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Introduction

The technology of classical realizability was developed in [13, 16] in order to extend the
proof-program correspondence (Curry-Howard correspondence) to the whole of mathe-
matical proofs, with excluded middle, axioms of ZF, dependent choice, existence of a well
ordering on P(N), ...

We show here that this technology is also a new method in order to build models of ZF
and to obtain relative consistency results.

The main tools are :

e The structure of standard realizability algebra [16], which plays a role similar to a set
of forcing conditions.

e The theory ZF. [11] which is a conservative extension of ZF, with a notion of strong
membership, denoted as e.

The theory ZF. is essentially ZF without the extensionality axiom. We note an analogy
with the Fraenkel-Mostowski models with “urelements” : we obtain a non well orderable
set, which is a Boolean algebra denoted J2, all elements of which except the unity are
empty. But we also notice two important differences :

e The final model of ZF + — AC is obtained directly, without taking a suitable submodel.
e There exists an injection from the “pathological set” J2 into R, and therefore R is also
not well orderable.

We show the consistency, relatively to the consistency of ZF, of the theory ZF + DC
(dependent choice) with the following properties :
there exists a sequence X, of infinite subsets of R, the “cardinals” of which are strictly
decreasing (this means that there is an injection but no surjection from X1 to X,,) ;
there exists a sequence &, of infinite subsets of R, the “cardinals” of which are strictly
increasing, and such that X, x &), is equipotent with X,,,.

More detailed properties of R in this model are given in theorems 35 and 39.

As far as I know, these consistency results are new, and cannot be obtained by forcing.
But, in any case, the fact that the simplest non trivial realizability model has a real line
with so unusual properties, is of interest in itself. Another aspect of these results, which
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is interesting from the point of view of computer science, is the following : in [16], we
introduce read and write instructions in a global memory, in order to realize a form of
the axiom of choice (well ordering of R). Therefore, what we show here, is that these
instructions are indispensable : without them, we can build a realizability model in which
R is not well ordered.

Standard realizability algebras

The notion of realizability algebra, and the particular case of standard realizability algebra
are defined in [16]. They are variants of the usual notion of combinatory algebra. Here,
we only need the standard realizability algebras, the definition of which we recall below :

We have a countable set 11y which is the set of stack constants.
We define recursively two sets : A (the set of terms) and II (the set of stacks). Terms
and stacks are finite sequences of elements of the set :
MyU{B,C,E, I, K,W,cc,s,k,(,),[,], « }
which are obtained by the following rules :
B,C,E,I,K,W, cc,¢ are terms ;
each element of Tlj is a stack (empty stacks) ;
if £, are terms, then ()7 is a term (this operation is called application) ;
if £ is a term and 7 a stack, then £ . 7 is a stack (this operation is called push) ;
e if 7 is a stack, then k[rx] is a term.
A term of the form k[r] is called a continuation. It will also be denoted as k.

A term which does not contain any continuation (i.e. in which the symbol k does not
appear) is called proof-like.

Every stack has the form 7w =& . ... &, . m, where &,...,&, € A and 7 € I, i.e. m
is a stack constant.

If ¢ € A and 7 € I, the ordered pair (£, ) is called a process and denoted as & * 7 ;
& and 7 are called respectively the head and the stack of the process & x 7.
The set of processes A xII will also be written A « II.

Notation. The term (... (((&)n1)n2)...)n, will be also denoted by (&)mna...n, or
Emna - - Mn-

For example : §n¢ = (§)n¢ = (§n)¢ = ((E)n)¢.

We now choose a recursive bijection from A onto N, which is written & ng.

We put 0= AfAzx, 0 = AnAfAz(f)(n)fx (the successor in A-calculus). For each n € N,
we define n € A recursively, by putting: 0=0; n+ 1= (0)n.

We define a preorder relation =, on AxII. It is the least reflexive and transitive relation
such that, for all £,7,( € A and 7, w € II, we have :

() m>=Exn.am.
Ix&em>=Exm.

Kx&enem = Exm.
Ex&enem = (§)n*m.
Wx&enem>=Exnen.m.
Cx&eneCoem=EXxConom.
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BxEun.Com = ()m)CH.
cCk&em > Exkyo.

kp*& o > ExT.

ChkEeNem™=EK N, o

Finally, we have a subset 1 of A % II which is a final segment for this preorder, which
means that : pe I, p'=p=p € L.

In other words, we ask that 1L has the following properties :

Em xm g L=Exnem ¢ L.

Ixéemg L =Exmd L.

Kxfener ¢ L= Exm g L.

Exéenen¢ L= ({n*m ¢ L.

Wxéenemé L = Exnenem ¢ L.

Cx&eneCoemg L =ExCenem g L.

Bx&eneCem ¢ L= (§)(n)*m ¢ L.

ccklem @ L = Exkyem g AL

kexfew ¢ L=Exm gt L.

ck&enem¢ L =>Exn, e ¢ L.

Remark. Thus, the only arbitrary part in a standard realizability algebra is the set I of
processes.

c-terms and )\-terms

We call c-term a term which is built with variables, the elementary combinators B, C,
E, I, K, W, cc, ¢ and the application (binary function). A closed c-term is exactly what
we have called a proof-like term.

Given a c-term ¢ and a variable x, we define inductively on ¢, a new c-term denoted by
Az t. To this aim, we apply the first possible case in the following list :

1. Axt = (K)t if t does not contain z.

drx = 1.

Az tu = (CAz(E)t)u if u does not contain .

. Aztx = (E)t if t does not contain x.

Azt = (W) x(E)t (if ¢t contains z).

- Az(t)(uw)v = Ax(B)tuv (if wv contain x).

In [16], it is shown that this definition is correct. This allows us to translate every A-term
into a c-term. In the following, almost every c-term will be written as a A-term. The
fundamental property of this translation is given by theorem 1, which is proved in [16] :

O O = W N

Theorem 1. Let t be a c-term with the only variables xy,...,x, ;let &,...,& € A and
m €Il Then A\vy... Axpt*& o oo o&pom = t[&1/m1, ..., & )T .

The formal system

We write formulas and proofs in the language of first order logic. This formal language
consists of :
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e individual variables x,y,...;

e function symbols f, g, ... ; each one has an arity, which is an integer ; function symbols
of arity 0 are called constant symbols.

e relation symbols ; each one has an arity ; relation symbols of arity 0 are called proposi-
tional constants. We have two particular propositional constants T, | and three particular
binary relation symbols ¢, ¢, C.

The terms are built in the usual way with individual variables and function symbols.
Remark. We use the word “term” with two different meanings : here as a term in a first order
language, and also as an element of the set A of a realizability algebra. I think that, with the
help of the context, no confusion is possible.

The atomic formulas are the expressions R(ty,...,t,), where R is a n-ary relation symbol,
and tq,...,t, are terms.

Formulas are built as usual, from atomic formulas, with the only logical symbols —,V :
e cach atomic formula is a formula ;

e if A, B are formulas, then A — B is a formula ;

e if Ais a formula and x an individual variable, then Vx A is a formula.

Notations.

The formula A; — (As — (... (A, — B)...)) will be written A, Ay, ..., A, — B.

The usual logical symbols are defined as follows :
-“A=A—-1;AvB=(A—- 1), B—-1) —-1; ANB=(AB— 1) — 1;
dxF=Ve(F—1)— L.

More generally, we shall write Jx{F},..., Fy} for Vz(Fy,...,Fy — 1) — L.

We shall sometimes write F for a finite sequence of formulas Fi,..., F} ;

Then, we shall also write F — G for Fy,..., F, — G and 3z{F} for Va(F — 1) — L.
A < B is the pair of formulas {A — B, B — A}.

The rules of natural deduction are the following (the A;’s are formulas, the x;’s are
variables of c-term, ¢, u are c-terms, written as A-terms) :
.oy Aq,.o o s Ay By o A,
2.1 Ay, AyEtA— B, xp i Ay, e, Ay Fu A

= 11:A,...,x,: A, Ftu: B.
3.x1: Ay, ..., Az ARt B = x1: A, .z, A, F Azt A— B.
4. 11 : A,z Ay Et A = xp Ao o, Ay BtV A where x is an
individual variable which does not appear in Ay, ..., A,.
S.xp: Ay, xy t Ap Rt Ve A = xp s Ay, x, c Ay Bt AlT/x] where xis an
individual variable and 7 is a term.

6. x1: Ay, ..., Ay cc: ((A— B) > A) - A (law of Peirce).

The theory ZF.

We write below a set of axioms for a theory called ZF.. Then :

e We show that ZF. is a conservative extension of ZF.

e We define the realizability models and we show that each axiom of ZF. is realized by a
proof-like c-term, in every realizability model.
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It follows that the axioms of ZF are also realized by proof-like c-terms in every realizability
model.

We write the axioms of ZF. with the predicate constants ¢,¢,C. Of course, zey and
x €y are the formulas ¢y — L and z ¢y — L.

The notation z ~ y — F means x C y,y C  — F. Thus = ~ y, which represents the
usual (extensional) equality of sets, is the pair of formulas {x C y,y C z}.

We use the notations (Vzea)F(z) for Va(—-F(z) - zfa) and

(3zea)F(z) for Va(F(z) = zfa) — L.

For instance, (Jrey)t ~ u is the formula Vz(t Cu,u Ct - xfy) — L.

The axioms of ZF. are the following :

0. Extensionality axioms.

VaVylx € y <> (Fzey)r ~ 2] ; VaVy[zr Cy <> (Vzex)z € y).

