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Abstract. We estimate the frequency of the patterns in the discretiza-
tion of parabolas, when the resolution tends to zero. We deduce that
local estimators of length almost never converge to the length for the
parabolas.
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1 Introduction

Length estimation is an important domain of Image Analysis (see [1] for a re-
view). In this paper, we will consider the problem of estimating the length of
a curve from its discretizations at different resolutions. In particular we are in-
terested in the comportment of estimators when the resolution tends to zero.
We also restrict our study to special estimators called “local estimators” which
consist in considering patterns which are pieces of fixed length of the discretized
curve. Local estimators simply consist to fix a weight to each pattern and sum-
ming these weights to obtain the estimation of length (See Fig. 4 for illustration).
So, if we want to study the estimated length by local estimators when the res-
olution tends to zero, we have at first to study the number of occurrences of
a pattern of the discretization of digital curves. In fact an asymptotic result
about the occurrence number of patterns for discretized general curves looks to
be a quite hard problem, because the discretization process is not a continuous
process (the integer part function is not continuous), so the estimation of the
occurrence number of patterns cannot be deduced from Mathematical Analysis
arguments, but by Number Theory arguments. The two first authors of this pa-
per have already made this study for segments in [2]. In this paper we continue
this work by considering another class of curves, the parabolas.

The paper is organized as follows: Section 2 describes the notations used in
this paper, Section 3 will be devoted to the study of the frequency of patterns
in parabolas, and finally Section 4 will apply the results of this study to the
local estimators of length of parabolas. Appendix A contains the detailed proofs
which are not in the main part of this paper.
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2 Notations

In this section we precise the notations that will be used in all the paper.

— For z € R we denote by |z| (resp.[«]) the integer k such that k <z < k+1
(resp. k —1 < a < k).

— The fractional part of x is denoted (z) and is defined by = = |z| + (z).

— For A, B € Z, the discrete interval {A, A+1,..., B—1, B} is denoted [A, B].

— Let m be a positive integer. A pattern of size m is a function w from [0, m]
to Z such that w(0) = 0 and w(k + 1) € {w(k),w(k) + 1} (see Fig. 1). The
set of patterns of size m is denoted P,,.

— If X and Y are two real numbers such that Y > 0 then X modY is the real
number such that 0 < XmodY <Y and W cZ.

— Forr € Rand E C R?, rE = {(rz,ry)|(z,y) € E}.

{

L
o
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Fig.1. The 16 patterns of size m = 4. Only the encircled one are not digital
segments.

3 Frequency of patterns in Discrete Parabolas

Let a,b € R such that a < b and a derivable function ¢ : [a, b] — R which satisfies
0<g(x)<1forall z€ [a,b]
In all the following, for any r» > 0 we use the notations:

[ A’r: |—%-|)BT: \.%J?NT:BT_AT—’—l’
o C¢=r{(X,Y)€Z*|A, < X< B,and Y = [2X) ]},

The set C? is the “naive” discretization of the graph of g at resolution r, and N,
is its number of points.
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Let m be a positive integer. The pattern at position X € [4,, B, — m] of
size m of C¢, denoted w¥ ., is defined by:

1k = E : :

The frequency of a pattern w of size m in CJ is defined by:
card{X € [A;, B, —m] |w% ., = w}

F(w) = N, —m

T

The aim of this section is the study of F9(w) for some functions g. For this
we will approximate the curve by its tangents which will also be discretized, so
we need some notions about digital straight lines:

For u € [0,1] and v € [0, 1), let us denote s%" the pattern of size m defined
by:

syl (k) = |uk +v].

A pattern of this form is called a digital segment of size m.
For any pattern w,

PI(w) = {(u,v) € [0,1]?| [uk + v| = w(k) for any k € [0,m]},

pinf, (w) = inf{v | (u,v) € PI(w)}, (1)
psup, (w) = sup{v| (u,v) € PI(w)}, (2)
FL,(w)=0 if {v]|(u,v) € PI(w)} =0

= psup,, (w) — pinf, (w) otherwise.

PI(w) is called the preimage of w, it is nonempty if and only if w is a digital
segment. F'L,(w) is intuitively the frequency of the pattern w in the discretized
straight lines of slope u. (See [2,3] for more details and [4] for the generalization
to slopes of planes).

