided by the uid density),
whose physical dimension %{“TZ = gﬁ%”% = m2=&,
Differentiating (2.44) yields

d _ d| 0_

a0 d—X,ler =L r ;

d d

d_tO_Tdt (2.48)

By substituting (2.44), (2.46), (2.47) and (2.48) into theehnsional Navier-Stokes and continuity
equations (2.37) we get

1 1
U b~ N 0 L ooyou + L) aop 1 g0 =
LDtOuOU U (u W%LruU I_rop LZ%U 0
1 ..
L—dlvouou = 0:
(2.49)

Now, if we multiply the rst equation byt =U ?_introduce the dimensionless Reynolds number

L U
Re= — (2.50)

and drop the primes to simplify notation, we immediatelyaibthe dimensionless Navier-Stokes
equations de ned on :

—u+ + — =
u (u w)r u+rp Re u=0

Dt
dvu=0 (2.51)
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2.2 Numerical solution

The Navier-Stokes equations were solved using the nitenelet method. All the code was pro-
grammed irFortran77, making use of the free, open-source numerical libM#fina, developed
at Université de Rennes and Unité de Mathématiques Ap@&UENSTA Paris.

2.2.1 Solution of the coupled problem

The Navier-Stokes equations (2.37) together with the éougbf motion (2.9) form a full coupled
system describing the uid-structure interaction in thecabfolds. Since such mixed system of
partial and ordinary differential equations is not suitatd be solved directly by some standard
numerical scheme, it is convenient to begin with the timmidescretization of the Navier-Stokes
equations and discretization of the equations of motionth lpgth the same timestep. In our
case, the ALE-derivative in the Navier-Stokes equations aygroximated by a second-order back-
ward difference, and the equations of motion were disadtizsing the fourth-order Runge-Kutta
method. Further, the following procedure is applied:

Assuming that the solution of the Navier-Stokes equati@87) on a speci c time levet and
domain ; is known (or using the data speci ed in the initial condititor t = 0), the generalized
excitation forces are calculated. In the case of the simyidOFE system described in section 2.1.1,
the horizontal motion is blocked and the generalized foesesrepresented by the vertical forces
F1, F» (see Fig. 2.1). These forces can be calculated from the fardanomentum conditions

Fi+ F, = F¢ (2.52)
Fl (L]_ |)+ F2 (L1+ |) = Mf X (253)
which immediately yield
Fe (I+L M
Fo= ol le) f (2.54)
Fr (I L)+ M
Fo= 2|1) L. (2.55)

The total vertical forcds and momentunM; , by which the uid acts on the bottom vocal fold, is
given by the integration of the stress vectqrsimilarly as in (2.34):
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Z Z 32
Fe = 2d = Ty njd; (2.56)
b p 171
VF VF
Z % Z x
M¢ = 3k j Xkd = sk Ty mxgd =
p k=1 b ikl =1
VF VF
Z ¥
= Tunxz Tanxgd: (2.57)
b =1

HereT is the stress tenson the unit outer normal to the vocal fold surface apd the Levi-
Civita symbol. For the de nition of the integration domaifj - see Fig. 2.2. The stress tenJois
calculated from the pressure and velocity efu(#; x) andu (t;x) on time levelt, according to the
constitutive relation (2.35) valid for Newtonian uids.

Once the excitation forces; andF, are known, we can proceed to the next time level by
performing one step of the Runge-Kutta method in the tinserdtized equations of motion. In
this way, we get the new system coordinatg¢t + ); i = 1:2 (org(t+ ); i = 1:ninthe
generaln-DOF case). These coordinates uniquely determine the sifape domain + . With
the knowledge of the solution from the previous two time levthe Navier-Stokes equations can
be solved on the new time levet and new domain ¢+ using the nite element method.

It is evident that within this numerical scheme, there is sseatial difference between the solution
of the coupled system ( uid-structure interaction), and gwolution in the case of externally driven
vibrations, i.e. prescribed vocal fold motion. All, whatrngcessary in the coupled system, is
to calculate the generalized forces and solve numericallgdditional small system of ordinary
differential equations, which is not so complicated in camigon to the dif culties encountered in
nite element solution of the nonlinear Navier-Stokes dipr@s. Though, modeling of the coupled
oscillations brings several technical challenges, whiehnat easy to overcome:

First, it is not obvious which kinematic vocal fold model teeu Obviously, the more degrees of
freedom modeled, the closer to reality the model can beheutore elastic and damping constants
are needed to design the dynamic model. However, theseatwsisire not known, and very dif cult
or even impossible to obtain experimentally.

What is more, it is by no means guaranteed, that the modedlctncounters the self-oscillation
regime. Unlike many technical systems, where ow-inducdgrations represent an undesirable
phenomenon which is rather dif cult to suppress (e.g. beidigck wind-induced vibrations, airfoil
utter), the vibration of vocal folds is a result of a longrte evolution and occurs only in very
special conditions. It has been experienced in the measmtsron physical vocal fold models [33]
and excised human larynges [41] that it is indeed not trigi@djust the geometry, elastic properties
and other parameters so that the oscillations occur.

Taking all this into account, it seems reasonable to perftienrst computations using the model
with externally driven vibration. The results shown withins study were calculated in this mode
— with prescribed motion of the vocal fold.
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2.2.2 Time discretization of the Navier-Stokes equations

The time discretization is based on the works of &k Feistauer and Harék [38, 39]. A constant
timestep will be used. Let us de ne the discrete time lexel= i and the approximate ow
velocity, pressure and domain velocity on this time level

u'(x)  u(ti;x); P pti;x); wix)  w(ti;x); X2 g (2.58)

The Eulerian time derivativél =@ tan be approximated by second-order backward difference

3u(tp+1;x) 4u(th;x)+ u(th 1;X)
3 :

@(tnﬂ 1 X) (2.59)

@t
On the basis of the solutions from previous time lewglandt, 1, an explicit two-step scheme
can be constructed. In the ALE-formulated Navier-Stokesatigns (2.37), however, we use the
ALE-derivative

DA
—U(th+1;X) = @tu(tn+1;X); X = AL

Dt @ (x); x2

(2.60)

th+1 ther -

The pointX of the reference con guration will be helpful for the consttion of the approximation

of the ALE-derivative. Let us denote the ALE-maps of therefiee poiniX on the three time levels
involved

XM= AL (X)) XM= A (X)) x™ = A (X)) (2.61)
Then, similarly as in (2.59), the ALE-derivative can be apmated by the formula
DAu 3uM(xps1)  4un(xn)+ u™ Yxp 1)

Dt (th+1:Xn+1) >

3u™ (Xpe1)  4UM Ay At (Xnar) + U™ T AL L ALY (Xner)
2

(2.62)

Provided that the ALE-mappings on time levéls: , t, andt, 1 are known, the nite difference
(2.62) is now well-de ned on ¢,,, . When we introduce the notation

o'(x")=ul Ay ALY (X)) (2.63)
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by substituting (2.62) into (2.37) we get the semidiscretwibr-Stokes equations for the functions
untt 7! R? andp™*? : 7'"R:

th+1 th+

guntt N ' 40" b" !
5 + (un+l Wn+1) r un+1_|_rpn+l un+1 —

div un*t

I
o

(2.64)

2.2.3 Linearization of the convective term - Oseen iteratios

Due to the presence of the convective te(m"**  w"*1) r u"*! inthe Navier-Stokes equations
(2.64), the system cannot be solved in a straightforward \Weyead, itis rst necessary to linearize
the equations, i.e. to replace the rst occurrence of thegkbuelocity vectou"** by some vector
u , which is already known:

"t w™y rou™ w o wy rout: (2.65)
As regards the approximation vectar, one possible approach is to use the solution from the
previous timeste", transformed to the actual con guration with the aid of theEAmapping
(see 2.63):

u =b": (2.66)
This would be suf cient for quasi-steady ows; to increaseegision for the non-stationary ow it

is better to employ an iteration process, using (2.66) agé¢he iteration. Then™" iteration of the
so-called Oseen iteration process is performed by solVviagystem

n+l h i n n 1
ot W rougterpt ot = 20
divul*t = 0: (2.67)

Using the notation

u u TWoowp Pl the1 (2.68)
to simplify the equations, the Oseen system can be formallyitten as

3u h i 4bn bnl
—+ (U w)r u+rp u —

2
0: (2.69)

divu
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2.2.4 Weak formulation of the Navier-Stokes equations

The starting point for the nite element discretization ofyasystem of partial differential equations
is its weak formulation. Theveak solutionof a partial differential equation may be understood
as a generalization of the conceptabhssical solutionswhose derivatives concerned must exist
everywhere in the computational domain The weak solution, on the other hand, is de ned in
an “integral” sense. It should be stated that the concepteafkvgsolutions remains consistent with
the classical theory: it can be proven that a weak solutidrichvis suf ciently regular, is also a
solution in the classical sense.

In order to derive the weak formulation of the Navier-Stoleegiations, several spaces used in
functional analysis shall be needed. First, let us recalllthbesgue space of measurable square-
integrable functions de ned on R2:

th+
( Sz —— )
L?()= f: 7! Rmeasurable:®> jfji?d< 1 (2.70)

The Lebesgue spate() will be used for the pressure component of the solution. Aands the
velocity, the solution will be sought in the Sobolev spaces H () 2, where

@f .
H()= f2L%): —2L%):i=1;2 : 2.71
() () @x () ;i=1; (2.71)
See e.g. [12] for detalils.

Now we will de ne the velocity and pressure test function ap&lV and Q, respectively. The
velocity test functions are zero on the boundaries, whexd®ikichlet condition is prescribed:

n 0
V2Y v in [ wan [ vr =0 (2.72)

L2() : (2.73)

w
Q

The weak formulation of the equations is obtained by mujiiig the classical formulation (2.69)
by an arbitrary test function from the relevant space arebirtting over :

Z Z h i Z
u vdx+ rpvadx

u vdx=2i 4" b"! vdx 8v2Ww; (2.74)

gdivudx =0 802 Q: (2.75)
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Using Green's theorem and the fact, that the test functioase zero or@ n oy, We can rewrite
the third and fourth term from (2.74)

z z
rp vdx u vdx =
Z Z XzZ XzZ
= pv nd pdivvdx + ru rvadx rup nvyd =
@ j=1 j=1 @
z z z @
= ru rvadx pdivvdx + @+pn vd : (2.76)
out

The last surface integral in (2.76) reveals the origin oftibendary condition on the outlet of the
channel (2.41); the do-nothing condition actually repnse natural condition coming from the
weak formulation. In certain cases, however, this condibecomes too vague — it does not even
prevent the ow returning to the domain through . Thus, the total in ux into the domain

can grow in nite and the numerical scheme tends to diverge.