1. Foundation scheme.

Ve((Vyex)Fly,x1,. .., 0, = Flz,z1,. .., x,]) = Ve Flz, 21, ..., 2]

for every formula Fx,xq, ..., z,].
The intuitive meaning of axioms 0 and 1 is that ¢ is a well founded relation, and that the
relation € is obtained by “ collapsing ” ¢ into an extensional binary relation.

The following axioms essentially express that the relation e satisfies the axioms of Zermelo-
Fraenkel except extensionality.

2. Comprehension scheme.
Vay .. Ve ,YadbVe(xeb < (xea A Flz,x1, ..., 2,)))
for every formula Fx,xq, ..., z,].

3. Pairing axiom.

VaVb3z{acx,bex}.

4. Union axiom.

Vadb(Vxea)(Vyex)yeb.

5. Power set axiom.

VadbVz(Jyeb)Vz(zey <> (zea A zex)).

6. Collection scheme.

Vay ... Ve,Ya3b(Vrea)(Jy Flz,y, x1,...,x,] = Byeb)Flz,y, x1, ..., 2,])

for every formula Flz,y,xq,. .., 2]

7. Infinity scheme.

Vay ... Ve,Yadb{aecbh, (Ve b)(3y Flx,y,x1,..., 2, = (Fyeb)Flx,y,x1,...,2,])}
for every formula Flz,y,xq,..., 2]

The usual Zermelo-Fraenkel set theory is obtained from ZF. by identifying the predicate
symbols ¢ and ¢. Thus, the axioms of ZF are written as follows, with the predicate
symbols ¢, C (recall that = ~ y is the conjunction of z C y and y C x) :

0. Equality and extensionality axioms.

VaVylx € y <> (Fz € y)x ~ 2] ; VaVylx Cy < (Vz € 2)z € y].

1. Foundation scheme.

Ve((Vy € )Fly, z1, ..., 2, = Flx,xq, ..., x,]) = Ve Fle,xq, ..., x,)

for every formula F[z,xq,...,z,| written with the only relation symbols ¢, C.

5



hal-00497587, version 1 - 5 Jul 2010

2. Comprehension scheme.
VadtVe(z € b <> (x € a N Flz,xq, ..., x,]))
for every formula F[z,xq,...,z,| written with the only relation symbols ¢, C.

3. Pairing axiom.

VaVb3az{a € x,b € z}.

4. Union axiom.

Va3b(Vx € a)(Vy € x)y € b.

5. Power set axiom.

VadbVae(Jy € b)Vz(z € y <> (z € a ANz € 7).

6. Collection scheme.

Va3b(Ve € a)(3y Flx,y,x1,...,2,) = (Jy €D)Fx,y,x1,...,2,)])

for every formula F[z,y,z,...,x,] written with the only relation symbols ¢, C.

7. Infinity scheme.

Va3b{a € b, Vz € b)(Jy Fz,y,x1,...,2,) = (Jy € b)Fx,y,x1,...,2,])}

for every formula F[z,y,z,...,x,] written with the only relation symbols ¢, C.
Remark. The usual statement of the axiom of infinity is the particular case of this scheme,
where a = (), and F(z,y) is the formula y = z U {x}.

Let us show that ZF. is a conservative extension of ZF. First, it is clear that, if ZF, F F
where F'is a formula of ZF (i.e. written only with ¢ and C), then ZF F F'; indeed, it is
sufficient to replace ¢ with ¢ in any proof of ZF. - F.

Conversely, we must show that each axiom of ZF is a consequence of ZF..

Theorem 2.
i) ZF. FVYa(a Ca) (and thus a ~ a).
it) ZF. F¥aVr(zea — x € a).

i) Using the foundation axiom, we assume Vz(xea — = C x), and we must show a C a ;
therefore, we add the hypothesis x e a. It follows that x C x, then x ~ x, and therefore :
Jy{zr ~ y,yea}, that is to say € a. Thus, we have Vz(zea — = € a), and therefore
a Ca.
ii) Just shown.

Q.E.D.

Corollary 3. ZF. FVz(r €a—x €b) — a Cb.

We must show zea — x € b, which follows from z € a - € band xrca — = € a
(theorem 2(ii)).
Q.E.D.

Lemma 4. ZF. Fa Cb Ve(zr €b—x €¢c) = aCec.

We must show xea — = € ¢, which follows from xreca -z €bandx €b— x € c.
Q.E.D.

Theorem 5. ZF. FVyVz(y ~a,a €z wy € z2); ZF. FVYyVz(aCy, z €a— z € y).
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Call F(a), F'(a) these two formulas. We show F(a) by foundation :
thus, we suppose (Vxea)F(x) and we first show F’'(a) : by hypothesis, we have a C v,
z € a ; thus, there exists o’ such that z ~ &’ and o’ e a, and thus F(a'). From a'¢a and
a C y, we deduce a’ € y. From z ~ a' and d’ € y, we deduce z € y by F(d).
Then, we show F'(a) : by hypothesis, we have y ~ a, a € z, thus a ~ 3’ and 3¢z for
some y'. In order to show y € z, it is sufficient to show y ~ /.
Now, we have y ~ a, a ~ 3/, and thus ¢ C a, a C y. From F’(a), we get Vz(z €a — 2z €
y) ; from 3y’ C a, we deduce ¢y’ C y by lemma 4.
We have also y C a, a C /. From F'(a), we get Vz(z € a — z € ¢/) ; from y C a, we
deduce y C 3 by lemma 4.

Q.E.D.

With corollary 3, we obtain :
Corollary 6. ZF. FbC c < Va(zr € b — x € ¢).

It is now easy to deduce the equality and extensionality axioms of ZF :

Ve(r ~x) ; VaVy(e ~y » y~o) ; VaVyVe(e 2 y,y ~ 2 — o ~ 2) ;

VavVa'VyVy' (z ~ 2’y ~y o ¢y =o' ¢y) ; VaVy(Vz(z ¢ x> 2 ¢ y) o ~y) ;
VaVy(z Cy < Vz(z ¢y — 2 ¢ x)).

Remark. This shows that ~ is an equivalence relation which is compatible with the relations
€ and C ; but, in general, it is not compatible with €. It is the equality relation for ZF ; it will
be called extensional equivalence.

Notation. The formula Vz(z¢y — z¢z) will be written = C y. The ordered pair of
formulas x C y,y C x will be written z ~ y.

By theorem 2, we get ZF. F VaVy(r C y — x C y). Thus C will be called strong
inclusion, and ~ will be called strong extensional equivalence.

e Foundation scheme.

Let Flx] be written with only ¢,C and let G[z] be the formula Vy(y ~ = — Fl[y]).
Clearly, Vo G[z] is equivalent to Va F[x]. Therefore, from axiom scheme 1 of ZF., it is
sufficient to show : Vb(Vz(z € b — Flx]) — F[b]) = (Vz(zea — G[z]) — Gla)), i.e. :
Vo(Vae(x € b — Flz]) — F[b)),VaVy(xea,y ~x — Fly]),a ~b— F[b).

Therefore, it is sufficient to prove : VaVy(zea,y ~z — F[y]),a ~ b — Va(z € b — Flx]).
From = € b,a ~ b, we deduce x € a and therefore (by axiom 0), 2’ ¢ a for some x’ ~ z.
Finally, we get F|x] from VaVy(xea,y ~ x — Fly]).

e Comprehension scheme : Ya3bVz(z € b« (z € a A F[z]))

for every formula F[z,x,...,x,] written with ¢, C.

From the axiom scheme 2 of ZF., we get Vz(zeb «> (xea A Flz])). If z € b, then x ~ 2/,
2’ eb for some 2. Thus 2’ a and F[z']. From z ~ 2’ and 2’ ¢ a, we deduce x € a. Since
C and € are compatible with ~, it is the same for F' ; thus, we obtain F[z].

Conversely, if we have F[z] and x € a, we have x ~ 2/ and 2’ £ a for some 2’. Since F is
compatible with ~, we get F[2], thus 2'¢b and = € b.

e Pairing axiom : VaVy3z{z € z,y € z}.

Trivial consequence of axiom 3 of ZF., and theorem 2(ii).

e Union axiom : Ya3bVaVy(x € a,y € x — y € b).

7
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From x € a we have x ~ 2/ and 2’ ¢ a for some 2’ ; we have y € x, therefore y € 2/, thus
y ~ vy and ¢y e2’. From axiom 4 of ZF., 2’ ca and y'c2’, we get 3y’ b ; therefore y € b,
by y ~ .

e Power set axiom : Va3bVzIy{y € b,Vz(z ey < (z €a Nz € x))}

Given a, we obtain b by axiom 5 of ZF, ; given x, we define ' by the condition :
Vz(zea' <> (zea A z € x)) (comprehension scheme of ZF.). By definition of b, there
exists y e b such that Vz(zey <> zea A ze2'), and therefore Vz(zey <> zea A z € x).

It follows easily that Vz(z € y <> z € a A 2 € z).

e Collection scheme : Va3b(Vx € a)(Jy Flz,y] — 3y € b)Flz, y])
for every formula F[z,y,z,...,x,] written with the only relation symbols ¢, C.

