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Abstract

We study the actions of local conformal vector fieldsX ∈ conf(M, g) on the spinor bun-

dle of (M, g) and on its classical counterpart: the supercotangent bundle M of (M, g). We

first deal with the classical framework and determine the Hamiltonian lift of conf(M, g) to

M. We then perform the geometric quantization of the supercotangent bundle of (M, g),
which constructs the spinor bundle as the quantum representation space. The Kosmann

Lie derivative of spinors is obtained by quantization of the comoment map.

The quantum and classical actions of conf(M, g) turn, respectively, the space of differ-

ential operators acting on spinor densities and the space of their symbols into conf(M, g)-
modules. They are filtered and admit a common associated graded module. In the

conformally flat case, the latter helps us determine the conformal invariants of both

conf(M, g)-modules, in particular the conformally odd powers of the Dirac operator.

Keywords: conformal geometry, symplectic supermanifold, spin geometry, geometric quan-

tization, conformally invariant differential operators.

1 Introduction

Conformal geometry naturally emerges in physics from the study of the dynamics of free

massless particles in space-time (M, g). This has for quantum counterpart the conformal

invariance of the wave operator and the Dirac operator, describing the dynamics of the free

massless fields of spin 0 and 1
2 respectively.

On a pseudo-Riemannian manifold (M, g), the conformal invariance of an object means

its invariance under a rescaling g 7→ Fg of the metric, where F is a positive function on M .
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In the conformally flat case, this is equivalent to invariance under the action of conf(M, g),

the sheaf of local conformal vector fields on (M, g). The latter is then locally isomorphic

to the conformal Lie algebra o(p + 1, q + 1), with (p, q) the signature of g. A great part of

conformal geometry is precisely the study of conformal invariants, and those generalizing the

wave operator have been intensively investigated. In the conformally flat case, Eastwood and

Rice [17] have classified conformally invariant operators in a general setting, and obtained in

particular those with values in tensor densities, e.g. the wave operator (or Yamabe operator).

They are the conformal powers of the Laplacian and have been generalized later as the GJMS

operators [23] in the curved case. Since then, they have attracted more attention, especially

their zeroth-order term which generates the celebrated Q-curvature [8]. Their classical coun-

terparts are much simpler and consist in their principal symbols only, which happen to be the

powers of the free Hamiltonian on T ∗M . In the conformally flat case, this correspondence

between quantum and classical conformal invariants can be enlarged to an isomorphism of

o(p+1, q+1)-modules, between the space of differential operators acting on densities and the

space of their symbols. This isomorphism is a symbol map whose inverse is the so-called con-

formally equivariant quantization [14]. Quite recently, this quantization procedure has been

generalized to the curved case [33, 41, 45], exhibiting tight links with the GJMS operators [11]

and their symmetries [15, 16, 46]. The latter are of first importance from the point of view of

integrability.

It seems natural to ask for a spin analog of the above picture, where the Dirac operator

replaces the wave operator, with in particular the hope to obtain new conformal invariants.

Such a program has been initiated in [34], and the present work should constitute its corner-

stone, for the conformally flat case. Considering a spinning particle on configuration space

(or space-time) (M, g), the aim of this paper is to determine the actions of conf(M, g) on

the classical and quantum phase spaces, and, next, to study the conf(M, g)-modules of corre-

sponding observables, namely the module of differential operators acting on spinor densities

and the module of their symbols. Further results, on conformally equivariant quantization as

well as on its eventual links with conformally invariant operators and their symmetries, can

be find in [34] and will be the subject of forthcoming papers.

For a spinning particle on (M, g), the quantum framework is well-known. The "phase

space" is the space of spinor fields, and differential operators acting on them constitute a

space of observables. As classical phase space we choose the supercotangent bundle of M ,

given by the fibered product M = T ∗M ×M ΠTM with Π the reverse parity functor. In the
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flat case, such a choice can be traced back to Berezin and Marinov [3], and Casalbuoni et

al. [2]. The geometric definition of M was first given by Getzler [20], as the geometric

realization of the algebra of symbols of the differential operators acting on spinor fields. The

non-usual Grassmann component of the algebra of symbols comes from the dequantization of

the Clifford algebra acting on spinors. Rotsthein gave, later, a representation theorem of the

even symplectic structures on a supermanifold [43], which yields a canonical symplectic form

on the supercotangent bundle of (M, g). This allows one to deal with Hamiltonian mechanics

of spinning particles (see e.g. [34] for the recovering of the Papapetrou equations [40]), and

complete the classical setting. To link the latter with the quantum one, geometric quantization

is perfectly suited, since its extension to supermanifolds is well-established [29, 50, 18]. As a

first step, supermanifolds over one point have been quantized in that way by Voronov [52]:

the resulting quantum representation space is the spinor module, whose usual construction is

recovered in the framework of geometric quantization. This sounds quite promising, but it is

only the prequantization of the supercotangent bundle that seems to have been performed [43].

We bridge the gap in Section 4 and prove that, as desired, geometric quantization of the

supercotangent bundle leads to the spinor bundle as quantum representation space.

Now, we would like to define conformal geometry on the supercotangent and spinor

bundles, therefore we need to define the actions of conformal vector fields on them. However,

no Hamiltonian action of conf(M, g) on the supercotangent bundle M seems to have appeared

in the literature, to the best of our knowledge. Besides, the action of conf(M, g) on spinors

which is known as the Lie derivative of spinors, has attracted much interest since the pioneering

work of Kosmann [26]. In fact, her construction, natural from a geometric point of view, is by

no means canonical, and several interpretations of it have been proposed, more geometrically

[7, 21] or physically [38] rooted. Nevertheless, no other definition has been proposed for

the Lie derivative of spinors along conformal vector fields. Taking advantage of its own

definition, Kosmann has established in [26] the invariance of the Dirac operator under the

action of conf(M, g). This work has not been extended to higher-order operators, and the

expected conformal invariance of some powers of the Dirac operator seems to have never been

considered, except by Holland and Sparling, in terms of rescalings of the metric [48].

The main results of this paper are: the correspondence between the new Hamiltonian

conf(M, g)-action on M and the Kosmann Lie derivative of spinors provided by geometric

quantization of M, and the comparison of the conf(M, g)-module of spinor differential opera-

tors with its two modules of symbols, as well as the classification of their conformal invariants
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in the conformally flat case. Let us detail the content of the present work.

We take advantage of Section 2 to introduce the needed elements of spin geometry and

supergeometry. We prove, in particular, that Clifford algebras arise as the Moyal-Weyl quan-

tization of symplectic supermanifolds over one point.

Next, we introduce in Section 3 the supercotangent bundle of (M, g) together with its

symplectic structure, given by an exact and even 2-form dα. In contradistinction with the case

of the cotangent bundles, it proves to be non-trivial to lift conf(M, g) to M in a Hamiltonian

way. The natural requirement to preserve α does not provide an unique lift of Vect(M), so

we further demand the preservation of an exact and odd symplectic form dβ on ΠTM . This

enables us to define a unique Hamiltonian lift for a Lie subalgebra of Vect(M) only. The latter

coincides with conf(M, g) for our choice of dβ as the pull-back to ΠTM of the canonical odd

symplectic form of ΠT ∗M via the metric g. Finally, we give the comoment map J 0 of this

Hamiltonian action of conf(M, g) on M.

We start Section 4 with a brief reminder of geometric quantization. Our aim is to

develop that of the supercotangent bundle M, which is essentially the merging of geometric

quantization of the cotangent bundle T ∗M and that of a supermanifold over one point. We

develop the latter in some extent, generalizing to arbitrary metrics the work of Voronov,

stated for an Euclidean one [52]. We complete then the geometric quantization of M upon

topological conditions on M , which amounts to restrict us to almost-complex spin manifold

if the metric g is Riemannian. We end up with the following theorem, which is a merging of

Theorems 4.13 and 4.14 and provides a new interpretation for the Kosmann Lie derivative of

spinors.

Theorem 1.1. The geometric quantization of (M, ω) constructs the spinor bundle S of (M, g),

and Γ(S) is the quantum representation space. The geometric quantization mapping QGQ

establishes the correspondence

∀X ∈ conf(M, g), QGQ(J 0
X) =

~

i
LX ,

where LX is the Lie derivative of spinors along X, proposed by Kosmann [26].

In Section 5, we define the conf(M, g)-module Dλ,µ of differential operators acting on

spinor densities, endowed with the adjoint action of the Lie derivative of spinors, and the

conf(M, g)-module Sδ[ξ] of their Hamiltonian symbols, endowed with the afore-mentionned

action on M. The both modules admit so-called natural and Hamiltonian filtrations. Using
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the normal ordering, we prove that Sδ[ξ] is the graded module associated to Dλ,µ for the

Hamiltonian filtration. We restrict then to conformally flat manifolds (M, g) until the end of

the section. This enables us to prove that Dλ,µ and Sδ[ξ] have a common associated graded

module T δ[ξ] of tensorial symbols, for the natural filtration. That is quite different to the case

of scalar differential operator, where the both filtrations and spaces of symbols prove to be

the same (see e.g. [14]). Our aim turns then to the classification of the conformal invariants of

the three preceding modules T δ[ξ], Sδ[ξ] and Dλ,µ, for M an oriented manifold. Adopting the

strategy of [37], we compute explicitly the action of generators of conf(M, g), and use Weyl’s

theory of invariants [53]. We end up with the following theorem, where γi are the Clifford

matrices, volg the volume form of (M, g) and (xi, pi, ξ
i) coordinates on M.

Theorem 1.2. The conformally invariant differential operators in Dλ,µ are,

1. the chirality: (volg)i1···inγ
i1 . . . γin ∈ Dλ,λ,

2. the Dirac operator γi∇i, and its twist gij1(volg)j1...jnγ
j2 . . . γjn∇i in D

n−1
2n

, n+1
2n ,

3. for s ∈ N
∗, the operator in D

n−2s−1
2n

, n+2s+1
2n given locally by N (∆Rs), with R = gijpipj,

∆ = piξ
i and N the normal ordering (see 5.4).

Section 6 gives us the opportunity to present some open questions and to draw several

perspectives, that will be investigated in future papers.

We use the Einstein conventions and freely lower and rise indices of coordinates, vector

fields and tensor fields thanks to the metric g on M .

2 Preliminaries

We present in this section the basic definitions and notation used throughout this paper.

The algebra of differential operators acting on spinors and its graded algebra of symbols are

introduced, as well as supermanifolds, in particular over one point.

2.1 Elements of spin geometry

We define here the Clifford algebra and its spin module, prior to geometrizing them as fibers

of bundles over a manifold. This is a classical subject extensively treated in the literature,

see e.g. [30, 4].
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2.1.1 Algebraic structures

Clifford algebras are algebras canonically associated to metric vector space (V, g), where g

is a symmetric and non-degenerate bilinear form of given signature. They are defined by

Cl(V, g) = T (V )/I(V, g), i.e. the quotient of the tensor algebra of V by the ideal generated by

the Clifford relations u⊗v+v⊗u+2g(u, v), for u, v ∈ V . The graduation of the tensor algebra

induces a filtration on the Clifford algebra: Cl0(V, g) ⊂ Cl1(V, g) ⊂ · · · ⊂ Cln(V, g) = Cl(V, g),

where n is the dimension of V and Clk(V, g) is the above quotient of the vector space of tensors

of order k at most. As any filtered algebra, it admits an associated graded algebra, which is

by definition Gr Cl(V, g) =
⊕n

k=0 Clk(V, g)/Clk−1(V, g), and that proves to be isomorphic to

the Grassmann algebra over V ,

Gr Cl(V, g) ≃ ΛV. (2.1)

Besides, there exists a unique irreducible space of representation of the Clifford algebra, called

the spin module and denoted by S. If V is of even dimension, Cl(V, g) ≃ End(S), where

Cl(V, g) is the complexified Clifford algebra Cl(V, g) ⊗ C.

2.1.2 Geometric structures

The preceding algebraic constructions can be geometrize over a pseudo-Riemannian mani-

fold (M, g), we restrict us to one of even dimension. The Clifford bundle Cl(M, g) always

exists and is unique, as bundle associated to the bundle of orthonormal frames. It is defined

as the bundle over M , whose fiber in x ∈M is the Clifford algebra of T ∗
xM endowed with the

metric g−1
x at x ∈ M . The algebra Γ(Cl(M, g)) of sections of the Clifford bundle is filtered

and the geometric version of (2.1) reads Gr Γ(Cl(M, g)) ≃ Ω(M), where Ω(M) is the space

of differential forms over M . On the contrary, the spin bundle does not always exist. It is

defined as the vector bundle S →M satisfying,

End(S) ≃ Cl(M, g). (2.2)

The spin bundle can be obtained as bundle associated to a spinor frame bundle, with structural

group Spin or Spinc for example [49]. We suppose from now on that M admits a spin bundle S.