To suppress this inconvenience, the boundary conditionsgncan be slightly modi ed. First, itis
necessary to apply Green's theorem on the second, corséetim in (2.74). If we realize that

\Y; =0; w =0; (2.77)
@ N out @ n ve
we can write:
Z n i 2 Z
(u w)yr u vdx= (U wy) @vj dx =
i =1 @x
2 hlz @ Z i
_ y 1 @y _
= - U  w) —==vj dx + = U W) —==vj dx =
-1 2 ( I I) @x ] 2 ( | I) @X ]
X2 1Z @
- 2 o @Y I wu
- > (U wy) @XVJ dx + 2 o vi (Ui wj)u;nid
12 ah i )
> uj@( (U w)y dx =
X 1Z @
- < _ N = -
' . 2 (ulz Wl) @XVJ dX + 2 o V] u|ZUJ n| d
1., @ . 1 N
> uj v @((u, w;) dx > up (uj  wip) @(dx =
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Z h i 1Z

vdx+5 (u n)u vd

12 “,Z h i

> u vdiv(u w) dx (u w) r v udx: (2.78)

1
NI =
~~
c
=
~
-
c

NI =

The continuity equatiorliv u = 0 holds also foru . Thus, with the aid of the Green's theorem,
the third term in the result of (2.78) can be rewritten as

Z z
1 . 1- % @w
— u vdiv(u w) dx = = UV — =
2 ( ) 2 IJ::L ||@}(
1% Z Z @ 1Z h i
= = Ui vi wj nj d W —(uwj)dx = = W r u v dx=
2i;j:1 @x 2
12 h i 12 h i
= 3 W r u vadx > W r v udx (2.79)

The boundary integral in (2.79) was dropped since on eadfopdre boundary@ either the ow
velocity uj, the velocity test functiong; or the domain velocityy; is zero. Substituting (2.79) back
into (2.78) we nally receive

Z h i
(u w)yr u vdx=
12 h i Z h i 1%
> (u 2w) r u vdx u r v udx+§ (u n)u vd:

out

1
2
(2.80)

The new boundary integral which arose in (2.80) can be stgzhiato the positive and negative
parts:

Z 1Z 1Z
(u n)u vd =5 (u n)*u vd ts (u n) uvd: (2.81)

out out out

1
2

Since we wish to suppress the return ow, that is

(u n) =0; (2.82)
out
we add the negative part to the boundary condition and ldar@asitive term in the weak formu-
lation. The new, more stable boundary condition @p;, sometimes referred to as tewnstream
boundary conditiorj5, 16], now reads
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N+ RGN+ 5 U () M) UEX) = per NX)
forx 2 ou; t2[0;T]: (2.83)

If we substitute back all the results (2.76), (2.80), (2.i819 the equations (2.74), (2.75) and make

use of the downstream boundary condition (2.83), we canesgpthe ultimate form of the weak
semidiscretized ALE Navier-Stokes equations:

z z z 1Z h i
— u vdx + ru rvadx pdivvdx + = (u 2w) r u vdx
2 _ 2
Z h i Z
1 u r v udx+ = u nu vdx =
2 2 out
1 Z z
=5 40" b" 1 vdx Pef V N d 8v2W; (2.84)
out
Z
gdivudx =0 8Q020Q: (2.85)

The weak solution of the problem is de ned as a coypiep) 2 Y  Q such that the weak Navier-

Stokes equations (2.84), (2.85) hold and that the boundamgitons (2.38), (2.39), (2.40) and
(2.83) are satis ed in the sense of traces.

To simplify notation, we may introduce the forms

h i
a(U ;U;Vv) = Zi(u;v)+ ((u;v))  (p;divv)+(div u;q) + % (u 2w) r u;v
h i z
1 . _
> u r vu +§ N Uu n u vdx; (2.86)
1 Z
f(V)= 5~ 40" 0" v Pret V N d ; (2.87)

out

R
whereU = fu;pg, U = fu ;pg, }4 = fv;qg, where(u;v) = u v dx denotes the scalar

product in L2() 2 and((u;v)) = ru r vdx is the scalar product inH () 2, Using this
notation, the problem can be formulated as follows:
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FindU = fu;pg 2 Y Q such that the boundary conditions (2.38), (2.39), (2.40) @®B3) are
satis ed in the sense of traces and that

a(U ;U; V)= (V) 8VvV="Ffv,qg2W Q: (2.88)

2.2.5 FE discretization of the Navier-Stokes equations

To nd an approximate solution of the semidiscrete weak Me#tokes equations (2.88) we shall
use the nite element method. Let us suppose that the domasnpolygonal and denotey,
(otherwise, it would be necessary to construct a polygopptaimation  of the domain ),
and that the boundar@ is Lipschitz-continuous. L€ty = fKigiy 1.n,4 b€ @ regular nite ele-
ment mesh over ,, which means that the elemerids are closed polygons with mutually disjoint
interiors such that

h= [ Ki (2.89)

i2f 1::nhg

and that an intersection of arbitrary two elements is eidmepty or their common vertex or edge
(see [12] for details). The subscriptusually represents the maximum diameter of all the elements

h= max (diamK;) : (2.90)
i2f 1::nhg

The velocity constituent of the approximate solution wél éought in the nite-dimensional space

_ 2
Yn= vh2 C(n)  :vVhix 2PKY(K) 8K 2T, (2.91)

whereP ™ (K) is the set of all polynomials de ned dd of degree less than or equalro. Simi-
larly, the pressure constituent of the solution comes frioen nite-dimensional space

n 0
Qn= h2C( n): thix 2PXK) 8K 2T, : (2.92)

This means that the solution is approximated by continuaesewise-polynomial functions; in
other words, the spaceé;, Qy represent nite-dimensional approximations of the fuootl
spacesY , Q. It can be anticipated that when decreasing the size of eiesnee. forh ! 0,
the approximation error diminishes and the approximatetiewl may converge to the exact solu-
tion.

ltcanbe proventhat, Y ,Qn Q. Thespace¥ y, Qn are called thenite element spaceshe
functionsv, 2 Y 1, pnh 2 Qn are sometimes referred to aéte elements In order to guarantee the
numerical stability of the resulting scheme, the spatgs Qn cannot be chosen arbitrarily; they
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must ful Il the Babuska-Brezzi condition (see [11]). ForetPk*1 =Pk elements (called Taylor-
Hood elements), this condition holds.

The test functions in the discretized equations come fromeesgW ;, W andQp, where

n o]
Wh: VhZYhIth in[wa"[VFZO . (2.93)
Now we are able to formulate the discrete problem: nd a celg) = fun;phg 2 Y Qn
satisfying (in the sense of traces) a suitable approximatfdhe boundary conditions (2.38), (2.39),
(2.40) and (2.83) such, that

a(Uy;Un;Vh) = f (W) 8Wh =fvh,hg2Wph  Qn: (2.94)

For the purpose of clarity, the rest of the discretizationcpss will be outlined here (without any
claims on completeness):

First, it is necessary to construct the bases of the spage®Qy. The basis of an,-dimensional
spaceY 1, will be denoted byfw;g, , fggTt} is the basis of the spad®@, of dimensionmy,.

In order to produce sparse matrices, it is suitable to chbasés functions with small support,
i.e. for example equal to one in one vertex of the mesh and asewhere (in the case of linear
Pl-elements).

Once the basis functions are chosen, the approximate @oladn be expressed as their linear
combination

Xh Xin
up = U wj; Ph = Pig: (2.95)
j=1 =1

If a relation holds for an arbitrary element of a space, it intnaéd for all the elements of the basis
and vice versa. Thus, using (2.95), we can equivalentlyitewhre condition (2.94) as

Xh Xn
a U; Uywj; Prg ;fwg;qg =f fwy;gqg 8k2flinyg 8l2fl:muyg: (2.96)
j=1 r=1

We can assume that the vectdr is known from the previous iteration of the Oseen process.
Looking back on the de nitions (2.86), (2.87) of the (tm#ar formsa (U ;U; V) andf (V), itis
obvious that the equations (2.96) represent a system drlialgebraic equations f¢gn, + my,)
unknown real coef cients, which can be organized into vesid = (Ul:::Unh)T andP =
(P1:::th)T.

The linear system, which arises from the nite element ditization described above, has the block
structure

A+T+C+D+E B U F
BT . P . (2.97)
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where
Z
A= g ir?jhzl aj = rwj rw;dx;
3 Z
T= tj irjjhzl tj = > Wi Wi dx ;
] 12 h i
C= ¢ i;jh:1 Gj = > (u 2w) r wj  w;dx;
12 h i
D= dij ir?jh:]_ dij = g u r wij Wi dx ;
1
E= & ', & = 3 u n w wid;
Z out
B= by .M bj = g divw; dx ;
1 Z Z
F= fyiify, | fi=5- 40" 0" widk Prei Wi nd :

out

(2.98)

The matricesA and T, coming from the discretization of the viscous term and & tdmporal
derivative, are symmetric, whil€, D (from the convective termsl andB are generally nonsym-
metric. By the symbo] we denote the zero matrix or vector.

Before solving the linear system (2.97) it is necessary ke tato account the Dirichlet boundary
conditions (2.38), (2.39), (2.40). The principle of thealthm can be illustrated on a generic linear
system

with a matrixM = (m; ){}j -, and a second membér= (by:::by)". Imposing the Dirichlet
condition is equivalent to blocking some of the degreeseddom, i.e. to setting

'i=g9 8j2D; (2.100)

whereg; are prescribed values amdl is an index set of the blocked (Dirichlet) nodes. We will
assume that the linear system has already been organizadhmsvay, that the diagonal elements
corresponding to non-Dirichlet nodes are non-zenp,6 0 8i2D.