From x € a and Jy F[z,y], we get © ~ 2/, 2/ ca for some 2/, and thus Jy F[z’, y] since
F is compatible with ~. From axiom scheme 6 of ZF., we get Jy(yeb A F[2’,y]), and
therefore :

Jy(y € b A Flx,y]), because yeb — y € b and F is compatible with ~.

e Infinity scheme : Va3b{acb, (Vz € b)(Jy Fz,y] — (3y € b)Flz,y])}

for every formula F[z,y,z,...,x,] written with the only relation symbols ¢, C.

Same proof.
Q.E.D.

Realizability models of ZF.

We start with an (ordinary) model M of ZFC, called the ground model or the standard
model. In particular, the integers of M are called the standard integers.
The elements of M will be called individuals.

We define a realizability model N, with the same set of individuals. But N is not a model
in the usual sense, because its truth values are subsets of II instead of {0, 1}. Therefore,
although M and N have the same domain (the quantifier Vz describes the same domain
for both), the model N’ may (and will, in all non trivial cases) have much more individuals
than M, because it has individuals which are not named. In particular, it will have non
standard integers.

Remark. This is a great difference between realizability and forcing models of ZF. In a forcing
model, each individual is named in the ground model ; it follows that integers, and even ordinals,
are not changed.

For each closed formula F' with parameters in M, we define two truth values :
|F|| €I and |F| C A.
|F'| is defined immediately from || F'|| as follows :
Eel|F| & (Vme|F|)&{*me L.
Notation. We shall write £ |- F' for £ € |F].
| F'|| is now defined by recurrence on the length of F' :
e F'is atomic ;
then F' has one of the forms T, L, af¢b, a Cb, a ¢ b where a,b are parameters in M.
We set :
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ITIH =05 [[LII =15 flagbl = {m € II; (a,7) € b}.
la C b, |la ¢ b|| are defined simultaneously by induction on (rk(a)Urk(d),rk(a)Nrk(b))
(rk(a) being the rank of a).

lacbll=J{e-m €A mell, (e,m)€a, € fegb);
lago)=J{€.¢ m &€ en nell, (en)eb Efae € [FeCa).

e =A— B;then ||F||={{.7; A, e B}
o F=VrA:then |F|=|]JllAla/z]].

The following theorem is an essential tool :

Theorem 7 (Adequacy lemma).
Let Ay, ..., A,, A be closed formulas of ZF., and suppose that x1 : Ay, ..., x, : A, Ft: A.

If& AL & - An then t[S/a, . . Ga /] - A.
In particular, if Et: A, thent |- A.

We need to prove a (seemingly) more general result, that we state as a lemma :

Lemma 8. Let A[Z],..., A,[2], AlZ] be formulas of ZF., with Z = (z1,...,2) as free
variables, and suppose that x1: A1[Z], ..., x, : Au[Z] F ¢ AlZ].

If & I Addl,... & I Anld) for some parameters (i.e. individuals in M)
a=(ay,...,ag), then t[&/xy,..., &/ x] | Ald).

Proof by recurrence on the length of the derivation of zy : Ay[2],... @, 1 A,[2) F ¢ A[Z].
We consider the last used rule.

1oy ALlZ], . 2, s AplZ] B 2y« Ag[Z]. This case is trivial.

2. We have the hypotheses :

xy AZ), e, s ARlE) Fu s B2 = AlZ] 5 om s A2, s ARlEl F v BlE]
t = uv.

By the induction hypothesis, we have u[¢/1] |- Bla/Z] — Ald/Z] and v[¢/7] |- Bla/Z).
Therefore (uv)[€/7] |- A[d@/Z] which is the desired result.

3. We have the hypotheses :

x1: AZ), o AlZ)y s BIElFw: ClZ] ; AlZ)=BlZ] = C[Z] ; t= A\yu.

We want to show that (\yw)[¢/7] | Bl@/Z] — C[a@/z]. Thus, let :

n | Bld/Z] and w € ||C[d/Z]||. We must show :

yu)[/F] «n.7e L orelse ul/T,n/y] e L.

Now, by the induction hypothesis, we have u[¢/Z,n/y] | C[@/Z],

which gives the result.

4. We have the hypotheses :

x1 AZ), . A2t BZ) o AlZ] =V BlE] 5 & I Adar/z, a0/ 20, ar/ 28]
the variable z; is not free in A;[7],. .., A,[Z].

We have to show that ¢[€/7] |-Vz Bl@/Z] ie. t[/T] |-Vz Blay/2s, - .., an/z]. Thus,
we take an arbitrary set b in M and we show t[€/Z] |- B[b/z1, a2/ %, - . ., ax/z).
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By the induction hypothesis, it is sufficient to show that & | A;[b/21,a2/22, ..., ax/ 2]
But this follows from the hypothesis on &, because z; is not free in the formulas A;.

5. We have the hypotheses :

s AZ] s AplZl Bt Yy Bly, 2] 5 AlZ] = B[r[Z]/y, Z]. B

By the induction hypothesis, we have t[¢/Z] |- Vy Bly, d/Z] ; therefore t[¢/Z] |- B[b,d/Z]

—

for every parameter b. We get the desired result by taking b = 7[d]

6. The result follows from the following :
Theorem 9. For every formulas A, B, we have cc || ((A— B) = A) — A.

Let £F(A— B) - A and 7 € ||A|. Then ccx&.m > & xk; . which is in L,
because k; |- A — B by lemma 10.
Q.E.D.

Lemma 10. If 7 € ||A||, then k: A — B.

Indeed, let & |- A ;5 then k. x&.7" = &xme 1L for every stack «' € || B]|.
Q.E.D.

This completes the proof of lemma 8 and theorem 7.
Q.E.D.

Realized formulas and coherent models

In the ground model M, we interpret the formulas of the language of ZF : this language
consists of €, = ; we add some function symbols, but these functions are always defined, in
M., by some formulas written with €, =. We suppose that this ground model satisfies ZFC.
The value, in M, of a closed formula F' of the language of ZF, with parameters in M, is
of course 1 or 0. In the first case, we say that M satisfies F', and we write M4 F.

In the realizability model N, we interpret the formulas of the language of ZF., which
consists of #,C, ¢ and the same function symbols as in the language of ZF. The domain
of N and the interpretation of the function symbols are the same as for the model M.
The value, in NV, of a closed formula F' of ZF. with parameters (in M or in A/, which is
the same thing) is an element of P(II) which is denoted as ||F||, the definition of which
has been given above.

Thus, we can no longer say that N satisfies (or not) a given closed formula F. But
we shall say that N realizes F' (and we shall write N || F'), if there exists a proof-like
term 6 such that 6 |- F. We say that two closed formulas F', G are interchangeable if
NFF < G.

Notice that, if |F|| = |G|, then F',G are interchangeable (indeed I |- F — G), but the
converse is far from being true.

The model N allows us to make relative consistency proofs, since it is clear, from the
adequacy lemma (theorem 7), that the class of formulas which are realized in N is closed
by deduction in classical logic. Nevertheless, we must check that the realizability model
N is coherent, i.e. that it does not realize the formula 1. We can express this condition
in the following form :

For every proof-like term 0, there exists a stack m € 11 such that 0 7 ¢ L.

10
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When the model N is coherent, it is not complete, except in trivial cases. This means
that there exist closed formulas F of ZF_such that N' £ F and N £ —F.

The axioms of ZF. are realized in N/

e Extensionality axioms.

We have ||Vz(z ¢b— z£a)| = U{§ m & e b, e |ctall}

by definition of the value of Hv,z(zc ¢b— z¢a)| ;

and |la Cb|| = U{§ .m; (e,m) €a, £ |Fc¢ b} by definition of ||a C bl.

Therefore, we have |la C b|| = ||Vz(z ¢ b — z£a)||, so that :
I FVaVy(er Cy —Vz(z ¢y — z¢x)) and [ ||VaVy(Vz(z ¢y — 2¢2) = x Cy).

In the same way, we have :

Va(aCzzCaszgh) = (€€ om EraCe € -cCar me [lefbl)

by definition of the value of ||Vz(a C 2,2 Ca — z¢b)| ;

and ||a ¢ b|| = U{§ Kam (e,m)eb, EFaCe, & e Cal} by definition of ||a ¢ b|.

Therefore, we have la ¢ || = |IVz(a C 2,2 C a— z£b)]|, so that :
IFVaVy(zr ¢y = Ve(x C 2,2 Co — 2¢y)) ;
I FVaVy(Vz(z C 2,2 Cao — z¢y) —> x ¢ y).

Notation. We shall write é’ for a finite sequence (1, ..., &,) of terms. Therefore, we shall
write £ - A for & [ A; (i =1,...,n).

In particular, the notation & |- a ~ b means & [Fa Cb, & b Ca

the notation & |- A <> B means & |- A — B, & |- B — A.

e Foundation scheme.

Theorem 11. Y |-Va(¥y(Fly] = y# o), Flz] = 1) = Va(Flz] — 1)

for every finite sequence Flx,xy, ..., x,| of formulas.

Let € |- Va(Vy(Fly] — y#a), Fla] — L) and 7 | Fla]. We show that Y+ &.7.7 € 1L,
for every m € II, by induction on the rank of a. It suffices to show &xYE.7.m e L.

Now, ¢ |-Vy(Fy] — y#a), Fla] — L, so that it suffices to show Y¢ [ Vy(Fly] = y£a),
in other words Y¢ |- F[b] — bfa for every b. Let ¢ |- F[b] and @ € ||b#al|. Thus, we
have (b, @) € a, therefore rk(b) <rk(a) so that Y*¢. (. € I by induction hypothesis.

It follows that Y¢ 5 . w € 1, which is the desired result.
Q.E.D.