Given a vector bundle, we can define the algebra of differential operators acting on the

sections of that bundle. Starting with the spin bundle S, we obtain D(M,S) the space of

differential operators acting on spinors, i.e., on sections of S. This algebra is filtered by

the order of the operators, the subspace of kth order operators being defined by recurrence,

6



Dk(M,S) = {A ∈ End(Γ(S))| [A, f ] ∈ Dk−1(M,S),∀f ∈ C∞(M)}. Denoting by D(M) the

algebra of scalar differential operators, we obtain the isomorphism

D(M,S) ≃ D(M) ⊗ Γ(Cl(M, g)), (2.3)

thanks to the isomorphism (2.2). Both algebras D(M) and Γ(Cl(M, g)) being filtered, the

algebra of spinor differential operators is actually bifiltered. Generically, the graded algebra

associated to an algebra of differential operators is called an algebra of symbols, that of D(M)

is GrD(M) ≃ Γ(STM) ≃ Pol(T ∗M), where Γ(STM) are the symmetric contravariant tensor

fields over M and Pol(T ∗M) the algebra of functions on T ∗M which are fiberwise polynomial.

We denote this algebra of symbols by S(M). Usually, that of D(M,S) is S(M)⊗Γ(Cl(M, g)).

Following Getzler [20], we go one step further and consider rather the bigraded algebra,

GrD(M,S) ≃ S(M) ⊗ ΩC(M), (2.4)

as the algebra of symbols of D(M, S). The latter can be interpreted as an algebra of tensors,

or as an algebra of functions on the supercotangent bundle of M , see below.

2.2 Basics of supergeometry

Supergeometry relies on the notion of supercommutative algebras, which are associative alge-

bras endowed with a Z2-graduation, denoted by | · |, such that ab = (−1)|a||b|ba, for homoge-

neous elements a and b of the algebra. The elements of graduation 0 are called even and the

ones of graduation 1 are said to be odd.

There are mainly two approaches to supermanifolds, [32, 29] and [12, 51]. We use the

first one in terms of sheaves, but in a very concrete setting relying on vector bundles E →M

and the reverse parity functor Π. We only work with supermanifolds defined as ΠE =

(M,Γ({·},ΛE∗)), where Γ({·},ΛE∗)) is the sheaf of sections of the exterior bundle. The

algebra of smooth functions on ΠE is C∞(ΠE) = Γ(M,ΛE∗), and it admits local coordinates

(xi, ξa), where (xi) are even and form a coordinate system on M and (ξa) are odd and form

a base of the fibers of E∗.

All the usual objects of differential geometry can be generalized in the framework of

supermanifolds, in particular differential forms. They form a sheaf of bigraded algebras,

by the cohomological degree p(·) and by the Z2-graduation | · |, with the following law of

commutation for homogeneous elements,

α ∧ β = (−1)p(α)p(β)+|α||β|β ∧ α. (2.5)
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As a consequence, for odd functions ξa and ξb, we have dξa ∧ dξb = dξb ∧ dξa.

A symplectic structure on a supermanifold is a closed and non-degenerate 2-form, which

is even if not stated otherwise. Kostant has proved an extension of the Darboux theorem in

that setting.

Theorem 2.1. [29] Let (M, ω) be a symplectic supermanifold. At any point, there exists a

flat metric given by ηab = ±δab, and local coordinates (x̃i, p̃i, ξ̃
a), with x̃i, p̃i even and ξ̃a odd,

such that

ω = dp̃i ∧ dx̃i + ηabdξ̃
a ∧ dξ̃b. (2.6)

Such coordinates (x̃i, p̃i, ξ̃
a) are called Darboux coordinates. The local model for a sym-

plectic supermanifold is then T ∗
R

n × ΠR
p, where T ∗

R
n is endowed with its canonical sym-

plectic structure and ΠR
p is endowed with the symplectic structure associated to a flat metric

on R
p of given signature.

Let us mention the existence of odd symplectic structures, whose local model is the

cotangent bundle with reverse parity, namely (ΠT ∗M,dξi ∧ dxi) with (xi, ξi) a coordinate

system of ΠT ∗M [31].

2.3 Symplectic supermanifolds over one point

Prior to the study of the supercotangent bundle, let us focus attention on the purely odd

supermanifolds, which are essentially Grassmann algebras. We investigate their symplectic

structures and the deformation of their algebras of functions by the Moyal product, which

leads to Clifford algebras. This is well-known, and develop for example in [19, 35].

A symplectic supermanifold over one point is a real metric vector space with reverse

parity, ΠV , whose algebra of functions is the Grassmann algebra ΛV ∗. A system of coordinates

on ΠV is provided by a dual basis (ξ1, . . . , ξn) of V , n being the dimension of V . It generates

the superalgebra of functions of ΠV , whose Z2-grading comes from the natural Z-grading

of ΛV ∗.

From the commutation law (2.5) of differential forms, we readily deduce that a symplectic

form ω on ΠV is given by ω = gijdξ
i ∧ dξj for g a metric on V . Darboux coordinates for

such a symplectic form ω are given by an orthonormal cobasis of (V, g), and the signature of

the metric is then a symplectic invariant. For quantization purposes (see proposition below),

we introduce a factor ~

2i
in the symplectic form of ΠV , i.e. ω = ~

2i
gijdξ

i ∧ dξj . This leads

to the Poisson bracket {ξi, ξj} = − i

~
gij , which is given by the bivector π = i

2~
gij∂ξi ⊗ ∂ξj .

8



Following [35], we introduce m⋆
t = m∧◦ exp(t ~

2i
π), the deformation of the exterior product m∧

on ΛV ∗ in the direction of π. As ΛV ∗ is finite dimensional, m⋆
1 is well-defined, the exponential

reducing to a finite sum. By analogy with T ∗
R

n, the product m⋆
1 is denoted by ⋆ and called

the Moyal product. The following proposition gives a synthetic formulation of the properties

of this star-product.

Proposition 2.2. [52, 19, 35] Let (ΠV, ω) be the symplectic supermanifold associated to the

metric vector space (V, g). The canonical embedding γ : V ∗ →֒ Cl(V ∗, g−1), extends via the

Moyal product ⋆ to an isomorphism of filtered algebra, equivariant w.r.t. O(V ∗, g−1),

γ : (ΛV ∗, ⋆) −→ Cl(V ∗, g−1) (2.7)

ξi1 ⋆ · · · ⋆ ξiκ 7−→ γi1

√
2
· · · γ

iκ

√
2
,

where γi = γ(ξi). For all u ∈ Λ0V ∗ ⊕ Λ1V ∗ ⊕ Λ2V ∗ = E and v ∈ ΛV ∗, this isomorphism

satisfies
~

i
γ({u, v}) = [γ(u), γ(v)]. (2.8)

Proof. Starting from the relation ξi ⋆ ξj + ξj ⋆ ξi = ~

i
{ξi, ξj} = −gij , the universal property

of Clifford algebras shows that the linear embedding V ∗ → (ΛV ∗, ⋆), defined by ξi 7→
√

2ξi,

extends to a unique algebra morphism Cl(V ∗, g−1) → (ΛV ∗, ⋆). This is an isomorphism as

it establishes a correspondence between generators and relations of these two algebras. We

define the extension of γ as the inverse of this isomorphism, (2.7) follows. The Moyal product

satisfying ΛkV ⋆ ΛlV ⊂ ⊕k+l
j=0Λ

jV , the map γ preserves the filtration, and, since O(V ∗, g−1)

acts by linear symplectomorphisms on ΠV , this is also a morphism of O(V ∗, g−1)-modules.

Let now u ∈ E and v ∈ ΛV ∗. By definition of γ, we obtain [γ(u), γ(v)] = γ(u⋆v− v ⋆u),
and by definition of the Moyal product u ⋆ v − v ⋆ u = ~

i
{u, v} +

(

~

2i

)2
(π2(u, v) − π2(v, u)).

As π2 is symmetric on E, this proved the Equation (2.8).

This proposition makes precise the common assertion that Clifford algebras are defor-

mation of Grassmann algebras. As in the well-know even case of S(Rn) = Pol(T ∗
R

n), the

deformed algebra is a filtered algebra whose associated graded algebra is the original algebra.

Thanks to the preservation of the filtration by γ, we deduce that the graded algebra

Gr Cl(V, g) is isomorphic to the Grassmann algebra ΛV . Moreover, as γ is an isomorphism of

O(V ∗, g−1)-modules, we may extend it to the geometric framework, and recover the following

well-known corollary.
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Corollary 2.3. [30, 4] Let (M, g) be a pseudo-Riemannian manifold. There is an isomor-

phism of filtered algebras, γ : Ω(M) → Γ(Cl(M, g)), which coincides with (2.7) at any point

of M and is called the Weyl quantization of Ω(M).

3 Geometry of the supercotangent bundle

This section is devoted to the study of the supercotangent bundle M of a pseudo-Riemannian

manifold (M, g), together with its canonical symplectic structure. We investigate the existence

and uniqueness of a Hamiltonian lift from M to its supercotangent bundle, especially of

conformal vector fields. This enables us to define a comoment map on M. In all this section,

the dimension of the manifold M is denoted by n.

3.1 The symplectic structure of the supercotangent bundle

3.1.1 Differential aspects of the supercotangent bundle

Let us recall that, the graded algebra of symbols of spinor differential operators is GrD(M,S) =

S(M) ⊗ ΩC(M). In order to interpret these symbols as functions, Getzler introduced the su-

percotangent bundle.

Definition 3.1. [20] The supercotangent bundle of a manifold M is the fibered product M =

T ∗M ×M ΠTM . Its base manifold is the cotangent bundle T ∗M , and its superalgebra of

functions is C∞(M) = C∞(T ∗M) ⊗ Ω(M).

Remark 3.2. Starting from a (local) coordinate system (xi) on M , we can construct a natural

coordinate system (xi, pi, ξ
i) on M, where pi and ξi correspond respectively to ∂i and dxi.

The graded algebra of symbols of D(M,S), introduced in (2.4), can now be interpreted

as the algebra S(M)[ξ] = S(M)⊗ΩC(M), of complex functions on M which are polynomial

in the fiber variables. It admits a bigraduation given by the degree in the even and odd fiber

variables, which is expressed via the decomposition S(M)[ξ] =
⊕∞

k

⊕n
κ=0 Sk,κ(M)[ξ], where

Sk,κ(M)[ξ] is the subspace of complex functions on M, of degrees k and κ in the even and odd

fiber variables, respectively. The subspace Sk,κ(M)[ξ] is isomorphic to the space of tensors

Γ(SkTM ⊗ ΛκT ∗M) via the canonical map

Γ
(

SkTM ⊗ ΛκT ∗M
)

→ Sk,κ(M)[ξ] (3.1)

P i1...ik
j1...jκ

(x) dxj1 ∧ . . . ∧ dxjκ ⊗ ∂i1 ⊙ . . .⊙ ∂ik 7→ P i1...ik
j1...jκ

(x) ξj1 . . . ξjκ pi1 . . . pik .
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Now, we define covariant derivatives and 1-forms on M. Starting with a natural coor-

dinate system (xi, pi, ξ
i) on M, we denote by (∂i, ∂pi

, ∂ξi) the associated basis of local (left)

derivations of C∞(M) and by (dxi, dpi, dξ
i) its dual basis. Let VectV (M) be the space of

vertical derivations of M over M , locally generated by (∂p1
, . . . , ∂pn , ∂ξ1 , . . . , ∂ξn). We have

the short exact sequence of left C∞(M)-modules

0 → VectV (M) → Vect(M) → C∞(M) ⊗ Vect(M) → 0.

Thanks to the Levi-Civita connection we can trivialize this exact sequence and define a canon-

ical lift of the vector fields of M . Thus, we associate to a natural coordinate system a basis

of derivations, transforming tensorially over M ,

∂∇i = ∂i + Γk
ijpk∂pj

− Γk
ijξ

j∂ξk , ∂pi
and ∂ξi , (3.2)

where Γk
ij denote the Christoffel symbols and i, j, k = 1, . . . , n. The dual basis, of the right

C∞(M)-module of 1-forms on M, transforms also tensorially and is given by,

dxi, d∇pi = dpi − Γk
ijpkdx

j and d∇ξi = dξi + Γi
jkξ

jdxk. (3.3)

3.1.2 Symplectic aspects of the supercotangent bundle

Let us recall that a symplectic form is an even closed 2-form which is non-degenerate. By

definition, C∞(M) admits a Z-graduation in the odd variables, and a form will be called

quadratic if its degree in odd variables is at most quadratic. The following Theorem is a

particular case of the general results of Rothstein on symplectic supermanifolds, rediscovered

by Bordemann [6] from a deformation quantization point of view and by Roytenberg [44].

