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Université de Lyon, Laboratoire de Physique, UMR 5672, CNRS,

Ecole Normale Supérieure de Lyon, 46 allée d’Italie, F-69364 Lyon cedex 07, France

henning.samtleben@ens-lyon.fr
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Abstract

We initiate a systematic study of the solutions of three-dimensional matter-

coupled half-maximal (N = 8) supergravities which admit a Killing spinor.

To this end we analyze in detail the invariant tensors built from spinor

bilinears, a technique originally developed and applied in higher dimen-

sions. This reveals an intriguing interplay with the scalar target space

geometry SO(8, n)/(SO(8) × SO(n)). Another interesting feature of the

three-dimensional case is the implementation of the duality between vector

and scalar fields in this framework. For the ungauged theory with timelike

Killing vector, we explicitly determine the scalar current and show that its

integrability relation reduces to a covariant holomorphicity equation, for

which we present a number of explicit solutions. For the case of a null

Killing vector, we give the most general solution which is of pp-wave type.
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1 Introduction

Classical solutions of supersymmetric gauge theories and supergravities that preserve

some fraction of supersymmetry play a distinguished role in these theories as they

typically exhibit particular stability and non-renormalization properties, due to the

rigidness of the underlying supersymmetry algebra and its representations. Moreover,

in the search of new solutions to supersymmetric theories it is often technically simpler

to solve the first order Killing spinor equations rather than to address the full second

order field equations. The systematic study of these questions in supergravity theories

goes back to the seminal work of Tod [1, 2] (see [3] for earlier work), and has further
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and systematically been developed in [4, 5] and a large body of follow-up work for

higher-dimensional supergravity theories.

In this approach, one assumes the existence of a Killing spinor and considers all

bilinear tensors that can be constructed from it. The Killing spinor equations together

with standard Fierz identities translate into a set of algebraic and differential iden-

tities among these bilinear tensors which can be employed to constrain the structure

of the geometry and the matter dynamics. In many cases this allows for a complete

classification of the supersymmetric solutions of the theory. So far, this bilinear tensor

analysis has mainly been employed and proven very useful to construct and classify

supersymmetric solutions in theories with eight real supercharges, such as N = 2 su-

pergravity in four dimensions, see e.g. [6, 7, 8, 9, 10, 11]. In the context of half-maximal

supergravities (i.e. sixteen real supercharges), the analysis becomes more involved due

to the richer structure of the extended R-symmetry groups. Previous work on such

theories includes

(i) the pure ungauged D = 4, N = 4 supergravity [12],

(ii) the pure ungauged D = 5, N = 4 supergravity [13],

(iii) the pure ungauged and the SU(2) gauged D = 7, N = 1 supergravity [14, 15],

but has throughout been restricted to theories without additional vector multiplets,

leading in particular to scalar target spaces of very small dimensions (≤ 2).

In this paper, we apply the bilinear tensor techniques to the matter-coupled half-

maximal N = 8 supergravity in three dimensions [16, 17]. The three-dimensional case

exhibits a number of interesting properties: in particular, the metric in three dimensions

does not carry propagating degrees of freedom, and vector gauge fields can be dualized

into scalar fields. As a result, the entire dynamics of these theories takes place in the

scalar sector, whose target space is a coset space manifold SO(8, n)/(SO(8) × SO(n))

of dimension 8n. The bilinear tensor analysis which we present in this paper leads to

an interesting interplay of the Killing spinor equations and this target space geometry.

The structures we exhibit in this paper represent a first example of the structures that

will also appear in higher dimensions upon inclusion of vector multiplets with coset

space geometry. The advantage of the three-dimensional setting is the fact that all

matter dynamics is uniformly described in the scalar sector.

Upon passing to the gauged N = 8 supergravity, vector fields have to be introduced

in three dimensions, however these do not represent additional propagating degrees of

freedom, but enter with a Chern-Simons coupling and are related to the scalar fields

by (a non-abelian version of) their standard first order duality equations. As such,

the structure of the theory (and its Killing spinor equations) is still organized by

the full group SO(8, n) even though the explicit choice of a gauge group breaks this

global symmetry of the theory. We will analyze the structure of the Killing spinor

equations and their consequences for the matter fields in a fully SO(8, n) covariant
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manner without specifying the three-dimensional gauge group. Of course, when further

exploiting these structures to construct explicit solutions, this choice will have to be

made.

Some three-dimensional supersymmetric solutions of the half-maximal ungauged

theory with higher-dimensional origin in heterotic string theory (compactified on a

seven torus) have been constructed in [18, 19, 20], see also [21, 22] for earlier work.

Some supersymmetric solutions of the gauged N = 8 theory have been identified in [23,

24, 25], among them are analytic domain wall solutions which can be interpreted as

holographic RG flows in particular scenarios of AdS3/CFT2 dualities. In all these

different contexts it would clearly be interesting and highly desirable to dispose of

a more systematic approach to construct and classify the possible supersymmetric

solutions.

In this paper, we take a first step in this direction and apply the bilinear tensor

techniques to the matter-coupled D = 3, N = 8 supergravity, which is reviewed in

section 2. We construct in section 3 the bilinear tensors from the Killing spinor and

translate the full content of the Killing spinor equations into a set of algebraic and dif-

ferential identities among these tensors. As usual, these tensors provide a timelike or

null Killing vector that generates a symmetry of the full solution (i.e. including the mat-

ter sector). In the timelike case, the SO(8) R-symmetry breaks down to SO(2)×SO(6)

and we show in section 4 that the Killing vector can be extended to a canonical tetrad

in which we expand the fields and obtain the general solution for the scalar current.

The 8n scalar fields naturally split into the 4n + 4n eigenvectors of an antisymmetric

matrix Ω related to the SO(2) part of the composite connection on the coset space

manifold. With the general solution for the scalar current we analyze the first or-

der duality equation between vector and scalar fields and show that it reduces to a

two-dimensional equation for the field-strength of the undetermined part of the vector

fields. In particular, for the ungauged theory we obtain an explicit expression of the

vector fields in terms of the scalar fields of the theory.

In section 4.4, we give a general analysis to determine to which extent the equations

of motion are satisfied as a consequence of the existence of a Killing spinor. In order

to construct explicit solutions, the Killing spinor equations have to be amended by the

integrability relations for the scalar current and we do this in section 5 for the ungauged

theory, leaving the full analysis of the gauged theory for future work. In this case, the

three-dimensional metric takes diagonal form with the conformal factor satisfying a

Liouville-type equation. The integrability relations for the scalar current reduce to a

covariant holomorphicity equation (with the composite connection of the scalar target

space) for its unknown component. As an illustration, we employ a simple ansatz

to derive in section 5 explicit solutions with 1 ≤ n ≤ 4 (active) matter multiplets.

Finally, in section 6 we analyze the case of a null Killing vector in the ungauged theory

for which we derive the most general solution for metric and scalar fields which is a

pp-wave. Appendix A collects our SO(8, n) conventions and some useful formulae.
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2 Half-maximal supergravities in three dimensions

In this section we review the structure of half-maximal (i.e. N = 8) supergravity

theories in three dimensions. In three dimensions, pure (super-)gravity does not possess

propagating degrees of freedom. Moreover, vector fields can be dualized into scalar

fields, such that all propagating degrees of freedom may be accommodated in the scalar

sector of the theory. The ungauged theory is described by an SO(8, n)/(SO(8)×SO(n))

coset space sigma-model coupled to gravity [16]. The general gauged theory in which

gauge fields are added with a Chern-Simons coupling has been constructed in [17], to

which we refer for details and conventions.

2.1 Bosonic field content and Lagrangian

The Lagrangian of the general gauged N = 8 supergravity in three dimensions is given

by [17]

L = −1
4
eR + LCS + 1

4
ePµ IrP Ir

µ + Lpot + LF . (2.1)

Let us explain each term separately. We use signature (+−−), and denote the dreibein

determinant by e =
√

det gµν , such that the first term is the standard Einstein-Hilbert

term of three-dimensional gravity.