It follows from theorem 11 that the axiom scheme 1 of ZF.(foundation) is realized.

e Comprehension scheme.

Let a be a set, and F[z] a formula with parameters. We put :

b={(z,£.7); (x,m) € a, || Flz|} ; then, we have trivially ||z £b] = ||F(x) — z£4a].
Therefore I ||-Vz[zéb— (F(x) » x¢a)] and [ |FVz[(F(x) = xfa) — x#£b).

11
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e Pairing axiom.
We consider two sets a and b, and we put ¢ = {a,b}xII. We have |lafc|| = ||béc| = || L],
thus I [Faccand I [Fbec.

e Union axiom.

Given a set a, let b = Cl(a) (the transitive closure of a, i.e. the least transitive set which
contains a). We show |yféx — xfal D |lygb — x#al : indeed, let .7 € [|[y¢gd —
xtal, ie. EWfyéb and (x,m) € a. Therefore, Cl(a) D z, i.e. b D x and thus
ly £6l > [ly # |

Thus, we have ¢ |y ¢z, which gives the result.

It follows that I | VaVy[(y¢xz — xfa) — (y¢b— xfa).

e Power set axiom.
Given a set a, let b = P(Cl(a) xII) xII. For every set z, we put :
y={(z,§.7m); (2,m) € a, & || Flz, x|}, where F|z, x| is a formula with parameters. Then,
as we have seen above (comprehension scheme), we have ||z¢£y|| = ||F[z,2] — z£al and
therefore (I,1) FVz(z¢y <> (Flz,2] = z£a)).
Now, it is obvious that y € P(Cl(a) xII), and therefore (y, 7) € b for every 7 € II.
Thus, we have ||y£b|| =11 = ||L||. Therefore I |-yeb, and finally :
(I,(I,1)) FyebAVz(z¢y < (Flz,z] = z£a)).
The power set axiom is the particular case when the formula Flz,z] is zex.
e (Collection scheme.
Given a set a, and a formula F|x,y] with parameters, let :

b={P(z,&)xCl(a); z € Cl(a), € € A} with

P (x,€&) = {y of minimum rank ; & [ Flz,y]} or ®(z,§) =0 if there is no such y.
We show that [|Vy(F[z,y] = y#£0)|| O [[Vy(Flz,y] = zfa)|| :
Suppose indeed that &.7 € |Vy(Flz,y] = x£a)|, ie. (x,7) €a and & || Flz,y] for
some y. By definition of ®(x,¢), there exists ' € ®(z,£). Moreover, we have :
x € Cl(a), m € Cl(a), and therefore (y',m) € b ; it follows that ||y £b|| D ||z #al. But
y € ®(x,§), and therefore € || F|x,y] ; thus, we have &.7m € |F[z,y'] — ' £b||, which
gives the result.
We have proved that I ||FVy(F[z,y] — y#b) = Yy(Flz,y] — x£a).
e Infinity scheme.
Given a set a, we define b as the least set such that :

{a}xII Cb and Vz(Vr € II)(VE € A)((z,7) € b = O(z,&) x{n} Cb)
where ®(z,€) is defined as above.
We have {a}xII Cb, thus |agb|| =|L|, and therefore I |}|-acb.
We now show that ||Vy(F[z,y] = y£0)|| D ||Vy(Flz,y] = x£b)] :
Suppose indeed that &.m € |Vy(F[z,y] = x£b)|, i.e. (z,7) € b and & || Flx,y] for
some y. By definition of ®(x,§), there exists y' € ®(z,£). By definition of b, we have
(y/,m) € b, ie. me ||y¢b|. Now, y € ®(z,§), and therefore £ |- Flz,y] ; thus, we
have :
o € ||Flz,y'] = ¢ £b]|, which gives the result.
It follows that I | Vy(F[z,y] — y#b) — Yy(F|x,y] — = £b) and therefore :
(L, 1) -{acb,Va(Vy(Flz,yl = y#b) = Vy(Flz,y] — z£b))}.

12
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Function symbols and equality

Following our needs, we shall add to the language of ZF., some function symbols f, g, ... of
any arity. A k-ary function symbol f will be interpreted, in the realizability model N, by a
functional relation, which is defined in the ground model M by a formula Flzy, ..., zx,y]

of ZF. Thus, we assume that M3+ Vay ... Vo, 3y Flay, ..., ok, ]

(Jly Fly] is the conjunction of YyVy'(Fly], Fly'] =y =19') and Ty F[y]).

The axiom schemes of ZF., written in the extended language, are still realized in the
model A, because the above proofs remain valid.

On the other hand, in order to make sure that the axiom schemes of ZF, which use a
k-ary function symbol f, are still realized, one must check that this symbol is compatible
with ~, i.e. that the following formula is realized in N :

Vay . Vop(ey =y, o 2y = for.o o = fyr .. yr).

We now add a new rule to build formulas of ZF. :

If t,u are two terms and F' is a formula of ZF,, then ¢t = u +— F is a formula of ZF..

The formula ¢t =wu + 1 is denoted t # u.

The formula ¢ #u — 1,ie. (t=u+— 1) — L is denoted t=u.

The truth value of these new formulas is defined as follows, assuming that ¢, u, F' are
closed, with parameters in N :

lt=ur—F||=0 ift#u; t=uw— F||=|F| ift=u.

It follows that :

[t #ul=0=|T| iftAu;|[t#ul=T=|L]| ift =u;
It=ul|=||T = 1| ft#u;|t=ul|=]|L— L] ift=u.

Proposition 12 shows that ¢t =u +— F' and t =wu — F' are interchangeable.

Proposition 12.
i) Me(x)[ F(t=u—F)— (t=u—F);
it) AxAy(cc) \k(y)(k)z - (t=u — F),t=u— F.

i)Let E Ft=u— F and 7€ ||t =u — F|. Thus, we have t =u and 7 € ||F]|.
We must show Az(x)Ix&.m € 1L, thatis {x1.m € 1. This is immediate, by hypothesis
on ¢, since [ |t =u.
ii) Let {fFt=uw—F, nlFt=w and 7€ ||F||. We must show that :
Ay (co) Mk (y)(k)z*Eenem € L, soit nHrkEem € L.
If t # u, then n |- T — L, hence the result.
If t = u, then ¢ |- F, thus {xm € L, therefore k& |- L.
But we have 1 | L — L, and therefore nx&.m € L.
Q.E.D.

Proposition 13 shows that the formulas ¢t =« and Va(ugz — tfx) (Leibniz equality)
are interchangeable.

Proposition 13.
i) I Ft=u —Ve(ugrx —>téz) ;
it) I -Ve(xdu— xgt) >t =u.

13
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i) It suffices to check that I ||-Va(ug¢x — t#x) when t = u, which is obvious.
ii) We must show that [ ||-Ve(ufgx — t¢z),t #u— L. Thuslet & FVe(ufgx — tfx),
n |t #wand m €11 ; we must show that {xnp.m € L.
We have ¢ [fuga — tfa for every a ; we take a = {t} xII, thus ||t £a|| = II, hence
e |[tfall.
If t = u, we have n |- L, thus 7 |- u# a, hence the result.
If ¢t # u, we have ||[ugal|=0=|T||, thus n || u#a, hence the result.
Q.E.D.

We now show that the axioms of equality are realized.

Proposition 14. [ ||FVa(z =2x) ; [ |-VaVy(zr =y —y=1x) ;

I VYaVyVe(z =y —» (y=2 —max=2));

I fVavy(x = y — (Flx] — Fly])) for every formula F with one free variable, with
parameters.

Trivial, by definition of .
Q.E.D.

Conservation of well-foundedness

Theorem 15 says that every well founded relation in the ground model M, gives a well
founded relation in the realizability model N .

Theorem 15. Let f be a binary function such that f(x,y) =1 is a well founded relation
in the ground model M. Then, for every formula Flx] of ZF. with parameters in M :
Y [V (Vy(f(y, ) = 1 = Fly]) = Flz]) = Vo Flz].

Let us fix @ and let & [ Va(Vy(f(y,z) =1 — Fly]) — Flz]). We show, by induction on
a, following the well founded relation f(z,y) = 1, that Yx& .7 € L for every m € || Flal||.
Thus, suppose that 7 € ||F[a]|| ; we need to show that £ xY{.nw € IL. By hypothesis,
we have :
EFYy(fly,a) =1 — y¢z) — Fla] ; thus, it suffices to show that :
Y¢ W fly,a) =1 — Fly] for every y. This is clear if f(y,a) # 1, by definition of +.
If f(y,a) =1, we must show Y¢ | Fly], i.e. Yx&.p € L for every p € ||F[y]||. But
this follows from the induction hypothesis.

Q.E.D.

Sets in M give type-like sets in

We define a unary function symbol J by putting J(a) = axII for every individual a
(element of the ground model M).

For each set E of the ground model M, we also introduce the unary function 1z with
values in {0, 1}, defined as follows :

lp(a) =1ifae€ F;1g(a)=0ifa ¢ E.

The formula 1g(x) =1 — A will also be denoted as zeJE — A.

In particular, a¢JFE is identical with aeJFE — L thatis 1g(a) # 1.

We shall write (VaxelE) Alz] for Va(xelE — Alzx]).