Theorem 3.3. [43] Let M be the supercotangent bundle of a manifold M . There is a 1-1

correspondence between

1. Symplectic forms ω of quadratic type on M,

2. Pseudo-Riemannian metrics g on M , together with a g-compatible connection ∇ on TM .

Moreover, Rothstein proves that every symplectic forms on M can be pulled-back to a

quadratic one, via a diffeomorphism of M preserving xi and pi and transforming ξi in ξi plus

higher order terms in the odd coordinates. On the supercotangent bundle of (M, g), the latter

theorem yields to a canonical even symplectic form depending on the Levi-Civita connection as

well as on its curvature, given by the Riemann tensor Rc
aij = (∂iΓ

c
aj−∂jΓ

c
ai)+(Γk

aiΓ
c
jk−Γk

ajΓ
c
ik).

11



Corollary 3.4. [43] Let (M, g) be a pseudo-Riemannian manifold, and ∇ be its Levi-Civita

connection. There is a canonical symplectic 2-form on M, which writes in natural coordinates,

ω = dpi ∧ dxi +
~

4i
glmR

m
kijξ

kξldxi ∧ dxj +
~

2i
gijd

∇ξi ∧ d∇ξj . (3.4)

This is the exact differential of the potential 1-form

α = pidx
i +

~

2i
gijξ

id∇ξj . (3.5)

The symplectic form ω is real despite the presence of the imaginary factor ~

2i
, since its

comoments are real, see Remark 3.10.

Remark 3.5. The symplectic manifold (M, ω) turns out to be the natural phase space to deal

with classical spinning particles with configuration space (M, g). With this standpoint, we can

recover the Papapetrou equations for a spinning particle on (M, g), as the equations of motion

associated to the free Hamiltonian gijpipj on (M, ω) [34].

If there is a metric g on M , the odd symplectic form of πT ∗M can be pulled-back to the

supermanifold ΠTM , and writes then as dβ = gijd
∇ξi ∧ dxj , where β = gijξ

idxj .

3.1.3 Darboux coordinates on (M, ω)

We will determine explicit Darboux coordinates on (M, ω), in terms of natural coordi-

nates (xi, pi, ξ
i). For this purpose, we introduce a local orthonormal frame field (ea)a=1,...,n

on (M, g). It is obtained from the natural frame (∂i)i=1,...,n by the change of frames (eia).

Denoting its inverse by (θa
i ), the Levi-Civita connection 1-form takes the expression

ωa
b = θa

i

(

deib + Γi
jke

j
bdx

k
)

, (3.6)

where the Γi
jk are the Christoffel symbols of the Levi-Civita connection.

Proposition 3.6. Let (ea)a=1,...,n be an orthonormal frame of (M, g), and (xi, pi, ξ
i) be natural

coordinates of M. Darboux coordinates are given by the functions

xi, ξ̃a = θa
i ξ

i, p̃i = pi +
~

2i
ωa

biξ̃aξ̃
b, (3.7)

where ξ̃a = eiagijξ
j and ωa

bi = 〈∂i, ω
a
b 〉.
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Proof. Starting with the Equation (3.5) of α, replace d∇ξj by its expression (3.3) and use

ξj = ejb ξ̃
b in order to obtain,

α = pidx
i +

~

2i
(Γj

ikξjξ
kdxi + θa

j ξ̃aξ̃
bdejb) +

~

2i
ηabξ̃

adξ̃b,

where η is the flat metric such that ηab = gije
i
ae

j
b. Taking advantage of the formula (3.6) for

the Levi-Civita connection 1-form, we end up with the expression α = p̃idx
i + ~

2i
ηabξ̃

adξ̃b,

which gives after differentiation the required expression (2.6) for ω.

The functions (xi, p̃i, ξ̃
a) clearly generate C∞(M), and their associated derivations com-

mute, since they are given by the Hamiltonian vector fields of p̃i, −xi and −ξ̃a. Hence, they

form indeed a coordinate system of M.

3.2 Hamiltonian actions on the supercotangent bundle

On the cotangent bundle T ∗M , there is a unique Hamiltonian lift of every vector field

X ∈ Vect(M). Moreover, this lift coincides with the natural lift of X to T ∗M . The con-

struction of such a unique Hamiltonian lift of X to the supercotangent bundle M of (M, g)

is more problematic, and has not been considered (as far as we know) in the literature. The

method presented here has been developed by Duval in the flat case [13]. First, we compute

the lifts X̂ of X ∈ Vect(M) preserving the potential 1-form α of M, given by (3.5). We

impose then an additional condition on X̂, namely to preserve the direction of β, the 1-form

defining the odd symplectic structure of ΠTM . This allows us to insure the uniqueness of the

lift, but, in return, only do the conformal vector fields admit such a lift. As a consequence we

get an Hamiltonian action on (M, ω) and compute the associated comoment map.

3.2.1 Hamiltonian lift of conformal vector fields on (M, g) to M

Lemma 3.7. Let (M, dα) be the supercotangent bundle of (M, g) endowed with its canonical

symplectic structure. A lift X̂ of the vector field X ∈ Vect(M) to the supercotangent bundle

M, which preserves α, has the form

X̂ = Xi∂∇i + Yijξ
j∂ξi

− pj∇iX
j∂pi

+
~

2i

(

Rk
lijξkξ

lXj − (∇iYkl)ξ
kξl

)

∂pi
, (3.8)

where Y is an arbitrary 2-form on M , depending linearly on X.

Proof. We look for the lifts X̂ ofX which preserve α, i.e. vector fields of the form X̂ = Xj∂∇j +

Pj∂pj
+ Ξj∂ξj , and such that L

X̂
α = 0. The Cartan formula still holds on supermanifolds
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and leads to d〈X̂, α〉 + 〈X̂, dα〉 = 0. We use the fact that dpi ∧ dxi = d∇pi ∧ dxi and write

the action of d in covariant terms to obtain

0 =
[

Pi + pj∇iX
j +

~

2i

(

∂∇i (ξkΞk) −Rk
lijξkξ

lXj)
) ]

dxi

+
[

Xi +
~

2i
gklξ

k∂pi
Ξl −Xi

]

d∇pi (3.9)

+
~

2i

[

− gklΞ
l + glmξ

l∂ξkΞm + 2gklΞ
l
]

d∇ξk.

As (dxi, d∇pi, d
∇ξi) are free over C∞(M), each of these three terms must vanish. The second

one yields the independence of the Ξi on the pj , and the last one gives, for all i = 1, . . . , n,

Ξi + ξj∂ξiΞj = 0. (3.10)

As Ξi is an odd function, we may decompose it as: Ξi = Yijξ
j + Zijklξ

jξkξl + . . ., where Y

and Z are even covariant tensor fields on M . By substitution in the Equation (3.10), we get

Yijξ
j + Yjiξ

j + (Zijkl + 3Zjikl)ξ
jξkξl + . . . = 0.

The antisymmetry of Y and the equation Zijkl + 3Zjikl = 0 follow. To find Z, we antisym-

metrize in i and j the last equality, and we find 2Z[ji]kl = 0, i.e. Zijkl = Zjikl. Coming back

to the initial equation, we conclude that Zijkl = 0. The same could be applied to each tensor

of higher order, leading thus to Ξi = Yijξ
j with Y an even skew-symmetric 2-tensor on M .

From the vanishing of the dxi factor in the equation (3.9), we deduce

−Pi = pj∇iX
j +

~

2i

(

∂∇i (Yjkξ
jξk) −Rk

lijξkξ
lXj

)

.

By the definition (3.2) of the covariant derivative, we clearly have ∂∇i (Yjkξ
jξk) = (∇iYkl)ξ

kξl.

Together with the previously obtained expression of Ξi, we end up with the desired formula

for X̂.

The lift defined by Lemma 3.7 is henceforth not unique, and the conditions that Y has to

satisfy in order to get a Lie algebra morphism are non trivial. We will overcome this difficulty

by adding a further condition on the lift; namely that it preserves the direction of β = gijξ
idxj ,

which is the lift to M of the canonical 1-form of ΠTM . As a drawback, we cannot lift every

vector fields in that way, but only those preserving the conformal structure of (M, g). More

precisely, we lift the sheaf conf(M, g) of local conformal vector fields X on (M, g), defined by

LXgij = λgij for some smooth function λ, depending on X. This is a sheaf of Lie algebras,
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and as we are always working locally, we consider conf(M, g) as a Lie subalgebra of Vect(M).

Remark that, on any supermanifold, the simultaneous preservation of an odd and an even

symplectic forms yields to a finite dimensional subalgebra of vector fields [25].

Theorem 3.8. The conformal vector fields X ∈ conf(M, g) admit a unique lift to M pre-

serving α and the direction of β, given by

X̃ = Xi∂∇i + ∂[jXi]ξ
j∂ξi

− pj∇iX
j∂pi

+
~

2i

(

Rk
lijξkξ

lXj − (∇i∂[lXk])ξ
kξl

)

∂pi
, (3.11)

where ∂ξi
= gij∂ξj

and the brackets denote antisymmetrization. The mapping X 7→ X̃ defines

a Lie algebra morphism conf(M, g) → Vect(M).

Proof. Let X ∈ Vect(M). Thanks to Lemma 3.7, we know that X̃ is of the form (3.8). The

undetermined tensor Y will be fixed by preserving the direction of β, i.e. by the equation

LX̃β = fβ, for some f ∈ C∞(M). Using the local expression β = gijξ
jdxi, we are led to

X(gij) − gikX
lΓk

jl + Yij + gjk∂iX
k = fgij . (3.12)

From the symmetrization of this equation in i and j, it follows that LXg = 2fg. Thus,

X ∈ conf(M, g), a condition we will assume from now on. Let us remark for further reference

that

LX̃β =
1

2

LXg

g
β. (3.13)

We can as well antisymmetrize (3.12) in i and j, which entails Yij = ∂[jXi]. By substitu-

tion in the formula (3.8), the expression (3.11) of X̃ readily follows. Besides, the conditions

characterizing the lift ensure that X 7→ X̃ is a Lie algebra morphism.

In terms of Darboux coordinates (xi, p̃i, ξ̃
i), introduced in Proposition 3.6, the 1-forms

α and β have the same expressions than in the flat case. As to the Hamiltonian lift X̃, its

expression simplifies somehow, viz.,

X̃ = Xi∂̃i +
1

2

(

(∂jX
i)ξ̃j∂ξ̃i − (∂iX

j)ξ̃j∂ξ̃i

)

− p̃j∂iX
j∂p̃i

− ~

2i
ξ̃j ξ̃

k(∂i∂kX
j)∂p̃i

, (3.14)

where (∂̃i, ∂p̃i
, ∂ξ̃i) denote the derivations associated to the coordinates (xi, p̃i, ξ̃

i).

3.2.2 Comoment maps

Theorem 3.8 defines a Hamiltonian lift of conf(M, g) to the supercotangent bundle (M, dα).

We thus obtain a Hamiltonian action of conf(M, g) on M, as well as an equivariant momentum
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map M → conf(M, g)∗. By duality, this defines a comoment map which is an equivariant

map or equivalently a Lie algebra morphism: conf(M, g) → C∞(M).

Proposition 3.9. The even comoment map J 0 : conf(M, g) → C∞(M), is a conf(M, g)-

equivariant morphism of Lie algebras, whose expression is given by

J 0
X = 〈X̃, α〉 = piX

i +
~

2i
ξjξk∂[kXj]. (3.15)

Remark 3.10. In the case of a flat manifold (M, g), infinitesimal rotations are generated by

by the vector fields Xij = xi∂j − xj∂i, and their even comoments read J 0
Xij

= (pjxi − pixj) +

2 ~

2i
ξiξj. The first term is the usual orbital momentum while the second one features the spin

components Sij = ~

i
ξiξj, as introduced in [3, 42], and which is proved to be real in [52].

4 Geometric quantization of the supercotangent bundle and

spinor geometry

We perform, in this section, the geometric quantization of (M, dα). This relies on two ingre-

dients: an extension of previous works [52, 50] on geometric quantization of supermanifolds

over one point, and the choice of a polarization on (M, dα). Finally, we discuss the correspon-

dence, set up by geometric quantization, between the geometries of the supercotangent and

the spinor bundles over M . Notice that Bordemann has studied the deformation quantization

of (M, dα) in [6].

4.1 Geometric quantization scheme

Geometric quantization has been developed by Kostant and Souriau as a geometrization of

the orbit method of Kirillov, and has been extended to the framework of supermanifolds

[29, 50, 18]. We recall the Souriau’s procedure of geometric quantization [47] adapted to the

case of a symplectic supermanifold (N , σ) in the special case of an exact symplectic 2-form,

σ = d̟. See [27] for the alternative approach of Kostant in terms of complex line bundles.

Let (N , d̟) be a symplectic supermanifold endowed with a polarization, see Defini-

tion 4.2 below, and {·, ·} be its Poisson bracket. The purpose of geometric quantization is to

construct a (quantum) representation space HGQ, a Lie subalgebra Obs of
(

C∞(N ), ~

i
{·, ·}

)

and a morphism of Lie algebras QGQ : Obs → (End(HGQ), [·, ·]), where [·, ·] stands for the

commutator. One of the aim of geometric quantization is to provide, as well, an Hilbert space
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structure on HGQ, such that the morphism QGQ takes its values in symmetric operators. We

will not specifically discuss that point.