The vector fields in three-dimensional supergravity do not represent propagating

degrees of freedom, but couple in the gauged theory with a Chern-Simons kinetic term

LCS given in (2.5) below, such that they are related by their first order equations

of motion to the scalar fields. The gauge group G0 is a subgroup of SO(8, n), the

isometry group of the scalar sector. Its generators ΞMN can be represented as linear

combinations of the SO(8, n) generators XMN = −XNM by means of the embedding

tensor θMNKL as

ΞMN ≡ θMNKLX
KL , (2.2)

where indices M,N , . . . label the vector representation of SO(8, n). They can be

raised and lowered with the SO(8, n) invariant indefinite metric ηMN . Moreover, we

split these indices into {M} → {I, r} according to the signature of ηMN , i.e. I =

1, . . . , 8, r = 1, . . . , n, with I labeling the vector representation 8v of SO(8). The

specific form of the gauge group G0, its dimension and its embedding into SO(8, n) are

entirely encoded in the constant tensor θMNKL. Supersymmetry requires θMNKL to be

completely antisymmetric in its four indices.1 In addition, gauge covariance requires

θMNKL to satisfy the bilinear relation

2θQKL[MθN ]RSQ = θQRMN θKLSQ − θQKLRθMNSQ . (2.3)

1In fact, the condition which supersymmetry imposes is slightly weaker, it also allows for contri-

butions of the type θMNKL = ηM[KξL]N − ηN [KξL]M with a symmetric ξMN = ξNM, cf. [26], but we

shall not consider these cases here.
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A standard example of gauged N = 8 supergravity corresponds to the choice

θIJKL =






ǫIJKL for I, J,K, L ∈ {1, 2, 3, 4}
α ǫIJKL for I, J,K, L ∈ {5, 6, 7, 8}

0 otherwise

, (2.4)

which solves (2.3) and describes the gauging of an SO(4) × SO(4) ⊂ SO(8) subgroup

of SO(8, n), the parameter α corresponding to the ratio of coupling constants of the

two SO(4) factors. This theory describes the coupling of the spin 1/2 multiplet in the

reduction of six-dimensional supergravity on AdS3×S3 (for α = 0), or AdS3×S3×S3.

More complicated gaugings have been given in [27, 28] which describe the couplings of

higher massive multiplets in this compactification. In the following we shall not specify

the explicit gauge group, but derive the constraints on the structure of supersymmetric

solutions for general choice of θMNKL.

Explicitly, the Chern-Simons term LCS is given by2

LCS = − 1
4
e εµνρ gθKLMN Aµ

KL
(
∂νAρ

MN + 8
3
g ηMR θRSPQAν

PQAρ
SN
)
, (2.5)

where the parameter g denotes the gauge coupling constant.

The scalar sector in the Lagrangian (2.1) is described by a gauged coset space

sigma-model SO(8, n)/(SO(8) × SO(n)). It can be parametrized by a group-valued

SO(8, n) matrix S (i.e. a matrix satisfying SηST = η) which defines the left-invariant

scalar currents as

Jµ ≡ S−1DµS ≡ S−1
(
∂µ + gθKLMN Aµ

KLXMN
)
S ∈ LieSO(8, n) , (2.6)

with the covariant derivatives carrying the gauge group generators ΞKL of (2.2). We

split these currents according to

QIJ
µ ≡ (Jµ)IJ , Qrs

µ ≡ (Jµ)rs , PIr
µ ≡ (Jµ)Ir , (2.7)

corresponding to the compact generators XIJ , Xrs and noncompact generators Y Ir of

the algebra so(8, n) ≡ LieSO(8, n), see appendix A for our algebra conventions. We

may explicitly separate the gauge field contributions to the currents as

QIJ
µ = QIJ

µ + 2gAµ
KLVMN

IJ θKLMN ,

PJr
µ = P Jr

µ + gAKL
µ VMN

Jr θKLMN , (2.8)

where we use the short-hand notation VMN
PQ ≡ 2S [M

PSN ]
Q, and QIJ

µ ≡ QIJ
µ |g=0,

P Ir
µ ≡ PIr

µ |g=0 are defined by (2.6) at g = 0, i.e. represent the currents of the ungauged

sigma-model, cf. appendix A. The scalar kinetic term in (2.1) is defined in terms of

the noncompact components PJr
µ of the scalar current and thus invariant under local

transformations

S → SH(x) , (2.9)

2Here and in the following, we denote by εµνρ the totally antisymmetric spacetime tensor, i.e. in

particular it carries the determinant e of the vielbein: ε123 = e, etc.
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with H(x) ∈ SO(8) × SO(n), taking care of the coset redundancy. The integrability

equations 2∂[µJν]+[Jµ,Jν ] = S−1[Dµ,Dν ]S induced by the definition of (2.6), translate

into

D[µPIr
ν] ≡ ∂[µPIr

ν] + QIJ
[µ PJr

ν] + Qrs
[µPIs

ν] = 1
2
gθKLMN Fµν

KLVMN
Ir , (2.10)

QIJ
µν ≡ 2∂[µQIJ

ν] + 2QIK
[µ QKJ

ν] = − 2PIr
[µ PJr

ν] + gθKLMN Fµν
KLVMN

IJ , (2.11)

Qrs
µν ≡ 2∂[µQrs

ν] + 2Qrt
[µQts

ν] = − 2PIr
[µ PIs

ν] + gθKLMN Fµν
KLVMN

rs , (2.12)

with the nonabelian field strength Fµν
KL .

Finally, the gauged theory carries a scalar potential whose form is fully determined

by supersymmetry as

Lpot = − eg2 V , with V ≡ 1
8
AAȦr

2 AAȦr
2 − 1

4
AAB

1 AAB
1 , (2.13)

in terms of the scalar SO(8) tensors A1, A2, defined by contracting the embedding

tensor of (2.2) with the scalar fields as

A1 AB = − 1
48

ΓIJKL
AB VKL

IJ VMN
KL θKLMN ,

A2 AȦr = − 1
12

ΓIJK
AȦ

VKL
IJ VMN

Kr θKLMN . (2.14)

Here A = 1, . . . , 8, and Ȧ = 1, . . . , 8, label the two SO(8) spinor representations 8s, 8c,

and ΓI
AȦ
,ΓIJ

AB, etc. denote the corresponding Γ-matrices. The tensors (2.14) describe

the Yukawa couplings in the fermionic sector that we describe explicitly in the next

subsection.

Up to fermionic contributions, the bosonic equations of motion derived from the

Lagrangian (2.1) are given by

Rµν − 1
2
Rgµν = PIr

µ PIr
ν − 1

2
gµν PIr

ρ Pρ Ir + 2g2V gµν , (2.15)

Dµ PIr
µ = 1

4
g2ΓI

AȦ

(
AȦr Ḃs

3 AAḂs
2 − 3AAB

1 ABȦr
2

)
, (2.16)

for the metric and the scalar fields, with the scalar tensor AȦr Ḃs
3 defined in (2.19)

below. Varying the vector fields in the Lagrangian (2.1) gives rise to the first order

duality equation

θKLMN Fµν
MN = εµνρθKLMNVMN

Ir Pρ Ir , (2.17)

which manifests the fact that the vector fields do not carry propagating degrees of

freedom. Note further, that even though formally we have introduced dimSO(8, n)

vector fields Aµ
MN , only their projections θKLMN Aµ

MN appear in the equations. For

example, with (2.4) only 12 vector fields appear in the action (or 6 if α = 0).
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2.2 Fermions and Killing spinor equations

The fermionic couplings of the Lagrangian (2.1) are given by

e−1LF = 1
2
εµνρψA

µDνψ
A
ρ − 1

2
iχȦrγµDµχ

Ȧr − 1
2
PIr

µ χ
ȦrΓI

AȦ
γνγµψA

ν

+ 1
2
gAAB

1 ψA
µγ

µνψB
ν + igAAȦr

2 χȦrγµψA
µ + 1

2
gAȦr Ḃs

3 χȦrχḂs . (2.18)

Here χȦr and ψA
µ are two-component Majorana spinors, transforming in the 8c and

8s of SO(8), respectively. Covariant derivatives Dµ on these spinors include the spin

connection, the SO(8) connection Qµ ȦḂ ≡ 1
4
Qµ IJ ΓIJ

ȦḂ
and Qµ AB ≡ 1

4
Qµ IJ ΓIJ

AB,

respectively, and the SO(n) connection Qrs
µ obtained from (2.7). We use γµνρ = −iεµνρ

for the three-dimensional γ-matrices. The Yukawa-type couplings are given by the

scalars tensors A1, A2 from (2.14) and

AȦr Ḃs
3 = 1

48
δrs ΓIJKL

ȦḂ
VKL

IJ VMN
KL θKLMN + 1

2
ΓIJ

ȦḂ
VKL

IJ VMN
rs θKLMN ,(2.19)

which also appears in the bosonic equations of motion (2.16). Combining their defini-

tion with (A.8) shows that these tensors are related by the differential relations