In all the paper, the considered curves are parabolas corresponding to the
function g(x) = az?. We distinguish two cases: the case « irrational and the
case « rational. In Subsection 3.1, we will see that for « irrational, the frequency
F9(w) converges, when r is rational and tends to zero, to a quantity which can
be expressed by using the function  +— F' Ly (,)(w). In Subsection 3.2, we study
the case a rational, but we do not succeed to prove a similar result as in the case
« irrational. Nevertheless we obtain a weaker result (The Tangent Lemma).

3.1 Parabolas of equation y = ax? with « irrational

In this subsection we consider curves C¢ for g defined on [a,b] by g(z) = az?

with « irrational, and 0 < a < b < i This last hypothesis is needed to have
0<g'(z) <1forx € [a,b].
The main result of this subsection is the following:
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Theorem 1. If g(x) = ax?® with o ¢ Q then for any pattern w we have

b
FI(w) / FLy () (w)dz (3)

—
veg b
The rest of this subsection is devoted to the proof of this Theorem.
The first needed lemma shows that the discretization of a curve and the
discretization of its tangent are similar near the origin of the tangent and when
the resolution tends to zero:

Lemma 1 (Tangent Lemma). If g is defined on [a,b] by g(z) = ax® with «
irrational, and 0 < a < b < i then

X)) (90 X)
card{X € [A,, B, —m] |w§(,7‘,m gn( X)), (2 )}

N, —m r—0

Lemma 1 is illustrated by Fig. 2. In the last lemma we consider r € Q because
its proof needs the irrationality of ar.

sy =9g(@)

' tangent of the curve

x Discretization of the tangent

O Discretization of the curve

rl

rX

Fig. 2. Comparison of the discretization of the curve and the discretization of

’ g(rXx)
g(%m = Sgn(TX)’< = for m = 9 but not for m = 10.

its tangent : here we have w

Before starting the proof of Lemma 1 we need one more notation and two
other lemmas. For X € [A,, B,], we define P, (X)) by:

X
Po(X) = 20K | Xk = arX® 4 20krX = ar(X + k)2 — k2).
T

This definition is motivated by the following lemmas:

1 g g (rX) (422
Lemma 2. Ifr < ——, then for any X we have wy ., = sm " 'if and

only if for all k € [0,m] we have (P (X)) <1 — ark?.
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Proof.
_ g9(rX) |

- L@ + g (rX)k 4+ ark?] — |

g(rX)

]

We know that [u+ v] = |u] + [v] iff (u) + (v) < 1.
Sowh (k) = [ L2040/ (rX )k ] — [ 222 | iff (L2204 g/ (r X ) K+ (ark?) < 1.
With the hypothesis r < —L3 we have (ark?) = ark?®. But:

[e3

g(rX g(rX g(rX g(rX X (9K
28 grtrxm) - 278 = 2T g rxopg (2T ) = 05 g
"(r (rX)
SO Wy = 59 T i for all k € [0, m] we have (P, (X)) < 1—ark?.

a

Lemma 3. Let I be an interval of [0,1]. We have T, (1) - w(I) where
r—r
reQ

T, k(1) = Nicard{X € [Ar, B/ ]| (Prr(X)) € I}

and p(I) is the usual length of I.

The proof of this lemma uses Weyl’s argument, as in the proof of Theorem 1
of [2] or Appendix A.1 of [4], but extended to the quadratic case following the
same ideas as in [5, p6-7]. It is given in Appendix A.1.

"(r g(rXx)
Proof of Lemma 1. We recall that w% ., = sT T S for all k € [0, m]

we have (P (X)) < 1 — ark? so:

card{X € [A,, B, —m] |w¥%, . sfy;(TX)’<g(TTX)>} N, m
> < maXThk(Iryk)

N, —m - N.—m k=0

where I, = [1 — ark?,1), so it is sufficient to show that T} (I, x) — 0 for
r—
reQ
any k € [0, m]. Let € > 0, there exists R; > 0 such that for any » < Ry we have
ark?® < % We know by Lemma 3 that there exists Ry > 0 such that for any
r < Ry we have T} (I, k) < (IRy k) + 5. If r is such that » < min(Ry, Ry), we
have:

Sr,k(IT,k) < Sr,k (Ith)

19
< u(lp, k) + 3

€
= ark? 4+ =
ark” + 5
cELE_,
-2 2
This finishes the proof of Lemma 1. a
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Sketch of Proof of Theorem 1. We present here the main ideas of the proof of
Theorem 1. The detailed proof is in Appendix A.2.