Let us first introduce prequantization. As the symplectic form is exact, the prequantum

circle bundle is trivial, Ñ = N×S
1, as well as the prequantum 1-form ˜̟ = ̟+~dθ, with θ the

angular coordinate of S
1. For every f ∈ C∞(N ), we denote by X∗

f the lift of the Hamiltonian

vector field Xf to Ñ , satisfying 〈X∗
f , ˜̟ 〉 = f . It is called the quantum Hamiltonian vector

field of f , namely

X∗
f = Xf +

1

~
(f − 〈Xf , ̟〉)∂θ. (4.1)

As X∗
f is determined by both conditions LX∗

f
˜̟ = 0 and 〈X∗

f , ˜̟ 〉 = f , this lift is a Lie algebra

morphism.

Definition 4.1. The prequantization of (N , d̟) is the Lie algebra morphism

QPreQ : C∞(N ) → End(H)

f 7→ ~

i
X∗

f , (4.2)

where H is the space of S
1-equivariant smooth complex functions on Ñ .

As a vector space, H is isomorphic to the space C∞(N ). The second step of geometric

quantization consists in reducing the space of representation H with the help of a polarization

on (N , d̟).

Definition 4.2. An admissible complex polarization on (N , d̟) is a complex integrable La-

grangian distribution P of (N , d̟) such that the real distributions E and D, defined by

E = P ⊕ P̄ ∩ TN and D = P ∩ P̄ ∩ TN , are respectively integrable and fibering.

Each vector field X ∈ P admits a unique lift X̃ ∈ Vect(Ñ ) such that 〈X̃, ˜̟ 〉 = 0.

One can choose, for the space of representation HGQ of geometric quantization, the space of

polarized functions

Hpol = {ψ ∈ H | X̃ψ = 0, ∀X ∈ P}. (4.3)

The quantum action of f ∈ C∞(N ) on Hpol is given by the prequantization (4.2). To obtain

actual endomorphisms of Hpol, we restrict us to the space of quantizable functions, namely

Obs = {f ∈ C∞(N ) | X∗
f (Hpol) ⊂ Hpol}. (4.4)

Geometric quantization can be further modified by considering a representation space HGQ

of half-forms rather than functions. In both cases the action of X∗
f on HGQ is given by the

Lie derivative LX∗
f
.
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Definition 4.3. The geometric quantization of (N , d̟), endowed with the admissible polar-

ization P, is the Lie algebra morphism

QGQ : Obs → End(HGQ)

f 7→ ~

i
LX∗

f
. (4.5)

4.2 Geometric quantization and Clifford algebra representations

We first apply geometric quantization to a one-point symplectic supermanifold (ΠV, ω). The

2-form ω is the differential of α = ~

2i
gijξ

idξj , where g is a metric on V and (ξi) a dual basis.

4.2.1 Prequantization and representation on ΛV ∗

The prequantization of (ΠV, ω) has been investigated by B. Kostant [29] and leads to a

representation of Cl(V ∗, g−1) on ΛV ∗ ≃ H, the prequantization space.

Proposition 4.4. Let (V, g) be a metric vector space and (ΠV, dα) the associated symplectic

supermanifold. The prequantization of V ∗ ⊂ C∞(ΠV ) induces a unique algebra morphism c

Cl(V ∗, g−1)

c

))RRRRRRRRRRRRR

V ∗ (
�

66llllllllllllll
// End(H)

≃ // End(ΛV ∗)

v � // QPreQ(
√

2v)
� // 1√

2
(ε(v) − 2ι(v)),

(4.6)

where ε(v) is the exterior product with v and ι(v) the inner product with g−1(v).

Proof. The Hamiltonian vector field of f ∈ C∞(ΠV ) is given by Xf = (−1)|f | i

~
gij∂ξjf∂ξi ,

since df = dξi(∂ξif). The general formula (4.1) leads then to the quantum Hamiltonian

vector field of f . In particular, the prequantization of v = viξ
i ∈ Λ1V ∗ is given by QPreQ(v) =

−1
2vi

(

iξi∂θ + 2gij∂ξj

)

. Since Ψ ∈ H has the form Ψ(ξ, θ) = eiθφ(ξ) with φ ∈ ΛV ∗, we obtain

QPreQ(
√

2v)Ψ(ξ, θ) = eiθc(v)φ(ξ),

where c(v) = 1√
2
(ε(v) − 2ι(v)).

Let v, w ∈ V ∗. As prequantization is a Lie algebra morphism and ~

i
{v, w} = −g(v, w),

the Clifford relations are satisfied: c(v)c(w) + c(w)c(v) = −2g(v, w). Thanks to the univer-

sal property of the Clifford algebras, the map c can be uniquely extended into an algebra

morphism Cl(V ∗, g−1) → End(ΛV ∗).
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Remark 4.5. The prequantization of the symplectic supermanifold (ΠV, 2dα), composed with

the map v 7→ 2v on V ∗, leads to the canonical representation c(v) = ε(v)− ι(v) of Cl(V ∗, g−1)

on ΛV ∗ [29, 34].

4.2.2 Geometric quantization and spinor representation

The geometric quantization of (ΠV, ω) has been studied to great extent by Voronov [52], in

the case of an Euclidean metric g, while Tuynman [50] has treated the case of a metric g

of signature (p, p). As in the above mentionned articles, we will suppose that V is of even

dimension 2n, the novelty residing in the arbitrary signature (p, q) of the metric g. As a con-

sequence, we will have to deal with a mixed real-complex polarization, instead of a Kähler [52]

or real [50] one. We assume that p ≥ q and we denote by (ηij) = Ip ⊗−Iq the matrix of g in

an orthonormal basis.

To perform geometric quantization of (ΠV, dα) we need a polarization. In this context,

this means a maximal isotropic subspace P of V ⊗C for the complex linear extension of g. As

in the general setting, we define the spaces E = (P⊕P̄ )∩V and D = P ∩P̄ ∩V . In the case of

an Euclidean metric they are trivial, i.e. E = V and D = {0}. Then, P̄ is a polarization and a

supplementary space of P , that plays a crucial role in the geometric quantization of ΠV [52].

In the general case, we require an analog of P̄ , which relies on a choice.

Definition 4.6. Two polarizations P and P̂ are said to be conjugate if P ⊕ P̂ = V ⊗ C and

P̂ is of the form P̂ = (P̂ ∩ P̄ ) ⊕ (D̂ ⊗ C), with D̂ a real vector subspace of V .

Starting from a polarization P , the construction of a conjugate polarization P̂ amounts

to choosing a real supplementary space D̂ of E, defined above. The space P̂ is then given by

(P̄ ∩ kerω(D̂, ·)) ⊕ (D̂ ⊗ C), where kerω(D̂, ·) is the intersection of the kernels of ω(u, ·), for

all u ∈ D̂.

Lemma 4.7. Let P and P̂ be two conjugate polarizations. The space Hpol of polarized func-

tions on ΠV with respect to the polarization P̂ , identifies as a vector space to C∞(ΠP ) = ΛP ∗.

Proof. We determine explicitly the space of polarized functions from the prequantum 1-form.

To that end, we introduce coordinates (ζa, ζ̂a)a=1,...,n such that: ω = ~

i
δabdζ

a ∧ dζ̂b, their

Hamiltonian vector fields generate P = 〈∂ζa〉 and P̂ = 〈∂
ζ̂a〉, as well as D and D̂ for a ≥

p−q
2 + 1, and are conjugate ζ̂a = ζ̄a if a ≤ p−q

2 .

We can then define Darboux coordinates (ξi)i=1,...,2n on ΠV , by ξi = 1√
2
(ζi + ζ̂i) if i ≤ n,

ξi = i√
2
(ζi−n − ζ̂i−n) if n < i ≤ p and ξi = 1√

2
(ζi−n − ζ̂i−n) if p < i ≤ 2n. The 1-form α has
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the standard expression α = ~

2i
ηijξ

idξj in these coordinates, and by substitution we end with

the following expression for the prequantum 1-form,

α̃ =
~

2i
δab

(

2ζ̂adζb + d(ζaζ̂b)
)

+ ~dθ. (4.7)

It allows us to compute the lift X̃ζa = Xζa − 1
2~
ζa∂θ of the generators of the polarization P̂

to the prequantum bundle, and to determine explicitly the space of polarized functions

Hpol = {Ψ ∈ C∞
C (ΠV × S

1) | Ψ(ζ, ζ̂, θ) = eiθe
1
2
δabζ

aζ̂b

ψ(ζ), with ψ ∈ C∞(ΠP )}. (4.8)

Hence, we have Hpol ≃ C∞(ΠP ).

We choose HGQ = Hpol ⊗ (Ber(P ))
1
2 as representation space, where (Ber(P ))

1
2 is the

one dimensional vector space of half-forms on P [52], the action of M ∈ GL+(P ) being given

by the square root of its Berezinian (Ber(M))
1
2 , equal to (det(M))−

1
2 [32]. That choice of

HGQ will prove necessary, in order that the geometric quantization mapping coincides with

Weyl quantization. This is reminiscent of the case of the cotangent bundle T ∗M , where the

geometric quantization mapping coincides with Weyl quantization for a quantum space of

half-densities on M [5, 28].

Theorem 4.8. Let P and P̂ be two conjugate polarizations and γ be defined by (2.7). The

geometric quantization of (ΠV, dα), endowed with the polarization P̂ , is defined on Obs =

(Λ0V ∗ ⊕ Λ1V ∗) · ΛP ∗, and induces the algebra isomorphism ̺,

ΛV ∗ ⊗ C
γ

// Cl(V ∗, g−1)

̺

))SSSSSSSSSSSSSS

Obs
?�

OO

QGQ
// End(HGQ)

≃ // End(ΛP ∗ ⊗ Ber(P )
1
2 ),

(4.9)

which turns the vector space HGQ ≃ ΛP ∗⊗Ber(P )
1
2 into the module of spinor of Cl(V ∗, g−1).

Moreover, each map of the diagram (4.9) is equivariant under the action of GL(P ∗).

Proof. We keep the notation introduced in the proof of Lemma 4.7.

Firstly, we determine Obs and give an explicit expression of QGQ. Resorting to the

coordinate expression (4.7) of α̃, a direct computation gives the quantum Hamiltonian vector

field X∗
f of f ∈ C∞

C
(ΠV ). It acts on Ψ ∈ Hpol, obtained in (4.8), according to

~

i
X∗

fΨ(ζ, ζ̂, θ) = eiθe
1
2
δabζ

aζ̂b
(

(−1)|f |δab∂
ζ̂af∂ζb + [f − ζ̂a∂

ζ̂af ]
)

ψ(ζ), (4.10)
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with ψ ∈ ΛP ∗. Clearly, if f is of degree 2 or more in the ζ̂a coordinates, then the operator
~

i
X∗

f does not preserve the space of polarized functions. We conclude that f ∈ Obs is of the

form f(ζ, ζ̂) = ζ̂aAa(ζ) + B(ζ). With the help of (4.10), we see that such a function acts

on the half-form ν ∈ (BerP )
1
2 by LX∗

f
ν =

(

−1
2δ

ab∂
ζ̂a∂ζbf

)

ν. The geometric quantization

operator QGQ reads, hence,

QGQ(f)(Ψ ⊗ ν) = eiθe
1
2
δabζ

aζ̂b

(

(−1)|f |Aa(ζ)∂ζa − 1

2
∂ζaAa(ζ) +B(ζ)

)

ψ(ζ) ⊗ ν. (4.11)

Secondly, we define the map ̺ assuming that diagram (4.9) restricted to V ∗ commutes.

For all u, v ∈ V ∗, we have ~

i
{v, w} = −g(v, w), and since geometric quantization is a Lie

algebra morphism, the elements ̺(γ(v)), ̺(γ(w)) satisfy the Clifford relations. The map ̺ can

therefore be uniquely extended to an algebra morphism ̺ : Cl(V ∗, g−1) → End(ΛP ∗ ⊗ Ber(P )
1
2 ),

with ̺(γ(ζa)) = ζa and ̺(γ(ζ̂a)) = −∂ζa . Since this morphism has trivial kernel and the two

algebras have the same dimension over C, ̺ is an isomorphism.

Thirdly, we have to prove that this extension of ̺ coincides with geometric quantization

on all Obs. Let ζ̂aAa(ζ) + B(ζ) ∈ Obs. Denoting by ⋆ the Moyal product, defined in

Section 2.3, we have ζ̂a ⋆ Aa(ζ) = ζ̂aAa(ζ) − 1
2∂ζaAa(ζ), and by Proposition 2.2, we are left

with

̺(γ(ζ̂aAa(ζ) +B(ζ))) = (−1)|f |Aa(ζ)∂ζa − 1

2
∂ζaAa(ζ) +B(ζ),

which coincides with (4.11), proving the commutativity of the diagram (4.9).