In order to satisfy the Dirichlet conditions, the origingstem (2.99) is modi ed as follows: rst the
components of the right-hand side veckotorresponding to the non-Dirichlet nodes are replaced
by the values

bh:=b mj g 8i2D: (2.101)
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Then, the matrix elements in the relevant columns are sedrtm z

mj =0 8i 8j2D: (2.102)

Finally, the matrix rows corresponding to the Dirichlet esdare modi ed as follows:

mj =0 8i2D 8j6i;
mii =1 8i2D ;
b:=g 8i2D: (2.103)

2.2.6 ALE mapping

There is still one term in the Navier-Stokes equations (Rw@dich has not yet been discussed
properly: the domain velocity. According to the de nitions (2.16), (2.17), the domain oty

is simply the time derivative of the ALE-mappidg. Our task is to determine the explicit form of
the ALE-mappingA(X ) at time levelt, provided that the generalized coordinatéet) andg(t)

of the bottom and upper vocal folds (and thus the shape ofdheth ;) are known.

Let us remind tha$A; maps the reference, non-deformed domagonto the actual, deformed
domain . Looking on Figs. 2.2, 2.3, it is obvious that the ALE-magpimust satisfy following
conditions on@ g:

A =1d, Ay =F(X); (2.104)

in[ wall[ out VF

whereld is the identity mapping (these boundaries do not move) anereVf, is a prescribed
explicit function of the generalized coordinaigs q'.i= 1:NBoe . j = 1:NYioe modeling the
motion of the vocal fold surface. In the case of the simpleskiatic model shown in Fig. 2.1, the
function F; is given by shift and rotation of the rigid body in the cenfpalt, and by cubic spline
interpolation on the side segments (membranes).

The second condition is that the mappifgmust be smooth on;. Otherwise, however, the choice
of A in the ALE approach is indeed arbitrary.

In simple cases, the form of the ALE-mapping may be guessdédrdred on the basis of geometric
considerations. Another possibility, which can be appliatversally, is to seek the mappidg as

a solution of an auxiliary boundary problem with a suitalppem@tor. In the computations presented
within this work, the ALE-mapping was de ned as a solutiontloé Laplace's equation

Ac=0 in o; (2.105)

with the boundary conditions (2.104).
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The system (2.105) must be numerically solved in each tiepest the computation. It might seem
that this could slow down the algorithm considerably; hogreit is necessary to realize that within
one timestep, more Oseen iterations are performed, wlelatixiliary problem (2.105) must be
solved only once. Moreover, the nite element code progradmsed “*1 =Pk elements for the
velocity and pressure elds, resulting in much larger neatsi than thék elements for the ALE-
mappingA;. Although the speci c number depends on many factors, tleetiral computations
show that the solution of the auxiliary problem takes at de$0% of the total computational time.

Fig. 2.4 shows the reference mesh inand two meshes deformed by the ALE-mappiigwhich
was calculated as the solution of the Laplace's equatidtO8). The deformed meshes correspond
to two different time level$, t», near the maximum and minimum glottal aperture.
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Figure 2.4: Reference (top) and deformed (bottom) comjomalt meshes, 8246 elements.

2.2.7 Mesh generation and adaptive re nement

One of the advantages of the nite element method, agaieshite difference method for example,
is the possibility to use anisotropic or locally re ned meshn a straightforward way. It is obvious
that in regions, where the solution is nearly constant.etieeno need to apply a very ne mesh (the
calculation times increase with the number of unknowns pedby a constant between 2-3, where
the number of unknowns is a linear function of the number o§melements). In the domains
where the solution is expected to have steep gradients angtathanges, on the contrary, a ne
mesh is required in order to minimize the error of the discestiution.

The adaptive mesh generatdngener [9] was used to create the meshes necessary for the nite
element computations. The packa§jegener features triangular mesh generation on polygonal
2D domains. The solutions obtained with the primary, igutraneshes can serve as a basis for
adaptive mesh re nement, i.e. to create locally re ned nesstwhose local element size is optimal
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in the sense of minimizing the approximation error. Fig. ilUstrates the difference between an
isotropic and locally re ned mesh.

In the case of vector-valued solutiomsngener requires to select one of the components, which
will be used in the adaptive algorithm. For our calculatiotie horizontal component of the ve-
locity was chosen. Further, it was necessary to modifyAthgener source code in order to obtain
triangulation les in the format, which was required by theite element library.

NSQATSEE A\VAVAVAVAVAVAVAVAV W\ VAVAVAVAWANYA AV AV

] R RS S SRR R
N VA e eSS N P
BCKRLENAY N KA AN A DRSSO KIS K PRIRIN ISR
NP KRS R RIS IS YV RSSO PR
SOOI SRR AR R DRI PSR KA I
Vvl RIS R PO IO AAKIANY NOVavaVavay, o O R S
AR a5 N R P e 0 5 PAAVAVAYAS S5, 7AW g e AV g gy P
SVAVAVAVAV, NS AN e A LS, K S A ISR SR RIS KSR
AATAYAv ST e R SRR SRR SRS
ORI N N I R O S R A RIS R
RSSO K] ORI A KIS A OISO SKIAISIAIOIKIS
Vi RO RN NAVAVAYAVAv Y Y vavave R S SRRSO S I IR S H IR A
AOOSNSIRSRE A AR A R S SR KRN SIS
SO A A A AN KA AR RS SRS
VANAVY o AVavarsVavavy At A sV s 5 AVAVANANAYAVA N N s S
CROAIAN L AR S BRI NN
KRS AT s S SIS S IS e
SRl ‘%1%%'%1%13E%%§§?§§§€§I’é¥é§”§s$$“%ﬁ§?§ﬁ§t
N Ay N A YA S VAVAV AT AVA FAVAVAVAYAVAVaVAVAVAVAVAVAV.S SVaVAVAVAY

N
<

2
ALK

VAV
A
Doy

NPINDSIANSIANNINOSINININISESEININININININININS
e s et v
% \VAVAS
OB
VAV
CARDSEED

VAV

VAVA)
VAVAVA

AVs
NN

N
NANNININNINININ

\/

RS
vavy
N AVAY v,
ey
YAVAV)
0%
AVAVAY,
AVAVAN
SKRARL

e

A

VAVAVAV

NN
53
gt
VA
VAV
\/

<]
v
s
%
V)
N

Wi
s
RS
5

%

Q
XX
Y

5

0

AN
K
X
INSK
AVa

N/
I
N/

&
VA
YAV
N/
5
2
K]

V4

SR
Vi

>
K
SRS

s
2

ALY
0
220
Vav,

-

1Vavy
il
Vavs
VAVLA"

A
KR
AVAVAVAVAVAVAVAVAVA

AYAY
X%
NI
K
/N
KA
X
o8
L
%

T
AV
]

NS
avars;
KEDE
RDRNASEX
ORI
KRR EONER
aﬂo 5
v 20
N
X
404
N >
YAVAVAYAVAV, S|
WA
AR
e
YAVav i
IVAVAVAVA
AVAV
AVAVAN
AR
DA

A
KN\
DA
'VAV

SOVAY
DyavaY
X
AVAN
N/

RNRASISES

NAVA Lo VAVAV N AVAVAVAN

Val
\V)

2
5
o

<]

/N

Figure 2.5: Isotropic and adaptively re ned meshes, 234 3988 elements, respectively. The
mesh was adapted according to the horizontal componentofaiocity vector from the solution
obtained on the original mesh.

2.2.8 Algorithmic and technical remarks

The numerical solution of the discretized problem (2.94% waplemented using an open-source
library Mélina [26] (the acronym comes from the French collocation for FEMéthode des éle-
ments nis). The library, programmed und&ortran77, is not con ned to a speci c class of
physical problems (like elasticity or viscous ow); it caea with any partial differential problem.
The initial point for the algorithm is the weak formulatiohtbe governing equations. This can be
speci ed in a le of directives together with the boundarynziitions, physical constants involved,
type of elements used (Lagrange/Gauss-Lobato P1 — P6, PbBleoi3, Q1 — Q20 interpola-
tion supported) and link to the mesh le (triangular and guexdjular; tetrahedral, prismatic and
hexahedral elements allowed).
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The numerical library provides an extensive collectionighhand low-level routines, which allow
to program the solution of simple problems without worryiggout algorithmic details, such as
discretization of the terms, assemblage of the matricevem enemory management. However,
since all the source les are available and well-documentbd ow of execution is fully under
control of the programmer and the routines can be modi edatodhe even non-standard problems
—like, in our case, the Oseen iterations for the nonlinean téhe variable geometry and deforming
mesh, additional boundary integrals arising from the mediconvective term etc.

In outline, the ow chart of the code programmed is as follows

Execution of theviélina initialization routines — import of the mesh le, parsing ibie
directives le, global numbering of the nodes

Backup of the node coordinates for the reference (non-oefdy mesh
Initialization of the matrix of the auxiliary problem (fohé¢ ALE-mapping)
Beginning of the principal time loop E=0; t:=i *tau

— Calculation of the coordinates of the vocal fold
— Restoration of the reference mesh, assembly of the ayxjpianblem matrix, reso-
lution! A
— Deformation of the element vertices calculated on the lkafsls, recalculation of
the node coordinates
— Beginning of the Oseen loop
Recalculation of the convective and downstream-boundamg based on the
velocity vector eld from last iteration
Assemblage of the matrix of the Navier-Stokes problem
Imposition of the Dirichlet boundary conditions
Resolution of the linear problem
Calculation of the residual irf-norm
Storage of the results into output les

— End of the Oseen loop
— Recalculation of the ALE-velocity and time derivative term

End of the principal time loop +=i+1

The direct linear solvers provided withMélina, which use LU factorization, are not very ef cient;
this makes them applicable only on problems with small roesi Therefore it was necessary to
incorporate some more powerful external linear solver M#ina.

The packagdéJMFPack [7], which is used as a default sparse matrix solver in regergions of
Matlab, uses a direct multifrontal method, suitable for generaliyysymmetric sparse matrices.
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Its performance may be further boosted by installation afitable BLAS (Basic Linear Algebra
Subsystem) — fodMFPack the Goto's versiorGoto BLAS [14] is recommended.