By using Lemma 1 we know that F?(w) has the same limit as r tends to zero
as:

’ g9(rX)
card{X € [A,, B, —m] | s30T = 0y
N, —m '

Gl(w) =
But s&¥ = w is equivalent to (, (y)) € PI(w) so:

card{X € [4,, B, —m] | (¢'(rX), (L220)) € PI(w)}

g =
G4 (w) i

which has the same limit as H,.(PI(w)) where

card{X € [A., B,] | (¢/(rX), (45*)) € B}

H,.(E) = r
(E) B, — A, +1

By applying Lemma 3 with k& = 0 to the piece of the curve y = g(z) restricted
to the domain ¢'~1(a1) < 2 < ¢~ 1(az), we can prove:

glil(O@) - g/il(al)‘u(l)

r—0 b—a
reQ

HT([OQ,OQ) X I)

So by approximating PI(w) as the union of rectangles

n

U [Wi—1,y:) X [pinfy.; (w), psup,, (w))

we approximate H,(PI(w)) by:

g yi) — 9 (wimr)
; - FLy, (w)

which is a Riemann sum for f; FLy () (w)dz. O

Corollary 1. If g(r) = ax? with o ¢ Q, then for any pattern w which is not a
digital segment we have

F!(w) —— 0.
r—0

reQ

Numerical Application: We illustrate Theorem 1 with an example. Consider
the curve C defined y = g(z) = %xQ for = between a = 0 and b = %, and the

pattern w of size m = 3 defined by (w(0),w(1),w(2),w(3)) = (0,1,2,2). We will
compute the limit of the frequency of w when the resolution tends to zero.
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First we can compute easily F L, (w) because oo — F L, (w) is a continuous
function which is affine between two m-Farey numbers (see [3]). So we deduce:

1

FLy(w)=0 if a €0, 5]
12

=2a—1 ifOéE[i,g]

2
=1- if =, 1
« 1a€[3,]

Theorem 1 proves that:

1 b
Fi(w) — / FLy () (w)da

r=0 b—a

reQ

:\/i/oﬁ FL 3, (w)dz

=V2 </TW(2\/§x—1)dx+/f(1—\/§x)dx> = 1—12
2v2 3v2

3.2 Parabolas of equation y = ax? with o rational

Now we are interested in the case where « is rational. Theorem 1 can be general-
ized to o rational and to the irrational resolutions r because only the irrationality
of ar is used in the proof of this theorem.

On the contrary, in the case a rational and rational resolutions, the only
result we will prove in this subsection is about the Tangent Lemma. Moreover,
we must impose some restrictions about the resolution r and the interval [a, b] of
definition of the parabola: ra = * where p is a prime number ; ¢ = 0 and b = i
In all this subsection we suppose that these conditions are satisfied. Actually, we
do not succeed to prove the Tangent Lemma in the general case for a rational.

Let Pk (X) = ra((X +k)?—k?). We will prove that for any interval I C [0, 1]

5 card{X € [A,, B, — k]| (P.x(x)) € I}
7‘1—% Nr —k a

1 .
7o Is prime

n(l)

Definition 1. Let p be a prime number and a be an integer number, we define

the Legendre symbol (%) of a relatively to p by

“ 0 if p divides a
(=) =< 1 if athere exists t € Z such that amod p = t*> mod p
p —1 otherwise.
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Property 1. (Pélya-Vinogradov inequality [6], [7, Chap. 23]) Let p be a prime
number and M and N two positive integers then

M+N

IZ o)l < vPlog(p)

Corollary 2. Let J = [M, M + N] be an integer interval. Then

|card(J)
2

—card{y € I| (;j—) =1}| < /plog(p)

Lemma 4. Let o be a rational number and assume that a = 0 and b = i

Then, for any interval I C [0, 1]

1o card{X € [Ar, B, — ]| (Pra(X)) € I}
750 N, —k

= u(I)

where the limit is taken on the r such that r > 0 and ra = 1—17 where p is a prime
number.

Proof. The function X — X?mod p from [1, 2*] to {Y| (%) = 1} is a bijection.