DµA
AB
1 = 1

2

(
ΓI

AȦ
ABȦr

2 + ΓI
BȦ
AAȦr

2

)
PIr

µ ,

DµA
AȦr
2 = 1

2
ΓI

BȦ
AAB

1 PIr
µ + 1

2
ΓI

AḂ
AȦr Ḃs

3 PIs
µ + 1

16
ΓJ

AȦ
ΓIJ

ḂĊ
AḂr Ċs

3 PIs
µ , (2.20)

which play an important role in proving supersymmetry of the action (2.1). The

quadratic constraints (2.3) translate into various bilinear identities among the scalar

tensors, such as the supersymmetric Ward identity

AAC
1 ABC

1 − 1
2
AAȦr

2 ABȦr
2 = 1

8
δAB

(
ACD

1 ACD
1 − 1

2
ACȦr

2 ACȦr
2

)
. (2.21)

The full action (2.1) is N = 8 supersymmetric. The Killing spinor equations of

the theory follow as usual by imposing the vanishing of the fermionic supersymmetry

variations on a given bosonic background

0 ≡ δǫψ
A
µ = (∂µ + 1

4
ωµ

abγab) ǫ
A + Qµ AB ǫ

B + igAAB
1 γµ ǫ

B , (2.22)

0 ≡ δǫχ
Ȧr = i

2
ΓI

AȦ
γµPIr

µ ǫ
A + gAAȦr

2 ǫA , (2.23)

with the scalar tensors A1, A2 from (2.14) above. In the rest of the paper we will analyze

the consequences of these equations for supersymmetric solutions of the theory.

3 Killing spinor bilinears

We will study in this paper the structure of supersymmetric solutions of the N = 8

theory defined by (2.1). Let us assume the existence of p (commuting) Killing spinors

ǫA(α), α = 1, . . . , p, satisfying equations (2.22) and (2.23). From these we can define real

scalar and vector functions bilinear in the Killing spinors, as follows

F AB
αβ ≡ ǭA(α) ǫ

B
(β) , Vµ

AB
αβ ≡ i ǭA(α) γµ ǫ

B
(β) . (3.1)

7



By construction they satisfy

FAB
αβ = − FBA

βα , Vµ
AB
αβ = Vµ

BA
βα . (3.2)

In the following, we focus on the case p = 1 and consider the real tensors built from a

single commuting Killing spinor ǫA

F [AB] = ǭAǫB , Vµ
(AB) = i ǭAγµ ǫ

B . (3.3)

Furthermore, we define the SO(8) invariant real combination Vµ ≡ Vµ
AA . In the rest

of this section we will translate the full content of the Killing spinor equations (2.22),

(2.23) into a set of algebraic and differential relations for the invariant tensors FAB

and Vµ
AB .

3.1 Algebraic relations

The cubic Fierz identities for the Killing spinor ǫA, together with the definitions (3.3)

induce the relations

Vµ
ABγµǫC = −2iFC(AǫB) ,

Vµ
ABǫC − iεµνρV

ν ABγρǫB = −2iFC(Aγµǫ
B) . (3.4)

Similarly, evaluating quartic Fierz identities, one obtains the identities

V µVµ = −2V µ ABVµ
AB = 2FABFAB ,

V µ ABVµ
CD = −2FA(CFD)B ,

V[µ
ABVν]

CD = 1
2
εµνρ

(
V ρ A(C FD)B + V ρ B(C FD)A

)
,

V(µ
ACVν)

BC = V(µVν)
AB − 1

2
gµν V

ρVρ
AB ,

FC[A Vµ
B]C = −1

2
FAB Vµ , (3.5)

bilinear in the tensors FAB, Vµ
AB. From a sextic Fierz identity, one finally finds

FABFBCFCD + f 2 FAD = 0 , (3.6)

with f 2 = 1
2
FABFAB . This implies that the antisymmetric matrix FAB has only two

nonvanishing eigenvalues ±if . Accordingly, it will often be convenient to change to an

explicit basis for the SO(8) spinor indices

A = (a, ã) , a = 1, 2 , ã = 3, . . . , 8 , (3.7)

in which F ab = fǫab , F aã = 0 = F ãb̃.3 For non-vanishing f , this corresponds to a

breaking of the R-symmetry according to SO(8) → SO(2) × SO(6), under which the

fundamental representations branch as

8s → 1−1 + 60 + 1+1 , 8v → 4−1/2 + 4+1/2 , 8c → 4−1/2 + 4+1/2 , (3.8)

3We use conventions ǫ12 = ǫ12 = 1.
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with subscripts denoting SO(2) charges. The second and the last equation of (3.5)

then imply that the only nonvanishing components of Vµ
AB are the Vµ

ab. The third

equation of (3.5) shows that the three vectors Vµ
11, Vµ

12 = V 21
µ , and Vµ

22 satisfy the

algebra

V[µ
11Vν]

22 = −εµνρ f V
ρ 12 ,

V[µ
12Vν]

11 = 1
2
εµνρ f V

ρ 11 ,

V[µ
12Vν]

22 = −1
2
εµνρ f V

ρ 22 . (3.9)

According to the second equation of (3.5), they are normalized as

0 = Vµ
11V µ 11 = Vµ

22V µ 22 = Vµ
12V µ 11 = Vµ

12V µ 22 ,

2f 2 = Vµ
11V µ 22 = − 2Vµ

12V µ 12 . (3.10)

For non-vanishing f , these vectors thus form an orthogonal basis of the three-dimensional

spacetime. In the explicit basis (3.7), all algebraic relations (3.5) are summarized by

(3.9) and (3.10). For later use, we use the explicit basis (3.7) to define (again for

non-vanishing f) the antisymmetric matrices

ΩIJ ≡ 1
2
ǫabΓI

aȦ
ΓJ

bȦ
, ΩȦḂ ≡ 1

2
ǫabΓI

aȦ
ΓI

bḂ
, (3.11)

satisfying ΩȦḂΩḂĊ = −δȦĊ and ΩIJΩJK = −δIK . Group-theoretically, they manifest

the fact that under the above branching (3.8) of the 8v and 8c, there appears another

invariant tensor in their respective tensor products.

In contrast, for f = 0 (i.e. FAB = 0), the first two equations of (3.5) state that all

vectors Vµ
AB are null and mutually orthogonal, i.e. they are all proportional according

to Vµ
AB = ΛABVµ, with a symmetric matrix ΛAB of trace 1. The fourth equation of

(3.5) then imposes

Λ2 = Λ , (3.12)

for the matrix Λ, i.e. this matrix has a single non-vanishing eigenvalue. We can choose

a basis in which the only non-vanishing component of Vµ
AB is

Vµ
11 = Vµ

AA = Vµ . (3.13)

Accordingly we split the index A = (1, ã), corresponding to a breaking of SO(8) to

SO(7), under which the fundamental representations branch as

8s → 1 + 7 , 8v → 8 , 8c → 8 . (3.14)

3.2 Differential equations

In addition to the algebraic relations induced by Fierz identities, the Killing spinor

equations impose a number of differential equations on the tensors FAB, Vµ
AB. The

first of the Killing spinor equations (2.22) implies that

Dµ F
AB = 2g A

C[A
1 Vµ

B]C
, (3.15)

Dµ Vν
AB = 2g gµν A

C(A
1 FB)C + 2g εµνρA

C(A
1 V ρ B)C , (3.16)
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where the derivative Dµ now is the full SO(8) covariant derivative. From (3.15) we

thus obtain in the basis (3.7)

∂µ f = g Aca
1 ǫ

ab Vµ
bc , (3.17)

or equivalently, using (3.10): V µ ab ∂µf = −2gf2ǫ
c(a
A

b)c
1 . In particular, for vanishing g,

i.e. in the ungauged theory, the function f is constant. From (3.16) we obtain that

D(µVν) = 0 , (3.18)

i.e. the vector Vµ is a Killing vector of the solution. Equation (3.10) moreover shows

that this vector is either timelike (for f 6= 0) or null (for f = 0), in accordance with the

expectations. In the following sections, we will treat the two cases separately. From

(3.17) together with (3.10), we find also that V µ∂µf = 0, i.e. the function f is also

constant along the Killing vector field.

