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CANONICAL BASES AND AFFINE
HECKE ALGEBRAS OF TYPE B

M. VARAGNOLO, E. VASSEROT

ABSTRACT. We prove a series of conjectures of Enomoto and Kashiwara on canonical
bases and branching rules of affine Hecke algebras of type B. The main ingredient of
the proof is a new graded Ext-algebra associated with quiver with involutions that
we compute explicitly.

INTRODUCTION

A new family of graded algebras, called KLR algebras, has been recently intro-
duced in [KL], [R]. These algebras yield a categorification of f, the negative part of
the quantized enveloping algebra of any type. In particular, one can obtain a new
interpretation of the canonical bases, see [VV]. In type A or A the KLR algebras
are Morita equivalent to the affine Hecke algebras and their cyclotomic quotients.
Hence they give a new way to understand the categorification of the simple highest
weight modules and the categorification of f via some Hecke algebras of type A or
A, See [BK] for instance. One of the advantages of KLR algebras is that they
are graded, while the affine Hecke algebras are not. This explain why KLR algebras
are better adapted than affine Hecke algebras to describe canonical bases. Indeed
one could view KLR algebras as an intermediate object between the representation
theory of affine Hecke algebras and its Kazhdan-Lusztig geometric counterpart in
term of perverse sheaves. This is central in [VV], where KLR algebras are proved
to be isomorphic to the Ext-algebras of some complex of constructible sheaves.

In the other hand, the (branching rules for) affine Hecke algebras of type B have
been investigated quite recently, see [E], [EK1,2,3], [Ka], [M]. Lusztig’s description
of the canonical basis of f in type A" in [L1] implies that this basis can be naturally
identified with the set of isomorphism classes of simple objects of a category of
modules of the affine Hecke algebras of type A. This identification was mentioned
in [G], and was used in [A]. More precisely, there is a linear isomorphism between
f and the Grothendieck group of finite dimensional modules of the affine Hecke
algebras of type A, and it is proved in [A] that the induction/restriction functors for
affine Hecke algebras are given by the action of the Chevalley generators and their
transposed operators with respect to some symmetric bilinear form on f. In [E],
[EK1,2,3] a similar behavior is conjectured and studied for affine Hecke algebras of
type B. Here f is replaced by an explicit module V() over an explicit algebra *B.
First, it is conjectured that V()\) admits a canonical basis. Next, it is conjectured
that this basis is naturally identified with the set of isomorphism classes of simple
objects of a category of modules of the affine Hecke algebras of type B. Further,
in this identification the branching rules of the affine Hecke algebras of type B are
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given by the YB-action on V(). The first conjecture has been proved in [E] under
the restrictive assumption that A = 0. Here we prove the whole set of conjectures.
Indeed, our construction is slightly more general, see the appendix.

Roughtly speaking our argument is as follows. In [E] a geometric description
of the canonical basis of “V(0) was given. This description is similar to Lusztig’s
description of the canonical basis of f via perverse sheaves on the moduli stack of
representations of some quiver. It is given in terms of perverse sheaves on the mod-
uli stack of representations of a quiver with involution. First we give a analogue
of this for “V(\) for any \. This yields the existence of a canonical basis ‘Gl°%())
for V()) for arbitrary A\. Then we compute explicitely the Ext-algebras between
complexes of constructible sheaves naturally attached to quivers with involutions.
These complexes enter in a natural way in the definition of G!°¥()\). This com-
putation yields a new family of graded algebras °R,, where m is a nonnegative
integer. We prove that the algebras °R,,, are Morita equivalent to the affine Hecke
algebras of type B. Finally we describe “V(\) and the basis %G'°¥()\) in terms of
the Grothendieck group of ‘R,,,.

The plan of the paper is the following. Section 1 contains some basic notation
for Lusztig’s theory of perverse sheaves on the moduli stack of representations of
quivers. Section 2 yields similar notation for the case of quivers with involutions.
Our setting is more general than in [E], where only the case A = 0 is considered.
In Section 3 we introduce the convolution algebra associated with a quiver with
involution. The main result of Section 4 is Theorem 4.17 where the polynomial
representation of the Ext-algebra Zi,v associated with a quiver with involution is
computed. Here A is a I-graded C-vector space of dimension vector A € NI, while
V is a I-graded C-vector space with a non-degenerate symmetric bilinear form of
dimension vector v € NI. The polynomial representation of fo,v is faithful. In
Section 5 we give the main properties of the graded algebra ‘R(I")) .. In Section
6 we introduce the affine Hecke algebra of type B and we prove that it is Morita
equivalent to °R.,,, a specialization of R(T), . Section 7 is a reminder on KLR al-
gebras and on the main result of [VV]. In Section 8 we categorify the module V()
from [EK1] using the graded algebra R,,,. In Section 9 we prove the isomorphism
‘R()n, = Z}S&,V' This is essential to compare the construction from Section 8 with
that in Section 10. In Section 10 we give a categorification of *V()) “& la Lusztig”
in terms of perverse sheaves on the moduli stack of representations of quivers with
involution. This is essentially the same construction as in [E]. However, since we
need a more general setting than in loc. cit. we have briefly reproduced the main
steps of the construction. One of our initial motivations was to give a completely
algebraic proof of the conjectures, without any perverse sheaves at all. We still do
not know how to do this. The main result of the paper is Theorem 10.19.

The same technic yields similar results for affine Hecke algebras of any classical
type. The case of type D is done in [SVV], the case of type C is done in the
appendix. Note that the idea to use canonical bases technics to study affine Hecke
algebras in non A type is not new, see [L3], [L4]. At the moment we do not know
the precise relation between loc. cit. and our approach.

Acknowledgment. We are grateful to M. Kashiwara and G. Lusztig for some
remark on the material of this paper.
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0. NOTATION

0.1. Combinatorics. Given a positive integer m and a tuple m = (mq,ma,...m,)
of positive integers we write &,,, for the symmetric group and Sy, for the group
[1,—; Sm,. Set

m|=>"m, Al =Y by, b =m(m —1)/2.
=1

We use the following notation for v-numbers

m

=1 =1

/

Given two tuples m = (mq,ma,...m,), m’ = (mf,m},...m.,) we define the tuple

li i / li
mm’ = (my, ma,... My, My, Mb, ... M., ).

0.2. Graded modules over graded algebras. Let k be an algebraically closed
field of caracteristic 0. Let R = @, Ry be a graded k-algebra. Unless specified
otherwise the word graded we’ll always mean Z-graded. Let R-mod be the cate-
gory of finitely generated graded R-modules, R-fmod be the full subcategory of
finite-dimensional graded modules and R-proj be the full subcategory of projec-
tive objects. Unless specified otherwise a module is always a left module. We’ll

abbreviate
K(R) = [R-proj], G(R) = [R-fmod].
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Here [C] denotes the Grothendieck group of an exact category C. Assume that
the k-vector spaces Ry are finite dimensional for each d. Then K(R) is a free
Abelian group with a basis formed by the isomorphism classes of the indecompos-
able objects in R-proj, and G(R) is a free Abelian group with a basis formed by
the isomorphism classes of the simple objects in R-fmod. Given an object M of
R-proj or R-fmod let [M] denote its class in K(R), G(R) respectively. When
there is no risk of confusion we abbreviate M = [M]. We'll write [M : N] for the
composition multiplicity of the R-module NV in the R-module M. Consider the ring
A = Z[v,v71]. If the grading of R is bounded below then the A-modules K(R),
G(R) are free. Here A acts on G(R), K(R) as follows

oM = M[1], v M = M[-1].
For any M, N in R-mod let

homg (M, N) = @) Homg (M, N(d])
d

be the graded k-vector space of all R-module homomorphisms. If R = k we’ll
omit the subscript R in hom’s and in tensor products. As much as possible we’ll
use the following convention : graded objects are denoted by minuscules and non-
graded ones by majuscules. In particular R-Mod will denote the category of finitely
generated (non-graded) R-modules. We ’ll abbreviate

Hom = Homy, ® =®y, etc.

For a graded k-vector space M = @, My we’ll write

gdim(M) = Z vedim(My),
d

where dim is the dimension over k.

0.3. Constructible sheaves. Given an action of a complex linear algebraic group
G on a quasiprojective algebraic variety X over C we write D¢ (X) for the bounded
derived category of complexes of G-equivariant sheaves of k-vector spaces on X.
Objects of Dg(X) are referred to as complexes. If G = {e}, the trivial group, we
abbreviate D(X) = Dg(X). For each complexes £, L' we’ll abbreviate

Extg (L, L)) = Exthy, x) (£, L), Ext*(L, L) = Exti (L, £)

if no confusion is possible. The constant sheaf on X with stalk k will be denoted k.
For any object £ of Dg(X) let HE (X, L) be the space of G-equivariant cohomology
with coefficients in £. Let D € Dg(X) be the G-equivariant dualizing complex, see
[BL, def. 3.5.1]. For each L let

LY =Hom(L,D)
be its Verdier dual, where Hom is the internal Hom. Recall that

(LY)" =L, EBxtg(L,D)=Hg(X, LY), Extgk L) =Hs(X,L).
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We define the space of G-equivariant homology by
HE(X,k) = H5(X, D).

Note that D = k[2d] if X is a smooth G-variety of pure dimension d. Consider the
following graded k-algebra
Sc = H{ (e, k).

The graded k-vector space HE (X, k) has a natural structure of a graded Sg-module.
We have
HE (o, k) =S

as graded Sg-module. There is a canonical graded k-algebra isomorphism

Here the symbol g denotes the Lie algebra of G and a G-invariant homogeneous
polynomial over g of degree d is given the degree 2d in S¢.

Fix a morphism of quasi-projective algebraic G-varieties f : X — Y. If f is a
proper map there is a direct image homomorphism

feo HS(X,k) — HE (Y, k).

If f is a smooth map of relative dimension d there is an inverse image homomor-
phism
f*HE(Y, k) —» HE 5y(X, k), Vi.

If X has pure dimension d there is a natural homomorphism
HE(X, k) = H 5y(X, k).

It is invertible if X is smooth. The image of the unit is called the fundamental
class of X in HY(X,k). We denote it by [X]. If f : X — Y is the embedding of a
G-stable closed subset and X’ C X is the union of the irreducible components of
maximal dimension then the image of [X'] by the map f. is the fundamental class
of X in HY(Y,k). It is again denoted by [X].

1. REMINDER ON QUIVERS AND EXTENSIONS

1.1. Representations of quivers. We assume given a nonempty quiver I' such
that no arrow may join a vertex to itself. Recall that I"is a tuple (I, H,h — b/, h —
h'") where I is the set of vertices, H is the set of arrows, and for h € H the vertices
h',h" € I are the origin and the goal of h respectively. Note that the set I may be
infinite. For 4,5 € I we write

Hiyj:{hEH;h/:i,hN:j}.
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We'll abbreviate ¢ — j for H; ; # 0,1/ j for H; ; =0, and h : i — j for h € H, ;.
Let h; ; be the number of elements in H; ; and set

ioj=—hij—hj, i-i=2 i#j.

Let V be the category of finite-dimensional /-graded C-vector spaces V = @,.; V;
with morphisms being linear maps respecting the grading. For v = ), v4i in NI let
V., be the full subcategory of ¥V whose objects are those V such that dim(V;) = v;
for all 7. We call v the dimension vector of V. Given an object V of V let

EV = @ HOIII(Vh/7 Vh//).
heH

The algebraic group Gv = [[, GL(V;) acts on Ev by (g,2) — gxr = y where
Yn = grrangyts 9 = (9:), © = (zn), and y = (yn).

Fix a nonzero element v of NI. Let Y” be the set of all pairs y = (i,a) where
i= (i1,12,...1x) is a sequence of elements of I and a = (a1, as,...ax) is a sequence
of positive integers such that ), a;i; = v. Note that the assignment

(11) y — (alil,agig,...akik)

identifies Y” with a set of sequences

k
(1.2) vh? R e NI Withl/:ZI/l.
=1

For each pair y = (i,a) as above we'll call a the multiplicity of y. Let I C Y”
be the set of all pairs y with multiplicity (1,1,...,1). We’ll abbreviate i for a pair
y = (i,a) which lies in I”. Given a positive integer m we have | |, I = I"", where
v runs over the set of elements v of NI with |v| = m. Here, we write v = >, v;i
and |v| = >, v;. In a similar way, we define Y™ = | | Y.

1.2. Flags. Let v € NI, v # 0, and assume that V lies in V,,. For each sequence

y =2 ... vF) asin (1.1), (1.2), a flag of type y in V is a sequence

p=(V=V'oVis...oVF=))

of I-graded subspace of V such that for any [ the I-graded subspace V!=1/V!
belongs to V,:. Let Fy y be the variety of all flags of type y in V. The group
Gv acts transitively on Fyv , in the obvious way, yielding a smooth projective
G -variety structure on Fy .

If x € Ev we say that the flag ¢ is a-stable if z,(V},) € V., for all h, . Let
ﬁvyy be the variety of all pairs (z, ¢) such that ¢ is z-stable. Set dy = dim(ﬁvyy).
The group Gv acts on Fvv,y by g : (z,¢) — (gx,9¢). The first projection gives a
G'v-equivariant proper morphism

Ty : Fv7y — FEv.
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1.3. Ext-algebras. Let v € NI, v # 0, and assume that V € V,. We abbreviate
Sv = Sg, . For each sequence y € Y we have the following semisimple complexes
in DGV (Ev)

Ly = (my)i(k), 5;/ = Ly[2dy], 53 = Ly[dy].

For y,y’ in Y” we consider the graded Sy-module
Iy yy = EXtEv ([,;,/, E;,//)

For y,y’,y” in Y” the Yoneda composition is a homogeneous Svy-bilinear map of
degree zero
*ilvyy X vy yr = Ly gy

The map * equips the graded k-vector space

Zv= P Zviv

ii’erv

with the structure of an associative graded Sv-algebra with 1. If there is no ambi-
guity we’ll omit the symbol x. We set

FVvy - EXtEV (‘C;/a D)7 FV = @ FV,i-
ierv

For y,y’ in Y” the Yoneda product gives a graded Sy-bilinear map Zy y y X
Fv,y — Fv,. This yields a left graded representation of Zv; on Fy. For each
ie IV let 1yv; € Zv,;; denote the identity of £;. The elements 1y ; form a
complete set of orthogonal idempotents of Zy such that

Zyiy =1lvixZvxlvy, Fyvi=I1lvixFy.

We'll change the grading of Zv in the following way. Put

5 5 s 5 5
Zy i = Exte, (L7, Ly), 2§ = @ VARRE

iiverv
The graded k-algebra ZF{, depends only on the dimension vector of V. We’ll write
R(), = Z§.
This graded k-algebra has been computed explicitely in [VV]. The same result has
also been anounced by R. Rouquier. See Section 7 for more details. We set also

I° = {0}, L5 = k (the constant sheaf over {0})

R(T)o = Zjy, = k.
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2. QUIVERS WITH INVOLUTIONS

In this section we introduce an analogue of the Ext-algebra R(T"),. It is associ-
ated with a quiver with an involution.

2.1. Representations of quivers with involution. Fix a nonempty quiver I'
such that no arrow may join a vertex to itself. An involution # on I is a pair of
involutions on I and H, both denoted by @, such that the following properties hold
forhe H

e O(h) =0(h") and 6(h)" = O(h'),

e O(h')=h"iff 6(h) = h.
We’ll always assume that 6 has no fized points in I, i.e., there is no ¢ € I such that
0(i) = i. To simplify we’ll say that 6 has no fixed points.

Let %V be the category of finite-dimensional I-graded C-vector spaces V with a
non-degenerate symmetric bilinear form w such that

(Vi)' = @ v,
3#6(i)

To simplify we’ll say that V belongs to °V if there is a bilinear form = such that
the pair (V, @) lies in V. The morphisms in ?V are the linear maps which respect
the grading and the bilinear form. Let

NI ={v =3 ,vi € NI, Vo(i) = Vi, Vi}.

For v € NI let °V,, be the full subcategory of ?V consisting of the pairs (V, @) such
that V lies in V,. Note that |v| is an even integer. We'll usually write |v| = 2m
with m € N. Given V in ?V and A in V we let

Bv = {z = (z1) € Ev;zg(ny = —'z1, Yh € H},
‘Gv = {9 € Gvigeuy ="g; ', Vi € T},
Bav =%Fv x Loy, Lav = Homy(A, V).

The algebraic groups Gy, Ga act on “Fy, La,v in the obvious way.

2.2. Generalities on isotropic flags. Given a finite dimensional C-vector space
W with a non-degenerate symmetric bilinear form w, an isotropic flag in W is a
sequence of subspaces

p=W=WFoWIF5...5 Wk=0)

such that (W')* = W~ for any I = —k,1 —k,...,k — 1, k. Here the symbol L
means the orthogonal relative to . In particular WO is a Lagrangian subspace
of W. Let F(W) be the variety of all complete flags in W, and F(W,w) be
the subvariety of all complete isotropic flags, i.e., we require that ¢ = (W) is an
isotropic flag such that W has the dimension m—1 and k = m. If W has dimension
2m then F(W,w) has dimension 2¢,,, = m(m — 1).
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2.3. Sequences. Fix a nonzero dimension vector v in °NI. Let ?Y” be the set of
all pairs y = (i,a) in Y such that

= (l1—ky-- s 0k—1,1k), a=(AQ1—p,...,ak-1,0k), O(i1) =1i1-1, a = a1

As in (1.1) we can identify a pair y as above with a sequence

IR L vk e NI 00 = vt g V=
1

Let °I” C Y be the set of all pairs y of multiplicity (1,1,...,1). We’'ll abbreviate
i = (i,a) for each pair in °I”. Note that a sequence in 1" contains |v| = 2m terms.
Unless specified otherwise the entries of a sequence i in °I” will always denoted by

i= (ilfmv cee 7im71; Zm)

Finally, we set
UGI” v e NI, |v]=2m,

and we define /Y™ in the same way.

2.4. Definition of the map 97TA7y. Fix v € NI, v # 0, and A € NI. Fix an
object V in ?V,, and an object A in V. For y in °Y" an isotropic flag of type y in
V is an isotropic flag

p=(V=V>Frovihts5...5Vk=0)

such that V!=1/V! lies in V,: for each I. We define °Fy; y to be the variety of all
isotropic flags of type y in V. Next, we define GFA7V,y to be the variety of all tuples
(z,y, ¢) satisfying the following conditions :

e 2%y and ¢ € GFV&, is stable by x, i.e., :I:(Vl) C V! for each I,
e yc Lpv and y(A) C VO
We set
dyy = dim("Fp v .y).
We have the following formulas.
2.5. Proposition. Fori € I” we have
(a) dim(°Fy ) = £,/2,
(b) dxi =0u/2+ 3 5 cps pipr i /2+ 21 A

Proof : Fix a subset J C I such that I = JUO(J). Set V; = P
assignment (V*) i (V¥ NV ;) takes °Fy; isomorphically onto

[IFv

jeJ

dim( FV1 ZEV] Zﬂui/Q.

jeJ i€l

ge]V The

Thus we have
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Next, fix a sequence i as above and fix a flag ¢ = (V*) in °Fy ;. Then we have
dyi = £,/2 4 dim{z € °Eyv; o(V®) ¢ V¥ Yk} +dim{y € Ly v; y(A) € VO}.
Finally we have (see the discussion in Section 4.9)

dim{z € °By; z(VF) c VF, VE} = Y hipi/2,
k<l; k+1#£1

dim{y € Lav; y(A) CVOF = > A

1<Il<m
O

The group %Gy acts transitively on GFvﬁy. It acts also on eﬁA,V,y- The first
projection gives a ’Gvy-equivariant proper morphism

0 0% 0
TAy - FA,V,y — EA,V-
For a future use we introduce also the obvious projection

07 0 0, 07 O _ 0
p:Fav =Py, Fav=[] Favs "Fv=]] Fva
iefrv iefrv

2.6. Ext-algebras. Let )\, v, A, V be as above. We abbreviate /Sy = Seq,, - For
y € %" we define the following semisimple complexes in Dog., ("Er v)

eﬁy = (GWA,y)!(k)a BE;/ = Gﬁypdky]a eﬁir = eﬁy [dxy]-
For i,i’ in °I” we consider the graded Sv-module
"Za v ip = Extig, (°Ly.°LY).
The Yoneda composition is a homogeneous ?Svy-bilinear map of degree zero
"Za~viw X Zav s — Zavag, 1,117 €T
It equips the k-vector space
OZav = @ OZa~v iy
iirefrv

with the structure of a unital associative graded ?Sy-algebra. For i € I” we have
the graded ?Sv-modules

0 0,V 0 0
Favi=EBxtiy, "Ly, D), "Fav=EP Favi
ieep/

For each 1,1’ in °T” the Yoneda product gives a graded ?Sv/-bilinear map GZA7V,i7i/ X
HFAﬁvyi/ — QFAVV@. This yields a left graded representation ofGZAyv on BFAﬁv. Our
first goal is to compute the graded algebra GZ/LV and the graded representation
BFAﬁv. For i € 1" let 1A,v,i be the identity of OC;, regarded as an element of
OZAﬁvyiﬁi. The elements 15 v ; form a complete set of orthogonal idempotents of
OZA,V such that

0 0 0 0
Zaviyv =1avi ZavIiavy, "Favi=Ilavi Fav.
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2.7. Remark. Fix a pair y in ?Y”. Let i be the sequence of °I obtained by
expanding y. We have an isomorphism of complexes in the derived category

L] = P cy s — 20(w)).

weGp

Here b = (b1, ...,bn) is a sequence such that the multiplicity of y is
()b := (b, ...,b2,b1,b1,ba,...bp).
We'll abbreviate %L = (b)! LS.
2.8. Shift of the grading. Let A\, v, A, V be as above. We define a new grading
on GZAN and GFAyv by

Xe 23 05 0p0 0
Zy vy = Extig, (L7, °LY) = "Za v i ldai — dai],

0rps 0r7d
ZA,V: @ ZA,v,i,i'a

ii’efrv

‘v =P i, 'ty =P %

ieBIV ieﬂ]u

We set also I = {0}, %8 = k, and 9Z3 (0} = k as a graded k-algebra. Here k is
regarded as the constant sheaf over {0}.

