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ABSTRACT : We consider the problem of predicting as well as the besalicombi-
nation ofd given functions in least squares regression, and variditiiésgoroblem includ-
ing constraints on the parameters of the linear combinadghen the input distribution
is known, there already exists an algorithm having an exgkekcess risk of ordei/n,
wheren is the size of the training data. Without this strong assionptstandard results
often contain a multiplicativéog n factor, and require some additional assumptions like
uniform boundedness of thiedimensional input representation and exponential mosnent
of the output.

This work provides new risk bounds for the ridge estimatad #re ordinary least
squares estimator, and their variants. It also provideslsige procedures with conver-
gence ratel/n (i.e., without the logarithmic factor) in expectation amddeviations, un-
der various assumptions. The key common surprising facthiese results is the absence
of exponential moment condition on the output distributwnile achieving exponential
deviations. All risk bounds are obtained through a PAC-B&e analysis on truncated
differences of losses. Finally, we show that some of thesdtseare not particular to the
least squares loss, but can be generalized to similar $yrongvex loss functions.
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INTRODUCTION

OUR STATISTICAL TASK. LetZ; = (X1,Y1),...,Z, = (X,,,Y,) ben > 2
pairs of input-output and assume that each pair has beepéendently drawn
from the same unknown distributid®. Let X denote the input space and let the
output space be the set of real numhbRysso thatP is a probability distribution
on the product spacg £ X x R. The target of learning algorithms is to predict
the outputy” associated with an inpuX for pairsZ = (X,Y’) drawn from the
distribution P. The quality of a (prediction) functiofi : X — R is measured by
the least squarassk:

R(f) 2 Bzop {[Y — f(X)]*}.

Through the paper, we assume that the output and all thegtisadfunctions we
consider are square integrable. Bebe a closed convex setBf, andy, . . ., o4
bed prediction functions. Consider the regression model

d
F = {fg => 005 (61,....04) € @}.
j=1
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The best functiorf* in & is defined by

d
f7 =Y 050, € argmin R(f).
=1

fegx

Such a function always exists but is not necessarily unigesides it is unknown
since the probability generating the data is unknown.

We will study the problem of predicting (at least) as well aadtion f*. In
other words, we want to deduce from the observatidns . ., Z, a function f
having with high probability a risk bounded by the minimakz( f*) onJ plus a
small remainder term, which is typically of ordéfnr up to a possible logarithmic
factor. Except in particular settings (e..is a simplex and > /n), itis known
that the convergence ratin cannot be improved in a minimax sense (see [20],
and [21] for related results).

More formally, the target of the paper is to develop estimsfdor which the
excess risk is controllesh deviationsi.e., such that for an appropriate constant
k > 0, for anye > 0, with probability at least — ¢,

1 -1
/{d—l— og(e )
n

R(f) = R(f") < (0.1)
Note that by integrating the deviations (using the ideniity’ = f0+°° P(W >

t)dt which holds true for any nonnegative random varialdfg, Inequality (0.1)
implies

d+1
R—.

ER(f) — R(f*) < (0.2)

In this work, we do not assume that the function
[ 2 B[Y|X = z],

which minimizes the riskk among all possible measurable functions, belongs to
the modelF. So we might have* # 9 and in this case, bounds of the form

ER(f) — R(f®) < OIR(/") — R + 5, 03)
with a constantC larger thanl do not even ensure th@R(f) tends toR(f*)
whenn goes to infinity. This kind of bounds with’ > 1 have been developed
to analyze nonparametric estimators using linear appratxan spaces, in which
case the dimensiod is a function ofn chosen so that the bias terR{f*) —
R(f9) has the ordedi /n of the estimation term (see [11] and references within).
Here we intend to assess the generalization ability of theaor even when the
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model is misspecified (namely whek(f*) > R(f(®9)). Moreover we do not
assume either that — f9(X) and X are independent.

Notation. When® = R¢, the functionf* and the spacé will be written
fir, andJFy, to emphasize thaf is the whole linear space spanneddy . . ., v4:

Fiin = span{p1, ..., a4} and  fi, € argminR(f).
fE€Tin
The Euclidean norm will simply be written ds ||, and(-, -) will be its associated
inner product. We will consider the vector valued function X — R? defined

by p(X) = [‘PR(X)]Z:p so that for any) € ©, we have

fo(X) = (0, p(X)).

The Gram matrix is the x d-matrix Q@ = E[p(X)¢(X)"], and its smallest and
largest eigenvalues will respectively be writtengas, and¢,.... The empirical
risk of a functionf is

i=1

and for\ > 0, the ridge regression estimator 8tis defined byf®99 = f; ...
with ~i
p(ridge) € arg min T’(fe) + )‘HQHQ’
USC)

where ) is some nonnegative real parameter. In the case when0, the ridge
regressionf99®) js nothing but the empirical risk minimizei®™. In the same
way, we introduce the optimal ridge function optimizing #gected ridge risk:
f = f; with i

0 e argreréig{R(fg)Jr)\HﬁHz}. (0.4)

Finally, letQ, = Q + \I be the ridge regularization @, wherel is the identity
matrix.

WHY SHOULD WE BE INTERESTED IN THIS TASK There are three main rea-
sons. First we aim at a better understanding of the parasrigteiar least squares
method (classical textbooks can be misleading on this stiagewe will point out
later), and intend to provide a non-asymptotic analysis.of i

Secondly, the task is central in nonparametric estimatohrfear approxima-
tion spaces (piecewise polynomials based on a regulatipartivavelet expan-
sions, trigonometric polynomials. . .)

Thirdly, it naturally arises in two-stage model selecti®necisely, when fac-
ing the data, the statistician has often to choose sevemrd¢imavhich are likely to
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be relevant for the task. These models can be of similartsires (like embedded
balls of functional spaces) or on the contrary of very défdrnature (e.g., based
on kernels, splines, wavelets or on parametric approaches) each of these
models, we assume that we have a learning scheme which m®dugood’ pre-
diction function in the sense that it predicts as well as tast lfunction of the
model up to some small additive term. Then the question isstodé on how
we use or combine/aggregate these schemes. One possivier am$o split the
data into two groups, use the first group to train the prealdtiinction associated
with each model, and finally use the second group to build digtien function
which is as good as (i) the best of the previously learnt jgtexh functions, (ii)
the best convex combination of these functions or (iii) thstbinear combination
of these functions. This point of view has been introducedlbgnirovski in [17]
and optimal rates of aggregation are given in [20] and refes within. This pa-
per focuses more on the linear aggregation task (even &rftgrs in our setting),
assuming implicitly here that the models are given in adear are beyond our
control and that the goal is to combine them appropriately.

OUTLINE AND CONTRIBUTIONS. The paper is organized as follows. Section 1
is a survey on risk bounds in linear least squares. TheoreBnard 1.5 are the
results which come closer to our target. Section 2 providasva analysis of
the ridge estimator and the ordinary least squares estijraatd their variants.
Theorem 2.1 provides an asymptotic result for the ridgeredtr while Theorem
2.2 gives a non asymptotic risk bound of the empirical riskimizer, which is
complementary to the theorems put in the survey sectionaiticolar, the result
has the benefit to hold for the ordinary least squares esimaatd for heavy-
tailed outputs. We show quantitatively that the ridge pgnlalads to an implicit
reduction of the input space dimension. Section 3 shows aasgmptoticd/n
exponential deviation risk bound under weak moment comastion the output”
and on thei-dimensional input representatigriX ). Section 4 presents stronger
results under boundedness assumptiop(©f ). However the latter results are
concerned with a not easily computable estimator. Sectmines risk bounds for
general loss functions from which the results of Sectioneddarived.

The main contribution of this paper is to show through a PAGHsian anal-
ysis on truncated differences of losses that the outputilolision does not need
to have bounded conditional exponential moments in ordethi® excess risk of
appropriate estimators to concentrate exponentially. r@sults tend to say that
truncation leads to more robust algorithms. Local robiusgtrte contamination
is usually invoked to advocate the removal of outliers,olag that estimators
should be made insensitive to small amounts of spurious data work leads
to a different theoretical explanation. The observed @diatving unusually large
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outputs when compared with the (empirical) variance shbeldlown-weighted
in the estimation of the mean, since they contain less inédion than noise. In
short, huge outputs should be truncated because of thesitpval to noise ratio.

1. VARIANTS OF KNOWN RESULTS

1.1. ORDINARY LEAST SQUARES AND EMPIRICAL RISK MINIMIZATION. The
ordinary least squares estimator is the most standard chetthbis case. It mini-
mizes the empirical risk

) =5 Y- P,

among functions it¥;, and produces
d
f(ols) _ Z 9§ols)gpj’
j=1

with §©9 = [§°¥]9_, a column vector satisfying

XT'X @9 = X'y, (1.1)
whereY = [V;]7_, andX = (¢;(X;))1<i<n,1<j<d- It is well-known that

¢ the linear system (1.1) has at least one solution, and in tlaetset of so-
lutions is exactly{X" Y +u;u € ker X}; whereX" is the Moore-Penrose
pseudoinverse of and kerX is the kernel of the linear operatir

e X 09 js the (unique) orthogonal projection of the vecibre R™ on the
image of the linear mak;

o if sup,.y Var(Y|X = z) = 0% < 00, we have (see [11, Theorem 11.1])
forany Xy,..., X, inX,

RS £(ols re 2
E{g;[f(l)(xi)_f( g)<Xi)] Xla---,Xn}
o }2;{; %Z [f(Xz> - f(reg)(Xz‘)]Q < 02&5)() < 02% (1.2)

where we recall thaf™9 : z — E[Y|X = z] is the optimal regression
function, and that when this function belongsdig (i.e., f9 = fi), the
minimum term in (1.2) vanishes;
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e from Pythagoras’ theorem for the (semi)nobinh — +IEWW? on the space
of the square integrable random variables,

R(f®) = R(fiy)
=F [f(ols)(X) _ f(reg) ‘Zh o } [flm( ) f(reg)( )}
(1.3)

The analysis of the ordinary least squares often stops sipthint in classical
statistical textbooks. (Besides, to simplify, the strosguanptionf(®9 = f*

is often made.) This can be misleading since Inequality) (dd2s not imply a
d/n upper bound on the risk gfs). Nevertheless the following result holds [11,
Theorem 11.3].

THEOREM 1.1 If sup,.y Var(Y|X = z) = 0% < +oc and
1779 = Sup |fNx)| < H
for someH > 0, then the truncated estimatgf>® = (9 A H) v —H satisfies

(0% V H?)dlogn

ER(f$) — R(f™) < 8[R(fin) — R(f*)] + «

for some numerical constant

(1.4)

Using PAC-Bayesian inequalities, Catoni [8, Propositicd 5 has proved a
different type of results on the generalization abilityf&t®.

THEOREM 1.2 Let3 C T, satisfying for some positive constants\/, M':

e there existsy € ¥’ s.t. for anyzr € X,
E{exp[ Y = fo(X ] ’X_a:} < M.

o for anyf17f2 € 3:/7supx€fx |f1(.77) - f2(x)‘ < M.

LetQ = E[p(X)p(X)T] and@ = [ 377 o(Xi)e(X,)T] be respectively the
expected and empirical Gram matrices. dit () # 0, then there exist positive
constants’; andC; (depending only on, M and M’) such that with probability
at leastl — ¢, as soon as

{f € Fin : T(f) < T(f(OIS)) + Clg} C ff’, (1.5)

we have

RG99 — R(j) < ¢, 108 ) T lo8liag)
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This result can be understood as follows. Let us assume wes@wme prior
knowledge suggesting thdt, belongs to the interior of a s&F c F, (e.g.,
a bound on the coefficients of the expansionfgf as a linear combination of
©1,---,0q). Itis likely that (1.5) holds, and it is indeed proved in Qait [8,
section 5.11] that the probability that it does not hold gmesero exponentially
fast withn in the case whefi” is a Euclidean ball. If it is the case, then we know
that the excess risk is of orddyn up to the unpleasant ratio of determinants,
which, fortunately, almost surely tendst@sn goes to infinity.

By usinglocalizedPAC-Bayes inequalities introduced in Catoni [7, 9], one can
derive from Inequality (6.9) and Lemma 4.1 of Alquier [1] todlowing result.

THEOREM 1.3 Let ¢,,;, be the smallest eigenvalue of the Gram matpx=
E[p(X)p(X)T]. Assume that there exist a functigin € F, and positive con-
stantsH andC such that

[fin = folle < H.

and|Y| < C almost surely.

Then for an appropriate randomized estimator requiring khewledge off,,
H and C, for anye > 0 with probability at leastl — ¢ w.r.t. the distribution
generating the observatiors,, . .., Z,, and the randomized prediction function
f, we have

)d 10g(3¢1,) + log((logn)e ™)

R(f) = R(fin) < w(H? +C* -

: (1.6)

for somex not depending od andn.

Using the result of [8, Section 5.11], one can prove that Adsiresult still
holds for f = £©9), but with x also depending on the determinant of the prod-
uct matrix Q. Thelog[log(n)] factor is unimportant and could be removed in
the special case quoted here (it comes from a union bound ordafypos-
sible temperature parameters, whereas the temperatuleé loewset here to a
fixed value). The result differs from Theorem 1.2 essentibi} the fact that
the ratio of the determinants of the empirical and expectedyct matrices has
been replaced by the inverse of the smallest eigenvalueeofjtiadratic form
0 — R(Z?Zl 8,0;) — R(fi,)- In the case when the expected Gram matrix is
known, (e.g., in the case of a fixed design, and also in thatylidifferent context
of transductive inference), this smallest eigenvalue @sdi to one by choosing
the quadratic form® — R(fy) — R(f,) to define the Euclidean metric on the
parameter space.

Localized Rademacher complexities [13, 4] allow to proeeftilowing prop-
erty of the empirical risk minimizer.
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THEOREM 1.4 Assume that the input representatipqX ), the set of parameters
and the outpul” are almost surely bounded, i.e., for some positive constdnt
andC,

sup [|0]] <1

0O

ess sup [lp(X)|| < H,

and
Y| <C as.

Lety; > --- > v, be the eigenvalues of the Gram matfix= E[¢(X)p(X)7].
The empirical risk minimizer satisfies for any- 0, with probability at least —«:

min (h~+ V/Uquyf§:i>hL@)—+log(€_1)

9 0<h<d

R(f®™) — R(f*) < w(H +C)

n

S H(H 4 C)2rank(Q) Z log(gil)’

wherex is a numerical constant.

PROOF The resultis a modified version of Theorem 6.7 in [4] appleethe linear
kernelk(u,v) = (u,v)/(H + C)?. Its proof follows the same lines as in Theorem
6.7 mutatis mutandiCorollary 5.3 and Lemma 6.5 should be used as intermediate
steps instead of Theorem 5.4 and Lemma 6.6, the nonzerovaiges of the
integral operator induced by the kernel being the nonzeyersialues of). [

When we know that the target functigii, is inside somé&.> ball, it is natural
to consider the empirical risk minimizer on this ball. Thitoas to compare
Theorem 1.4 to excess risk bounds with respedgiito

Finally, from the work of Birgé and Massart [5], we may derihe following
risk bound for the empirical risk minimizer on/z° ball (see Appendix B).

THEOREM 1.5 Assume thaf has a diametefd for L>°-norm, i.e., for anyfi, fo
in F, sup,cy | f1(x) — fo(x)] < H and there exists a functiofy € F satisfying
the exponential moment condition:

for anyz € X, E{exp [A—ljy . fO(X)” ‘X - x} <M, (@7
for some positive constantsand M. Let

d
5 105052
Ao i (D 2J¢J||oo
1,04 0eRI—{0} HeHoo

where the infimum is taken with respect to all possible ortioral basis off for
the dot product fi, fo) = Efi(X)f2(X) (when the sef admits no basis with

10
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exactlyd functions, we seB = +0). Then the empirical risk minimizer satisfies
for anye > 0, with probability at leastl — «:
dlog[2 + (B/n) A (n/d)] + log(e™)

R(f®™) = R(f") < r(A® + H?) - :

wherex is a positive constant depending only bh

This result comes closer to what we are looking for: it givgsomential devi-
ation inequalities of order at worsHog(n/d)/n. It shows that, even if the Gram
matrix () has a very small eigenvalue, there is an algorithm satigfgiconver-
gence rate of ordeflog(n/d)/n. With this respect, this result is stronger than
Theorem 1.3. However there are cases in which the smallgstealue of() is
of order1, while B is large (i.e.,B > n). In these cases, Theorem 1.3 does not
contain the logarithmic factor which appears in Theorem 1.5

1.2. RROJECTION ESTIMATOR When the input distribution is known, an alter-
native to the ordinary least squares estimator is the fatigyprojection estima-
tor. One first finds an orthonormal basis &f, for the dot product fi, f2) =
Ef1(X)f2(X), and then uses the projection estimator on this basis. Bzl

if ¢1,...,¢4 form an orthonormal basis dfj,, then the projection estimator on

this basis is: ]

f(prOj) — Z egpron ;)
j=1
with

o 1 <
P = 3" Yig,(Xo).
i=1

Theorem 4 in [20] gives a simple bound of ordgr on the expected excess risk
ER(f®) — R(fir)-

1.3. FENALIZED LEAST SQUARES ESTIMATOR It is well established that pa-
rameters of the ordinary least squares estimator are ncafignunstable, and that
the phenomenon can be corrected by addingapenalty ([15, 18]). This solu-
tion has been labeled ridge regression in statistics ([B2f) consists in replacing
f k%) by f (fidge) — gagey With

0cR4

d
91999 ¢ argmin {fr(f@) +AY 9?},
=1

where ) is a positive parameter. The typical value)oghould be small to avoid
excessive shrinkage of the coefficients, but not too smatirder to make the
optimization task numerically more stable.