Contracting the dilatino equation (2.23) with ǫB and ǫBγν , respectively, gives rise

to two equations for the scalar current PIr
µ :

0 = 1
2
ΓI

BȦ
V µ AB PIr

µ + gFAB ABȦr
2 , (3.19)

0 = − 1
2
ΓI

BȦ
FAB PIr

µ + 1
2
εµνρΓ

I
BȦ
V ρ AB Pν Ir + gABȦr

2 Vµ
AB . (3.20)

The first equation implies in particular (upon contracting with ΓJ
AȦ

and using (2.8)

and the definition (2.14))

V µP Ir
µ = −gθKLMNVMN

Ir

(
V µAµ

KL + f VKL
JK ΩJK

)
, (3.21)

with ΩJK from (3.11). This shows that with the particular (Coulomb type) gauge

choice

V µAµ
KL = −fVKL

MN ΩMN ,

V µQIJ
µ = 0 = V µQrs

µ , (3.22)

of vector and SO(8) gauge freedom, all scalar fields are likewise constant along the

Killing vector field

LV S = 0 . (3.23)

It requires some more work and the explicit use of the duality equation (2.17) to show

that as a consequence of equations (3.19), (3.20) also the gauge fields are constant along

the Killing vector field. We come back to this in section 4.3. The gauge fixing (3.22)

furthermore suggests to split off the Vµ contribution in the vector fields and introduce

new gauge fields ÂIJ
µ according to

Aµ
KL = − 1

4f
VKL

MN ΩMN Vµ + Âµ
KL , (3.24)

for non-vanishing f . This split will play an important role in the following.

To summarize, we have shown in this section, that the invariant tensors FAB and

Vµ
AB satisfy the algebraic relations (3.9) and (3.10) as a consequence of the Fierz

identities of the underlying Killing spinor. Moreover, in terms of these tensors, the

Killing spinor equations (2.22), (2.23) take the equivalent form (3.15), (3.16), (3.19),

(3.20). In the following we will study these equations in more detail.
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4 Timelike case: general discussion

In the previous section we have identified the Killing vector field Vµ among the tensors

built from the Killing spinor. Moreover, we have translated all the constraints imposed

by three-dimensional Fierz identities into the algebraic relations (3.9), (3.10), and

the full content of the Killing spinor equations into the differential equations (3.15),

(3.16) and (3.19), (3.20). In the following, we will study these equations and their

consequences in detail. We first discuss the case f 6= 0 of a timelike Killing vector

V µVµ > 0 . The null case is presented separately in section 6.

4.1 Three-dimensional spacetime

Define the complex vector field

Zµ ≡ Xµ + iYµ ≡ 2V 12
µ + i(V 11

µ − V 22
µ ) , (4.1)

with norm given by (3.10) as

ZµZ̄
µ = −2VµV

µ = −8f 2 . (4.2)

Then equations (3.9) and (3.10) translate into

V[µZν] = iεµνρf Z
ρ , Z[µZ̄ν] = −2iεµνρf V

ρ . (4.3)

These equations summarize all the algebraic equations derived in section 3.1. They

encode the fact that the mutually orthogonal vector fields Vµ and Zµ form a canonical

tetrad for the three-dimensional spacetime, which we shall employ in the following. We

can choose the three-dimensional vielbein as

Eµ
a =

1

2f
(Vµ, Xµ, Yµ) , Ea

µ =
1

2f
(V µ,−Xµ,−Y µ)T , (4.4)

consistently satisfying Eµ
aEb

µ = δa
b and

detEµ
a =

1

8f 3
eεµνρ VµXνYρ =

1

4f 2
e VµV

µ = e . (4.5)

Let us now turn to the differential relations of section 3.2. We further denote by

Av ≡ A11
1 + A22

1 , Az ≡ 2A12
1 + i(A11

1 − A22
1 ) , (4.6)

certain components of the scalar tensor AAB
1 in the basis (3.7). Then equation (3.17)

takes the form

∂µf =
ig

4
(Az̄Zµ − AzZ̄µ) , (4.7)

whereas (3.16) induces

∇µ Vν = g εµνρ

(
Av V ρ + 1

2
(Az Z̄ρ + Az̄ Zρ)

)
,

∇µZν = 2igfAz gµν + gεµνρ (Av Zρ + Az V ρ) − 2iQµ Zν , (4.8)
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with the SO(2) connection Qµ = 1
4
ΩIJQIJ

µ . Thereby, we have reformulated the first

Killing spinor equation (2.22). Let us note that equation (4.7) follows as a consequence

of (4.8) using that the norm of the Killing vector field is given as V µVµ = 4f 2 . Choosing

the vielbein as (4.4), equations (4.8) precisely encode the spin connection ωµ
ab

ωµ
01 + iωµ

02 =
ig

2f
(Az Vµ + Av Zµ) ,

ωµ
12 =

g

4f

(
2AvVµ + Az Zµ + Az̄ Z̄µ

)
+ 2Qµ . (4.9)

Some more computation shows that with this explicit form of the spin connection, the

Killing spinor equation (2.22) can be explicitly integrated to

ǫA =
√
f {ǫ̂, iγ0 ǫ̂, 0, 0, 0, 0, 0, 0} , (4.10)

where ǫ̂ is a constant spinor satisfying the projection4

(γ0 − γ2) ǫ̂ = 0 . (4.11)

We have thus reconstructed the Killing spinor from the bilinear tensors. Note that it

also satisfies V µ∂µǫ
A = 0 .

4.2 The scalar current

Equations (3.15) and (3.16) moreover determine the mixed components of the SO(8)

connection QAB
µ in the basis (3.7) according to

Qaã
µ = − g

f
Aãc

1 Vµ bc ǫ
ab , (4.12)

leaving unconstrained the others, which again manifests the breaking of SO(8) down

to SO(2) × SO(6). Explicitly,

Q̂1ã
µ + iQ̂2ã

µ = − g

2f
(A1ã

1 − iA2ã
1 ) Z̄µ , (4.13)

where according to (3.24) we have defined Q̂µ by splitting off its contribution in Vµ

(it is a non-trivial consistency check that this contribution as induced by (4.12) pre-

cisely coincides with the assignment of (3.22)). Accordingly, with (3.22) the remaining

components of QIJ
µ define the SO(2) × SO(6) connection

Qµ = − g

2f
Av Vµ + Q̂µ ,

Qãb̃
µ = − g

128nf
ΓIJ

[ãb̃
ΓKL

12] Γ
IJKL
ȦḂ

AȦrḂr
3 Vµ + Q̂ãb̃

µ . (4.14)

4For the flat gamma matrices (with tangent space indices) we use the explicit representation γ0 =

σ2, γ1 = −iσ3, γ2 = −iσ1 in terms of Pauli matrices, so that γ012 = γ012 = −i.
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Let us now consider the remaining part PIr
µ of the scalar current. In the basis (4.1)

of vector fields and using (3.21) we expand PIr
µ as

PIr
µ = − g

2f
ǫab ΓI

aȦ
AbȦr

2 Vµ + P̂Ir
µ

= − g

2f
ǫab ΓI

aȦ
AbȦr

2 Vµ +
1

f

(
PIr Zµ + PIr Z̄µ

)
, (4.15)

with complex components PIr, to be determined. Plugging (4.15) into (3.19) after

some calculation (which makes use of the properties (3.10) of the vector fields) leads

to the compact eigenvector equation

(
δIJ − i ΩIJ

) (
PJr + 1

4
ig BJr

+

)
= 0 , (4.16)

where we have defined the following combinations

BIr
± = ∓ i

2
(ΓI

1Ȧ
± iΓI

2Ȧ
) (A1Ȧr

2 ± iA2Ȧr
2 ) , (4.17)

of scalar components of the tensor AAȦr
2 in the basis (3.7). It is straightforward to verify,

that these BIr
± are eigenvectors of ΩIJ from (3.11) according to ΩIJBJr

± = ±iBIr
± . The

general solution to (4.16) is thus given by setting

PIr = PIr
− − ig

4
BIr

+ , (4.18)

where PIr
− is an arbitrary eigenvector of ΩIJ with eigenvalue −i . The full solution

(4.15) then takes the form

P̂Ir
µ =

1

f
(PIr

+ Z̄µ + PIr
− Zµ) − ig

4f
(BIr

+ Zµ −BIr
− Z̄µ) , (4.19)

where PIr
+ ≡ PIr

− is an eigenvector of ΩIJ with eigenvalue +i. Some further calculation

shows that (4.19) also identically solves equation (3.20). The full content of the Killing

spinor equations (2.22), (2.23) is thus contained in the form of the spin connection

(4.9) and the solution (4.15), (4.19) for the scalar current.