3. THE CONVOLUTION ALGEBRA

Fix a quiver I' with set of vertices I and set of arrows H. Fix an involution 6 on
I". Assume that I" has no 1-loops and that 6 has no fixed points. Fix a dimension
vector v # 0 in YNI and a dimension vector A in NI. Fix an object (V,w) in YV,
and an object A in V. For each sequences i, i’ in I we set

0 = 07 0 0
Zaviy = FaviXeg,y FAvVy, ZAv = H ZANV A
i,i'efv

the reduced fiber product relative to the maps 67TA,i, 67TA,i/. Next we set

0 0 0 0
Zav= P "Zaviv, “Fav=@ED "Favsi

ii’efrv iefrv

where
0 G~ (6 6 G (0
Zaviy =H,V(Zavii k), "Favi=H,V("Fxvik).

We have

OFA,VJ = EXt;GV (k, 0[,1) = HQ*GV (GEWV7 0£i> = H;Gv (eﬁA,VJ, k)
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We have also

(3.1) Hig, Favi k) = Hig,, (PFp v, D)[~2dxi] = O Favi[—2dxs).
This yields a graded ?Sy-module isomorphism

(3.2) "Favi="Favil—2dxi).

We equip the ?Sy-module BZ/LV with the convolution product relative to the closed
embedding of ? Z v into GﬁAﬁv X eﬁAN. See [CG, sec. 8.6] for details. We obtain an
associative graded ?Sy-algebra GZA,V with 1 which acts on the graded ¢Svy-module
9]:A,V- The unit is the fundamental class of the closed subvariety GZKV of ‘QZA,V.
See Section 4.6 below for the notation.

3.1. Proposition. (a) The left °Z5 x-module ° Fp v is faithful.

(b) There is a canonical * Sy -algebra isomorphism OZA1V = GZAy such that (3.2)
identifies the BZNV—action on HFA,V and the GZA7V—acti0n on O-FA,V-

Proof : This is standard material, see e.g., [VV]. Let us give one proof of (a). It
is a consequence of the following general fact. Let G be a linear algebraic group
over C and let M be a smooth quasi-projective G-variety over C. Let T C G be a
maximal torus. Let Q be the fraction field of S = Sp. Let Z C M x M be a closed
G-stable subset (for the diagonal action on M x M) such that p; 3 restricts to a
proper map
pi2(2) Npy3(2) = Z,

where p; ; : M x M x M — M x M is the projection along the factor not named. The
convolution product equips HS(Z,k) with a Sg-algebra structure and HE (M, k)
with a HE(Z, k)-module structure, see e.g., [CG]. Assume now that the T-spaces
M, Z are equivariantly formal, see e.g., [GKM, Sec. 1.2], and assume that we have
the following equality of T-fixed points subsets

(3.3) ZT = M" x M7,
Consider the following commutative diagram of algebra homomorphisms

HT(Z,k) ®s Q —— Ends(H! (M, k)) ®s Q

| T

HT(Z, k) —— Ends(HT (M, k))

| !

HE(Z,k) —— Ends,, (HS (M, k).

The map c is invertible by (3.3) and the localization theorem in equivariant ho-
mology. The map b is injective because Z is equivariantly formal. The map a is
injective, compare Section 4.10 below. Thus the lower map is injective, i.e., the
HE(Z,k)-module HE (M, k) is faithful.

O
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4. THE POLYNOMIAL REPRESENTATION OF THE GRADED ALGEBRA 9Z‘,§ v

Fix a quiver I' with set of vertices I and set of arrows H. Fix an involution 6 on
I". Assume that I" has no 1-loops and that 6 has no fixed points. Fix a dimension
vector v # 0 in NI and a dimension vector A in NI. Set |v| = 2m. Fix an object
(V,@) in ?V, and an object A in V). The main result of this section is Theorem
4.17 which yields an explicit faithful representation of the graded k-algebra GZXV.

4.1. Notations. Let G = O(V,w) be the orthogonal group, and F' = F(V,w) be
the isotropic flag manifold. We can regard F' as the (non connected) flag manifold
of the (non connected) group G. Next, the group Gy is canonically identified
with a Lévi subgroup of G, i.e., with the subgroup of elements which preserve the
decomposition V. = @, V;. Then 9Fy is canonically identified with the closed
subvariety of F' consisting of all flags which are fixed under the action of the center
of G+. Fix once for all a maximal torus T of Gv. Let Wy and W be the Weyl
groups of the pairs (G, T') and (G, T). The canonical inclusion Gy C G yields a
canonical inclusion Wy, C W.

4.2. The root systems. Fix once for all a T-fixed flag ¢y in %Fy,. We fix once
for all one-dimensional T-submodules D1_,,,...,D,,_1,D,, of V such that

pv = (Vl), V= D1 -@Dy—1 8Dy,

Let x; € t* be the weight of D;. Note that D; ~ V!=1/V! and that the bilinear
form w yields a non-degenerate pairing (V!=1/V!) x (V=!{/V1=l) — C, because
(VH+ =V~ Thus we have

X1-1 = —XiI-

Let B be the stabilizer of the flag ¢v in G. Let A be the set of roots of (G, T)
and let AT be the subset of positive roots relative to the Borel subgroup B. We
abbreviate A~ = —A™. Let II be the set of simple roots in A™. We have

AT ={xp£x; 1 <I<k<m},
D={xi+1—x, x2+x;!=12,....m—1}

Let < and ¢ denote the Bruhat order and the length function on W. Note that W
is an extended Weyl group of type D,,. In particular we have

lw) =0 <= w=e,eq,
where €1is as below, and the set S of simple reflections is given by
S ={50,81,+y8m-1},
with sk, k =0,1,...,m — 1 the reflection with respect to
Qo = X2+ X1, Q1 =X2—X1; --- OQm—1=Xm ~ Xm—1-

Note that u(A+) = At if £(u) = 0. Next, let Ay C A be the set of roots of
(%G, T). Note that Gy is a product of general linear groups (this is due to the
fact that 6 has no fixed points). Indeed, we can (and we will) assume that

OAVC{XI*XkaZ#ka lak:1725"'5m}'
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More precisely, given a subset J C I such that I = JU8(J) it is enough to choose
the flag ¢y such that V¥ = @ jed V;. Finally, let 9A<F, be the subset of positive

roots relative to the Borel subgroup By = B N %Gv. We have

Ay = AT NAy.

4.3. The wreath product. Let &,, be the symmetric group, and Zy = {—1,1}.
Consider the wreath product W,,, = &,,12Z2. For I = 1,2,...m let ¢, € (Z2)™ be
—1 placed at the [-th position. We’ll regard ¢; as in element of W,,, in the obvious
way. There is a unique action of W, on the set {1 —m,...,m — 1,m} such that
S, permutes 1,2,...m and such that ¢; fixes k if k £ [, 1 — [ and switches [ and
1 — 1. The group W,, acts also on ’I”. Indeed, view a sequence i as the map

{1-m,....m—1m} =1, 1l—i.

Then we set w(i) =iow™! for w € W,,.

4.4. The W-action on the set of T-fixed flags. The sets F7 and (Fy)T
consisting of the flags which are fixed by the T-action are equal. The group W acts
freely transitively on both. We’ll write e for the unit in W. Put

¢V,w = w(¢V)a Yw e W.

Thus we have FT = {¢v ,;w € W}. There is a unique group isomorphism W =
W, such that

v =(VL), Vi, =Dy,ui1)®  &Dym—1) ® Dym)-

We'll use this identification whenever it is convenient without recalling it explicitly.
We set also
w(Xl) = Xw(l)s vwv L.

Let GBVM be the stabilizer of the flag ¢v ., under the %G~-action. It is the Borel
subgroup of %Gy containing T associated with the set of positive roots

w(A+) N GAv.

Let evaw be the unipotent radical of GBvﬁw. Finally, let i, be the unique sequence
in I such that ov . lies in BFVJw. Write

(4.1) ie = (i1—m,- -y bm—1,0m)-
Since ¢v is a flag of type i, we have
D, C Vi“ wil(ie) =iy = (iw(l—m)a s 7iw(m—1)a 7“UJ(WL))

Let W, be the image of the group Wy by the isomorphism W — W,,. It is the
parabolic subgroup given by

W, ={w € Wp;w(ic) =i}
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Note that the choices made in Section 4.2 imply that
(4.2) W, C G,.

There is a bijection
W, \ Wy = 1, Wow = iy,

For each i in °I” we have
CRv)T =~ (OFvs)T = {pvw;w e Wi}, Wi={we W;i, =i}.
We’ll abbreviate
Pw="Pvi,, Wu=Wy, °“mprw="7r1,.

We’ll also omit the symbol w if w = e. For instance we write By = GBV,e and
Ny = GNv,e. Note that W,, = Wy w and that we have an isomorphism of ‘G-
varieties

OGV/GBV,UJ — GFV,wv g gd)V,w-

4.5. The stratification of °Fy; x %Fy;. The group G acts diagonally on F x F.
The action of the subgroup Gy preserves the subset Py x PFy. For w € W let
90\“} be the set of all pairs of flags in °Fy; x ?Fy, which are in relative position w.
More precisely, we write

OO\w/ - (GFV X 6FV> N (Gd)v,e,w)v ¢V,x,y = (¢V,x7 ¢V,y>a Vx,y ew.
Let GO\“} be the Zariski closure of OOQ}. For any w, xz,y in W we write also
0V .., =00 N (Fve xFyy), 20y.,,="0y NPy, x Fyvy).

We define OPV,w,ws; s € S, as the smallest parabolic subgroup of Gy containing
Ovaw and GBVJUS.
4.6. Lemma. Let w,z,y,s,u € W.

(a) The set of T-fived elements in °0O% is {dv 1 wz; w € W}

(b) Assume that £(u) = 0. We have 0% = %0%. It is a smooth G -variety
isomorphic to °Fy,. We have 903{,,111/ = 0 unless y = zu.

(c) Assume that £(s) = 1. Set s = s'u with s’ € S and £(u) = 0. We have
OOQ, = 90{, U 003{,. It is a smooth variety. We have 90{,@4} =0 ify # xs, xu.

o If xs & Wy, then
Py 2s # Py zu, "Bv.us =By, 00%/@@5 = 90%,1,171 =0.
o [fxs € Wy, then
Py 2 = P 2w, "By oas # Bv.a,

GGV Xng,m (GPV@,CES/GBV,CE)geoiif,z,zu = Goif,m,xsv (gv h) = (g(bV,x,gh(bV,xu)-
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Proof : The proof is standard and is left to the reader. Note that OBV@ = erym
and GBv,zs = GBvﬁm/ because ¢(u) = 0. Note also that

BBVJ = BBVJCS — z(a) ¢ Ny == 25 eW, — zs¢c W,

where « is the simple root associated with s’.
0O

For a future use let us introduce the following notation. Let ¢ be the obvious
projection HZA7V — PPy x Py, and, for each € W, let GZX v be the Zariski closure
in 9Z5 v of the locally closed subset ¢~ (%0%).

4.7. Euler classes in S. Consider the graded k-algebra S = Sp. The weights
X1, X2, - - - Xm are algebraically independent generators of S and they are homoge-
neous of degree 2. The reflection representation on t yields a W-action on S. Recall
that we have

w(x1) = Xw@), VI, w.

Now, let M be a finite dimensional representation of t and fix a linear form \ € t*.
Let M[A] C M be the weight subspace associated with A\. The character of M is
the linear form ch(M) = >, dim(M[A]) A. Let eu(M) be the determinant of M,
viewed as an element of degree 2dim(M) of S. We'll call eu(M) the Fuler class of
M. If M is a finite dimensional representation of T let eu(M) be the Euler class of
the differential of M, a module over t. Now, assume that X is a quasi-projective T-
variety and that = € X7 is a smooth point of X. The cotangent space T} X at x is
equipped with a natural representation of 7. We’ll abbreviate eu(X, z) = eu(T; X).
We’ll be particularly interested in the following elements

Aw = eu(eﬁA,Va ¢V,w)7 Ai},w’ = eu(QZX,Vv ¢V,w,uﬂ)71
where ¢(z) = 0,1. Note that A, lies in S and has the degree 2d) .

4.8. Description of the YG~/-varieties GﬁAyvﬁw. Let va, t, env,w, w € W, be
the Lie algebras of ‘Gv, T, GNVVUJ respectively. Consider the flag

pvw=(V=V,"D... DVl 5VP=0).
The %G -action on ‘QEAyv yields a representation of OBVM on the space
en v = {(,9) € Eavi a(VL,) C Vi y(A) © VIR,
There is an isomorphism of Gy -varieties
Gy oy, v = "Favws  (9,2.9) = (90V.w, 97, 9Y).
Under this isomorphism the map 97TA,w is identified with the map

GGV Xer,w GQA,V,w — BEA,Va (g,x,y) = (gﬂc,gy)
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4.9. Character formulas. In this section we gather some character formula for
a later use. For w,w’ € W we write

0 0 0
CA.V,w,w’ = €A V,w N €AV w5

0 0 0
0A,V,w,w’ = eA,V,w/ AV, w,w’s

0, 0, [%
nwww = W N nv,w’,

o, [% [%
mv, w,w’ = nV,w/ v, w,w’-

We have the following T-module isomorphisms

0 0 0
nww = W,w,uw 2 mv, w,w’,

0 0 0
CAV,w = €AV, ,w,w’ S DA,V,w,w’;

GmV,w,w/ = (emv,w’,w)*-

Write ey o, = Ge{o},vﬂu. As T-modules we have

v =Polal, @cw@t)n’Ay,

(4.3)
= @GEV[a], a € w(AT).

Recall that V = @, D, as I-graded T-modules, where [ = 1—m,...,m—1,m. We'll
use the notation in (4.1). Thus i;, x; are the dimension vector and the character of

D;. Note that

hikyil = hhfz,ipk’ Xl = —X1-1s

Vo(iy = Vi, V= ZV” = Z i+ 1-1).
=1

Set H = {h € H; )/ = 6(h")}, H* = H\ H°, and A = ), \;i. Note that
H° = {h € H; h = 6(h)}. Decomposing a tuple = € By as the sum of (z3)ncm1
and (xp)pepgo we get the following formula

dnn GEV Z l/h/I/h///2 + Z I/h/ Vpr — 1 /2
heH?! heHO
Next, the decomposition (4.3) yields the following formula
ch(®ovu) = Y hiala—xa):
Xi—XkEW(AT)

Here the sum runs over @ € w(A™), and for each o we choose one pair (I, k) such
that a = x; — xx. In a similar way we have also

Ch(GEV) = Z hik,il (Xl - Xk)a

Xi—XkEA

h(La,v) Z A Xt
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Here the first sum runs over A. Since V? = @Dl D; we have also

(4.4) ch(% v w) = Z hiyi(xi — Xk) + Z&@Xz,
!

X=Xk

where the first sum runs over all roots in w(A™) and the second one over all [ in
{w(l),w(2),...,w(m)}. Note that (4.4) can be rewriten in the following way

Ch(eemv,w) = Z hiw(k),iw(l)w()ﬂ - Xk) + Z )‘iw(z)w(Xl)-

Xi—xkEAT 1<I<m
By (4.3) the Euler class eu(ny ) is the product of all roots in PAy N w(A™).
Therefore, for s € S the following formulas hold

e cither ws ¢ W, and we have
eu(envﬁws) = eu(envyw),
o, _ 0, _
GU.( mV,w,ws) - eu( mV,ws,w) - 0;
e or ws € W, and we have
eu(enV,wS) = —eu(env,w),

eu(emV,w,ws) = *eu(emv,ws,w) = w(a),

where « is the simple root associated with s.
Finally, let s = s; with I =0,1,...,m — 1. Formula (4.4) yields the following.
e We have
(A, v w,wer ) = w(Xl)/\iw“) .

o If [ # 0 we have
eu(%A,V,w,wsl) = w(al)hiw(l)’iw(l+1) .

e We have

eu(%A,V,w,wso) = w(Xl)Aiw(l) w(XQ)Aiw(Z) w(a())hiw(())’iw@) .

4.10. Reduction to the torus. The restriction of functions from %y to t gives
an isomorphism of graded k-algebras

BSV = k[xla X254y Xm]WU
The group %G is a product of several copies of the general linear group. Hence it
is connected with a simply connected derived subgroup. It is a general fact that if
X is a %Gy -variety then the S-module H! (X, k) is equipped with a S-skewlinear
representation of the group Wy, such that the forgetful map gives a ?Sy-module
isomorphism
HOv (X, k) — HT (X, k)"V,

*

see e.g., [HS, thm. 2.10]. We'll call this action on HI(X,k) the canonical Wy -
action.
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4.11. The W-action and the ?Svy-action on OFA,V. Fix a tuple i in ?I” and an
integer [ = 1,2,...,m. We define Op v i(I) to be the Gy-equivariant line bundle
over ’Fj v ; whose fiber at the triple (z,y, ¢) with

p=(V=VmoOVIm5...0V™"=))

is equal to V!71/V!  Assigning to a formal variable x;(I) of degree 2 the first
equivariant Chern class of Op v ;(I)~! we get a graded k-algebra isomorphism

k[zi(1),21(2), ... 21(m)] = Hig, ("Fa v, k).
So (3.1), (3.2) yield canonical isomorphisms of graded k-vector spaces
(4.5) k[zi(1),2:(2), ... 2:(m)] = " Favi[—2dxr:] = "Fa v .
For a future use we set also
() =—-xz(1-0), l=1-m,2—m,...,0.
For w € W,,, we set
wf(zi(1),...,25(m)) = f(Twm (w(1)),. .., 2w (w(m))).
This yields a W,,-action on QFA,V such that w(eFmV,i) = GFAN,w(i).
The multiplication of polynomials equip both GFA7V,1 and QFA,V with an obvious

structure of graded k-algebras. For w € Wj the pull-back by the inclusion {¢v } C
eFAyvﬁi yields a graded k-algebra isomorphism

(46) OFA,V,i — 87 f(*SCi(l), cee 7$i(m)) = f(Xw(l)v s Xw(’m))

We’ll abbreviate
w(f) = f(Xw(1) - - Xew(m))-

The isomorphism (4.6) is not canonical, because it depends on the choice of w.

Now, consider the canonical ?Svy-action on *F 'A,v coming from the %G+ -equivariant
cohomology. It can be regarded as a ?Svy-action on @ k[zi(1),x:(2),...xi(m)]
which is described in the following way. The composition of the obvious projec-
tion °Fp v — °Fa v with the map (4.6) identifies the graded k-algebra of the
W -invariant polynomials in the x;(1)’s, with

ISv = 8™ =Kk[x1.x2,- -, xm)"".
This isomorphism does not depend on the choice of i, w. The ?Svy-action on GFA7V

is the composition of this isomorphism and of the multiplication by W,,-invariant
polynomials.
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4.12. Localization and the convolution product. Let Q be the fraction field
of S. Write . )~
‘F;\,V :Hf( FA,Vak)a

G‘FX,V = B‘FA,V s Qa
BZA,V = H*T(GZA,V, k),

O~ 60~/
Zav = Zav ©®s Q.

Let 1), be the fundamental class of the singleton {¢v o} in 9]-';\7‘,, and let ¥y, 4
be the fundamental class of {¢v w0} in BZI/X,V' Let ¥y, . denote also the
corresponding elements in the Q-vector spaces ¢ F X,V’ GZX’V. Now, we consider the
convolution products

0~/ 0~ 071 0~/ 0 - 0 7
ZAv X Zav = ZAvy  2av X TFav = Fav
relative to the inclusion of GZAﬁv in the smooth scheme QFAVV X 9FA1V. Both may

be denoted by the symbol x. We’'ll use the notation in (4.1).

4.13. Proposition. (a) The S-modules 9]-';\7‘, and OZ;\,V are free. The canonical
Wx -action on the T-equivariant homology spaces ‘9]-'1'&7\, and GZAV is given by
W) = Yy and W(Yey) = Ywe,wy- The inclusions OZA,V - OZA,V and GfAy -
elex,v commute with the convolution products.

(b) The elements 1y, Yu w Yield Q-bases ofefl'{ﬁv, GZKV respectively. For each
i the map (4.5) yields an inclusion of k[xi(1),...,zi(m)] into O‘FX,V,i such that

f(=i(1),..., —2i(m)) — Z w(f)Ay Y-
weW;
(c) We have ¥y w * Py = Ny Yo and sy * Pyt i = Ny Yuprr ap-
(d) If £(s) = 0,1 then [°Z3 ] = 20y v Al Ywwr 0 P25 .
(e) We have Ay, = eu(eexvyw @ v ).