11
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Risk bounds for this estimator can be derived from genegllte concerning
penalized least squares on reproducing kernel Hilbertesp§6]), but as it is
shown in Appendix C, this ends up with complicated resultgrathe desired
d/n rate only under strong assumptions.

Another popular regularizer is thet norm. This procedure is known as Lasso
[19] and is defined by

d
6(35%9) ¢ argmin {T(fg) + A Z |0j|}.
j=1

0cRd

As the L? penalty, theL! penalty shrinks the coefficients. The difference is that
for coefficients which tend to be close to zero, the shrinkagkes them equal to
zero. This allows to select relevant variables (i.e., firelth such that; # 0).

If we assume that the regression functi¢ff? is a linear combination of only
d* < d variables/functiong;’s, the typical result is to prove that the risk of the
Lasso estimator fon of order+/(logd)/n is of order(d*logd)/n. Since this
quantity is much smaller tha/n, this makes a huge improvement (provided
that the sparsity assumption is true). This kind of resutsally requires strong
conditions on the eigenvalues of submatriceg)pessentially assuming that the
functionsy; are near orthogonal. We do not know to which extent theseitons
are required. However, if we do not consider the specificrélym of Lasso, but
the model selection approach developed in [1], one can ehHregse conditions
into a single condition concerning only the minimal eigdneaf the submatrix of

Q corresponding to relevant variables. In fact, we will ses #ven this condition
can be removed.

1.4. CONCLUSION OF THE SURVEY Previous results clearly leave room to im-
provements. The projection estimator requires the urstBahssumption that the
input distribution is known, and the result holds only in egation. Results using
L' or L? regularizations require strong assumptions, in partiautethe eigenval-
ues of (submatrices of). Theorem 1.1 provides @ logn)/n convergence rate
only when theR(fi,) — R(f"9) is at most of ordefd logn)/n. Theorem 1.2
gives a different type of guarantee: tli¢n is indeed achieved, but the random
ratio of determinants appearing in the bound may raise sgeterews and forbid
an explicit computation of the bound and comparison witleobounds. Theorem
1.3 seems to indicate that the rate of convergence will beadegl when the Gram
matrix () is unknown and ill-conditioned. Theorem 1.4 does not putassump-
tion on () to reach theil/n rate, but requires particular boundedness constraints
on the parameter set, the input vecterX) and the output. Finally, Theorem
1.5 comes closer to what we are looking for. Yet there is atilunwanted loga-

12
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rithmic factor, and the result holds only when the output inaisormly bounded
conditional exponential moments, which as we will show ismecessary.

2. RIDGE REGRESSION AND EMPIRICAL RISK MINIMIZATION

We recall the definition
d
F = {fe = Zej(pj; ((91, ... ,Gd) & @}7
j=1

where© is a closed convex set, not necessarily bounded (soQhat R? is
allowed). In this section, we provide exponential deviatinequalities for the
empirical risk minimizer and the ridge regression estimata¥ under weak con-
ditions on the tail of the output distribution.

The most general theorem which can be obtained from the follbsved in
this section is Theorem 6.5 (page 46) stated along with tbefpit is expressed
in terms of a series of empirical bounds. The first deductiencan make from
this technical result is of asymptotic nature. It is statader weak hypotheses,
taking advantage of the weak law of large numbers.

THEOREM 2.1 For A > 0, let f be its associated optimal ridge function (see
(0.4)). Let us assume that

E[[lo(X)]*] < 4o, 2.1)
and IE{ng(X)HQ[f(X) . Y}z} < +00. 2.2)

Letuvy, ..., v, be the eigenvalues of the Gram matfix= E[o(X)p(X)?], and
let @, = @ + M be the ridge regularization ap. Let us define theffective ridge
dimension

V: (> 0) = T[(Q+AD)'Q] = B[IQy e (0]

d
D=

=1

When\ = 0, D is equal to the rank of) and is otherwise smaller. For any> 0,
there isn,., such that for any. > n., with probability at leastl — ¢,

R( f(ridge)) + )\”é(ridge)H2
< min { R(fo) + A0}
30E{[Q520(X)2[f(X) - Y]*}
E{|lQy?p(X)[?}

=Rk~

13
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E[(v, @(X))Q[JZ(X) - Y]Q} log(3e™1)
R VR (7757 1) UG P R
< min { R(fy) + A0}

30D + 1000 log(3s1)
n

+esssup]E{Y f ‘X}

PROOF. See Section 6.2 (page 40)]

This theorem shows that the ordinary least squares estirfa@itained when
© = R?Yand\ = 0), as well as the empirical risk minimizer on any closed
convex set, asymptotically reached /a speed of convergence under very weak
hypotheses. It shows also the regularization effect of ithgerregression. There
emerges aeffective dimensio®, where the ridge penalty has a threshold effect
on the eigenvalues of the Gram matrix.

On the other hand, the weakness of this result is its asymptature : n.
may be arbitrarily large under such weak hypotheses, asdgtuws even in the
simplest case of the estimation of the mean of a real valuettbra variable by its
empirical mean (which is the case wheén- 1 andp(X) = 1).

Let us now give some non asymptotic rate under stronger hggets and for
the empirical risk minimizer (i.e) = 0).

THEOREM 2.2 Letd’ = rank(@)). Assume that
E{[Y — f*(X)]*} < +o0

and
B= sup 1%/ ELf(X)?] < 400,
fespan{p1,...pa}—{0}
Consider the (unique) empirical risk minimizef™ = f;em : 2 — (0™, o (z))
onJ for whichd®©™ e span{p(X1), ..., ¢(X,)}*. Forany values of andn such
that2/n <e <1and

16B2d"
n > 128082 [3Bd’ + log(2/e) + } ,

with probability at leastl — ¢,
R(f®™) = R(f7)

<1920 B\/E[Y — f*(X)

3Bd +log(2¢71) N (4Bd’) ?
n

n

“WhenJ = Fjin, we haved®™ = XY, with X = (p;(X)1<i<ni<j<a, Y = [V3]7; and
X" is the Moore-Penrose pseudoinvers&of

14



hal-00360268, version 2 - 3 Jul 2010

PROOF. See Section 6.2 (page 40)]

It is quite surprising that the traditional assumption oifform boundedness
of the conditional exponential moments of the output carepéaced by a simple
moment condition for reasonable confidence levels (tex 2/n). For high-
est confidence levels, things are more tricky since we needrtrol with high
probability a term of ordefr(f*) — R(f*)]d/n (see Theorem 6.6). The cost to
pay to get the exponential deviations under only a fourtteomoment condition
on the output is the appearance of the geometrical qualBitag a multiplicative
factor, as opposed to Theorems 1.3 and 1.5. More precisein, [b, Inequality
(3.2)], we haveB < B < Bd, but the quantity3 appears inside a logarithm in
Theorem 1.5. However, Theorem 1.5 is restricted to the aoabnisk minimizer
on a L= ball, while the result here is valid for any closed convex@etind in
particular applies to the ordinary least squares estimator

Theorem 2.2 is still limited in at least three ways: it applomly to uniformly

boundedy(X), the output needs to have a fourth moment, and the confidence

level should be as great as> 2/n. These limitations will be addressed in the
next sections by considering more involved algorithms.

3. A MIN-MAX ESTIMATOR FOR ROBUST ESTIMATION

3.1. THE MIN-MAX ESTIMATOR AND ITS THEORETICAL GUARANTEE. This
section provides an alternative to the empirical risk miaanwith non asymp-
totic exponential risk deviations of ordéfn for any confidence level. Moreover,
we will assume only a second order moment condition on thputgnd cover
the case of unbounded inputs, the requiremenp(©Xi) being only a finite fourth
order moment. On the other hand, we assume that th@ séthe vectors of co-
efficients is bounded. The computability of the proposeniedbr and numerical
experiments are discussed at the end of the section.

Leta > 0, A > 0, and consider the truncation function:

—log(l—z+2%/2) 0<z<1,
o) = L 1og(2) > 1,

For anyd, ¢ € ©, introduce
D(6.6') = naA([6]]* — ¢]1%) + Zw( Y= fo(X0)]* = alYi = fu (X))

We recallf = f; with § € argmingee { R(fs) + A||0]|?}, and the effective ridge

15
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dimension

RESY V”+ (> 0) = T[(Q+AD Q] = B[lQy e ()]

i=1

Let us assume in this section that for ghg {1,...,d},
E{0;(X)’[Y — f(X)]*} < +o0, (3.1)
and
E[¢(X)] < +o0. (3.2)
Define
8 ={f € Fin : E[f(X)?] =1}, (3.3)
o = JE{lY - F(X)P} = \/R(P), (3.4)
X = max E[f(X)4], (3.5)
\/]E{ TQ,\ (X)) }
) 36
B[00 <P( ] 3
_ VR - T \/E{Y 2f }, 3.7)
E{[Y - f( )] } o
T = max /A= 0P+ E(X) — fr (X (3.8)

THEOREM 3.1 Let us assume th#B.1)and(3.2) hold. For some numerical con-
stantsc and¢, for

n > ckxD,
by taking
_ ! i (1 _ C“XD), (3.9)
2x [2VK'o + /XT] n

for any estimatorf; satisfyingd € © a.s., for any= > 0 and any\ > 0, with
probability at leastl — ¢, we have

R(f3) + M0l < min { R(fo) + Al|6]*}

1
+ — (max D(6,0,) — inf max D(0, 01)>
61€0 00 0,€0

N ckk' Do? N 8x(log(6 Doy 2DQ) [2\/_0 + \/_T]

n

ckxD
n

n 1 —

16
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PROOF. See Section 6.3 (page 50)J
By choosing an estimator such that

A~

max D(0,6;) < inf max D(6,0;) + 022,
0,€0 0cO 6,€0 n

Theorem 3.1 provides a non asymptotic bound for the excelgefrrisk with a

D/n convergence rate and an exponential tail even when nefteerutputy” nor

the input vectorp(.X) has exponential moments. This stronger non asymptotic

bound compared to the bounds of the previous section contés atice of re-

placing the empirical risk minimizer by a more involved sesdtor. Section 3.3

provides a way of computing it approximately.

3.2. THE VALUE OF THE UNCENTERED KURTOSIS COEFFICIENTy. Let us
discuss here the value of constantwhich plays a critical role in the speed of
convergence of our bound. With the conventgoﬁa 0, we have

s Bl o000
wert E((u, 9(X))?)
Let us first examine the case whep(X) = 1 and [¢;(X),j = 2,...,d] are
independent. To computg we can assume without loss of generality that they

are centered and of unit variance, which will be the case gfté/? is applied to
them. In this situation, introducing

1/2

E[0;(X)"]

we see that for any € R? with |ju|| = 1, we have

d
E((u,o(X)*) = D wE@(X)) +6 Y wlufE[ni(X)*]E[p;(X)7]

i=1 1<i<j<d

+4 Z TRTH D [gpi(X)?’}

1=2

d d
<Y ub 46wl + 4 fugul?
i=1 =2

1<j

d d 2 d
< sup (Xi — 3) Z uf + 3 (Z u?) + 4\ 3y, Z u?
i=1 i=1 i=2

uE]RleHuH:l

17
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33/2X3/2+ X2, . X2 >3,
4 3422 1<xi<3.

Thus in this case

1/2
X (1+ 33/2) : X+ > V3,
<

N 1% ,
>~ 2
(3+33/2x3/2+x* ) , 1< < V3

If moreover the random variables;(X') are not skewed, in the sense that
Elp;(X)?] =0,j=2,...,d, then

X = Xes X+ > V3,
x§—3 1/2

In particular in the case whep;(X) are Gaussian variableg,= x. = /3 (as
could be seen in a more straightforward way, since in thie ¢asp(X)) is also
Gaussian !).

In particular, this situation arises in compress sensinggusandom projec-
tions on Gaussian vectors. Specifically, assume that we twaetover a signal
f € RM that we know to be well approximated by a linear combinatibnl o
basis vectorsfy, ..., fo. We measuren < M projections of the signaf on
i.i.d. M-dimensional standard normal random vectsis. .., X,,: Y; = (f, X;),
it =1,...,n. Then, recovering the coefficiett, . . ., 0, such thatf = Z?zl 0;f;
is associated to the least squares regression problem ijl 8;0;(X), with
©;(z) = (f;, =), andX having a)M-dimensional standard normal distribution.

Let us discuss now a bound which is suited to the case whenevesang a
partial basis of regression functions. The functignsire usually bounded (think
of the Fourier basis, wavelet bases, histograms, splines ..

Let us assume that for some positive consthaind anyu € R¢,

lull < AE[(u, p(X))?]".

This appears as some stability property of the partial basisith respect to the
Ls-norm, since it can also be written as

i u? < A? (Zuﬂ;j )2] u € RY

This will be the case if; is nearly orthogonal in the sense that

1— A2
d—1"

E[p,(X)] 21, and [Ble;(X)ex(X)]| <

18
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In this situation, by using

E[{u, o(X))"] < [[ul® esssupllp(X)[IPE[{u, ¢(X))],

one can check that
1/2

X< A

(%)

Therefore, ifX is the uniform random variable on the unit interval and j =
.,d are any functions from the Fourier basis (meaning that tlieyoathe
form /2 cos(2knX) or v/2sin(2k7X)), theny < v2d (because they form an
orthogonal system, so that= 1).
On the other hand, a localized basis like the evenly spactddram basis of

the unit interval
o) = VL (x € [( = 1)/d,j/d[),

will also be such thag < v/d. Similar computations could be made for other
local bases, like wavelet bases. Note that wker of orderv/d, Theorem 3.1
means that the excess risk of the min-max truncated estirfiagsaipper bounded
by O% provided that: > C'dv/d for a large enough constaft

Let us discuss the case whéh is some observed random variable whose
distribution is only approximately known. Namely let us @se that(<p]) s

some basis of functions ih, [IP} with some known coefficienf, whereP is an
approximation of the true distribution of in the sense that the density of the true
distributionP of X with respect to the distributioR is in the rangdén~'/2, 7). In
this situation, the coefficieng satisfies the inequality < ny. Indeed

Ex~p[(u,0(X))"] <nEy_p[(u, o(X))*]
< ICEy 5 [(u, (X)) < P PExp [(u, o(X))?]".

Let us conclude this section with some scenario for the cetwl\oX is a
real-valued random variable. Let us consider the distidutunction of P

[e.9]

F(z) = P(X < 2).

Then, if P has no atoms, the distribution 6f(X) is uniform in (0, 1). Starting
from some suitable partial bagig;)]_, of L, [(0,1), U] whereU is the uniform
distribution, like the ones discussed above, we can buildsssifor our problem
as

$i(X) = ws[F(X)].
Moreover, if P is absolutely continuous with respect Fowith density g, then
Po F~! is absolutely continuous with respectite /!, with densitygo /!, and
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of course, the fact that takes values irin~'/2, 1)) implies the same property for
gof*l. Thus, ify is the coefficient corresponding¢g(U) whenU is the uniform
random variable on the unit interval, then the true coefficie(corresponding to
©;(X)) will be such thaty < ny.

3.3. COMPUTATION OF THE ESTIMATOR For ease of description of the algo-
rithm, we will write X for ¢ (X), which is equivalent to considering without loss
of generality that the input spacelRs’ and that the functions, . .. @, are the
coordinate functions. Therefore, the functifgomaps an input to (¢, z).
Let us introduce
L(0) = ({6, X;) — V;)*.