Of course the solution for the scalar current (4.19) is consistent only if in addition

this current satisfies the integrability conditions (2.10)–(2.12). This severely constrains

the choice of the components PIr
± . For the gauged theories g 6= 0 these equations involve

the non-abelian field strength Fµν
KL which in turn is related to the scalar current itself

by means of the duality equations (2.17). The resulting structure thus is rather intricate

and will be treated in a separate publication [29]. In this paper, we will in section 5

explicitly work out the integrability conditions in the ungauged case g = 0.
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4.3 Vector fields and duality

The vector fields appearing in three-dimensional supergravity are not propagating but

come with a Chern-Simons coupling which relates their field strength to the scalar

fields by means of the duality equation (2.17)

θKLMN Fµν
MN = θKLMN εµνρVMN

Ir Pρ Ir . (4.20)

For the supersymmetric solutions it turned out to be natural to explicitly split off the

vector field components in the direction of the Killing vector field according to (3.24).

Accordingly, the field strength Fµν
KL is decomposed into

Fµν
KL = −D̂[µ

(
1

2f
VKL

MNΩMNVν]

)
+ F̂µν

KL , (4.21)

where D̂ refers to the covariant derivative including only the vector field Âµ
KL and its

non-abelian field strength F̂µν
KL. The first term on the r.h.s. can be evaluated upon

using the relations (4.8), (A.8) and the explicit form of (4.19). Without going into the

details of the derivation (which also require the structure of the quadratic constraints

(2.3) on the embedding tensor and will be discussed in a separate publication), we note

that as a final result the duality equation (4.20) takes the form (for non-vanishing f)

θKLMN F̂µν
MN =

g

2f
θKLMN εµνρ

(
VMN

IJΩIJAv − VMN
IrΩ

IJBv
Jr

)
V ρ , (4.22)

with Av from (4.6) and Bv
Ir ≡ ΓI

1Ȧ
A1Ȧr

2 + ΓI
2Ȧ
A2Ȧr

2 . This equation shows a few remark-

able properties. Note first, that all contributions proportional to PIr
± have dropped out

from the original equation (4.20). As a result, the r.h.s. of (4.22) has no contributions

of order g0 which has important consequences for the ungauged theory, as we will dis-

cuss below. Second, the r.h.s. of (4.22) is entirely proportional to εµνρV
ρ. This implies

in particular, that

V µF̂µν
KL = 0 , (4.23)

which finally shows that also the vector fields Âµ
KL are constant in the direction of the

Killing vector field.

While the full structure of (4.22) will be analyzed elsewhere, let us discuss here its

consequences for the ungauged theory. In the limit g = 0, all vector fields consistently

decouple from the Lagrangian (2.1). Still the ungauged theory hosts a remnant of the

duality equation which is given by the unprojected version of equation (4.20):

Fµν
KL = εµνρ VKL

Ir P
ρ Ir , (4.24)

with abelian field strength Fµν
KL. Even though the vector fields are no longer part

of the action, they can be defined on-shell by means of this equation. In particular,

the Bianchi identities for the field strength Fµν
KL is precisely equivalent to the scalar

field equations of motion (2.16) at g = 0: the r.h.s. of (4.24) is the conserved SO(8, n)
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Noether current of the ungauged theory. This represents the standard duality between

vectors and scalar fields in three dimensions. From equation (4.22) we see that in this

case

F̂µν
KL = 0 , (4.25)

i.e. the vector fields Âµ
KL are locally flat. In other words, for supersymmetric solutions

of the ungauged theory, using (3.24), the duality equation (4.24) can be explicitly

integrated to

Aµ
KL = − 1

4f
VKL

MN ΩMN Vµ , (4.26)

(for non-vanishing f) which allows to express the dual vectors directly in terms of the

scalar fields. This is a remarkable property of the supersymmetric solutions; in general,

the dual vectors are nonlocal functions of the scalar fields. The relation (4.26) is of

particular importance when discussing a possible higher dimensional origin of the three-

dimensional solutions. Most compactifications to three dimensions, e.g. the heterotic

string on a seven-torus [22], lead to a version of the three-dimensional theory which

features propagating scalar and vector fields. It is only upon dualizing all vectors

into scalars, that the SO(8, n) symmetry of the theory becomes manifest and the

action takes the compact form (2.1). Equation (4.26) thus gives an explicit formula

for the original three-dimensional vectors which can then be lifted up to their higher-

dimensional ancestors. We come back to this discussion in the conclusions.

4.4 Killing Spinor Identities

In this section we will apply the method of Killing spinor identities [30, 31] to determine

which field equations are satisfied automatically once the Killing spinor equations are

solved. As follows immediately from supersymmetry of an action S, if the Killing

spinor equations are satisfied, the following relations hold
∑

b

δS

δφb

∂(δǫφb)

∂φf

= 0 , (4.27)

where φb and φf represent the bosonic and fermionic fields, respectively, of the theory.

We denote the bosonic equations of motion of (2.1) as

Eµ
α ≡ δS

δeµ
α
, Eµ

KL ≡ δS

δAµ
KL

, EIr ≡
δS

δΣIr
, (4.28)

where the last derivative is taken with respect to a left invariant vector field ΣIr along

the coset manifold SO(8, n)/(SO(8)×SO(n)). Equations (4.27) thus amount to linear

relations among these equations. Specifically, we find with the bosonic supersymmetry

transformations given by [16, 17]

S−1δǫS = Y Ir ǫA ΓI
AȦ
χȦr ,

δǫeµ
α = iǫA γαψA

µ ,

δǫAµ
KL = −1

2
V KL

IJ ǫ
A ΓIJ

ABψ
B
µ + iV KL

Ir ǫ
A ΓI

AȦ
γµχ

Ȧr ,

(4.29)
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that equations (4.27) imply the relations

2Eµ
α ǫ

A γα + iEµ
KLV KL

IJ ǫ
B ΓIJ

BA = 0 ,

EIr ǫ
A ΓI

AȦ
+ iEµ

KL V KL
IrΓ

I
AȦ
ǫA γµ = 0 , (4.30)

among the bosonic equations of motion. After contracting these relations with all

possible combinations of ǫB and γνǫ
B and using the algebraic relations (3.9), (3.10),

one finds that for the timelike case (i.e. f 6= 0) they imply the following relations

Eµ
αV

α = fEµ
KLV KL

IJΩIJ , V [µEν]
α = 0 ,

2fEµ
KLV KL

Ir = ΩIJEJrV µ . (4.31)

In particular, we see that most of the Einstein equations E (µ
α e

ν)α are indeed satisfied as

a consequence of the Killing spinor equations, except for their component in direction

V µV ν which is proportional to VµEµ
KLV KL

IJΩIJ . Similarly, the scalar field equation is

satisfied only up to a term proportional to VµEµ
KLV KL

Ir. In order to ensure that a given

solution of the Killing spinor equations solves all equations of motion, we thus have to

impose separately the Vµ component of the duality equation (2.17). Specifically, this

amounts to imposing equation (4.22) that we have encountered in the previous section.

For the ungauged theory, this equation is absent, i.e. for f 6= 0 the full set of equations

of motion is satisfied as a consequence of the Killing spinor equations. Note however,

that the derivation of (4.27) has made implicit use of the integrability relations (2.10)–

(2.12) of the scalar current, i.e. in all cases also these integrability relations will have to

be imposed on the solution in order to ensure that it satisfies all equations of motion.