(f) If £(u) = 0 then Ay, ,, =0 if w' # wu, and

A =AY AL b = () O ALY = () O AL

w w,Wwe wey
(9) Ifl=0,1,...,m—1 then
e either ws; ¢ W, and

s1 — ASL — 0% [2 -1
Aw,wsl - Aw,w - eu( eA,V,w,wsl D nV,w) ’

e or ws; € W, and

0, % [0 0 -1
Aiﬁ,w = eu( eA,V,w,wsl S nv,w 2 mV,w,wsl) 5

S1 _ 0 * 6. 6, -1
Aw,wsl - eu( eA,V,w,wsL & nv,w & mVJUSqu) .
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Proof : Parts (a) to (d) are left to the reader. The fiber at ¢v ., of the vector
bundle B

p:'Fav — Py
is isomorphic to GeAyvﬁw as a T-module. Thus the cotangent space to GﬁAﬁv at the
point ¢v ., is isomorphic to Gez Vo ® 9%y . as a T-module. This yields (e). Next,

observe that the variety °Z3 y, is smooth if £(s) < 1. First, assume that £(u) = 0.
The fiber at ¢v . of the vector bundle

q:Zy v — Py x Py

is isomorphic to GeA,V7w7wu as a T-module if w' = wu and it is zero else. Thus we
have 0 0 1,..(6 1
u _ * * — —
Aw,wu - eu( oA,V,w,wu)eu( eA,V,w) eu( FV’ (bV,’UJ) )
_ O~ * —1
- eu( oA,V,w,wu)Aw .

Therefore, Section 4.9 yields

N At if u=e,
w,wu (7Xw(1))Aiw(1)A1;1 if uw= €1.
Note that

Xw(l-1) = —Xw(), YW,

This yields (f). Finally, let us concentrate on part (g). The fiber at ¢v . of the
vector bundle
q:°Z3, = Py x Py

is isomorphic to eeA,V7w7wsl as a T-module if w’ = w, ws; and it is zero else. There-
fore, we have

Sq — eu(eeX,V,w,wsz)_leu(GO_i}’ ¢V,w,w’)_1 if w/ = w,ws
ww! 0 else.

Next, by Lemma 4.6(c), if ws; ¢ W,, the cotangent spaces to the variety O3 at
the points ¢v w,ws, and Pv 0 are given by

0 s 0s 0, 0,
T* Oi} = T* Oi} = “V,w,wsl = “V,w,

w,wSs| w,wsy
* O0ASs *  60,e 6. [
Tw,w Oy = Tw,w OV = Www = W,w-

Thus they are both isomorphic to 6’rt\/mj as T-modules. Similarly, if ws; € Wy, the
cotangent spaces to the variety 90?} at the points ¢v w ws;; PV, ww are given by

* 0 A~s [ 6.
Tw,wsl Oy = v, w 2] mv, ws;,ws

* 6A~s [Z [
Tw,w O‘} ="MV, D MV wws;

because Lie(erywywsl)/Lie(erﬁw) is dual to emv,w,wsl = envyw/envywyml as a T-
module.
O



hal-00435938, version 3 - 29 Mar 2010

22 M. VARAGNOLO, E. VASSEROT

4.14. Description of the OZA,V-action on O.FA,V. Using the computations in
the previous proposition we can now describe explicitly the representation of YZ4 v
in °Fov. For k=0,1,...,m — 1 let oa v(k) be the fundamental class of GZX"V in

eri}'. Next, let ma v (1) be the fundamental class of °Z35, in ?Z'y,. Finally, for
l=1,2,...,m the pull-back of the first equivariant Chern class of the line bundle
@, Oa,v,i(1)~! by the obvious map

0 01
ZX,V — FA7V

belongs to Hy, (OZX7V,k). So it yields an element s v () in OZK,V. Now, re-
call that BZE{}, embeds into ‘QZA7V. Thus the classes oa v i.i(k), ma,v,i7,i(1) and
sp,v,i7,i(l) can all be regarded as elements of GZA7V. We write

oav,i,i(k) = 1a vy *oav(k) * 1A v i,
mav,ii(l) = 1a v x A v (1) * 1a v i,
sp v, ill) =1a vy *sav(l) * 1A, v i

For a sequence i = (i1—m, ..., %m—1,%m) and integers I =1 —m,...,m — 1,m and
k=1,....m—1,m, we set

—1 if Ski = i,
A =Xy, hi(k) = q hiy . ifspi#i k#0,
hio,i2 if Soi 7é i, k=0.
Finally, recall that QZA,V acts on 9]-"/\7\; =, GJ:A,V,i and that we identify efA,VJ
with
k[zi(1), z:(2), ... 2:(m)] = BFAﬁvyi
via (4.5). The later is given the obvious k-algebra structure.
4.15. Proposition. For i,i’,i" in 91V and f in “Fao v the following hold :
(a) Ianvixf=fifi=1 and Ia vy *f=0 else.

(b) senv i) * f=0unlessi”" =1 =1 and sepa v(1) x f = z: (D) f.
(c) iaviry(1)*x f =0 unlessi’ =1, 1" =e1i and

7TA,V(1) * f = xeli(O)Aili(O)El(f).

(d) ov i (k) * f =0 unless i’ =1 and i = sii or i, and we have
o if spgi=1 and k # 0 then

ov (k) * f = (zi(k + 1) = zi(k)" P (su(f) = ),
o if soi =1 then

ov(0)x f = (2i(2) — 2:(0))" Oz (1) W (2)43 (s0(f) — f),



hal-00435938, version 3 - 29 Mar 2010

23
o if spi# 1 and k # 0 then
ov,spii(k) % f = (@ai(k +1) =z (k)) =1 Psp (f),
ovii(k) * f = (zi(k + 1) — zi(k)*) f
o if sol #1 then
V501 (0) 5 f = (50 (2) = 2003(0)) 408V g5 (1) 20 Dy 3 (2) 201 P ),
ovi,i(0) % f = (2:(2) — 2;(0))" Pz (1) Wy ()13 1.
Proof : Parts (a), (b) are left to the reader. Let w € W;. Recall that *Fp v ; C

O.F,'Lvyi and that 1, lies in elex,v,i- Under the map (4.6) the multiplication in
OfA,VJ and the S-action on efjlx,v,i are related by the following formula

f(_xi(l)’ R _'Ti(m)) hy = ’LU(f) Yoy

Further we have €1(iy,) = iwe,. Therefore, part (c¢) follows from the following
computation, see Proposition 4.13(c), (d), (f),

[OZ;_CV] *ww = Ai;lglywAwwwal = (stl(l)) wei(0) wwal = (_stl(O)) we1(0) wwala

where i, () is the I-th component of the sequence i,¢,. Let us concentrate on (d).
The first claim is obvious because °Z°* , = () unless v’ = w,ws;, by Lemma 4.6,
and iys, = Sgiyw. Now, given i’ =1 or sii we must compute the linear operator

(4.7 "Fvi—="Fvy, [rrovislk)xf.

Proposition 4.13(b) yields an embedding

"Foim @ Qb fmD),.—mm) o Y w(f)AL .

weW; weW;

Under this inclusion the map (4.7) is of the following form

Z ’LU(f)A;li/}w — Z gw'%ﬂ, Juw’ = Z w(f)Afuk/,w

weW; w' eWy weW;

by Proposition 4.13(c), (d). We claim that the right hand side is the image of a
polynomial g in 6J:V,i’ that we’ll compute explicitly. The polynomial g is completely
determined by the following relations

(4.8) guw =w'(g)A,}, Vw' € Wi,

In the rest of the proof we’ll fix w,w’ in the following way

weW;, weWy, w =uworwsyg.
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In particular we have i = i, i’ = i,, and i’ =i or sgi.
(i) First, assume that spi =1i. Then i’ =i, w'sy € W,,, and we have
gur = W (NS o+ 0 st (DA
Section 4.9 and Proposition 4.13 yield
Ay = eu((’e};,vw D v ),

s 6 * 6. 6, —1
AJ/,w/ = GU.( eA,V,w’,w’sk & nv,w’ @ mV,w’,w/sk) ’

Afj’,w’sk = eu(eej\,v,w’,w’sk S 6)‘an,’w’ S2) emV,w’sk,w’)_la
eu(emv,w/,w’sk) = *eu(emv,w/sk,w/) = w/(ak)-
So we have
A'lsj’,w’ = eu(%z,v,w’,w’sk)wl(ak)_lA;’l = _A'lsj’,w’sk'

Therefore we obtain

Guw’ = wl(f - Sk(f)) eu(%z,v,w’,w’sk)wl(ak‘)_lA:u’l‘
Now, assume that k # 0. There is no arrow joining i,y and 4,41y, because
T (k) = Gw (k+1)- Lhus Section 4.9 yields
eu( R,V,w/,w/sk) =1
Hence

gur = w'(f = si(f))w'(ar) AL

=w'(9)A/

w’

9= (f = sk(H)ey. "
Next, assume that k& = 0. There is no arrow joining .,y and 4,(2). Thus Section
4.9 yields

* Ai Ai
(0} v wrse) = (—Xawr (1) O (—Xur(2) @

Therefore we have
Aq / A ’ — -
guw = (f = 50(f))(=Xuw (1)) O (—Xuwr(2)) @ w (00) T AL

=w'(g)A,/,

9= (f = so(1))(=x1) ' ® (=x2) @ ag .

(7¢) Finally, assume that spi # i, i.e., that ws, ¢ W,,. Section 4.9 and Proposi-
tion 4.13 yield
eu(enV,wSk) = eu(env,w),

0 0,
Aw = eu( eX,V,w ® nV,U/)’
6 6,
Awsk = eu( ex,v,wsk S5 nvﬁw)ﬂ

Sk __ 0 * [’) —1 __ ASsk
Aw,w - eu( eA,V,w,wsk D nV,w) - Awsk,w'
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So we have
A Awsk = eu(%x,v,wsk,w)’

WSk, W
AftiwAw = eu(%x,v,w,wsk)'

Next, one of the two following alternatives holds :

e cither i’ = s;i, w' = wsy and
Gur = W' sk(F)AD s,
= w'sk (N (A whws ) Ay,
= w'sk(f) a0} v wre,) A
e ori’ =i, w =w and
gu =W (F)AD
= w'(f) (A% Aw)AL)
= w'(f) eu(0} v wrs,) A

Now we consider the cases k # 0 and k = 0. First, assume that k£ # 0. By Section
4.9 we have

eu(%/\,v,w’,w’sk) = wl(ak)hiw/(k)’iw/(kJrl) .

Thus (4.8) holds with

g= Sk(f)(_ak)hiw/(k)’iw/(k+l)

in the first case and with
g= f(fak)hiw/m’iwwwn
in the second one. Next, assume that £k = 0. By Section 4.9 we have
U(0n v wrrs) = 0 (1) 0w (x2) @ () o o)
Thus (4.8) holds with
9= s0(/)(—x2) O (—x2) @ (—ag) "o e
in the first case and with
9= F(=x2)" 0 (=x2) @ (—ag) o e

in the second one.
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4.16. Description of the graded k-algebra GZA,V. We can use the previous
computations concerning BZAyv to get informations on 6’ZAyv. The action of

Iavi, 2av(l), oav(k), mav(l),

yields linear operators in End(efmv). Recall that 9]-"/\7\; is a faithful left GZNV—
module and that there are canonical isomorphisms

“Zav ="2av, "Fav="Fav.
Thus the graded left GZAyv—module 6’F,\y is also faithful. Recall also that
“Fav=ED "Favi "Favi=Kkai(),:(2),...,zi(m).
iefrv
We obtain the following.

4.17. Theorem. The graded k-algebra GZA7V is isomorphic to a graded kK-subalgebra
of End(°Fp v) which contains the linear operators

Iavi 2av,il), oavi(k), mavi(1),
ielr”, k=0,1,....m—-1, 1=1,2,...,m,

defined as follows :
(a) 1av i is the projection to “Fp v ; relatively to @i,# Favi,
(b) seavi(l) =0 on "Fpvy if ' # i, and it acts by multiplication by x;(1) on

"Favi,

(c) oav.i(k) =0 on Favy if i’ #1, and it takes a polynomial f in °Fp~; to
(@i (k + 1) — 23 (k)" (si(f) = f) if spi=1,k#0,
(23(2) — 2:(0))" Oz ()W a5 ()43 (so(f) — f) ifspi=1,k=0,
(@spi(k + 1) = z51()) 1 P sy (f) if ski# i,k #0,
(:Esol(2) - :Esol(0))h50i(0)$soi(1)>\50i(1)x80i(2)>\50i(2)SO(f) Zf Ski # i7 k= 0;

(d) Tavi(1) =0 on "Fp vy if i’ # 1, and it takes a polynomial f in °Fp v to
22,1(0) 11 ey (f).

The degrees of these operators are given by the following formulas

deg(1a,v,i) =0,

deg(sea,v (1)) = 2,

deg(ma,v.i(1)) = 2A<,1(0),

deg(oa,v,i(0)) = 2h4i(0) + 2Xs0i(1) + 2X50i(2)
deg(oa,v,i(k)) = 2hs,i(k) if k#0
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4.18. Shift of the grading. We are mostly interested by the graded k-algebra
BZKV, whose grading differs from the grading of BZXV. Let us compute the degree

of the generators of 9Z‘,§ v+ We have

0rzd 0
Zp v spii = LAV siiildai — dysyil-

Recall that hg(;) ; = hg(j),; for each 4, j. Hence, an easy computation using Propo-
sition 2.5 yields

hl(k) - hski(k) if k 7é O,
dyi—dxs,i =

hl(O) — hSUi(O) + )\1(2) =+ /\1(1) — )\501(2) — >\50i(1) if k= 0,
dri — dxrei = Ae1i(0) — Ai(0).

Therefore the grading of BZXV is given by the following rules :

5. THE GRADED k-ALGEBRA ‘R(T),

Fix a quiver I' with set of vertices I and set of arrows H. Fix an involution 6 on
I". Assume that I" has no 1-loops and that 6 has no fixed points. Fix a dimension
vector v # 0 in *NI and a dimension vector A in NI. Set |v| = 2m.

5.1. Definition of the graded k-algebra R(T),,. Assume that m > 0. We
define a graded k-algebra OR(F)M, with 1 generated by 1;, s, o, m with i =
(11—~ rim) in IV k= 1,...;om — 1, 1 = 1,2,...,m, modulo the following
defining relations®

(@) 11y = 6iwli,  oxli = lsiok, sqli =1lizg, mli= 17,

(b

oy =y, MM = M ()T,

)
A.
) 03Li = Qi ipyy Garrr, 2L, L= 55"
)

(
(d OOkt — O/ OL if k 7& k/:tl, 10 — OT1 1f]<37é 1,

_ - RPN %gi1+)\i2 7%2)\1'1“1’)\1'2
(e) (o1m1)7Li = (m101)71i + Gig i (—1)772

)‘il
> 1i7

Ulliv
xo — M9

TWe thank M. Kashiwara who indicate us an error in a previous version of the relations
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(f) (Ok410K0k+1 — OkOKy10%)1; =

Qik,ik+1 (%k-i-la %k) - Qik,ik+1 (%k-i-la %k+2)

= 51 i 1i;
Rk A — A2
—1; ifil=k, i =igys1,
(9) (orra — 2, yor)li = L ifl=k+1, i =igs1,
0 else.
Here 6; ; is the Kronecker symbol, s _; = —3¢, and
(DM A,
(5.1) Qi j(u,v) =
0 else.

We'll abbreviate oy, = ox1i, 26, = 241, and 737 = m11;. The grading on ‘QR(F))\JJ
is given by the following rules :

If v = 0 we set “R(I")x,, = k as a graded k-algebra. Let w be the unique anti-
involution of the graded k-algebra GR(F))\JJ which fixes 1;, 24, ok, 1.

5.2. Remarks. (a) We may set o9 = myo1m. We have
deg(ooli) = 7’L'0 . i2 + )‘i—l + )\io + )\il + >‘i2'
(b) We may also set 1 = 071 ...0201m10103...0—1. We have

deg(ml;) = — (i1 +ia+ - +d4—1) - (i +i1-1) + Ny, + Niy_,-

5.3. The polynomial representation and the PBW theorem. Given any
objects V in %Y, and A in V) we abbreviate

0 0 0 0 0 0
F,="Faxv, "Fi="Favi, “S,="Sv.

5.4. Proposition. There is an unique graded k-algebra morphism GR(F)/\,U —
End(°F,) such that, for eachic€ ¥, k=0,1,....m—1,1=1,2,...,m, we have

Li—=1avi, 21— sav,il), oix—oavi(k), mi—mavi(l).

Proof : The defining relations of *R(T")y,, are checked by a direct computation.
Let us (only) give a few indications concerning the relation 5.1(¢). We have

. iy
O’lli = (%1 — %Q)hsl‘(l)(sl — 51'171'2)11, 7T11i = 5111.
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This yields
. A
o1mily = (3 — 300)0 O (51 — 6y 5, )56 €1 14,
mol; = %giz{;‘l(%l — %g)hsli(l)(sl — 5i1,i2)1i-

Therefore we have
. Xig . iy
(017T1)21i = (30 — %z)hsl‘(l)(sl - 511,12)%0 e1(sa — %2)1150.(0)(51 - 5i0,i2)%0 e1lj,
Ai . i .

(7T10'1)2li = 151(%1 — %2)h30'(0)(51 — 51'011'2)%0 251(%1 — %Q)hsll(l)(sl — 6i1,i2)1i-
Hence we have

(01m1)* 15 = (321 = 22)"11(1) (509 — 309) 01D A,

(m101)°15 = (30 — 222)"11 1) (509 — 305) 019 3,

where
)\7; Ai
A= (81— 04iy,i) 5 " €1(51 — big iz )35 €114,
)‘il A'LZ
B = %0 61(81 — 51'011'2)%0 51(51 — 5i1,i2)1i-
If ig # iq it is easy to see that A = B. If iy = i a direct computation yields

i ) i )
B~ A= (5" (=)™ =54 (=)™ )s1.

The rest of the computation is left to the reader.
O

The k-algebra *R(T'), , is a left graded °F,-module such that x;(l) acts by the
left multiplication with the element s¢; for each [ = 1,2,...,m. To unburden the
notation we may write 5 ; = x;(l). The following convention is important.

From now on we’ll regard W, as a Weyl group of type B,,, with the set of simple
reflections {s1, 8a2,...,8m} where s, = e1, rather than an extended Weyl group
of type D, as in Section 4.2.

For w € W,,, we choose a reduced decomposition w of w. By the observation above
w is a minimal decomposition of the following form

W = Sk, Sky "+ " Sk,, O0<ki,ka,....;kr <m, 8y, =-c1.
We define an element oy, in *R(T"),, by the following formula
1i ifr=0
(5.2) Oy = Z liow, lijoy =

1i0, 0k, -+ -0, else,

where we have set o, = m. Observe that o, may depend on the choice of the
reduced decomposition w.
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5.5. Proposition. The k-algebra *R(T")y,, is a free (left or right) °F, -module with
basis {oy; w € Wi, }. Its rank is 2™m!. The operator lioy is homogeneous and its
degree is independent of the choice of the reduced decomposition .
Proof : The k-space ‘R(I"),, is filtered with 1;, 55, in degree 0 and oy, m ;1 in
degree 1. This filtration is a nonnegative increasing k-algebra filtration. Each term
of the filtration is a graded subspace of R(I")» .. Therefore the associated graded
k-algebra gr PR(I"), ,, is bigraded and the symbol map preserves the grading.
Now, the Nil Hecke algebra of type B,, is the k-algebra “NH,,, generated by the
elements 71,51, 09,...,0,_1 With the relations

GpOwp = ooy if [k —K|>1, may=apmif k#1, (761)° = (6171)%,
Ohi10kOhtl = OkOR410k, 7o =02 =0.
We can form the semidirect product °F, x “NH,,, which is generated by 1;, 3,
71,0 with the relations above and
Ok = Hs, (1)0k, T30 = ey ()1, S50 = Xy .
We have a surjective k-algebra morphism
(5.3) GFV ><1‘9NHm—>gr9R(l—‘)>\,l,, li— 1, v s, 7T +— T, O+ Ok
Thus the elements o, with w € W, generate OR(F)AJ/ as a ?F,-module. We
must prove that they yield indeed a basis of YR(T'), . This is rather clear, since
the images of these elements in End(?F,) under the polynomial representation are
independent over ’F, (by Galois theory). Therefore the map (5.3) is invertible.
The last claim is now clear, because the element o, has the same degree as its
symbol and if w, @ are two reduced decomposition of w then oy and oy have the

same symbol.
O

Let °F), = @, °F}, where °F} is the localization of the ring ’F; with respect to
the multiplicative system generated by
agtmp; 1<IAU <mPU G 0=1,2,...,m}.

5.6. Corollary. The polynomial representation of ‘R(I'), on °F, is faithful.
The inclusion of °R(T")x, into End(°F,) yields an isomorphism of F! -algebras
from °F., @op, *R(T)z,, to PF! x W,,, such that for eachi and eachl =1,2,...,m,
k=1,2,...,m—1 we have

1i — 1i;
i, — 2l
)‘il
(5.4) T e sy el
(%k — %k-',-l)il(sk — 1)11 Zf i = ’ik+1,
Oik

hi i ¥ ;
(%k — %k-i-l) k+1> kskli Zf Uk 75 Ut 1-

Restricting the °F,-action on OR(F)M, to the subalgebra S, of °F, we get a
structure of graded ¢S, -algebra on GR(F)AJ/.
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5.7. Proposition. (a)?S, is isomorphic to the center of “R(T)y.,.
(b) "R(T") ., is a free graded module over %S, of rank (2™m!)?.
Proof : First we prove (a). Recall that

Wi
GSV = k[xlaXQa' . aX’m]WV = (@k[%la%Qa-' '7%m]1i) .