Fourthly, we study the equivariance under the action of GL(P ∗). We endow the subspaces

of ΛV ∗ ⊗ C with the Poisson bracket coming from dα. Then, we get that each map of the

diagram (4.9) is equivariant under the action of GL(P ∗), since: QGQ is a Lie algebra morphism

and Obs contains P ∗ ⊗ P̂ ∗ ≃ gl(P ∗), the isomorphism HGQ ≃ ΛP ∗ ⊗ Ber(P )
1
2 consists in

suppressing the phase term eiθe
1
2
δabζ

aζ̂b

(see (4.10)) which is invariant under P ∗ ⊗ P̂ ∗, and

Proposition 2.2 shows that the map γ is equivariant under Λ2V ∗ ⊗ C ⊃ P ∗ ⊗ P̂ ∗.

The composition map ̺ ◦ γ is called the Weyl quantization, by analogy with the even

case, and coincides with the usually defined spinor representation. Theorem 4.8 together with

Proposition 2.2 lead to the following corollary.

Corollary 4.9. Geometric quantization of (ΠV, ω) coincides on its definition space with Weyl

quantization. Moreover, it can be extended to Λ0V ⊕ Λ1V ⊕ Λ2V as a Lie algebra morphism.
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4.3 From (M, ω) to the spinor bundle of (M, g)

Locally, via Darboux coordinates, the supercotangent bundle is symplectomorphic to the

product of the two symplectic manifolds T ∗
R

n and ΠR
n. Consequently, the geometric quan-

tization of M arises, locally, directly as the product of those of T ∗
R

n and ΠR
n, and, so, we do

not need to perform the prequantization of M [43]. An admissible polarization on M allows

then to define globally a quantum representation space, which will, as we shall prove, be the

space of sections of the spinor bundle over M .

4.3.1 Geometric quantization of the flat supercotangent bundle

Geometric quantization of the supercotangent bundle of (Rn, η), with η the flat metric of

signature (p, q), is simply given by merging those of T ∗
R

n and ΠR
n. We have already studied

the geometric quantization of ΠR
n, and that of T ∗

R
n is canonically defined thanks to its

vertical polarization 〈∂pi
〉. We choose as quantum representation space the space of polarized

functions, isomorphic to C∞(Rn), rather than polarized half-densities, so that QGQ coincides

with normal ordering, rather than Weyl quantization. Just as on ΠR
n, there is no canonical

polarization on the supercotangent bundle of (Rn, η). Nevertheless, to every polarization

on ΠR
n there is an associated one on the supercotangent bundle, given by its direct sum with

the vertical one of T ∗
R

n.

Proposition 4.10. Let P, P̂ be two conjugate polarizations on (ΠR
n, η). The geometric

quantization of the supercotangent bundle T ∗
R

n×ΠR
n, endowed with the polarization 〈∂pi

〉×P̂ ,

is defined by the morphism,

Obs → End(HGQ) ≃ End(C∞(Rn)) ⊗ Cl(Rn, η))

Aipi +Bjξ
j + C 7→ ~

i
LX∗

f
7→ ~

i
Ai∂i +Bj

γj
√

2
+ C,

(4.12)

where Ai, B
j , C are functions on R

n × ΠP and HGQ ≃ C∞(Rn × ΠP ) ⊗ Ber(ΠP )
1
2 .

4.3.2 Polarization on M and the spinor bundle

As for the supercotangent bundle of (Rn, η), we are looking for a polarization on M which

projects as a polarization on both T ∗M and ΠTxM , for every x ∈M . As M is a supermanifold

with base T ∗M , there is a canonical morphism T ∗M → M allowing us to lift the vertical

polarization on T ∗M to M. We have to complete it with a maximal isotropic distribution of

ΠTCM for the complex linear extension of g. Such a distribution is provided by the notion

of N -structure over M , introduced by Nurowski and Trautmann.
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Definition 4.11. [36] A N -structure on a pseudo-Riemannian manifold (M, g) of even di-

mension is a complex subbundle N of TCM , whose fibers are maximal isotropic for the C-linear

extension of the metric g.

Remark 4.12. In the case of a Riemannian metric, a N -structure on (M, g) is equivalent to

an almost complex structure on M , given by J(v) = iv and J(v̄) = −iv̄ for v ∈ N .

Let us suppose from now on that (M, g) is of even dimension and admits a N -structure,

which is a non-trivial topological requirement on M . We naturally choose as polarization

on M the distribution PN generated by the vertical vector fields of T ∗M ×M ΠN over M .

This polarization is trivially admissible, fibered over ΠTCM/N and its projections define

polarizations on T ∗M and ΠTC
x M for each x ∈M . We denote by Hpol the space of polarized

functions of (M, ω), equipped with the polarization PN .

We choose, as quantum representation space, HGQ = Hpol ⊗ Γ(det(TCM/N)−
1
2 ), where

det(E) denotes the higher exterior power ΛtopE∗. The square root of this line bundle exists

if and only if the first Chern class c1(M) of the manifold M is divisible by 2 [52].

Theorem 4.13. Let N be a N -structure on (M, g), c1(M) = 0 mod 2H2(M ; Z) and let γ

be defined as in Corollary 2.3. The geometric quantization of (M, ω), endowed with the

polarization PN , yields a Lie algebra morphism QGQ, given by (4.12) in Darboux coordinates,

and defined on functions which are polynomial of degree at most 1 in p and 2 in ξ. It induces

the algebra isomorphism ̺,

Γ(Cl(M, g))
̺

))SSSSSSSSSSSSSSS

Γ(Λ1T ∗M)
(
�

55kkkkkkkkkkkkkkk QGQ
// End(HGQ)

≃ // End(Γ(S)),

(4.13)

which turns the vector bundle S, s.t. Γ(S) ≃ HGQ, into the spinor bundle of (M, g).

Proof. We keep the notation of Theorem 4.8 and Proposition 4.10.

The Newlander-Nirenberg theorem ensures the existence of local coordinates (xi, p̃i, ζ
a, ζ̂a)

such that ω = dp̃i ∧ dxi + ~

i
δabdζ

a ∧ dζ̂b and PN = 〈∂p̃i
, ∂

ζ̂a〉. Those coordinates provide a

local symplectomorphism between the supermanifolds M and T ∗
R

n ×ΠR
n, which sends one

polarization to the other. As Ber = det−1 on odd vector spaces, they establish, as well,

a local isomorphism between their quantum spaces of representation. Hence, the geometric

quantization of M is given locally by Proposition 4.10 and we readily deduce that QGQ is

given by (4.12) in Darboux coordinates.
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Since the diagram (4.9) is GL(P ∗)-equivariant, the principal bundle of complex linear

frames GL(TCM/N) allows us to geometrize it, and thus to obtain the diagram (4.13). In par-

ticular, S is the associated bundle TCM/N⊗det(TCM/N)−
1
2 and satisfies End(S) ≃ Cl(M, g),

i.e. S is the spinor bundle of M . The content of Corollary 4.9 can also be geometrized, which

provides the extension of QGQ to functions of degree 2 in ξ̃, and then to the natural coordinates

pi = p̃i − ~

2i
ωa

biξ̃aξ̃
b, see (3.7).

This theorem exhibits a new construction of the spinor bundle S, which turns to be

explicitly given by ΛN̂ ⊗ det(N̂)−
1
2 if there exists a subbundle N̂ of ΠTCM such that Nx

and N̂x are two conjugate polarizations on ΠTC
x M . In the case of a Riemannian metric g,

such a subbundle is provided by N̄ , and we recover the well-known construction of the spinor

bundle of an almost-complex spin manifold [24, 30]. Let us provide some details. As already

mentionned, a N -structure on a Riemannian manifold (M, g) is equivalent to an almost com-

plex structure on M , and N is then the holomorphic tangent bundle T 1,0M . This implies the

existence of a canonical spinc structure on M . Next, the existence of the square root of det(N̂)

corresponds to the vanishing of the first Chern class modulo 2: c1(M) = 0 mod 2, which is

precisely the condition to extract a spin structure from a spinc one. The associated spinor

bundle is ΛT 0,1M ⊗K
1
2 [24, 30], with K the canonical bundle. Since K ≃ Λtop(T 1,0M)∗, we

finally have K
1
2 ≃ det(N̂)−

1
2 and the two constructions coincide indeed.

In the generic case of a pseudo-Riemannian metric, we do not know if the conditions

required for M in Theorem 4.13 imply the existence of a spin structure on M .

4.4 The Lie derivative of spinors

We just have constructed the spinor bundle of (M, g) out of the supercotangent bundle (M, ω).

We now go further and obtain covariant derivative and Lie derivative on the spinor bundle

of M by means of the quantization of Hamiltonian actions on T ∗M and M. So, we get

spinor geometry from the symplectic geometry of the supercotangent bundle via geometric

quantization. This yields a new interpretation of the Lie derivative of spinors, which has

attracted more attention [7, 21, 38] since its introduction by Kosmann [26]. From now on, we

denote by S the spinor bundle of M and we identify Γ(S) with HGQ when it exists.

Recall that J 0, introduced in Proposition 3.9, is the comoment map associated with

the Hamiltonian action of conf(M, g) on the supercotangent bundle M. We denote by J

the trivial lift to M of the comoment map associated to the Hamiltonian action of Vect(M)

on T ∗M , whose expression is X 7→ JX = piX
i.

24



Theorem 4.14. If the hypothesis of Theorem 4.13 holds, the geometric quantization mapping

QGQ of M establishes the correspondences

∀X ∈ Vect(M), QGQ(JX) =
~

i
∇X , (4.14)

where ∇X is the covariant derivative of spinors along X, and

∀X ∈ conf(M, g), QGQ(J 0
X) =

~

i
LX , (4.15)

where LX is the Lie derivative of spinors along X, proposed by Kosmann [26]. Both corre-

spondences still hold if M is a spin manifold.

Proof. It suffices to work in local Darboux coordinates to prove this theorem. First, let

X ∈ Vect(M), then JX = piX
i and, since p̃i = pi + ~

2i
ωa

biξ̃aξ̃
b ( see (3.7)), we have

QGQ(JX) =
~

i

(

Xi∂i +
1

4
ωa

biγ̃aγ̃
b

)

, (4.16)

where γ̃i = γ(ξ̃i), the map γ being defined in Corollary 2.3. This is precisely the expression

of the covariant derivative of spinors along X. Secondly, we restrict to X ∈ conf(M, g),

admitting as comoment J 0
X , given in (3.15). Its quantization leads to

QGQ(J 0
X) =

~

i

(

Xi∇i +
1

4
(∂[kXj])γ

jγk

)

, (4.17)

which is precisely the expression of the Lie derivative of spinors, as introduced by Kosmann.

On the one hand, the geometric quantization of the supercotangent bundle (M, ω) is ever

well-defined locally. On the other hand, the spinor bundle, the covariant derivative and the Lie

derivative of spinors are global if there is a spin structure on M . Hence, both correspondences

(4.14) and (4.15) generalize to the case where M is endowed with a spin structure.

A still active research activity is devoted to a better understanding of the Lie derivative

of spinors [7, 21], which is not a canonical geometric object, for a given spin structure. It is

defined as a Lie algebra morphism L : g → End(Γ(S)), with source a Lie subalgebra of Vect(M)

and target the derivations of the spinor fields. Thus, a Lie derivative of spinors can be written

as LX = ∇X +A(X), where A is a section of the Clifford bundle depending linearly on X ∈ g.

We can further specify A to be a section of the subbundle of Lie algebras spin(M), and then

a Lie derivative of spinors is necessarily of the form

LX = ∇X + Yijγ
iγj , (4.18)
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with Y a skew-symmetric tensor depending linearly on X. This expression coincides with that

of Godina and Matteucci [21], in their approach of general Lie derivatives on gauge-natural

bundles.

Proposition 4.15. Let g ⊂ Vect(M) be a Lie algebra, and restrict the Lie derivatives of

spinors to those of the form (4.18). We then have the following correspondence
(

Hamiltonian lift ρ : g → Vect(M)
)

⇐⇒
(

Lie derivative of spinors L : g → End(Γ(S))
)

,

as long as there is a spin structure on M . This is given explicitly by ~

i
LX = QGQ(〈ρ(X), α〉)

and ρ(X) = −ω−1(dQ−1
GQ(~

i
LX)) if the assumptions of Theorem 4.13 hold.

Proof. We suppose that the hypotheses of Theorem 4.13 hold, insuring the existence of QGQ.

Let ρ : g → Vect(M) be a Hamiltonian lift, and as such this is determined by the

Lemma 3.7. Consequently, the comoment map, defined by X 7→ 〈ρ(X), α〉, takes its values

in the space of quantizable functions of M. As the comoment map and QGQ are both Lie

algebra morphisms, the same holds for ~

i
L : X 7→ QGQ(〈ρ(X), α〉). Thanks to Lemma 3.7, we

can compute LX , which retains the expression (4.18).

We suppose now the existence of a Lie derivative of spinor fields on g of the form (4.18).

