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VISCOSITY SOLUTIONS FOR A POLYMER CRYSTAL
GROWTH MODEL

PIERRE CARDALIAGUET, OLIVIER LEY, AND AURELIEN MONTEILLET

ABSTRACT. We prove existence of a solution for a polymer crystal growth
model describing the movement of a front (I'(t)) evolving with a nonlocal
velocity. In this model the nonlocal velocity is linked to the solution of a heat
equation with source dr. The proof relies on new regularity results for the
eikonal equation, in which the velocity is positive but merely measurable in
time and with Hélder bounds in space. From this result, we deduce a priori
regularity for the front. On the other hand, under this regularity assumption,
we prove bounds and regularity estimates for the solution of the heat equation.

1. INTRODUCTION

The paper is devoted to the analysis of following system of equations:

i) u(z,t) = glu(x,t))|Du(z,t)] in RY x (0, +00)
i) vi(z,t) — Av(x,t) + kg(v(z, ) HY " {u(,t) =0} =0

in RY x (0, +00)
iii) v(z,0) = vo(z), u(z,0) = up(x) in RV .

Following [10, 11, 12, 18], the 3-dimensional version of this system modelizes the
growth of the surface I'(¢) of a polymer crystal in a nonhomogeneous temperature
field v(x,t). In this model one describes the evolving surface I'(¢) of the crystal
as the 0-level-set of an auxiliary function w:

{z e RY ; u(z,t) =0} =T(t).

(This is the level-set approach, see [19] and references therein). It has experimen-
taly been observed that the normal velocity V,, of the crystal is a known, positive
function of the temperature: V,, = g(v(x,t)), where g is a bell-shaped function
depending on the specific polymer ([16]). Expressing the normal velocity V;, in
terms of the function u gives the eikonal equation (1.1)-7), which holds at least
on the set {u(-,t) = 0}. As for the temperature field v it has to follow a heat
equation with a (negative) heat source proportional to V,HN~1|I'(t). Whence
(1.1)-id).

Similar systems, coupling eikonal and diffusion equations, appear in many
applications: shape optimization, image segmentation, etc. (see for instance
[25, 26] and the references therein). However the mathematical analysis of such
couplings is delicate and few existence or uniqueness results are available in the
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literature. Most of them are concerned with classical solutions on a short time
interval. For instance short time existence and uniqueness of smooth solutions
are obtained for system (1.1) in [18].

The point is that, in general, one cannot expect such a system to have classical
solutions when the time becomes large: indeed the front I'(¢) usually develops
singularities in finite time. For this reason a good description of this front is
obtained by its representation as the O-level-set of the solution of an eikonal
equation, which has to be understood in the sense of viscosity solutions. However
this approach (which is satisfactory from a numerical view point) raises severe
mathematical difficulties. Such issues have been overcome in only a very few
number of situations: for a dislocation dynamics model, introduced in [1] and
analyzed in [2, 4, 5], or for a system arising in the study of the asymptotics of a
Fitzhugh-Nagumo model [6, 20, 27]. In this later framework, the associated heat
equation is of the form

Ut(xvt) - Av(xvt) - g(v(x7t))1{u(-,t)20} =0, (1'2)

where 1g is the indicator function of a set E. In [6, 20, 27] existence of generalized
solutions for this Fitzhugh-Nagumo system is proved, while [7] contains some
uniqueness results. However, system (1.1) turns out to be much more challenging
than the coupling in the Fitzhuch-Nagumo system. Indeed the surface term
HY[{u(-,t) = 0} in (1.1)-ii) is more singular than the volume one 1y, y>0} in
(1.2). For this reason, up to now, only the long time existence in space dimension
N = 2 is known [29, 28].

The aim of our paper is to obtain a similar existence result for the physical
dimension N = 3 (and in fact in any dimension). In order to state precisely our
main result, let us introduce the definition of a solution to (1.1).

Definition 1.1. A solution (u,v) of (1.1) on the time interval [0,T)] is a map
(u,v) : RN x [0,T] — R? which is bounded, uniformly continuous, such that u
satisfies the equation

ug(z,t) = g(v(z, t))[Du(z, )| in RY x (0,7), u(z,0) = up(x) in RY

in the viscosity sense, with

T
| ) =0y < oo
0
and such that v(-,0) = vy and v satisfies in the sense of distributions
ve(z,t) — Av(z,t) + kg(v(e, ) HY " {u(,t) =0} =0 in RY x (0,7) .

We introduce the following set of assumptions, denoted by (A) in the rest of
the paper.

(A1) kis a fixed real number (k is positive in the case of a negative heat source
and negative otherwise), g : RY — R is Lipschitz continuous, bounded,
and there exist A, B > 0 such that

A<g(z) <B forall zeR.

(A2) vg: RY — R is Lipschitz continuous and bounded.
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(A3) ug: RN — R is Lipschitz continuous and satisfies {ug = 0} = 9{ug > 0}.
Moreover, we assume that {ug > 0} is compact and has the interior ball
property of radius rg > 0, that is,

For all x € Ky, there exists y € Ko, with 2 € B(y,r) C Ko, (1.3)

where B(y, o) is the closed ball of radius ro centered at y.

Our main result states that, under the above assumptions, system (1.1) has a
solution. More precisely:

Theorem 1.2. Under Assumption (A), for any T > 0, there exists at least one
solution to System (1.1). This solution is bounded on RN x [0,T] and satisfies,
forall z,y e RN, 0< s, t <T,

vz, 1) = v(y, )] < Clo —y[(1 4 [log |z —y]]),
and

lo(2, 1) — v(z, )| < C|t — 5|2 (1 + | log [t — s]|)-
for some constant C which only depends on the data appearing in Assumption
(A) and T.

Note that uniqueness of the solution is an open problem (even in dimension 2).

Let us now briefly describe the method of proof. The main difficulty in System
(1.1) is the singular surface term in the heat equation: to deal with this term,
one has to obtain fine regularity estimates for the level-sets of u. Such estimates,
which cannot be derived from the usual regularity results on the eikonal equation,
have been investigated through several works. When the velocity « — g(v(z,t)) is
positive of class C1'!, the front enjoys the interior ball property (1.3) [13] (see also
[2, 5]); it has an interior cone property when the velocity is positive and Lipschitz
continuous [7]. Unfortunately, for System (1.1), the interior cone property is not
sufficient for guarantying the stability of the surface term H™~!|{u(-,t) = 0}.
Moreover we were only able to prove that the map = — v(z,t) has a modulus of
continuity of the form w(p) = p(1+|log(p)|) (even when the front is smooth this
map is at most Lipschitz continuous [18]). Our main and new estimate on the
eikonal equation is an interior paraboloid property for the level-sets of u. We call
paraboloid a solid deformation of the set

{z=(a/,2n) € RV-IXR; ay > "}, e>0, v€(0,1).

This property is obtained under the (weak) assumption that the velocity = +—
g(v(z,t)) is of class C%®. For this, we use a representation formula for the solu-
tions of (1.1)-7) in terms of optimal control as well as sharp regularity properties
of optimal solutions for this control problem. As a direct consequence of the inte-
rior paraboloid property one obtains that the front has an interior cone property.
These interior paraboloid and cone properties are the two key ingredients which
allow us to obtain a priori estimates on the heat flow: indeed, because of the cone
property, the front I'(¢) can be covered by a finite (and controlled) number of Lip-
schitz graphs. The stability result on the surface term HY~1'[{u(-,t) = 0} (see
Lemma 4.1) is a consequence of the interior paraboloid property. Let us finally
point out that, although the cone and paraboloid properties do not appear in
[29, 28], we use several arguments from these papers: in particular the regularity
of the optimal solutions of some control problem is borrowed from [29, 28] and
some of our estimates on the heat flow are related with those of [29, 28].
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The paper is organized as follows: Section 2 is dedicated to estimates on the
eikonal equation, while the a priori estimates for the heat flow are the object of
Section 3. We prove the main result in Section 4.

Notations: For any integer k > 1 we denote by By (z,r) (resp. Bi(z,r)) the
open (resp. closed) ball of radius r > 0 and of center  in R¥. For k = N (the
ambiant space), we simply abbreviate to B(x,r). We also denote by SV~ the
unit sphere of RY.

2. REPRESENTATION FORMULA AND A PRIORI ESTIMATES FOR THE EIKONAL
EQUATION

Throughout this section, we investigate the eikonal equation

{ u = c(z,t)[Dul i RY x (0,7), 2.1)

u(z,0) = ug(x) in RV,
We assume that the velocity c is Borel measurable on RY x [0, 7] and satisfies
A<c(x,t)<B  forall (z,t) € RN x [0,T] (2.2)

for some A, B > 0. We also assume that there exist « € (0,1), w € LP(0,T) with
p € (1,400] and C > 0 such that for all (z,y,t) € RV x RN x [0, 77,

le(,t) — ey, t)] < Cly —z| (1 + |log |z —yl[) , (2.3)

and
(@, 1) — ey, )] S w(t)|ly — [ (2.4)

Finally, the initial datum wug is Lipschitz continuous on RY. Our aim is to prove
existence and uniqueness for the solution of (2.1) under assumptions (2.2) and
(2.3), and give some estimates depending only on assumption (2.4). Note that
the first two parts are quite classical: they are given here for sake of complete-
ness and also because we are working in a framework (assumption (2.3)) which
slightly differs from the standard one. In constrast, the regularity results on the
optimal solutions for the controlled system associated with equation (2.1) and
its consequence on the level-sets of the solution of (2.1) are new. Their proofs
borrow some ideas of [28, 29], as for instance Lemma 2.7.