Put HT:card{Xe[[Ar,Br E] | (Prx(z >€I}.Th

N,
L card{X € [k 5] (X=Ey eI} 2card{X € [k, B52] | X mede=t ¢ 1} ,
T N, — k N p+1—2k )
Thus

-1 Y
card{X € [[1,pTﬂ | X?modp € J} = card{Y € J| (=) = 1} where J = pI + k*.
p

So [card{X € [k, 2*] | X*modp € J} — card{Y € J | (%) = 1}| < k.
By using Pélya-Vinogradov inequality we have:

|card(J)
2

-1
—card{X € [1, pT]] | X?modp € J}| < /plog(p)

So, <25 — card{X € [k, 23] | X*modp € J}| < \/plog(p) + .
By (4) we have

2 card(J) 2 p ) 2, /plog(p) + 2k
- d{X k X d B A
|p+1—2k: 2 p+1_2kcar{ € [k, ﬂ| modp € J}| < PRI
d{X € [A,, B, — k]| | {Pr1 (X I
ThU.S, 1iInr—)O car { < [[ ’ ﬂ |< ’k( )> € } = ,U/(I)
N, —k .
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Theorem 2 (Tangent Lemma for rational slopes and special rational
resolutions). For any rational o > 0 and any a,b such that 0 < a < b < % we
have

(r g9(rX)
card{X € [A,, B, —m]|w% ., s,gn( X) (557

Nr —m r—0

7o s prime

Proof. The case where a =0, b = i can be proved exactly in the same way as

for Lemma 1 by using Lemma 4 instead of Lemma 3. Consider the general case
[a,b] C [0, 5~]. Then we know that:

) 2a

’ arX)
card{X € [A,, B, — m]|w% .., # Siyn(rX),w X))

N, —m
’ r g(rX)
Lﬁlrj +1—m card{X € [0, L%J —m] |w§(7hm sfn( X550
- N,.—m 5] +1—m
5 1
2a_.0=0 because of the case a =0, b = —.
s 7_‘—)0. b—a 2
—— is prime

o

O

Unfortunately we do not successfully generalize Theorem 1 to rational o and
some rational resolutions even if experimentally Theorem 1 seems to be true in
all the cases.

4 Application to local estimators of length

A local estimator is given by a weight function p from the set P,, of patterns of
size m to R. The estimated length of the curve y = g(x) where g : [a,b] — R at
resolution r is given by:

| Br=n=ar |

l(p,g,?") =T Z p(wxgﬁh-l-km,r,m)'
k=0

Theorem 3. Let a,b such that 0 < a < b. The length estimated by a local esti-
mator of a parabola y = ax?, x € [a,b], (a < 2%)) converges when the resolution
r is rational and tends to zero, to the length of the parabola only for a finite
number of irrational numbers .

Sketch of proof. For this proof we use the notation [f(z)]2 = f(b) — f(a).
It is easy to see that:

0.r) ~ LD S ) Fw) 0

r—0
WEPm
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p(wy) =2
w1
/ p(wg) = 2.2
y = g(x)
wg
w3

p(wg) = 2.2

p(wy) = 2.8

=

W2 L w4 W w2 Wl Wl wowgwzwy walg wawiwgwilwy )

a) b)

Fig. 3. Estimation of length of a curve from its discretization for two different
resolutions: a) I(p, g, %) = %(2p(w1) + 3p(w2) + 1p(wyq)) = 6.7,  Db) l(p, 9, i) =
1(4p(w1) + 5p(ws) + 2p(ws) + 2p(ws)) = 7.1

where

card{X S [[Ar, Br - mﬂ N (AT + mZ) |wg(,7',m = w}

B,—m—A,
Bzt |

F(w) =

Consider again the curve defined by g(z) = az? for a ¢ Q. The proof of
Theorem 1 can be extended to prove that:

1
F(w) —
(@) T

b
reQ @

So,

b
l(p,g,?‘) — l p(W)/ FLg’(I)(w)dm' (5)

r—0 m
reQ WEPm

10
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We know that x — FL,(w) is piecesewisely affine ([3]). From this property
we deduce that we can partition the interval [0, 5] in a finite number of intervals
(Ir)o<k<n such that L.s(a) = limT_,(gl(p,g, r) is of the form 4 =+ Ba+ C on

== re

each interval Ij;. (See Appendix A.3 for the details).
Let Lyeqi(a) be the length of the parabola {(z,az?) | x € [a,b]}. We have:

b
Teal / \/Wdl' — [ 2(205':6)2 + arg512h(20&:€)
«

a

Suppose that Lyeqi(@) = Lest() for an infinite number of irrational numbers
«, then there exists an interval Ij of the previous partition of [0, 2b] such that
Lmal( ) = Lest(a) for an infinite number of irrational numbers o € I,. On I},
we know that L.s:(«) has the form 4 = + Ba + C. The functions a +— aLyca(a)
and o — a( + Ba + () are holomorphlc in a open set of C containing [0, 5]
and are equal for an infinite number of « € I, C [0, 2b] So by Theorem on the

zeros of holomorphic functions [8, Cha. 10] they are equal on [0, %]. So:
2 1
aLyeqr(a) = A+ Ba® + Ca for all a € [0, 2b]
We have:
a(OéLTeu,l (