Given a sequence i in 97 the assignment x — x1; embeds S, as a central subalge-
bra of R(I")y,,. We must check that this map surjects onto the center of *R(T)y ,,.
This follows from Corollary 5.6. Part (b) follows from (a) and Proposition 5.5.
O
In Section 9 we’ll prove the following theorem.

5.8. Theorem. For any v € 'NI, \ € NI there is an unique graded ?Sv -algebra
isomorphism
R = 28 v

which intertwines the representations of R(T)x,, and OZ‘;\ v on oF,.

5.9. Examples. (a) If m = 0 then *R(T"),, = k by definition.
(b) Assume that m = 1. Fix a vertex ¢ in I and set v = i + 6(i). We have

o1 = {i,0(i)} with i = i6(i) and 6(i) = 0()i. We have
"R(D)aw = (k(a] ® mk[a])1; @ (K[sa] ® mk[]) o),

mixli = —samly,  mialen) = —ramileg),
L X N+
Tilg = (~1)M@s " g, il = (—1)Nag T 0,
The inclusion /S, C YR(I"),, is given by

k[X] — GR(F)A,IM X = (%11ia 0) _%lle(i)a O)

6. AFFINE HECKE ALGEBRAS OF TYPE B

6.1. Affine Hecke algebras of type B. Given a connected reductive group G
we call affine Hecke algebra of G the Hecke algebra of the extended affine Weyl
group W x P where W is the Weyl group of (G, T), P is the group of characters
of T, and T is a maximal torus of G. Fix p,q in k*. For any integer m > 0 we
define the affine Hecke algebra H,, of type B,, to be the affine Hecke algebra of
SO(2m + 1). Tt admits the following presentation, see e.g., [Mc]. If m > 0 then
H,, is the k-algebra generated by

Ty, X, k=0,1,....m—1, 1=1,2,...,m
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satisfying the following defining relations :
(a) Xle/ = Xl/Xl,

() (ToT1)? = (TyTo)2, TiTe-1 Ty = Too1 TiTh—r if k # 0,1, and Ty Thy = T T, if
|k - kl' 7é 1,

(C) TonlTO = Xl, TkaTk = Xk+1 if k 7é 0, and Tle = XlTk if [ 7& k,k+ 1,
(d) (Te —p)(Tk +p~") =0if k # 0, and (Tp — q)(To + ¢ ") = 0.

If m = 0 then Hy = k, the trivial k-algebra. Note that H; is the k-algebra
generated by Ty, X 1i1 with the defining relations

ToX{'To = X1, (To—q)(To+q¢ ") =0.

6.2. Intertwiners and blocks of H,,. We define
A=k X X XA, A=A[x7Y, H,=A®asH,,
where ¥ is the multiplicative set generated by

- X XY, 1-p?X XY, 1-X7, 1-¢2X"2, 1#1.

For k=0,...,m — 1 the intertwiner ¢ in H/  is given by the following formulas
X — X1 .
—1l=—77F— Tk — if k#0,

Pk P Pp— o (T — p) #

(6.1) L
1= 2 -1 (To — q)
o —1=—=5——(To — q).
gX; % =gt

The group W, acts on A’ as follows
(spa)(X1,..., Xm) =a(X1, ..o, Xer1, Xiey -, Xim),
(e10)( X1y, Xom) = a(X7 1, Xoy o, X)),
There is an isomorphism of A’-algebras
A" xW,, -H,,, s+ o, 1+ 9, k#O.

The semi-direct product group ZxZs = Zx{—1,1} acts on k* by (n, ) : z — 2°p*".
Given a Z X Zs-invariant subset I of k* we denote by H,,-Mod; the category of
all finitely generated H,,-modules such that the action of X;, Xo,..., X,, is locally
finite and all the eigenvalues belong to I. We associate to the set I the quiver I'
with set of vertices I and with one arrow p%i — i whenever i lies in 1. We equip
" with an involution # such that 6(i) = i~! for each vertex i and such that 6 takes
the arrow p%i — i to the arrow i~! — p~2i~1. We’ll assume that the set I does
not contain 1 nor —1 and that p # 1, —1. Thus the involution € has no fixed points
and no arrow may join a vertex of I' to itself.
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6.3. Remark. We may assume that either I is a Z-orbit or I contains at least one
of +q, see the discussion in [EK1]. Thus, we can assume that one of the following

two cases holds :

(a) I is a Z-orbit which does not contain 1, —1, ¢, —q. So either I = {p™; n €
Zoaa} or I = {—p™; n € Zoaa}- Then T is of type A if p has infinite order

and T is of type Agl) if p? is a primitive r-th root of unity.

(b) q € I (the case —q € I is similar) and —1,1 ¢ I. Then we have I = {qgp*"; n €
7} U {q~'p®"; n € Z} with ¢* # p*" for all n € Z. Thus T is of type A,

A x Ao, A or AW 5 AW,

6.4. H,,-modules versus °R,,-modules. Given an element )\ of NI we define

the graded k-algebra

‘Riam = @GRI,)\,IM ‘Rraw ="R@)r,, U= HOIV,

where v runs over the set of all dimension vectors in NI such that || = 2m. When
there is no risk of confusion we abbreviate R,,, = GRI,,\M and ’R, = BRI,,\W. Note
that the k-algebra ’R,, may not have 1, because the set I may be infinite, and
that “Rg = k as a graded k-algebra. From now on, unless specified otherwise we’ll

set

(6.2) )\:Zi, ieIn{q—q}.

Given sequences

i=(i1mm, o imety0m), 1 = (0, i1 im),

we define a sequence 0(i')ii’ as follows

O()iE = (0(i,), .. 0(%), i1y - oy iys e sil)-

Let v, v/ be dimension vectors in *NI and NI respectively such that |v| = 2m,

|V| =m’, and m +m/ = m”. We define an idempotent in °R,,,» by

Low =Y Aoy, 1€ i el

ii/

For v{,vy,...,v, in NI we define 1,/ ., in the same way. Finally, for any graded

R, »-module M we set

(6.3) LM =P Loy M, i€r™ e

i,i/

If M is a right graded R,,,-module we define M1,, . in the same way.

Next, let “R,,,-Mody be the category of all finitely generated (non-graded) °R,,,,-

modules such that the elements s¢1, 59, ..., 5, act locally nilpotently. Let
'R,,-fMod, C °R,,-Mody, H,,-fMod; Cc H,,-Mod;

be the full subcategories of finite dimensional modules.
Fix a formal series f(5) in k[[5]] such that f(s) = 1+ s modulo (s?).
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6.5. Theorem. We have an equivalence of categories
'R,,-Mody — H,,-Mod;, M — M
which is given by
(a) Xi acts on 1;M by i;lf(%l) forl=1,2,...,m,
(b) Tk acts on 1;M as follows for k=1,2,...,m —1,

(pf () = f Gteg1)) e — 20041)
fGa) — f(ry)

fOw) = fOmp1) S (P> = 1) fGar1)
(=L f Gaw) — pf ) e — s21) + pfGak) — p= 1 f (e

pirf (Ga) = p~ Vi1 f Gang) N (p~" = p)inf Gar1)

oL +p ifik+1:ik,

. . 2.
if iky1 = p7ik,

Zf ik+1 7& ikap2ik7

i f () = i1 f o) ik+1f (5ek) — ik f (3k+1)
(¢) Ty acts on 1;M as follows
flea)” ~1 (- 0fGaf
G =G G T TR
-4 i (%1)27T1+ a—q if i1 # £q.

1— i3 f(oa)? 1— i f(ea)7?

6.6. Remark. The first case in (c¢) does not occur if ¢ = ¢~ because 6 has no
fixed points in I. In the second case we have i3 # 1 for the same reason. Note also
that (f(sc) —1)/5 is a formal series in k[[5]], and that (f(3e1) — f(3r2))/ (301 — 322)
is an invertible formal series in k[[s; — 35]]. Finally, recall that p? # 1.

Proof : First, recall that +1 ¢ I and that p # 1. Observe also that (6.2) yields
i1 = :l:q < >‘i1 = 1,
i1 7é :l:q < >‘i1 =0.

The functor above is well defined by formulas (5.4) and (6.1). Let g be the inverse
of f,ie., g(X) is the unique formal series in k[[X — 1]] such that gf(3) = ». For
instance, we may choose
fGo)=1+3 ¢gX)=X-1.
A quasi-inverse functor H,,-Mod; — YR,,-Modg such that M — M is given by
the following rules
(@) LM ={m e M; (44X; — 1)"m =0, r > 0},
(b) > acts on ;M by g(i;X;) for 1 =1,2,...,m,
(¢) ok acts on 1;M as follows for k =1,2,...,m — 1,
Xk — Xpt1
(pXk — ™ Xpot1) (9(ix Xk) — 9(inXp11))
9(ik+1Xk) — 9(ixXnt1)
pXi —p7 1 Xy
. X — Xp1 .
P Xk — pXkpa P Xk — pXkpa

(T — p) if i1 = ik,

((Xk — Xi41)Ti + (p —pfl)XkH) if ig1 = p2ik,

. . . 2.
if Tk+1 7& Uk, P71k,
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(d) m acts on 1;M as follows

g(i0X1) _ _ o
q_l(_ qX72 ((Xl 2— 1)T0 + q—q 1) if 1 = j:qa
1
XfQ—l q—q’1

0 — — lf Zlﬁiq
X7 —q q¢'X{7—¢q

Note that g(X)/(X —1) is a formal series in k[[X —1]], and that (X7 — X3)/(g(X1)—
9(X32)) is an invertible formal series in k[[X; — X5]].
0O

6.7. Corollary. There is an equivalence of categories

U :R,,-fMody — H,,-fMod;, M s M.

6.8. Example. Let m = 1. Using Example 5.9(b) it is easy to check that the
1-dimensional ’R,,,-modules are labelled by {i € I; \; + Ao@iy # 0}, and that the
irreducible 2-dimensional “R.,,-modules are labelled by {i € I; A; + Ag(;y = 0}/0.
Further we have A\; + Mgy # 0 iff i = +q¢~! or £¢. On the other hand the 1-
dimensional objects in H,,-Mod; are given by

(a) X1 =i To=q,i€In{Etqg '},
(b) X1 = ’L'il, To = 7(]71, 1eln {:l:q},
and the irreducible 2-dimensional objects in H,,,-Mod; are given by
_ Z 0 _ _'L'Qa/b a2 — b2/i2 . _ 1 _ .9
(C) Xl_(o i—1)7T0_(_Z~2/b2 a/b Wltha_q_q 7b_1_la
and i # +q~ 1, +q.

Therefore Theorem 6.5 is obvious in this case.

6.9. Induction and restriction of H,,-modules. For i € I we define functors

E; : H,,-fMod; — H,,,_1-fMod;,

(6.4)
F, : H,,-fMod; — H,, ,,-fMod,

where E;M C M is the generalized i ~!-eigenspace of the X,,-action, and where

F,M = Ind?m+

i e (M k).

Here k; is the 1-dimensional representation of k[X;-} ] defined by X1+ i~
6.10. Remark. The results in Section 6 hold true if k is any field of characteristic
# 2. Indeed, set f(») = 14 » and g(X) = X — 1. Then we must check that
the formulas for T}, Ty and that the formulas for oy, m still make sense. This is
straightforward for all cases, except for the first formula for m;. Here one needs
that 41 X7 + 1 is invertible, which holds true if the characteristic is not 2.
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7. GLOBAL BASES OF f AND PROJECTIVE
GRADED MODULES OF KLR ALGEBRAS

This section is a reminder on KLR algebras. Most of the results here are due to
[KL]. Although we are essentially concerned by KLR algebras of type A, everything
here holds true in any type.

7.1. Definition of the graded k-algebra R,,. Fix a Z x Zs-invariant subset
I C k* as in Section 6.2. Let I" be the corresponding quiver. For each integer
m = 0 we put

R(I)m = @R(I)w R(I)l/ = R(F)Uv

where v runs over the set of all dimension vectors in NI such that |v| = m. Here
R(T), is the graded k-algebra introduced in Section 1.3. When there is no risk of
confusion we’ll abbreviate R, = R(I).,. Let Q; ;(u,v) be asin (5.1). If m > 0
the graded k-algebra R, is generated by elements 1;, 54, o3 withi e I™, | =
1,2,...,mand k=1,2,...,m — 1 satisfying the following defining relations

1ily = 0wli, ok = lga0ieli, 260 = lizg 1,

)

Ry = Ay A,

)
)

¢) o3li = Qip iy (g1, 21) 14,
) okop = ooy if [k — K| > 1,
)

(Okt1060k+1 — OkOL410%) 15 =
Qik,ik+1 (%k-i-la %k) - Qik7ik+l (%k-i-l’ %k+2)
— Ay — HAk+2

1; if i = ip4o,

0 else,

-1 if & = ka ik = ik-i—la
(f) (O’k%k/ 7%sk(k’)o'k)1i = 1; if k':k+17 ik:ikJrl,
0 else.
The grading on R,, is given by the following rules : 1; has the degree 0, s;; has
the degree 2, and o4 , has the degree —iy, - ix41. Given any element a in 1;R,, 1y we
write spa = 34 a, asxg, = asxy g, etc. Note that the k-algebra R,, may not have 1,

because the set I may be infinite. If m = 0 we have R,,, = k as a graded k-algebra.
Let w be the unique anti-involution of the graded k-algebra R,,, given by

w: 1y, sq, op = 1y, 5, ok

Note that Q; ;(u,v) = Qj.:(v,u). Hence there is an unique involution 7 of the
graded k-algebra R, such that

T 1y, s, ok = Ly, )y Zmt1-1, —Om—k;

where w,, is the longest element in &,,. Finally, we have Q; j(u,v) = Qq(),0¢j)(—u, —v).

Hence there is an unique involution
v 1y, 0, o = 1y, —2a, —0%.
We define

(7.1) K=L0T =ToL
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7.2. The Grothendieck groups of R,,. The graded k-algebra R,, is finite
dimensional over its center, a commutative graded k-subalgebra. Therefore any
simple object of R,,-mod is finite-dimensional and there is a finite number of
simple modules in R,,-mod. The Abelian group G(R,,) is free with a basis formed
by the classes of the simple objects of R,,,-mod, see Section 0.2 for the notation.
The Abelian group K(R,,) is also free, with a basis formed by the classes of the
indecomposable projective objects. Both Abelian groups are free A-modules where
v shifts the grading by 1. We define

K;= @ Kim, Kim=KRy),

m2=0

Gr = @ Gl,ma Gl,m = G(Rm)

m=0

Now, fix integers m,m’,m"” > 0 with m"” = m + m’. Given sequences i € I"™ and
. ! . . .o .
i’ € I we write i’ = ii’. We’ll abbreviate

Roym =Ry @Ry
There is an unique inclusion of graded k-algebras
¢:Rpym — Ry,
Li @ 1y = Ly,
s, @ Ly = a5 g,
(7.2)
1i @ s 1 = 5600 i
gik @ 1y = oy,
1 ® oy 1 = OV mtk-
This yields a triple of adjoint functors (¢, ¢*, ¢.) where
¢* : Ryyr-mod — R,,,-mod x R,,,,-mod
is the restriction and ¢, ¢. are given by
R,,-mod x R,,»-mod — R,,,»-mod,
: { (M) o Ry o, (M @ M),
R,,-mod x R,,»-mod — R,,,»-mod,
o { (M, M') = homg,, _,(Ryr, M @ M),

First, note that the functors ¢, ¢*, ¢. commute with the shift of the grading.
Next, the functor ¢* is exact and it takes finite dimensional graded modules to finite
dimensional ones. By [KL, prop. 2.16] the right graded R, ,»»-module R, is free of
finite rank. Thus ¢ is exact and it takes finite dimensional graded modules to finite
dimensional ones. For the same reason the left graded R, ,/-module R, is free of
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finite rank. Thus ¢, is exact and it takes finite dimensional graded modules to finite
dimensional ones. Further ¢; and ¢* take projective graded modules to projective
ones, because they are left adjoint to the exact functors ¢*, ¢. respectively. To
summarize, the functors ¢, ¢*, ¢. are exact and take finite dimensional graded
modules to finite dimensional ones, and the functors ¢, ¢* take projective graded
modules to projective ones. Taking the sum over all m, m’ we get an A-bilinear
map
¢[ : K[XK[%K[.

In the same way we define also an A-linear map
¢* : K[ —>K1®AK1.

From now on, to unburden the notation we may abbreviate R = R,,, hoping it
will not create any confusion. Recall the anti-automorphism w from the previous
section. Consider the duality

R-proj — R-proj, P+ P*=homgr(P,R),
with the action and the grading given by
(@f)(p) = f(P)w(),  (PF)a = Homg(P[~d],R).

We'll say that P is f-selfdual if P¥ = P. The duality on R-proj yields an A-
antilinear map
K; - K;, Pw— P%

Set B =7((v)). The A-module K; is equipped with a symmetric .A-bilinear form

K]XK]-)B, (PQ):gdlm(Pw ®RQ)

Here P“ is the right graded R-module associated with P and the anti-automorphism
w. Finally, we equip K; ® 4 K; with the algebra structure such that

(PeQ.P®Q)—v " ¢(PP)enQ.Q),
and with the A-antilinear map such that
PoQ— (PRQ) =P o

The following is proved in [KL].

7.3. Proposition. The map ¢, turns K into an associative A-algebra with 1, and
it commutes with the duality §. The map ¢* is an algebra homomorphism which
turns Ky into a coassociative A-coalgebra.

The Cartan pairing is the perfect A-bilinear form
K[XG]*).A, <P:M>:gdithmR(P,M).
Consider the duality

R-fmod — R-fmod, M — M’ = hom(M, k),
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where k is considered as a graded k-space homogeneous of degree 0. The action
and the grading are given by

(@f)(m) = f(w(@)m), (M")q=Hom(M_g k).

We'll say that M is b-selfdual if M” = M.
Finally, let BI™ be the free B-module with basis I™. The character of a finitely
generated graded R,,,-module M is given by

ch(M) =" gdim(1;M)i € BI™.

1

7.4. The projective graded R,,-module Ry. Fix v € NI with |[v| = m. For
y = (i,a) in Y” we define an object Ry in R,,,-proj as follows.
o Ifi =™, i € I, and a = m then we set Ry = F,[{,,]. As a left graded
R,-modules we have a canonical isomorphism R, = @,,cs, Ry[20(w) —Ln].
We choose once for all an idempotent 1, in R,, such that Ry = (R, 1y)[¢].
o If i = (i1,...,%) and a = (aq,...ax) we define the idempotent 1, as the
image of the element ®f:1 1(i;)e1,a, by the inclusion of graded k-algebras
®;€:1 R,,i,C R, in (7.2). Then we set Ry = (R, 1y )[{a).

The graded module Ry satisfies the following properties.

e Let i’ € I be the sequence obtained by expanding the pair y = (i,a). We
have the following formula in R,,-proj

Ri =Rly = P Ry[20(w) — la] =: (a)! Ry.

weS,

As a consequence, since the graded module Ry is f-selfdual we get
Ry[d)* = Ry[—d], VdcZ.

e Giveny = (i,a) €Y, and y' = (i',a’) € Y,y we set yy’ = (ii’,aa’). We have
an isomorphism of graded R,»-modules ¢1(Ry ® Ry/) = Ry.

7.5. Examples. For i € I”, |[v| = m and y € Y”, we define L; = top(R;) and
L, = top(Ry ). Observe that L; is not a simple graded R,,,-module in general.

(a) The graded k-algebra R4 is generated by elements 1;, s, i € I, satisfying
the deﬁning relations 11 11'/ = 51'11'/ 11 and M = 11%111 Note that Rz = 11R1 = Rllz
is a graded subalgebra of R4, and that L; = R;/(35) = k. Further, we have
ch(R;) € (1 —v?)7%i and ch(L;) = i, where the symbol (1 — v?)~! denotes the
infinite sum > -, V2T,

(b) Set v = mi and y = (i,m). We’ll abbreviate Ly,; = L; ,, = Ly. It is a simple
graded R,,-module. We have

ch(Rpni) € v Z[[v%]]i™,  ch(Lpi) = (m)!i™.

The graded R,,,—1 ® Rj-module L,,; has a filtration by graded submodules whose
associated graded is isomorphic to [m] L, —1); ®L;. The socle of the graded Ry, ®
R,,-module Ly,; is equal to L,,_y); @ Ly, for each m > n > 0. See [KL, ex. 2.2,
prop. 3.11] for details.
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7.6. Categorification of the global bases of f. Set £ = Q(v). Let f be the
K-algebra generated by elements 0;, i € I, with the defining relations

WV

(7.3) Yo 000" =0, i) 67 =62/(), a>0.

atb=1—i-j

We have a weight decomposition f = @, .y, f,. Let af be the A-submodule of f
generated by all products of the elements 95’1) with a € Zyo and ¢ € I. We set

af, = 4fnf,.

The element 6; lies in 4f; for each ¢ € I. For each pair y = (i,a) in Y with
i=(i1,...,ig), a=(a1,...ar) we write

Oy = 66(%) .. g,

We equip 4f with the unique A-antilinear involution such that §; = 6; for each
1 € I. We equip the tensor square of f with the K-algebra structure such that

(r@y)(d ®y)=v "2’ @yy, vef, 2 €ty yet, vty

Consider the K-algebra homomorphism such that
The K-algebra f comes equipped with a bilinear form (e : o) which is uniquely
determined by the following conditions

o (1:1)=1,

o (0,:0;)=6;;(1—v*)"tforalli,jel,

o (ziyy)=(r(x) :y®@y)forall z,y,y,

o (xzz/:y)=(z®2a :r(y)) for all z,2’,y.