2.1. Existence, uniqueness, stability and representation formula. Let us
recall some known results for Equation (2.1). The notion of L!-viscosity solution
provides a framework for equations such as (2.1) where the dependance on the
time variable is merely measurable. We refer to [5, Appendix] for the definition
and properties of L!-viscosity solutions that we need here, and to [21, 23, 24, 8, 9]
for a complete overview of the theory.

Let us introduce the following controlled system: for any b € L>([0,T),RY),

2'(s) = c(x(s), s) b(s) |b(s)| <1, forae. s>0. (2.5)

We start by recalling that, for a given initial data and a given control, equation
(2.5) has a unique solution (this is Osgood’s Theorem, see [15] for instance):
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Lemma 2.1. Assume that the function ¢ : RN x [0,T] — R is Borel measurable,
bounded and satisfies (2.3). For any fivzed b € L>®([0,T),RY), with |b(s)] < 1
a.e., FEquation

2'(s) = c(z(s),s)b(s) for a.e. s €[0,T],
x(0) = xo

has a unique absolutely continuous solution on [0,T]|. Moreover, if x and y are
two solutions of (2.5), associated to the same control b € L>=([0,T),RY), then

|(t) — y(t)| < w(lz(0) —y(0)]) (2.6)
for some modulus & which only depends on the constant C' in Assumption (2.3).

Proposition 2.2 (Existence, uniqueness and stability for (2.1)).
Assume that the velocity ¢ : RN x [0,T] — R is Borel measurable and satisfies
(2.2) and (2.3). Let up : RY — R be a Lipschitz continuous function. Then:

(i) (Existence and uniqueness) Equation (2.1) has a unique L'-viscosity so-
lution satisfying

uo(x) < u(z,t) < wug(x) + Bl Duglleot (2.7)
for any (z,t) € RN x [0,T].

(ii) (Properties and representation formula) This solution is nondecreasing in
time, uniformly continuous on RY x [0,T] and given by the formula

u(z,t) = sup{uo(y); 3z solution of (2.5) with z(0) =y and z(t) = z}. (2.8)
In particular,
K(t):={z € RY; u(x,t) > 0} (2.9)
={z ¢ RY; 3z solution of (2.5) with Z(0) € K(0) and Z(t) = x}.

(iii) (Stability) If (c,) is a sequence of measurable functions satisfying (2.2)
and (2.3) with the same constants A,B,C > 0 and such that (c,) con-
verges a.e. to some ¢ : RN x [0,T] — R, then the sequence of solutions
(un) of (2.1) associated to the velocities (c,,) converges locally uniformly
to the solution u associated to c.

Proof: The existence of a solution u which satisfies (2.7) is a consequence
of the general theory (see [24, Propositions 2.1 and 2.2]). To prove that this
solution is unique and given by (2.8), we proceed by approximation: let (p,)n>1
be a mollifier on RY such that supp(p,) C B(0,1/n), p, > 0 and ||p,|j1 = 1. Let
(€n)n>1 be the sequence of approximate velocities defined by

(@, t) = /RN c(z =y, 1) pn(y) dy.

Then &, is Borel measurable on RY x [0, T, Lipschitz continuous in space (with
a n-dependant constant), satisfies (2.2) and (2.3), and (&,) converges to ¢ as
n — +o0. More precisely, using (2.3), we have for any (z,t) € RY x [0, T],

6 (1) — c(2,1)] g/

1
lc(z —y,t) — c(z,t)| pu(y) dy < C —(1 4+ logn).
B(0,1/n) n
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Let

C + _ C
- E(l +logn) and ¢ (z,t) =c,(x,t) + 5(1 + logn),
so that ¢, < c < ¢t and ¢ satisfies (2.2) with A/2 and 2B for n large enough. By
the comparison principle for (2.1) with a velocity which is Lipschitz continuous in
space (see [24, Theorem 3.1]), we obtain that u,, < u < u, where u,, (resp. u,})
is the solution of (2.1) associated to the velocity ¢, (resp. ¢}). Moreover (2.7)
(with 2B) and (2.8) hold for both u, and w,}. To conclude, it only remains to
prove that, if a sequence of velocities (c,,) satisfies (2.2) and (2.3), and converges
almost everywhere to ¢ as n — —+oo, then the representation formulae for the
corresponding solutions u, converge to the representation formula for wu.

First of all, fix (x,t) € RN x [0,T] and let (y,) be a sequence of points in
RY such that ug(y,) — 2z € R as n — +oo and for any n, there exists an
absolutely continuous function z,, : [0,¢] — R such that %,(0) = yp, Tp(t) =
and |Z),(s)| < ¢n(Zn(s), s) on [0,t]. Since |c,| < B for any n, up to an extraction,
(Z,,) converges uniformly to some Z : [0,¢] — RY. As a consequence, Z(t) = z,
uo(Z(0)) = z and, using the a.e. convergence of (c,) to ¢ as well as (2.2) and
(2.3), we obtain |Z'(s)| < ¢(Z(s), s) on [0,¢]. This proves that

c, (x,t) = ép(z,t)

lim sup uy, (z,t) < sup{ug(y); Iz solution of (2.5) with z(0) =y and Z(t) = z}.

Conversely, let y € RY such that there exists a solution Z of (2.5) with Z(0) = y
and z(t) = x. Let b be the control associated by z and Z, be the solution of
zl(s) = cn(Tn(s), $)b(s) with Z,,(t) = . Then we must have u,(x,t) > uy(Z,(0))
for any n. By the same argument as above, (Z,) must converge uniformly to a
solution of z/(s) = ¢(x(s), s)b(s), and by uniqueness of such a solution (Lemma

2.1), the limit (z,) must be z. Therefore
uo(y) = lim ug(2,(0)) < liminf u, (7, 1),
and
sup{uo(y); 3 solution of (2.5) with z(0) =y and z(t) = =} < liminf u,(z, ).

This concludes the proof of the representation formula (2.8) for the unique so-
lution of (2.1). This representation formula implies that u is nondecreasing in
time. We also point out that the proof of uniqueness can be easily adapted to
prove that, in fact, comparison holds for (2.1).

To prove the stability property (iii), let (c,) be a sequence of functions sat-
isfying (2.2) and (2.3) with the same constants A, B and C, and such that (c;)
converges a.e. to some ¢ : RY x [0,7] — R, and let (u,) be the sequence of
solutions of (2.1) associated to the velocities (¢,,). Using the same arguments
as above and the representation formula (2.8), we can actually prove that the
half-relaxed limits

liminf,u, : (x,t) = liminf {u, (z,,t,); ©, = x, t, — t}
n—-+oo

and

limsup*uy, : (z,t) — limsup {u,(zn, t,); ©n — x, t, — t}
n——+0oo

coincide and are equal to the solution u of (2.1) associated to ¢. This is known
to imply the locally uniform convergence of (u,) to u, and proves the stability

property.
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Finally, let us prove the uniform continuity of the solution u of (2.1), starting
with the regularity in space: fix (z,y,t) € RV x RY x [0,7], and let Z be a
solution of (2.5) with control b, Z(t) = x and u(x,t) = ug(z(0)) (notice that
the supremum is achieved in (2.8)). Let y be the solution of (2.5) associated to
the same control b and satisfying (t) = y. Applying (2.6) for System (2.5) with
reverse time, we have

12(0) = g(0)] < w(|z(t) — y(#)]) for all t € [0,T].

Using that g is a solution of (2.5) and u(y(0)) < wu(y,t) thanks to (2.8), we
obtain
< up(H(0)) + [[Duollos [Z(0) — 7(0)]
< uly,t) + oz —yl),
where @ = || Dugl|co@ is still a modulus of continuity. Exchanging the roles of x
and y, we obtain the uniform continuity of u in space.

Now let us fix t € [0,7]. The map (x,s) — u(z,t + s) is a sub-solution of
@y = B|Du| in RN x [0, T — t] with uniformly continuous initial datum u(-,t). By
the Lax formula, for any 0 < s < T —t,

u(, ) < u(w,t +5) < sup{u(y, 1); [z — y| < Bs}.

u(z,t) = uo(z(0))

Using the uniform continuity of u(-,t) in space, we deduce that for any 0 < s <
T—t,
u(z,t) <wu(z,t+s) <wu(z,t) +o(Bs).
This proves the uniform continuity of « in time.
O

2.2. Properties of the minimal time function. Let us now introduce the
function
z:x— min{t € [0,T]; u(x,t) > 0},
which by definition is well-defined on K(T') = Uo7 K(t) (see (2.9) for the
definition of K (t)) and is such that K (t) = {x € RV; z(x) < t}.
We say that a solution Z of (2.5) on [0,t] is extremal if
z(0) € K(0) and z(z(t)) =t.
Lemma 2.3. Assume that the velocity ¢ : RN x [0,T] — R is Borel measurable
and satisfies (2.2) and (2.3).
(1) Let T be an extremal solution on [0,t]. Then:
(i) For any s € [0,t], z(Z(s)) = s.
(i1) For almost every s € [0,t], |Z'(s)| = c(Z(s), s).