A new subroutineumf.f was developed to allow callingMFPack within the Mélina code. This
subroutine can simply replace built-in direct solvé&ahki.f  andfasv.f |, since it has identical
input parameters. Basically, the interface works in theofahg way:

1. The matrix of the linear system is converted fromNMh&ina BiMorse format to the Nume-L
format.

2. The Nume-L structure is converted to the zero-based cesspd row format.

3. The matrix entries numerically equal to zero are supprkess spare memory. Real values
are stored in double precision in the superarray DST.

4. The matrix is passed through the Fortran interfacediFPack, which performs the reso-
lution itself in three steps (symbolic analysis, LU factation, resolution of the factorized
problem). UMFPack requires the compressed column matrix format, the matrsupplied
in compressed row format. Consequently, the solution isaseted for the transposed matrix
(this is equivalent).

5. The solution is stored as\élina term.

In spite of the additional operations performed (matrixrat conversions, array dislocations), the
new method is essentially faster then the original submestiapproximately by a factor of 100. On
Intel processors, the overall performance of the binaryeamh be further improved by compiling
UMFPack, Mélina libraries and the program source code with Intel Fortran Qitan (instead of
GNU Fortran compiler, such d37 or gfortran), and by setting suitable optimization ags (on an
Intel E6600 Core2 Duo systerrxT -03 ags were used).
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2.3 Results

This chapter shows the sample results calculated withimeenigal simulation using typical values
of input parameters. These were as follows:

The channel geometry was based on the data measured ondetxais@an larynges [34], scaled 1

. 4 to match the dimensions of the physical model. The gldtiadith in the model wak g, =
67:22 mm (see Fig. 2.6), the lengths of the chanhgh = 0:25 Loy = 16:80 mm, Loz =

1.75 Loz = 117:63 mm. The dimensiorL g, determines the part of the boundary, which changes
in time: within the length of the vocal fold = 43:11 mm, the boundary is given by the rotation and
translation of the rigid body, outwards by smooth splineiipolation. The height of the channel
wasH = 37:50 mm, the initial gap between the vocal folds= 4:00 mm.

LOl L02 LO3
Figure 2.6: Dimensions in the mathematical model.

At the inlet i, (see Fig. 2.2 for de nitions of the boundary segments), tedizal component of

the velocity vector was zeraj, = 0; the horizontal velocity component; was prescribed as a
parabolic pro le with a maximum velocity™® = Uy = 0:25 m's ! at the channel axis, which
gives a Reynolds numbé&te = 680. With the same mesh, the numerical scheme was stable for
inlet ow velocities up toUg = 1 m's 1. The reference pressupes was set to zero, air viscosity

=1:58310°m?s ! airdensity =1:1kgm 3.

The mesh was triangular and consisted of 16537 Taylor-HB3&®!) elements. The upper vocal
fold was xed, the motion of the bottom one was prescribed haranonic oscillation of the vertical
shifty and rotation around the center of the vocal fold

. 2t . 2t
Y= Ymax SIN Yo+ e ; = max SIN ot T (2.106)
y

with amplitudesymax = 1:5 mm, mnax = 8 deg, oscillation periodly = T = 100 ms and phase
differenceyg = 0, o = 45 deg The timestep of the method was= 1 ms; as regards the
number of Oseen iterations, for typical Reynolds numiRas 500 3000it was found suf cient
to use a xed number of iterations, usually two or three.

Fig. 2.7 demonstrates development of the velocity eld irelwve phases over one vocal fold os-
cillation cycle of lengthT.. We can observe the free jet, which is formed between thel Yolcis
and whose shear layer induces vortex shedding. It is quitenmaan that the jet does not follow
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the channel axis and that it adheres to the channel wallptiéaomenon is known as the Coanda
effect. The ow is not perfectly periodical.

In Fig. 2.8 we can observe the development of the pressuddnghe same phases of the oscillation
cycle. The vortices appear as circular zones of low prespunpagating towards the channel outlet.

Finally, a detailed view of the velocity eld near the jet i including the velocity vectors, is
shown in Fig. 2.9. The gure reveals the large-scale vostiseedded from the jet boundary layer.

The mesh les, animations of the velocity and pressure ejdaerated from numerical simulations
with Ug = 0:25; 0:5 and 10 m=s and all the source code les can be found on the DVD enclosed
to this thesis.
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t =310 ms (0:0 T¢)

t =320 ms (0:1 Te)

t =330ms (0:2 T¢)

t = 340 ms (0:3 Te)

Figure 2.7: Development of the velocity eld during the vbéad vibration cycle — velocity mag-
nitude [m/s].
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t = 350 ms (0:4 Te)

t =360 ms (0:5T)

t =370 ms (0:6 Te)

t =380 ms (0.7 Te)

Figure 2.7: (continued) Development of the velocity eldrihg the vocal fold vibration cycle —
velocity magnitude [m/s].
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t =390 ms (0:8 Te)

t = 400 ms (0:9 Te)

t=410ms (L0 Ty)

t=420ms (1:1Tg)

Figure 2.7: (continued) Development of the velocity eldrohg the vocal fold vibration cycle —
velocity magnitude [m/s].
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t =310 ms (0:00T,)

t =320 ms (0:1 Te)

t =330ms (0:2 T¢)

t = 340 ms (0:3 Te)

Figure 2.8: Development of the pressure eld during the Véal vibration cycle — pressure [Pa].
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t = 350 ms (0:4 Te)

t =360 ms (0:5T)

t =370 ms (0:6 Te)

t =380 ms (0.7 Te)

Figure 2.8: (continued) Development of the pressure eldriythe vocal fold vibration cycle —
pressure [Pa].
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t =390 ms (0:8 Te)

t = 400 ms (0:9 Te)

t=410ms (L0 Ty)

t=420ms (1:1Tg)

Figure 2.8: (continued) Development of the pressure eldrduthe vocal fold vibration cycle —
pressure [Pa].
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Figure 2.9: Detail of the velocity eld near the jet front,420 ms. Velocity magnitude in color,
vectors indicate the ow direction.



Chapter 3

Experimental investigation

Despite the numbers of sophisticated mathematical modieigcal fold vibration and glottal ow
developed in recent years, experimental approaches stjll gn important role in vocal fold re-
search. The computational models can supply very usefal datertheless, it is necessary to keep
in mind that many models are based on important simpli gai@nd that the results cannot be
extrapolated beyond the parameter limits, for which theyendesigned. The models often can-
not avoid to include several ad hoc assumptions. Moreomerpcal fold modeling one needs to
enter many geometrical and tissue parameters, whose roaheaiues are often not well known.
Therefore, the results from the mathematical models shaluldys be veri ed using experimental
data.

The most relevant data regarding vocal fold vibration oige from measurements on living human
subjects. However, since the human vocal folds are hardigssible, the majority of processes
occuring during phonation cannot be measured directlwio.vihe second possibility is to perform
in vitro investigations, i.e. measurements on excised muoraanimal larynges. This approach
provides improved accessibility to measured structurestiasues in better controlled laboratory
conditions; yet many drawbacks of experiments on livingués persist — technical complications,
poor measurement reproducibility and also ethical corgcerhis is why it is often useful to employ
physical vocal fold models with well-de ned and easily calable parameters. Provided that the
mechanical model re ects the important characteristioeaf vocal folds, these measurements may
help in understanding some of the fundamental physicalgas®s in voice production.

Investigation of the supraglottal ow velocity eld represts one of the cases, where both in vivo
and in vitro measurements are hardly realizable. Theredimelf-vibrating mechanical model of
human vocal folds was designed and fabricated during tlyeo$tdne author at ENSTA Paris. The
principal goal was to study the conditions, where ow-inddovibrations of vocal folds occur and
to investigate the velocity elds in the supraglottal cheahimmediately upstream the narrowest
glottal gap. The measurements of the ow velocity elds welene by means of Particle Image
Velocimetry, during different phases of vocal fold motidrhe measured data were intended to be
compared with the results from the FEM computational model.

52
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3.1 Principles of Particle Image Velocimetry

Many areas of technical research and development requikaauring technigue that can measure
the ow velocity across a larger domain of the ow eld. Thisaa be achieved by scanning the
domain with a point velocity probe (such as a Pitot tube ortadite probe), however the instanta-
neous ow structure is lost and such procedure can be ve-tionsuming. Besides the qualitative
and semiquantitative ow visualization methods (diregeation, optical and holographic interfer-
ometry), an optical non-intrusive quantitative technidues developed during last 30 years; this
method is called Particle Image Velocimetry (PIV). PIV carasure the velocity eld across a
selected planar domain of the ow, providing the instantargevelocity vectors.

Figure 3.1: Principle of the PIV method (adapted from [6]heTposition of the seeding particles,
illuminated by a double-pulsed laser light sheet, is reedrithto two frames. Cross-correlation of
two corresponding interrogation windowsandl , yields the ow velocity vector.

The basic principles of the method are demonstrated in Fig. Bhe ow is seeded with small
particles, typically oil aerosols in gases and solid pbesién uids. Using a light sheet, formed
by passing a double-pulsed laser beam through a cylindeaal, the position of these particles
is illuminated twice with a small time delay in between. Atfasmputer-shuttered CCD camera
synchronized with the laser system records two frames.

These two images are then divided into small subsectiohsdcaterrogation windows. The pixel
by pixel cross-correlation

zZ

C(S) = 11(X) 12(X  S)dX (3.1)
W

of the image signalk; (X ) andl »(X ) corresponding to the same interrogation winddW gives a
correlation peak, which identi es the particle displacereector. Assuming that the tracers follow
the ow, the ow velocity vector is then calculated from theéwn time delay of the laser pulses.
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The velocity vectors obtained from a standard PI1V, usingaameera with optical axis perpendicular
to the light sheet, are only two-dimensional. This setupitable for the ow that can be assumed
2D (e.g. ow past airfoils, cylinder wakes). If the third \agity component is needed too, two CCD
cameras in stereoscopic arrangement can be used.