This bilinear form is symmetric and non-degenerate. Let 0° € 4f; be the element
dual to ;. We may regard

.Af* = @ Af:a Af: = HomA(.Afua A)a

as an A-submodule of f via the bilinear form (e : ). Let G'°¥ be the canonical basis
(=the lower global basis) of f. It is indeed a A-basis of 4f. The upper global basis of
f is the K-basis G which is dual to G!°% with respect to the inner product (e : e).
We may regard G"P as a K-basis of f*. Let B(c0) be the set of isomorphism classes
of irreducible (non graded) R-modules such that the elements s, s, .. ., 5, act
nilpotently.
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7.7. Theorem. (a) There is an unique A-algebra isomorphism ~y : of — K which
intertwines r and ¢*, and such that y(0y) = Ry for eachy.

(b) We have GV = {G'Y(b); b € B(oo)}, where (G (b)) is the unique f-
selfdual indecomposable projective graded module whose top is isomorphic to b. The
map ~y takes the bilinear form (e : o) and the involution & on 4f to the bilinear
form (e : ) and the involution o on Kj.

(¢) The transpose map G — 4f* takes the A-basis of Gy of the b-selfdual simple
objects to G'. We have *~y(L;) = 6° for all i € I, and G"? = {G"?(b); b € B(o0)}
with G (b) = tytopy G%(b).

Proof : Claim (a), and the second part of (b) are due to [KL, prop. 3.4]. The first
part of (b) is due to [VV] (the same result has also been anounced by R. Rouquier).

Part (c) follows form (b). For instance, the last claim in (¢) is as proved as follows.
Let (e : o) denote both the Cartan pairing and the canonical pairing

af x Af* — A.

Then we have
(b": fytopy(b)) = (y(b') : top (b)) = b b

8. GLOBAL BASES OF “V()\) AND PROJECTIVE GRADED ’R-MODULES

Given an integer m > 0 we consider the graded k-algebra ’R,, introduced in
Sections 5.1, 6.4.

8.1. The Grothendieck groups of ’R,,. The graded k-algebra ’R,, is free of
finite type over its center by Proposition 5.7(b). Therefore any simple object of
’R,,-mod is finite-dimensional and there is a finite number of isomorphism classes
of simple modules in °R,,,-mod. Further, the Abelian group G(’R.,,) is free with
a basis formed by the classes of the simple objects of ’R,,-mod. For each v the
graded k-algebra °R,, has a graded dimension which lies in v?N[[v]] for some integer
d. Therefore the Abelian group K (?R,,) is free with a basis formed by the classes of
the indecomposable projective objects. Both G(?R) and K (°R) are free .A-modules
where v shifts the grading by 1. We consider the following .4-modules

GKI = @ HKI,ma GKI,m = K(eRm)a
m2=0
‘Gr=P Grm. Grm=G(Ry).

m2=0

From now on, to unburden the notation we may abbreviate R = R,,,, hoping it
will not create any confusion. For any M, N in R-mod we set

(8.1) (M : N) =gdim(M*“ Qg N), (M :N)=gdimhomeg(M,N).
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Here MY is the right graded *R-module associated with M and the anti-automorphism
w introduced in Section 5.1. The Cartan pairing is the perfect A-bilinear form

'Ky x%Gr = A, (P,M)— (P: M),
see (8.1). First, we concentrate on the A-module %G . Consider the duality
‘R-fmod — *R-fmod, M +— M’ = hom(M, k),
with the action and the grading given by
(@f)(m) = f(w(@)m), (M")q=Hom(M_g k).
We'll say that M is b-selfdual if M” = M. The functor b yields an A-antilinear map
G = %G, Mw— M.

We can now define the upper global basis of %G as follows. The proof is given in
Section 8.26.

8.2. Proposition/Definition. Let B()\) be the set of isomorphism classes of
simple objects in “R-fModg. For each b in °B()\) there is a unique b-selfdual
irreducible graded °R-module GUP(b) which is isomorphic to b as a (non graded)
YR-module. We define a A-basis %G P ()\) of /G| by setting

fGUr(\) = (%G (b); b € “B(\)}, “G"P(0) = 0.
Now, we concentrate on the A-module K;. We equip YK; with the symmetric

A-bilinear form
(8.2) K x"K; =B, (P,Q)— (P:Q),
see (8.1). Consider the duality

9R-proj — R-proj, P +— P*=homg(P,°R),
with the action and the grading given by

(@f)(p) = f(P)w (), (P*)a=Homog(P[~d],’R).
This duality functor yields an A-antilinear map

'K; - K;, P+~ P

Let K — K, f — f be the unique involution such that 7 = v=1.

8.3. Definition. For each b in °B(\) let 9G¥ (b) be the unique indecomposable
graded module in R-proj whose top is isomorphic to %G (b). We set °G'*"(0) = 0
and %G%(\) = {%G™¥ (b); b € °B(\)}, a A-basis of K.
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8.4. Proposition. (a) We have (%G'" (b) : G (b)) = 8y for each b,b' in °B(\).
(b) We have (P*: M) = (P : M") for each P, M.
(c) The graded *R-module G'" (b) is f-selfdual for each b in °B()).

Proof : Part (a) is obvious because we have
(%G1 (b) : %G P (b)) = gdim homeg (%G (b), top ‘G1°¥ (b)) = Sp.1.
Part (c) is a consequence of (b). Finally (b) is proved as follows

(P*: M) = gdimhomsg (homeg (P,°R), M),

= gdim (P* Qg M),

= gdim hom(P¥ Qeg M, k),

= gdim homog (P, M?),

=(P: M").

Here, the second equality holds because P is a projective graded module and the
fourth one is adjointness of ® and Hom, see e.g., [CuR,(2.19)].
0

8.5. Example. Set v =i+0(i) and i = i0(i). Set ‘R; = °R1; and ’L; = top(?R;).
Recall the description of YR given in Example 5.9. Recall also that Ry = k. The

global bases are given by the following. First, the weight zero parts are given by
GV (N) = 9GP (\) = {k}. Next, let us consider the weight v parts.

o If )\, + )\9(1') 7é 0 then OGE’W(/\) = {eRi, eRg(i)} and QGBP(A> = {GLi, eLg(i)}.

o If X + Mgy = 0 then ‘Gl () = {’Ry}, 'GP () = {’L;}, “Ri = “Ry5), and
IL; = "Lg).

8.6. Definition of the operators e; and f;. First, let us introduce the following
notation for a future use. Given integers m,m’,n,n’ > 0 such that

m+m’ :n+n':m",
let Dy, s be the set of minimal representative in W, of the cosets in
Wnm' \ Wiy, Wi = Wiy X Gy
Recall that W, is regarded as a Weyl group of type B,,, see Section 5.4. Write
Doontinnt = Dt 0 (D)L
For each element w of Dy, ynrin,ns We set

W(w) = Winm: D w(W, p)w ™t
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We abbreviate
GRmﬂn’ = GRm @ Ry

For any integers m/}, mj, ..., m. > 0 we define the graded k-algebra

0

MMMy
in the same way. There is an unique inclusion of graded k-algebras
1/) : GRmym/ — eRm//,
Li @1y = Ly,
1 @ 560 1 = 56100
(8.3) 1 ® oy k= O mtk,
i1 @ 1y = 550,
mi,1 @ Ly = myr 1,

oik @ ly = oy gy

"

where i € oI i € I and i’ = 0(i')ii is a sequence in 1" .
8.7. Lemma. The graded °R., m-module °R.,» is free of rank 27"/(’:;/).

Proof : Set v = (') + v + v/, where v, /' are vector dimensions in NI, NI
respectively, such that |v| = 2m and |v/| = m/. For each w in Dy, ,,,» we have the
element o, in “R,,,» defined in (5.2). Using filtered/graded arguments it is easy to
see that

GRm// = @ eRmﬁm/O'u').

wEDm,m/

Now, we consider the triple of adjoint functors (¢, ¥*, 1. ) where
¥* : 'R,,»-mod — ’R,,,-mod x R,,-mod
is the restriction and vy, 1, are given by
’R,,-mod x R,,,-mod — GRm//—mod,
| { (M, M") = *Rpr @og,, (M @ M'),
’R,,-mod x R,,,-mod — R, -mod,
v { (M, M’) = homog, ("R, M @ M),

The same discussion as for the triple (¢, ¢*, ¢.) implies that i, ¥*, 1, are exact,
they commute with the shift of the grading, and they take finite dimensional mod-
ules to finite dimensional ones, while the functors ), ¥* take projective modules
to projective ones. Thus the functor v, yields A-bilinear maps

K xK; - K;, %G;xG;— Gy,
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while ¢* yields maps in the inverse way. For a graded R,,-module M we write

filM) = 9Rm+11m,z‘ ®og,, M,
(8.4)

ez(M) = GRm71 ®oR, 1mfl,ijw-

m—1,1

Let us explain these formulas. The symbols 1,,, ; and 1,,_1,; are as in (6.3). Note
that f;(M) is a graded R,,;1-module, while e;(M) is a graded R,,_;-module.
The tensor product in the definition of e;(M) is relative to the graded k-algebra
homomorphism

9Rm—1,1 =R, 1R - R, 1®R; = "R,,_1 ® (Ri/(54)) = "Ry

In other words, let e;(M) is the graded °R,,_;-module obtained by taking the
direct summand 1,,_1 ;M and restricting it to 9R,,_1. Observe that if M is finitely
generated then e/(M) may not lie in °R,,,—1-mod. To remedy this, since €}(M)
affords a °R,,,_1 ® R;-action we consider the graded 9R,,,_1-module

e:(M) = ¢(M)/5:€}(M).

8.8. Definition. The functors e;, f; preserve the category R-proj, yielding A-
linear operators on °K;. Lete;, f; denote also the A-linear operators on G| which
are the transpose of f;, e; with respect to the Cartan pairing.

Note that the symbols e;(M), f;(M) have different meaning if M is viewed as
an element of K or if M is viewed as an element of G;. In the first case they
are given by (8.4), in the second one by the formulas in Lemma 8.9(a) below. We
hope this will not create any confusion.

8.9. Lemma. (a) The operators e;, fi on *Gr are given by
ei(M) =1pm_1;M, fi(M)=homeg ("Rpi1,M®L;), M €’Rp,-fmod.
(b) For M, M" € “R-mod and M’ € R-mod we have
(M, M)+ M) = (M & M+ 4 (M").
The bilinear form (e : ®) on “K; is such that
(ei(P): P') = (1 - *)(P: fi(P)), P,P' € Roproj.
(¢c) We have fi(P)* = fi(P%) for each P € *R-proj.
(d) We have e;(M)® = e;(M”) for each M € *R-fmod.

(e) The operators e;, f; on °K;, °Gr satisfy the relation (7.3).
Proof : Let M € “R-fmod and P € “R-proj. We have f;(P) = vi(P,R;). Thus

homeg (f;(P), M) = homeg (1(P, R;), M)
= homoggr, (P ® R;, 9" (M))

= homeR(P, 1m71,iM)-
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Next, we must prove that f;(M) = ¥.(M,L;). We have
homeg (e;(P), M) = homergr, (1m—1,,P, M ® (R;/»R;))
= homoggr, (V" (P), M ® (Ri/»R;))
= homog (P, ¢, (M, Ly;)).

This proves part (a). The first claim of (b) follows from the following identity

(0 (M, M) : M) = geim (M © M™) @om 0" (M)
= (M@ M’ " (M").
The second one is proved as follows
A=) (fi(P): P) = (1= ) (P R:) : P)
= (P®L;: 1y 1P
= (P ei(P)).

Part (c) follows from the following identities

fi(P)* = homeg,, ("R ®ow,, ., (P®R;), "Rin),
= homeg,, _, , (P ® R;, 9Rm),
= eRm ®9Rm—1,1 homeRm71,1 (P ® Ri; GRmel),

="R,, ®og,, ,, (homegr, (P, "Ri_1) ®R;),

Here the second equality is Frobenius reciprocity and the third one follows from
Lemma 8.7, see e.g., [CuR, (2.29)]. Part (d) follows from (¢) and Proposition 8.4(b).
To prove (e) it is enough to check that the operators e;, f; on K satisfy the relation

(7.3). For f; it is enough to observe that

fi(P) = ¥i(P.R;), VP € “R-proj.

Then the claim follows from Theorem 7.7 and the associativity of induction. For

e; it is enough to observe that the transposed operator is given by
fi(M) =.(M,L;), M € °R-fmod

and to use the associativity of coinduction.
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8.10. Shuffles, projectives, and characters. For each sequence i in I"™ we
define a projective graded module in ’R,,-proj by setting ‘R; = R,,,1;. More
generally, for y € Y™ we define an object Ry of ’R,,-proj as follows. Write

y =(0(4)j,0(b)b), jelI™ beZ™
We may abbreviate y = 6(z)z where z = (j,b). Define the idempotent 1, as the
image of the idempotent 1, by the inclusion ¥ : R,, — ?R,, given by setting
m,m',m” equal to 0, m, m in (8.3). Then set

"Ry = ("Runly)[t].

The graded module eRy satisfies the same properties as the projective graded R, -
module R, introduced in Section 7.4. In particular GRy is g-selfdual, and if the
™ is the expansion of the pair y then we have

sequence i in
(8.5) ‘R; = (b)!I'R,,.
Fory = (i,a) in Y™ and y’ = (i’,a’) in Y™ we have

"Ry, Ry) = "Ry, vy =0(y)yy = (0(i)ii’,0(a’)aa’).
Wl“ite i/ = (l/l’ . 7i;€)’ a/ = (all, . a/;c)’ and
_ play) play)  play)
Lemma 8.9(a) yields
fy'(P) =1(P,Rys), P €°R,,-proj.

In particular, we have
0
fy (k) ="Royy-
8.11. Definition. A shuffle of a pair of sequences (i,i') in I™ x I™ s a sequence
i’ in I™" together with a subsequence of i’ isomorphic to i and such that the

complementary subsequence is equal to 8(i")i" modulo 6.

Let Sh(i,i’) be the set of shuffles of i, i’. The assignment w — w1 (0(i)ii’) gives
a bijection from D, ., to Sh(i,i’). To a shuffle i” in Sh(i,i’) associated with an
element w of D,, ,,» we assign the following degree

deg(i,i’;i") = deg(ow 1i).

This degree does not depend of the choice of the reduced decomposition w of w.
Let “BI™ be the free B-module with basis 7. For any f in %BI™ we write

f:Zf(i)i-
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8.12. Definitions. (a) For any finitely generated graded °R.,,-module M we define
the character of M as the element of °BI™ given by

ch(M) = Z gdim(1; M) .

(b) For any elements f € °BI™, g € BI™ we define their product f ® g € BI™" by

(f@g)i") =D v st f(i)g (i),

i,i’
Here the sum is over all ways to represent i” as a shuffle of i and 1'.
8.13. Proposition. For any M € °R,,-mod and any M’ € R,,,-mod we have

ch( (M, M")) = ch(M) ® ch(M").
Proof : We have ch(M) = 3", (°R; : M)i. Thus Lemma 8.9(b) yields

ch(ey(M, M) = (" ("Riw) : M @ M) 1"

i’

Next, we have the following formula

¢ ("Riv) @HR ® Ry[deg(i,i’;i")],

l i’
where the sum runs over all sequences i, i’ such that i” lies in Sh(i,i’). This formula

is a consequence of the Mackey’s induction-restriction theorem. The details are left
to the reader. See e.g., the proof of Theorem 8.31 below. Therefore we get

ch(py(M, M) =>" > (*Ri: M) Ry : M) plosti 3
i,i’ i”€eSh(i,i")

= ch(M) ® ch(M").
8.14. Proposition. We have
[i"Ri) = "Rogipsi, - ei(*Ra) = @ “Ru[deg (i, i51)].

Here the sum runs over all sequences in °I"™ =1 such that i lies in Sh(i', ).

Proof : Left to the reader.
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8.15. Example. Set v =i+0(i) and i = i0(i). Using the description of “Ry, R,
given in Example 5.9 we can compute e;, f; and ch. Let us regard k as an object
of “Ry-proj. We have
vhitrem ko if § =4,
filk) =Roay, e;("Ri) =1 k if j = 0(i),
0 else.

Next, observe that 9R071 = R, and that the inclusion in (8.3) yields following
formula °R; = Ry @ Rym;. Thus we get

¥, (k, R;) = homg, ("R1, Ri) = "Ri[\; + Ao,
Uik, R;) = "Ry @gr, Ri = "Ry,

In particular, we have the following.

o If \i + Ng(s) # 0 then ej(‘)Lg(i)) =k if 5 = i and 0 else, and f;(k) =
v 20 L + OLg;). Further ch(?Lyg;)) = (i) and ch(?Ly) = i.

o If )\z + )\0(1') =0 then ej(GLg(i)) =k lf] = i, 9(7,) and 0 else, and fz(k) = GLi.
Further ch(L;) =i+ 6(i).

8.16. Induction of H,,-modules versus induction of ’R,,-modules. Recall
the functors E;, F; on H-fMod; defined in (6.4). We have also the functors

U :R,,-fMody — H,,-fMod;, for: ’R,,-fmod — ’R.,,-fMod,,
where for is the forgetting of the grading. Finally we define functors

E; :'R,,-fMody — ‘R,,_1-fMody, E;M = 1,,_1,;M,
(8.6)
F; : °R,,-fMody — °R,,1-fMod,, F;M = iy (M,L;).

8.17. Proposition. There are canonical isomorphisms of functors

EioW=VoF;, FoV=Vol; FEofor=foroe; Fjofor=foro fyg,).

Proof : Recall that k; is the 1-dimensional k[Xnili_l]-module such that X, 41— i71,
that L; is the 1-dimensional Ri-module such that 1; — 1 and s — 0, and that
VU identifies X,,+1 and the element 1 ® i =1 f(56,41) in GRmyl, where the function
f is as in Theorem 6.5. The first two isomorphisms are obvious consequences of
(6.4), (8.6), because E; M is the generalized i~!-eigenspace of M with respect to
the action of X, 41, and ;M is induced from the H,, ® k[X:},]-module M ®k;.
The third isomorphism follows from (8.6) and Lemma 8.9(a). Now, we concentrate

on the last isomorphism. Lemma 8.9(a) yields
fo@y (M) = ¢ (M, Lgi)), M€ YR-fmod.

For any graded R-module N let N* be equal to N, with the R-action twisted by
the involution « in (7.1). Note that Ly = Lg(;). Therefore the proposition follows
from the following lemma.
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8.18. Lemma. For ecach M € 'R,,-fmod and N € R, -fmod there is an iso-
morphism of (non-graded) R, -modules 1 (M, N) = b, (M, N*).

Proof : Recall that eRmym/ =9R,, ® R,. The involution & : R,y — R, in (7.1)
yields an involution of GRmﬁm/. Let us denote it by x again. Let eRfmm, be the
(eRm,mr, GRm,mr)-bimodule which is equal to eRmm/ as a right eRmm/—module,
and such that the left GRmym/—action is twisted by k. It is enough to prove that
there is an isomorphism of (non-graded) (°R.,,7, *Ro, s )-bimodules

GRm// — hOIIleRm ! (GRm//, GRfmml).
The bimodule structure on the right hand side is given by
(:ny)(z> = f(ZZL')y, T,z € eRm”v Yy e GRm,m’-

Lemma 8.7 yields an isomorphism

R = @ R

weD

m,m/

of graded GRmym/—modules. The longest double coset representative in Do, m/,m. m/
is the coset of the involution u € W,,» given by

U= Wm Em+1---Em’,

with w,,,s the longest element of &,,,. There is an unique morphism of (0Rm1m/7 0Rm1m/>_

bimodules
h: GRm,m’ — hOIneRm ! (eRm”a Han m’)a

taking 1 to the map
YOy = H(y) 5w,u; Yy S eRm,m’; w e Dm,m/;m,m’-

Since the right hand side is a left °R,,,»-module, by Frobenius reciprocity h yields
a morphism of (YR, eRmﬁm/)—bimodules

GRm// — hOmeR , (GRm//, Gan m’)'

This map is invertible. The proof is the same as in [M, sec. 3], [LV, thm. 2.2].
O

8.19. Proposition. (a) The functor ¥ yields an isomorphism of Abelian groups
P 'R, -fMod] = EP [H,,fMod,].
m=0 m=0

The functors E;, F; yield endomorphisms of both sides which are intertwined by V.
(b) The forgetful functor for factors to a group isomorphism

‘Gr/(v—1) = P'Rn-fMody).

m=0

Proof : Claim (a) follows from Corollary 6.7 and Proposition 8.17. Claim (b) follows
from Proposition 8.2.
O
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8.20. The crystal operators on ’G; and ’B(\). Fix a vertex i in I. For each
irreducible graded module M € “R-fmod we define

&(M) = soc (e;(M)),  fi(M) = topun(M, L),

g;(M) =max{n > 0;e(M) # 0}, ¢e;(M)e NU{oo}.

For each positive integers m > n we consider the functor
Ay - 'R, -fmod — °R,,_,-fmod x R,;-fmod, M + 1,,_, niM.

Given an irreducible graded module M € °R,,-fmod we have, see Lemma 8.9(a),

£(M) = max{n > 0;A,,(M) # 0}, e;(M) = A(M).
8.21. Proposition. Let M be an irreducible graded °R.,,-module and n be an
integer > 0. Set e = g;(M), M = (M, Ly;) and M~ = Ay (M).