14
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Proposition 12 shows that xeJFE +— A and xeJE — A are interchangeable.
Therefore (VxelE) Alz] and Vz(xelJE — Alx]) are also interchangeable. We have :

|(v2=1B) Afal| = | | Ala/a]| and |(voeIE) Al = () |Ala/a]l.
acE ackE

As already said, we shall add to the language of ZF., some function symbols of any arity,
which will be interpreted in the ground model M by some functional relations. Then
every formula of the form VZ(t1[¥] = wi[Z], ..., t[Z] = w[Z] — t[Z] = u[Z]) which is
satisfied in the model M, is realized in the model N (t1,uq, ..., tg, ug, t,u are terms of
the language).
Indeed, we verify immediately that :
I V247 = wi[Z] = (... — (t][Z] = w[Z] — t[Z] = u[7]))...).
It follows that if, for instance, t[z, 2] sends E'x E" into D in the model M, then it sends
JExJE" into 1D in the model /. Indeed, we have then :
ME Vave' (1g(z) = 1, 1p/(2') =1 — 1p(t[z,2']) = 1) and therefore, we have :
I FVavVe' (1g(z) =1 — (1g/(2’) =1 — 1p(t[z,2']) = 1)), in other words :
I b (VxelE)(Va' e IE") (t[x, 2’| € ID).
Notice, in particular, that the characteristic function 1g, which takes its values in the set
2 ={0,1} in the model M, takes its values in J2 in the realizability model N.

We shall denote a,v,- the (trivial) Boolean algebra operations in {0,1} (they should
not be confused with the logical connectives A, V,—). In this way, we have defined three
function symbols of the language of ZF, ; thus, in the realizability model N, they define
a Boolean algebra structure on the set J2.

The set N of integers in N

We add to the language of ZF. a constant symbol 0 and a unary function symbol s. Their
interpretation in the model M is as follows :

0 is 0; s(a) is {a}xII for every set a, in other words s(a) = 3({a}).

Remark. In the definition of the set of integers in the realizability model A/, we are using the
singleton as the successor function s, instead of the usual one z —— =z U {z}, which is more

complicated to define in the realizability model. It would give :
s(a) ={(a,lem); m e} U{(z,0e7); x € a, m € IT}.

Theorem 16. The following formulas are realized in N :
i) YaVy(sx = sy —x=1y) ;

ii) VYa(sxr #£0) ;

iii) VaVy(r ~y — sx >~ sy) ;

i) VaVy(sz ~ sy — x ~y).

This shows, in particular, that the function s is compatible with the extensional equiva-
lence ~.

i) We check that [ || sa = sb — a =b. We may suppose sa = sb, because
|sa = sb +— a =0b|| =0 if sa # sb. But, in this case, we have a = b, by definition of
sa, sb.
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ii) We have ||a ¢ sal| = ||L||, thus I |- ae sa. Since N |- VaVy(y ¢ x — y#x), we have :
N |Fa € sa. But I ||a¢0, and therefore N |- (a0 — a ¢ sa) — L ;
thus N || Vz(2 £0 — 2 ¢ sa) — L, i.e. N |Fsa 0. Therefore, N |}-sa 0.

iii) We show that the formula a ~ b — sa ~ sb is realized ; it suffices to realize the
formula a ~ b — sa C sb. We prove it by means of already realized sentences.

We need to prove a ~ b,z ¢ sb — x¢sa. But x ¢ sa has the same truth value as x # a.
Thus, we simply have to prove a ~ b — a € sb. But a € sb follows from be sb and a ~ b.

iv) In the same way, we prove the formula sa ~ sb — a ~ b and, in fact sa C sb — a ~b.
The formula sa C sb is Va(x ¢ sb — x¢sa) ; but x¢sa is the same as © # a. Thus,
from sa C sb we obtain a € sb, i.e. (Jresb)x ~ a. But xesb is the same as x = b, so
that we obtain a ~ b.

Q.E.D.

The individuals s™0 are obviously distinct, for n € N. Therefore, we can define :
N={(s"0,n.7); neN, 7 ell}

and we have :

la£N| = 0 if a is not of the form s"0, with n € N ;

|s"0#N|| = {n.m; = €I}

The formula zeN will also be written ent(z).

In the sequel, we shall use the restricted quantifier V:ceN which we also write Yzt

with the following meaning :

V2 Fla]|| = [|(Vo e N) Fla]l| = {n. 75 n €N, x € | F[s"0]}.

ent :

The restricted existential quantifier JreN or Jr is defined as :

B Flz] = (FreN) Flz] = -V —F[z].
Proposition 17 shows that these quantifiers have indeed the intended meaning : the
formulas V2®™ F[z] and Vz(reN — F[z]) are interchangeable.

Proposition 17. B
i) AxdyAz(y)(z)z |- Vo™ Flz] — Vo(=Flz] = 2 ¢N) ;
i) AzAy(co)Mk(z)ky |-Va(=Flz] — z#N) — Yzt Fla].

i) Let & V2 Flz], n |- —F[a] and @ € ||a£N|. Thus, we have a = s"0 for some

neN (else |a¢N| =0) and @ =n.w. We must show that n*&n.w e L.

Now, by hypothesis on &, we have £xn.p € 1 for any p € ||F[s"0]|| ; thus &n [ F[s"0].

Since 7 | —F[s"0], we have nx&n.m € 1L, which is the desired result.

ii) Let & [-Va(~Flz] » 2#N) and n.r € ||V F[z]|, with n € N and 7 € ||[F[s"0]]|.

We have : Az Ay(co)\k(x)ky*xEenem = Exkyen o .

Now, we have k, |- —F[s"0] and n.7 € ||s"0#N]||. Therefore & xky.n.me L.
Q.E.D.

Theorem 18 (Recurrence scheme). For every formula F[Z,y] :
i) 1 |-VE(y(F[E,y) = F[Z,sy)), FIT,0] — (¥neN)F[Z,n]).
iW) I [f-VE(vne N)(Vy(F[Z, syl = F[Z,y]), FlZ,n] — F[Z,0]).

i) This can be written I |- (Vne NWZ(Vy(F[Z,y] — F|Z, sy)), F[Z,0] — F[Z,n)).
Thus, let n € N, @ a sequence of d’individuals, ¢ | Vy(F[d,y] — F[d, sy]), « | F|d,0].
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We must show that, for every w € ||F[d,n]||, we have [*n.{.a.m € L.
In fact, we show, by recurrence on n, that nx&.a.m € 1.
This is immediate if n = 0. In order to go from n to n+1, we suppose now « € ||F[d, sn]]| ;
we have n+1*xéeaem>=n+1xfeaem>0xnefeaem>Exnéa. .
But, by the recurrence hypothesis, we have n€a |- F'[d, n] ; by hypothesis on £, we have :
¢ |\ Fld,n] — Fld, sn]. Hence the result, since 7 € ||F[d, sn]||.
ii) Almost the same proof : take now ¢ || Vy(F[d, sy] — Fld,y]), = € | Fd,0]|| and show,
by recurrence on n, that nx&.a.w € 1, for every « |- F[d, n].

Q.E.D.

Definition. We denote by int(n) the formula Va(Vy(syéz — yéx),nfx — 0fx)).

Theorem 20 shows that the formulas int(n) and ne N are interchangeable, i.e. the formula
Vn(int(n) <> ne N) is realized by a proof-like term : this is the storage theorem for integers.

Lemma 19. Aghz(g)(0)z |- Vy(sy¢N — y#N).

We show that AgAz(g)(c)z |- sb#N — b#N for every individual b.
This is obvious if b is not of the form s"0, since then |[b#N|| = (. Thus, it remains to
show : B B B
AgAz(g)(o)x || s"T0#N — s"0¢N. Thus, let € - s"T0#N ; we must show :
AgAz(g)(o)z*Eenem € L ie Exonem € 1L, which is clear, since on =n+ 1.

Q.E.D.

Theorem 20 (Storage theorem).
i) I (VeeN) int(z).
it) T fVe(int(x),rgN — L) with T = AnAf((n)Agiz(g)(o)zx)fO0.

i) It is theorem 18(ii), if we take for F[z,y] the formula y¢ .

ii) Let v |- int(a), ¢ [Fa#¢N and 7 € II. We must show T xv.¢.m € I, that is :
vrk AgAz(g)(o)rep0em e L.
By hypothesis, we have v |-Vy(sy#¢N — y£N),a¢N — 0£N.
But we have 0.7 € [|[0£N| by definition of N and, by lemma 19 :
AgAz(g)(0)z |- Vy(sy#N = y #N). Hence the result.

Q.E.D.
From theorem 18(i), it follows immediately that the recurrence scheme of ZF is realized
in NV ; it is the scheme : _
VE(Vy(F[Z,y] — F[Z,sy]), F[Z,0] — (Vn € N)F[Z,n]) for every formula F[Z,y] of ZF
(i.e. written with ¢, C.0,s).
Then, indeed, the formula F' is compatible with the extensional equivalence ~.
Since the function s is compatible with ~, we deduce from lemma 19 that the formula :
Vy(y € N — sy € N) is realized in N/ ; the formula 0 € N is also obviously realized.
From the recurrence scheme just proved, we deduce that :

N is the set of integers of the model N, considered as a model of ZF.

Theorem 21.
i) Let f:NF — N be a recursive function. Then, the formula :
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(Vo eN) ... (Vo eN) f(z1,...,2)eN s realized in N
i) Let g NF — 2~be a recursive function. Then, the formula :
(Vz1eN) ... (VareN)(g(x1,...,x1) =1V g(xy,...,25) = 0) s realized in N.

i) This can be written Va$™ .. V2™ ent(f(zy,...,2x)). The proof is done in [16, 13].
ii) We have N |- (Vo1 eIN) ... (VoreIN) g(z1, ..., 2x) €32
Now, since g is recursive, we have, by (i) :
N (Vz1eN) ... (Vo eN) g(zy,. .., z5) e N.
Hence the result, by lemma 22.
Q.E.D.