(2) If {x € RY; ug(x) = 0} = 0{x € RY; ug(z) > 0}, then for any t € (0,T],
{x e RY; u(x,t) =0} = {z € RY; 2(x) =t}.

Proof: (1) (i) By definition of Z and z, we have for any s € [0,¢], z(Z(s)) < s.
To prove the converse inequality, we argue by contradiction: let sy € [0,¢) be
such that 6 := 2(Z(sg)) < so. Let us first prove that for 6 > 0 small enough,

B(&(s0), A(so — 0 = 6)) C {y € RY; 2(y) < 59— 6}
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Let y be such that |y — Z(sg)| < A(so — 6 — 0), and let zp be a solution of (2.5)
on [0, 6] such that z4(0) € K(0) and x¢(f) = z(sp). We extend zy to [0, so — ]
by setting

zo(s) = T(so) + y = (s0) (s—0) forall self, sy)—9].
So — 0—90
The bound ¢ > A shows that xy is a solution of (2.5) on [0, sg — &] with xz4(0) €
K (0) and x¢(so — ) = y, which means that z(y) = z(zg(sg — 0)) < sp — 0.
Now, for any § > 0 small enough, let us solve
5(s) = c(xs(s), ) b(s) on[so—d,t —d],
x5(t —0) = Z(t).

where b is the control associated to z. Applying (2.6) for System (2.5) with
reverse time, we have

|z5(s0 — &) — Z(s0 — 0)]

IN
&
§
>
’@
Oq
S~—

—z(t—9)|)
= w(|z (t) Z(t —0)|)
< &(BY)

because |Z’'| < B. In particular, for § small enough,
1
|z5(s0 = 0) = Z(s0 — &) < 5A(s0 =0 = 9),

while
1
|Z(s0 — &) — Z(s0)| < B < 514(30 —0-9).
For such a choice of §,
x5(s0 — 6) € B(Z(s0), A(so — 0 — 0)) C {y € RY; 2(y) < 59 — 0}
Therefore z(z5(so — d)) < sp — d. In particular, there exists a solution Z of (2.5)
on [0,s9 — 0] with (0) € K(0) and Z(s9 — ) = z5(so — ). The reunion of the
paths associated to Z on [0, sg — d] and x5 on [sg — J,t — J] gives a solution z of
(2.5) on [0, — ¢] with 2(0) € K(0) and z(t — 6) = z5(t — §) = Z(¢). In particular,
z(z(t)) <t — 4§ < t, which is absurd.

(1) (i7) Now, let us prove that |7'(s)| = ¢(Z(s),s) for almost every s € [0,¢]:
for sop € (0,¢) and h > 0 be small enough, let y : [sg — h, so + h] be the solution of
/ _ Z(so+h)—Z(so—h)

Y'(s) = C(Q(*i)a s) [Z(s0+h)—Z(s0—h)] ’
y(so —h) =x(so—h).
(Z is injective from (1) (i)). Note that y remains in the segment [Z(so—h), Z(so+

h)] on [sg — h,sg + h] because |y/'(s)| < c(y(s),s), which means that y is sub-
optimal. Moreover y is monotonous on this segment. In particular we have

so+h
50+ 1) = 7(s0 = D] = [ys0 + 1) = (50~ 0| = [ ely(s),) ds.
so—h
Using the bound ¢ < B, we have

ly(s) — z(s)| <4Bh for all s € [sg — h,so+ h] .
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Therefore, thanks to (2.3), we get

so+h so+h
/ c(y(s),s)ds > / c(z(s),s)ds — 8BCh*(1 + | log(4Bh))).
so—h so—h

If 50 is a Lebesgue point of s — ¢(Z(s), s) such that z is differentiable at sg, which
is the case of almost every sy € [0,¢], then we obtain

i i [E(s0+h) — Z(so — h)|

1 so+h
> lim — T =c(x .
_hlg% 5% /o—h c(z(s),s)ds = c(z(sp), s0)

(2) Let (z,t) € RN x (0,T] be such that z(z) = t; by definition of z, we know
that u(z,t) > 0 and for any h > 0 enough, u(x,t — h) < 0. By continuity of u,
we must have u(z,t) = 0.

Conversely, let (z,t) € RN x (0,T] be such that u(z,t) = 0. We argue by
contradiction and assume that § = z(z) < t. Since u is nondecreasing in ¢, one
necessarily has u(xz,0) = 0. Let Z be a solution of (2.5) such that u(x,0) =
uo(Z(0)) = 0 and Z(f) = x. By our assumption on ug, there exists y such that
uo(y) > 0 and

@(ly —z(0)]) < A(t —0)
(recall that @ is defined in (2.6)). Let ¢ be the solution of (2.5) on [0, 6] with the
control b associated to Z, and such that 3(0) = y. Then, from (2.6), we have

9(0) — x| = [5(0) — 2(0)| < @(|5(0) — z(0)]) < A(t —0).

We extend g to [0,¢] by setting for any s € [0, ],
~ ~ x —
s) = 310) + =20 (s ).
The bound ¢ > A implies that 7 is a solutlon of (2.5) with (0) = y and y(t) =

)
By (2.8), we have u(x,t) > up(y(0)) = wuo(y) > 0, which is absurd. Therefore
z(x) = t, and this concludes the proof.
|

Proposition 2.4. Under the assumptions of Proposition 2.2, the map z satisfies

1 1
— < |Dzl < —
B =P =4

in the viscosity sense and therefore almost everywhere in {x € RY; 0 < z(z) <
T}.

Proof: The proof of the right-hand side inequality follows along the same lines
as the beginning of the proof of [7, Theorem 5.9], and shows that z is Lipschitz
continuous. For the left-hand side inequality, let ¢ : {x € RY; 0 < z(z) < T} —
R be a function of class C'! such that z— ¢ has a local minimum equal to 0 at some
x. Let & be an extremal on [0,t] with Z(¢) = z. For any s € [0,¢], 2(Z(s)) = s by
Lemma 2.3. Then for any h > 0 small enough,

z(z(t — h)) > ¢(z(t — h)),

whence, by definition of ¢,
6(5(1) — h = 2(3(t) — h =t — h = 2(3(t — b)) = d(a(t - h))
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In particular,

h < o(x(t)) — ¢(z(t — h)) = /t (Dg(x(s)), '(s)) ds < B . [Do(x(s))] ds

thanks to the the bound ¢ < B. Dividing this expression by h and letting h — 0,
we get |D¢(x)| > 1/B. Since z is Lipschitz continuous, the viscosity inequality
|Dz| > 1/B also holds almost everywhere.

O

Remark 2.5. A consequence of the inequality |Dz| > 1/B and Lemma 2.3 (2)
is that for any ¢ € [0,7], the front {x € RY; u(x,t) = 0} has measure 0 and
coincides with 0K (t). Indeed, {z € RY; u(x,t) = 0} = {z € RY; z(z) = t},
and Stampacchia’s theorem (see for instance [17]) states that Dz = 0 almost
everywhere on the set {x € RY; z(x) = t}. Moreover, the viscosity decrease
principle (see [22]) shows that

OK(t) = 0{x e RY; 2(z) <t} = {z e RY; 2(z) =t} = {x ¢ RY; wu(z,t) = 0}.
In particular, a solution z of (2.5) is extremal on [0,¢] if z(t) € 0K (t); in this
case, it satisfies Z(s) € OK(s) for any s € [0,¢] and |Z'(s)| = ¢(Z(s), s) for a.e.
s € 0,t].

2.3. Regularity of extremal solutions. From now on we assume that ¢ satis-
fies (2.2), (2.3) and (2.4). Our first result is the following:

Proposition 2.6. Under the above assumptions, if T is extremal on [0,t] for
somet € (0,T] and if B := a—1/p > 0, then the map t — T'(t)/|Z'(t)| is of class
CP/%(0,%). Namely
T'(s2)  @(s1)
[7'(s2)] |7 (s1)]

where C' only depends on the constants A, B, and p introduced in (2.2)—(2.4).

< CHwHII,/Q |59 — 51]%/2 for all s1,s2 €0,t],

Proof: Throughout the proof C' denotes a constant which depends on A, B, «
and p only.

By Lemma 2.3 (1)(ii), we have |Z'(t)| = ¢(Z(t), t) a.e. on [0,?]. We reparametrize
the path T with speed 1 as follows. Let 6 be a solution of

(g) = % s —1(¥
{ Z<(o>): ey o) (2.10)
Let us set 5 = 0~1(t) and %(s) = z(6(s)) on [0, 5]. Then
17/ (s)| = |7 (0(s))0'(s)| =1 for any s € [0, 3] . (2.11)
Let us introduce
c(y,0(s)) (2.12)

W5 = ), 0s)

From our assumptions (2.2)—(2.4), we have

ews) 6. 9)] < Xy /o for a (0o, 5) € BY xRV x 0.5] (2.13)

and
A B
B <y, s) < 1 for all (y,s) € RY x [0, 3]. (2.14)

In order to proceed we need the following lemma:
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Lemma 2.7. For any 0 < 51 < 59 < 5,

52

1§(s2)—F(s1)| < s2—51 = / 17 (3)lds < [9(s2)— (1) +Clsa—s1)° / w(B(s))ds

S1 S1
Proof: First of all, |7(s2) — 7(s1)] < s2 — 51 = fssf |7’ (s)|ds because |y'| = 1.
Let y : [s1, s9] — RY solve

{ y(s) = ely(s), s) ld=ulen) (2.15)
y(s1) = 4(s1) -

Note that y remains in the segment [7(s1), 7(s2)] on [s1, s2] because y is admissible
for (2.5), and so is sub-optimal. Moreover y is monotonous on the segment. From
the bounds (2.14) on ¢, we have

2B
ly(s) — g(s)| < 7(82 —s1) forall s € [s1,s9].