= by/1+ (2ab)2 — a\/1 + (2aa)?
=b—a+2(b°—a*)a* +o(a?) when a — 0

O

But w 2Ba+ C, so 2(b® — a®) = 0 which is impossible if b > a. So
the hypothesis that L,eq () = Lesi(«) for an infinite number of irrational « is
absurd. O

Corollary 3. Let a,b such that 0 < a < b. The length estimated by a local
estimator of a parabola y = az?, x € [a,b], does not converge when the resolution
is rational and tends to zero, to the length of the curve for almost all o € [0, %]

Numerical application: Again, we take the curve y = g(z) = %xQ for x

between a = 0 and b = % Suppose that we consider the 1oca1 estimator Chamfer
5-7-11 ([9]) with m = 2, p(000) = 2, p(001) = p(011) = 22, p(012) = 25. With
Equation (13), we can prove that the estimation of the length of the parabola
given by this local estimator converges to L.y = E ~ 0.813172, this limit is
different from the length of the parabola which is 5+ i\/_log(lnL\/_) ~ 0.811612.
Moreover Figure 4 shows how the length given by the estimator converges to its

limit when the resolution tends to zero. It seems on this example that I(p, g, ) —
Lest = O(T)

11
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log(jestimated length-limit))
&
.

. . . .
2 4 6 8 10 12 14
log(1/r)

Fig. 4. Figure showing Convergence Speed of the Chamfer 5-7-11 to its limits
for the parabola y = \/L§$2, 0<x< %

5 Conclusion and Perspectives

In this paper, we have proved some local properties of discretizations of parabo-
las: First we show that locally discretization of parabola and discretization of
its tangent often coincide (Tangent Lemma: Lemmas 1 and Theorem 2). In par-
ticular, asymptotically, the local patterns of a discretized parabola are digital
segments. From this, we also give an explicit formula for the limit of frequency
of a pattern of a parabola when the resolution tends to zero (Theorem 1). This
has the important consequence that we can know to what tend local estimators
of length for the parabolas, moreover it can be proved that this limit is often
different from the length of the curve.
This work mainly brings two perspectives:

— The extension of Formula (3), which gives the limit of the frequency of pat-
tern when the resolution tends to zero, to more general curves, in particular
to the curves y = P(x) when P is a polynomial of degree greater than 2.

— The application of this work for recognition of curve by just looking at
patterns. For example, if the frequencies of patterns of a curve does not

satisfy Theorem 1 then it is not a parabola of equation y = az?.
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A Proofs

Additional notations

— The distance between x and Z is denoted ||z||. So ||z| = min({z),1 — (z)).

— If z is complex number Z denotes its conjugate, and Re(z) denotes its real
part.

— ged(p, g) denotes the greatest common divisor of p and q.

A.1 Proof of Lemma 3

For any f € L1(]0,1]) we define:

Sklh) =3 D TPAXD),
" X=A,

so we have T}, (I) = S, 1 (x1) where x7 is the indicator function of I. We denote
e(t) = €™ and e.(t) = e(ct).

Sublemma 5 For any ¢ € Z\ {0} we have Sy j(e.) — 0.

r—0
reQ
Proof.
|Sr,k(ec)|2 = Sr,k(ec)sr,k(ec)
1 -
~ N2 ec(Prk(X))ec(Pri(Y))
T A<X,Y<B,
1 2
= 5. T vaBe > e Prr(Y) = Por(X))

r A, <X<Y<B,

13
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Let us pose Y = X + h, we have

Poi(Y) = Pop(X) = ra(X + h)? +2ak(X + H) — arX? — 20krX
= P.(h) 4+ 2arXh

So:

1 9 B,—1 B,—X
1Sk (ee)|? = ~ ke < > eC(PT,k(h))ec(Qath)>
N,—1 B,—h
< Z ec(P, eC(QQTXh)>
h=1
Z ec(2arXh) ))