As a consequence, LX is in the image of QGQ, and taking its inverse we get a function on M
whose Hamiltonian vector field is a lift of X to M. This is the sought Lie algebra morphism ρ.

For the general case, geometric quantization gives a correspondence between local objects

and their global meaning arise from the spin structure on M .

Remark 4.16. In the view of the correspondence stated by Proposition 4.15, the choice made

by Kosmann can be translated in symplectic terms as the choice of the Hamiltonian lift which

preserves the direction of β. This gives a new interpretation of the Lie derivative of spinors

introduced by Kosmann.

Remark 4.17. The general expression (4.18) of a potential Lie derivative of spinors has no

reason to give rise to Lie algebras morphism. So, the question of the uniqueness of the Lie

derivative of spinors is still an open problem, and we hope this new framework might help to

address it.

5 Spinor differential operators and their symbols

We study in this section the space Dλ,µ of differential operators acting on spinor densities and

the space of their Hamiltonian symbols Sδ[ξ], endowed with a conf(M, g)-module structure,
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via the classical and quantum conf(M, g)-actions previously defined. In the conformally flat

case, we compare those modules to the one of tensorial symbols T δ[ξ], and deduce a classifi-

cation of their conformal invariants. In all this section, we suppose that M is endowed with

a spin structure, we denote by S its spinor bundle and by n its dimension.

5.1 The conf(M, g)-modules Sδ[ξ] and D
λ,µ

Recall that D(M,S) is the algebra of spinor differential operators, and S(M)[ξ] the associated

bigraded algebra of symbols for the natural bifiltration (see Section 2.1.2). The Lie derivative

of spinors defines by adjunction a conf(M, g)-action on D(M, S), and the Hamiltonian lift

from M to its supercotangent bundle M also defines a conf(M, g)-action on S(M)[ξ]. We will

introduce tensor densities, which deform those actions and lead to the modules of differential

operators Dλ,µ and of Hamiltonian symbols Sδ[ξ]. From their natural bifiltration, we deduce

on both modules a natural and a Hamiltonian filtration. For the latter, we show that the

space of Hamiltonian symbols Sδ[ξ] is indeed the graded module associated to Dλ,µ.

5.1.1 The module of tensor densities Fλ

A tensor density of weight λ is a section of the line bundle |ΛnT ∗M |⊗λ. We denote by Fλ

the space of tensor densities if there is no ambiguity on the chosen manifold M . This space

is naturally endowed with a Vect(M)-module structure. In a coordinate system (xi) of M ,

there exists a local 1-density |volx| = |dx1 ∧ · · · ∧ dxn|. The λ-densities write then locally as

f |volx|λ with f ∈ C∞(M), and the Vect(M)-module Fλ is locally identified with the space of

functions C∞(M), endowed with the action ℓλ of Vect(M), namely

ℓλX = Xi∂i + λ(∂iX
i), (5.1)

for all X ∈ Vect(M). If M is endowed with a metric g, there is a canonical 1-density, given

by |volg| =
√

|det(gij)| |dx1 ∧ · · · ∧ dxn|.

5.1.2 The module of Hamiltonian symbols Sδ[ξ]

Theorem 3.8 proves that the algebra of spinor symbols S(M)[ξ] carries a conf(M, g)-action,

provided by the Hamiltonian liftX 7→ X̃ of conf(M, g) to M. This action defines the structure

of conf(M, g)-module on S(M)[ξ] ⊂ C∞
C

(M), as a classical space of observables.

Definition 5.1. The module of Hamiltonian symbols is the space Sδ[ξ] = S(M)[ξ] ⊗ Fδ
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endowed with the Hamiltonian action of conf(M, g),

Lδ
X = X̃ ⊗ Id + Id ⊗ ℓδX . (5.2)

In accordance with (3.1), we denote by Sδ
k,κ[ξ] = Sk,κ(M)[ξ]⊗Fδ the subspace of Hamil-

tonian symbols of degrees k in p and κ in ξ, where (xi, pi, ξ
i) are natural coordinates. The

formula (5.2) giving Lδ
X together with the expression (3.14) of X̃ in a Darboux coordinates

system, justifies the following definition.

Definition 5.2. The conf(M, g)-module Sδ[ξ] admits a natural filtration by the degree in p:

Sδ
0 [ξ] ⊂ Sδ

1 [ξ] ⊂ · · · ⊂ Sδ
k [ξ] ⊂ · · ·, where Sδ

k [ξ] =
⊕k

j=0

⊕n
κ=0 Sδ

j,κ[ξ]. Moreover, Sδ[ξ]

turns into a graded module Sδ[ξ] =
⊕∞

k=0 Sδ
( k
2
)
[ξ], for the Hamiltonian graduation defined by

Sδ
( k
2
)
[ξ] =

⊕

2j+κ=k Sδ
j,κ[ξ].

The Hamiltonian graduation has been already introduced in [44]. It is well-suited to deal

with Sδ[ξ] as a space of classical observables, since the momentum J 0
X (see 3.15), the natural

and Darboux coordinates pi and p̃i (see 3.7), are then of degree one, i.e. in Sδ
(1)[ξ].

Remark 5.3. The Hamiltonian graduation, that we introduce, is reminiscent of the graduation

Sδ
l [ξ] =

⊕

k+κ=l Sδ
k,κ[ξ], used by Getzler [20] to prove the Atiyah-Singer index theorem. Could

our graduation be also associated to some topological invariants?

5.1.3 The module of spinor differential operators Dλ,µ

The space of spinor densities of weight λ is simply Fλ = Γ(S) ⊗ Fλ. It admits a structure of

conf(M, g)-module, relying on the Lie derivative of spinor fields L, and given by

L
λ
X = LX ⊗ Id + Id ⊗ ℓλX ,

for all X ∈ conf(M, g). This enables us to define the module of differential operators acting

on spinor densities.

Definition 5.4. The module Dλ,µ is the space of differential operators A : Fλ → Fµ, endowed

with the adjoint action of conf(M, g),

Lλ,µ
X A = L

µ
XA−AL

λ
X . (5.3)

Geometric quantization of the supercotangent bundle can be extended to ΩC(M) via

the Weyl quantization γ : ξ̃i 7→ γ̃i, defined in the Corollary 2.3. Then, choosing a Darboux
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coordinate system (xi, p̃i, ξ̃
i), a further extension is provided by the normal ordering, which

establishes a local isomorphism between the vector spaces Sδ[ξ] and Dλ,µ,

N : Sδ[ξ]
loc.−→ D

λ,µ (5.4)

P i1...ik
j1...jκ

(x) ξ̃j1 . . . ξ̃jκ p̃i1 . . . p̃ik 7−→ P i1...ik
j1...jκ

(x)
γ̃j1

√
2
. . .

γ̃jκ

√
2

~

i
∂i1 . . .

~

i
∂ik .

The natural and Hamiltonian filtration on Dλ,µ can be defined along the same line as in

Definition 5.2 or by push-forward via the local isomorphism (5.4). With the help of N , we

can also (locally) transport the action of conf(M, g) from the module Dλ,µ to the module Sδ[ξ],

that allows us to compare them.

Proposition 5.5. Let (xi, p̃i, ξ̃
i) be a Darboux coordinate system on M. We denote by N the

associated normal ordering. For all X ∈ conf(M, g), we have, if δ = µ− λ,

N−1 ◦ Lλ,µ
X ◦ N = Lδ

X +N (5.5)

where N is an operator strictly lowering the Hamiltonian degree: NSδ
( k
2
)
[ξ] ⊂ Sδ

( k−1
2

)
[ξ]. This

means that Sδ[ξ] is the graded module associated to the Hamiltonian filtration of Dλ,µ.

Proof. Let P = P j1···jk

i1···iκ (x) γ̃i1√
2
· · · γ̃iκ√

2
~

i
∂j1 · · · ~

i
∂jk

∈ Dλ,µ and X ∈ conf(M, g). By definition

of the Lie derivative Lλ,µ
X on Dλ,µ, we obtain

Lλ,µ
X P = [LX , P ] + δ(∂iX

i)P − λ[P, (∂iX
i)].

The last term gives rise to the operator Λ, defined by N ◦ Λ ◦ N−1(P ) = −λ[P, (∂iX
i)], and

satisfying the same properties as those of N in (5.5). The first term can be decomposed via

the Leibniz rule, considering P as the product of two terms,

[LX , P ] =

[

LX , P
j1···jk

i1···iκ (x)
γ̃i1

√
2
· · · γ̃

iκ

√
2

]

~

i
∂j1 · · ·

~

i
∂jk

+P j1···jk

i1···iκ (x)
γ̃i1

√
2
· · · γ̃

iκ

√
2

[

LX ,
~

i
∂j1 · · ·

~

i
∂jk

]

.

Let P0 ∈ ΩC(M). Theorem 4.14 together with the definition of N prove that LX = i

~
N (J 0

X);

we hence get [LX ,N (P0)] = i

~
[N (J 0

X),N (P0)]. Moreover, the normal ordering N coincides

with the Weyl quantization on ΩC(M) and satisfies then Equation (2.8). Thereby, we have

the equalities [LX ,N (P0)] = N ({J 0
X , P0}) = N (X̃P0). Denoting by P j1...jk

0 the symbol

P j1...jk

i1...iκ
(x) ξ̃i1 . . . ξ̃iκ , we end up with

N−1
(

[LX , P ] + δ(∂iX
i)P

)

= Lδ
X(P j1...jk

0 )p̃j1 . . . p̃jk
+ N−1

(

N (P j1...jk

0 )
[

LX ,
~

i
∂j1 · · ·

~

i
∂jk

]

)

.
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The last term decomposes as

N−1

(

N (P j1...jk

0 )
[

LX ,
~

i
∂j1 · · ·

~

i
∂jk

]

)

= N−1

(

N (P j1...jk

0 )
~

i
[LX , ∂i]

)

∂p̃i
(p̃j1 . . . p̃jk

)

+N0(N−1(P )), (5.6)

where N0 shares the same properties as those of N in (5.5). Besides, the formula (4.17), which

gives the spinor Lie derivative, allows us to prove that

[LX , ∂i] = −(∂iX
j)∂j +Ai,

where Ai = 1
8∂i

[

∂k(X
j)γkγj − ∂k(X

j)γjγ
k
]

. Let Ãi be the operator on C∞(M) such that

[N (P j1...jk

0 ), Ai] = N (Ãi · P j1...jk

0 ). Denoting by χk
j = ξ̃k∂ξ̃j − ξ̃j∂ξ̃k

+ 1
2∂ξ̃k

∂ξ̃j , we obtain

Ãi =
1

2
∂i∂kX

j(2ξ̃kξ̃j + χk
j ),

thanks to the equality γi1 · · · γiκ(γkγj) = (γkγj)γi1 · · · γiκ−
[

γkγj , γi1 · · · γiκ
]

and the Proposi-

tion 2.2. Combining the above equalities and the expression (5.2) of Lδ
X leads to Formula (5.5),

where N = (N0 + 1
2(∂i∂kX

j)χk
j∂p̃i

+ Λ) satisfies indeed the required properties.

5.2 Conformally flat manifolds (M, g)

Until the end of Section 5, we suppose that (M, g) is a conformally flat manifold. Resorting

to the even and odd comoment maps of the conf(M, g)-action, we now prove that there exists

a canonical Darboux atlas on M associated to every conformal atlas on M . Afterwards,

we introduce the Vect(M)-module of tensorial symbols T δ[ξ], and we compare its module

structure to those of Sδ[ξ] and Dλ,µ, using local isomorphisms. Finally, we obtain that T δ[ξ]

is nothing else than the associated graded module to the natural filtrations of Sδ[ξ] and Dλ,µ.

5.2.1 Definition of a conformally flat manifold (M, g)

A conformal coordinate system (xi) on (M, g), of signature (p, q), is characterized by the fact

that gij = Fηij , where η is a flat metric of signature (p, q) and F is a strictly positive smooth

function. If there exists an atlas on (M, g), where each chart is given by a conformal coordinate

system, the manifold is said to be conformally flat. Then, locally, conf(M, g) ≃ o(p+1, q+1),

and, in a conformal coordinate system, its generators are given by

Xi = ∂i,

Xij = xi∂j − xj∂i,
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X0 = xi∂i,

X̄i = xjx
j∂i − 2xix

j∂j ,

for i, j = 1, . . . , n = p + q, the indices being lowered using the flat metric, η. The vector

fields Xij generate the Lie algebra o(p, q) of rotations. Together with the infinitesimal trans-

lations Xi they form the Lie algebra of isometries e(p, q), and the similitudes ce(p, q) contains

moreover the homothety X0.

5.2.2 Conformal Darboux coordinates

We would like to lift any conformal atlas of (M, g) to a conformal Darboux atlas on (M, ω).