For any subset of indicesC {1, ...,n}, let us define
1 _
rr(0) = A6 + ol ZLz‘(G)-
i€l

We suggest the following heuristics to compute an approtonaf

i D(6,6').
arg min sup (0,6

Start from/; = {1, ..., n} with the empirical risk minimizer

) : Alerm
01 = argminr;, = germ),
Rd

At step numbek, compute

~ 1
=— Y XX
Qk =111 >

i€},

Consider the sets

Jea(n) = {Z € Iy : Zi(é\k)XzTéllei(l + \/1 + [fi(@\k)rl ) < 77},

Where@,;1 is the (pseudo-)inverse of the mat@g.

Let us define

O1(n) = argminr, ,y),

Tea(n) = {2 € I+ |Ti(Osa(m)) — Ti(6:)] < 1},
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Or2(n) = arg I%i{}l T'Jy,2(n)>

l) = i D (O,e(1). 0;
(e, ) =arg _ min - max D(B(n),6;),

i1 = T, (k)
Ort1 = Gk,zk (ﬁk)

e Stop when

and set) = @\k as the final estimator

Note that there will be at most steps, sincé,, & I, and in practice much less
in this iterative scheme. Let us give some justification fos pproposal. Let us
notice first that

D0 + h, 0) = na(]|6 + hl* — [|0]%)

+ Zz/;(a [2<h, Xz>(<97Xi> - Yi) + <h’Xi>2})'

Hopefully,§ = arg mingegs (R(fo) + A||0]|?) is in some small neighbourhood of

?k already, according to the distance defined:by- @k So we may try to look
for improvements of), by exploring neighbourhoods @}, of increasing sizes
with respect to some approximation of the relevant njéi, = E[(0, X)?].

Since the truncation functiop is constant on—oo, —1] and[1, +c0), the
map 6 +— 2)(9,(9;) induces a decomposition of the parameter space into cells
corresponding to different sefsof examples. Indeed, such a deis associated
to the setC; of # such thatZ;(#) — L;(6;) < 1if and only ifi € I. Although
this may not be the case, we will do as if the ntap> D(6, §k) restricted to the
cell C; reached its minimum at some interior point®f, and approximates this
minimizer by the minimizer of;.

The idea is to remove first the examples which will becometinacn the
closest cells to the current estimate The cells for which the contribution of
example numbeiis constant are delimited by at most four parallel hypergéan

Itis easy to see that the square of the inverse of the disterizeo the closest
of these hyperplanes is equal to

2
1o e~ 1
~XTQ' X Li(0p) [ 1+ 1+ == .
~Xi @ (k)( S
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Indeed, this distance is the infimum |¢rﬁ,1€/2hH, whereh is a solution of

(h, X2 + 200, X (o X = YD) = =
It is computed by considerinig of the formh = ¢||Q, "/* X;||~'Q; ' X; and solv-
ing an equation of order two i

This explains the proposed choice ff;(n). Then a first estimatéy, () is
computed on the basis of this reduced sample, and the sampdadjusted to
Jr2(n) by checking which constraints are really activated in theagotation of
D(em(n),@k). The estimated parameter is then readjusted taking intouatc
the readjusted sample (this could as a variant be iterated than once). Now
that we have some new candidaigs(n), we check the minimax property against
them to electly, ; and§k+1. Since we did not check the minimax property against
the whole parameter sét = R¢, we have no theoretical warranty for this simpli-
fied algorithm. Nonetheless, similar computations to whatid could prove that
on the reduced parameter s{é\;,j =1,...,k}. Thus the proposed heuristics is
capable of improving on the performance of the ordinarytlegeares estimator,
while being guaranteed not to degrade its performancefgigntly.

3.4. SYNTHETIC EXPERIMENTS In Section 3.4.1, we detail the three kinds of
noises we work with. Then, Sections 3.4.2, 3.4.3 and 3.4drdee the three types
of functional relationships between the input, the output he noise involved in
our experiments. A motivation for choosing these inpuatitistributions was
the ability to compute exactly the excess risk, and thus mpare easily estima-
tors. Section 3.4.5 provides details about the implemiemiaits computational
efficiency and the main conclusions of the numerical expenits. Figures and
tables are postponed to Appendix E.

3.4.1. Noise distributions.In our experiments, we consider three types of noise
that are centered and with unit variance:

e the standard Gaussian nois&: ~ N(0, 1),

e a heavy-tailed noise defined bl = sign(V)/|V |9, with V' ~ N(0,1) a
standard Gaussian random variable ard2.01 (the real numbey is taken
strictly larger thar as forq = 2, the random variabl&” would not admit
a finite second moment).

e a mixture of a Dirac random variable with a low-variance Gaas ran-
dom variable defined by: with probability W = /(1 — p)/p, and with

22



hal-00360268, version 2 - 3 Jul 2010

probability1 — p, W is drawn from

N(_ p(l—p) p p(l—p)).

1—-p '1—-p (1-p)?

The parametep € [p, 1] characterizes the part of the variancel©fex-
plained by the Gaussian part of the mixture. Note that thisenadmits
exponential moments, but far of order1/p, the Dirac part of the mixture
generates low signal to noise points.

3.4.2. Independent normalized covariates (ING/)). In INC(n, d), the input-
output pair is such that
Y =(0",X)+ oW,

where the components d&f are independent standard normal distributidhis=
(10,...,10)" € R%, ando = 10.

3.4.3. Highly correlated covariates (HG@, d)). InHCC(n, d), the input-output
pair is such that
Y =(0",X)+ oW,

where X is a multivariate centered normal Gaussian with covarianag&ix ()
obtained by drawing &d, d)-matrix A of uniform random variables if0, 1] and
by computing) = AAT, 6* = (10,...,10)T € R¢, ando = 10. So the only dif-
ference with the setting of Section 3.4.2 is the correlatietween the covariates.

3.4.4. Trigonometric series (T& d)). Let X be a uniform random variable on
[0, 1]. Letd be an even number. Let

o(X) = (cos(2mX), ..., cos(drX),sin(2rX),. .., sin(de))T.
In TS(n, d), the input-output pair is such that
9 5)
Y =20X% — 10X — o + oW,

with o = 10. One can check that this implies

20 20 10 10 \*
9*:<—... o )eRd.

T p2(4)27 7(

3.4.5. Experiments.
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Choice of the parameters and implementation details. Our min-max trun-
cated algorithm has two parametersand\. In the subsequent experiments, we
set the ridge parametarto the natural default choice for ik = 0. For the trun-
cation parametety, according to our analysis (see (3.9)), it roughly shouldbe
order1/0? up to kurtosis coefficients. By using the ordinary least sgsi@stima-
tor, we roughly estimate this value, and test values of a geometric grid (o8
points) around it (with rati@). Cross-validation can be used to select the final
Nevertheless, it is computationally expensive and is ficantly outperformed in
our experiments by the following simple procedure: stathwhe smallesty in
the geometric grid and increase it as longas 6;, that is as long as we stop at
the end of the first iteration and output the empirical riskimizer.

To computely, 1 (1) or 0y »(n), one needs to determine a least squares estimate
(for a modified sample). To reduce the computational burdengdo not want to
test all possible values gf(note that there are at mostalues leading to different
estimates). Our experiments show that testing only thnesdefr is sufficient.
Precisely, we sort the quantity

Li(0)XT Q' X, (1 + \/1 + [L(6n)] )2

by decreasing order and considebeing the first,5-th and25-th value of the

ordered list. Overall, in our experiments, the computati@omplexity is approx-

imately fifty times larger than the one of computing the oatynleast squares
estimator.

Results. The tables and figures have been gathered in Appendix E.sTalaed
2 give the results for the mixture noise. Tables 3, 4 and 5igdeothe results for
the heavy-tailed noise and the standard Gaussian noisbk likao©f the tables has
been obtained aftel000 generations of the training set. These results show that
the min-max truncated estimator is often equaf®&™, while it ensures impres-
sive consistent improvements when it differs frgii™. In this latter case, the
number of points that are not consideredfiri.e. the number of points with low
signal to noise ratio, varies a lot froimto 150 and is often of ordeB0. Note that
not only the points that we expect to be considered as osifier. very large out-
put points) are erased, and that these points seem to bedakbg local groups:
see Figureg and2 in which the erased points are marked by surrounding circles
Besides, the heavier the noise tail is (and also the largevadniance of the
noise is), the more often the truncation modifies the indrdinary least squares
estimator, and the more improvements we get from the min-‘mmcated es-
timator, which also becomes much more robust than the andieast squares
estimator (see the confidence intervals in the tables).
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4. A SIMPLE TIGHT RISK BOUND FOR A SOPHISTICATEDPAC-BAYES
ALGORITHM

A disadvantage of the min-max estimator proposed in theigue\section is
that its theoretical guarantee depends on kurtosis likéiciaats. In this section,
we provide a more sophisticated estimator, having a sinmgleretical excess risk
bound, which is independent of these kurtosis like quastivhen we assume
L..-boundedness of the s&t

We consider that the sét is bounded so that we can define the “prior” distri-
bution 7 as the uniform distribution off (i.e., the one induced by the Lebesgue
distribution on® C R? renormalized to get(F) = 1). Let A > 0 and

Wilf, ) = MY = J(X)]" = [V = f(0)]°

Introduce
(df )
log/ - 4.1
[T - f1) + sWilf, f1)?]
We consider the “posterior” distributiahon the setr with density:
d7 exp[—&

dr" - [exp[=E(f)]n(df')
To understand intuitively why this distribution conceméson functions with low
risk, one should think that whekis small enough] — W;(f, f') + %Wi(f, 1?2
is close toe="i(/:/") "and consequently

Ef)%kzn:[ﬁ—f(Xi)]“rlog/ (df’) exp{ AZY (X }

and

dr Jexp{=AY,[Yi — (X0 he(df)
The following theorem gives@&/n convergence rate for the randomized algorithm
which draws the prediction function froffiaccording to the distributiofa.

THEOREM 4.1 Assume thaf has a diametefd for L°°-norm:

sup [ fi(x) — fa(x)| = H (4.3)

f1,f2€F,xeX

and that, for some > 0,

sup]E{ Y — f*(X ’X = :p} < 0? < 400. (4.4)

zeX
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Let f be a prediction function drawn from the distributiérdefined in(4.2, page
25)and depending on the parameter- 0. Then forany) < ' < 1—-\(20+H)?
ande > 0, with probability (with respect to the distributiaR®"# generating the
observations,, . . ., Z, and the randomized prediction functighat leastl — ¢,
we have

Cid + Cylog(2e71)

n

R(f) = R(f") < (20 + H)*

with

2
log( 75/1 (Jlri)n) )

n(l—n—17n)

2

and Cy=—
2Tl —n—1)

and n=\20+ H)>

1:

In particular for A = 0.32(20 + H)~2 andn’ = 0.18, we get

, 16.6d + 12.51og(2e )
n

R(f)— R(f*) < (20 + H)

Besides iff* € argmin,_;, R(f), then with probability at least — ¢, we have

5 8.3d+12.51og(2e71)

R(f) = R(f") < (20 + H) -

PROOF. This is a direct consequence of Theorem 5.5 (page 33), Lelm&a
(page 31) and Lemma 5.6 (page 35).

If we know thatf:, belongs to some bounded balldi,, then one can define a
bounded’ as this ball, use the previous theorem and obtain an exsskaund
with respect tof;:,.

REMARK 4.1 Let us discuss this result. On the positive side, we hale.@on-
vergence rate in expectation and in deviations. It has n@aéxgarithmic factor.
It does not require any particular assumption on the sniadigenvalue of the
covariance matrix. To achieve exponential deviations,ifoumly bounded sec-
ond moment of the output knowing the input is surprisinglffisient: we do not
require the traditional exponential moment condition am dlitput. Appendix A
(page 64) argues that the uniformly bounded conditionalsg@moment assump-
tion cannot be replaced with just a bounded second momeaditaom

On the negative side, the estimator is rather complicatede\the target is
to predict as well as the best linear combinatjiinup to a small additive term,
it requires the knowledge of &>*-bounded ball in whichy;;, lies and an upper
bound onsup, . E{[Y — fir (X)]?|X = z}. The looser this knowledge is, the
bigger the constant in front af/n is.

Finally, we propose a randomized algorithm consisting iamding the pre-
diction function according tar. As usual, by convexity of the loss function,
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the risk of the deterministic estimat@feem = [ f7(df) satisfiesR( foeterm) <

[ R(f)7(df), so that, after some pretty standard computations, onercae fhat
for anye > 0, with probability at least — &:

R(deterer — R(fl?kn) < /{(20‘ + H)Q%g(g_l)’

for some appropriate numerical constant 0.

REMARK 4.2 The previous result was expressing boundedness in &rihe
L= diameter of the set of functiorts. By using Lemma 5.7 (page 35) instead of
Lemma 5.6 (page 35), Theorem 4.1 still holds without assgrin3) and (4.4),
but by replacing2c + H)? by

V= [2\/f sup E(f2(X)[Y—f*(X)]2)

E?ﬁn:E[f(X)Q}:l
2

- ¢ sup_ B([f(X) — f”(X)P)\/ sip  B[f4(X)]
1,1es feFin:E[f(X)2]=1

The quantityV is finite when simultaneously) is bounded, and for any in

{1,...,d}, the quantitie® [o(X)] andE{p;(X)*[Y — f*(X)]?} are finite.

5. A GENERIC LOCALIZED PAC-BAYES APPROACH

5.1. NOTATION AND SETTING. In this section, we drop the restrictions of the
linear least squares setting considered in the other ssdtiarder to focus on the
ideas underlying the estimator and the results present8ddtion 4. To do this,
we consider that the loss incurred by predictifigvhile the correct output ig is

{(y,y") (and is not necessarily equal tg — v')?). The quality of a (prediction)
function f : X — R is measured by its risk

R(f) = B{I[Y. F(X)]}.

We still consider the problem of predicting (at least) adaglthe best function in

a given set of function§ (butJ is not necessarily a subset of a finite dimensional
linear space). Lef* still denote a function minimizing the risk among functions
in F: f* € argmin,.; R(f). For simplicity, we assume that it exists. The excess
risk is defined by
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Let/ : Z x F x F — R be a function such that 7, f, /') representshow
worse [ predicts thanf’ on the dataZ. Let us introduce the real-valued ran-
dom processes : (f, f') — U(Z, f, f")andL; : (f, ") — UZ;, f, f"), where
Z, 7, ..., Z, denote i.i.d. random variables with distributién

Let 7 and7* be two (prior) probability distributions offi. We assume the
following integrability condition.

Condition |. For anyf € &, we have

/E{exp (f, IO} 7 (df") < +o0, (5.1)

m(df)
d 00. 5.2
o /fIE{eXp ff’}7r*df’<Jr (®-2)

We consider the real-valued processes

1y =2 Lilf. 1), (5-3)
&) =tog | explLU7, 1)) ), (5.4)
L(f, ') = —nlog{E[exp[—L(f, f)]]}, (5.5)
L, ') = nlog{E[exp[L(f, f)]] }, (5.6)
and  €4(f) = log{ [ exp[LH(f, /)] 7 (df) }. (5.7)

Essentially, the quantities(f, /'), L’(f, f') andLi(f, ) represent how worse is
the prediction fromf than fromf’ with respect to the training data or in expecta-
tion. By Jensen’s inequality, we have

I’ <nE(L) =E(L) < LF. (5.8)

The quantities (f) and &*(f) should be understood as some kind of (empirical
or expected) excess risk of the prediction functjomwith respect to an implicit
reference induced by the integral over
For a distributionp on J absolutely continuous w.r.tr, let dp denote the
>
density ofp w.r.t. 7. For any real-valued (measurable) functionefined onF

SWhile the natural choice in the least squares setting(iX,Y), f, f') = [Y — f(X)]? —
[Y — £/(X)]?, we will see that for heavy-tailed outputs, it is preferaiol€onsider the following
soft-truncated version of it, up to a scaling factor 0: £((X,Y), f, f/) = T(A[(Y — f(X))? —
(Y — f'(X))?]), with T'(z) = —log(1 — z + 2*/2). Equality (5.4, page 28) corresponds to (4.1,
page 25) with this choice of functiaghand for the choice™ = .
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such that exp[h(f)]n(df) < +oo, we define the distribution;, on F by its
density:
dmy o explh()) o
i V) = Tl D@y 59

We will use the posterior distribution:

A

o _dmg exp[—E(f)]
L e L0}

Finally, for anyg > 0, we will use the following measures of the size (or com-
plexity) of F around the target function:

(5.10)

7(8) = —log{ [ exp[-BR()] 7" (df) }

and

9B) = —1og{ [ exp[-BR()]=(df) }.