Since ¢(y(s),s) = 1 and ¢ satisfies (2.13), we have

82 S92 82 9

S9— 81 :/ é(g(s),s)dtg/ e(y(s) dt+< ) w( (S))ds.
S1 s1 1 11

On the other hand, y lives in the segment [y(s1),y(s2)] and is monotonous on

this segment, so that, from (2.15), we get

[ etwts)sits = [ 1 6)lds = lyts) — ulsu)] < [as2) — g6

S1

Putting together the last two estimates proves the Lemma.

Next we claim the following result:

Lemma 2.8. For any 0 < s1 < s9 < 5, we have

‘g <51 - 52) _ g(s1) +y(s2)

2 2
<c {(32 sy / w(0(s))ds + (3 — 1)1/ (/ w(@(s))ds) : }

S1

Proof: Let us set sp = (s1 + s2)/2, a = y(s0) — y(s1), b = y(s2) — y(so) and
T = 89 — $1. Then, from Lemma 2.7 we have

S0 S92 S9

al bl < [CW@lds+ [l < [ gelds < Jarbie,
S1 S0 S1

where ¢ := C71¢ f:f w(f(s))ds. Taking the square in the above inequality and

expanding this expression, we get

2|al|b| < 2(a,b) + 2|a + ble + 2.

Hence
a b > 2a+ble+e?
lal 0] lal[b]
From (2.11) and (2.14), we have
AT T
1< <.
13 2 ‘a’7‘b‘ — 2
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It follows that
a b

a bP_(B\e,  (BY 2
la| |b|| — AT A) 727

Let us estimate ||a| — |b||: from Lemma 2.7 we have

S0 T S2
ol < [l lds =5 = [ I )lds < [gs2)  ps0)| +2 = [b] +<.

S1 S0

We obtain the inequality |b| < |a|+€ in the same way, which proves that ||a|—|b]| <
€. Then we write
o= = lal| & = | < bl & = |+ Dt = 1
Therefore, since |a| < 7/2, we have
ja—bl < C(Ver +¢)
which is the desired result from the definition of ¢.
O

We are now ready to complete the proof of Proposition 2.6. Since 1/B < 6" <
1/A, we have

S2 0(s2)
w(0(s ds:/ d <B/
/ Cwtonas= [ 9,(9

where, from Holder’s inequality,

0(s2)
L s < 1000 =0 el < APy — 1Pl
(s

This shows that
52
/ w(f(s))ds < Cllwllp |s2 — s1]* 7. (2.16)

S1

If 8 =a—1/p > 0, then, combining Lemma 2.8 with (2.16), we get

_(s1+s y(s1) +y(s
'y( 12 2)_ (1)2 (s2) < C||WH};/2|52—51|1+6/2

as soon as sp — §1 < ||w\|;1/6. Theorem 2.1.10 of [14] then states that each
component of § is semi-convex and semi-concave with a modulus m of the form

m(p) = C||w\|ll/2,05/2. Moreover, from Theorem 3.3.7 of [14], we know that g is
C1A/? with constant C||szl,/2. Therefore

1§/ (s2) =5/ (s1)] < Cllwlly® |52 = 512

which completes the proof since ! is B—Lipschitz continuous and

(L)

d

Remark 2.9. We have actually proved that § is C1P/2, 8 = a — 1/p, with
constant CHwHIl,/z, where C' depends only on A, B, « and p.
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2.4. A priori regularity of the moving front. We consider a solution u to
(2.1) for a velocity ¢ which satisfies (2.2), (2.3) and (2.4). We set, as before,

K@) ={z e RY; u(x,t) >0} forallte[0,T].
We introduce cone-like sets and interior cone properties as follows.

Definition 2.10. Let x € RY and v € SV~ be a unit vector.

e For any 0 < p < 0, the cone of vertex x, axis v and parameters (p,0) is

defined by
Eﬁﬁ = U B <x +tu,t§>

t€[0,0]
= {z +tu+t§§ L te0,6], € € B(O,1)}.
e For C >0, 6 € (0,1), we define the paraboloid

¢ w,v) = U B <m +tu,t — Ct1+5)
te[0,C—1/9]
= {o+tv+(t—CtT te0,c7Y), ¢ e B(0,1)}.

We recall from [7] that a compact subset K of RN is said to have the interior
cone property of parameters (p, ) if, for any x € OK, there exists v € SN ~! such

> 70 . . .
that the cone Clp,@ s contained in K.
In the same way, we say that K satisfies the interior /C_\‘S’C—property if for any

x € 0K, there exists v € SN=1 such that ¢ %€ (z,v) is contained in K.

The set 652 is a classical cone (see Figure 1). Since the map t — t — Ct' 19 is
concave, a tedious but straightforward computation shows that the set C % (x, v)
is convex. We shall see below (Lemma 2.13) that it has a C!7 boundary in a
neighbourhood of x for some 7y € (0,1) and contains a paraboloid-like subset.

This motivates the name paraboloid (see Figure 1 for an illustration). Notice that
- ,9 o
szx C'C % (z,v) as soon as § < C~Y9 and p < 0 — CHHY,
Lemma 2.11. Let us still assume that § = o — 1/p > 0. There exist positive
constants Cy,Cy depending only on A, B, a and p, such that, setting C(w) =
C’OHwH;/Q, for any extremal solution T on [0,%] with t > C1C(w)~%/?, the set
C P12CW) (2, 1) is contained in K (), where
__T({)

Eal)

Proof: As in the proof of Proposition 2.6, we reparametrize  with speed 1 by
introducing g(s) = Z(A(s)) on [0, 5] where § and § are defined by (2.10). Notice
that §'(s) = Z'(6(s))/|7'(0(s))| for a.e. s € [0,5]. B

Next we define ¢ by (2.12) and, for s € (0,5) and b € B(0,1), we consider the
solution ¥ : [s, 5] — R to

{ y' (o) = é(y(o),o)b, o € s, ],

v =I(t),
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zy € R

leasaye ]

slope 4/(8/p)? — 1

r(t) = t — CH N

= c RN—] N / .
0 ’ 0 o € RV

Ficure 1. Classical cone and paraboloid.

Arguing as in the proof of Lemma 2.7, we obtain that y is sub-optimal and
monotonous on the segment [3(s),y(5)]. In particular, this whole segment lies in
K(t).

From the bound (2.14) on ¢, we have

ly(o) — g(o)| < %(5 —s) forall o€ [s,s].

Hence, by (2.13),

55— / &§(0), 0)do < / &(y(o), 0)do + ﬁﬁf (5—s5)° /Sw((?(a))da,

where

[ wO@)ds < BATH o), (5 - 517

Since y lives in the segment [§(s), y(3)] C [§(s),¥(s)+Z (5—s)b] and is monotonous
on this segment, we have

It follows that

y(5) = 5(s)| = (5= 5)(1 = C|lwl|(5 = 5)°), where C =

|

Moreover, any point in the segment [7(s),y(5)] also belongs to K (). We have

therefore proved that
§(s) + (5 = 5)(1 = Cllwllp(5 = 5)°)b € K(F) .
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This holds true for any b € B(0,1) and any s such that (5 —s) < CN'_l/BHwH;l/B.
In particular, as soon as 5 > C’*I/BHngl/ﬁ, we have, setting t = 5 — s,

U B(16-0.t0-Clulpt”) € K@),
tef0,C=1/8lwlly )

where 8 = o — 1/p > 0. From the C1#/2 regularity of § (see Remark 2.9), using
'(t)

that V=—"——"
|z (1))

= —7/(5), we have

t
|g(«§— t) - ($ + tl/)| < CHWHZVZA Sﬁ/zdS < CHwH]l;/Q t1+ﬁ/2’

where C only depends on A, B, and p. Let us set
Co=C+ BPCYV2 cy=A-'C 1P
and
C(w) = Collwlly>.
Then, going back to the expression of Z, we obtain that, if ¢ > C1C (w)*2/ B

OO @y = |) B (:g F v t(1 — C(w)t5/2)) c K(f).
t€[0,C (w)—2/8]

The above results have the following consequence:

Corollary 2.12. Let us assume that Ky has the interior ball property of radius
To-

For all x € Ky, there exists y € Koy, with x € B(y,r9) C Ky . (2.17)
Then there is a positive constant Cy depending only on A, B, « and p such that for
any t € [0,T)], K(t) has the interior C #/2C©) property , where C(w) = COHwH};/Q.
In particular, there is a constant

1 _ 1 _ _
p = 5(20(w) Y8 = S(200) ™ Ju;

such that for any t € [0,T], the set K(t) has the interior cone property of param-
eters (p,2p).