3.2 Concept and design of the physical vocal fold model

The ow in human vocal folds can be in rst approximation cdstered as two-dimensional — one
may suppose that the ow velocity does not change signi aatong the width of the vocal folds
(i.e. along the anterior-posterior axis see Fig. 3.2). This encourages the development of 2D or
quasi-1D mathematical ow models, and also permits to drasaningful data from PIV measure-
ments of the physical vocal fold models.

| L |

“ "

Figure 3.2: Basic design of the vocal fold model and ovenaéthe important dimensional param-
eters: channel heigli g, inlet ow velocity Ug, characteristic length and frequency , massm
and stiffnesk.

To re ect these facts, the physical model was proposed aga-fold-shaped element vibrating in
the rectangular channel wall, preferably in they plane. The z-dimension (i.e. the width) of the
vocal fold was intended to exceed considerably its lengthdeapth, which is the case in true vocal
folds, tod. The shape of the vocal folds was speci ed according to nreasents of excised human
larynges, performed in the Institute of Thermomechanid$. [Bhe next issue to be determined was
the overall dimension of the physical model.

There is no doubt that when trying to experimentally ingeg complex real processes in labora-
tory conditions, the ideal setup is a physical model in tiee, 1:1 scale. However, from various

reasons the development of a true scale model is often irodent or even impossible. In these
cases one may try to use a scaled model, while conservingriamalimensionless numbers rele-
vant to the process involved. With the aid of dimensionalysisiit is afterwards possible to relate

the measured results to real, non-scaled conditions.

1The terms “length’, 'width' and 'depth’ are de ned here in amral way, to be consistent with the length, width
and height of the wind tunnel. In vocal fold modeling, howethe vocal fold dimensions are standardly de ned in a
different way: length along the z-axis, thickness (widthidirection and depth along the y-axis.
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The physical dimensions of real human vocal folds — widthuad® mm [46], length 9 mm and
depth 5 mm — are rather small; this would make the constnuatfa mechanical vocal fold model
in 1:1 scale and installation of the measuring devices vérguit. Further, the double- ash PIV
laser system available had a maximum repetition frequeh@p ¢z, and due to synchronization
it was preferable to design a system with the natural frecjesh 20 Hz, too. This implies the
necessity to increase the mass/stiffness ratio, i.e. ag@icrease the model dimensions. Moreover,
the PIV camera was to acquire the images through a plexiglzssnel wall; in these conditions
and with the seeding patrticles used a larger image sizetseisumuch better image quality and
resolution. Taking all this into account, it was necessargdsign a model 2 — 5 times enlarged
with respect to real vocal folds.

The most relevant dimensionless numbers pertinent to atbmsary ow past vibrating vocal folds
are arguably the Reynold's number

H
Re = JoHo (3.2)
and the Strouhal number
fL
St= —; 3.3
O (33)

which can be based on the channel heiglatand mean ow velocity at inlet)y, kinematic air
viscosity = 1:58 10 °> m?s 1, frequency of vortex sheddinfy (supposed to be equal to the
frequency of vibration of vocal folds), and vocal fold lehdt (see Fig. 3.2).

The Reynolds numbeRe represents the ratio between the convective and diffudieete (i.e.
the inertial and viscous forces) in the ow and determines icrucial way the nature of the ow
- development of the boundary layer, ow separation, vortlxamics and turbulent effects in
general. The Strouhal number, alias "reduced frequenagicates the relationship between the
characteristic time of convectiob=Ug and the frequency of ow uctuations, which are in this
case strongly coupled with the natural frequency of the raeicial system. In ow past stationary,
non-vibrating bluff bodies, the Strouhal number is knowmeach the values of approximately 0.2
(for the case of cylinders) [3]. For elastic structures tdgeo exhibit vibration, the issue is whether
the vibration frequency of the structure gets close to thgufency of stationary vortex shedding.
If so, the shedding frequency may "lock* to the vibrationguency, which has a strong effect on
organizing the wake and amplifying the vibration amplitudéne Strouhal number of about 0.24,
encountered in the physical model which was nally fabrézhtcould suggest that the conditions
were favorable for this lock-in effect.

The natural frequencies of the rst two modes of the mechanicodel (lift and rotation irx—y
plane, see Fig. 3.2) are determined by the ratio

f (3.4)

&3
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wherem is the mass an#l,, the stiffness of the supporting springs. To ensure thatetimesdal
frequencies are lower than 20 Hz, considerably low stiffiassertical direction is needed. For the
proper function of the model, however, the torsional séiffsk; should remain as high as possible
(the term torsion is used here for the rotation with respethé x-axis). Consequently, the springs
were designed as four slender cantilever beams of ldggi¥idth wg and thicknesss. The bending
and torsional stiffness of one beam, denok%dand ki, respectively, can be calculated from the
formulas

E ws t3

_ _ Gtswd
12131 2)° - '

kp =
b 31,

ki

(3.5)

One can note that rather than by the material properties -agraniodulusE, shear modulus
and Poisson's ratio — the stiffnesses are in uenced by the beam thickness armgdHdgim exion)
and width (in torsion), which gure in third powers. Usingdlequations (3.4), (3.5), the require-
mentsf 20 Hz, k; ky, and taking into account the technical constraints, theiredspring
dimensions were estimated s 80 mm,ws 10 mm,ts 0:5 mm. The cantilever beams,
representing the springs, were fabricated from a brasg éMbich has lower elastic moduli than
steel) and xed with screws and shims. The physical modelhefyocal folds, mounted in the
measuring section of the wind tunnel, is shown in Fig. 3.8litawhal images can be found on the
accompanying DVD.

The vocal folds themselves were cast using a RTV-II two-conmal silicone rubber type 69199. In
the con guration presented here, the upper vocal fold wasd %o the channel wall. The second
one, attached to a lightened square aluminum pro le, wasnwsalon four brass at springs into

the wall of the channel. Two adjusting screws allowed to Betzero position of the vocal fold

precisely.

Unfortunately, the mechanical system did not provide ehofige parameters to preserve the
Reynolds and Strouhal numbers (3.2), (3.3) exactly. Alse wudimensions of the wind tunnel
available, a 1:4 scale was nally chosen for the physical elpghich gives

M LPM
= —LVF =4 (36)

H
H

o7

o<
1

(see Fig. 3.2, superscripisM andV F denote the physical model and the real vocal fold, respec-
tively). As described above, the natural frequencies ofsysem, supposed to be equal to the
frequency of ow uctuations (vortex shedding) cannot beoskn arbitrarily, neither; taking a typ-
ical fundamental frequency of male voicefof ©  100Hz and the rst natural frequency of the
physical model of M 13 Hz yields the ratio

fPM g
RS (3.7)

In a system, whose vibrations are self-induced, the ow g&joUy is not a completely free pa-
rameter. Unlike externally excited vocal fold models (g¢tge hydrodynamical model of Kob et al.
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Figure 3.3: Design of the physical model of vocal folds (imcmration xed upper - vibrating
lower vocal fold). The vibrating elastic silicone rubbeemlent is attached to an aluminum pro le,
supported by four adjustable brass at springs. The systemquipped with two Briel&Kjeer
4507C accelerometers, a G.R.A.S. 1/8" measuring microplye 2692, two hoses connected to
a water manometer and inlet of the Validyne DP15TL pressarestiucer. Avalilable on the DVD
in full resolution.

[22]), the ow rate must remain between the bounds given feydtitical ow (the lowest ow able

to excite vibrations) and the maximum ow (at which the vitioais either stop or become chaaotic).
Using a 1D mathematical model of Haeek & Sidlof [17, 30] some estimations have been per-
formed prior to physical model fabrication to ensure that Reynolds and Strouhal numbers stay
approximately the same for the physical model as for thevaeal folds. The ow-induced vibra-
tions of the vocal fold model, which was eventually fabréhtoccurred for ow velocities ranging
from ugM = 1:25 5 m/s. Considering a typical mean subglottal ow velocity igr phona-
tion of UyF  2:5m/s and using (3.6), (3.7), one may estimate that for theipalymodel, the
Reynolds numbeRe = 2000 3000was 2—6 times higher and the Strouhal nuntber 0:24was
1-3 times lower than those of real vocal folds. Hence, thesichy model cannot be claimed to be
perfectly dynamically similar; however, it can be assunfet the ow regime is not substantially
different from the real situation.
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3.3 Experimental setup

The vocal fold model was mounted into a plexiglass wind tloeprising a blower engine and a
long circular channel with a diameter of 180 mm intended fupsess the inlet turbulence. Further,
the channel cross-section contracts smoothly by fdctor6 into a rectangulat00 40 mminlet

of the measuring section with the vocal folds, continueg@gdmately 40 cm to simulate the vocal
tract and terminates freely into ambient air. The overaliwof the experimental setup is shown in

Fig. 3.4.

Figure 3.4: Overall view of the experimental setup. Avalitaon the DVD in full resolution.

In addition to the PIV system installed to measure the suptia ow eld, the model was also
equipped with accelerometers, pressure transducers amdphones to measure and record vocal
fold vibration. The diagram in Fig. 3.5 shows the locationsl aviring of transducers used, the
dimensions are speci ed in Fig. 3.6.

To measure the mean ow in the channel, an ultrasonic owmates mounted near the downstream
end of the circular channel. Unlike many other ow velocityeasuring techniques, this device rep-
resents a non-invasive way to measure the stationary wduiin the channel. It provides a digital
value in liters per minute (LPM) and a calibrated analogugpuisignal. The measured values are,
however, not very precise and even in the case of stationamythe output often uctuates up to
ten percents. Moreover, the device performs one readouiyqeeseconds and thus is completely
unsuitable for dynamic ow measurements.

Two accelerometers, xed under the vibrating vocal fold,revesed to record mechanical vibra-
tion. The 1:4 scale of the model allowed to use the relatilaige, but very sensitive type B&K
4507C without affecting the system signi cantly. The cdiaiing ampli er with built-in signal
integration, supplied with the accelerometers, can intamdto acceleration provide also velocity
or even displacement waveforms. Such signal integrationlhmeever introduce phase distortions,
and since the phase was an important issue, no integratisselected.