Lemma 22. Az yAf(f)ay |- (VoeI2)(x £ 1,2 £ 0 — z£N).

We have to show : B B
ACAYNf(flzy FT,L = 0N and AzAyAf(f)fzy |-L, T — 1£N.
Thus let & [T (i.e. £ € A arbitrary) and 7 |- L. We have to show :
ACAYANf(flzy*EeneQem € L and AxAyAf(flzy*n.&eleme L
which is trivial.

Q.E.D.

Remarks. i) In the present paper, theorem 21 is used only in trivial particular cases.

ii) Let us recall the difference between IN and N (the set of integers in the model ) ; we have :
¢ (VzedN) Flz] iff (Vn e N)(Vr e ||[F[s"0]||)§rm e L.

€ - (VzeN) Flz] iff (Vn e N)(Vr € |F[s"0]|) «n+m € L.

Notice that we have K |-Va(z#IN — z#N), in other words K |-N C IN. This means that,
in NV, the set N of integers is strongly included in JN. In the particular realizability model
considered below (and, in fact, in every non trivial realizability model) the formula IN ¢ N is

realized.

Non extensional and dependent choice

For each formula F(z,y1,...,ym) of ZF., we add a function symbol fr of arity m + 1,
with the axiom :  V§((Vke N)F[fr(k,¥),y] — Vo Fz,9])
orelse :  Vy(VE F[fr(k,7), 4] — Vo Flz, 7).

It is the axiom scheme of non extensional choice, in abbreviated form NEAC.

Remarks. i) The axiom scheme NEAC does not imply the axiom of choice in ZF, because we
do not suppose that the symbol fr is compatible with the extensional equivalence ~. It is the
reason why we speak about non extensional axiom of choice. On the other hand, as we show
below, it implies DC (the axiom of dependent choice).

ii) It seems that we could take for fr a m-ary function symbol and use the following simpler
(and logically equivalent) axiom scheme NEAC’ : Vy(F|[fr(¥),y] — Vz Flx,7]).

But this axiom scheme cannot be realized, even though the axiom scheme NEAC is realized by
a very simple proof-like term (theorem 23), provided the instruction s is present.

More precisely, we can define a function fz in M, such that NEAC is realized in N, but this is
impossible for NEAC’.
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Theorem 23 (NEAC).

For each closed formula YxVy F, we can define a (m + 1)-ary function symbol fr such
that :

e (Q)zz |- V(YK E [ f(k, i)z, 4] — Yo Flz, 7).

For each k e Nwe put P, ={mell;{xk.m¢ L, k=ng}.
For each individual z, we have : ||Vz F[z,9]|| = U | F'a, 9]||-

Therefore, there exists a function fr such that, giifen k € N and ¥ such that
B0 Vo Fla, gl # 0, we have Py 0 ||[F[fr(k,5), 4]l # 0.
Now, we want to show Az(¢)xx |- VA F[fr(k,¥), 5] — Flz,7], for every individuals
x, Y.
Thus, let & |- VA F[fr(k,7), %] and 7 € |Fla, ]| ; we must show Az()rzx&.7 € L.
If this is false, we have ¢*§.&.m ¢ 1L and therefore { x j .7 ¢ 1L with j = n,.
It follows that 7 € P; N || F[a,#]| ; thus, there exists 7 € P; N ||F[fr(j, %), 4]|-
Now, we have j .7’ € | VK™ F[fr(k,7), ]|, and therefore, by hypothesis on &, we have :
£%j.m € 1. This is a contradiction.

Q.E.D.

NEAC implies DC

Let us call DCS (dependent choice scheme) the following axiom scheme :

vg<vley F[SL’, Y, 21 _>vnentz|!y SF[n7 Y, 21 /\vnentzlyzly/{SF[nv Y, 517 SF[Sn7 ylv 517 F[yu y,7 Z]})
where F'is a formula of ZF,. with free variables x, y, 7 ; the formula S is written below.
In the following, we omit the variables 2’ (the parameters), for sake of simplicity.

The usual axiom of dependent choice DC is obtained by taking for Fx,y, 2o, 21| the
formula yezo A (xezg — <z,y>¢€21).

We now show how to define the formula Sg, so that ZF., NEAC F DCS ; we shall
conclude that DC is realized.

So, let us assume Vz3y Fx,y]. By NEAC, there is a function symbol f such that :
Va3k™ Flz, f(k, z)]. We define the formula Rp[x,y] as follows :

Rplz,y] = Ik Fla, f(k, )], Vi (i <k = =Flz, f(i,2)]),y = f(k,2)}.

This means : “y = f(k,x) for the first integer k such that Flz, f(k,z)] 7.

Therefore, Ry is functional, i.e. we have Vz3ly Rp(z,y).

Sk is defined so as to represent a sequence obtained by iteration of the function given by
Rp, beginning (arbitrarily) at 0 :

Sr(n,z) = Vz[VmVyVy' (<m,y>e z, Rp(y,y') — <sm,y'>¢ez2),<0,0>e2z — <n,x>¢cz|.
It should be clear that, with this definition of Sr, we obtain :

Vne™3ly Spln,y] and Vn®™3y3Iy'{Sk[n,y], Srlsn,v'], Fly, y']}.

Thus, DCS is provable from ZF.and NEAC.

Remark. We have used the binary function symbol <xz,y> which is defined, in the ground
model M, in the usual way : <a,b> = {{a}, {a,b}}. Then, the formulas :

VaVaVyVy (<z,y> = <2/, y'> = x = ), VaVa'VyVy/ (<z,y> = <2’ y'> =y =1v/),

are trivially realized by I.
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Properties of the Boolean algebra ]2

Let (z < y) be the binary recursive function defined as follows in M :
(m<n)=1lifmmneN m<n; else(m<n)=0.

Theorem 24. For every choice of 1, the relation (x < y) =1 1s, in N, a strict well
founded partial order, which is the usual order on integers (i.e. on N).

Indeed, the formulas Va((x <z)#1); VaVy((z <y) =1+ (y <z) # 1) and
VaVyVz((x <y) =1 — ((y < 2) =1 — (x < z) = 1)) are trivially realized.
Moreover, since the relation (z < y) =1 is well founded, we have (theorem 15) :
Y Ve(Vy((y < xz) =1 — Fly|) = Flz]) = Va Flz]

for every formula F'[x] with parameters and one free variable.

By theorem 21(ii), the binary recursive function (z < y) sends NZ into {0,1}, in the

model V.

Therefore, it suffices to check that the following formulas are realized in N :

(Vo,yeN)y<z = (z<y)#1); (Vr,yeN)(z <y — (z<y)=1).

Now the following formulas are trivially realized :

(Vo,y,zeIN)(z=y+z—= (x<y)#1); Vr,y,zeIN)(y=z+z2z+1— (x <y)=1).
Q.E.D.

Theorem 25.

The following formulas are realized in N :

i) (VeeIN)(VmelN)((x <m) =1« zelm) ;

ii) (VmeIN)(VneIN)((m <n)=1-—Im C In).

i) (VeeIN)(VmeIN)((x <m) =1« QyeIN)(m=z+y+1)).

Recall that z C y is the formula Vz(z¢y — z¢x).

i) We have trivially |(a < m) # 1|| = |ja#Im|| for every a,m € N.

ii) By transitivity of the relation (m < n) =1 (theorem 24).

iii) We observe that ||(a <m) # 1] = [[(VyeIN)(m # a+y+1)| for every a,m € N.
Q.E.D.

For each melIN (and, in particular, for each nz—:ﬁ?, i.e. for each integer of N), the
set defined, in N, by (z < n) = 1 (the strict initial segment defined by n) is therefore
extensionally equivalent to In.

Theorem 26. In N, the application (x,y) — my + x is a bijection from ImxIn onto
I(mn). Indeed, the following formulas are realized in N by I :
i) (Vm,nelIN)(VzeIm)(VyeIn)(my + xeI(mn)) ;
ii) (VYm,neIN)Ve, 2" eIm)(Vy,y eIn)(my +x=my +2' —x=1');
(Vm,neIN)(Va, 2’ e Im)Vy,y' e In)(my +x=my' + 2’ —y=1y') ;
iii) (Ym,nelIN)(VzeI(mn))(FzeIm)(TyeIn) z = my + .

i) and ii) We simply have to replace (Ym e IN) and (VzeIm) with their definitions, which

are : (VmeIN)F=Vm(Ily(m)=1— F); (Veedm)F =Vz((xt <m)=1— F).
We see immediately that these two formulas are realized by I.
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iii) We show that :

I (Vm,n,zeIN)((Vo,yeIN)((z <m) =1 —
(y<n)=1m—z#my+z)) — (2 <mn) #1).

Thus, we consider :

my,n,zo EN; € NEFVaVy((z<m)=1r— (y<n)=1r2#my+x))

and 7 € |[(z0 < mn) # 1||. We must show [ x&.m € I, that isxm e L.

We have |[|(z9 < mn) # 1|| # 0, therefore zy < mn.

Thus, there exists xg,y0 € N,zg < m,yo < n such that zy = mxg + yo. Now, by

hypothesis on &, we have :

E(xo<m)=1r ((yo <n) =1+ 2z=myo+ x0), in other words & |- L.