Proof: Let us prove the first part of the corollary. Let Kj be such that
Ko = K;+19B(0,1). Then K (t) is the reachable set at time ro+t for the system

2'(t) = &x(t),0)b(t) () <1,
starting from Kj, where é(x,t) = 1 if t € [0,79], and é(z,t) = c(x,t — rg) if
t € (rg, T +ro] (notice that ¢ satisfies (2.2)—(2.3)—(2.4)). For this system, Lemma
2.11 shows the result as soon as t > C1C(w)~2/#. Therefore, if we assume that
C10(w)™%8 < 1y, which is always possible by increasing ||w|,, then the result
holds for K(t), for any ¢ € [0,T].
For the second part of the result, let § = 2p = (2C(w))~ %%, t € (0,T], = €
OK (t) and v € SN~1 be such that ¢ #/2C@) (z,v) C K(t).
Since § = (2C(w))~%58, we have § < C(w)™?# and p < 6 — C(w)H'8/2 so
that /C\Z:i ¢ B/%C) This proves that the cone Ep’g

2y With 6 = 2p, is contained
in K(t).
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d

We now show that the convex set ¢ %C(%,v) has a boundary of class C'7 in

a neighborhood of Z for some v > 0. Let us fix a frame {e1,...,ex} of RY
such that Z = 0, v = ey. We denote by (2, zy) a generic element of RY, with
' e RN 2y € R.
Lemma 2.13. Let C > 0 and § > 0 be fized. There are constants v = /(2 + 9),
c=2(2C)1/ ) 5y = (2(3’)_% and ro = (v/3 — 1)#7’0 such that the set

{2, 2n) € RN ; 2| <o, cla! |7 <y < 7o}
is contained in C %€ (0,v).
Proof: Note that, by choice of 79, the map 7 — (1) = 7(1—C7%) is nondecreas-
ing on [0, 7). For any 7 € (0, 7], the ball B(rey, (7)) is contained in ¢ %€ (0, v),

which is convex. Let us set 9, (2') = 7— (r2(1) —|2’|?)'/2. Since the set C %€ (0, v)
is convex, the set

{(@ 2n) € RY ¢ [2'] < 7(7), ¢r(a’) <2y <70} (2.18)
is contained in C %€ (0,v). Indeed, if |2/| < r(7), then (2, (2')) € B(rey, (7))
while (2/,79) € B(roen, (7). Let |2/| < ro and let us choose
= (20)—1/(2—1—6)‘.%,/‘2/(2-1—6).

Then 7 € (0,79) and |2'| < r(7) (here we use the fact that |2/| < rg). Moreover,
since |2/|2 = 207279, we get

() < T — (7'2(1 —C79)? - ZCT2+5) 1/2
< T {1 — (1 — 4C’7"5)1/2
< 207140 — (20)1/(2+6) |xl|1+'y ]

Using (2.18), we get that any point of the form (z/,zy) with
|2'| <ro and c|lz/|'Y <an <75, where ¢ = 2(20)V/ (30

belongs to € ¥(0,v).
(]
Let us now state a stability property for sets satisfying an interior ¢ #¢-
property:
Lemma 2.14. Let (z,) be a sequence of Lipschitz continuous real-valued maps on
RN which converges uniformly to some z. We assume that {z, <0} = {z < 0},

that there exist constants A, B > 0 such that the following inequality holds in the
viscosity sense: for any n € N,

1

1 .
B < |Dzp(x)] < " in {0 < z, < T},

and that there exist C,§ > 0 such that for any x € {0 < z < T} and any n
sufficiently large, there is some v € SN with C %€ (x,v) C {2y < zu(x)}. Then
Dz, (x) Dz(z)
[Dzn(x)|  [Dz(z)|
and (|Dzy|) converges to |Dz| in L™°—weak—x in {0 < z < T'}.

a.e. in{0<z<T}
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Proof: By standard stability property of viscosity solutions we have that
<D< m{0<z<T)
— z(z — in z
B~ A ’

in the viscosity and a.e. sense. Note also that, in view of Remark 2.5, the
indicator function of the set {0 < z, < T'} converges a.e. to the indicator function
of {0 < z < T}. Let  be such that z, and z are positive and differentiable at
x for any n. Then |Dz,(z)| > 0 for any n and |Dz(z)| > 0. From the regularity
assumption on z, there exists v, € S¥~! such that C % (z,v,) C {zn < zn(2)}.
Since Dz,(z) exists and is nonzero and since the set C ¢ (x,1,) is of class C!
at = (thanks to Lemma 2.13), one must have v, = —Dz,(z)/|Dz,(z)|. Let v be
the limit of a subsequence of the (v,). Then C ¥ (x,v) € {z < z(z)}, so that by
the same argument as above, v = —Dz(z)/|Dz(x)|. Accordingly any converging
subsequence of Dz, (z)/|Dz,(x)| converges to Dz(z)/|Dz(x)|, which shows the
a.e. convergence of (Dz,/|Dz,|) to Dz/|Dz|.

Since the (z,) are uniformly Lipschitz continuous and (z,) converges uni-
formly to z, (Dz,) converges to Dz in L®—weak—x* in {0 < z < T}. Let
a € LY(RY,RY). Then we have on the one hand

lim (a, Dzy) = / (a,Dz) .
n—=+00 J10<z<T} {0<z<T}

On the other hand, if we denote by £ any weak—sx limit of a subsequence (| Dz, |),
we have, from the a.e. convergence of (Dz,/|Dz,|) to Dz/|Dz|,

D
lim (a,Dzp,) = lim ( i

Dz
a, Dz, | =
k=00 Jio<z<T?} k=400 J{0<2<T} | Dz, | {0<z<T}

<a7 W>§ .

This implies that
_ Dz(x)
|Dz(x)]

and shows that £ = |Dz|. Hence (|Dz,|) converges to |Dz| weakly—x in {0 < z <
T}.

Dz(x)

&(z) ae. in{0<z<T},

d

We complete the section by proving that a set with the interior cone property
is the union of a finite number of Lipschitz graphs.

Proposition 2.15. Let (K (t))c[o,7] be a nondecreasing family of compact subsets

of RN each K (t) having the interior cone property of parameter (p,2p) for some
p > 0. Then for any T € RN and any r > p, there is an integer C(r,p) <
C(N)r/p (where C(N) only depends on N ) and, for each i€ {1,...,C(r,p)},
e a Borel measurable map V; : By_1(0,7)x[0,T] — R, which is /15— Lipschitz
continuous with respect to the space variable,
e and a change of coordinates O; : RN — RN (i.e., the composition of a
rotation and a translation), with O;(0) = z,

such that, for all t € [0,T],

oKt nB@r)c |J {0, Wi(,1), 2’ € By_1(0,r)}.
i=1,...,C(r,p)
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), then we can
)

If furthermore the family (K(t)) is contained in some ball B(0, M
take r = 400 and C(p) < C(N)M/p and we have, for all t € [0, T

oK) c ) {0, Wi(a',t) , 2’ € By_1(0, M)}
i=1,...,C(r,p)

An important and straightforward consequence of the fact that 0K (t) is piecewise
Lipschitz continuous is that the sets K (t) are of (locally) finite perimeter.

Proof: We closely follow several arguments of [7]. We first observe that if
x € 0K and EZip C K (t), then for all v/ € SV =1 verifying |v — /| < 1/4, we have
/C\ Z/V2;2p SN—l
N1

SN—l

C K (t). By compactness of , We can cover with the traces on

of at most p balls of radius 1/4 centered at v;, for some positive constant
p=p(N) and 1 < j < p. Therefore, for any x € OK(t), there exists 1 < j < p
such that 657/5;2/) C K(t).

Let us now fix & and 1 < j < p. Up to a translation and a rotation of the
space, we can assume that z =0, v; = (0,...,0,1). For any z € RV, we write
r = (2/,xy) with 2/ € R¥~! and xy € R. For any t € [0,T] and any integer k
with |k| <r/p+ 1, we set

Uk = Bn-1(0,7) x [kp, (k +1)p] ,
/ —  5pP/2.2p
Ajp(t) = {x = (/,an) €OK()NTy; Coy ™ C K(t)} ,

and, for all ¥ € By_1(0,7),
Bl ) = min{(k+ Dp,inf (1)}
:I:EAJ"k(t)

~p/2,2
where ¢, (y') = V15]y’ — 2'| + xx is such that (graphi,) N U, = CZ{V;, "nu

(see Figure 2 for an illustration). We claim that

TN
K(t)

U, /

vj
U; A i i §
Uy \ p

0 @’

U_1
U, — OK(t)
U_3

FIGURE 2.
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A k() N Uy C graph ¥; (-, ).

Indeed, let z € A; ,(t)NUy. If ¢ graph ¥, 1(-, t), then U, p(a',t) < ¥,(2') = zn.
Therefore, there exists z € Aj(t) such that ¥,(2') < zy. It follows that x €

~p/2,2 . N _—
int C Z/Vj " cintK (t) and x cannot belong to 0K (t), which is a contradiction.