5.2. THE LOCALIZED PAC-BAYES BOUND. With the notation introduced in
the previous section, we have the following risk bound foy andomized esti-
mator.

THEOREM 5.1 Assume thatr, 7%, F and ¢ satisfy the integrability conditions
(5.1)and (5.2, page 28)Let p be a (posterior) probability distribution ofi ad-
mitting a density with respect todepending ot . . ., Z,. Let f be a prediction
function drawn from the distributiop. Then for anyy > 0, v* > 0 ande > 0,
with probability (with respect to the distributioR®"p generating the observa-
tionsZ,, ..., Z, and the randomized prediction functigh at leastl — &:

[ WG D+ RO ) - 2R ()
< T'(3") = 9(7) — log{ [ exp €] =(df) }

d; (f)] +2log(2e7Y). (5.11)

—i—log[

PROOF. See Section 6.4 (page 57)]

Some extra work will be needed to prove that Inequality (pdrbvides an
upper bound on the excess nBI@f) of the estimatoif. As we will see in the next
sections, despite theyR(f) term and provided that is sufficiently small, the
lefthand-side will be essentially lower bounded §(f) with A > 0, while, by
choosingp = 7, the estimator does not appear in the righthand-side.
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5.3. APPLICATION UNDER AN EXPONENTIAL MOMENT CONDITION The es-
timator proposed in Section 4 and Theorem 5.1 seems rathetwnal (or at least
complicated) at first sight. The goal of this section is twafd-irst it shows that
under exponential moment conditions (i.e., stronger apsioms than the ones in
Theorem 4.1 when the linear least square setting is corsljleone can have a
much simpler estimator than the one consisting in drawingatfon according to
the distribution (4.2) withe given by (4.1) and yet still obtain@&/n convergence
rate. Secondly it illustrates Theorem 5.1 in a different amdpler way than the
one we will use to prove Theorem 4.1.

In this section, we consider the following variance and claxipy assump-
tions.

Condition V1. There exist\ > 0 and0 < n < 1 such that for any function

feF, we havdE{eXp{Ag[K f(X)] }} < +o0,
log{E{eXp{)\ [@[Y,f(X)} - g Y, fx ]}}}
<A1+ n)[R(f) — R(fY)],

and og{B{exp{ A [7[v, 0] - 717; (0] 1)
< A1 =n[R(f) = R(f)]-

Condition C. There exist a probability distributiom, and constant® > 0
andG > 0 such that for any < o < £,

(Jespl—alRU) ~ RGN _,  (GB
log (f xp{—BIR(S) —R(f*)]}W(df)) =Dl g( o )

THEOREM 5.2 Assume tha¥'1 andC are satisfied. Let (") pe the probability
distribution onJ defined by its density

di©®) - exp{-AYL Y, F(X)])
dr - Jexp{=A S Y G (dr)
whereX > 0 and the distributionr are those appearing respectively\i and C.
Let f € F be a function drawn according to this Gibbs distribution.effor any
n’ such thatd < " < 1 — n (wheren is the constant appearing 1) and any
e > 0, with probability at least — ¢, we have
CiD + Chlog(2e1)
n

R(f)— R(f*) <

with G(1+ :
log(==2) 2

Cl=—-—-"1—— and /= ————.

! A(l—n ') M1 =-n-7)
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PROOF We considet[(X,Y), f, '] = ML[Y, f(X)]—L[Y, f/(X)]}, where
A is the constant appearing in the variance assumption. Ltgtkes* = 0 and
let 7* be the Dirac distribution af*: #*({f*}) = 1. Then Condition V1 implies
Condition | (page 28) and we can apply Theorem 5.1. We have

L(f, ') = MY, F(X)] = 2[Y, F(X)] },
1) =23 1Y, (X)) Z Vi, (X

(GTbbs)

L(f) = —nlog{E[exp[-L(f, )] }.
&(f) = nlog{E[exp[L(f, /] ]}

and Assumption V1 leads to:

log{ Eexp[L(£. £)] | } < M1+ m)R(F) = R(f)]
and log{ E[exp[~L(f, f)]] } < =A(1 = m[R(f) = R(/")]
Thus choosing = 7, (5.11) gives
An(1 = n) = NR(f) < =I(7) +I[Mn(1 +n)] + 2log(2c7").
Accordingly by the complexity assumption, for< An(1 + ), we get

An(1— ) —AR(f) < Dlog (M) T 2log(2:7Y),

which implies the announced resulil
Let us conclude this section by mentioning settings in wiaisbumptions V1
and C are satisfied.

LEMMA 5.3 Let © be a bounded convex setBf, and ¢, ..., ¢, bed square
integrable prediction functions. Assume that

d
F= {f9 = ZGJ¢]7(91770d) € @}7
j=1

7 is the uniform distribution ot¥ (i.e., the one coming from the uniform distribu-
tion on@) and that there exidi < b; < by such that for any € R, the function
E sy e E(y y') admits a second derivative satisfying: for aglyc R,

bl S gg(@/) S b2.
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Then ConditiorC holds for the above uniform, G = /b2 /b, and D = d.
Besides wherf* = fii, (i.e., ming R = minycra R(fp)), ConditionC holds
for the above uniformr, G = b, /by and D = d/2.

PROOF. See Section 6.5 (page 610)]

REMARK 5.1 In particular, for the least squares Iéé@ y') = (y—v')?, we have
b, = by = 2 so that condition C holds with the uniform distribution o, D = d
andG = 1, and withD = d/2 andG = 1 when f* = f;..

LEMMA 5.4 Assume that tpere exi@~t< by < by, A >0andM > 0 such that
for anyy € R, the functiond,, : y' — ¢(y, y’) are twice differentiable and satisfy:

foranyy e R, by < 2)(y) < by, (5.12)
and for anyzr € X, ]E{exp [A*]@g/[f*(X)]” ’X = x} < M. (5.13)
Assume thaff is convex and has a diametéfr for L°°-norm:

sup [ fi(z) = fa(2)| = H.

f1,f2€F,2€X
In this case Conditiov1 holds for any(\, ) such that

AA?
n> o exp [M2 eXp(Hbg/A)} :

and0 < A < (2AH)~! is small enough to ensurg< 1.

PROOF See Section 6.6 (page 62)]

5.4. APPLICATION WITHOUT EXPONENTIAL MOMENT CONDITION. Whenwe
do not have finite exponential moments as assumed by Conditio(page 30),
e.g., whenE{exp{ \{{[Y, f(X)] = {[Y, f*(X)]}}} = +oo forany A > 0 and
some functionf in &, we cannot apply Theorem 5.1 with(X,Y), f, f'] =
MUY, f(X)] — L], f'(X)]} (because of th€? term). However, we can ap-
ply it to the soft truncated excess loss

XYL = T(MEY S(0)] = 1Y, F(X)]}),

with T'(x) = — log(1—x+22/2). This section provides a result similar to Theorem
5.2 in which condition V1 is replaced by the following condit.

Condition V2. For any functionf, the random variablé[Y, f(X)] —[Y, f*(X)]
Is square integrable and there exiBts> 0 such that for any functiorf,

B{ 7, £00) = v, (0] ]} < VIR() - RO

32



hal-00360268, version 2 - 3 Jul 2010

THEOREM 5.5 Assume that Conditioné2 above andC (page 30) are satisfied.
Let0 < A < V~-!and

AXY) LT =T(MIY fO] = IV, (X)), (519)
with
T(z) = —log(1 — x + 2*/2). (5.15)

Let f € F be a function drawn according to the distributiégndefined in(5.10,

page 29)with & defined in(5.4, page 28and* = r the distribution appearing
in ConditionC. Then for any0 < ' < 1 — AV ande > 0, with probability at

leastl — ¢, we have

CiD + Cflog(2e71)

R(f) = R(f") <V

n
with
log(&Un)’)
C{:M and Cy=——— and n=A\V.
n(l—n—n) n(l—n—n)

In particular, for A\ = 0.32V ! andrn’ = 0.18, we get

16.6D + 12.5log(2v/Ge 1)
- .

R(f) = R(f) <V
PROOF We apply Theorem 5.1 fargiven by (5.14) and™ = 7. Let

W(f, ) =MLY, F(X)] = [Y, £(X)]} foranyf, f' € 7.

Sincelogu < u — 1 foranyu > 0, we have
L= —nlogE(1 =W +W?/2) > n(EW — EW?/2).
Moreover, from Assumption V2,

w <EW(f, 2+ EW(F, f)? < XVR(f) + XVR(f'), (5.16)

hence, by introducing = AV,

L(f, f') = Mn[R(f) = R(f') = AVVR(f) = A\VR(f")]
= An[(1=n)R(f) — (L +n)R(f")]. (5.17)
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Noting that

1  ltut® l+ut s u?
1—u+u2/2_(1+u;)2_u2_ 1+4

exp[T(u)] =

we see that
LF = nlog{]E[exp [T(W)H } <n[E(W)+E(W?)/2].
Using (5.16) and stilh = AV, we get

LE(f f') < Mn[R(f) = R(f') +nR(f) + nR(f")]
= An(1+n)R(f) — An(1 —n)R(f"),

and )
Ef) < An(L+mR(f) = In(1 —n)). (5.18)
Plugging (5.17) and (5.18) in (5.11) fpr= 7, we obtain
(1 —n) = NR() + [v" = An(1+ )] [R(f)m_yep(df)
<I() = I(y) +In(1 + 1)) — I(An(l —n)) + 2log(2e71).

By the complexity assumption, choosing= An(1 + n) andy < An(1 —n), we
get

(1 = 1) = 1R(7) < Dlog (G220 ooz ),

hence the desired result by considering A\nn’ withn’ <1 —1n. O

REMARK 5.2 The estimator seems abnormally complicated at first.sighis
remark aims at explaining why we were not able to considemalgr estimator.

In Section 5.3, in which we consider the exponential momenddion V1,
we took¢[(X,Y), f, f'] = M{[Y, f(X)] — £[Y, f(X)]} and7* as the Dirac
distribution atf*. For these choices, one can easily check thdébes not depend
on f*.

In the absence of an exponential moment condition, we cacovider the
function?[(X,Y), f, f'] = MI[Y, f(X)] L], f'(X)] } but a truncated version
of it. The truncation functior” we use in Theorem 5.5 can be replaced by the
simpler functionu — (u VvV —M) A M for some appropriate constaff > 0
but this would lead to a bound with worse constants, witheatly simplifying
the algorithm. The precise choi@&r) = —log(1 — x + z%/2) comes from the
remarkable property: there exist second order polynofiaand P* such that
[T'(w)] < P*(u) andP"(u) P*(u) < 1+ O(u?) for u — 0, which are

1
Pr(u) —
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reasonable properties to ask in order to ensure that (h8);@nsequently (5.11),
are tight.

Besides, if we také as in (5.14) withT" a truncation function and* as the
Dirac distribution atf*, then7 would depend ornf*, and is consequently not
observable. This is the reason why we do not consides the Dirac distribution
at f*, but7* = x. This lead to the estimator considered in Theorems 5.5 dnd 4.

REMARK 5.3 Theorem 5.5 still holds for the same randomized estinvatehich
(5.15, page 33) is replaced with
T(x) = log(1 + x + 2%/2).
Condition V2 holds under weak assumptions as illustratethkyfollowing
lemma.

LEMMA 5.6 Consider the least squares settirigy, y') = (y —y’)2. Assume that
JF is convex and has a diameté&fr for L>°-norm:

sup [ fi(z) = fol2)| = H

f1,[2€F,2€X
and that for some > 0, we have

sup E{[Y — f*(X)]’|X =2} < 0” < +o0. (5.19)
zeX
Then ConditiorV2 holds forV = (20 + H)?.
PROOF See Section 6.7 (page 63)]

LEMMA 5.7 Consider the least squares settirfgy, ') = (y —y')2. Assume that
F (i.e.,0)isbounded, and that for anye {1,...,d}, we havei [¢}(X)] < + o0
andE{p;(X)*[Y — f*(X)]*} < +oo. Then ConditiorV2 holds for

V= [2\/ sup E(f2(X)[Y — f+(X)]?)

FE€TInE[f(X)?]=1

2

+ Wup E([f’(X)—f”(X)P)\/ sup B[fA(X)]

fLfreF feFin:E[f(X)2]=1

PROOF. See Section 6.8 (page 64)]

6. PROOFS

6.1. MAIN IDEAS OF THE PROOFS The goal of this section is to explain the key
ingredients appearing in the proofs which both allows tawbsub-exponential
tails for the excess risk under a non-exponential momeninagson and get rid
of the logarithmic factor in the excess risk bound.
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6.1.1. Sub-exponential tails under a non-exponential nmbasumption via trun-
cation. Let us start with the idea allowing us to prove exponentiabumlities
under just a moment assumption (instead of the traditioxabrential moment
assumption). To understand it, we can consider the (apigremplistic 1-
dimensional situation in which we ha¥® = R and the marginal distribution of
¢1(X) is the Dirac distribution at. In this case, the risk of the prediction function
foisR(fo) =E(Y —0)? = E(Y —6*)*+ (EY —0)?, so that the least squares re-
gression problem boils down to the estimation of the meahebutput variable.
If we only assume that” admits a finite second moment, s&y? < 1, it is not
clear whether for any > 0, it is possible to find) such that with probability at
leastl — 2¢,
-1
R(fy) — () = (B(Y) - ) < o285 6.)

n

for some numerical constant Indeed, from Chebyshev’s inequality, the trivial
choiceld = &TIY just satisfies: with probability at least— 2¢,

R(fi) ~ R(P) < -

which is far from the objective (6.1) for small confidencedksv(considee =
exp(—+/n) for instance). The key idea is thus to average (doftfpcatedvalues
of the outputs. This is performed by taking

. 1 & \2Y2
0 =— 1 14+ )Y, ¢
3 o tos (1A 250 ),

with \ = %‘571) Since we have

A 22 A2
log E exp(nAf@) = nlog (1 + AE(Y) + ?]E(YQ)) <nAE(Y) + n

the exponential Chebyshev's inequality (see Lemma 6.1@jayuees that with
probability at least — ¢, we haven\(§ — E(Y)) < nA + log(s™"), hence

b B(y) < ) 2oee)

n

ReplacingY” by —Y in the previous argument, we obtain that with probability at
leastl — ¢, we have

A E(Y)+izn:1 1 )\Y-+)‘2Yi2 < A—QH (e
n n)\i:1og f 5 _n2 ogle 7).
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Since—log(1+a+22/2) < log(1—a-+2?/2), thisimpliesE(Y)—§ < y/2eE),
The two previous inequalities imply Inequality (6.1) (for= 2), showing that
sub-exponential tails are achievable even when we onlynasshat the random
variable admits a finite second moment (see [10] for moreildeta the robust
estimation of the mean of a random variable).

6.1.2. Localized PAC-Bayesian inequalities to eliminategarithm factor.

High level description of the PAC-Bayesian approach and thelocalization ar-
gument. The analysis of statistical inference generally relies pper bounding
the supremum of an empirical procegsndexed by the functions in a modgl
One central tool to obtain these bounds is the concentraiegualities. An al-
ternative approach, called the PAC-Bayesian one, consistsing the entropic
equality

E exp (sup{/p(df)x(f) — K(p, ﬂ’)}) = /W’(df)lEexp (x(f)). (6.2)

pEM

whereM is the set of probability distributions ghand K (p, 7’) is the Kullback-
Leibler divergence (whose definition is recalled in (6.293}weenp and some
fixed distributionz’.

Let7 : F — R be an observable process such that for ArmyJ, we have

Eexp (x(f)) <1

for x(f) = AR(f) — 7(f)] and some\ > 0. Then (6.2) leads to: for any> 0,
with probability at least — ¢, for any distributiorp on &, we have

[otanrin < [ papicn + HETEE D 6

The lefthand-side quantity represents the expected rigk espect to the distri-
butionp. To get the smallest upper bound on this quantity, a natin@kte of the
(posterior) distributiorp is obtained by minimizing the righthand-side, that is by
takingp = 7’ ,, (with the notation introduced in (5.9)). This distributicon-
centrates on functiong € F for which 7(f) is small. Without prior knowledge,
one may want to choose a prior distributiosh= = which is rather “flat” (e.g.,
the one induced by the Lebesgue measure in the case of a fatkfined by

a bounded parameter set in some Euclidean space). CondlggherKullback-
Leibler divergence{(p, '), which should be seen as the complexity term, might
be excessively large.
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To overcome the lack of prior information and the resultimghhcomplexity
term, one can alternatively use a more “localized” priotrdisition 7’ = 7_sg
for somegs > 0. Since the righthand-side of (6.3) is then no longer obddeyan
empirical upper bound of (p, 7_gg) is required. It is obtained by writing

(o) = Ko, + o [ n(ar) essl=0m(101) +5 [ slan)(),

and by controlling the two non-observable terms by theirieiced versions, call-
ing for additional PAC-Bayesian inequalities.