(a) Ife = 0 then A (M) = M®Ly,;, top(M ™) is irreducible, &;(top(M ™)) = n,

all other composition factors L of M™ have €;(L) < n.

(b) If ¢ > n then any irreducible submodule of M~ is of the form N ® Ly;
with €;(N) = € —n. If e = n then M~ is irreducible. If € > n then soc(M ™) is
irreducible. In particular é;(M) is irreducible if € # 0 and 0 else. Finally we have
soc(M™) =éM(M) @ Ly;.

(¢) top(M™) is irreducible, ;(top(M™)) = e +n, and all other composition
factors L of M have £;(L) < e+mn. In particular f;(M) is irreducible. Finally we
have top(M ™) = fI'(M).

Proof : Part (a) is the analogue of [K, lem. 5.1.3], [KL, lem. 3.7]. More precisely,
note first that we have

(8.7) ch(Ani (M™T)) = Z gdim(1ggnyin M) O(i™)ii™.

Hence, since € = 0 Proposition 8.13 implies that
dim(A,; (M 1)) = dim(M ® Ly;).

Since A,;(M™) contains a copy of M ® L,;, we get the first claim of (a). By
Frobenius reciprocity, a copy of M ® L,,;, possibly with a grading shift, appears as
a submodule of A,;(M’) for any nonzero quotient M+ — M’. Since

Api(MY) =M ® Ly,
this implies that top(M ™) is irreducible with &;(top(M ™)) > n, that
Boi(M*) = Byi(top(31))
and that A,;(L) = 0 for all other composition factors L of MT. Finally we have
g;(top(M ™)) = n, because € = 0.

Now we prove (b). The first claim is the analogue of [K, lem. 5.1.2]. Indeed, any
irreducible submodule of M~ is of the form N ® L,,; with N irreducible. We have
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€i(N) < € — n by definition of ;. For the reverse inequality, Frobenius reciprocity
and the irreducibility of M imply that M is a quotient of 11(V, Ly,;). So applying the
exact functor A.; we see that A, (M) is a quotient of A ;¢ (N, Ly;). In particular

Acith(N, Lip;) # 0.

By Proposition 8.13 and (8.7) we have also A(._,);(N) # 0. Thus €;(N) = —n.
The second claim of (b) is the analogue of [K, lem. 5.1.4]. Indeed, if ¢ = n then any
irreducible submodule of M~ is of the form N ® L,,; with ;(N) = 0. Once again
Frobenius reciprocity and the irreducibility of M imply that M is a quotient of
(N, Ly;). Hence M~ is a quotient of A,;¢(N,Ly,;). But the later is isomorphic
to N ® L,,; by (a). Next, the third claim of (b) is the analogue of [K, lem. 5.1.6],
[KL, prop. 3.10]. Indeed, suppose that N ® Ly,; C soc(M ™). Then ;(N) =e —n
by the first part of (b). Thus N contributes a non-trivial submodule to A.;(M).
But A.;(M) is an irreducible graded R, _. .-module by the second part of (b).
Thus the socle of A;(M) as a graded GRm_E,g_n,n-module is N®Lc_p); ® Lin; by
Example 7.5. Hence soc(M ~) must equal N ® Ly;. Finally, the last claim of (b) is
the analogue of [K, lem. 5.2.1(7)], [KL, lem. 3.13]. Indeed, note first that if n > ¢
then
soc(M™)=¢e}(M)=0.

Assume now that € > n. Observe that
é;(M) = soc(A;(M))

is irreducible or zero by the third part of (b). Hence é;(M) ® L; is a submodule
of A;(M). Applying this n times we deduce that é?(M) ® (L;)®" is a submodule
of A,;(M) as a graded eRm,nyln—module. Hence é'(M) ® Ly, is a submodule of
A,i(M) by Frobenius reciprocity.

Finally, we prove (c¢). It is the analogue of [K, lem. 5.2.1(¢7)], [KL, lem. 3.13].
Indeed, by (b) the graded module A,; (M) is of the form N®L,,;, with N irreducible
such that &;(IN) = 0. Thus, by Frobenius reciprocity M is a quotient of ¢;(N, L,;).
So the transitivity of induction implies that M is a quotient of ¥y(N, L(jn);)-
Hence all claims except the last one follow from (a). Finally, by exactness of the
induction fl"(M ) is a quotient of M, hence they are equal by simplicity of the
top.

O

For each irreducible module b in ’B(\) we define
(8.8)  E;i(b) =soc(E;b), Fi(b) =top(Fb), ei(b) =max{n > 0; E'b # 0}.
Hence, we have
foroé;, = F; ofor, foro fz = F;ofor, ¢;=-¢;o for.

8.22. Proposition. For each b,b' in °B()\) we have
(a) F;(b) € "B(N),
(b) E;(b) € °B(X) U {0},
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(¢) Fi(b) =V <= Ei(t)) =b,

(d) &ib) = m {>m@@#m,
(e) & l( ) =ei(b) + 1,

(f) if Ei(b) =0 for all i then b= k.

Proof : Parts (a), (b), (d), (e) and (f) are immediate consequences of Proposition
8.21. Part (c) is proved as in [K, lem. 5.2.3]. More precisely, let M, N be irreducible
graded modules. By Proposition 8.21(c) we have

(M, Li), N) # 0

fi(M) =N < Homog (4
= Homwg (M ® Ly, e;(N)) #0
= Homsg (M ® Lj,soc(e;N)) # 0
< M =¢;(N).

Note that the proposition can also be deduced from [M, Section 4] and Proposition
8.17. 0

8.23. Proposition. The following identity holds in *K;

£5GN (b) = (£:(b) + 1)IG Y (Fb) + Y fow GV (), Vb€ BN,
b/

where b runs over the elements of °B(\) such that £;(b') > &;(b)+1, and fyp € A.

Proof : We claim that there are elements fp , in A such that

(8.9) ei’GP(b) = (:(0)) 'GP (Eib) + Y _ fw bGP (V),
m

where b’ runs over the elements of °B()\) with &;(b') < e;(b) — 1. Taking the
transpose with respect to the Cartan pairing, Proposition 8.4(a), Definition 8.8,
and Proposition 8.22 yield

fiGGlow(b) _ <€1(Eb)>0Glow(Eb) + Z fb,b’eGlow(b/)7
b/
= (ei(b) + D)/G(Eib) + Y fop "G V),
b/
where ' € °B(\) with &;(b) +1 < ;(b'). Now, let us prove (8.9). This is the
analogue of [K, lem. 5.5.1(7)]. Fix an irreducible ’R,,-module b. Set
e=cib), M="G"®), N="G"(ED).

We can assume that e > 0, because else (8.9) is obvious. Note that £;(N) = 0 by
Proposition 8.22. By Frobenius reciprocity and Proposition 8.21(b) there is a short
exact sequence of graded modules

0—R— ¢(N,L,) - M — 0.
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Applying the functor e; we obtain the following exact sequence of graded modules
0—e;R— eith(N,Lg) = e;M — 0.

Note that

ei"/’! (N; Lsz) = 1m71,i6Rm1m75,8i ®9R (N & Lsz)

Note also that
Dmfl,l;mfs,s = {67 €, y};

T=58m-1---Sm—e+15m—ey, Y = Sm—1---Sm—e+1Em—e+1;

W(e) = Wmfs,sfl,la W(JS) = Wmfsfl,l,sa W(y) = Wmfs,sfl,l-
By Proposition 5.5 we can filter the graded (GRm,Ll, GRm,&E)—bimodule
1m71,i0Rm1m7876i-

This filtration is the same as in the Mackey induction-restriction theorem. Compare
Lemma 8.32 below and the references there. The associated graded is a direct sum
of graded (“Rin—1,1, R c)-bimodules labelled by elements of {e,z,y}

gr(lmfl,ielemfs,si) = Pe S2) Pz 2] Py

We have
lem—e—l,ei—i-i = Pz-

Thus, since €;(N) = 1y—e—1,:N = 0, we have also

P, ®og (N®Lai) =0.

m—e,e

Next, we have
Pyl _c o) ,cimi = Py-

Since 1,L.; = 0 if v # &i we have also

P, ®ogr (N®Lg) =0.

m—tye
Finally, we have

Po=1ym 1R 119 R cclimcci, R =Ry oo 11
Therefore, we obtain

e (N, Lg;) = "Ryp_11 ®rs (N ® Lyy).

By Example 7.5 the graded R._1,;-module L,; has a filtration by graded submod-
ules whose associated graded is isomorphic to

(e)Lic—1)i ® L.
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Therefore, up to some filtration, we have
eith (N, Lei) = (€)1 (N, Lc_1);) ® L.

Now, by Proposition 8.21(a), (¢) we have
top (N, Lc_1y;) = FiH(N) =&(M)

and all other composition factors L of (N, L(._1);) have g;(L) < € — 1. Moreover,
by Proposition 8.21(a) all composition factors L of R have ¢;(L) < e. Thus, by
Proposition 8.21(b) all composition factors of e;(R) are of the form L ® L; with
g;(L) < & — 1. Therefore, we obtain

ei(M) = (£)&(M) + > foN,,  fr € A,

where N, is an irreducible graded module with ¢;(N,) < e — 1.

8.24. Example. Set v =i+ 6(i) and i =0(¢). Let us compute é; and ;.

o If \; + Ag(i) # 0 then €;(°L;) = k if j = 6(i) and 0 else. We have ;(“L;) =1
if j =0(i) and 0 else.

o If Xj+ gy = 0 then &;(°L;) =k if j = 4,60(i) and 0 else. We have &;(’L;) = 1
if j =14,0(i) and 0 else.

8.25. Remark. If M is an irreducible graded R,,,-module such that ¢;(M) = m
then Proposition 8.21(b) implies that é]"(M) = k and A,,;(M) = k®L,,;. Further,
by Proposition 8.22(c) there is a unique M as above, up to isomorphism, such that
éM(M) = k. We claim that M =~ °L,,;, the top of “R,,;. By Proposition 8.21(a)
we have M = top(¢i(k, L,;)). First, recall that *R,,,; = 11 (k, Ry,;). Thus, since
1y is exact, there is a surjective map L,,; — M. So it is enough to check that
OL,,; is irreducible (left to the reader). We’ll not need this.

8.26. Proof of Proposition 8.2. First, we prove the following.
8.27. Proposition. The character map ch : OGLm — IBI™ is injective.

Proof : The proof is similar to that of [K, thm. 5.3.1]. We must prove that the
characters of the irreducible graded modules in ’R.,,-fmod are linearly independent.
We proceed by induction on m, the case m = 0 being trivial. Suppose m > 0 and
there is a non-trivial A-linear dependence

(8.10) > " earch(M) =0.

We'll show by downward induction on &;(M) that ¢y = 0 for each graded ’R,,-
module M which enter in (8.10). Fix M as above. We have ¢;(M) < m. First,
assume that £;(M) = m. Note that M is the unique irreducible graded ’R,,,-module
such that A,,;(M) = 0. Indeed we have M = 9L,,;, see Remark 8.25. Applying
A to the “R,,-modules which enter in (8.10) and using the formula

ch(Api(M)) = Z gdim(Lp(myiim M) 0(™)i™,
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we deduce that the coefficient cjs is zero. Now, assume that €;(M) = k < m and
that we have shown that ¢y = 0 for all N with ¢;(N) > k. Applying Ag; to the
R,,,-modules which enter in (8.10) we get

Z CN Ch(A]ﬂ'N) = 0,
N

where N runs over all irreducible graded ’R.,,-modules with ¢;(N) = k. For such a
graded module N we have Ag;(N) = é¥(N) ® Ly; by Proposition 8.21(). Further
ék(N) # e¥(N") if N # N’ by Proposition 8.22(c). So we conclude by the induction
hypothesis.

O

Now, we can prove Proposition 8.2. Forgetting the grading takes irreducible
graded “R-modules to irreducible modules, and any irreducible module in ’R-
fMod, comes from an irreducible graded module in R-fmod which is unique up
to isomorphism and up to grading shift, see e.g., [NV, thm. 4.4.4(v), thm. 9.6.8].
Thus it is enough to prove that for any irreducible graded module M there is an
integer d such that M[d] is b-selfdual. This is proved as in [KL, p. 342]. More
precisely, by definition of the duality functor b, for any graded module M in ’R-
fmod we have

ch(M®) = ch(M) mod (v —1), gdim(1;M") = gdim(1;M).

Thus if M is irreducible then we have M° = M|[d] for some integer d. We must
prove that d is even. It is enough to prove the following.

8.28. Lemma. If M € “R-fmod is irreducible then for each i we have

gdim(1;M) € vZ[v?, v 2] U Z[v?, v 2.

Proof : Indeed, we’ll prove that this identity holds for the projective module
M = °R; where j is any sequence in °I™. This implies our claim. Set j =
(Ji—ms -+ Jm—1,Jm). Proposition 8.13 yields

ch(’R;) = ch(°R;,;,) ® ch(Rj,) ® - -- @ ch(R;,).
Examples 5.9(b), 7.5(a) yield
ch("Rjp;,) = (1 — 03" (oji + vN0 A1 j15o),  ch(Ry,) = (1 —0%) " ji.

So, by Definition 8.12(b), it is enough to check that for each reflection w of W,
which fixes the sequence j the degree of 01 is even. This reduces to the following
computation (left to the reader). Fix k # [ such that ji = j;. If one of the following
holds

1<l€<l, W= Sk...5-25-151—2 .- Sk,

1<171€<l, u'):s,k~~~51€151...5171...515151...5716,

then deg(oy1;) is even.
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8.29. The algebra B and its representation in *V()). Following [EK1,2,3]
we define a KC-algebra B as follows.

8.30. Definition. Let B be the K-algebra generated by e;, f; and invertible ele-
ments t;, 1 € I, satisfying the following defining relations

(a) tit; = tjt; and te;) = t; for alli,j,

(b) tiejt; ' =0t de; and t;fit; = v I=0@ I £, for all i, 7,
eifi=v " fie; +6; + p(iy,jti for all i, 7,

(c) J J J @)

(d) formula (7.3) holds with 6; = e;, or with 0; = f;.

We define a representation of YB as follows. The K-vector space
0 _ 0
V) =K®4 Ky

is equipped with K-linear operators e;, €}, f; and with a C-bilinear form in the
obvious way. Let ¢, be the class of k in °K;, where k is regarded as the trivial
module over the k-algebra “Rg. Let A be as in (6.2). We can now prove the
following theorem, which is the main result of Section 8.

8.31. Theorem. (a) The operators e;, f; define a representation of B on PV ().
The *B-module 'V ()\) is irreducible and for i € I we have
eipr =0, tipy =N M0, {2 € V(N); ejz=0,Vj} =K ¢x.

(b) There is a unique symmetric K-bilinear form (e : @) on V()\) such that
(dr : ¢x) = 1 and (elx : y) = (v : fiy) for alli € I, x,y € °V(N\), and it is
non-degenerate.

(c) There is a unique K-antilinear map *V(\) — V(\) such that P+ P* for
all graded projective module P. It is the unique KC-antilinear map such that qbﬁA = i
and (f;z) = fi(x*) for all x € OV ().

Proof : For each i in I we define the A-linear operator t; on YK; by setting
t; P = itrea v (0O p o yp e 'R proj.

We must prove that the operators e;, f;, and ¢; satisfy the relations in Definition
8.30. Relation (c) is the only non trivial one, see Lemma 8.9(e). To check it we
need a version of the Mackey’s induction-restriction theorem. Note that we have

Dm,l;m,l - {6, Smy €m+1}7
W(e) - Wm,lv W(Sm) = Wmfl,l,la W(Eerl) = Wm,l-

8.32. Lemma. Fizi, jinI. Let p, v in °NI be such that v+i+0(i) = p+5+0(5).
Put m = |v|/2 = |u|/2. The graded (*Ryp 1, R 1)-bimodule 1, ;°Ripi11,; has a
filtration by graded bimodules whose associated graded is isomorphic to :

(a) ("Ry @ Re) & (("Rinlyrs @ Ri) @rs (L Ron @ R:) ) [d] i j =1,

(b) (PR, @Rgi))[d]® ((Gleu’,G(i) ®R;) Or (LR ®R0(i))) [d] if § = 0(i),
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() (Rl @ Ro) O (Lo Ron @ Ry))[d] i 5 1,000,
Here we have set vV = v — 3 —0(j), R = "Ry_111, d = deg(omnl,iy), and
d' = deg(mm+11,,6:))

The proof is similar to the proof of [M, thm. 1], [KL, prop. 2.18]. It is left to the
reader. Note that we have the following formulas, see Remark 5.2,

deg(mm+11,,0(:)) = Xi + Xopy —v - (i +0(i))/2, deg(omlyrij) = —i-j.
Now, recall that P lie in R, -proj and that
fi(P) ="Rons1lm; ®om,,, (P@R1), €j(P)=1p_1:P,
where 1,,_1,P is regarded as a %R,,_1-module. Therefore we have

€ fi(P) = Lo Ropy1lim j @og,, , (P ®Ry),

fje;(P) = Glem_l,j ®6Rm71,1 (1m—1,iP & Rl)

Therefore we have the following identities

e ¢ fi(P)=P@R,;+ fie;(P)[-2],

o e foi)(P) = P ®@Rgy[Ai + Ny — v+ (i +0(3))/2] + fouyei(P)[—i- 0(i)],

o €. fi(P) = fiei(P)[—i-j] it i # j,0(j).
Note that Lemma 8.32 implies these relations up to some filtration. Hence, since
the associated graded is projective, they hold in full generality. This proves the

first claim of part (a) of the theorem. Next, recall the following fact, see [EKI,
prop. 2.5], [EK3, prop. 2.11].

8.33. Claim. There is a “B-module generated by a non-zero vector ¢ such that
eidr =0, tigy =vNTM0OGy {x;ee=0,Y} =Koy, i€l

This "B-module is irreducible and it is unique up to an isomorphism.

So we must check that the B-module °V()\) satisfies the axioms above. It is
generated by ¢, by Lemma 8.34 below. The other axioms are obvious.

Part (b) of the theorem follows from [EK2, prop. 4.2(ii)] and Lemma 8.9(b). The
bilinear form (e : ) is the same as the bilinear form obtained from (8.2) by base
change from B to K.

Finally, for part (c) of the theorem it is enough to check that (f;P)! = f;(P¥)
for any graded module P in R-proj. By Lemma 8.34 below we may assume that
P =R, for some y. By (8.5) we can also assume that y = i with i € 7. Then
the claim follows from the formulas in Proposition 8.14, because °R; is #-selfdual
for any i, see Section 8.10.

O
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8.34. Lemma. Any object of °R,,-proj is of the form °R,, @r,, P for some P
in R,,-proj. The A-module HKI,m is spanned by the 9Ry s with y in 9Y™.
Proof : Let b be a simple object in R, -fMod, with |v| = m. We'll view it as an

element of °B()\). An easy induction using Proposition 8.23 implies that for each
integer a > 1 we have

fi(a)eGIOW(b> _ <€i (b()lJr a> GGIOW(Fiab) + Z fb,b’ BGIOW(b/)7

b

where b’ runs over the set of elements of °B()\) such that €;(b') > &;(b) +a and f, 1
lies in A. Therefore, for any i such that £;(b) > 1, we have

fi(si(b))GGlow (Eﬂz(sl(b))b) _ GGlow(b) + Z fb,b’eGlow (b/)
b/

by Proposition 8.22(c), (e). Here b’ runs over the set of elements of °B(\) such that
g;(b") > €;(b). Thus a simultaneous induction on v and descending induction on
£;(b) implies that %G1V (b) lies in the A-span of the elements fy (k) with y € Y™,
We are done, because fy (k) = 9R9(y)y, see Section 8.10.

O

8.35. Remark. The “B-module V() is the same as the “B-module Vy(A+60()\))
in [EK1, prop. 2.5]. Let (e : o), . be the bilinear form on *V()) considered in
loc. cit. We have

(P : Q) = (1 - v2)7m(P : Q)KE? VP)Q € GRm—pI‘Oj.

Note that (e : e),, is a symmetric A-bilinear form K; x °K; — A, and that
Theorem 8.31(b) yields

(& :Y)pp = (@ fi¥)pn, (€I x,y€ GV()\).

8.36. Results over an arbitrary field k. Recall that p,q € k* and that [ is a
Z x Zz-invariant subset of k*. We associate to I a quiver with an involution (T, )
as in Section 6.2. Fix A € NI as in (6.2), i.e., we set

A=Y i, ielIn{q—q}

The graded k-algebra °R,,, defined in Sections 5.1, 6.4, and the operators e;, fi
on ’K;, defined in (8.4), make sense over any field k (not necessarily algebraically
closed nor of characteristic zero). For any k there is again a ? B-module isomorphism

V(N =Ko 'K;,

where *V()) is the Enomoto-Kashiwara’s “B-module. To prove this it is enough
to check the axioms in Claim 8.33. The proof is the same as in characteristic
zero. Note that the K-algebra /B and the “B-module OV()\) depend only on (T, 9)
(i.e., on I and p), and on A (i.e., on q). Therefore, for each m, the number of
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simple graded ?R.,,-modules is the same for any field k as long as I',, \ remain
unchanged. In particular all simple graded ’R.,,,-modules are absolutely irreducible.
Recall that the simple graded ’R,,,-modules are finite dimensional, because ‘R, is
finitely generated over its center. Therefore all simple graded ?R,,,-modules are split
simple, i.e., with a one dimensional endomorphism k-algebra, see e.g, [L,thm. 7.5].
Note that, for k is algebraically closed, we already use this when claiming that the
Cartan pairing is perfect.