This proves the claim. Then we remark that W;.(-,t) is a Lipschitz continuous
map with constant /15 as the infimum of a family of maps having this property.
This means that 0K (t) N B(Z, ) is contained in at most p(2r/p + 2) Lipschitz
graphs with constant /15, which concludes the proof since r > p; indeed this

implies that p(2r/p +2) < 4pr/p =: C(r,p).
(]

3. REPRESENTATION AND A PRIORI ESTIMATES FOR THE HEAT EQUATION

The aim of this section is to provide estimates for the following heat equations

v — Av + g(z, )HNHT(#) =0 in RN x (0,7) ,
{ v(x,0) = vo(x) in RY | (3.1)
and
{ vy — Av + kg(v(z, t))HN L T(t) = 0 in RN x (0,7) , (3.2)
v(x,0) = vo(x) in RV | '

for a given evolving front (I'(¢)):>0.
Throughout the section we work under the following conditions on the data:

(H1) g:RY x [0,7] — R is continuous and bounded by a constant M > 0.
(H2) k € R and g: R — R is bounded by M and Lipschitz continuous.
(H3) wp is Lipschitz continuous and bounded.

(H4) The evolving family (I'(t))¢c[o,7] can be represented as
L) ={z eRY; 2(z) =t} for all t € (0,7) . (3.3)

where z : RV — R is Lipschitz continuous and satisfies

1 1
— < |D < —
— <|Da(a)] < 5

in the viscosity sense for some A, B > 0. Furthermore we assume that
there is some p > 0 such that the set

K(t)={z e RY; z(z) < t}

in{0<z<T} (3.4)

has the interior cone property of parameter (p,2p) for all ¢t € (0,7"), and
that there exists M > 0 such that

K(t) c B(0,M).

Let us recall that, thanks to the interior cone condition, K (t) is a set of finite
perimeter and, moreover, its boundary I'(¢) is contained in the union of a finite
number of Lipschitz graphs (Proposition 2.15).

Throughout the section we denote by C' a constant which only depends on
A,B,N,T, M,k and may vary from line to line in the computations.
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3.1. Representation and L* bounds for the solution of (3.1).
Lemma 3.1. There exists a unique solution to (3.1). This solution is given, for
all (z,t) € RN x [0,T], by
t
wat) = [ Ga—ptyu@dy— [ [ G-yt sy g)s,
RN 0 JT(s)

where G(z,t) = (47rt)*N/26*‘”3‘2/(4t) is the kernel of the heat equation, and satis-
fies the uniform bound

lv(x,t)] < C(1+ |log(p)|) for all (z,t) € RY x [0,T], (3.5)
where p is the cone paramater which appears in (H4).
Proof: Uniqueness of the solution is clear. The term [pn G(z — y, t)vo(y) dy

corresponds to the initial datum and satisfies the bound

Gz —y,t)vo(y) dy| < |[volleo -
RN

In order to prove the representation formula and the bound for v, we can therefore
assume that vg = 0. Let us set fe(7,t) = 1g () * G(,¢) (where the convolution
is only made with respect to the space variable). Then f. is smooth in space
and strictly converges in the BV sense to 1g( (see [3, Def. 3.14] and [17,
Sect. 5.2]). In particular, since 0K (t) is piecewise Lispchitz continuous, the
measure |Df.(-,t)|dz weakly-* converges to HN~1|I'(¢) ([3, Prop. 3.62]). For all
(x,t) € RN x [0,77, let

wlet) == [ [ 096 =t = )DLy 9)ldyds.

Since |D fc(-,t)| is Lipschitz continuous, it is well-known that v. is a solution of

(ve)¢ — Ave + g(y, 8)|Dfe(x,t)] =0 inRY x (0,7) . (3.6)
The key step in the proof of (3.5) is the following uniform bound on (v.):
lve(,1)| < C(1+|log(p)|) for all (z,t) € RN x [0,T], (3.7)

which holds for any € > 0. Let us assume for a while that this is true. Then, by
the weak-* convergence of |Df.|dx to HV 1T, (v:) converges pointwise to v in
(RN x (0, T))\T, hence in L} (RN x [0,7T]) since it is uniformly bounded in L*°

loc

thanks to the bound (3.7), and I" has zero measure in RY x (0,T). By (3.6) v is
a solution of (3.1).

It remains to prove (3.7). To do this we note that, since K (t) is a set of finite
perimeter, we have

IDf-(y.5)| < /F , G =2 ) forall (,.9) €Y x (0,7, y ¢ T(6).

Therefore, since G(z — 2/, t —s+¢) = fRN Gz —y,t — s)G(y — 2, e)dy, we get
t
|ve(z, 1) §M/ / Gz —y,t — s)G(y — 2, &) dHN (2 )dyds
0 JRN Jr(s)

t
§C/ Gz — 2’ t + & — s)dHN (a")ds.
0 JI(s)
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Let us split this last integral in two parts, the first one denoted by I; being the
integral between 0 and ¢ — 7 and the other one, denoted by I», between ¢ — 7 and
t for some 7 € (0,¢]. Let us first estimate

t—T1
L :C/ Gz —y,t +¢e—s)dH" " (y)ds
()
From (3.3) and Lemma 3.2 below, we have

t—1
L :C/ / Gz —y,t+¢e—s) dHN"(y)ds
0 {z=s}

C t—T
<= / G(x—y,a—i-T)dy—i—/ / |Gi(x —y,t +e—s)| dyds
A {0<z<t—7} 0 {0<z<s}
Note that
/ Glx—y,e+7)dy < Glx—y,e+7)dy = 1.
{0<z<t—7} RN

Moreover we have

/ Gule —y,t+2—5)| dy
{0<z<s}

1 ly — = —ly—z|?/(4(t+e—s))
C/RN ((t+s—s)(N+2>/2 * (tte_sN+D2 )€ dy

o rN—1 PN+
C/ + o2/ (A(t+e—s)) g,
0 \(t+e—s)NH+2/2 7 (t 4o — 5)(N+9)/2

o0
< 70 / (TN71+TN+1)67742 dr < ¢ < ¢ .
t+e—sJo t+e—s t—s

Therefore we get

IN

IN

I < C(1+log(t/7)).
We now estimate
t
I,=C Gz —y,t+¢e—s)dHN"L(y)ds
t—7 JI(s)

From the structure condition on K (s) and Proposition 2.15, there exists an integer
C(p) < C1/p (where Cy only depends on N, M) and, for each ¢ € {1,...,C(p)},

e a Borel measurable map ¥; : By_;1(0, M)x[0,7] — R, which is v/15—Lipschitz
continuous with respect to the space variable,
e and a change of coordinates O; : RN — RY, where 0;(0) = =,

such that, for all s € [0, T,
F(S) - U {Oi(y/a \I]i(y/a 5))’ yl S BNfl(Oa M)} :
i=1,...,C(p)
Therefore, using that
%Nil L{(y/’ \Ill-(yl, S))a yl € BN*I(Oa M)} = \/1 + |D\I]Z(y/? S)|2 EN?I LBNfl(Oa M)’
we have

C(p)
12<CZ/ / G((y, Wiy, 9)),t +&— s)\/1+ |DU(y, s)|2 dyds .
T BN 10M
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We deduce that
I

IN

C [t 1 i
¢ b WP gy
/tr/RNl t—i—s—s)N/ze yas
e MR 2/(4(t+e—s))
77‘ E—S
_/tT/ t+s—sN/2 drds

+o00 N2 7r2 C\/?
g—/tT/ t—81/2 drds < ——.

Putting together the estimates for I; and Is gives
[ve(z,1)| < C (1 + log ( ) + \/—F)
p

which holds for any 7 € (0,]. Choosing 7 = p? if t > p? and 7 = t otherwise (in
which case the decomposition reduces to Iz), we finally obtain (3.7).

IN

d

The following Lemma, which was used in the proof, is a simple consequence of
the Coarea formula.

Lemma 3.2. Let T > 0, z : RV — R be Lipschitz continuous and such that
1 1
E§|DZ|SZ ae. in{0<z<T}.

Let 0 < s1 < s9 < T and assume that ¢ : RY x (s1,52) — R is nonnegative and
such that ¢ and ¢y are integrable on {s1 < z < sa}. Then

/ | /{Zs} O, s) dHY " (@)ds

L / o(x, s2) dﬂ:—}—/ / |pe(z, 8)| drds
{s1<z<s2} {s1<z<s}

<=
Proof : Let us first assume that ¢ is smooth and bounded. From the Coarea
formula [17, Sect. 3.4. 4] we have

/ /{ ) yDz A (e)ds = /{51<Z<S2}¢<x7z<m>>dm

while, by Fubini’s Theorem, we get

S92 52
/ / o¢(x, s) drds :/ / o¢(x, s) dsdx
s1 J{s1<z<s} {s1<z<s2} Jz(z)

-/ oas2)do— [ bz, 2(z)) do .
{81 <Z<82} {S1<Z<82}

/ /{z s} !DZ AHY (@) ds

/ o(x, s2) dx—i—/ / |o¢(z, s)| dzds .
{s1<z<s2} {s1<z<s}

Since |Dz| < 1/A, this gives the result for ¢ smooth and bounded. The general
case follows by regularization.

So

d
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We shall need two types of space regularity estimates for the solution v to (3.1).
The first one is a continuity estimate with a modulus w(s) = s(1 + |log(s)|): it
is required in order to solve unambiguously the eikonal equation with a velocity
g(v(z,t)), but is very crude with respect to the p dependance; we prove it in
Subsection 3.2. The second one is merely a Holder estimate, but it is much
sharper with respect to the p dependance. It is the aim of Subsection 3.3.