5 Timelike case: the ungauged theory

From now on, we concentrate on the case of the ungauged theory (i.e. set g = 0),

leaving the analysis of the gauged theories for a separate publication [29]. For g = 0,

the structure of the spin connection (4.9) simplifies drastically and it has only a single

non-vanishing component

ωµ
12 = 2Qµ . (5.1)

The only non-vanishing component of its curvature thus is Rµν
12 = 2Qµν , such that

the Ricci tensor and Ricci scalar of the three-dimensional spacetime are given by

Rµν = − 1

8f 2
RZ(µZ̄ν) , R =

1

f
εµνρQ

µν V ρ . (5.2)

Let us note that this equation gives rise to the interesting factorization structure

Rµν + 2iQµν = − 1

8f 2
RZµZ̄ν . (5.3)
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The general solution for the scalar current (4.19) in this case takes the short form

P Ir
µ =

1

f

(
P Ir

+ Z̄µ + P Ir
− Zµ

)
, (5.4)

where as before the components P Ir
+ = P Ir

− are arbitrary eigenvectors of ΩIJ from

(3.11) corresponding to eigenvalues ±i, respectively.

5.1 Special coordinates

Since Vµ represents a timelike Killing vector field of the solution, we can choose co-

ordinates such that V µ∂µ = ∂/∂t and no matter field or metric component depends

on the time variable t. For the spatial part of the three-dimensional spacetime, we

use coordinates xi, i = 1, 2 . Normalization then implies that Vµ = (4f 2, ρ1, ρ2) with

functions ρi. According to (4.7), f is a constant and for simplification in the following

we rescale t such that f = 1
2
.

From (4.8) we find that ∂[µVν] = 0, hence ρi = ∂iρ for a function ρ which can be

absorbed by redefinition (translation) of t. Moreover, the remaining 2× 2 block in the

vielbein (4.4) can be brought into conformal gauge. Thus in these special coordinates

the three-dimensional vielbein reduces to

Eµ
a =




1 0 0

0 eσ 0

0 0 eσ



 , (5.5)

with the conformal factor σ . Its spin connection is given by ωµ
12 = (0,−∂2σ, ∂1σ) .

Accordingly, we find for the Ricci tensor

R11 = R22 = −✷σ =⇒ R = 2e−2σ
✷σ , (5.6)

with the two-dimensional flat Laplacian ✷ = ∂i∂i . From (5.1) the SO(2) connection

is given by Qµ = 1
2
ωµ

12 , with curvature Qij = 1
2
ǫij✷σ . This shows that if the three-

dimensional spacetime is not flat, the SO(2) connection is necessarily non-vanishing.

In complex coordinates z = x1 + ix2 and with (5.4), the full scalar current takes the

form

Qz = − i

2
∂zσ , P Ir

z = 2eσ P Ir
− . (5.7)

Projecting for this current the integrability relation (2.11) onto its SO(2) part gives

rise to the equation

∂z∂z̄ σ = −2 e2σP Ir
+ P Ir

− . (5.8)

Putting this together with (5.6) shows that R = P µPµ in precise agreement with the

Einstein equations (2.15), as expected from the general analysis of section 4.4.
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In order to completely determine the solution it remains to solve the remaining part

of the integrability equations (2.10)–(2.12). Notably, the first one takes the remarkably

simple form

Dz̄

(
eσ P Ir

−

)
= 0 . (5.9)

This is due to the fact that P Ir
+ and P Ir

− are eigenvectors corresponding to different

eigenvalues of ΩIJ such that in this coordinate basis the two terms of (2.10) must vanish

separately. Note however, that the derivative in (5.9) is covariant in that it carries the

full composite connections QIJ
µ and Qrs

µ . In general, it is thus not sufficient to choose

eσP Ir
− to be a holomorphic function of z. The remaining two integrability equations

(2.11), (2.12) take the form

QIJ
zz̄ = 8e2σP

r[I
+ P

J ]r
− , Qrs

zz̄ = 8e2σP
I[r
+ P

s]I
− . (5.10)

It is straightforward to verify that any solution to (5.9) also satisfies the scalar equations

of motion (2.16) in accordance with the general relations derived in section 4.4.

We have thus reduced the construction of supersymmetric solutions to finding com-

mon solutions to the two-dimensional equations (5.8)–(5.10). In the following, we will

exploit the covariantly holomorphic structure of (5.9) to study some explicit examples.

5.2 Explicit solutions

In this section, we will illustrate the structure of the covariantly holomorphic equation

(5.9) by constructing in detail a few explicit solutions and showing that indeed they

satisfy the full set of equations of motion. Let us denote by P
Ii
+ the four (normalized

and orthogonal) eigenvectors of ΩIJ from (3.11) with eigenvalues +i, such that

(P†
+P+)ij = δij ,

(P+P
†
+)IJ = 1

2
(δ − iΩ)IJ . (5.11)

Expanding P Ir
± in terms of these eigenvectors we write

P Ir
− = P

Ii
− Σir , (5.12)

with coefficients Σir. We furthermore define the hermitean matrix Hrs = (Σ†Σ )rs and

the antisymmetric hermitean matrices

M IJ = 1
2
(P Ir

+ P Jr
− − P Jr

+ P Ir
− ) = iℑ(P+ΣΣT

P
†
+)IJ ,

N rs = 1
2
(P Ir

+ P Is
− − P Is

+ P Ir
− ) = i (ℑH)rs = H [rs] . (5.13)

It is easy to check that [Ω,M ] = 0 , i.e. M ∈ so(2) × so(6) , and ΩIJM IJ = −iTrH,

which implies that M̂ IJ ≡ M IJ + i
8
ΩIJTrH ∈ so(6). Note that for n = 4, the matrix

M̂ IJ vanishes. Some further calculation yields

M IJP Jr
+ = 1

2
HrsP Is

+ , M̂ IJP Jr
+ = 1

2

(
Hrs − 1

4
δrs TrH

)
P Is

+ . (5.14)
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Integrability (5.10) (projected onto its SO(2) part) together with (5.8) yields the dif-

ferential equation:

i∂z∂z̄σ = ∂zQz̄ − ∂z̄Qz = − 2ie2σ TrH , (5.15)

which precisely coincides with the Einstein equation (2.15).

In the following we will study an explicit ansatz for the scalar current. We choose

the coefficients in (5.12) such that

P Ir
− = P

Ii
− U ir ζ(z, z̄) , (5.16)

with a yet unconstrained complex function ζ(z, z̄) and a constant matrix U , satisfying

(U †U)rs = δrs. This requires the number of matter multiplets to satisfy n ≤ 4 and

implies Hrs = |ζ|2 δrs . For the SO(2) × SO(6) connection QIJ
µ , we make the ansatz

QIJ
z = − i

4
∂zσΩIJ − g(z, z̄) M̂ IJ , (5.17)

in accordance with (5.7), and set Qrs
µ = 0. Then the second equation of (5.10) is

trivially satisfied, whereas the first equation in addition to (5.15) gives the nontrivial

differential equation
{
ℜ[∂z(g|ζ|2)] − 4e2σ|ζ|2

}
M̂ IJ = 0 . (5.18)

Finally, it remains to impose the integrability equation (5.9) which yields

∂zln ζ + 5
4
∂zσ + 1

8
(n− 4) g |ζ|2 = 0 , (5.19)

which (for n 6= 4) can be solved for g. Plugging this solution back into (5.18) and using

(5.15) yields a differential equation for |ζ|2 that has the general solution

|ζ|2 = e−2(n+1)σ/n |χ(z)|2 , (5.20)

with an arbitrary holomorphic function χ(z). Without loss of generality, we can choose

to set

ζ = e−(n+1)σ/n χ(z) , (5.21)

the undetermined phase of ζ precisely corresponds to an SO(6) gauge transformation.

For n = 4, equation (5.19) directly induces (5.21). Putting everything together, we

find for the scalar current

QIJ
z = −

{ i

4
ΩIJ +

2

n|ζ|2M̂
IJ
}
∂zσ , P Ir

z = 2 P
Ii
− U ir e−σ/n χ(z) , (5.22)

while σ should satisfy the Liouville equation

∂z∂z̄σ = −2n e−2σ/n |χ(z)|2 , (5.23)
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that descends from (5.15). Its general solution can be given in terms of an arbitrary

holomorphic function Φ(z)

eσ =

(√
2|χ| (1 − |Φ|2)

|Φ′|

)n

. (5.24)

Defining χ(z) = Ψ(z)Φ′(z), the scalar current and the metric are thus given by

P Ir
z =

√
2 ei arg Ψ(z) Φ′

1 − |Φ|2 P
Ii
− U ir ,

ds2 = dt2 − 16
(
|Ψ|(1 − |Φ|2)

)2n

dzdz , (5.25)

where 1 ≤ n ≤ 4, which summarizes our supersymmetric solution of the N = 8 theory.