The signal from the accelerometer was also used to triggdP ¥ laser. Recti cation using a pulse
generator yields a rectangular signal, whose rising edgesmonds to a distinct phase of vocal fold
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Figure 3.5: Diagram of the experimental setup used for thasomements of vocal fold vibration
and for PIV investigation of the supraglottal ow.

1. Rietschle Thomas centrifugal blower engine (2200 Womax = 29 mbar, Qmax =
2770m3=h). 2: Omron Sysdrive 3G3MV frequency inverter (380 V, 0 — 60 H3). GE Pana-
metric GC 868 ultrasonic gas owmeter4: Validyne DP15TL dynamic pressure transducer
(steel membrane 0.125 PSI F$%). Validyne CD23 amplier. 6:; 7: Bruel&Kjeer 4507C ac-
celerometers8: Briel&Kjser Nexus conditioning ampli er type 2692 (frequanbandpass 1 Hz —
1 kHz). 9: G.R.A.S. 1/8" condenser microphone type 4138, G.R.A.Sampi er type 26AJ.10:
G.R.A.S. 1/2" prepolarized free eld microphone type 40BER.A.S. preampli er type 26AJL1:
Briel&Kjeer Nexus conditioning ampli er type 26902: New Wave Research PIV laser SOLO 3-
15. 13: New Wave Research SOLO lll laser unit4: LaVision Imager PRO camera unil5:
PC - 2proc Intel Xeon, software Davis v¥6: Philips PM5715 TTL/pulse generatdr7: National
Instruments NI DAQPad-6015 data acquisition cdr@l. PC - software NI LabView v7.119: LaV-
ision Imager PRO camera (1600x1200 pixel, Nikon AF NIKKORrBfh 1:1.8 D lens, f-number
8). 20: Kimo water manometer (precision 0.5 mm®I (5 Pa)).
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Figure 3.6: Dimensions of the wind tunnel and placement ettAnsducers

motion. Using the phase shift function of the generator {dhe PIV controlling software) allows
to trigger the PIV at arbitrarily chosen vocal fold positiore. at a distinct glottal opening and jet
formation phase.

In voice production, the pressure waveforms are obviouskigh importance and interest. The
pressure waves emitted to the ambient atmosphere repitbsegénerated voice, while the supra-
glottal pressure waveform provides information on the atiowsignal generated by the vocal fold
itself (one must take into account the vocal tract resorgné&om the subglottal pressure one may
calculate the mean transglottal pressure, an importaanpeter for voice onset, and also observe
the subglottal vocal tract resonances. This is why threesareanent spots were chosen: at the exit
of the channel, and immediately downstream and upstreamidkies (see Fig. 3.5).

Due to the rst natural frequency of the mechanical system 13 Hz, the fundamental acoustic
frequency was out of the documented range of standard niegsuicrophones. Hence, dynamic
pressure transducers were tried rst. However, the traceduavailable (Validyne DPTL-family
with changeable measuring membrane), in combination vghrecommended ampli ers, gave
poor signal-to-noise ratio and zero-level stability, anttdduced spurious resonance frequencies.
The measuring microphones, on the other hand, proved simglsi good frequency response even
in this infrasonic band, and provided much better signaialiy, only one pressure transducer was
used to record the subglottal pressure where non-zero D@aoent is present (this static value
actualy corresponds to the mean transglottal pressurehveloiuld be also read out from the water
manometer).

The ampli ers and the LabView measuring software were setaithat all the registered data were
directly in Sl units. In the case of the accelerometers andsoméng microphones, manufacturer-
speci ed calibration data were used. The pressure tramsdweere calibrated by the use of a water
manometer. The calibration data are available on the DVD.

The spatial con guration of the PIV system is demonstrateérig. 3.7. This setup, with vertical
laser sheet passing through the middle of the channel anderaavith horizontally situated optical
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axis, allows to record the 2D ow eld across the plexiglassaonel wall. Due to oil particle
deposition on the walls, frequent cleaning was necessamglmeasurements to preserve suf cient

image sharpness.

Caméra digitale
La Vision Imager Pro VC04

Accéléromeétre
B&K 4507C

Figure 3.7: 3D diagram of the PIV setup. The signal from theelometer, rectied by a
TTL/pulse generator, is used to trigger the PIV laser anatémeera shutter. The laser sheet passes
vertically through the middle of the channel so that the donmamediately downstream the glottis

is illuminated.

Laser La Vision / New Wave Research
DE solo 3-5

Alimentation du laser
PC

logiciel Davis

caméra 1aser

trigg IN
. TTL OUT
sig IN

Amplificateur de charge B&K Nexus,
Générateur de pulse Philips PM5715
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3.4 Results of the dynamic and acoustic measurements

The primary purpose of the vibroacoustic measurements avasduire supplementary data to the
PIV records. Basically, the procedure consisted of settiveg ow rate, taking one ten-second
record of the accelerometer, pressure and acoustic signdls a sampling rate of 2 kHz), and
performing a series of PIV measurements for approximatélyl2ases of the vocal fold motion
(the latter will be explained in detail in section 3.5). Thimcedure was repeated for the ow rate
values ranging from minimum ow able to sustain vocal foldration up to a maximum value,
where either the vibrations ceased or became chaotic guiae The systematic interpretation of
the vibroacoustic data, even regardless of the PIV measumsnprovides valuable information on
the dynamical behavior of the system.

First of all, the natural vibration of the model without owas measured. The silicone pro le was
de ected from equilibrium, released and left to exhibit dzed oscillation. The waveform and spec-
tra of the acceleration in Fig. 3.8 reveal a dominant spkfterquency of 11.0 Hz, corresponding to
the natural frequency of the prevailing translational mode

o 4 120
0 ,
& ,J 2 110

0 8

-

g2 g 1%
© g
24 ® 90
Q
Q
< -6 80

0.5 1 15 2 25 0 20 40 60 80 100

Time @D frequency  @HzD

Figure 3.8: Waveform and spectra of the damped natural tidoraf the physical model. The rst

peak in the spectrum at 11.0 Hz corresponds to the naturglidrey of the translational mode.
The second peak at 21.9 Hz is most likely the natural frequehthe torsional mode (which was
undesirable).

Fig. 3.9 shows dependence of the frequency of vibration enaW rate. It demonstrates a behav-
ior typical for nonlinear dynamic systems, where a smalhgjgaof the driving parameter (the ow
rate in this case) may cause a substantial alteration of sdretional characteristic, i.e. invoke a
turnover of the mode of vibration. Tracking the frequencyhvimcreasing ow rate allows to distin-
guish four modes of vibration: mode I, where small ow ratedlice impactless low-amplitude vi-
bration, whose frequency does not change signi cantly. rittcal ow Qg = 7:61=s, this regime
suddenly turns into mode Il and further mode IIl, which ararelcterized by large-amplitude reg-
ular vibrations with impacts in each cycle. Subjectivelygege modes represent the ideal energy
transfer from the ow to the mechanical vibrations, and espond best with normal voice produc-
tion. The nature of vibration in modes Il and Il does not eliffioticeably; they were distinguished
only on the basis of the frequency jump evident in Fig. 3.9.e Bleoustic pressures emitted in
mode I/l vibration signi cantly exceed those measuradmode I. Finally, high ow rates induce
partially irregular or even chaotic mode 1V vibration wittgh noise level in the acoustic output.

The transition between mode Ill and mode IV showed evidestdrgsis - the jump occurred at
13.6 I/s when increasing ow rate, while at 11.3 I/s when @esing. The hysteresis of the mode
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Figure 3.9: Frequency of vocal fold vibration as a functidnnereasing ow rate. Mode I: low
ow rate, impactless vibration with low amplitude, frequsndoes not change signi cantly. Mode
ILIII (medium ow rate): at critical ow Qi = 7:6 |=s, regular vibrations with large amplitudes
and impacts begin to develop. The frequency of vibratioaditg increases with the ow, despite a
sudden drop &) = 10:7 I=s. Mode IV (high ow rate): atQ = 13:8 I=s, the character of vibration
changes completely — partially irregular, low-amplituderations arise. The data were drawn from
Fourier analysis with a spectral resolution of = 0:12Hz:

transition I-Il was much less distinct. Since the differerietween modes Il and 11l was hardly
noticeable, the hysteresis was not measured.

The next important vibrational parameter is the maximumitjpesand negative acceleration over

the oscillation cycle, i.e. the peak values on the accétgrataveforms. These values provide
important information about the amplitude and intensityibfation, and are of particular interest

for voice specialists, since the maximum acceleration emghtt intensity are often considered as
the principal factors causing certain traumatic vocal fiidnges, such as vocal fold nodules.

The dependence of the maximum acceleration on the ow ratienisonstrated in Figs. 3.10, 3.11

—to interpret the meaning it is necessary to realize thaptis@tive peaks on the acceleration wave-
form correspond to the impact intensity (see also Figs. 3.83L5), while the negative peaks are
related to the overall vibration amplitudes. In mode | vilmna, the peak positive and peak negative
accelerations are similar. In mode Il and mode lll, the pasitimpact peaks are higher, while in

mode 1V, the acceleration is higher during the opening phase



CHAPTER 3. EXPERIMENTAL INVESTIGATION 64

! [}
Mode I :Mode 1]
l °®
l
o0
°®

60 [

Mode | Mode IV

50

[
1
1
|
|
|
1
|
1
|
40 + |
|
|
1
®
1
|
1
|
|
1
|
1
|
1
|
|
|

Hclosure L @rs2D

30
e%e0°°® °

20

10 -

Peak acceleration

f"‘““:

5 10 15 20 25
Flow rate @-+sD

Figure 3.10: Maximum positive acceleration (impact intgf)srersus ow rate. Mode |: low ow
rate, impactless low-amplitude vibrations. Mode Il,llledium ow rate, regular vocal fold vibra-
tion with impacts whose intensity rises with increasingosit Mode IV: high ow rate, maximum
acceleration does not change signi cantly.
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Figure 3.11: Maximum negative acceleration (peak accaberauring opening phase) versus ow
rate. Mode I. low ow rate, impactless low-amplitude vikiats. Mode Il,1ll: medium ow rate,
regular vocal fold vibration with impacts. Mode IV: high owate, absolute value of the peak
acceleration continues to increase slightly.
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In the rest of this section, Figs. 3.12, 3.13, 3.14 and 3.btwvghe measured waveforms and their
spectra for four example ow rate values: low r&e= 5:591=s (mode I), which induces impactless
small-amplitude vibrations, medium ow ra@ = 8:581=s andQ = 10:47 I=s (mode Il and Ill -
regular vibrations with impacts) and high ow ra@ = 17:87 |=s (mode V), where the vibrations
become irregular and the acoustic signal very noisy duegb hirbulence level in the ow. The
complete set of measurements is available on the DVD.