3.2. Modulus of continuity in space for the solution of (3.1).

Lemma 3.3. Let v be the solution of (3.1) given by Lemma 3.1. Then, for any
z,y €RN, t€0,T],

vz, t) —v(y, t)] < %ll‘ —y| (1 +[log [z —yl]). (3.8)

Proof : We prove the result for N > 3, the case N = 2 being similar but
simpler.

The term z — [pn G(x — y,t)vo(y) dy is Lipschitz continuous with constant
|| Dvg||oo; We can therefore assume that vg = 0 and ¢ > 0.

Using again the structure condition on K(s) and Proposition 2.15, for any
x € RY, there is an integer C(p) < C1/p (where C; only depends on N, M) and,
foreach i € {1,...,C(p)},

e a Borel measurable map U; : By_1(0, M)x[0,7] — R, which is v/15—Lipschitz

continuous with respect to the space variable,
e and a change of coordinates O; = R;jo7, : RY — R, where T:(2) = z+x,
R; is a rotation, such that O;(0) = x and

I'(s) C U {0i(z,9(¢,s)) , 2 € By-1(0,M)} for all s € [0,T] .

Setting
Ei(s) = {z = (¢, ¥;(¢,s5)), 2 € BN_l(O,M)} = graph(¥;(-, 8)|By_, (0,M));
for any h € RN, we have

v(x + h,t) —v(z,t)]

< M// Glx+h—yt—s)— G(x—y,t—s)]d?—[N_l(y)ds
T'(s)
C(p)
< CZ// x—l—h—y,t—s)—G(x—y,t—s)|d7—lN_1(y)dS
(Ei(s))

C(p)

< CZ// G(x+h—04(2),t —s) — Gz — 0i(2),t — )| dH" "1 (2)ds

Let us set h; = (h}, hin) := R; h, where h. € RV~ and h;y € R. We note that,
for any z € RN, R- Yz + h — Oz)—h z, so that

(]

Gz +h—0;i(2),t —s) =G(h; — z,t —s)
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because G(-,t — s) has rotational invariance. It follows that

]v(m—i—h t) —v(z,t)]

< CZ/ / G(h; — z,t — 5) — G(—2,t — s)| dHN " (2)ds
< C Z / /B o M) — 2 iy — U(2,8)),t — 5)
—G((—2,=V(«,s)),t — s)| V14 |DU;(2, s)|2d7'ds
since HN 1| Ei(s) = /14 [DV;(y/, s)2LY 7 Bn_1(0, M).

We recall that |D\I’i(z ,8)| < /15 and introduce

D;(s) = U By_1(ohy, |h|(t — 5)"/*)
o€l0,1]

in order to split the latter integral into two parts. We get

]v(m +h t) —v(z,t)]

< cz / /D = hiy = Wil 5)),t — 5)

—G((—#,=¥i(«,s)),t — s)| d'ds

1 gt
+|h|/ / / {DG((Uh; =2 ohin — W;(2,5)),t — s)|dZ/dsdo
RN=I1\D,(s)

= CZ i+ |h] )

Let us fix i € {1,...,C(p)} and estimate I;. Without loss of generality we can
assume that h; belongs to the plane spanned by e; and ey. Then,

Di(s) C R x By_a(0, |h|(t — s)/%)
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and setting 2’ = (z1,2”) with z; € R, 2” € R¥~2, we have

L < C/ // A R
. < t=s) Z"dz1ds
By _o(0,|h|(t—s)1/4) (t — S)N/2
<[] S LR
= Z"dz1ds
0 JR JBN_2(0,h|(t—s)1/4) (t— S)N/2
t plh|(t—s)l/4 _lhy—z11? =12 rN=3 2
C/ / </ (e at-s) 4 e 4(t—s)> dZ1> me 4(t-9) drds
|h|(t—s)~1/4 rN-3 )
e~ /4
/ / = 8)1/2 drds
+o0 N-3
C/ / T71/26_T2/4 dsdr
o Jovi—nryny (t—5)
|h|/t1/4 ) +oo 2
< C / PN =3er /4t1/2dr+/ N5 /4|h|2dr .
0 |h|/tL/4

Let Mn = supg 1) pN=3e—r?/4 (recall that N > 3 by assumption). Then

+o00 2
I; < CMy yh\t1/4+/ @dr
\h|/t1/4 T

< CMyTY*h|

= CJhl. (3.9)

IN

IN

IN

We now estimate J;. We have
|DG ((oh} — 2 ohin — Wi (7',8)),t — S)‘

< olohi = 21+ lohiv = WilZ, $)| _jonr—22/(a(t-5)) —lohin—i(" )2/ (42— 9,
(t — )V 122

with
lohin — Wy(2, 5)|eTIohn =D A=) < Oy — 51/
Since RN \ D(s) C RN\BN, (0, |h|(t — 5)1/4), we get

J<C e e =r2/(4t=9)) grdsd
sy \({ —5) D2 T g0z ) © rdsao

(Bl/r)* N1 N2
/ ;6_72/4 dsdr
h|t 1/4 t—s

4
<C (rN=t 4V =2) log <tL> e dr
\h|t_1/4

400 5
< C/ (rN 17N 72) (| log(T)| + [ log(r)| + [ log(|R])) e /4 dr
0

< C(1+ |log |hl]).
(3.10)
Finally, combining (3.9), (3.10) and the bound C(p) < Cy/p, we obtain (3.8).

d



hal-00461361, version 1 - 4 Mar 2010

26 CARDALIAGUET, LEY AND MONTEILLET

3.3. Holder estimate for the solution of (3.1).

Lemma 3.4 (Holder bounds). Let v be the solution of (3.1) given by Lemma
3.1. Then, for any t € [0,T], z,y € RV,

[o(x,t) — v(y, )] < C(L+|log(p))(p) i & —yl=. (3.11)

Proof: The main part of the proof consists in showing the following local
Holder inequality: for any ¢ € [0,7], z,h € RY with |h| < \/p/4, we have

o(@ + h,t) — v(z, )| < C(p) 77 |h|2

We will complete the proof of (3.11) by using Lemma 3.1.

The term  — [pn G(z — y,t)vo(y) dy is Lipschitz continuous with constant
|| Dvo /oo, and therefore locally 1/2-Holder continuous; we can assume that vy = 0
and ¢ > 0. Then

|v(x + h,t) — v(z,t)]

1 t—r
M [\h!/ / / |DG(z 4+ oh —y,t — )| dHY "1 (y) dsdo
0 Jo I'(s)

t
+/ / (G(x —y,t —s)+ Gz +h—y,t—s))dHY " (y) dsdo
t—7 JI'(s)\B(z,F

IN

—|—/t / (G(x —y,t —8)+ Gz +h—y,t—5))dHY " (y) dsdo
t—7 JT(s)NB(z,7)
= lglloo [ 1Al + J2 + J5 ]
where 7,7 > 0 are chosen such that
r=+p and T=|hlv/p.

Since |h| < /p/4, we have 7 < p/4 and 7/y/T > 2. If 7 > t, the decomposition
reduces to Jy + J3 with 7 = ¢.

In order to estimate Jj, we argue as for I; in the proof of the estimate (3.7):
we have

1 t—1
/ / / |DG(z + oh —y,t — s)| dHY "Y(y) dsdo
o Jo

t—7 | o h| 5
y—xr—o —|y—z—0h|?/(4(t—s)) 39/ N—1
< C/ / /1‘(3 P— PSRNyl Y dH" " (y) dsdo,

where, using Lemma 3.2, we have for any o € (0,1):

t=7 | — X — (7h| 2
Y z—oh 4(t—s N-1
/ / t — s N+2)/2 W K ) dH (y)ds

<_
- A

o [y —x —oh| ly —x — oh|? )
y_r 7 J —|ly—x—0ch|*/(4(t—s))
! C/ /K(s < t —s)(N+4)/2 + (t — s)(N+6)/2> € dyds

TN 12)/2

/ ly —x —ohl__jy—oon2/(ar) dy
K(t-r)
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Since, for any o € (0, 1), we have

[y =@ = ohl _jyzon/ar) o N e 1
/K(t o TR ¢ dy < o To+2¢ dr < Cr72

and

o ly —x — oh ly —x — oh|? )
y—r 2 i —|ly—x—0ch|*/(4(t—s))
/ /K(s ( t — 5)(N+4)/2 + (t — 3)(N+6)/2> € dyds
t—7 p+oo N N42
+r 77’2/4
= C/ / (t—3) 3/2 drds
< O 712

we get
1 <CT —1/2 .
For Jg we use the same strategy of proof: from Lemma 3.2 we have, for any

€ (0,7

/ / (G(x —y,t —s) + Gz +h—y,t—5))dHY "y) dsdo
t T'(s)\B(z,7)

S_

il Ly e (G — 9,€) + Gl +h—y,€)) dy
{t—T<z<t—e}

+/ / 1pm\ B2, (W) |Ge(® — y,t — 8) + Ge(z + h — y, t — 5)| dyds| .
t t—7<z<s}
It is easily seen that

lim 1]RN\B(LF) (y)(G(x - Y 6) + G(x +h -y, E)) dy =0,

=0 J{t—r<z<t—e}

because 7 is larger than 4|h|. On the other hand

/ / g\ Ba,r) (W) |Ge(T — y,t — 8) + Gi(z + h — y,t — 5)| dyds
t t—7<z<s}

PN-1 N+1
< C/ / i e /4 drds
t—7 J7/(2(t—s)1/2) Ct—s
t—72/(4r?) PN-1 N+1
< / / ro+r e/ dsdr
2\/7) t t_ S

C/ + N1 log (47_—§ >e_7"2/4 dr
Qf) r
—+o00
< C\/T—/ (TN+TN+2)10g(T2)67r2/4d’I“
rJ1

because 7/+/7 is larger than 2. So Jy < C.\/7/T.