B
X=A,

Subsublemma 6 For any f € R\ Z, u,v € Z such that uw < v we have:

v ' 1
;e(ﬂk) < mln(vfqul,m).
Proof.
- . . ul—e(ﬁ(v—u—i—l))
I; (Bk) = e(fu)———
- 2
2 <UW] < =gz
](3but [1-— e(ﬁ()| —) |e(2 )i* e(— ‘g) 0 (]g) S|— 2| sin(w3)|. Moreover sin(wf3) > 23|
ecause sin(mx) > 2z for z € % o:
1
. )| < ﬂ

With the clear inequality |, _, e(8k)| < v —u+1, it ends the proof of Subsub-
lemma 6. ad

As Re(z) < |z|, Subsublemma 6 shows that:

Np.—1

1 2 1
Sri(ec)® < —+ 3 in(Np, 75—
Seslecll < 570 3 2 MO e

) (6)

14
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Subsublemma 7 Let Cp > 0, u € R\ Q, N,p,q € N which satisfy ¢ < CoN,

lug —p| < C%N, ged(p, q) = 1. We have

2

N
min( 4(1+C (—+Nlo

).

Proof.
N—-1
N -
> min(N. ey h|| Z 2 min(N, 5o
h=1 H=0 h=qH-+1
But:
qH+q

h=qH+1 h=1

. 1 - - min SNl T L
3 mm(N,MFZ (N’2||u(qH+h)||)

lu(gH + )| = (== . O gt + 1) where & = ug —p

eh
= lpH+ Eht+eH+ 2
q q
eh
— 1Bt eH+ 2
q q

Let v = (¢H)mod (%), and kg such that eH = ~ +

%". We have: (Eh +

eH)modl = ~ + % where i, = (ph + kog) modq. As ged(p,q) = 1, {in|h €

[[Lqﬂ} = [[an - 1]]'

If 9), < % then

lu(gH + h)|| = H7+ + —H

’Lh |€|h
Zlv+—ll-—==
q
EL
q q
> el
q
>h_ 1
~q GoN
Similarly if i, > £ then
Zh |€|h
[u(gH + h)[| = [y + — . ==
’L'h elh
—1- 2y
q q
- g—1—u 1 .
- q CoN

15
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If we use the variable change h — iy, for i < yhe—=q—1—1ip for iy > 1. the
inequality min (N, m) < N for i), = 0 ,q—2,q—1, and the 1nequahtles

(7),(8) for the other i, we deduce:

me m < 4N + 2 Z (q CON).

122

But ﬁ <1+ 2z for z € (0, %] So for ¢ > 2 we have:

1 _q 1
é - ch il iCZN
1
< % <1+2iCZN> because ; ZN € (0, 5] asi>2and ¢ < CoN
<24
i
So
q Lq21J
min(N, ——— ) < 4N + 2 -
S . s 03]
But:
L5+ 1 75+
—dt
RO
nglJ
<3 [
i=2 YT
11
:/ L4
1 t
q—1
= log([——1)
So:
N—1
. N — q—1
> min(N, TRl hII ( J+1) <4N+2qlog(LTJ))
h=1
N
< (; + > (4N + 2qlogq)
N N
< (— + o ) (4N + 2qlogq) because ¢ < CoN
<41+ C’o)(N + Nlogq)
This finishes the proof of Subsublemma 7. a

16
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In the following we suppose that r is rational. So ar is irrational, so by Dirichlet’s

principle ([11]) we know that there exist two coprime integers ¢, < af(év:a) and

pr such that [2arcg, —p.| < %. By Subsublemma 7 with Cy = —ac(g_a) and

Equation (6) we deduce:

1 8(1 + Co) N?
2 T
|Sr,k(€c>| < _T + 7]\[3 7 + NT 1qur
1 8(1+Co) | 8(L+Co)loga,
- Ny dr N,
As N, — +oo and 1284 < 1og(§0Nr) 0, it remains to prove that ¢, —
r—0 r T r—0 r—0
+o00.
We have:
r b—
% > 2are — %]\Ga)

We have N, > (2 —1)— (2 +1)—1 = 2= We suppose without loss of
b—a

bTS , SO

generality that r < b*T" so N, >

br > 2arc — arc > 0,

qr

so p, > 1. We deduce:

1 - 1
—§p—§2arc+ §2arc+ﬁ

G~ qr A e

So ¢, > =—=~— —— 400. This ends the proof of Sublemma 5. a
2arc+N—T r—0

To finish the proof of Lemma 3 we must prove that S, , (xr) — wu(I) where
r—

reQ
X1 is the indicator function of I. We have S, x(ep) = 1 and by Sublemma 5

Sr.i(ec) - 0 for ¢ # 0, so by Weyl’s strategy (see for example [2] or [4,
r—

reQ
Appendix A.1]) we can prove Lemma 3. a

A.2 Proof of Theorem 1

Now let:
/ 9(rX)
() = SOHX € [4r, By — ]| 9, TX ) oy
I(w) = N m .
By Lemma 1 we have
Fl(w) = GY(w) — 0. (9)
reQ