The discussion above, Theorem 6.5, and Remark 6.10 imply that the number of
simple graded H,,-modules in Mod; is the same for any field k of characteristic
# 2 as long as I, §, A remain unchanged.

9. PRESENTATION OF THE GRADED k-ALGEBRA °Zj

Fix a quiver I' with set of vertices I and set of arrows H. Fix an involution 6 on
I". Assume that I" has no 1-loops and that € has no fixed points. Fix a dimension
vector v in NI and a dimension vector A in NI. Set |v| = 2m. Fix an object
(V,=) in ?V, and an object A in V. In this section we give a proof of Theorem
5.8. By Theorem 4.17 and Corollary 5.6 there is a unique injective graded k-algebra
homomorphism

@ R(M)ry — "2} v,
L= 1avi, sa1—avill), oig—oavilk), m1— mavi(l),

ielr, k=1,....m—-1, 1=1,2,....m.

We must prove that ® is a surjective map. Note that both algebras have 1, because
the set I" is finite. Since the grading does not matter, we can replace GZ}S‘ v by

OZA,V. To unburden the notation we abbreviate

BRU - GR(F)A,IM GFV = 9FA7V7 QZV = 9ZA7V7
%U,i(l) = %A7V,i(l)7 Ju,i(k) = UA,V,i(k)a ﬁVﬁi(l) = WA,V,i(l);
GZU = GZ/LVv GZU = GZAaV’ etc.

9.1. The filtration of YZ,. Recall that W,, is regarded as a Coxeter group of
type By, with the set of simple reflections {s1, s2, ..., $m }. From now on let < and
£ be the corresponding Bruhat order and length function. For a future use we set
also

At :A;FI_IAT, A: ={xetx; 1 <l<k<m}, Al+ ={X1,X2s s Xm ]
Note that <, ¢, and AT differ from the order, the length function, and the set of

positive roots introduced in Section 4.2. We hope this will not create any confusion.
We can now introduce a filtration of Z, by closed subsets. We define

‘05T = J 0y, ‘z5=q'(05"), 25T = HO (25" k).

w<e
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9.2. Lemma. (a) The set °ZS" is closed. The variety °Z% is smooth if {(z) = 1.
(b) The direct image by the inclusion °ZS* C °Z,, is an injection °ZS* C 92,,.
(c) The convolution product maps °ZS® x OZSY into OZS™Y for each x, y such

that £(zy) = £(x) + L(y).

(d) The unit of °Z, lies in 9Z¢.

Proof : To avoid confusions, let <p and ¢p be the Bruhat order and length function
introduced in Section 4.2. The claims in the lemma are well-known if we replace <,
£ by <p, £p respectively. Therefore, it is enough to prove the following : assume
that GOﬁ,I,y and GO;U,JW are non empty. Then 903@71} - OOZf’Ly iff v < w. Up to
the action of a well-chosen diagonal element we may assume that © = e. We can
also assume that y is minimal in the coset W,y. Since 9057617! and QOL’fey are non
empty, we have v,w € W,y. Finally, on the coset W,y the orders <, <p are the
same because W,, C &,,,, see (4.2) and the last remark in Section 4.2.

O
Let YZS® be the image of °ZS% by the isomorphism Z, = 92, in Proposition
3.1(b).
9.3. PBW theorem for Z,. Recall that
F, = @ Klzi(1),2:(2), ..., 2:(m)],

iefrv

see Section 4.11. The graded k-algebra ?Z, has a natural structure of graded
9F,-module such that z;() acts as 5,;(I) under the inclusion *Z, C End(°F,) in
Theorem 4.17. Recall that ?Z, = 9Z,. The following is immediate, see e.g., [CG,
sec. 5.5].

9.4. Lemma. We have °ZS® = D<o OF, [°Z¥] for each x. In particular °Z, is
a free graded °F,-module of rank 2™m).

The map @ is a graded F,-module homomorphism. For each z we set

9R§m = Z BFV 1V01b7

w<T

where oy, is defined as in (5.2). It is a graded ’F,-submodule of ’R,,. We abbreviate
Re = “RS°. The proof of the surjectivity of ® consists of two steps. First we
prove that ®(PRS®) C YZS”. Then we prove that this inclusion is an equality.

9.5. Step 1. Since ® is a ’F,-module homomorphism it is enough to prove that
the element ®(o;) lies in YZS?. By an easy induction on the length of z it is enough
to observe that we have

d(1) ez, ®(op) C?ZS, k=1,2,....m.

This follows from the definition of the elements o, (k), 7, (1) of °Z, in Section 4.14.
Recall that s,, = €1 and o, = 71, see (5.2) for details.
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9.6. Step 2. Note that ?Z¢ is the free *F,-module of rank one generated by [?Z¢].

Therefore we have
@('R;) = F, ['Z]] = 'Z;,

To complete the proof of Step 2 we are reduced to prove the following.

9.7. Lemma. If{(spw) =Ll(w)+1 and k =1,2,...m, then we have the following
formula in OZS5+v JOZ 55k

(Z3+) « °2] = [°Z3+).
Proof : By Lemmas 9.2(c) and 9.4 there is an unique element ¢ in 9F, such that
(23] ['Z) = ex "2 in O TR
Let us prove that ¢ = 1. For each z,y, z there is a unique element A? _ in Q such

Y,z
that
[ng] = Z Az,zwy,z;
Y,z

see Section 4.12. Since @, 4 . is a smooth point of Z% we have also

0 -1
A;,yz = eu( Zga ¢u,y,y1) :

Hence, in the expansion of the element [?Z5**] in the Q-basis (1/,,.) the coordinate
along the vector ¢ 45, is equal to

0 -1
A;lj;;‘kw = eu( Zskwa ¢V,w,wskw) .
. w _
On the other hand, since A} .., = 0 and

[ezﬁk] = Z(A;]le/’w,w + Afa’fagskww,w%)a

x
the coordinate of [?Z5*] x [°Z¥] along 1 s, is equal to
AF AY Amsk - eu(ezﬁk ) Qﬁu,m,wsk)_leu(‘gzg}a (bl/,zsk,zskw)_lAzsk .

T, X8, TS, TSEW

Thus we must check that

eu(ezsk ) ¢u,m,msk) eu(BZ:/Ua ¢u,msk,wskw) = eu(ezikwa ¢u,w,wskw) Azsk-

This follows from the lemma below.

9.8. Lemma. (a) For z,y € W we have
eu("0Y, bu.zy) = ety & 0y ),

eu(eZg, Qbu,z,zy) = eu(eOg, Qbu,z,zy) eu(eei,x,xy)v

Ay =eu(’Z8, ¢y o n) = eu(®F,, by.0) eu(% ).

v,z
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(b) For w,z,y € W such that {(zy) = £(z) + £(y) we have
eu(eoﬁy, ¢u,w,wmy) eu(eFu; ¢u,wm) = eu(&ox’ ¢1/ w wz) eu(@ 3, ¢u,wm,wzy)a

0 x 0 x _ 0 * 0 %
GU.( eu,w,wmy D eu,wm) - GU.( eu,w,wm ® el/,wz,wzy)'

Proof : Part (a) is left to the reader. Compare Proposition 4.13 where similar
formulas are given. Let us prove (b). Clearly we can assume w = e. Set

Aly)” =y(AT)NAT, A(y)T =y(A7)nAT.
Let the symbol LI denote a disjoint union. Recall that
Alry)” = A(z)” Uz(Ay)7),
(9.1) Uzy) = L(x) +L(y) =
Alzy) ™ = Alx)" Uaz(Ay)").

For z,y € W the T-module ‘)ml,ﬁzy,z is the sum of the root subspaces whose weight
belong to the set 2(A(y)~) N %A, and the T-module %, , is the sum of the root
subspaces whose weight belong to the set z(A+) N %A, see Sections 4.8, 4.9 for
details. Thus, by (a), the first claim follows from the following equality

AT UA(zy)” Uz(AT) = AT UA@) " Uz(AN) Ux(Ay) 7).

This equality is a consequence of the first identity in (9.1). Now, let us concentrate
on the second claim. Set

There are integers h,, > 0 such that the character of the T-modules GEV, ee,jym and
eel,@@y are of the following form

GEV Zh o, a €A,
(%) Zh a+ZA”Xl, acx(AY), xi€x(A)f),

euzzy Zh O‘+ZA11XI7 acsS T,TY) XIELz,zy-
See Section 4.9 for details. Let
S = Se,ﬂﬂy U x(A:)’ S = Se,m U Sz,zya
L=LeyyUx(Af), L' =LeyULg gy
We obtain

Ch(eell,e,my S¥ Geu,m) = Z hoza + Z )‘il X1, o c Sa X1 € La
« l

ch(ee%e,m ® Geu,m,my) = Z hao + Z \ixi,, a€S, x el
« l
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Now, a short computation yields

S=15" = AfNA@y)T = AN (A@)Y uz(A@w)T)),

L=L" < A nA@y)t =An(A@@)Tuz(A@y)T)).

Thus the claim follows from (9.1). 0

10. PERVERSE SHEAVES ON YEj v AND THE GLOBAL BASES OF YV())

Fix a quiver I' with set of vertices I and set of arrows H. Fix an involution 6 on
I". Assume that I" has no 1-loops and that 6 has no fixed points. Fix a dimension
vector v in “NI and a dimension vector A in NI. Set |v| = 2m. Fix an object
(V,) in ?V,, and an object A in V. To unburden the notation we’ll abbreviate

G, =%y, R,="R()xr,.

10.1. Perverse sheaves on ’E,. First, we generalize the setting in Section 2. We
define an orientation 2 of I to be a partition I = QUE. Fix an orientation 2. For
each I-graded C-vector space W we write Wq = @,.q W;. Now, we define

Lav,o = Homy(Ag, Vo) @ Homy(Vg,Ag), °Erv.a="Ev x Lo v,o.
An element of YEp v g is a triplet (z,vy,2) with
re’By, ye Homy (A, Vgq), z¢€ Homy(Vg,Ag).
For each y in ?Y” we define also
Favye=1{(@920) € BavaxFvy; o= (V') a(V) c V!,
y(A) c VO 2(VY) =0}.

To unburden the notation we’ll abbreviate

0 0 0 0 07 07
Eo="Exva, Fy="Fvy, TFya="Fravya:

We define the semisimple complex Gﬁyﬁg over OEMQ as the direct image of the
constant sheaf over Oﬁy@ by the obvious projection. We define P, o as the set of
isomorphism classes of simple perverse sheaves over GEMQ which appear as a direct
factor of Gﬁyﬁg [d] for some y € %" and d € Z. Next, we define GQMQ as the full
subcategory of Deg,, (°E, ) consisting of the objects which are isomorphic to finite
direct sums of L[d] with £ € H'PV,Q and d € Z. When there is no risk of confusion

we abbreviate
0 0 0 0 0 0
P="P,q, "@="Q.a, "Ly="Lya.
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10.2. Example. Let T, §, and A be as in Sections 6.2, 6.4. Set Q = 0, and
v =i+ 0(i) for some i € I. We have °E, o = L; x Lg(; with L; = Hom(A;, V),
o1 = {i,0(i)} with i = i0(i), and
Fio=1{(V2 Vi D0} x Loy, "Foaya=1{(VDOViD0)}x L,

Therefore the following holds

o if \i + Aoy # 0 then *Puo = {kp N, ko Do} Lo = ke, [\, and

LY = kr,. Do,

o if A + Ag(i) = 0 then Py o = {kyoy} and L) = "L = ko).
10.3. Multiplication of complexes. Set v = v + v/ + 6(v/) with v/ € NI. Fix
V' eV, and V" € °V,. Let T be the set of triples (V,~,7) where

e V is an I-graded subspace of V" such that V”/V € V,, and V+ C V,

e 7v:V = V/V< is an isomorphism in ?V,,,

e 7' : V' = V"/V is an isomorphism in V,.
We consider the following diagram

P1 p2 P3
B, q x B, E1 q By 0 B, q.

Here %F5 q is the variety of tuples (z,y, z, V) where

e V is an I-graded subspace of V" such that V///V € V,, and V+ C V,

o (1,y,2) €E, i, y(A) CV, 2(V) CV,and 2(V1) =0,
and F) q is the variety of tuples (,y, z,V,v,7) where

o (Viv,7)€eT,

o (7,y,2,V) €Erq.
Finally the maps are given by

o p1(@,y,2,V,7,7) = (Ty: Yy, 29, ),

o p2(z,y,2,V,v,7) = (z,y,2,V),

o p3(x,y,2, V)= (z,y, 2),
where

oy =7"to(alyve)on,

o zy=(y)"lto (x| pv) o9,

® Yy, = 'y*l oy.

® zy=12z07.
The group %G, acts on OELQ, ‘)Em and the maps pa, p3 are %G, -equivariant. Note
that p; is a smooth map with connected fibers, that p, is a principal bundle, and
that ps is proper. Therefore, for any complexes € € Dog, (°E, o) and &' € D¢, (Ey/)
there is a unique complex & € Dog ,, (°Ey.q) such that

PIERE) = p5(&2).
Then, we define a complex £ = ¢1(€,£€’) in Doy, (°E, ) by
" = (ps)(&2)-

Now, let v/ = 4. Hence E,, = 0. Let £; = kg ,, the trivial complex over E,.
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10.4. Definition. Set v/ =i. For € in Deg (°E,.q) we define the complex

ﬁ((‘:) = (5, ﬁi)[by7i], bui=v; + Z vihi;+ )\Qﬁg(i) + )‘Q,i'

J
10.5. Proposition. (a) fi yields a functor °Q — %Q.
(b) fi(°C7) = eﬁfw(i) for each i in °T".
Proof : A standard computation yields
1Ly, L£i) = Ligoiy, v €Y.

See [E, prop. 4.11], [L2, sec. 9.2.6-7]. This implies (a). The same computation as
in Proposition 2.5 yields

(10.1) di=0,/24+ > i /24 ) (A + Aaee))s
k<l; k+l£1 1<l

where A\ ; = \; if i € 2 and 0 else. Thus we have
dx 00y — dxi = by

Part (b) follows from this equality.
0O

10.6. Restriction of complexes. Set v’ = v+ v + (V') with v/ € NI. Fix
V' eV, V"%, and fix a triple (V,~v,7') € T. Consider the diagram

0 K 0 L 0
EU,Q X EU’ EB,Q EV”,Q-

Here we have set
o ‘B30 ={(z,y,2) € By o; z(V) CV,y(A) CV, 2(VF) =0},
o 5(2,Y,2) = (T4, Yy, 29, Ty),
o uz,y,2) = (2,y,2).
For any £" in Deg ,, (°E, o) we define a complex in Dog, xc,, (°E,q x E,/) by

90* (5//> _ KZ!L* (5/I>.
10.7. Definition. Set v’ =i. For any £" in Dog ,, (°E,» o) we define

2(5//) = (5”)[011/71.]7 Qy; = —V; + Z vj hij + )\Q,Q(i) + AQJ-
J
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10.8. Proposition. (a) e; yields a functor from %Q — Q.

() ei(%Ly) = @, °Ly, [—2dx] for some integer di. The sum runs over all k such
that iy, = 1, and

yi = (1,a®), ak® = (al(k)), al(k) =a;— 0k — O11—k-

(c) e;(°LY) = D, LS [deg(i,0(4); 1)], where i runs over all sequences such that
i lies in Sh(i',0(i)).
Proof : Part (a) follows from (b). Parts (b) and (c) are analogues of [E, prop. 4.11(i%)]

(which itself is an analogue of [L2, sec. 9.2.6]), where the case A = 0 is considered.
Our proof is similar. Assume that v/ = i. Hence we have E,» = {0}. We define

eﬁ&Q - {(x7y’z’ ¢) € eﬁyﬁfl; (z,y,z) S OEB,Q}a
IER = (¢ = (V') € F,: VE CV, VFL ¢ V),
eﬁ;k) = {(w,y,z,qﬁ) € Gﬁgjg; ¢ (= 9F3(k)}

Note that 913379 = U, 9133(13 is a partition into locally closed subsets. Let y; be as

above. Consider the map
Fo O = OBy 0, (2,5, 2,0) & (T4, Yy, 29, 1),
where ¢, is the flag whose [-th term is equal to
TV AV VE V).
We get the following diagram, whose right square is Cartesian

o o > 01
Fym F3.0 Fy,fl

| L

0 0 L0
E, 0 B30 ——"E,q.

It is easy to prove that fi is an affine bundle. Let d, = dy, be its relative dimension.
A standard argument using the diagram above yields

©" (e‘cy) = K" (e‘cy) = @ GEYk [—2dy].

=1

This proves (b). Now, we concentrate on (¢). Assume that y = i lies in 1",
Therefore we have

i= (iom,@1—my - sbmt1), k=-m,1—m,....m+1

First, we compute explicitly the integer di. The map 6’F?)(k) =y, ¢ ¢ is an
affine bundle of relative dimension

#H{l; —m <1l <k, 4 =i}
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Further, for each tuple (,y, 2z, ¢) in eﬁik,g and for each ¢’ € 6’Fék)such that ¢fy = ¢,
the space of tuples (z/,y',2') in °E3q such that (2/,9,2',¢') lies in 9ﬁ379 and
k(z',y', 2") = (x,y, z) has the dimension

Z hi i, + dk<o (Ma.00) + Aai — hiog))-
k<l<m+1
See [E, prop. 4.11(44)] for details. Therefore we have
di =Y P+ 0kco Mg + Aay — hio) + L —m <1<k, i =i}
k<l<m+1
Next, (10.1) yields
dai—dai, =vi+ Y it > hig 4 01+ Aaeq) — hew,)+
—m<i<k k<l<m+1
+or<o( A + Ao — Piogi))-

Finally we have

ay; = —vi+ Z hi, — higgy + Aa,e() + Aq,i-

—m<U<m+1
Therefore we get
aV7i+d)\117d,\71k —2d, = — Z i~il+5k>1(i~9(i)+)\i+>\9(i)).
—m<I<k

On the other hand deg(if, 0(¢) ;1) is the degree of the homogeneous element o 1;,
where w is a reduced decomposition of an element w of W41 such that w(i) =
110(3). If k < 0 then we can choose W = $;,8m—1 - .. 51—k and we get

deg(ix, 0(i);1) = — > i-in
—-m<i<k
If £ > 1 then we can choose W = s;,8y—1...51€151 ...5k—1 and we get

deg(ix, 0();1) = — D i-ir+i-00) + N+ dgy — Y i,
—m<I<0 1<i<k

== > ivir+i-000) + X+ N
—m<I<k

The proposition is proved.
O

10.9. Example. Let T', 6, A\, v, and 2 be as in Example 10.2. Let k denote the
unique element of Py . We have

{0} =<<— Lg(iy — Li X Lo) .

We obtain
Ay = )‘0(1')’ ﬁ(kLi [)\l]) = k[)\z + )‘0(1)]’ ﬁ(kLg(i) [)‘9(1)]) = ka

b, = )\e(i)v ﬁ(k) = kLG(i) [/\9(1')]'
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10.10. A key estimate. First, let us introduce the following notation. For any
complex of constructible sheaves £ and any integer d we’ll write v¢£ for the shifted
complex L[d].

10.11. Proposition. For each i € I there are maps
g P U0} = Zsy, E, :%P=fPufo}, E,:P-°P

such that £,(0) = 0, and for each L in °P the following hold

(a) we have g,(E;(L)) =¢g,(L) — 1 and

e, (L) = p=ei(£) Ei(ﬁ) + Zecylyﬁl,
L/

L ep, e

=1

(L) > (L), eccr v =L,

(b) we have g,(F;(L)) =;,(L)+ 1 and
fi(L) = (L) + D E(L) + Y frol,
[:/
Le%, L) >eL)+1, frpoev=E7Z[],

(¢) we have
£,(0)=0, Ei(L)#0if &(£) >0,

EF,(L)=L, E,E;(L)=Lif E,(L)#0,

=1

(d) if L € 9P is such that £,(L) = 0 for all i, then L € Py q,
(e) the elements of °P are selfdual.

Proof : We'll prove the proposition for any quiver I' = (I, H) with an involution
such that T" has no 1-loops and 6 has no fixed points. The estimates in (a), (b) are
analogue of [E, thm. 5.3], where they are proved under the assumption A = 0. Our
proof is essentially the same. Fix a vertex ¢. First, we can assume that

e i is a sink of I,

e €

o (i) € Q.
More precisely we have the following lemma. Its proof is left to the reader. It is
proved as in [E, thm. 4.19], [L2], using Fourier transforms.

10.12. Lemma. Let (I'W M) (T3 02)) be two quivers with involutions without
fized points. Assume that T, T2 have the set of vertices I and that they have
the same set of unoriented arrows. Let Q) Q@) be two orientations of I. There is
an equivalence of categories ‘QQVﬂ(l) — ‘QQl,’Q(z) which commutes with the functors
fi, ei and with the Verdier duality. The categories GQV7Q(1) and OQV7Q(2) are relative
to the quivers T, T'?) respectively. This equivalence yields a bijection O'PMQ(U —
OPV,Q(Z) .
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Then, for each integer r > 0 let GEMQ’)T be the closed subset of GEU@ consisting
of the triples (z, y, z) such that there is a I-graded subspace W C 'V of codimension
vector ri such that

c(W)ycw, yA)cW, z(Wt)=o.
Then, we set
B,o0r="E,0>-\’Evasri1, °Fua<r =°Eua\Euasrii.
Finally we set g;(0) = 0 and for £ € %P we define
g;(£) = max{r; sup(L) C °E, 0.5, }.
Set v/ =i and consider the diagram

p1

7] 9 p2
E, o Ei o

0 Ps _ 6
Eyq ——"E,nq.

Under restriction it yields the diagram
6 9 6 9
EU,Q,T <~ El,ﬂ,r —_— E2,Q,r+1 — EV”,Q,TJrly
where
0 —1/0 0 —1/0
Eiar=p1 CEvar), ‘Eaxqr+1 =05 CEvqr+1)

Note that we have HELT = pgl(GEg,Tﬂ) and that the map 9E27T+1 — GEVNWH is
a P"-bundle. Finally, we set p = p3p2 and we define 6E21(27<T and 9E1197<T in the
obvious way.