Low level description of localization. To simplify a more detailed presentation
of the PAC-Bayesian localization argument, we will considesetting in which
F, ¢1, ..., pq and the outputs are bounded almost surely, specificallynassu
P(foranyf € 7,V — f(X)| < 1) =1.

IntroduceV (u) = [exp(u) — 1 — u]/u® for anyu > 0, R(f) = R(f) — R(f*)
and7(f) = r(f) —r(f*) forany f € F. Letw be a distribution ory and
A(f, f)=E{[Y - f(X)]*-[Y - f*(X)]Q}Q. The starting point is the following
PAC-Bayesian inequality: for any> 0 and\ > 0, with probability at least — ¢,
for any distributiorp on &, we have

[otanren < [otarrn + 20(%2) [otanai. )

K(p, )+ log(s™1)
S .

This inequality derives from the duality formula given in38), the inequality

Bexp (2{[Y = /" (X)P=[Y = FOP+R() R} =50 (2)A(f, ) < 1,

and Lemma 6.10 (see [2, Theorem 8.1]). Since

A(f ) = B{[f(X) = FF(XOPL2Y - f(X) = f(X)]*}
< AE{[f(X) = f*(X)]*} < 4R(f),

+

(6.4)

by takingA = n/6, Inequality (6.4) implies

K(p, )+ log(é_l).

/ pldN)R(f) <2 / p(df)F(f) + 10 6.5)

The distributiont (df) = T e’Ep[i’Z;f{/);f](df/) -7(df ) minimizes the righthand-side,
exp|—nr ™

and we have

—log ([7(df) exp[—n7(f)/5]) +log(e™")

n

/ #(df)R(f) < 10
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Let 7y be the uniform distribution off (i.e., the one coming from the uniform

distribution on®). Form = 7y, using similar arguments to the ones developed

in Section 6.5, it can be shown thatlog (7 (df) exp[—n7(f)/5] < cdlog(n)

for some constantdepending only o8up; /e || f — f'[|«. This implies a“”"%

convergence rate of the excess risk of the randomized gigoassociated with.
The localization idea from [7] allows to prove

[otanrn) <2 [ paprc) + 100D EEED g
with #/(df) = ——<2rUl . 7(4f) for some0d < ¢ < 1/5. The key dif-

J expl=cnr(f)lm(ds)
ference with (6.5) is that the Kullback-Leibler term is nowach smaller for the

distributionsp which concentrates on low empirical risk functions, likeSince
—log ([#'(df) exp[—nr(f)/5] < cd for some constantdepending only og (see
Lemma 5.3), this allows to get rid of theg n factor and obtain a convergence rate
of orderd/n.

The proof of (6.6) is rather intricate but the central ideadoisise (6.5) for

a(df) = —=2=n RN 7 (df), and control the non-observable Kullback-
W) = Towtmnymay ™)

Leibler term byc [ p(df)R(f) plus K (p, #") up to minor additive terms.

Let us conclude this section by pointing out some difficgl@nd possibili-
ties when considering unbound&d— f,(X). The sketches of proof presented
hereafter are far from being actual proofs as some techproblems are hidden.
Full proofs will be given in the later sections. For unboumde — f,(X), In-
equality (6.4) no longer holds, but by using the soft trurmaargument of the
previous section, one can prove a similar inequality in Whig(df)7(f) is re-
placed with? [ p(df) 31, log (1 + Wi(f, £*) + W2(f. £7)/2) for Wi(f, f*) =
MY — f(X)]? = [Y = f7(X;)]*} for A > 0 a parameter of the bound. One
significant difficulty is that the minimizer of this quantiiy no longer observable
(since f* is unknown). Nevertheless the quantity can be upper boubgdte
observable one:

e, [ o) 2 log (1 wicr 4 BEELD),

This explains why the procedures in Section 3 make appeanamak.

Another interesting idea is to use Gaussian distributi@nsrfand p, which
are respectively centered ¢t andé and with covariance matrix proportional to
the identity matrix. The interest of these choices comesrassdly from the co-
existence of the two following properties: the distributio concentrates on a
neighbourhood of the best prediction function so the coripléerm K (p, 7)
can be much smaller than the one obtainedsfadhe uniform distribution ory%
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(this is again the localization idea), aind p, 7) and, wher® = R¢, the integrals
with respect tgp can be explicitly computed in terms (Fu‘(é) and other rather
simple quantities, which implies that the modified ineqydls.4) gets a tractable
form for further computations, provided nevertheless sasgumptions on the
eigenvalues of the matrigQ. The idea of using PAC-Bayesian inequalities with
Gaussian prior and posterior distributions has first beepgsed by Langford and
Shawe-Taylor [14] in the context of linear classification.

6.2. FROOFS OFTHEOREMS 2.1 AND 2.2. To shorten the formulae, we will
write X for ¢(X), which is equivalent to considering without loss of genigyal
that the input space iR? and that the functions, ... o, are the coordinate
functions. Therefore, the functiofy maps an input: to (0, z). With a slight
abuse of notation(6) will denote the risk of this prediction function.

Let us first assume that the matiix, = @ + AI is positive definite. This
indeed does not restrict the generality of our study, evehercase when = 0,
as we will discuss later (Remark 6.1). Consider the changeafdinates

X — Q—1/2

Let us introduce

so that
1/2
R(Q)*0) = R(0) = E[((6,X) — Y)’]
Let
0={Q/00c0}.
Consider
1 n
r(0) = - > ((6,X) — )", (6.7)
=1
1 & —
T(O) =~ > ((6.X) - Y))" (6.8)
i=1
0o = argmin R(0) + A[|Q, /0], (6.9)
0O
0 € argminr(h) + A||6]°, (6.10)
0O
6, = QY20 € argmin7(8) + A||Q; /||, (6.11)
6co

Fora > 0, let us introduce the notation

Wi(0) = O‘{(<9>7i> - Yz‘)2 o ((90,70 - Yz‘)Q},
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W(8) = a{(<9,7> —Y)’ = (69, X) — Y)2}.

For anyf, € R? andj3 > 0, let us consider the Gaussian distribution centered

at o,
d/2
po,(dO) = (%) exp <—§H9 - 92H2> de.

LEMMA 6.1 Foranyn > 0 anda > 0, with probability at leasti — exp(—n), for
anyé, € R?,

— [ pg, (dO) 1og{1 —E[W(0)] + E[W(6)2] /2}

< =" (S pun(dB) log] 1 — Wi(6) + Wi(0)?/2}) + K00, p0,) + 1.

=1

whereX (py,, pg, ) is the Kullback-Leibler divergence function :

Klposon) = [ oua0) 05| L20).

PROOFE

— Wi(0) + Wi(0)*/2
D (fpgo(dﬁ) H [W(G)] [ (9)2] /2> L,
thus with probability at least — exp(—n)
E + Wi(6
log (f%(dﬁ 111 B >+E[( )(/)]/2> <.
We conclude from the convex inequality (see [8, page 159])

log (fpeo (d@) exp [h(@)]) > fp92 (d@)h(@) - :K(pew p@o)'

- Let us compute some useful quantities
K(pos o) = 5162~ 6ol 612)
S 00, (d0)[W(8)] = . pa, (d0)(6 — b2, )% + W (62)
=W(6y) + ”77”2, (6.13)
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[ 10,(d60)(0 — 62, X)* = 3”;” : (6.14)

S P (d9) [W(8)*] = 02 [ pay (d6) (6 — B9, X)*((0 + 60, X) — 2V’
= 0 [ o, (d6)[ {0 — s + 62 — 00, ) (16— 6 + 2 + 00, ) — 2y)]2
— [, (d6) [a(@ — 0y, X)% + 2000 — 02, X) ({62, X) = V) + W(@)} i
= [ pp, (d6) [a2<9 — 0, )+ 402(0 — 00, X)2 (02, X) — V) + W (6)?
+2a(0 — s, Y)?W(HQ)}

_ 3041];27“4 . 2a|!57|12 20((6,, %) = V)" + W(6)] + W(6:)*. (6.15)

Using the fact that

20((05, X) = V)" + W(Bs) = 2a((00, X) = V) + 3W(6,),

and that for any real numbe#sandb, 6ab < 9a? + b?, we get

LEMMA 6.2
[on(a[W®)] = W) + ol 2L (6.16)
90, (d0) [W(0)2] = W (62)2 + 20‘”;(” [2a(<00,7> —Y) + 3W(02)]
3a?[| X
L B ) (6.17)
< 10w (82 + 29X g ) — yy? 4 22 gf” ,
(6.18)

and the same holds true whén is replaced withV; and (X, Y) with (X, Y;).

Another important thing to realize is that

E[IX)] = E[1:(XX)] — B[Tr(Q5 12X XTQ; )]
=EB[Tr(Q'XXT)]  =Tr[Q E(XXT)]
=Tr(Q' (@ —A))  =d-ATe(Qy") =D. (619
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We can weaken Lemma 6.1 (page 41) noticing that for any realben,
—log(1 — z) and

Ctoef1—p+ B Lo (LEEEE/2
& 2 ) =\ 11414

x? x?
<log 1+x+? §x+?.

We obtain with probability at leadt— exp(—n)
no <112 2
nE[W(62)] + FE[IXI] - 5nE[W(e.)]

- E{ 2na2£7|]2 (0.5~ ¥) 2na;|]27H4}

< Z{ 1(02) + 5W;(0,)*

X;I12 202X, — 2021 X4
+M5”+‘”g”«%X>—W”QL”}

+ §||02 - 00”2 +’I7.

Noticing that for any real numbetsandb, 4ab < a? +4b?, we can then bound

a72w<‘92>2 = <¢92 — 90, > (<92 + 90, — 2Y)
= (02— 00,52 (02— 0, > 2({6. > V)|
- <092 — 90, > +4 092 90, ( 90, )

+ 40y — 6y, X)2 {6y, X) — Y)2
< 20y — 0, X)* + 865 — 0, X)* ({6, X) — V).

THEOREM 6.3 Let us put
~ 1l e _ _
D==3"Xi> (letusremind thaD = E[|[X||?] from(6.19),
n
=1
B, — QE[HYH?(%,Y) - Y)z],

B = 23 IR (60 % )],

=1
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B, = 28| [X|']

~ 2 < 14

B, = EZHXiH :
=1

By = 40 sup{E[<u,7>2(<eo,7> —Y)] sue R ful = 1},

~ 40 — — ~ 2 d
By = sup{;;w,xmeo,xn ~¥) u e BY Jul = 1},
By =10 sup{E[(u,Y}“] cu € RY |ul| = 1},
By = sup Ei(u Xt rue R ul| =1
4 n ) 7 . ) N

i=1

With probability at leastt — exp(—n), for anyf, € R¢,

B[ (0:)] — [n0(B+ Ba) + 5] 102 — ol

— na?(By + By)||6s — 6|

- na -~ na? ~ na? ~
<N Wilby) + —(D — D)+ —(Bi + B1) + —(Bx + Ba) + 1.
— B B B
Let us now assume thét € © and let us use the fact th@tis a convex set and

thatfy, = argming g R(0) + )\||Q)_\1/20||2. Introduced, = arg mingege R(6) +
AQ5%6)1%. As we have
R(0) + MQ3"?01” = 10 — 0.1> + R(6.) + NI Q5 6.,

the vectort, is uniquely defined as the projection @f on O for the Euclidean
distance, and for anfp € ©

o B[ (62)] + M Q5 26a1” — M Q560
= R(62) — R(0) + N|Q3 01> = N Q5?60
= (162 — 6.1 = (166 — 6.
= |0y — Oo]|* + 2(0; — 0o, 00 — 0,) > ||62 — 6o*>. (6.20)

This and the inequality
a3 Wi(0) + nAQy 612 — nA[Q; 60| < 0
=1

leads to the following result.
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THEOREM 6.4 With probability at least — exp(—n),

R(0) + N8| — inf [R(6) + A6
= o B[ (01)] + NIQx 20 1” — M@y 60l

is not greater than the smallest positive non degenerateabite following poly-
nomial equation as soon as it has one

{1 — [a(Bs + §3) + —} }x — a(By + By)a?

2na

Ui

o ~
—(B1+ By) + (BQ + BQ) + —
na’

B B2

PROOF Let us remark first that when the polynomial appearing irthieerem
has two distinct roots, they are of the same sign, due to thedfi its constant
coefficient. Let(2 be the event of probability at least— exp(—n) described in
Theorem 6.3 (page 43). For any realization of this event factvthe polynomial
described in Theorem 6.4 does not have two distinct positiots, the statement
of Theorem 6.4 is void, and therefore fulfilled. Let us coesidow the case when
the polynomial in question has two distinct positive roets< z,. Consider in
this case the random (trivially nonempty) closed convex set

1 N
= BmaX(D —D,0) +

O ={0€0:R(H)+ > < Jnf. [R(6") + || 0])?] + ©d22},
Letf; € argming g r(0) + A||f]|* andd, € argmingee r(0) + A||0]|>. We see
from Theorem 6.3 that

R(85) + M6 < R(6) + Aol + -2, (6.21)

because it cannot be larger from the constructio® on the other hand, since
© C O, the line segmenits, 6] is such thafs, 6,] N O C arg min, g () +
Al|0||?. We can therefore apply equation (6.21) to any poirftgft,] N O, which
proves thaffs, 6,]N© is an open subset &, 6,]. But it is also a closed subset by
construction, and therefore, as it is non empty ghdd,] is connected, it proves
that[6s, 6,)N© = [65,64], and thus tha, € ©. This can be applied to any choice
of §5 € argmin,_g7(0) + A||0]|> andf, € argmingee r(0) + A||0]|*, proving
thatarg mingee (6) 4 A||0||* C argmin, g r(#) + A||6]|*> and therefore that any
04 € argmingeo 7(0) + AJ|0]|* is such that

R(0a) + Aall* < inf [R(O) + MOI] + 2.
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because the values betwegnandz, are excluded by Theorem 6.81

The actual convergence speed of the least squares estihoat6rwill depend
on the speed of convergence of the “empirical boungistowards their expecta-
tions. We can rephrase the previous theorem in the followinge practical way:

THEOREM 6.5 Let g, 71, ...,n5 be positive real numbers. With probability at
least

4
1—-P(D>D+mn) — ZIP(Bk — By > mi) — exp(—1s),
=1

R(0)+)|0])> —infoco [R(0)+X||0]1%] is smaller than the smallest non degenerate
positive root of

{1 — [@(2B5 +13) + i] }:c — a(2By +ny)2?

2na

:%+%(2Bl+m)+%

where we can optimize the valuescof> 0 and 3 > 0, since this equation has
non random coefficients. For example, taking for simplicity

2By +mp) + B (8.22)
no

1
a=——,
833 + 47’]3
no
6 - 77
we obtain
2B4 + Ny o 167’]0(233 —+ 7’]3) 831 —+ 4’[’]1
— — +
483 + 2n3 n n
n 32(2B3 + 13)(2Bs + 12) n 815(283 + 13)

n? n
6.2.1. Proof of Theorem 2.1Let us now deduce Theorem 2.1 (page 13) from
Theorem 6.5. Let us first remark that with probability at teas /2

~ | B
En

because the variance bfis less thar%. Foragivere > 0, letus take), = @/%,

m = By, Ny = By, N3 = Bs andm = B,. We get thatR,\(H) — infge@ RA(Q) is
smaller than the smallest positive non degenerate root of

B 48B3 By 12B; 288ByBs  24log(3/¢)B

4 2 3 [D2 n 1 T 203 T g(3/¢)Bs

T — T
2Bs n ne n n? n

)
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with probability at least
e ! ~
1— F —ZIP(Bk > Bk—i‘?]k)
According to the weak law of large numbers, theredsuch that for any, > n.,

4
k=1

Thus, increasing:.. and the constants to absorb the second order terms, we see
that for somen. and anyn > n., with probability at least — ¢, the excess risk is
less than the smallest positive root of

B4 2 1331 24 log(S/e)Bg
= +
2B3 n n

Now, as soon asc < 1/4, the smallest positive root of — az® = cis ;
This means that for large enough, with probability at leakt- ¢,

\/1 4ac”

15B 25log(3/e)B
Ry (0) — 1nfR)\(8) - L og(3/¢) 3.

n

which is precisely the statement of Theorem 2.1 (page 13{p spme change of
notation.