This means to define Darboux coordinates (xi, p̃i, ξ̃
i) from conformal coordinates (xi), such

that the transition functions of M are given by the Hamiltonian lift, defined in Theorem 3.8,

of those defining the conformal atlas of M . To construct such an atlas on M, ω), we resort

to the even comoment map of the Hamiltonian lift of conf(M, g), defined in Proposition 3.9,

as well as to its odd comoment map, defined as follows. Let us recall that dβ defines an odd

symplectic structure on ΠTM , and β̃ = β|volg|−
1
n is preserved by the Hamiltonian lift X̃ of

X ∈ conf(M, g), as shown by Equation (3.13). Therefore, we can mimic the even case, and

construct a conf(M, g)-equivariant map J 1 : conf(M, g) → C∞(M)⊗F− 1
n , whose expression

is

J 1
X = 〈X̃, β̃〉 = ξiX

i|volg|−
1
n . (5.7)

Proposition 5.6. Let (M, g) be a conformally flat manifold and (M, ω) be its supercotangent

bundle. To every conformal coordinate system (xi), such that gij = Fηij, there corresponds

a conformal Darboux coordinate system (xi, p̃i, ξ̃
i) on (M, ω), given by

p̃i = J 0
∂i

= pi −
~

2i
Γk

ijξ
jξk, and ξ̃i = J 1

∂i
|volx|

1
n = F− 1

2 ξi, (5.8)

with volx = dx1 ∧ . . . ∧ dxn. Moreover, a conformal atlas of (M, g) induces a conformal

Darboux atlas on (M, ω) via the latter correspondence.

Proof. As (xi) is a conformal coordinate system, the translations generators (∂i) belong to

conf(M, g) and the explicit formulas (3.15) and (5.7) of the comoments lead to (5.8). These

are the Darboux coordinates of M introduced in (3.7), with the conformal change of frames

eia = F− 1
2 δi

a and θa
i = F

1
2 δa

i . Furthermore, in the view of the conf(M, g)-equivariance of the

even and odd comoment maps, the transition functions are given by the Hamiltonian lift of

the conformal transition functions of (M, g).
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5.2.3 The module of tensorial symbols T δ[ξ]

Let us recall that the algebra of spinor symbols S(M)[ξ] is isomorphic to the tensor alge-

bra Γ(STM ⊗ ΛT ∗M), see (3.1), and admits therefore a natural action of Vect(M). This

allows us to introduce a Vect(M)-module structure on S(M)[ξ] to which we will compare the

conf(M, g)-modules Sδ[ξ] and Dλ,µ.

Definition 5.7. Let (xi, pi, ξ
i) be natural coordinates on M and Σ = ξi∂ξi be the odd Euler

operator. The module of tensorial symbols is the space T δ[ξ] =
⊕∞

k=0

⊕n
κ=0 Sk,κ(M)[ξ] ⊗

Fδ− κ
n , endowed with the natural action of Vect(M),

L
δ
X = Xi∂i − pj∂iX

j∂pi
+ ξi∂iX

j∂ξj +

(

δ − Σ

n

)

∂iX
i. (5.9)

Remark 5.8. The action (5.9) of X ∈ Vect(M) on T δ[ξ] depends explicitly on the degree

in the odd fiber variables. This choice of action will prove necessary to obtain Corollary 5.11

below.

In the view of the Vect(M)-action (5.9), the module T δ[ξ] is bigraded by the degrees

in p and ξ. Starting with conformal coordinates (xi) on M , we obtain natural coordinates

(xi, pi, ξ
i) and conformal Darboux coordinates (xi, p̃i, ξ̃

i) (see Proposition 5.6), providing the

following local isomorphism

evg : T δ[ξ]
loc.−→ Sδ[ξ] (5.10)

P i1...ik
j1...jκ

(x) ξj1 . . . ξjκpi1 . . . pik 7−→ |volx|
κ
nP i1...ik

j1...jκ
(x) ξ̃j1 . . . ξ̃jκ p̃i1 . . . p̃ik ,

where volx = dx1 ∧ . . . ∧ dxn. This local identification makes it easy to compare the module

structures of Sδ[ξ] and T δ[ξ].

Proposition 5.9. Let (xi, p̃i, ξ̃
i) be a conformal Darboux coordinate system on M, (∂̃i, ∂p̃i

, ∂ξ̃i)

the associated local basis and evg the isomorphism defined by (5.10). The actions of conf(M, g)

on the two modules Sδ[ξ] and T δ[ξ] are related locally by

Lδ
X = evgL

δ
Xev

−1
g − ~

2i
ξ̃kξ̃

j(∂i∂jX
k)∂p̃i

. (5.11)

Proof. The formula (5.2) giving Lδ
X together with the expression (3.14) of X̃ in a Darboux

coordinates system lead to
(

Lδ
X +

~

2i
ξ̃kξ̃

j(∂i∂jX
k)∂p̃i

)

= Xi∂̃i +
1

2

(

(∂jX
i)ξ̃j∂ξ̃i − (∂iX

j)ξ̃j∂ξ̃i

)

− p̃j(∂iX
j)∂p̃i

+ δ∂iX
i.
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We pull-back this equation to T δ[ξ] using the local isomorphism evg and get

(evg)
−1

(

Lδ
X +

~

2i
ξ̃kξ̃

j(∂i∂jX
k)∂p̃i

)

evg = Xi∂i +
1

2

(

(∂jX
i)ξj∂ξi − (∂iX

j)ξj∂ξi

)

+(∂iX
i)

Σ

n
− pj(∂iX

j)∂pi
+

(

δ − Σ

n

)

∂iX
i.

To prove (5.11), we have to consider the term Ξ = ξi∂iX
j∂ξj in Formula (5.9) giving L

δ
X .

It can be written as Ξ = 1
2

(

(∂jX
i)ξj∂ξi + (∂iX

j)ξj∂ξi

)

+ 1
2

(

(∂jX
i)ξj∂ξi − (∂iX

j)ξj∂ξi

)

, the

first term being of symmetric type and the second one of skew-symmetric type. Moreover,

since X ∈ conf(M, g) and g is conformally flat, we have gjk∂iX
k + gik∂jX

k = 2
n
(∂kX

k)gij .

The first term of Ξ is thus equal to (∂iX
i)Σ

n
and the result follows.

Taking advantage of the conformal flatness of (M, g), we can refine the comparison (5.5)

between the conf(M, g)-actions on the modules Sδ[ξ] and Dλ,µ. Together with Proposition 5.9,

it will provide a comparison between the module structures of Dλ,µ and T δ[ξ].

Proposition 5.10. Let (xi, p̃i, ξ̃
i) be a conformal Darboux coordinate system on M and N

the associated normal ordering. For all X ∈ conf(M, g), we have, if δ = µ− λ,

N−1Lλ,µ
X N = Lδ

X +
~

2i
(∂j∂kX

i)

(

−p̃i∂p̃j
+

1

2
χj

i

)

∂p̃k
− ~

i
λ∂j(∂iX

i)∂p̃j
, (5.12)

where χj
i = ξ̃j∂ξ̃i − ξ̃i∂ξ̃j

+ 1
2∂ξ̃j

∂ξ̃i.

Proof. We keep the notation of the proof of Proposition 5.5. Therefore, we have to determine

the operator N = N0 + 1
2(∂i∂kX

j)χk
j∂p̃i

+Λ, where N0 is introduced in (5.6) and Λ is defined

by N ◦ Λ ◦ N−1(P ) = −λ[P, (∂iX
i)]. Since X ∈ conf(M, g) is of degree at most two, we

conclude that Λ = −~

i
λ∂j(∂iX

i)∂p̃j
. Now, the (xi) being conformal coordinates on M , the

identity ∂i = L∂i
leads us to

N0 = −N−1

(

~

i
L[[X,∂i],∂j ]

)

∂p̃i
∂p̃j

.

The vector field [[X, ∂i]∂j ] = ∂j(∂iX
k)∂k is constant, hence we get N0 = ∂j(∂iX

k)p̃k∂p̃i
∂p̃j

.

Recollecting all the terms, we end up with the desired expression (5.12).

The conf(M, g)-module Sδ[ξ] is filtered by the natural filtration given by the degree in

the pi, and, in accordance with the normal ordering, the natural filtration of Dλ,µ is given by

the order of operators. From the Propositions 5.9 and 5.10, we deduce the following corollary.

Corollary 5.11. As conf(M, g)-module, the space of tensorial symbols T δ[ξ] is the graded

module associated to the natural filtration on Sδ[ξ] and Dλ,µ, for δ = µ− λ.
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5.2.4 The explicit actions of conf(M, g) in the conformally flat case

We work locally with a fix conformal coordinate system (xi) of M , and the induced conformal

Darboux coordinates (xi, p̃i, ξ̃
i) on M. Its associated local basis is denoted (∂̃i, ∂p̃i

, ∂ξ̃i).

We write the actions of every generator of conf(M, g) in terms of those conformal Darboux

coordinates, pulling-back the actions on Dλ,µ to Sδ[ξ] via N (see 5.4), and pushing-forward

those on T δ[ξ] to Sδ[ξ] via evg (see 5.10).

From Propositions 5.9 and 5.5 we deduce that the actions of X ∈ ce(p, q) coincide on

each of the modules T δ[ξ], Sδ[ξ] and Dλ,µ, modulo the isomorphisms evg and N , namely

evgL
δ
Xev

−1
g = Lδ

X = NLλ,µ
X N−1. (5.13)

Using the explicit expression (5.9) of L
δ
X , we deduce the action of the generators of the

similitudes ce(p, q) on Sδ[ξ]. For i, j = 1, . . . , n, we find

Lδ
Xi

= ∂̃i,

Lδ
Xij

= xi∂̃j − xj ∂̃i + p̃i∂p̃j − p̃j∂p̃i + ξ̃i∂ξ̃j − ξ̃j∂ξ̃i , (5.14)

Lδ
X0

= xi∂̃i − p̃i∂p̃i
+ δn.

We still have to compute the explicit actions of the inversions X̄i on the three modules

T δ[ξ], Sδ[ξ] and Dλ,µ. From the general formulas (5.9) and (5.2), we deduce the action of

inversions on T δ[ξ], modulo evg, and Sδ[ξ], viz.

evgL
δ
X̄i

ev
−1
g = (xjx

j ∂̃i − 2xix
j ∂̃j) + (−2pixj∂p̃j

+ 2xipj∂p̃j
+ 2pkx

k∂p̃i) (5.15)

+2xjξ
j∂ξ̃i − 2ξix

k∂ξ̃k − 2nδxi,

Lδ
X̄i

= evgL
δ
X̄i

(evg)
−1 − ~

2i
ξ̃kξ̃

j(∂l∂jX̄
k
i )∂p̃l

, (5.16)

for all i = 1, . . . , n. The general Formula (5.12) can be particularized to the inversion gener-

ators X̄i, for i = 1, . . . , n, and leads to the action of the inversions on Dλ,µ, namely

N−1 Lλ,µ

X̄i
N = Lδ

X̄i
+

~

i
(−p̃i∂p̃j∂p̃j

+ 2p̃j∂p̃j
∂p̃i) +

~

i
χj

i∂p̃j
+ 2

~

i
nλ∂p̃i

. (5.17)

5.3 Conformally invariant elements of the modules T δ[ξ], Sδ[ξ] and D
λ,µ

From now on, we suppose that (M, g) is an oriented and conformally flat manifold, so volg

is a globally defined volume form on M . We will classify the conformally invariant elements

of each of the three module families (T δ[ξ])δ∈R, (Sδ[ξ])δ∈R and (Dλ,µ)λ,µ∈R, namely those
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elements in the kernel of the action of conf(M, g). We follow the strategy adopted in [37],

concerning the modules of scalar differential operators and of their symbols. It relies on the

determination of Euclidean invariants by Weyl’s theory of invariants [53] and on the explicit

actions of similitudes and inversions on each of the three families of modules.

We first classify the isometry invariants, in terms of conformal Darboux coordinates

(xi, p̃i, ξ̃
i). Resorting to Equation (5.13), we see that the structures of e(p, q)-modules T δ[ξ],

Sδ[ξ] and Dλ,µ are isomorphic and do not depend on the weights λ and δ = µ−λ. Hence, their

isometry invariants coincide via the identification maps evg and N , and we will explicitly give

those of the module Sδ[ξ]. For δ = 0, they form an algebra which is the commutator e(p, q)!

of the action of isometries in S0[ξ].

Proposition 5.12. Let n = p+ q ≥ 2. The algebra e(p, q)! of local isometry invariants of the

module S0[ξ] is generated by

χ̃ = (volx)j1...jn ξ̃
j1 . . . ξ̃jn , ∆̃ = ξ̃ip̃i, ∆̃ ⋆ χ̃ = (volx)j1...jn p̃

j1 ξ̃j2 . . . ξ̃jn and R̃ = ηij p̃ip̃j ,

with η the flat metric of signature (p, q) and volx the associated volume form. The local

isometry invariants of Sδ[ξ] form the space |volx|δ · e(p, q)!.