The acceleration signals presented here come from theeaooedter (numbered 7 in Fig. 3.5)

mounted below the downstream edge of the vibrating vocdl fohe subglottal pressure was mea-
sured by a dynamic pressure transducer, while two measorici@phones monitored the acoustic
signals. See Figs. 3.5, 3.6 for details regarding the measmt setup and wiring.
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Figure 3.12: Waveforms and frequency spectra of the aat@ar subglottal pressure, supraglottal
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pressure and pressure radiated at the channel exit. MeasaoréNo. 002 (mode 1) — low ow
rateQ = 5:59|=s, impactless vocal fold vibration with a fundamental frexgey of 11.7 Hz.

The mechanical vibrations are nearly sinusoidal. The remmbnic spectral frequency of 78.5 Hz,
seen also in the spectrum of the subglottal pressure, pameds probably to the rotational mode
(with respect to z-axis, see Fig. 3.2) or to subglottal atoussonance. In the waveforms of the

microphone signals prevails broadband noise, caused hyiinglent ow.
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pressure and pressure radiated at the channel exit. Measoré&lo. 012 (mode Il) — medium ow
rateQ = 8:581=s, ideal for regular vocal fold vibration with an impact irceacycle. Fundamental

frequency 13.2 Hz. On the acceleration waveform, the imgackearly visible as a peak on the
positive half-wave. The acoustic signals now show perigthiecture, with harmonic frequencies in

their spectra.
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Figure 3.14: Waveforms and frequency spectra of the aat@ear subglottal pressure, supraglottal
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pressure and pressure radiated at the channel exit. MeasoaréNo. 017 (mode IlI) — medium
ow rate Q = 10:47 |=s, ideal for regular vocal fold vibration with an impact inceacycle.

Fundamental frequency 13.8 Hz. The character of vibrataesahot differ substantially from mode

Il vibrations.
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Figure 3.15: Waveforms and frequency spectra of the aat@ear subglottal pressure, supraglottal
pressure and pressure radiated at the channel exit. Measoré&lo. 032 (mode 1V) — high ow
rateQ = 17:87 |=s induces patrtially irregular vibrations with lower accateons and increased
noise level in the acoustic signals. Fundamental frequ&Bcy Hz. The pressure and microphone
waveforms are not perfectly periodical.
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3.5 Results of the PIV measurements

An extensive series of PIV measurements was performed owiltheting vocal fold model. The
ow rate was gradually increased fro@Q = 5:33 I=s (measurement N0.001) @ = 25:61 |=s
(measurement No.044). Within each of the 44 measuremeppspxdmately 25 PIV records, cor-
responding to 25 distinct phases of the vocal fold osaillatiycle, were taken. This was realized
using the synchronization signal (accelerometer signateded to TTL) and the time-delay func-
tion of the laser control software. Each PIV record condisteten PIV measurements of the same
phase within ten successive vibration cycles. Considdhiagotal number of PIV measurements
performed and taking into account the camera resolutiot606D 1200pix, there is no surprise
that the volume of the measured and post-processed datg nealched 40GB.

Basically, the post-processing comprised standard Pl@utation of the instantaneous velocity
elds (division of the image into interrogation windows,oss-correlation, peak identi cation —
as explained in section 3.1) and further the calculatiorhefghase-averaged velocity eld. Itis
necessary to discern well between thstantaneousind thephase-averagedelocity elds. The
instantaneous elds (which were ten for each ow rate andheploase, in our case) represent the
real velocity distribution and capture all the ow struatsr(jet, vortices) of suf ciently large scale,
i.e. comparable to the interrogation window size. The plaaggaged velocity eld, on the other
hand, provides statistic information about the mean owdach phase chosen. It is calculated by
a simple arithmetic average of the instantaneous elddedl#o the particular phase of vocal fold
motion. Due to the fact, that the ow is not perfectly periodthe phase-averaged elds usually
do not show the small-scale vortices. In some cases, wher@stantaneous velocity elds differ
substantially (e.g. a free jet attached alternately to dipeaind bottom channel walls), the phase-
averaged image may show completely useless information.

The examples of PIV camera images together with the reguitistantaneous velocity eld are
shown in Fig. 3.16. Fig. 3.17 demonstrates the calculatfdheophase-averaged velocity elds. In
all PIV images, thex andy axis labels correspond to the real dimensions (in mm). Thasored
ow velocities range from 0 to 35 m/s.
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Figure 3.16: Instantaneous velocity eld downstream thattgd. Two camera images with a time
delay of50 s (top) acquired by illuminating the oil particles by the tatpulsed laser system. The
small, dark circular zones (zones of low pressure) cormas$po small-scale vortices developing in
the boundary layer of the jet. Cross-correlation of the iensignals gives the instantaneous velocity
eld (bottom). The vocal folds are on the left - the bottom deexed, the upper one is moving
(the image is reversed vertically with respect to the re@lge The ow direction is from the left to
the right. Example taken from measurement No.012, phas® ms (short after glottis opening).
The velocity modulus is in color, arrows show the velocitsedtion and magnitude. A free jet with

a maximum ow velocity ofU 17 m=s forms between the vocal folds. Two large-scale vortices
develop at the sides of the jet front.
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Figure 3.17: Calculation of the phase-averaged velocitd. eNine instantaneous velocity elds
measured in the same phase of ten successive vibratiorsdgglether with the calculated phase-
averaged velocity eld. Note the jet direction in the fthstantaneous eld, which is different from
all the other cases. Example taken from measurement No.012.
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The following gures demonstrate in detail the results afeth selected measurements (out of 44
in total): measurement No0.002, 012 and 032. These measnotemere recorded at three different
modes of vibration of the vocal fold: the rst one was takeraat ow velocity, where the vocal
fold vibrates with low amplitude without collisions (modg measurement No.012 was chosen as
a representative case of medium ow rate, large-amplituspular oscillations (mode II), which
subjectively correspond the best to normal voice produoctize last case, N0.032, is an example of
partially irregular oscillations induced by high ow ratésiode V). The velocity elds for mode

[l (which is very similar to mode Il) can be found on the DVDawsed, which comprises the
exported PIV images and calculated velocity elds in fulbodution for all the cases measured.

The major difference between the velocity elds measuredsisthe maximum ow velocity of
the free jet, which reaches 13 m/s, 18 m/s and 36 m/s, regplctiConsidering the 3 ms delay
between two successive vocal fold oscillation phases, anestimate the distance which a particle
may travel within the time which separates the phases. Toenseimportant difference is that
in the rst case (measurement N0.002), the vocal folds docodide and the jet is only slightly
modulated. In the measurements No.012 and 032, on the athel the glottis closes completely
and the ow is periodically interrupted.

In the majority of velocity elds measured, the jet is attadhto the upper channel wall. This
asymmetry is probably caused by the fact that the siliconielsmaf the upper and lower vocal folds
were not perfectly identical in shape, and that only the uppeal fold vibrated. Due to these
asymmetries, the direction of the jet sorting glottis caallgéady be inclined upwards, which would
obviously make the jet attachment to the upper wall preta@akn

It can be stated that the ow is not perfectly periodical imgeal. The turbulent structures, devel-
oping mainly due to presence of the boundary layer of therjetract mutually and with the jet in
a disordered, stochastic way; this is why the ow elds of theeme phase in successive oscillation
cycles are not necessarily identical. The important owistures, however, are generated peri-
odically in accordance with the frequency of vibration: hiit each oscillation cycle, a new jet is
created with one pair of large vortices propagating aloegehfront. The jet attaches to the channel
wall and during the closing phase it fades away and evegtdadappears, leaving the turbulence to
damp out.
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t =0ms (0:00Te) t=12ms (0:14T,)

t =24 ms (0:28T) t =36 ms (0:42T,)
t = 48 ms (0:56 T;) t =60 ms (0:70Tc)
t =72 ms (0:84 Tc) t =84 ms (0:98Tc)

Figure 3.18: Selected instantaneous velocity elds dovaash the glottis — measurement No. 002
(low ow rate Q = 5:59 I=s — mode I). For low ow rates, the vocal folds do not collidedan
the channel remains open throughout the entire cycle. Thie jet interrupted and just slightly
modulated by the variable glottis aperture.
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t =0 ms (0:000T) t =3 ms (0:039Tc)
t =6 ms (0:079T) t=9ms (0:119T,)
t =12 ms (0:159T,) t =15ms (0:199T)
t =18 ms (0:239T,) t =21 ms (0:279T)

Figure 3.19: Selected instantaneous velocity elds dovaash the glottis — measurement No. 012
(medium ow rateQ = 8:581=s — mode II), glottis opening. The jet forms between the vialdls
and later attaches to the channel wall. Two vortices conegalath the jet front (see full-resolution

images on the DVD).
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t =24 ms (0:319T,) t =27 ms (0:359T,)
t =30 ms (0:399T,) t =33 ms (0:438T,)
t =36 ms (0:478T,) t =39 ms (0:518T,)
t =42 ms (0:558T¢) t =45 ms (0:598T)

Figure 3.19: (continued) Selected instantaneous veloeitls downstream the glottis — measure-
ment No. 012 (medium ow rat€ = 8:58 I=s — mode II), glottis closure. As the vocal folds
approach each other, the jet becomes weaker andtaftdb ms it disappears.
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t = 48 ms (0:638T) t =51 ms (0:678T,)
t =54 ms (0:718T,) t =60 ms (0:798T,)
t =66 ms (0:837T,) t =69 ms (0:877T,)
t=72ms (0:917T.) t = 75ms (0:957T)