6.2.2. Proof of Theorem 2.2Let us now weaken Theorem 6.4 in order to make
a more explicit non asymptotic result and obtain Theorem Et@m now on, we
will assume that\ = 0. We start by giving bounds on the quantity defined in
Theorem 6.3 in terms of

B = sup LA 115/ L (X)),

fespan{p1,...00}—{0}

Since we have B
X1 = [|Qy /2 X1 < dB,

we get

1
= —Z X% < dB,

[ (60, X Y)z] < 2dB R(f*),

3
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By = 2 - [IXP (180, X0) - ¥i)Y] < 245(s),

i=1

By = 2E[||7||4] < 24?B2,

~ A
By,=Z= X.||* < 2d®B?
= 2 IR <25
By = 40 sup{E[<u,Y>2(<eo,7> ~Y)] rue R [ul = 1} < 40B R(f*),

n

~ 40 — _
Bs; = sup{; Z(u,Xi>2((HO,X,~) — Yi)2 cu € RY, |u|l = 1} <40Br(f"),

i=1
By =10 sup{E[(u,Y)ﬂ cu € RY |l = 1} <108,

~ 10 < _
B, = sup{; Z(u,XQ‘l cu € R |ul| = 1} <1082

=1

Let us put
2dB + 4dBalR(f*) +r(f*)] +n 16 B2d?
ao — + 2 9
an an
a; = 3/4 —40aB[R(f*) + r(f*)],
and

ay = 200 B>

Theorem 6.4 applied with = na/2 implies that with probability at least — 7,
the excess risie(f©™) — R(f*) is upper bounded by the smallest positive root
of ayz — axx® = ap as soon as} > 4agay. In particular, setting = exp(—n)
when (6.23) holds, we have

R(fe™) — R(f) < 2 20

< . < —.
a; ++/a? — dagay; ~ ™

We conclude that

THEOREM 6.6 For anya > 0 ande > 0, with probability at leastl — ¢, if the
inequality

n

% ((2 + da[R(f*) + r(f))Bd +log(e™) | <4Bd> 2)
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holds, then we have

(2 + 4a[R(f*) + r(f*)])Bd + log(e™) N <4Bd)2 ’

n n

(6.24)

mﬂW%—RUﬂsa<

whered = 8/(3a — 160’ B[R(f*) + r(f*)])
Now, the Bienaymé-Chebyshev inequality implies

P&Uﬂ—RUﬁZQSE@Gﬂ;MF»Q

Under the finite moment assumption of Theorem 2.2, we obkatfor anys >
1/n, with probability at least — ¢,

r(f) < R(f) + VEY — f+(X)]4
From Theorem 6.6 and a union bound, by taking
. —1
o = (S0BR2R(f*) + VEN = F(XFF)
we get that with probability — 2¢,

< BY — f*(X)]*/nt?.

R(f*™) — R(f*) <8, B (33‘” +i°g<8_1> + (‘”i d/) 2) ,

with J; = 640 <2R(f*) + \/IE{[Y - f*(X)]4}>. This concludes the proof of
Theorem 2.2.

REMARK 6.1 Let us indicate now how to handle the case wiyes degenerate.
Let us consider the linear subspatef R¢ spanned by the eigenvectors@tor-
responding to positive eigenvalues. Then almost surelpfpai =1,...,n} C

S. Indeed for any in the kernel ofQ, E((#, X)?) = 0 implies that(¢, X) = 0
almost surely, and considering a basis of the kernel, welsseXt € S almost
surely,S being orthogonal to the kernel ¢f. Thus we can restrict the problem to
S, as soon as we choose

6 Span{Xl, o ,Xn} N argmeinZ((H,Xﬁ — Yi)Q,

i=1
or equivalently with the notatioX = (;(X;))1<i<n1<j<a @aNdY = [Yj]7_,,

0 e imXTﬁaLrgmeinHX@—Y”2

This proves that the results of this section apply to thicspehoice of the em-
pirical least squares estimator. Since we he= ker X ¢im X”, this choice is
unique.
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6.3. lROOF OFTHEOREM 3.1. We use a similar notation as in Section 6.2:
we write X for o(X). Therefore, the functiorfy maps an input to (0, x). We
consider the change of coordinates

X =0,"’x.
Thus, from (6.19), we havig [| X |*] = D. We will use
R(6) = E[((6, X) = Y)?],
so thatR(Q'/?0) = E[((8, X) — Y)?] = R(f,). Let
0={QY%;0co}.

Consider

0o = arg min { F(0) + N|Q; /0] }.
0O
We thus havé = Q) "/*6,, and

o = E[((60,X) - Y],
L B X))
X_uelgd E((u,7>2) ’
_E(XHY _B(X))”

E(IX)12) D
. E[((6o.X) -Y)"]"”
K = D) s
o
T = |8 = max || — 6|
0,0/cO

Fora > 0, we introduce

JZ<9) = <9772> - Yria J(e) = <977> -Y
Li(0) = a((0,X;) - V), L) = a((6,X) - Y)
Wi(0) = Ti(0) — Li(0o), W (0) =T(0) — (),

and
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Letd = Q)/*6 € ©. We have

—1'(00,0) =1'(0,60) < maxr'(6,61) <vy+maxr'(6o,01),  (5.25)
0:€06 0:€0

wherey = max '(6,60,) — inf max 7/(6,6,) is a quantity which can be made
6,€0 Ie) 916@

arbitrary small by choice of the estimator. By using an uggmemdr’(6,, 6,) that
holds uniformly ind;, we will control both left and right hand sides of (6.25).
To achieve this, we will upper bound

v (00,01) = M1Q5 2061 — Q5201 1%) Db Wi(6:)]  (6.26)

by the expectation of a distribution dependingfrof a quantity that does not
depend ord;, and then use the PAC-Bayesian argument to control thisogxiien
uniformly in #,. The distribution depending ah should therefore be taken such
that for anyd, € O, its Kullback-Leibler divergence with respect to some fixed
distribution is small (at least wheh is close tad,).

Let us start with the following result.

LEMMA 6.7 Let f,g : R — R be two Lebesgue measurable functions such that
f(z) < g(z), z € R. Let us assume that there exidtsc R such thatr —
g(z) + hx; is convex. Then for any probability distributipnon the real line,

f< / :cu(dfc)) < [ atantan) + winfsup s — wt 1.5 var()}.

PROOF. Letus putzy = [ zu(dz) The function

ﬁ(:c — 1)?

xn—>g(:1:)+2

is convex. Thus, by Jensen’s inequality

flao) < glan) < [ ) [ () + ol 370)2} ~ [ gtontdn) + 5 Vario).

On the other hand

flan) < sup f < sup s+ [ ga) — int f](ao)
= /g(g;)u(d:c) +sup f —inf f.
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The lemma is a combination of these two inequalities.
The above lemma will be used with= ¢ = 1, where is the increasing
influence function

—log(2), r < -1,
_ Jlog(l4+z+2%/2), —-1<z<0,
vie) = —log(1—z+2%/2), 0<z<1,
log(2), x> 1.

Since we have for any € R

2 l+a4+2 2
—log(l—x—i—%) IIOg<Tx_42> <log<1+x+%),

4
the functiony satisfies for any € R
1‘2 ZE2
—log<1 —x+ 5) <Y(r) < 1og<1+x+?).
Moreover
l—x x(z —2)

=———, Y'(v)= >
I—at3 212t 2)

' () -2, 0<x<1,

showing (by symmetry) that the functian— 1 (x) + 222 is convex on the real
line.

Forany?’ ¢ R?andB > 0, we consider the Gaussian distribution with méha
and covariancg'1:

d/2
pe (dB) = (%) exp (—gHH — H'HQ) db.

From Lemmas 6.2 and 6.7 (wihthe distribution of—1;(9) + @ when
6 is drawn fromp,, and for a fixed paif X}, Y;)), we can see that

w&wmwn}=¢{fmxﬂﬂﬁwww>*gg?ﬁ}}

S/%ww44wm+%%ﬁ]

+ min{log(4), Var,, [Li(0)] }
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Let us compute

ig Var,, [Li(0)] = Var,, [J2(0) — J2(6))]

3 K3

«
2 7@ 4
S QI OB
— [ ont@6)[(0 - 02,5 + 200 - 02, X sgey)]” - 15
= p91< ) <9 917Xz> —|—2<¢9 917X1>J2<¢91> 62
20" 4Li(61) ]| X
D ey S (6.27)
Leté € (0,1). Now we can remark that
— fl(ﬁ) Oé<¢9 — 9177i>2
We get
min{log(4), Var,, [Li(0)] }
o 4o XG[IPLi(6) | 207X
= m1n{log(4), 3 + 7 }
< [ ou(a) min{ o),
da|| X312 Li(0) N 20| X" N 4a?|[ X310 — 91,702}
B3 B2 B(1—=¢)
. 4oy 71 2ZZ- 0 20(2 Y@ 4
< [ o a0y minfogn, *IXATEC) 207000
: 4a?| X3¢
+ mln{log(4), m}
Let us now put = 55 < 2.17,b = a + a®log(4) < 8.7 and let us remark that

min{log(4), :L’} + min{log(4), y}
< log[1 4 amin{log(4), z}] + log(1 + ay)
<log(1+ az + by), z,y € R,.

Thus

min{log(4), Var,,, [Zz(e)} }
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dac||X;||*L;(0) 2042||7i||4< n 20 )}

< | aoyiog| 1+ 2 20 [

We can then remark that

() +log(1 +y) = log[exp[i(x)] + y exp[t) ()]
2
< log [exp[t)(z)] + 2y] §10g<1+:c+%+2y), reR,y€Ry.
. 2b
Thus, puttingzg = a + ——, we get

¢
B[-Wi(0)] < / pon (d6) 1og[ A,(6)] (6.28)

X121 X112\ 2
| Xl +—<—m(0)+0‘" H)

8 2 G
Saa | XilP’Li(0) |, deo0®|I X!
B¢ G

Similarly, we defineA(0) by replacing X}, Y;) by (X, Y'). Since we have

IE exp (Zlog[Ai(H)] - nlog[]EA(H)]) =1,

from the usual PAC-Bayesian argument, we have with protbalal leastl — ¢,
for any#, € R¢,

[ o) (S0l a0)]) = [ g (06) 05140)) < K o) +Toxt=™

< Bll61 — 6]

5 +log(e™)

From (6.26) and (6.28), with probability at ledst- ¢, for anyd; € R¢, we get

(0o, 01) < élog{l +E|:/p91<d9) <—W(9) i (XH;QP
- @) Saa]| X|*L(9) 4coa2||7||4)}}
+2< WOt T
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0, — 6l log(e™?
L Blo = 6ol log(=)

2no no

M@y 200117 — 103260,

Now from (6.27) ano@ = —L(6h) + [ pe,(dO)L(0), we have

[ outan)(-wio+ LY —vas,, 0]+ wiony
L)X | 207X

=W (0)* + 5 5

PROPOSITIONG.8 With probability at least — ¢, for anyé, € R,

WO, (2+80/Q)a| XIPL6)

(0, 01) <~ log{l 4 ]El—W(Gl) n
«

2 B
N (1+ 8a/&+ 400)042]\7]\4} } N 8161 — 6|2 N log(s™1)
JoR 2na no

+A(1QY 001> — 110526, 1%)
2+ 8a/€)| X |*L(6:)

<E [J(@O)Q — J(6))* + %W(@QQ + (

g
L (L4 80/6 +4e)al XI] 810~ 0o1° _ los(e™)
(32 2na no

+ A0 60> = 105 0:1%).
By using the triangular inequality and Cauchy-Scwarz'sjuedity, we get

L e = B [(6, — 00, %) + 2061 — 0. %) T ()]}

< {E[(0: - 0. )" + 2B [0, — 00, %)) B[ 7(00)] "}
2 0 —0 <\’

< {X||91 — 6| E{<M’X> ]
e 6°”UF\/ (™) ] }

2
XQmax ||0 o QOHQ{HHl 00” XQmax + 20_\/;} ’
+ A (max +

Qmax max )\

1/2
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and
—EWﬂﬁwﬂ=m%wwwlem>+wWﬂ%ﬂ}
< B[ {B[(6, - 0. X)) + B[7600)]")

gw{uel—eou Nlmax +20—\F}

max >\

Let us put

R(6) = R(6) + N Q5 0],
¢ =42+ 8a/f),
co =4(148a/& + 4cy),

arr'Do? | 2x(E + 282 Vo + 8]V

n

5:

n 1— 4cq me

We have proved the following result.

PROPOSITIONG.9 With probability at least — ¢, for anyé, € R,

~ ~ a
' (00,01) < R(6h) — R(61) + —X||91 - 90||2[2\/y<7 + (|61 — 90||\/ﬂ2

CQOJKJ D
+mm—%w+mafv
2no no

Let us assume from now on th@t € O, our convex bounded parameter set. In
this case, as seen in (6.20), we hd¥g— 6, ||*> < R(0;) — R(6,). We can also use
the fact that

(Vo + 16 — bollv/x]° < 260 + 2x]|61 — 6.
We deduce from these remarks that with probability at I¢ast,

D o) o)

ciak Dk o? N coak? D? N log(e™!)
2/3 432 na

Let us assume that > 4c¢,xyD and let us choose

no
6_77

r'(6p,61) < {—1+%[2m0+|]@”\/ﬂ2+ B
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o = 1 (1 _ 401I£XD)
2x[2vWo + [|0]lx]’ no )

to get

(6o, 6,) < _w
Plugging this into (6.25), we get

+ 0.

(3(90) — R(6)

M_(;Sr’(éjgo) < max 5

X )+7+5:7+5,
2 01€0

hence

R(0) — R(6) < 27 + 44

Computing the numerical values of the constants when0.8 givesc; < 95 and
co < 15611.

6.4. RROOF OF THEOREM 5.1. We use the standard way of obtaining PAC
bounds through upper bounds on Laplace transform of apptemandom vari-
ables. This argument is synthetized in the following result

LEMMA 6.10 For anye > 0 and any real-valued random variablé such that
E[exp(V)] < 1, with probability at least — ¢, we have

V <log(s™).

LetVi(f) = [ [L(F. )+ 7" R ) — 2R (F)
=) 490 +log [ expl-E)atan) ) - 1os| (7)),

anav; = —tog ([ exo[-Ep)atan)) + s [ espl-e (e

To prove the theorem, according to Lemma 6.10, it sufficesdoethat

B{ [ exp[Vi(f)]p(df)} <1 and B[ exp(Va)(df)] <1

These two inequalities are proved in the following two satdi
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6.4.1. Proof oﬁE{f exp [Vl(f)}p(df)} < 1. From Jensen’s inequality, we have

JI2G.0+7 RO )
= [+ 7 ROV pldn) + [ [ D) = LG pla)
< [ 1L+ 7 RN ) +og [ es[E2070) = U] ol
From Jensen’s inequality again,
~&(f) = ~tog [ exp[L(F. )] ()
——log [ exsp L7, 1) + 7" RN]woaldf) ~ o [ expl-r* R ()
<= [ILG )+ 7 RN pldf) + 7).
From the two previous inequalities, we get
W < [ILG D+ RO pld)
wlog [exp[ (7, 1) - L(F. D] df) = 2R (F)
~ () + 90 +1og ([ esp[-ED]n(an) — 108|207
= [ LG 1)+ 7 Rl
+log [exp[L(F.1) - L(F. D) ~ 1 R(F)
-3+ 30) - () - log | 3£,
<tog [ exp[L'(7, ) - L. D) alaf) ()
~ AR +30) - g 1207
—t0g [[exp[L7.) - LA D]t +1og| 227,

hence, by using Fubini’s inequality and the equality
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A~

B{exp[~L(f, £)] } = exp[-L(f, )],
we obtairlE / exp[Vi(H)] ()
<B [ (([ewl2.0) - LD ) )5l
= [ (Bl - L D]t ) -oatf) = 1.
6.4.2. Proof of E [ [ exp(Va)p(d f)} < 1. Itrelies on the following result.
LEMMA 6.11 Let'W be a real-valued measurable function defined on a product

spaceA; x A, and letu; and s, be probability distributions on respectively,
andA,.

o if By {log [EQQNM {exp[-W(a, as)] }] } < 400, then we have

— Eayopm {log []E az~piz {exp[—W(al,ag)} }}}
{ anpiz [eXp —Eay o W(al,aQ)H}.

-1
o ifW>00nA; xAyandE,,.,, { ar~p al,aQ)rl} < 400, then

-1 1 -1
Ealwul {Eagwug |: (1,1,(1,2 :| } a2~u2 { ai~p1 [W(alaa'Q)] } .