Now, we concentrate on (b). Fix a simple perverse sheaf £ € ®P, o. Set e = ¢,(L).
The maps p1, p2 are smooth with connected fibers of dimension d,, , dp, such that

(10.2) by = dp, — dp,.
Thus, there is a unique simple G »-equivariant perverse sheaf £y on 9E21Q with
P1(L)[br.] = p3(La2).

We have
L(ﬁ) = (pB)!(fe)-

The complex f;(£) is supported on GEU//7Q£+1. Further, the restriction of Lo to
9F5.0,<c+1 is supported on %Fs g .11, and it is constant along the fibers of ps by
%G, i-equivariance. Thus

Lolog, g <o = P3(L7)[E]

for some simple perverse sheaf £” on °E,» o <c41. Let Lo be the minimal perverse
extension of £” to GE,//,Q. Since f;(L£) is semi-simple, we get

HL)={e+ 1) Lo+ frol,
L/

EO,E’ Eepy“,ﬂv §z(£0) :€+15 §z(£/) >€+1
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Let us that fr o lies in v2~%(E)Z[v]. Write

L0 =L @ M,
L/

where M/ is a complex of k-vector spaces. Set ¢’ = ¢g,(L£’). We have

RHom(L', L)og,, _, ® Mf C RHom((ps)(L2), L)

6 .
| E,///’gal

On the other hand, since ps restricts to a P<'~-bundle 0E27Q1€/ — eEl,/QQyE/, we
have

RHom((ps)i(L2), L))o, _, = (p3)RHom(L2, L'[e" — 1]) [€" —1].

2]
o, ...

Since L'[e" — 1][op, __, is a perverse sheaf the complex

RHom(Ly, L'[e" = 1])|og, __,
is concentrated in degrees > 0. Its 0-th cohomology group is zero because Lo and
L'[e" — 1] are simple and non isomorphic. Thus the complex

RHom((p3)i(L2), L")

|9EU” <£/

is concentrated in degrees > 1 — ¢’. This implies the estimate we want.

Next, we prove (a). Fix a triple (V,v,4’) in T. Observe that the hypothesis on T,
Q, i implies that for each (x,y, 2z, W, p,p’) in °F1 o we have z(W) = z(W+) =0,
z(V),y(A) € W, z is completely determined by its restriction to W, and y is
completely determined by its composition with the projection V. — V /W<, Hence
x, Yy, z are completely determined by z,, y,, 2,. Therefore s is an isomorphism.
Consider the diagram

K

(10.3) B, 0 B30 ——"E,mq

N b AT

6
El,ﬂv

where
fi(l',y,z) = (z’yvy’yvz’}/)v S(Z',y,Z) = (zﬂyvzv‘/v/-%’}/)v
(Y, 2, W, 0,0) = (29, Yp, 20),  D(x, 4,2, W, p,p) = (2,9, 2).

The left square is Cartesian. Fix a simple perverse sheaf £ in ®P,» . Set ¢ = ¢;(L).
We'll assume that € > 0 (the case € = 0 is left to the reader). We have

ei(L) = ris™p* (L)[ay,q).
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The restriction £|9EV/,,Q’<€ is a simple %G, -equivariant perverse sheaf supported on

OEV//1Q7E. Let dp, ds be the relative dimension of the maps p, s. Since p restricts to
a smooth map 9E1197€,1 — OEU//1Q7E7 the complex

Ly = P* (‘C) [dp] |9E1,n,<a—1

is again a simple %G, -equivariant perverse sheaf. It is constant along the fibers of
p1 by %G, -equivariance. Thus

L' = ris*p*(L)[dp + ds]|op

v,2,<e—1

= ﬁ(‘c)[d}’ +ds — al’vi]|eEu,Q,<s—l
is a simple perverse sheaf over HEV,Q@_L Using (10.2) we get

dp+dsidp2+€flfdpl, dplfdpzibl,ﬁi, bui:Vi; Ay i = —Vj.

s s

Therefore, we have
dp+dsfal,1i:€71.

Let Ly be the minimal perverse extension of £” to OEl,’Qy. Since e; (L) is semi-simple
we get

(L) =v'" Lo+ > ecol!
(10.4) £
EO,EI € B’Pu,Qa gz(ﬁo) =&— 1? gl(ﬁl) 2 €.

Now, one proves that ez o lies in v'~£:(£)Z[v] as in [E, thm. 5.3]. More precisely,
since pie;(L) and p*(L)[a, ;] are constant along the fibers of p; and since

ei(L) = kis"p*(L)]av,ql,
we have
(10.5) piei(L) = p*(L)[~bu].

On the other hand, we have

piei(L) = Pri(L") @ Mg,
L//

where the graded k-vector space M, is the multiplicity space of the simple perverse
sheaf £ € GPV,Q in e;(£). Let L4 be the perverse sheaf over GEQ,Q such that

P1(L")[bui] = p5(L3).
We obtain

P cf @ Mer = p3(L).
L://
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Now, let £’ be as in (10.4). Set ¢’ = &;(L’). We have
PRrRHom (LY |op, , .\ Lolom, o _iy)) @ Mpn =
ﬁ//
— RHom(p(£)log, -, Lo, o))
— RHom(Llog,, .. (00 (ED)og, )

= RHom(L',|eEV,/,Q’<€,+1 Ji(L)

|9E,///,Q’<€/+1)
= (' + 1>RHom(£|eEu”,Q,gs’+l’Ei(ﬁ/)leEu”,Q,<5’+l)’
where the last equality follows from part (b). The complex

RHom(L|og ,, . Fi(L')

) 0 )
/410 =1 | E,///,n,gg/+1 ’

is concentrated in degrees > 1, because the perverse sheaves £ and F,(L') are
simple and distincts. Thus the complex

RHOHI(QGE,,”,Q,@/H ,fi(L)

‘ )
| EV”,Q,SE’+1

is concentrated in degrees > 1 —¢’. Choosing £’ = L” we get that M}, is also
concentrated in degrees > 1 — ¢’. Therefore

e;(ﬁ) _ @E” ® Mgy = @@v—dﬁu ® ML”,d7

L L' deZ

with Mz» g =0 unless —d > 1 — ¢’. We are done.

Now, we concentrate on (¢). The second claim in (¢) is obvious. Now, we prove
that E,F;(L) = L for £ in *P, o. Recall the diagram (10.3). Set ¢ = g;(£) and
take a simple perverse sheaf Lo on GEQ,Q such that

Pi(L)[bvi] = pa(La),  (p3)i(L2) = fi(L).

We have

(pa)(L)lo, .,y = e+ WV E(L)lop, .-
On the other hand, since

Lo |9E2,n,<a+1 = p§ (Elf’) [5] |9E2,n,<a+1 )

we have

P (EL) op, o copn = P2(L2)[=¢llo, o cops = PT(L)bui = €llop, o .-

Therefore we have also

ei(F,L) = r1s"p" (Eiﬁ)[av,i“eE

|9EV,Q,$€+1 v, Q,<et1

— [

|9Eu,9,<5+1 :



hal-00435938, version 3 - 29 Mar 2010

74 M. VARAGNOLO, E. VASSEROT

Therefore Ezﬁl(ﬁ) = L. Finally, fix £ € GP,/QQ such that g;(£) > 0 and let us
prove that F,E,(£) = L. Write € = g,(£). By (10.5) we have

piei(L) = p*(L)[av,q].
Hence we have also

PI(EL) =il o ..y =P (L)le = Ulop, o oy

Since p3(L)[e — 1], , . is a simple perverse sheaf, we have
ﬁ(ﬂi£>|eEy//,Q’sa = (p3>‘p§(£>[€ - 1]|9EV//,Q’<€ = <€> £|9E,,//’Q,<E'

This implies that F,E,(L) = L.

Next, (d) is obvious. If v # 0 we choose y, d such that L[d] is a direct summand
of °Ly,. We may assume that y = (i,a) with a; > 0. Then g, (£) > 0 by (b) and
Proposition 10.5(b).

Finally, we prove (e) by descending induction on v. Any element in ‘Pgq is
selfdual. Assume that v > 0. By part (d) there is ¢ such that g,(£) > 0. Set
e =g;(L£). We prove that L is selfdual by descending induction on €. By parts (b),
(¢) we have

L(EL) =@ L+ feok, &L)>e
C/

The perverse sheaf Eiﬁ is selfdual by the induction hypothesis on v. It is easy to

see that f; commutes with the Verdier duality. Hence the laft hand side is also

selfdual. We have

ﬁ(EiﬁﬂeEUyQ,@ = (&) E|9EU,QW<E-

Since £ is the minimal extension of its restriction to OEV,Q@, it is selfdual.
O

Let K(%Q, o) be the Abelian group with one generator [£] for each isomorphism
class of objects of GQV7Q and with relations [£] 4 [£] = [£"] whenever £ is isomor-
phic to £ & £'. To unburden the notation we’ll abbreviate

K(Q) = D K(Qua). L£=Ic]

Note that K(%Q) is a free A-module such that v£ = L[1] and v™'L = L[-1].
Further the Verdier duality yields an .A-antilinear map K (Q) — K (%Q).

10.13. Corollary. The A-module K (’Q, q) is spanned by {Gﬁg; y €9y},

Proof : The corollary is proved as in Lemma 8.34, using Proposition 10.11 instead
of Propositions 8.22, 8.23.
0
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10.14. Example. Let I', 6, A, v be as in Example 10.2, and set 2 = {i}. We have
‘Evo = Li x Ly, *Ev0,0 = *Ey0 \ {0}, and °E, 01 = {0}. We have also

o if A + Ag(s) # 0 then ‘9’P1,79 = {keEV,Q[)\i + )\e(i)], k{o}}, and
éi(keEV,QP‘i + Ag(”]) = 0, iz(k{O}) = 15 Ez(k) = k{o},
o if \; + /\9(1) = 0 then GPV,Q = {k{o}}, and

gikoy) =1, F;(k) =kgo.

10.15. Comparison of the crystals. We choose I', # and \ as in Sections 6.2,
6.4, and we set QQ = I. We define a functor

Y : BQV,Q — 'R,-mod, Y(L£) = @ Extag, (eﬁf,ﬁ).

iefrv

The functor Y is additive and it commutes with the shift (the shift of complexes
in the left hand side and the shift of the grading in the right hand side).

10.16. Proposition. (a) Y takes °Q to *R-proj, and Gﬁg to °Ry. It maps *P
bijectively to the set of §-selfdual indecomposable projective graded modules.

(b)Y yields an A-module isomorphism K (°Q) — K which maps *P bijectively
onto %GV (\). It commutes with the duality. We have

eioY:Yoe‘g(i), inY:YOfe(i)'

Proof : Theorem 5.8, proved in Section 9, yields a graded k-algebra isomorphism
'R, =975.
Recall that the right hans side is the graded k-algebra

7, = P Extig, (°C).°C3),

i,i’EQIV

equipped with the Yoneda composition, see Sections 2.6, 2.8. Therefore the first
claim of (a) is obvious. If the sequence i of °I” is the expansion of the pair y in
%Y then we have

‘Ri = (b)!’Ry, ‘L= (b)!°C,

where b is a sequence such that the multiplicity of y is §(b)b. See Remark 2.7
and (8.5). Therefore to prove the second claim of (a) it is enough to observe that
we have Y (L)) = PRJ. Next, the same proof as in [VV, sec. 4.7] implies that Y
takes any element in P to an indecomposable projective graded module. Indeed,
since Y(eﬁg) = GR;S, and both sides are selfdual, the functor Y takes the elements
of 9P to #-selfdual indecomposable projective graded modules, see Sections 2.6 and
8.10. Further, any f-selfdual indecomposable projective graded module is a direct
summand of Y(Gﬁg) = OR;S, for some y, hence is the image by Y of an element
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of P. Part (a) is proved. Next, the first claim of (b) follows from Definition 8.3,
Proposition 8.4(c) and Corollary 10.13. Finally the last claim of (b) follows from
Propositions 10.5(b), 10.8(c¢) and Proposition 8.14.

0

Recall the set %G'°V(\) introduced in Definition 8.3. For b € °B()\) let °L(b)
denote the unique element in P such that

(10.6) Y (°L(b)) = %G (b).

Hence we have P = {%L(b); b € B(\)}. We'll set also ’£(0) = 0. Combining
Propositions 8.23 and 10.11 we can now compare the crystal (YB(\), E;, F}, &;) from
Proposition 8.22 with the crystal (*P, E,, F';, ;) from Proposition 10.11.

=3r%9

10.17. Proposition. Fori c I and b € °B()\) we have
Ei(°L(0)) = "L(Egwyb), E;(°LY) = L(Fyiyb), i(’L(b)) = g (D).

Proof : We can regard ¢;, E,, and E; as maps

BN U{0} = Zso, E,;:°BO\) —=B\)U{0}, E,:°B(\) —B(\).

& 7 7

Propositions 10.11(b), 10.16(b) yield
Fo "G () = (&i(b) + 1) ‘G (ED) + Y frp /GO (V), (V) > gi(b) + 1.
b/

Taking the transpose, Definition 8.8 and Proposition 8.4(a) yield

e 'GP (b) = (£,(0)) G (ED) + ) _ fi oGP (V), &t <(b) - 1.
b/

Now, recall that
eo(s)(b) = max{n > 0;ef) 'GP (0) # 0}, ,(E;b) =g;(b) - 1.

Thus, using Proposition 8.17 and (8.8) we get g, = £g(;. Then, comparing the
formulas above with Proposition 8.23 we get ba ;= 13‘9(1-). Finally, Proposition
8.22(c) and 10.11(c) yield E; = Ep(;).

0
10.18. The global bases of ?V(\). Since the operators e;, f; on V(\) satisfy

the relations e; f; = v=2fie; + 1, we can define the modified root operators &;, f; on
the “B-module *V()) as follows. For u € V() we write

u = Z fi(n)un with e;u, =0,

n=0

é;i(u) = Z fi(n_l)un, f;(u) = Z fi(m_l)un.

n>1 n>0

Let R C K be the set of functions which are regular at v = 0. Let L()) be the R-
submodule of V()\) spanned by the elements f‘il . f'il (¢r) withl >0, 41,...,4 € I.
We can now apply the results in [EK3]. Together with Propositions 10.16 and 10.17
this yields the following, which is the main result of the paper.
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10.19. Theorem. (a) We have

‘L) = @ RGOD), &("L(\) L), £("L(M)) C L),
be®B(\)

;%G (b) = %G"" (E;b) mod v/L()\), %G (b) = %G"" (F;b) mod v L(\).

(b) The assignment b — %G (b) mod ’UGNL()\) yields a bijection from 'B()\) to
the subset of °L(\) /v L()\) consisting of the £, ... £;,(¢x)’s. Further 9G¥ (b) is the
unique element x of *V(\) satisfying the following conditions

ot =z, x="G"(b) mod v?L(\).

(c) For b,b' € °B(\) let E;pp, Fipy € A be the coefficients of %GV (V') in
eo(i)’G" (b), fi%G'" (b) respectively. Then we have

Eipp|o=1 = [F;Ufor(GP (b)) : Tfor(°GP(b))],

Fipp o= = [E;Ufor(GP (b)) : Tfor(°GUP(b))].

Proof : Proposition 10.17 implies that Y intertwines the crystal operators Eg(i),
Fg(i) on ?B()\) and the crystal operators Ei, Ei on %P. Proposition 10.16 implies
that Y intertwines the operators eg(;), fo(;) and ¢;, f,. Therefore, formula (10.6)
and Proposition 10.11 yield estimate for the action of e;, f; on *G!°%()\) which
were not available in Proposition 8.23. Using these estimates, part (a) follows
from [EK3, thm. 4.1, cor. 4.4], [E, Section 2.3]. The first claim in (b) follows
from (a) and Proposition 8.22. The second one is obvious. Part (¢) follows from
Proposition 8.17. More precisely, by Cartan duality we can regard the elements
Eipp, Fipp of A as the coefficients of 9GP (b) in the expansion of fg(i)eG“p(b’),
e;%G"P (V') with respect to the basis “GUP(\). Therefore, by Proposition 8.17 we
can regard the integers E; p p|v=1, Fi b |v=1 as the coefficients of Ufor(“G™P (b)) in
F,Ufor (%G (v')), E;VUfor(%G"?(V')) respectively.

O

A. APPENDIX
The statements above generalizes to affine Hecke algebras of type C.

A.1. Affine Hecke algebras of type C. Fix p, qo, ¢1 in k*. For any integer
m > 0 we define the affine Hecke algebra H,, of type C,, to be the affine Hecke
algebra of Sp(2m). It admits the following presentation. If m > 0 then H,, is the
k-algebra generated by

Ty, X' k=0,1,....m—1, 1=1,2,....m

satisfying the following defining relations :
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(a) Xle/ = Xl/Xl,

() (ToT1)? = (TyTo)2, TyTe-r Ty = Too1 TiTh—r if k # 0,1, and Ty Thy = T T, if
|k - kl' 7é 1,

(¢) ToX; " = X1To = (a7 " — q0) X1 + (qoqy " — 1), TeXpTh = Xpq1 if k # 0, and
T, X, = X|T ifl £k, k+1,

(d) (T, —p)(Ti +p~ 1) =01if k £ 0, and (Tp — q0)(To + ¢; ') = 0.
If m = 0 then Hy = k, the trivial k-algebra.
A.2. Remark. The affine Hecke algebra of type B,, is equal to H,,, /(g0 — g, ¢1—q).
A.3. Intertwiners and blocks of H,,. We define
A'=A[x"Y, H, =A"®rH,,
where ¥ is the multiplicative system generated by

Xpt =X, Xpt-piXp, 1-X7, 14X, 1-aX™, 1#1

For k =0,...,m — 1 the intertwiner ¢, in H/ is given by the following formulas
X —X
or =1 = e Ty — p) if k0,
pXk —p~ X1
(A1)
) X?—1 (T, )
Yo—L1l=q 0—4o)-
(X1 +q0) (X1 —q1)

There is an isomorphism of A’-algebras
A" xW,, -H,, spg+— o, 1+ 9, k#O.

The semi-direct product group Z x Zs acts on k* as in Section 6.2. Given a Z x Zo-
invariant subset I of k* we denote by H,,-Mod; the category of all H,,-modules
such that the action of X7, X», ..., X,, is locally finite and all the eigenvalues belong
to I. We associate to the set I a quiver I with an involution 6 as in loc. cit. Finally,
we assume that

13_1¢Ia paqoaql#la_l'

Next, we define the element A of NI as

(A 2) \ { lev ZEIﬁ{quaql}a if 7q07£Q17

234, ieln{ql, if —qo=q.
Finally we define °R,,, and °R,,,-Mod, as in Section 6.4. Note that if go = ¢1 = ¢

then A is the same as in (6.2). Fix any formal series f(s) in k[[5]] such that
f(3) = 14 » modulo (5?).
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A.4. Theorem. There is an equivalence of categories
'R,,-Mody — H,,-Mod;, M — M

which is given by
(a) X; acts on 1;M by il_lf(%l) forl=1,2,...,m,
(b) Ty acts on 1; M as follows for k=1,2,...,m—1,

(pf () = f Geeg1)) Gee — 20041)

J (k) — f(5er41)
fGw) — fGm41) o + (2 = D (i) if igy1 = Pk

(p=1f(er) — pf Gek1)) ok — 22k41) pf(a) —p~1f (k1)
pirf(a) = p~ Vi f Gang) (p~" = p)inf Gar1)

or+Dp if i1 = Uk,

L .
O] — i FOaen) " T FG) — inf ) Sl 7t
(¢) To acts on 1;M as follows
2 1 -1 _ 2
(ql;{( )2)_ q) 27T1 + @ 0 q—l}if{i?)_ ;Qf(%l) if i1 = —qo0 = q1,
1 1
(Q1f(%1)+% (fGa) —1) (90 — 1 ) f(a)* + (@1 — q0) f(5a1) £ =
G- i Foar — o s a7 o
(q0f () +q1)(1 f(%l))7T n (1 — g0 ) f(a)* = (@1 — q0) f(5a1) £ —
— 1 - - 7é q1,
q1(q0f(51)? —q5 ) ' q1(qo 1f(%1)2 — o) ' B
(i1f(3e1) + o) (i1 f(3e1) — 1) (190 = 1)fGa)’ + (g1 —q@)inf(a) ...,
w@roar-1n 0w JGaP 7 Hh7

Proof : Formula (A.2) yields
Ai, =2 ifig = —qo = qu,
Aip, =0 if i9 # —qo, q1,
Ai; =1 else.

The proof is the same as the proof Theorem 6.5, using (5.4) and (A.1).
O

Now, all the statements in Section 8 generalizes. The proof is straightforward
and is left to the reader. In particular, if ?K; denotes the Grothendieck group of
the category YR-proj, then we have a canonical isomorphism

V(N = K oa 'K,

where *V()) the same B-module as in Theorem 8.31, with A given by (A.2) instead
of (6.2). Theorem 10.19 generalizes as well.
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