Q.E.D.

Injection of Jn into P(N)

Recall that we have fixed a recursive bijection : £ — n¢ from A onto N. The inverse

bijection will be denoted n +—— ¢&,.

This bijection is used in the execution rule of the instruction ¢, which is as follows :
ChEeMem = Ex N, o

We define, in M, a function A :N — 2 by putting A(n) =0 < &, |- L.

Thus, we have defined a function symbol A, in the language of ZF.. In the realizability

model N, the symbol A represents a function from IN into J2. In particular, the

function A sends the set N of integers of the model A into the Boolean algebra J2.

Lemma 27. For every n € N, we have &, |- A(n) #0.

We write this as A(n) =0 = &, | L, which follows from the definition of A.
Q.E.D.

Theorem 28. Let us put 0 = AxAy(s)yxx ; then, we have :
0 |- (Voel2)(z # 0 — In™{A(n) #0,A(n) < z})
where < is the order relation of the Boolean algebra 32 : y < x is the formula = = (yvz).

We must show 6 |- (Vo e12)(z # 0,Vn®™(A(n) # 0 = x # A(n)vr) — 1)).
Thus, let a € {0,1}, € [Fa#0, 7 |-Yn®™(A(n) #0 — a # A(n)va) and w € IL.
We must show fx&.n.mec L thatis ¢xn.f.{.me dl orelse nngo§ome L.
By hypothesis on 7, it suffices to show ng.&.m € [V (A(n) # 0 — a # A(n)va)].
By lemma 27, we have ¢ |- A(ng) # 0. By definition of the quantifier Vn®™, it remains
to show 7 € |la # A(ng)val| or else a = A(ng)va.
This is obvious if a = 1 ; if a = 0, then £ |- L, by hypothesis on &.
Therefore A(ng) =0 by definition of A, hence the result.

Q.E.D.
By theorem 28, the set {A(n); naN,A(n) # 0} is, in the realizability model N, a
countable dense subset of the Boolean algebra 12 : this means that each element # 0 of
this Boolean algebra has a lower bound of the form A(n) # 0 with neN.
It follows that the application of 12 into P(N) given by :

z— {neN; A(n) < z,A(n) # 0}
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is one to one : indeed, if a,bel2 with a # b, then a 4 b # 0 ; thus, there exists an
integer ne N such that A(n) # 0 and A(n) < a + b. Therefore, we have A(n) <a iff
(bAA(n)) = 0.

But, since A(n) #0, we get :  A(n) <a iff A(n) £b.

We have shown :

Theorem 29. B
The formula : “ there exists an injection of 32 into P(N) 7 is realized in the model N'.

Corollary 30. The formula : “ for every integer n there exists an injection of In into
P(N) 7 is realized in the model N .

Using theorem 26 we see, by recurrence on m, that the model NV realizes the formula :
“(VmeN) (J2)™ is equipotent to J(2™) ” ; and therefore also the formula :

“ (VmeN) there exists an injection of J(2™) into P(N) .

Finally, by theorem 25(ii), we see that the following formula is realized :

“ (VneN) there exists an injection of Jn into P(N) ”.
Q.E.D.

Realizability models in which R is not well ordered

J2 atomless

Theorem 31. We suppose there exist two proof-like terms wo,w; such that, for every
7w € I, we have wok, L or wik: | L. Then, the Boolean algebra 12 is non trivial.
Indeed :

O FVe(x#1,2#0—=2£32) > L with 0 = Xf(cc)M\e((f)(w1)k)(wo)k.

Let & FVa(x #1,2#0— x¢32) and 7 € II. We must show :
Ox&.me I, that is & *xwiky e woky e ™€ L.
But, by hypothesis on £, we have ¢ - T,L — 1 and & | L, T — L. Hence the result,
by hypothesis on wy, wy.
Q.E.D.

Theorem 32. We suppose that there exists three proof-like terms «g, o, s such that,
for every £ € A and m € 11, we have k. ap L or k.€aq =L or k:fas [ L.

Then, the Boolean algebra 12 is atomless. Indeed :

0 Va[Vy(zy # 0,2y # o — y¢32),x # 0 — x ¢ 32

with 0 = Axxy(cc) Ak((2) (k)yao) ((z)(k)yon) (k)yos.

By a simple computation, we see that we must show :

HOF(LL—1),1L—1.

i) o-|T,L—1n|L,T—1|,T— L.

Proof of (i) : let ne€|L,L — 1| and & € |L]|. We must show Oxn.&.m € 1L, that is:

N * kelap o () (kr)éaq)(kp)éan e m e L.
But, from ¢ | L, we deduce k,£C || L for every ¢ € A..
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Since n | L, L — 1, we have ((n)(k:)a1)(k;)éas | L and therefore :
nx k&g o () (kr)€ar)(kp)ég e m e L.
Proof of (ii) : let n € |T,L — L|N|L, T — 1] and £ € A.. Again, we must show that :
n* ke€ap « ((n)(kr)€anr)(kr)€ag « m € L. If this is false, then :
k.&ap £ L (because n || L, T — 1) and
((n)(kr)Er)(kz)Eerz | L (because i =T, L — L1).
But, since n |- L, T — L (resp. T,L — 1), we have k,&ay £ L (resp. k.€aa £ L).
This contradicts the hypothesis of the theorem.
Q.E.D.

R not well orderable

Theorem 33.
We suppose that there exists a proof-like term w such that, for every &, € A, & # &
and © € 11, we have wk.& | L or wk | L.
Then we have, for every formula F with three free variables :
0 | (Vm,neIN)Vz[(m <n)=1

(VaVyVy' (F(z,y, 2), F(z,y', 2),y #y — L), VyeIn)=(VeeIm)- F(x,y,z) — L)]
with 0 = AxAx'(cc) k(2" )\z(zz2)(w)kz.

Remark. This shows that, if (m < n) = 1, then (Jm C In and) there is no surjection of IJm
onto In : indeed, it suffices to take, as F(z,y, z), the formula <z,y>¢ z.

Assume this is false ; then, there exist m,n € N with m < n, an individual ¢, two terms

£, € A and a stack m € I such that :

Ox&o&emd I

§ - Vavyvy' [F(z,y, ¢), Fx,y' ¢)y # ¢ — L] ;

& (VyeIn)=(VeeIm)- F(z,y, 2).

Therefore, we have £'xn.m ¢ 1L with n = Az(£22)(w)k,z. By hypothesis on £ we have,

for every integer i <mn: nf (VoreIm)-F(z,i,c). Thus, there exists an integer m; < m

such that n £ —F(m;,1,c¢). It follows that there exist & € A and m; € II such that

& | F(mg,i,e) and n*& «m ¢ 1. By definition of 7, we get £ & « & o wky& o m & L.

By hypothesis on ¢, it follows that wk,&; £ # i ; in other words, we have wk&; £ L

for every integer i < n.

By the hypothesis of the theorem, it follows that we have & =¢&; for every i,j < n.

But, since m; <m <n and i <mn, thereexist 7,5 <n,i# j such that m; =m; = k.

Then, & =& b F(k,i,c), F(k,j,¢) and wk:& i # j since ||li # j|| = 0.

Therefore, by hypothesis on &, we have £x&; .+ & « wk,& « m; € 1L, which is a contradiction.
Q.E.D.

Now, we see that, with the hypothesis of theorem 33, there is no surjection from J2 onto
J2x J2. Indeed, by theorem 26, there exists a bijection from J2 x J2 onto J4 and, by
theorem 33, there is no surjection from J2 onto J4. It follows that J2 cannot be well
ordered. B

Now, by theorem 28, 12 is equipotent with a subset of P(N), and this subset is infinite,
by theorem 32. Therefore, the hypothesis of theorems 32 and 33 are sufficient in order
that the following formula be realized in the model N :
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There is no well ordering on the set of reals.
In fact, the hypothesis of theorem 33 is sufficient : this follows from theorem 34.

Theorem 34.

Same hypothesis as theorem 33 : there exists a proof-like term w such that, for every
mell and £,& €N E#E, we have wk& L or wk.& | L.

Then we have, for every formula F with three free variables :

0 |-V {VaVn™ F(n,z, 2) — x ¢ 12],VnVaVy[~F(n, x, 2)~F(n,y, ),z #y — 1] — 1}
with 0 = AxAx’(cc)A\k(x) An(cc) \h(x'hh)(wk)Af(f)hn.

Remark. This formula means that, in the realizability model N, there is no surjection from
the set of integers N onto 12 : it suffices to take for F(x,y,z) the formula <z,y>¢z (the
graph of an hypothetical surjection being <x,y> ¢ z).

Reasoning by contradiction, we suppose that there is an individual ¢, a stack © € II, and

two terms &, £ such that :

¢ FVz[Vn F(n,z,c) = x4312]; & |- VnVaVy[-F(n,z,2)=F(n,y,2),z #y — 1] and

Ox&&emd A

Therefore, we have {xn.m & 1L, with 1 = An(cc)\h(&'hh)(wk)Af(f)hn.

By hypothesis on &, we have 7 [£¥n®™ F(n,0,¢) and 7 J£Vn®™ F(n,1,c). Thus, we

see that there exist ng,n; € N, mg € [|[F(n,0,¢)|| and m € [[F(n,1,¢)|| such that

nxng.m & 1L and n*mn;.m ¢ L. By performing these two processes, we obtain :

Sl*kﬂo'kﬂo '§0'W0 ¢ AL et Sl*km 'km 'gl'ﬂ-l ¢ J_,

with (o = (Wkﬂ))‘f(f)kﬂono and (; = (wkﬂ))\f(f)kﬂ'lnL

By hypothesis on &', we have &' [ —=F(ng,0,¢c), ~F(ng,0,c),0 # 0 — L.