PROOFE

e Let A be a measurable space awiddenote the set of probability distribu-
tions onA. The Kullback-Leibler divergence between a distributioand
a distributiony is

dp ,
K(p,u) & { e 104@(&)} To<um (6.29)
400 otherwise,

dp
Whered denotes as usual the densityoiv.r.t. 1. The Kullback-Leibler

I
divergence satisfies the duality formula (see, e.g., [8ed&p]): for any
real-valued measurable functiardefined onA,

inf {Eq., h(a) + K(p,p)} = —log Eqy {exp[—h(a)]}. (6.30)

pEM
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By using twice (6.30) and Fubini’s theorem, we have
_anm {log{Ea2~u2 [eXp[_W(ah@)}] }}
= Ea1~u1 {lef {Ea2~p [W(ala GQ)} + K(p, MQ)}}
< inf {Emfvul [EOLQNP [W<a17 (12)] + K<p7 Mz)] }

p

= — log{E@Nuz [exp{_anm [W<a1’ a2)} }] }

e By using twice (6.30) and the first assertion of Lemma 6.11haxe

oo {Bovess [Wlar,02)] '}

~ By {op{~108[Earers {exp[—logW(ar,a]}] })
= By, {exp{inf[E@Np {log[W(ar,a2)]} + K(p. “2)}}}
< inf{ exp[K(p, 112)] Bay o {eXP{E [log (a1, GQ)H}}
< n;f{ exp[K (p, )] exp{ Eus- {bg[ Wiar,a2)] | }}

— ex { f{]E [IOg{lE o | Wiar, az) }*K Pr#a }}
:exp{—log{E s {exp[ 10g{]E W(ar, az) H}}

=Eupmps {an“ [W(al az)]fl} . g

|
=
2
=
—

From Lemma 6.11 and Fubini’s theorem, siriéedoes not depend oﬁ, we
have

B[] exp(Va)o(df)] = Blexp(V5)
= [ exp[~EH(N)]n(dE{ | [ exp[-E(/)](dr)] 1}
<fexp[—aﬁ(f)} 1 fBenE(]] wan}
= Jexp[-&X]n(an){JE[ [ exp[L(s. £ ()] mtan)}
= Jexp[=X(N)]n(an{ [ [ [ exo[Li(f /] 7] w(df)} 1.
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This concludes the proof that for any> 0, v* > 0 ande > 0, with probability
(with respect to the distributio}‘?@"g generating the observatiods, . . ., Z,, and
the randomized prediction functiof) at leastl — 2¢:

Vi(f) + Ve < 2log(e ™).

6.5. lROOF OFLEMMA 5.3. Let us look atF from the point of view of f*.
Precisely leS«(O, 1) be the sphere dR¢ centered at the origin and with radius
1and

S = {Zej%; (61, ...,04) € 8ga(0,1)}.

Introduce
Q={pe8Iu>0st f +upeF}

Forany¢ € Q, letu, = sup{u > 0 : f* 4+ u¢ € JF}. Sincer is the uniform
distribution on the convex sét(i.e., the one coming from the uniform distribution
on ©), we have

/eXP{—a[R(f) — R(f*)|}m(df)
/¢Q/ exp{ —a[R(f* +up) — R(f*)] }u'"dudg.
Letc, = E[(X)6 (f*(X))] anda, = E[¢*(X)]. Since

£ € argmin E{ly [f(X)]},

we havec, > 0 (andc, = 0 if both —¢ and ¢ belong to€2). Moreover from
Taylor’'s expansion,

2
D < R 4 o) — RO — e, < 2
Introduce
y Jo¢ exp{—alucy + Lbragu®] ju®tdu
¢ pu—

Jo¢ exp{—Blucy + tbsagu?] fud—'du’
For any0 < a < 3, we have

Jexp{~alR(f) = R} _, o
Jexp{=BIR(f) — R(f*)|}n(df) ~ oes
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For any( > 1, by a change of variable,
b < Cdfo exp{ alCucy + b1a¢(’2 2] }ud Ldu
4 ex Blucy + 62a u?] bud=tdu
Jo* exp{—PBlucy ¢
< Cdili% exp{ Blucy + sbaayu’] — afCucy + 1brag( u’l}.

By taking¢ = /(b25)/(bia) whene, = 0 and¢ = /(28)/(bia) V (8/a)
otherwise, we obtaig, < (¢, hence

C—lO 26 sup cy, =
(f exp{ aR R(f*)]}ﬂ(df)) 5108 (5, ) Whensupc, =0,

dlog (4/ blg i) otherwise,

6.6. RROOF OFLEMMA 5.4. For—(2AH)™' < X\ < (2AH)7!, introduce the
random variables

which proves the announced result.

F=f(X) = (X)),
Q=0 (F) + (F — F¥) /1(1 — )0 (F* + t(F — F*))dt,

L= )Y, F) — (Y, F"),

and the quantities
M?A? exp(Hby/A)

27/7(L — [AJAH)

a(\) =

and A
A= Hby/2 + Alog(M) = 5 log{ M? exp[Hb,/(2A)] }.

From Taylor-Lagrange formula, we have
L= \F — F")Q.
SinceE [exp(|Q|/A) | X] < M exp[Hb,/(24)], Lemma D.2 gives

M?a*exp(Hby/A)
27l - Jal)

log{E[eXp{a[Q — B(QIX)]/A} | X] } <

forany—1 < a < 1, and .
IE(Q|X)| < A (6.31)
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By consideringy = AX[f(z) — f*(x)] € [~1/2;1/2] for fixed z € X, we get
1og{]E [exp [L—E(LIX)]| X] } < X2(F — F*)2a()). (6.32)
Let us put moreover
L =TE(L|X)+ aM)N(F — F*)2

Since—(2AH)~' < A < (2AH)~', we havel < [\HA + a(\)N2H? < I/ with
v = A/(2A) + M?exp(Hby/A)/(4y/7). SinceL — E(L) = L — E(L|X) +
E(L|X) — E(L), by using Lemma D.1, (6.32) and (6.31), we obtain
log{E[eXp [L— ]E(L)H } < log{E[exp L E(L } } + Na(NE[(F — F*)?]
< E(L?)g(t) + Na(NE[(F — F*)?]
< NE[(F - F*)] [A2 (¥) +a(N)],

with g(u) = [exp(u) — 1 —u] /u®. Computations show that for ary(2AH ) !
A< (2AH)

A2g(0) + a(N) < A exp [MQ exp (Hbg/A)} :

4
Consequently, for any- (2AH)™! <\ < (2AH)~!, we have

log{ B [exp{AE(Y, F) - (v, F*)]} |}
AQ
< ALR(F) = RUP) + NE[(F = F*)?) - exp [M2 exp (Hbs /A)} .
Now it remains to notice thak[(F' — F*)?] < 2[R(f) — R(f*)]/b1. Indeed
consider the functio(t) = R(f* + t(f — f*)) — R(f*), where f € F and
€ [0;1]. From the definition off* and the convexity off, we havep > 0 on

[0; 1]. Besides we have(t) = ¢(0) +t¢'(0) + £ ¢ (¢;) for some(, €]0; 1[. So we
have¢’(0) > 0, and using the lower bound on the convexity, we obtain ferl

UB(F - P < R() - BP). (6.33)

6.7. RROOF OFLEMMA 5.6. We have

B({lY 7P - ¥ - F0OPY)
=B(1f = FOORLRLY - /(X)) + [ - FX0]F)
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—B([/" = FOOP{AB(Y - [*(X)P|X)
FAR(Y — f(X)X)[f(X) = F(X)]+ () = FO)})
<E(If" = FO{40% + do| f(X) = F(X)| + [[(X) = F(X)})

<B([f ~ [(X)2Co + H)?)
< (20 + HPIR(f) = R(F),

where the last inequality is the usual relation betweensxdek and.? distance
using the convexity off (see above (6.33) for a proof).

6.8. RROOF OFLEMMA 5.7. Let8 = {s € Fjn : E[s(X)?] = 1}. Using the
triangular inequality if.2, we get

B({lY - f(X)P - [V - (0P
= B( {2l - FOIY = FOO)+ (%) = FOOPY)
< (2(B{7 (0 FEORLY — F(0R) +B{F(X) — 70)1))
< |2y/B(r (0 = FX0P) (B0~ (OF)

sES

FE([f(X) - F(X)P?)  fsup E[f(X)}]

s€S
< VIR(f) = R(f")],
with

vV — |:2\/Sup E(s2(X)[Y — f+(X)]?)

s€S

o\ B0 f”<X>P>¢SupE[S4<X”r’

fhres s€S8

where the last inequality is the usual relation betweensxdsk and.? distance
using the convexity off (see above (6.33) for a proof).

A. UNIFORMLY BOUNDED CONDITIONAL VARIANCE IS NECESSARY TO
REACH d/n RATE

In this section, we will see that the target (0.2) cannot laehed if we just
assume that” has a finite variance and that the functiongiare bounded.

64



hal-00360268, version 2 - 3 Jul 2010

For this, consider an input spagepartitioned into two set¥; andX,: X =
X1 U Xe andf)Cl NXy = 0. Let (pl(l') = 1906%1 andQOQ(ZL‘) = 1x63€2- LetF =
{91@1 + 92()02; (91, 92) € [—1, 1]2}

THEOREMA.1 For any estimatorf and any training set size > 1, we have
p 1
ER(f)— R(f*)} > ——= Al
sup {ER(/) (f)}_4\/ﬁ, (A1)
where the supremum is taken with respect to all probabilgyrihutions such that

) c FandVary < 1.

PROOF Let g satisfyingd < 5 < 1 be some parameter to be chosen later.
Let P,, o € {—,+}, be two probability distributions of x R such that for any
g 6 {_7 +}’

Pa(xl) =1 _57
P,(Y=0X=2)=1 foranyz € Xy,
and
1 1+ 0B
P(,(Y:W\X:x) =Y

1
:1_PO(Y:_—5|X:x> foranyz € Xs.

One can easily check that for anye {—,+}, Varp, (Y) = 1 — 3? < 1 and
f1®9(z) = o, € F. To prove Theorem A.1, it suffices to prove (A.1) when the
supremum is taken among € {P_, P, }. This is done by applying Theorem
8.2 of [3]. Indeed, the paifP_, P, ) forms a(1, 3, 5)-hypercube in the sense of
Definition 8.2 with edge discrepancy of type | (see (8.5)11{8.and (10.20) for

g =2): d; = 1. We obtain

sup  {ER(f) — R(f*)} = B(1 - Bv/n),

Pe{P_.P.}

which gives the desired result by takifg= 1/(2v/n). O

B. EMPIRICAL RISK MINIMIZATION ON A BALL : ANALYSIS DERIVED FROM
THE WORK OF BIRGE AND MASSART

We will use the following covering number upper bound [16frirea 1]
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LEMMA B.1 If ¥ hasadiametefl > 0for L>*-norm (i.e.supy, r,c5 rex |f1(7)—
f2(z)] = H), then for any0 < § < H, there exists a setf# C F, of cardinal-
ity |3#| < (3H/§)? such that for anyf € J there existsy € F# such that

We apply a slightly improved version of Theorem 5 in Birg& &nassart [5].
First for homogeneity purpose, we modify Assumption M2 hylaeing the con-
dition “o? > D/n”" by “0? > B?D/n” where the constanB is the one appearing
in (5.3) of [5]. This modifies Theorem 5 of [5] to the extenttth&1” should be
replaced with ¥ B2”. Our second modification is to remove the assumption that
W; and X; are independent. A careful look at the proof shows that theltstill
holds when (5.2) is replaced by: for amye X, andm > 2

E,JJM™(W)|X; = x] < a,, A™, foralli=1,...,n

We considefV =Y — f*(X),v(z, f) = (y— f(2))?, Az, u,v) = |u(z) —v(z)],

and M (w) = 2(|w| + H). From (1.7), for allm > 2, we haveE{[(2(|W] +

H)™X = z] < Z[4M(A+ H)]™. Now consider’ andr such that Assumption

M2 of [5] holds for D = d. Inequality (5.8) forr = 1/2 of [5] implies that

for anyv > k<(A% + H?)log(2B' + B'ry/d/n), with probability at least —
—nv

vy )

R(FO™) = R(f*) 4 r(f7) = r(fe™) < (B{[/™(X) — (0]} v o) /2
for some large enough constantiepending onV/. Now from Proposition 1 of
[5] and Lemma B.1, one can take eith@r= 6 andrv/d = \/E or B'=3y/n/d
andr = 1. By usingE{[fe™(X) — f*(X)]*} < R(f€™) — R(f*) (sinceF is
convex andf* is the orthogonal projection &f on ), andr(f*) — r(f©™) > 0
(by definition of /™), the desired result can be derived.

Theorem 1.5 provides d/n rate provided that the geometrical quantity
is at most of orden. Inequality (3.2) of [5] allows to brackeB in terms of
B = SUP feqpanion....ont I F11%/ELf(X)]?, namelyB < B < Bd. To understand
better how this quantity behaves and to illustrate someepthsented results, let
us give the following simple example.

Example 1. Let Ay,..., A; be a partition ofX, i.e., X = |_|§.‘:1Aj. Now
consider the indicator functions; = 14,5 = 1,...,d: ¢; is equal tol on
A; and zero elsewhere. Consider tiatandY are independent and th&tis a
Gaussian random variable with me@and variancer®. In this situation:f;;, =
f(rea) — ijl f;. According to Theorem 1.1, if we know an upper bouticn

| /9. = 0, we have that the truncated estimatét®® A H) v —H satisfies
(0% Vv H?)dlogn
n

ER(F®¥) — R(fiy) <
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for some numerical constart Let us now apply Theorem C.1. Introdugg=
P(X € 4;) andpy, = min; p;. We haveQ = (Ep;(X)pw(X)),, = Diag(p;),

X = 1 and||¢*|| = 6+/d. We can taked = o andM = 2. From Theorem C.1,
for A = dL./n, as soon a3 < p.i,, the ridge regression estimator satisfies with
probability at least — ¢:

NPmin

R - R(fy) < e S (074 225 ®.1)

for some numerical constart Whend is large, the ternid>£?)/(npui ) is felt,
and leads to suboptimal rates. Specifically, singg < 1/d, the r.h.s. of (B.1) is
greater tham* /n?, which is much larger thaiy/n whend is much larger than'/3.
If Y is not Gaussian but almost surely uniformly bounded’by. +oo, then the
randomized estimator proposed in Theorem 1.3 satisfiesitiee property: with
probability at least — ¢,

)4 10g(3Pmin) + log((logn)e™")

R(P) = Rlfin) < 6(H? +C° -

J

for some numerical constant In this example, one can check that= B’ =
1/Pmin Wherepy,, = min; P(X € A;). As long asp..., > 1/n, the target (0.1)
is reached from Corollary 1.5. Otherwise, without this asgtion, the rate is in
(dlog(n/d))/n. R

C. RIDGE REGRESSION ANALYSIS FROM THE WORK OCAPONNETTO AND
DE VITO

From [6], one can derive the following risk bound for the mdgstimator.

THEOREM C.1 Let ¢,,;, be the smallest eigenvalue of tlie< d-product matrix
Q = (Bp;(X)pu(X)),,. Letdk = sup,e 27, ;(x)% Let [[6°]| be the Eu-
clidean norm of the vector of parametersfif = Z?zlejcpj. Let0 < e < 1/2

and L. = log?(¢~!). Assume that for any € X,

Efexp[|[V = fin(X)1/4] | X =2} < M.

For A\ = (KdL.)/n, if A < ¢ui, the ridge regression estimator satisfies with
probability at leastl — ¢:

min

R - R(gy) < 220 (s 2xego)

for some positive constartdepending only oi/.
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PROOF One can check that99®) € argmin,,. 7(f) + A Z?zl | 1|3, where
H is the reproducing kernel Hilbert space associated withéheel K : (z, ') —
S0 @i(@)er(). Introducef™ € argmin, o R(f)+ A7, || f]3;. Letus use
Theorem 4 in [6] and the notation defined in their Section b2 be the column
vector of functiondy;]?_,, Diag(a;) denote the diagonal x d-matrix whosej-th
element on the diagonal is;, andI,; be thed x d-identity matrix. LetU and
q,---,qq be such tha/UT = I and@Q = UDiag(q;)U”. We havef;, = ¢!6*
and fN = oT(Q + A\I)~1Q6*, hence

fin — I = "UDiag()/(¢; + N)UT6".