Its curvature is given by

R = −23−nn |Ψ|−8 |Φ′|2
(
1 − |Φ|2

)−2(n+1)
. (5.26)

We can give the solution in more explicit form by explicitly integrating up the scalar

current to the scalar matrix S. For simplicity, we restrict to the case n = 4 while

for arbitrary n this can be done in precise analogy. For n = 4 the SO(6) connection

vanishes, and the full scalar current is given by

Jz ≡ S−1∂zS = − i

8
ΩIJXIJ∂zσ +

√
2 ei arg Ψ(z) Φ′

1 − |Φ|2 P
Ir
− Y Ir , (5.27)

where we have furthermore chosen U ir = δir. The generators appearing in (5.27) take

the form of tensor products

1
2
ΩIJXIJ =




0 1 0

−1 0 0

0 0 0



⊗ I4 , P
Ir
− Y Ir =

1√
2




0 0 1

0 0 −i

1 −i 0



⊗ I4 , (5.28)

such that SO(8, 4) splits into four copies of SO(2, 1). Some calculation shows that the

current Jz takes the matrix form

Jz = Jz +H−1∂zH +H−1JzH , (5.29)

with H = exp
{ i

4
log(Ψ/Ψ) ΩIJXIJ

}
,

and Jz =
Φ′

1 − |Φ|2




0 iΦ −1

−iΦ 0 i

−1 i 0



⊗ I4 .

In particular, this current depends on Ψ(z) only via an SO(2) gauge transformation.

Equation (5.29) can then be explicitly integrated up to yield the matrix form of S

SH−1 =
1

1 − |Φ|2




1 + 1

2
(Φ2 + Φ2) 2ℜΦℑΦ −2ℜΦ

2ℜΦℑΦ 1 − 1
2
(Φ2 + Φ2) −2ℑΦ

−2ℜΦ −2ℑΦ 1 + |Φ|2



⊗ I4 . (5.30)
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This form of the scalar fields together with the metric (5.25) summarizes the supersym-

metric solution in terms of two unconstrained holomorphic functions Φ(z) and Ψ(z).

One of them could be absorbed by a conformal redefinition of the two-dimensional

coordinates.

Finally, for this solution we may evaluate the explicit form of the dual vector

fields (4.26) which leads to

At
IJ = −SI

MSJ
N ΩMN = − 1 + |Φ|2

1 − |Φ|2 ΩIJ ,

At
Ir = −SI

MSr
N ΩMN =

√
2 i

1 − |Φ|2
(
Φ P

Ir
+ − Φ P

Ir
−

)
, (5.31)

up to a possible flat contribution. As discussed above, when lifting this solution to

a higher-dimensional theory, e.g. the heterotic string on a seven-torus, a number of

ten-dimensional fields will be triggered by these three-dimensional vectors. For ex-

ample, the Kaluza-Klein vector of the ten-dimensional metric descends to the three-

dimensional vector field components Aµ
I1, choosing r = 1 in the second line of (5.31),

in accordance with the breaking of SO(8, n) to SO(7, n− 1) manifest after reduction.

The components (5.31) thus become part of the ten-dimensional metric.

This concludes our discussion of explicit examples. With a more sophisticated

ansatz for the scalar current replacing (5.16) and (5.17), the construction may be

generalized to produce more complicated solutions of the Killing spinor equations.

6 The null case

In this last section we consider the case f = 0, when FAB = 0 and the Killing vector

V µ is a null vector. From the differential relations (3.15), (3.16) we obtain in this case

Q1ã
µ = 0 = A1ã

1 , DµVν = 2gεµνρA
11
1 V

ρ . (6.1)

Choosing coordinates such that the Killing vector field is given by V µ∂µ = ∂
∂v

, the

metric can then be cast into the general form

ds2 = Fdu2 −H2dx2 + 2Gdu dv , (6.2)

with functions F , H, and G which depend on the coordinates x and u only. Upon

computing its Christoffel symbols, the second equation of (6.1) translates into

∂xG = 4gA11
1 HG , (6.3)

which relates the functions G and H. In particular, for g = 0, we may choose coordi-

nates such that G = 1 . Further fixing of coordinates then allows to also put H = 1.

In the following, we specify to the ungauged theory. The dilatino equation (3.20)

shows that in this case

P Ir
µ = P Ir Vµ , (6.4)
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with yet unspecified components P Ir. Thus in particular P Ir
[µ P

Js
ν] = 0 and the inte-

grability equations (2.11), (2.12) show that QIJ
µ and Qrs

µ are flat connections. The

remaining integrability condition D[µP
Ir
ν] = ∂[µP

Ir
ν] = 0 thus states that P Ir in (6.4) is

a function of u only, i.e.

P Ir
µ = P Ir(u)Vµ . (6.5)

With (6.5) we have solved all the algebraic and differential relations that follow from

the Killing spinor equations, as well as the scalar integrability conditions. In the null

case however, this is not sufficient to imply the full set of equations of motion, as

may be confirmed directly from (4.30): the VµVν component of the Einstein equations

remains to be imposed separately. With (6.5), the Einstein equations (2.15) take the

form

Rµν = P Ir
µ P Ir

ν , (6.6)

which in particular implies that the Ricci scalar vanishes R = P Ir
µ P µ Ir = 0. Using the

explicit metric (6.2) with G = H = 1, the Einstein equations yield

∂2
xF = 2P IrP Ir , (6.7)

thus F (u, x) = x2P Ir(u)P Ir(u) + xR(u) + T (u), with arbitrary functions R(u), T (u).

The latter may be absorbed by a further redefinition of coordinates.

Summarizing, for g = 0 we find as the most general supersymmetric null solution

the pp-wave

P Ir
µ = P Ir(u)Vµ ,

ds2 =
(
x2P Ir(u)P Ir(u) + xR(u)

)
du2 − dx2 + 2du dv . (6.8)

The scalar current can be integrated up to a scalar matrix S(u) depending on u only.

In turn, any such matrix gives rise to a current of the form (6.8). As in the timelike

case, we may dualize some of the scalar fields back into vectors by means of (4.24). In

the null case and with the above metric, this equation takes the explicit form

Fxu
MN = 2S [M

K(u)SN ]
r(u)P

Kr(u) , (6.9)

and can be integrated in u to obtain the gauge field with a single non-vanishing com-

ponent Ax
MN (u) .

Finally, we can explicitly solve the Killing spinor equations (2.22), to reconstruct

the Killing spinor

ǫ =
(
x2P Ir(u)P Ir(u) + xR(u)

)1/4
ǫ̂ , (6.10)

where ǫ̂ is a constant spinor satisfying γu ǫ̂ = 0 .
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7 Conclusions

In this paper we have taken the first steps to constructing and classifying the super-

symmetric solutions of half-maximal matter-coupled three-dimensional supergravity.

We have translated the Killing spinor equations into a set of algebraic and differen-

tial relations among the bilinear tensors built from the Killing spinor. This allows to

express the spacetime metric and the scalar current in terms of these tensors. For

the ungauged theory, we have reduced the integrability conditions for the current to

the covariant holomorphicity condition (5.9) and constructed particular solutions by

choosing appropriate ansaetze. For the case of a null Killing vector we have given in

section 6 the most general solution of the ungauged theory.

An interesting aspect for the solutions found in this model is their possible higher-

dimensional origin. For this it is important to recall that the dimensional reduction

to three dimensions generically leads to a theory with scalar and vector fields of which

the latter have to be dualized into scalars in order to bring the action into the form

(2.1). For example, reduction of the heterotic string on a seven-torus leads to a theory

with global symmetry SO(7, 23) and vector fields transforming in the vector repre-

sentation. Only after dualizing the 30 vector fields into scalars by means of (4.24)

the full symmetry SO(8, 24) is manifest, and the scalars parametrize the coset space

SO(8, 24)/(SO(8) × SO(24)). In particular, before dualization only an SO(7) sub-

group of the full SO(8) R-symmetry group is manifest under which the fundamental

representations branch as

8s → 8 , 8v → 7 + 1 , 8c → 8 . (7.1)

In order to lift the above constructed solutions back to higher dimensions, first a

number of scalars will have to be dualized back into the corresponding vector fields.