Figure 3.19: (continued) Selected instantaneous veloeitis downstream the glottis — measure-
ment No. 012 (medium ow rat€ = 8:58|=s — mode Il), glottis closure, vocal fold collision and
glottis reopening. During the closure, no bulk ow is presand only residual turbulence is visible
(phases 57 ms and 63 ms similar to images 54 ms and 60 ms arerttiiied). In the last two
phases, a new jet develops.
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t =0 ms (0:000Tc)

t =6 ms (0:082T)

t =12 ms (0:164T,)

t =18 ms (0:246T,)

t =3 ms (0:041Tc)

t =9ms (0:123T)

t =15 ms (0:205T,)

t =21 ms (0:287T,)
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Figure 3.20: Selected instantaneous velocity elds dovaash the glottis — measurement No. 032
(high ow rate Q = 17:87 I=s — mode 1V), glottis opening. The free jet forms and attadhdabe
channel wall - in the majority of cases to the upper wall, bigdme cycles and phases to the bottom

one.
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t =24 ms (0:328T,) t =27 ms (0:369Tc)
t =30 ms (0:410T,) t =33 ms (0:451T,)
t = 36 ms (0:492T,) t =39 ms (0:533T,)
t =42 ms (0:574T) t=45ms (0:615Tc)

Figure 3.20: (continued) Selected instantaneous veloeitis downstream the glottis — measure-
ment No. 032 (high ow rat&) = 17:871=s — mode V), glottis closure. The maximum jet velocity
reaches 35 m/s and gradually diminishes until completenfetriuption. In the bottom part of the
domain, important recirculation is evident (see also thieréisolution images on the DVD).
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t = 48 ms (0:656 T¢) t =51 ms (0:697T)
t =57 ms (0:779T,) t =60 ms (0:820T,)
t = 66 ms (0:902T,) t =69 ms (0:943T,)

t =72 ms (0:984T,) t =75ms (1:02Tc)

Figure 3.20: (continued) Selected instantaneous veloeitis downstream the glottis — measure-
ment No. 032 (high ow rateQ = 17:87 I=s — mode V), glottis closure, vocal fold collision and
glottis reopening. Images 54 ms and 63 ms omitted. Residdallence during closure, develop-

ment of a new jet after opening.



Chapter 4

Discussion and conclusions

A new mathematical model of 2D viscous ow, interacting wéh elastic body in the wall of the
channel, was developed. The non-stationary incompreshialier-Stokes equations were derived
in the Arbitrary Lagrangian-Eulerian (ALE) approach, whiallows to deal with time-dependent
(deforming) computational domains. The Navier-Stokesaéqus were discretized by the Finite
element method (FEM), using the Taylor-Hoed=P?* elements for the velocity and pressure func-
tions. The numerical scheme was completely programmedeifrahntran language, making use
only of open-source libraries for the nite element dis&ation and for the numerical solution of
the resulting linear system. The code allows to run numksicaulations of ow past vibrating vo-
cal folds, to study the development of the velocity and pressselds and to observe and quantify
the effects like vortex shedding, ow separation and motiataof the jet formed between the vocal
folds.

To obtain experimental feedback and to validate the mathieahanodel, a new 4:1 scaled physical
model of vocal folds was designed and fabricated. After daaresive series of computations, tests
and modi cations, we succeeded to develop a model, wheresdbal fold vibrates only due to
ow-structure interaction — unlike most of the models deyadd by other research teams, where
the vibration is excited externally. The signals from aepaineters, pressure transducers and mea-
suring microphones mounted on the measuring section ma®hbe to identify the mechanical
properties and acoustical output of the model. The windeélmras adapted in such a way, that it
allows velocity eld measurements by the Particle Imageodehetry (PIV) immediately upstream
the vibrating vocal fold. The PIV images from the measuretshegnchronized with the vibration
reveal similar ow structures as the results of numericaidations.

When modeling vocal fold oscillations or glottal ow, it i®npting to try to compare the model
outputs with physiological data known from literature asrs@s some results are obtained. It is
however necessary to take into account the limitations ®fntlodels and not to try to extrapolate
beyond the scope for which the models were designed: it iplaoisible, for example, to draw
systematic conclusions regarding vortex shedding iniglothm a 1D ow model.

Neither the mathematical nor the physical model, describighdin this thesis, was primarily in-
tended for direct comparison with real human vocal folds.e Timain goal of the study was to
develop a mathematical model of 2D viscous ow in a channehpnsing vibrating vocal folds.
Since the experimental data regarding velocity elds inttigoare nearly impossible to obtain from
living subjects, a mechanical vocal fold model was desigriElde strategy is hence rst to vali-
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date the mathematical model using results of the PIV meamnts on the physical model; once a
satisfactory correspondence between the computatiowaplaysical models will be achieved, the
geometry and boundary conditions of the mathematical meakelbe modi ed in order to re ect
the conditions occurring in real vocal folds. For the vaiioka of the model, it was advantageous to
use the con guration with one vocal fold moving and the othxed.

The results from the mathematical and physical model obthso far seem to correspond when
compared visually. Nevertheless, it should be noted theretlare some aspects, which make a
systematic comparison dif cult for the time being. As reggthe physical model, the situation is
complicated by the dynamic similarity: due to the 4 : 1 scdifferent frequencies of vibration
and critical ow velocities, the important dimensionledsacacteristics (i.e. Reynolds and Strouhal
numbers) were close to the real situation, but not identibébreover, the leakage alongside the
vibrating element, which was inevitable due to technicaliés, is obviously not present in real
vocal folds; it is not evident whether the leakage represanteffect of secondary importance or
whether it can alter the ow regime or the instability typgrsi cantly.

The main limitation of the mathematical model is the fact tth@ vocal folds are not allowed to
collide. The processes accompanying glottal closure argtEx and from the algorithmic point of
view, the separation of the computational domain into tvezassity to introduce additional bound-
ary conditions and to handle pressure discontinuity wheomeecting the domains represent a very
complicated problem. Yet it will be necessary to deal witis task in future, if the mathematical
model should be employed to model regular loud phonation.

The next issue which should be addressed is to introducdingup@tween the ow and the mechan-
ical vibration. In the results shown here, the vibrationh tocal fold was prescribed according
to the data measured on the physical model; to model therttagattion it is necessary to evaluate
the aerodynamic forces in each time level and perform a tepdsa the equations of motion. This
represents no principal problem and has already been ddhimwie master thesis [30] in a quasi-
1D uid-structure interaction model. In the 2D model, howevthis will require certain technical
effort to implement. Moreover, it will be necessary to spethe constants regarding the stiffness
and damping of the support, which is not trivial.

There is one more source of discrepancy between the maticainahd physical model. At the
beginning of this study, an assumption has been made thathelds in glottis are in the rst
approximation two-dimensional. This is indeed the caseHervery proximity of a 2D obstacle,
which has a strong capability to bi-dimensionalize the gwdyvided that the channel is suf ciently
wide to suppress the inuence of the lateral walls and cararthe channel, which introduce
peripheral 3D ow structures). As regards the channel frtbpstream a barrier, however, the
vortex dynamics in 2D and in 3D are substantially differeimt.the 2D situation, which does not
actually exist in reality and which represents only a cotuapsimpli cation, the vorticity vector

I =curl u r u

is always perpendicular to the ow plane (i.e. parallel te tibstacle axis) and the only mechanism
of vortex vanishing are the viscous effects. In the real, aBe¢ on the contrary, the large-scale
vortices, whose axis is originally also parallel to the abkt orientation, tend to slew into the ow
direction. As a result, the vortices detected in the PIV elafthe 3D vocal fold model seem to
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“disappear” much faster than the eddies predicted by the 2ihematical model. The computa-
tional model could be improved by introducing some kind abtdence modeling (e.g. Reynolds
Averaged Navier-Stokes equations, Large Eddy Simulatidng this does not solve the problem
completely. The turbulence models are designed rather ap@noximate, computationally more
effective alternative to direct numerical simulations @¥hfail to predict the in uence of small, sub-

grid eddies; they are not intended to model the 3D effectinNoreover, the speci ¢ turbulence

models were mostly derived for speci ¢ con gurations aneithvalidity is not guaranteed univer-

sally. The only reliable method is thus the simulation in 8Dth the mathematical description and
the computer code are ready for the 3D case; the full thneeakional modeling, however, will

require much more computational power and also speci catithe 3D vocal tract geometry.

As explained in the previous paragraphs, a thorough veiiboaof the mathematical model by
means of the measured data is dif cult at the current staethe results obtained are promising and
important from the methodological point of view. The matlaical model was originally based on
the works of Feistauer, Seék and Horéek [40, 39] on numerical solution of ow-induced airfoil
vibrations. It was adapted for low Reynolds numbers and toody vibrating in the channel wall,
and completely reprogrammed in tRertran language using the numerical librak§élina. The
new implementation has several advantages — mainly théyiiggo use triangular, quadrangular,
tetrahedral, prismatic and hexahedral meshes and higtler-mterpolations (up to P6 or Q20) in
2D or 3D. Furthermore, a different algorithm was used for ¢hkeulation of the ALE-mapping,
which is crucial for the deformation of the computationalstmeluring vocal fold oscillations. Un-
like the latter studies, where the ALE-mapping was expietésen geometrical considerations or
from the solution of the elastic problem, here it was obtadiagthe solution of the Laplace equation.

The next feature of the mathematical model, which could hgaved, is the mechanical part of the
model. So far, the vocal fold has been modeled as a two-dedrizeedom rigid body supported by
linear springs and dampers. In future, the deformationt®@®bft elastic tissue could be modeled
by the nite element method, too. This will, however, reguio supply a number of geometrical and
material data regarding the diverse tissue structuresshwiorm the vocal fold; this appears to be
the stumbling-block of the currently existing FE vocal fodels found in literature [15, 42, 46].

As regards the physical model, it seems to be a promisingnalige to the vocal fold models
developed by other scienti ¢ teams over the world [8, 42, 22 the best knowledge of the author,
there are not many mechanical self-oscillating vocal foladels which have been employed so
far to measure the supraglottal ow elds; hopefully, the deb will allow us to perform further
interesting measurements and help to disclose some of theonpletely understood features of
voice production in human vocal folds.
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