17
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We have by definition of PI(w) (and because | (25X} | = 0):

T

card{X € [A,, B, —m] | (¢'(rX), ({Z20)) € PI(w)}
N, —m

Gi(w) =

For any subset E of R?, we define:

Ho(E) = card{ X € [A;, B,] |]($T’(7*X), <9(TTX)>) € B}

We have

NTHT(PI(W)) — < NTHT(PI(W))
N, —m - N, —m
Suppose first that E = [, ae) x I. The function ¢’ is linear, so in particular
is a bijection, we denote by ¢'~! its reciprocal function. We suppose that o >
0, so that ¢’ is an increasing function. (¢'(rX), (@» € FE is equivalent to
g (rX) € [a1,az) and <@>) el. So

< avw) (10)

card{X e [[7=(], 72| (#59) € 1)

H,(E) = N

If we apply Lemma 3 with k£ = 0 to the piece of the curve y = g(z) restricted to
the domain ¢'~!(ay) < x < ¢’ (). we find:

N,.H,.(E)
Lg’*l(az)J _ (9/*1(a1)1 41 =0 w(I)
r r re
We deduce that:
g/—l 042) —g —1 o
H,([or,a2) x I) - ( — (1) (1) (11)
reQ

In [10] it is shown that
PI(w) = {(o, B) | @ € [aw, ] and pinf  (w) < S < psup, (w)

where a — pinf, (w) and « — psup,, (w) are two piecewise affine functions which
slope is between —m and 0. ! 2

Let n € N\ {0} and y; = oy + i===t for i € [0, n].

PI(w) is approximated by an union of n rectangles:

n n

UWi-1,v) x[pinf,, | (), psup,, (w)) € PI(w) C | J[gi-1, ] x [pinf,, (), psup,, , (w))

i=1 i=1

! In fact it is proved that PI(w) is a triangle or a quadrangle.
2 Formulas (1),(2) do not define pinf and psup for o = au, ce, we define these values
just by continuity.

18
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Asy; —yi—1 < % and « — pinf,_ (w) and « — psup,, (w) are two piecewise affine
functions which slope is between —m and 0, we have pinf,, | (w) < pinf, (w)+2
and psup,, ,(w) < psup,, (w) + 2. So:

n

. m
U[yi—layi) x [pinf, (w) + 2 PSuby, (w)) C PI(w) C
i=1

Ulyis,9:] x [pint,, (), psup,, (@) + ) (12)

Let

n ' m
Fn,r = H’l“ <U[y117yz) X [plnfyi (w) + Ea psupyi (w))> )

|

[

n

e

[Yi—1,yi] % [pinf,, (w), psup,, (w) +

K2

—

F’I/l,THT<

So by Equation (12):
For < H.(PI(w)) < F, .

By summing equations of the form (11) we obtain:

P — i 9 yi) — 9 M yi-1) (FLyi (w) — ﬂ)

P, — Z 9 yi) — 9" yi-1) (FLyi (@) + T)

n,r

29 = b—a n
Let
1—=1(0 N =10,
P SV e =V
n — b —a yl(w)
n I=1(0 N =1,
lim F _ P — g (yl) g (yz—l) m
(Tlgé ) n ; b—a "
:_zn: i(yz %71)@
b—ua n
i=1
o omae — o) 1
 2ab—a) n
Similarly

19
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Let z; = ¢’ (y;), we have

n FL, 2 )W
Fo =Syt

=1

FL,

which is a Riemann sum of z — %(M), but t — FLi(w) is continuous ([3]),

so we have by [12, Chap. 5]:

F”
n ?
n— 00 —a

b
/ FLg/(z) (w)dz
Let € > 0, there exists N7 such that for all n > N; we have

1 b
F/l/ — b—a / FLg/(z)(w)d.T

<

Wl ™

There exists Ny such that for any n > Ny we have

m(ae — ap) 1 - 3
2a(b—a) n 3

Let N = max(Ny, N3) + 1. There exists Ry > 0 such that for any rational

r < Ry we have:

— 1
Fy, — (F!' — m(ae — ap) 2 <
|Fver = (Fy 2a(b — a) N)|_

There exists Ro > 0 such that for any rational r < Ry we have:

— 1 €
. _(FV m(ae — ap) V<2
| N,r (N+ 20((()—&) N)|—3
Suppose that r < min(Ry, Rs).
We have:
H.(PI(w)) > F,,
— 1 €
> plo_ m(ae ab) - c
=N 2b-a) N 3
E €
> F// - =
=N 3 3
1 b e € €
> FL, de — - — - — =
_bfa/a go@dr =3 =3-3
1 b
= b a / FLg/(I)(w)d:E — &
Similarly

20
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SO

b
H,.(PI(w)) — / FLy () (w)da

r=0 b—a
reQ

With (9) and (10) this proves Theorem 1. O

A.3 Proof of Theorem 3

It is easy to see that:

(0.1)~ LD S ) F ) 0

r—0
WEPm
where
o card{X € [A,, B, —m] 0 (4, + mZ)|w%,.,, =}
F r = LBT7M*ATJ '

Consider again the curve defined by g(z) = ax? for a ¢ Q. The proof of
previous section can be extended to prove:

1 b
Flg —_— / FLg/(m) (w)d:c

=
S0
1 b
l(p,g,7) g Ewepm’p(w)/a FLy ) (w)da. (5)

Let F,, the n-th Farey of order m.

We know that x — FL,(w) is affine on the intervals [F}, F;1+1] ([3]). So for
each i there exists u;, v; we have FL,(w) = w;x + v;.

Let ko the smallest integer k£ such that 2aa < Fj, and [, the biggest integer
[ such that F; < 2ab. We deduce that

Fra lo—1 Fit1

b 2a 2a
/ FLy () (w)dz = / (ug, —1(2a2) + v, —1)dx + Z N (u; (20) 4+ v;)dz+

i=kq ¥ 2a

b
/ (ur, (2azx) + vq )da
!

o
2c

Fr, la—1 Fit1

= [uka,la:cQ Jrvka,l:c} a2“ + Z [uiazQ +vi:c} £+ [ulaazQ +vlaz]b

e Za
Aa w
= — + Ba,wa + Ca,w
«

21

£
o
2



hal-00374372, version 5 - 6 May 2010

loa—1
1 : P
Apw = 1 <uka1Fk2a + 2up, 1 Fh. + E [uiz® + 2v2] n u FP — QUZQEQ>

i=kq
2 2
Boz,w = ulab — Uk, —10

Cow = V1,0 — v, 10

As k., and [, are constant on the intervals which contains no reals 5—a and
g—g, we can partition the interval [0, 5;] in a finite number of intervals (I )o<k<n
such that the functions o — Aq o, Ba,w, Caw are constant on each interval .

By (5), we have:

Ag
lim I(p,g,7) = — 4+ Baa + C,, (13)
r—0 0]
reQ
where
Au= 2 3 Pl aws Ba=o 3 p@)Baw Ca=o 3 plw)C
a — w a,ws a = a,ws a — oW
m p , m plw , m plw
WEPm WEPm WEPm

S0 Lest(ar) = 1imr_>(§ I(p,g,r) is of the form é + Ba + C on each interval I.
TE

Let Lycqi() the true length of the parabola curve {(z, az?) | z € [a,b]}. We
have:

b
Lycal(a) = / V14 (2ax)?dx
[x\/l + (2ax)? L a8 sinh(2ax) ’

2 4o

a

Suppose that Lyeqi(«) = Lest(@) for an infinite number of irrational « then there

exists an interval I of the previous partition of [0, 2%)] such that L,eq(a) =
Lest (o) for an infinite number of irrational o € Ij,. On I, we know that Leg ()
has the form 2 4+ Ba+C. The functions a — aLyeq (@) and o — a(2 + Ba+C)

are holomorphic in a open set of C containing [0, 2%)] and are equal for an infinite

number of o € I, C [0, 2%)] so by Theorem on the zeros of holomorphic functions

[8, Cha. 10] they are equal on [0, 57]. So:
1
aLyeqi(@) = A+ Ba®>+Ca  foralla€ [0, o
We have:

W =by/1+4 (2ab)? — a\/1 + (20a)?

=b—a+2(b>—a®)a® +o(a?) when a — 0

22
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But 24+Ba4Ca) _ 9B 4 C, 50 2(b* — a®) = 0 which is impossible if b > a. So
the hypothesis that L,eq () = Lest(«) for an infinite number of irrational « is
absurd. O
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