For this, we have derived the explicit formula (4.26) for the vector fields (or (6.9)

in the null case). On the other hand, we have seen in the above construction, that

the supersymmetric solutions of (2.1) are organized by particular subgroups of the R-

symmetry group, namely SO(2) × SO(6) and SO(7) for the solutions with timelike

and null Killing vector, respectively. These will be broken upon singling out particular

scalars according to (7.1). Comparing the branchings (3.8) and (3.14) to (7.1) allows

to identify the common subgroups and shows that the dualization of 30 scalars back

into the original vector fields, leaves an underlying manifest U(3) and G2 symmetry for

the solutions with timelike and null Killing vector, respectively. This group structure

will have to be studied in more detail in order to systematically address the higher-

dimensional origin in this context.

What we have presented in this paper is the first systematic approach using the bi-

linear tensor analysis to the construction of supersymmetric solutions in three-dimensio-

nal supergravities. It naturally suggests a number of further research directions and

generalizations. First of all, while in this paper we have restricted the explicit con-

struction of solutions to the ungauged theory, we have shown that large parts of the
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structure also find their analogue in the full gauged theory. A more detailed analysis

of the gauged theory, in which the non-abelian duality between vector and scalar fields

plays a key role will be presented elsewhere [29].

The three-dimensional case provides an instructive scenario for the interplay of the

coset space geometry of the scalar target space with the structure of the Killing spinor

equations. These structures appear in a more compact form than in higher-dimensional

theories, due to the fact that in three dimensions all dynamical degrees of freedom are

accommodated in the scalar sector and higher rank p-forms are absent. Yet, a thorough

understanding of the three-dimensional case and in particular of the gauged theory

will be of importance for the study of the half-maximal supergravity theories in higher

dimensions coupled to n vector multiplets whose scalar fields form similar coset spaces.

So far, the systematic study of supersymmetric solutions in matter coupled theories

has essentially been restricted to the ungauged quarter-maximal theories, where in four

dimensions the scalar target spaces are described by special Kähler and quaternionic

Kähler geometries, see [7, 8, 9, 10]. The gaugings of the half-maximal theories [32] on

the other hand are organized by symmetry groups similar to the ones studied here,

such that the solutions of the Killing spinor equations will exhibit similar structures

in their scalar sectors, see D = 4 [33] for some initial discussion. An ultimate goal

would be the extension of the present analysis to the maximal (gauged and ungauged)

supergravities in the various dimensions, whose scalar target space geometries are given

by exceptional coset space sigma models.

Let us finally note that upon taking a proper flat-space limit [34, 35], three-

dimensional N = 8 supergravity reduces to the distinct superconformal BLG model

of [36, 37]. It would be interesting to study if techniques similar to the ones presented

here can be applied to classify the BPS solutions of the BLG theory, in particular, this

should relate to the structures found in [38, 39].
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Appendix

A SO(8, n) algebra

A.1 Commutators

The non-compact algebra so(8, n) = LieSO(8, n) can be described in closed form in

terms of generators XMN = −XNM with commutators

[XMN , XKL] = 2ηM[KXL]N − 2ηN [KXL]M , (A.1)

with the SO(8, n) invariant diagonal metric ηMN = diag(1, 1, . . . , 1︸ ︷︷ ︸
8×

,−1,−1, . . . ,−1︸ ︷︷ ︸
n×

).

Upon splitting the index M → (I, r), such that ηIJ = δIJ , ηrs = −δrs, the algebra

takes the form

[XIJ , XKL] = 2δI[KXL]J − 2δJ [KXL]I , [XIJ , Y Kr] = − 2δK[IY J ]r ,

[Xpq, Xrs] = 2δp[rXs]q − 2δq[rXs]p , [Xrs, Y Ip] = − 2δp[rY Is] ,

[Y Ir, Y Js] = δIJXrs + δrsXIJ . (A.2)

where for comparison to standard conventions we have furthermore redefined the gen-

erators Xrs → −Xrs. Here, XIJ and Xrs denote the compact generators of SO(8) and

SO(n) respectively, the 8n noncompact generators are denoted by Y Ir.

A.2 Coset space SO(8, n)/ (SO(8) × SO(n))

The scalar fields describing the SO(8, n)/ (SO(8) × SO(n)) coset space sigma model

are parametrized by a group element S ∈ SO(8, n) evaluated in the fundamental

representation, i.e. by an (8 + n) × (8 + n) matrix satisfying

S η ST = η . (A.3)

The coset structure is expressed by the invariance of the theory under local trans-

formations (2.9). In the ungauged theory, the scalar current Jµ ≡ S−1∂µS may be

decomposed as

Jµ = 1
2
QIJ

µ X
IJ + 1

2
Qrs

µ X
rs + P Ir

µ Y Ir , (A.4)

in terms of the generators (A.2) and the Lagrangian of the ungauged theory is given

by the SO(8) × SO(n) invariant combination 1
4
P Ir

µ P µ Ir. The integrability equations

2∂[µJν] + [Jµ, Jν ] = 0 induced by the definition (A.4) translate into

D[µPν] = 0 , (A.5)

QIJ
µν ≡ 2∂[µQ

IJ
ν] + 2QIK

[µ Q
KJ
ν] = − 2P Ir

[µ P
Jr
ν] , (A.6)

Qrs
µν ≡ 2∂[µQ

rs
ν] + 2Qrt

[µQ
ts
ν] = − 2P Ir

[µ P
Is
ν] . (A.7)
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In the gauged theory, all derivatives are covariant w.r.t. a non-abelian gauge group

according to (2.6) and these relations acquire additional contributions proportional to

the non-abelian field strength, as given in the main text in (2.10)–(2.12). Let us further

note that (A.4) may be rewritten as

Dµ SM
I = SM

r P
Ir
µ , Dµ SM

r = SM
I P

Ir
µ , (A.8)

with Dµ representing the SO(8) × SO(n) covariant derivative.

A.3 SO(8) Γ-matrix identities

Here, we list a number of identities for the SO(8) Γ-matrices, which have proven useful

in the calculations of the main text

ΓIJ
ABΓIJ

CD = 16δCD
AB ,

ΓIJ
CDΓIJKL

AB = −8(ΓKL
C(AδB)D − ΓKL

D(AδB)C) + 2δABΓKL
CD ,

ΓIJ
CDΓKL

EF ΓIJKL
AB = −128 (δC[EδF ](AδB)D − δD[EδF ](AδB)C) + 32 δABδC[EδF ]D ,

ΓIJ
ABΓKL

CDΓIJKL
ȦḂ

= ΓIJ
[ABΓKL

CD]Γ
IJKL
ȦḂ

,

ΓIJ
AB ΓIJKL

ȦḂ
= 8 (Γ

[K

AȦ
Γ

L]

BḂ
− Γ

[K

BȦ
Γ

L]

AḂ
) − 2δȦḂΓKL

AB ,

ΓIJ
ABΓIJK

CȦ
= 2ΓKJ

ABΓJ
CȦ

+ 16δC[AΓK
B]Ȧ

. (A.9)

References

[1] K. P. Tod, All metrics admitting supercovariantly constant spinors, Phys. Lett.

B121 (1983) 241–244.

[2] K. P. Tod, More on supercovariantly constant spinors, Class. Quant. Grav. 12

(1995) 1801–1820.

[3] G. W. Gibbons and C. M. Hull, A Bogomolny bound for general relativity and

solitons in N = 2 supergravity, Phys. Lett. B109 (1982) 190.

[4] J. P. Gauntlett, D. Martelli, S. Pakis, and D. Waldram, G-structures and

wrapped NS5-branes, Commun. Math. Phys. 247 (2004) 421–445,

[hep-th/0205050].

[5] J. P. Gauntlett, J. B. Gutowski, C. M. Hull, S. Pakis, and H. S. Reall, All

supersymmetric solutions of minimal supergravity in five dimensions, Class.

Quant. Grav. 20 (2003) 4587–4634, [hep-th/0209114].

26



[6] M. M. Caldarelli and D. Klemm, All supersymmetric solutions of N = 2, D = 4

gauged supergravity, JHEP 09 (2003) 019, [hep-th/0307022].

[7] P. Meessen and T. Ortin, The supersymmetric configurations of N = 2, d = 4

supergravity coupled to vector supermultiplets, Nucl. Phys. B749 (2006)

291–324, [hep-th/0603099].
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