After some computations, we obtain that the residual, rstraation error and
effective dimension respectively satisfi\) < q%”@*HQ, B(\) < qé—%H@*HZ,
andN()\) < d. The result is obtained by noticing that the leading terr?r?(§4) of
[6] are A(\) and the term with the effective dimensidif\). O

The dependence in the sample size correct sincd /n is known to be mini-
max optimal. The dependence on the dimensgi@not optimal, as it is observed
in the example given page 66. Besides the high probabilityndqC.1) holds
only for a regularization parametardepending on the confidence levelSo we
do not have a single estimator satisfying a PAC bound foryesenfidence level.
Finally the dependence on the confidence level is largerdkpacted. It contains
an unusual square. The example given page 66 illustratesdimeC.1.

D. SOME STANDARD UPPER BOUNDS ON LOELAPLACE TRANSFORMS

LEMMA D.1 LetV be a random variable almost surely boundedhby R. Let
g:u [exp(u) — 1 —u] /u?.
log{]E [exp v - E(V)H } < E(V?)g(b).

PROOF Sinceyg is an increasing function, we hayé€V’) < ¢(b). By using the

inequalitylog(1 + u) < u, we obtain
tog{Eexp[V — E(V)]| } = ~E(V) + log{E[1 +V + V3g(V)]}
<E[VZg(V)] <E(V?)g(b).

O]

LEMMA D.2 LetV be a real-valued random variable such tHafexp (|V])] <
M for someM > 0. Then we hav@E(V)| < log M, and for any—1 < « < 1,
o M?

log{]E[eXp{a[V — E(V)] }] } < OGP
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PROOF First note that by Jensen’s inequality, we hdiiél’)| < log(

log{E[eXp{Oé[V _ E(V)} }} } < E[exp{oz[v — E(V)] }} } —1
= E{exp{oz[ (V)] } — 1= O‘[V E<V)] }
< E{eXpUaHV E(V)” —1—lof|V - E(V)|}

< ]E{exp“V —E(V ]} sup{ [exp(|afu) — 1 — |a]u] exp(—u)}

[exp(|V| + |E(V |)] sup Z

u>0

a|m m

exp(—u)

|a|m 2

< M? Z " sup u™ exp(—u) = o> M? Z

m>2 I o m>2

m™ exp(—m)

‘m 2 O[QMQ

M). By
usinglog(u) < w — 1 and Stirling’s formula, for any-1 < o < 1, we have

=t Zm 2Vl — Ja])

m>2
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E. EXPERIMENTAL RESULTS FOR THE MINMAX TRUNCATED ESTIMATOR
DEFINED IN SECTION 3.3

Table 1: Comparison of the min-max truncated estimﬁtwith the ordinary least
squares estimatof©® for the mixture noise (see Section 3.4.1) wjth= 0.1
andp = 0.005. In parenthesis, the5%-confidence intervals for the estimated

quantities.

2| 5 -

5|5 = g

Y| v i S

=S o 3 L

w | S| % = —~ = 2

£ls|=s = a * g

2|13 3 \ = = i

s|8/8 % | =

5|5 5 = S = =

2|2 ¢ = s & =]
INC(n=200,d=1) | 1000 | 419 | 405 | 0.567(£0.083) | 0.178(£0.025) | 1.191(£0.178) | 0.262(%0.052)
INC(n=200,d=2) | 1000 | 506 | 498 | 1.055(£0.112) | 0.271(=£0.030) | 1.884(=0.193) | 0.334(%0.050)
HCC(n=200,d=2) | 1000 | 502 | 494 | 1.045(£0.103) | 0.267(£0.024) | 1.866(0.174) | 0.316(%0.032)
TS(n=200,d=2) 1000 | 561 | 554 | 1.069(£0.089) | 0.310(40.027) | 1.720(40.132) | 0.367(+0.036)
INC(n=1000,d=2) | 1000 | 402 | 392 | 0.204(%0.015) | 0.109(+£0.008) | 0.316(=£0.029) | 0.081(+0.011)
INC(n=1000,d=10) | 1000 | 950 | 946 | 1.030(=£0.041) | 0.228(=£0.016) | 1.051(=£0.042) | 0.207(=£0.014)
HCC(n=1000,d=10) 1000 | 942 | 942 | 0.980(+£0.038) | 0.222(£0.015) | 1.008(=40.039) | 0.203(+0.015)
TS(n=1000,d=10) | 1000 | 976 | 973 | 1.009(%0.037) | 0.228(0.017) | 1.018(£0.038) | 0.217(£0.016)
INC(n=2000,d=2) | 1000 | 209 | 207 | 0.104(£0.007) | 0.078(£0.005) | 0.206(£0.021) | 0.082(+0.012)
HCC(n=2000,d=2) | 1000 | 184 | 183 | 0.099(=£0.007) | 0.076(=£0.005) | 0.196(%0.023) | 0.070(%0.010)
TS(n=2000,d=2) | 1000 | 172 | 171 | 0.101(£0.007) | 0.080(%0.005) | 0.206(%0.020) | 0.083(=£0.012)
INC(n=2000,d=10) | 1000 | 669 | 669 | 0.510(£0.018) | 0.206(£0.012) | 0.572(%0.023) | 0.117(%0.009)
HCC(n=2000,d=10) 1000 | 669 | 669 | 0.499(+0.018) | 0.207(£0.013) | 0.561(£0.023) | 0.125(+0.011)
TS(n=2000,d=10) | 1000 | 754 | 753 | 0.516(40.018) | 0.195(+0.013) | 0.558(=£0.022) | 0.131(+0.011)
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Table 2: Comparison of the min-max truncated estimAteith the ordinary least
squares estimatof©s for the mixture noise (see Section 3.4.1) with= 0.4
andp = 0.005. In parenthesis, the5%-confidence intervals for the estimated

guantities.

L = _

| = & =

| v L =

<2 — 3 !

w | B & = _ & 2

AR = 5 * <

= E 2 \ = ; AN

303 8 1 | =

e | S < = < = =

o o o = el — m

2|2 ¢ = = = =
INC(n=200,d=1) | 1000 | 234 | 211 | 0.551(£0.063) | 0.409(%0.042) | 1.211(£0.210) | 0.606(%0.110)
INC(n=200,d=2) | 1000 | 195 | 186 | 1.046(-£0.088) | 0.788(£0.061) | 2.174(£0.293) | 0.848(+0.118)
HCC(n=200,d=2) | 1000 | 222 | 215 | 1.028(£0.079) | 0.748(40.051) | 2.157(+0.243) | 0.897(£0.112)
TS(n=200,d=2) 1000 | 291 | 268 1.053(10.079) 0.805(i04058) 1.701(10.186) 0.851(10.093)
INC(n=1000,d=2) | 1000 | 127 | 117 | 0.201(£0.013) | 0.181(£0.012) | 0.366(££0.053) | 0.207(=£0.035)
INC(n=1000,d=10) | 1000 | 262 | 249 | 1.023(£0.035) | 0.902(£0.030) | 1.238(££0.081) | 0.777(=£0.054)
HCC(n=1000,d=10) 1000 | 201 | 192 | 0.991(+0.033) | 0.902(£0.031) | 1.235(£0.088) | 0.790(£0.067)
TS(n=1000,d=10) | 1000 | 171 | 162 | 1.009(£0.033) | 0.951(£0.031) | 1.166(=£0.098) | 0.825(-£0.071)
INC(n=2000,d=2) | 1000 | 80 | 77 | 0.105(£0.007) | 0.099(£0.006) | 0.214(£0.042) | 0.135(%0.029)
HCC(n=2000,d=2) | 1000 | 44 | 42 | 0.102(£0.007) | 0.099(40.007) | 0.187(%0.050) | 0.120(=£0.034)
TS(n=2000,d=2) | 1000 | 47 | 47 | 0.101(£0.007) | 0.099(£0.007) | 0.147(£0.032) | 0.103(£0.026)
INC(n=2000,d=10) | 1000 | 116 | 113 | 0.511(£0.016) | 0.491(£0.016) | 0.611(£0.052) | 0.437(40.042)
HCC(n=2000,d=10) 1000 | 110 | 105 | 0.500(£0.016) | 0.481(£0.015) | 0.602(£0.056) | 0.430(£0.044)
TS(n=2000,d=10) | 1000 | 101 | 98 | 0.511(£0.016) | 0.499(£0.016) | 0.601(£0.054) | 0.486(£0.051)
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Table 3: Comparison of the min-max truncated estimgataith the ordinary least
squares estimatgi®s with the heavy-tailed noise (see Section 3.4.1).

& & S _

T | & = s

| v i S

<< — g L

w | S N & 0

s | £| £ ~ . N =S

= 2 3 I EE’ ; IS

g | 8|8 g o g =

23 ¢ | 5| 5| g

e |22 5| = 55| =)
INC(n=200,d=1) | 1000 | 163 | 145 | 7.72(£3.46) | 3.92(£0.409) |30.52(£20.8) | 7.20(%1.61)
INC(n=200,d=2) | 1000 | 104 | 98 | 22.69(£23.14) | 19.18(£23.09) | 45.36(%14.1) | 11.63(42.19)
HCC(n=200,d=2) | 1000 | 120 | 117 | 18.16(£12.68) | 8.07(%0.718) | 99.39(£105) | 15.34(+4.41)
TS(n=200,d=2) 1000 | 110 | 105 | 43.89(£63.79) | 39.71(£63.76) | 48.55(+18.4) | 10.59(42.01)
INC(n=1000,d=2) | 1000 | 104 | 100 | 3.98(£2.25) | 1.78(£0.128) |23.18(£21.3) | 2.03(£0.56)
INC(n=1000,d=10) | 1000 | 253 | 242 | 16.36(£5.10) | 7.90(£0.278) | 41.25(£19.8) | 7.81(£0.69)
HCC(n=1000,d=10) 1000 | 220 | 211 | 13.57(£1.93) | 7.88(%0.255) | 33.13(£8.2) | 7.28(+0.59)
TS(n=1000,d=10) | 1000 | 214 | 211 | 18.67(+11.62) | 13.79(£11.52) | 30.34(£7.2) | 7.53(£0.58)
INC(n=2000,d=2) | 1000 | 113 | 103 | 1.56(£0.41) | 0.89(£0.059) | 6.74(£3.4) | 0.86(%0.18)
HCC(n=2000,d=2) | 1000 | 105 | 97 | 1.66(+0.43) | 0.95(+0.062) | 7.87(+3.8) | 1.13(+0.23)
TS(n=2000,d=2) | 1000 | 101 | 95 | 1.59(+0.64) | 0.88(+0.058) | 8.03(£6.2) | 1.04(£0.22)
INC(n=2000,d=10) | 1000 | 259 | 255 | 8.77(x4.02) | 4.23(£0.154) | 21.54(£15.4) | 4.03(£0.39)
HCC(n=2000,d=10) 1000 | 250 | 242 | 6.98(£1.17) | 4.13(£0.127) | 15.35(4.5) | 3.94(40.25)
TS(n=2000,d=10) | 1000 | 238 | 233 | 8.49(+3.61) | 5.95(+3.486) | 14.82(£3.8) | 4.17(=0.30)
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Table 4: Comparison of the min-max truncated estimgataith the ordinary least
squares estimatgi®s with an asymetric variant of the heavy-tailed noise.

& & = _

T | & ~ S

WV s =

<< ~ g L

w | 8| ) —~ . z

S | £ = = & K &,

= = 3 | <3 ; e

s | 3|2 g ! g =

e |22 = = = =)
INC(n=200,d=1) | 1000 | 87 | 77 | 5.49(%3.07) | 3.00(£0.330) | 35.44(£34.7) | 6.85(£2.48)
INC(n=200,d=2) | 1000 | 70 | 66 | 19.25(+23.23) | 17.4(£23.2) | 37.95(£13.1) | 11.05(£2.87)
HCC(n=200,d=2) | 1000 | 67 | 66 | 7.19(+0.88) | 5.81(%0.397) | 31.52(+10.5) | 10.87(+2.64)
TS(n=200,d=2) 1000 | 76 | 68 | 39.80(+64.09) | 37.9(£64.1) | 34.28(£14.8) | 9.21(+£2.05)
INC(n=1000,d=2) | 1000 | 101 | 92 | 2.81(£2.21) | 1.31(£0.106) | 16.76(%£21.8) | 1.88(0.69)
INC(n=1000,d=10) | 1000 | 211 | 195 | 10.71(£4.53) | 5.86(£0.222) | 29.00(£21.3) | 6.03(£0.71)
HCC(n=1000,d=10) 1000 | 197 | 185 | 8.67(:1.16) | 5.81(%0.177) | 20.31(£5.59) | 5.79(+0.43)
TS(n=1000,d=10) | 1000 | 258 | 233 | 13.62(+11.27) | 11.3(+11.2) | 14.68(4+2.45) | 5.60(+0.36)
INC(n=2000,d=2) | 1000 | 106 | 92 | 1.04(%0.37) | 0.64(£0.042) | 4.54(£3.45) | 0.79(=0.16)
HCC(n=2000,d=2) | 1000 | 99 | 90 | 0.90(£0.11) | 0.66(£0.042) | 3.23(+0.93) | 0.82(+0.16)
TS(n=2000,d=2) | 1000 | 84 | 81 | 1.11(40.66) |0.60(40.042) | 6.80(£7.79) | 0.69(40.17)
INC(n=2000,d=10) | 1000 | 238 | 222 | 6.32(+4.18) | 3.07(£0.147) | 16.84(£17.5) | 3.18(£0.51)
HCC(n=2000,d=10) 1000 | 221 | 203 | 4.49(£0.98) | 2.98(£0.091) | 9.76(%£4.39) | 2.93(+0.22)
TS(n=2000,d=10) | 1000 | 412 | 350 | 5.93(+3.51) | 4.59(+3.44) | 6.07(+1.76) | 2.84(+0.16)
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Table 5: Comparison of the min-max truncated estimgataith the ordinary least
squares estimatgi®® for standard Gaussian noise.

& & —~
T X & S
A NIIRY s 5
S s o g s
g X = ~ = 2
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5% | ot o W
5|5 8| © | =
S s = = = S
o o o = = = o
2]g|¢2 = & 5 G

INC(n=200,d=1) | 1000 | 20 | 8 | 0.541(0.048) | 0.541(=£0.048) | 0.401(0.168) | 0.397(£0.167)
INC(n=200,d=2) | 1000 | 1 | 0 | 1.051(%0.067) | 1.051(%0.067) 2.566 2.757
HCC(n=200,d=2) | 1000 | 1 | 0 | 1.051(£0.067) | 1.051(£0.067) 2.566 2.757
TS(n=200,d=2) | 1000 | 0 | 0 | 1.068(£0.067) | 1.068(:0.067) - -
INC(n=1000,d=2) | 1000 | 0 | 0 | 0.203(£0.013) | 0.203(£0.013) - -
INC(n=1000,d=10) | 1000 | 0 | 0 | 1.023(£0.029) | 1.023(£0.029) - -
HCC(n=1000,d=10) 1000 | 0 | 0 | 1.023(£0.029) | 1.023(40.029) - -
TS(n=1000,d=10) | 1000 | 0 | 0 |0.997(0.028) | 0.997(%0.028) - -
INC(n=2000,d=2) | 1000 | 0 | 0 |0.112(£0.007) | 0.112(=£0.007) - -
HCC(n=2000,d=2) | 1000 | 0 | 0 | 0.112(£0.007) | 0.112(=£0.007) - -
TS(n=2000,d=2) | 1000 | 0 | 0 | 0.098(0.006) | 0.098(%:0.006) - -
INC(n=2000,d=10) | 1000 | 0 | 0 | 0.517(£0.015) | 0.517(=£0.015) - -
HCC(n=2000,d=10) 1000 | 0 | 0 | 0.517(%0.015) | 0.517(+0.015) - -
TS(n=2000,d=10) | 1000 | 0 | 0 |0.501(%0.015) | 0.501(%0.015) - -
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Figure 1: Surrounding points are the points of the trainieggenerated several
times from7'5(1000, 10) (with the mixture noise witlp = 0.005 andp = 0.4)
that are not taken into account in the min-max truncateanegtr (to the extent
that the estimator would not change by removing simultaskall these points).
The min-max truncated estimator— f(x) appears in dash-dot line, whiter—
E(Y|X = ) isin solid line. In these six simulations, it outperforms tirdinary
least squares estimator.
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Figure 2: Surrounding points are the points of the trainieggenerated several
times from7'S (200, 2) (with the heavy-tailed noise) that are not taken into actoun
in the min-max truncated estimator (to the extent that thienesor would not
change by removing these points). The min-max truncatechatir x — f(x)
appears in dash-dot line, white — E(Y|X = z) is in solid line. In these six
simulations, it outperforms the ordinary least squareisn@sor. Note that in the
last figure, it does not considét points among the00 training points.
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