Since ky, [ —F(no,0,c), we see that (y [£ L and, in the same way, ¢ £ L.

Thus, by the hypothesis of the theorem, we have :

M (fkrono = Af(f)kr,n1, and therefore ng =ny; and my = 7.

But, we have & | —F(no,0,c),7F(ng,1,¢),0# 1 — L. Moreover, we have :

T € |[F(no,0,¢)]| and m € ||F(ni,1,c)|, thus mp € ||F(no,1,¢)|| since ng = nq,

g = 71

Therefore kg, |- —F(no,0,¢) and —F(ng, 1,c). Moreover, we have obviously (o -0 # 1,

since ||0 # 1|| = 0. Therefore, we have & xky, « kry » o« o € L, which is a contradiction.
Q.E.D.

Theorems 33 and 34 show that J2 is infinite and not equipotent with 12 x 12, thus not

well orderable. Since J2 is equipotent with a subset of P(N) (theorem 29), we have shown

that P(N) is not well orderable, with the hypothesis of theorem 33.

More precisely, by corollary 30, we know that Jn is equipotent with a subset of P(N) for

each integer n. Therefore, we have :

Theorem 35. With the hypothesis of theorem 33, the following formula is realized :

“ There exists a sequence X, of infinite subsets of P(N) such that, for every integers
m,n>2:

e there is an injection from X, into X, ;

e there is no surjection from X, onto X, 1 ;

o X, xAX, and X,,, are equipotent .
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For each integer n, the set {0,1,...,n — 1} is a ring : the ring of integers modulo n ; the
Boolean algebra {0, 1} is a set of idempotents in this ring. These ring operations extend
to the realizability model, giving a ring structure on Jn, and J2 is a set of idempotents
in In.

For each aeJ2, the equation ax = z defines an ideal in Jn, which we denote as aJn.
The application  — ax is a retraction from Jn onto aln.

Proposition 36. The following formulas are realized in N :
i) (VneldN)(VaeI2)(the application x+— (az, (1 —a)x) is a bijection

from In onto adn x (1 — a)In).
ii) (Ym,neIN)(Vae12)(the application (x,y) — my + x is a bijection

from aJmxadn onto al(mn)).

i) Trivial : the inverse is (y,y') — y + '
ii) By theorem 26, this application is injective ; clearly, it sends amxadn into al(mn).
Conversely, if zead(mn), then there exists x e JIm and yeIn such that z = my + x ;
thus, we have z = az = may + ax with arealm and ayealn.

Q.E.D.

Theorem 37. We suppose that, for each o € A, m € I, and every distinct (o, (1, € A,
we have kyaly L or k.al; L or k.al | L.
Then, for each formula F(x,y, z) with three free variables, we have :

0 FVz(Ym,nedN)(VacI2)[(2m <n)=1 —
(a # 0,VaVyVy' (F(z,y, 2), F(z,y', 2),y vy — L), VyeIn)(FzeIm)F(x,ay, z) — L)]
with 0 = Xa zy(cc) \k(y)Az(zzz)(k)az.

Remark. This formula means that, if n > 2m, acJ2,a # 0, then there is no surjection from
Jm onto aln : it suffices to take F(xz,y,2) = <z,y>¢€z.

Reasoning by contradiction, let us consider m,n € N with n > 2m, a € {0,1}, an

individual ¢, three terms «, &, 7 € A and 7 € II such that :

9*05’5'77'71- ¢ AL ) O H_a’ # 07 g H—VxVyVy’(F(x,y,c),F(x,y’,c),y # y, - J_)’

n - (VyeIn)=(VeeIm)-F(x,ay,c).

We have Oxa & enem = n*0 o and therefore nx0' «7m ¢ 1L with 0 = A\z(£22)(k,)az.

It follows that, for every y € {0,...,n — 1}, we have ¢ |/ (VzeIm)—F(z,ay,c).

Thus, there exist two functions y — =, (resp. y +—— (,) from {0,...,n — 1} into

{0,...,m — 1} (resp. into A), such that ¢, [ F(zy,ay,c) and 6 % (,.w, ¢ L (for

some suitable stacks w,).

Now, we have €' (y ey, > Ex(y«(yohyew, with s, =kra(, ; therefore, we have :

ExCyeCyehyety ¢ L foreach y € {0,...,n—1}.

By hypothesis on £ (with y = '), it follows that x, ¢ L for every y < n.

It follows first that « f£# L and therefore, we have a =1 ; thus ¢, [ F(zy,y,c).

Moreover, since n > 2m, there exist yo,y1,y2 < n distinct, such that z,, = z,, = z,.

But, following the hypothesis of the theorem, the terms (,, (,,,(y, cannot be distinct,

because ky,, Ky, , Ky, £ L. Therefore we have, for instance, (,, = ¢, ; then, we apply the

hypothesis on £ with y = yo, ¥y’ = y1, which gives { x (yy « (y s ke € L for every K € A

and w € II. But it follows that &y, « Cyy « Kyy « @y, € L which is a contradiction.
Q.E.D.
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Corollary 38. With the hypothesis of theorem 37, the following formulas are realized :
i) (VneN)(Vael2)(a#0 — there is no surjection from In onto al(n + 1)).

ii) (VneN)(Va,be32)(ab=0,b#0 — there is no surjection from aln onto b12).

iii) (YneN)(Va,beI2)(ab=a,a #b — there is no surjection from aln onto b12).

i) We prove this formula by contradiction : if there is a surjection from aJn onto aJ(n+1)
then, for cach integer k € N, there exists a surjection from (In)* onto (al(n + 1)) ;
and thus also a surjection from IJ(n*) onto al((n + 1)*) (theorem 36). But, for k > n,
we have (n + 1)¥ > 2n* and this contradicts theorem 37.

ii) Indeed, we have (a+b)In = aJn x bIn. Reasoning by contradiction, there would exist
a surjection from (a + b)In onto bI2xbIn, thus also onto bI(2n) (theorem 36), thus a
surjection from In onto b1(2n), which contradicts (i).

iii) Otherwise, it would exist a surjection from aJn onto (b— a)J2, which contradicts (ii).

Q.E.D.

Application. By DC, since ]2 is atomless, there exists in J2 a strictly decreasing se-

quence. By corollary 38(iii) and theorem 29, there exists a sequence of infinite subsets of
P(N), the “cardinals” of which are strictly decreasing. More precisely, let B be the image

of 12 by the injection in P(N) given by theorem 29 ; then we have :

Theorem 39. With the hypothesis of theorem 37, the following formula is realized in N :
“There exists a subset B of P(N) (the real line of the model N'), such that

B is an atomless Boolean algebra for the usual order C on P(N), with O,N € B ;
a,be B=anbeB.

Ifa € B,a# 0 then aB is infinite and there is no surjection from B onto aBxaB
(where aB means {x € B; © C a}).

If a,b € B,a,b # 0 and anb = (), then there is no surjection from aBB onto bB (the
“cardinals” of al3,bB are incomparable).

If a,b € B,a C b and a # b, then there is no surjection from al3 onto b (the “cardinal”
of aBB 1is strictly less than the “cardinal” of bB)”.

In other words, for a,b € B, we have : a C b < there exists a surjection from bB onto
aB. The order, in the atomless Boolean algebra B, is the order on the “cardinals” of its
initial segments, like in a finite Boolean algebra.

The model of threads

This model is the canonical instance of a non trivial coherent realizability model. It is
defined as follows :

Let n—— m, be an enumeration of the stack constants and let n —— 6,, be a recursive
enumeration of the proof-like terms. For each n € N, the thread of number n is the set of
processes which appear during the execution of the process 6, x m,.

Note that every term which appears in the n-th thread contains the only stack constant .

We define ¢ (the complement of IL) as the union of the threads.
Therefore, we have &% € L iff the process £ x m never appears in any thread.
For every term &, we have ¢ || L iff £ never appears in head position in any thread.
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If ¢ is a proof-like term, we have £ = 6, for some integer n, and therefore £ xm, ¢ 1L, by
definition of L. It follows that the model of threads is coherent.

If £ € A, € £ L then £ appears in head position in at least one thread. This thread is
unique, unless £ is a proof-like term, because it is determined by the number of any stack
constant which appears in &.

Theorem 40. The hypothesis of theorems 31, 32, 33 and 37 are satisfied in the model of
threads.

The hypothesis of theorems 33 and 31 are trivially satisfied if we take :

w= (Arzx)\rrr, wy=wl, and w; =wl.

Moreover, the hypothesis of theorem 37 is obviously stronger than the hypothesis of
theorem 32.

We check the hypothesis of theorem 37 by contradiction : we suppose ka(y £ L,
kral, £ L and k,aly £ L. Therefore, these three terms appear in head position, and
moreover in the same thread : indeed, since they contain the stack 7, this thread has the
same number as the stack constant of 7.
Let us consider their first appearance in head position, for instance with the order 0, 1, 2.
Therefore we have, in this thread : k,alo*xpg > axm = - - = kali xp1 = a*xm > ---
But, at the second appearance of ax 7, the thread enters into a loop, and the term k,a(,
can never arrive in head position, since (7 # (s.

Q.E.D.
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