Proof. Since the local action of e(p, q) on S0[ξ] is of tensorial type, we can apply a classical

theorem of Weyl [53], which states that all o(p, q)-invariants are constructed from the metric

and the volume form, i.e. from η and volx. Moreover, the isometry invariants must be inde-

pendent of the coordinates (xi) since they are invariant under translations. We easily deduce

that R̃, ∆̃, χ̃ and ∆̃ ⋆ χ̃ generate e(p, q)!. As |volx| is invariant under the action of e(p, q), we

deduce the case of a general weight δ.

Let us remark that ∆̃ ⋆ χ̃ is the Moyal product of ∆̃ and χ̃, i.e. ∆̃ ⋆ χ̃ = −~

i
{∆̃, χ̃}. The

Proposition 5.12 may then be rephrased as follows: the algebra e(p, q)! is vectorially generated

by ∆̃a ⋆ χ̃b R̃s, where a, b = 0, 1 and s ∈ N. In order to be invariant under the action (5.14)

of similitudes, the symbols generating e(p, q)! must have a weight: δ = 2
n

for R̃, δ = 1
n

for ∆̃

and ∆̃ ⋆ χ̃, and δ = 0 for χ̃. They admit globally defined analogues.

Definition 5.13. Let (xi, pi, ξ
i) be natural coordinates on the supercotangent bundle of (M, g),

and volg be the volume form induced by g. We define the following global symbols,

χ = (volg)j1...jnξ
j1 . . . ξjn ∈ S0[ξ], ∆ = |volg|

1
n

(

piξ
i
)

∈ S 1
n [ξ],

∆ ⋆ χ = |volg|
1
n

(

gij1 (volg)j1...jnpiξ
j2 . . . ξjn

)

∈ S 1
n [ξ] and R = |volg|

2
n

(

gijpipj

)

∈ S 2
n [ξ].
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In general, the conformally invariant elements on a conformally flat manifold (M, g) are

globally defined, and this holds clearly true for the elements of the modules of tensors T δ[ξ] and

of operators Dλ,µ. Besides, we deduce from Proposition 5.6 that all expressions in conformal

Darboux coordinates, which are invariant under the Hamiltonian action of conf(M, g), are

globally defined on M, and that stands in particular for elements of Sδ[ξ]. Therefore, we

will use Definition 5.13 to give a global expression for the conformal invariants of the module

families (T δ[ξ])δ∈R and (Sδ[ξ])δ∈R. Nevertheless, we will only provide local expressions, via

normal ordering, for the conformally invariant differential operators. To obtain their global

expressions is a difficult matter, even in the case of scalar differential operators [39, 22].

Theorem 5.14. The conformal invariants of the module family (T δ[ξ])δ∈R are given by,

|volg|−
a
n
−b ∆a ⋆ χbRs ∈ T 2s+a

n [ξ], (5.18)

where a, b = 0, 1 and s ∈ N. Those of the module family (Sδ[ξ])δ∈R read

∆a ⋆ χbRs ∈ S 2s+a
n [ξ], (5.19)

where s ∈ N and a, b = 0, 1 with a + b 6= 0. The conformal invariants of the module family

(Dλ,µ)λ,µ∈R retain, via the normal ordering, the local expression

N (χ) ∈ D
λ,λ, N (∆), N (∆ ⋆ χ) ∈ D

n−1
2n

, n+1
2n , N (∆Rs) ∈ D

n−2s−1
2n

, n+2s+1
2n , (5.20)

where s ∈ N and λ ∈ R.

Proof. Redefining ∆̃ = |volx|
1
n p̃iξ̃

i and R̃ = |volx|
2
n ηij p̃ip̃j , the local invariants under simili-

tudes are, modulo (evg)
−1 and N , of the form ∆̃a ⋆ χ̃b R̃s, with a, b = 0, 1 and s ∈ N. Using

the expression (5.8) of conformal Darboux coordinates, we notice that χ = χ̃ = |volg|ev−1
g (χ̃),

∆ = ∆̃ = |volg|
1
n ev−1

g (∆̃), but R = ev−1
g (R̃) and R = R̃− ~

i
∆

ξj∂jF

F
, where F is the conformal

factor: gij = Fηij . Now we obtain the classification of conformal invariants of, respectively,

T δ[ξ], Sδ[ξ] and Dλ,µ.

1. The action of inversions on the module T δ[ξ] is given in (5.15), and vanishes on the

local ce(p, q)-invariants ev−1
g (∆̃a ⋆ χ̃b R̃s). Hence, the latter are conformally invariant in

(T δ[ξ])δ∈R, and they take the global expressions announced in (5.18).

2. For the module Sδ[ξ], the action of inversions is given by (5.16), and then, for δ = 2s+a
n

,

Lδ
X̄i

(

∆̃a ⋆ χ̃bR̃s
)

= −2
~

i
ξ̃i∆̃

a ⋆ χ̃b [ξ̃i∂p̃i
, R̃s],
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since [ξ̃i∂p̃i
, ∆̃] = [ξ̃i∂p̃i

, χ̃] = 0. Now [ξ̃i∂p̃i
, R̃s] = 2sR̃s−1∆̃, implying that the symbol

∆̃a ⋆ χ̃b R̃s is conformally invariant if and only if a + b 6= 0. In these cases, we easily

check the equality ∆̃a ⋆ χ̃b R̃s = ∆a ⋆ χbRs, hence the result (5.19).

3. At last, the action of inversions on the module Dλ,µ is given by (5.17), and we can

evaluate it on the similitudes invariants ∆̃a ⋆ χ̃b R̃s, modulo normal ordering. Firstly,

the symbol χ̃, of weight δ = 0, clearly vanishes under this action if λ = µ. Secondly, we

get, for δ = µ− λ = 2s
n

,

Lλ,µ

X̄i
R̃s = 2s

~

i

[

(2nλ+ 2s− n)p̃i − 2ξ̃i∆̃
]

R̃s−1.

Thus, R̃s is not conformally invariant if s 6= 0. Similarly, the action of Lλ,µ

X̄i
on χ̃R̃s is

Lλ,µ

X̄i
χ̃R̃s = 2s

~

i

[

(2nλ+ 2s− n)p̃i − ∂ξ̃i∆̃ ⋆ χ̃
]

R̃s−1,

which is a nonvanishing expression if s 6= 0. We still have to evaluate this action on

∆̃ ⋆ χ̃bR̃s, for b = 0, 1. On the one hand, we obtain, for µ− λ = 2s+1
n

Lλ,µ

X̄i
∆̃R̃s =

~

i
(2s+ 1 − n+ 2nλ)

(

ξ̃iR̃
s + 2sp̃i∆̃R̃

s−1
)

,

which vanishes if and only if λ = n−2s−1
2n

, and on the other hand

Lλ,µ

X̄i
∆̃ ⋆ χ̃R̃s = 2s

~

i
(2s− n+ 2nλ) p̃i∆̃ ⋆ χ̃R̃s−1 +

~

i
(4s+ 1 − n+ 2nλ) ∂ξ̃i

χ̃R̃s,

which vanishes if and only if s = 0 and λ = n−1
2n

. The result (5.20) follows.

The proof of Theorem 5.14 is complete.

Remark 5.15. All the conformal invariants of the module families (T δ[ξ])δ∈R and (Dλ,µ)λ,µ∈R

are invariant under a conformal rescaling of the metric g 7→ F 2g. Such a transformation

affects indeed γi = N (ξi) and |volg|−
1
n ξi by a coefficient F−1. In contradistinction, no con-

formal invariant of the module family (Sδ[ξ])δ∈R admits such an invariance. Reminding that

Sδ[ξ] = Γ(STM ⊗ ΛT ∗M) ⊗ Fδ, this is a consequence of the non homogeneity of the bundle

STM ⊗ ΛT ∗M for the Hamiltonian action of conf(M, g), as shown by the explicit action of

the infinitesimal inversions (5.16).

As the conformally invariant differential operators of degree 1 or less are well-known the

following theorem is trivially deduced from the last one.

37



Theorem 5.16. The conformally invariant differential operators of order p acting on weighted

spinors are, for s ∈ N
∗,

1. if p = 0, the chirality: (volg)i1···inγ
i1 . . . γin ∈ Dλ,λ,

2. if p = 1, the Dirac operator: γi∇i ∈ D
n−1
2n

, n+1
2n , or the twisted Dirac operator:

gij1(volg)j1...jnγ
j2 . . . γjn∇i ∈ D

n−1
2n

, n+1
2n ,

3. if p = 2s, no operator,

4. if p = 2s+ 1, the operator in D
n−2s−1

2n
, n+2s+1

2n given locally by N (∆Rs).

In the latter theorem, we recover one of the two families of operators in Dλ,µ, shown to be

invariant under rescalings of the metric by Holland and Sparling [48], namely the one of the

conformal odd powers of the Dirac operators. The two additional invariants that we get comes

from the fact that M is oriented. Let us remark that no operator of even order is conformally

invariant. This justifies that Branson, in its general study of conformally invariant operators

of second order, has found no such operator acting on the spinor bundle [9]. Besides, Branson

mentions the existence of a conformal third power of the Dirac operator in [10].

6 Outlook

We present open questions on the constructions of the spinor bundle and of the Lie derivatives

of spinors, as they are performed in this paper. Afterwards, we put forward the conformally

equivariant quantization of the supercotangent bundles as a natural continuation of the present

work. This is the purpose of a paper in preparation, and is already partly developed in [34].

The supercotangent bundle M of a pseudo-Riemannian manifold (M, g) possesses a

canonical symplectic form ω, as proved by Rotsthein [43]. Upon topological conditions on M ,

we have been able to perform the geometric quantization of (M, ω), and, thereby, to construct

the spinor bundle of M as well as the covariant derivative and the Lie derivative of spinors.

These three objects exist as soon as M admits a spin structure. We have proved that we need

stronger hypotheses on (M, g) to apply geometric quantization to (M, ω), at least for g a

Riemannian metric. It would be nice to weaken those hypotheses in order that they precisely

coincide with the existence of a spin structure on M . This would probably require a general-

ization of the notion of polarization, as, for example, that of higher polarization proposed in

the framework of Group Approach to Quantization [1].
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Finding a Hamiltonian lift of the vector fields of M to its supercotangent bundle has

proved to be non trivial. That is not surprising, by means of geometric quantization, such a

lift corresponds indeed to a Lie derivative of spinors. In particular, the lift that we have chosen

is quantized as Lie derivative of spinors of Kosmann, defined on the Lie subalgebra conf(M, g)

of Vect(M). Exists there other Hamiltonian lifts, i.e. other Lie derivatives of spinors than

Kosmann’s? On which Lie subalgebras of vector fields are they define? What geometrical

object play the role of the odd 1-form β?

We have provided conf(M, g)-module structures on each of the filtered spaces of Hamil-

tonian symbols Sδ[ξ] and of spinor differential operators Dλ,µ, as well as on the associated

graded module of tensorial symbols T δ[ξ]. This extends the scalar case, for which there is a

unique module of symbols Sδ = Pol(T ∗M)⊗Fδ associated to the module of scalar differential

operators Dλ,µ. Duval, Lecomte and Ovsienko have shown that, in the conformally flat case,

the conf(M, g)-modules Sδ and Dλ,µ are isomorphic if δ = µ − λ, and the isomorphism is

unique if we require the preservation of the principal symbol [14]. Such an isomorphism is

called a conformally equivariant quantization; its inverse is a symbol map. More precisely,

the existence and uniqueness of a conformally equivariant quantization was proved for generic

values of the weights λ, µ, in the scalar case [14]. The exceptional values are called resonances.

Naturally, we can ask for a generalization to the spin case, which, in fact, holds true.

Theorem 6.1. [34] Let (M, g) be a conformally flat manifold. There exists (generically) a

unique conformally equivariant quantization Qλ,µ : Sδ[ξ] → Dλ,µ, i.e. a unique isomorphism

of conf(M, g)-module, preserving the principal symbol.

We have also obtained a similar theorem in [34], on the (generic) existence and uniqueness

of a conformally equivariant superization Sδ
T : T δ[ξ] → Sδ[ξ], whose name is due to the

inclusion of modules, Sδ ⊂ T δ[ξ].

Straightforwardly, the conformal invariants of the three modules T δ[ξ], Sδ[ξ] and Dλ,µ,

correspond to each other via the conformally equivariant superization and quantization as

soon as they exist. This is the case for the three conformal invariants of lower order [34], in

accordance with the Theorem 5.14. On the contrary, the same Theorem 5.14 proves that the

invariant R ∈ T 2
n [ξ] has no equivalent in S 2

n [ξ], implying the non-existence of S
2
n

T . It will be

desirable to further investigate this correspondence between the resonances of the equivariant

maps and the existence or non existence of conformal invariants. This question has already

been addressed in [45] in a slightly different context. Besides, it would be interesting to obtain

a geometric expression for the conformal third power of the Dirac operator that we get in our
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classification. In doing so, we will pay special attention to its zeroth order term, and compare

it to the one of the Paneitz-Branson operator [39], which generates the Q-curvature.
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