In order to estimate J3 we use the structure of K(s): from Proposition 2.15,
there exists an integer C(7, p) < C17/p (where C; only depends on N) and, for
eachie {1,...,C(r,p)},

e a Borel measurable map ¥; : By_1(0,7) x [0,7] — R, which is Lipschitz
continuous with constant /15 with respect to the space variable,

IN
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e and a change of coordinates O; = R;o7; : RV — RV (where R; is a
rotation and 7, is a translation), with O;(0) = =

such that, for all s € [0, T,

I'(s) N B(x,7) C U {O0:(,9;(#,t)) , 2 € By_1(0,7)} .
i=1,...C(F.p)

Let us set, for any i € {1,...,C(7,p)}, hi = (K}, hin) := R; 'h where h; ¢ RN-1
and h;ny € R. Then

C(r,p
/ / (=2, W, (2, 5)),t —s)
t—7 JBN— 07")

+ G((h; = 2 hin — Wi(2,8)),t — 8)]\/1 4 |DWy(2, 5)2d2ds

C(7,p)
z:%w
Let us fix i € {1 C(7,p)}. Since |h| < \/p/4 = /4, we have
e~ 1212/ (4(t=s5)) | o—Ihi—2"1?/(4(t—5))
hlg(a/ /ﬁ e d-'ds
t—7 JBn_ 1(07’ (t—S) /

C/ / —|2' 2/ (4(t— ))d'd
Z'ds .

t—r JBy_1(0,27) t—S)N/2

It follows that

t 27/ (t—s)1/2 PN—2 )
—r</4
J3,i < C\/t_ﬁr/o me / drds
oot N—2
< C/ / Tilze*ﬂ/‘ldsdr
0 Ju—rvi—r2/m) (t—s)V

27 /T +oo
C (\/F/ rN=2e=7"/4 gsdyr + 2r/ pN=3g=r?/4 dsdr)
0 27 /[T

400 —+oc0o
C (\/7_'/ rN=2¢=7/4 qsdr 1 \/?/ pN=2¢=r2/4 dsdr)
0 4

since 7//T > 2. Accordingly

IN

IN

Jy < C% JT.

Wh+k+h<€<” VT, QE)
VT T D

With the choice of 7 = \/p and 7 = |h|\/p we get

lv(z + h,t) — v(z,t)| < C(p)"1 |h|z for all (h,t) € RN x [0, 7] with || < v/5/4.
(3.12)

Therefore

Now recall that, according to Lemma 3.1, we have
lu(z,t)| < C(1+ |log(p)|) for all (z,t) € RN x (0,T). (3.13)

Combining (3.12) and (3.13) then implies (3.11).
d
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3.4. Existence, bounds and Hoélder estimate for the solution of (3.2).

Lemma 3.5. Equation (3.2) has a unique solution v : RN x [0,T] — R, given by

o(et) = [ Gle—y tyoly)dy —x / Gz —y,t— 8)g(v(y, ))dHN " (y)ds.
RN 0 JI'(s)

For all z,y € RN t,5 € [0,T), v satisfies the following estimates.
(7) Uniform L bound:
vz, )] < C(1+ [log(p)]), (3.14)

(ii) Space modulus of continuity:
C
vz, t) —v(y,t)] < > |z — y|(1+ [log |z — yl|), (3.15)
(791) Space-time Holder continuity:

o) — o0 < CQ+ [log@)) () e —yP?, (3.16)
(@, 1) — v, )] < %(1 T [log [h]]) £ — s|/2. (3.17)

Proof: The existence, uniqueness, representation and space estimates for the
solution of (3.2) follow from Banach fixed point theorem and Lemmata 3.1-3.4.

Let us now check the time estimate; we fix 0 < s <t < T and set h =t — s.
We note that, from the uniqueness of the solution we have, for any € RV,

U(x,t + h) = NG(x - Y, h)’l)(y, t)dy

R
h
p / / Glw —y,h— ) g(o(y,t + ) dHN " (y)ds .
0 JI(t+s)

Since v satisfies (3.15), we get from standard estimates on the heat flow that

=

G(x —y, h)v(y,t)dy — v(z,t)

c
< Z(1+|log|hl)h2.
RN p

From the structure condition on K (s) and Proposition 2.15 (see the computations
in the proof of Lemma 3.1 for details), we have

h
[ [ Gy 9)gut + ) gs
0 JT(t+s)

< ¢ / " / L P E=9) gy g
= P Jo Jrv-r (h—s)N2

< ¢ e Le*ﬂ/‘l drds

~ pJo Jo (h—s)t/?

. c\/ﬁ.

p
Putting together the above estimates gives (3.17).



hal-00461361, version 1 - 4 Mar 2010

30 CARDALIAGUET, LEY AND MONTEILLET

4. STABILITY AND EXISTENCE OF SOLUTIONS FOR THE SYSTEM (1.1)

We start with an a priori stability property for the solution and then prove
our main result.

4.1. A stability property. We first investigate the convergence of the solution
of

(un)t = cn(z,t)|Duy)| in RY x (0,7)
(vn)t — Avp + kg HY " {un (1) =0} =0 in RN x (0,T)
vn(x,0) = vo(x), up(x,0) = up(zx) in RY
to the solution of
up = c(x,t)|Dul in RN x (0,7)
v — Av + kg(V)HN T {u(-,t) =0} =0 in RN x (0,T)
v(z,0) = vo(x), u(z,0) = up(z) in RY

as (c,) converges to c.

Lemma 4.1. Let us assume that
e For any n € N, the velocity c, : RN — [0,T)] satisfies (2.2)-(2.3)~(2.4)
with fized o > 1/p and modulus w.
o The sequence (c,) converges a.e. to some c: RN x [0,T] — R.

Then (vy,) converges locally uniformly to v in RN x [0,T).

Proof: Without loss of generality we can assume that vg = 0. Let us set as
usual

K, (t) ={un(-,t) >0}, T (t) = {un(-,t) =0}, zp(z) =inf{t > 0; x € K,(t)},
and
K(t) = {u(-,t) >0}, I'(t) = {u(-,t) =0}, z(z) =inf{t >0; z € K(t)}.

From Proposition 2.2 we know that (u,) converges locally uniformly to w.
We claim that this implies that (z,) converges uniformly to z in {0 < z < t}.

Indeed, uy,(z, 2z, (z)) = 0 for all n and, passing to the limit, we get u(x, liminf z,(x)) =

0. Thus liminf z,(z) > z(z). Now, let x € {0 < z < t}. From Proposition 2.4,
for every e, there exists z. such that |z — z| < € and u(z, 2(z)) > 0. For n
sufficiently large, we also have uy(ze, 2(z)) > 0 and therefore z,(z¢) < z(x).
It follows that limsup z,(z.) < z(x). Applying again Proposition 2.4, we get
—|x — x¢|/A + limsup 2z, (x) < z(x). We conclude by sending € to 0.

Corollary 2.12 states that there is some p > 0 such that each K, (t) has the
interior cone property of parameter (p,2p) and that, for any x € 9K, (t), there is
a vector v € RN such that |v| = 1 and the set C #/%C(z,v) is contained in K,,(t),
where C' = C’o\|(.u||11,/2 and f = a — 1/p. Then Lemma 2.14 implies that |Dz,|
weakly-* converges to |Dz| in {0 < z < T'}.

By the representation formula for the solution of (3.2) (Lemma 3.5) and Lemma

2.3 (2),

= —K t Tr — —s)g(v S N1 S.
wat) = = [ /{ZM}G( ot = $)9(on(y,5))dHY " (g)d

From the estimates of Lemma 3.5 we know that the v, are uniformly bounded
and uniformly Holder continuous. So, up to some subsequence, we can assume
that (vy,) uniformly converges to some v. Our aim is to show that v = v.
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Fix z € RY and let § € (0,t) be small. Then, following for instance the

estimates obtained for the proof of (3.17), one easily checks that

t—0
— N—1
on(, ) + K /0 /{ Gyt = s)glen(y, ) a1 )

IN

t
Wlgloe [ [ Gyt 9 (gas
t—0 J{zn=s}

C(p)oV/? .

IN

By the Coarea formula, we have

t—60
/ / Gla —y,t — ) G(un(y, 5))dHN () ds
0 {zn=s}

- / (& — 1t — 20(®)) §0n(t: 20(1)))| D2 () ldy.
{0<zn<t—06}

In this expression,

Gl =t —=zn() g(on(,2n()) — Glo—-t—2())g(v(- 2(-))

n—-+o0o

uniformly in {0 < z < t—60} while (|Dz,]|) converges weakly-x to |Dz|. Moreover,
by Remark 2.5, the front I'(s) has zero measure for any s. Therefore, the indicator
function of {0 < z, < t—0} converges to the indicator function of {0 < z < t—0}

almost everywhere. It follows that

t—0
lim / Gz -yt — 5) G(va(y, 5)) AHN "L () ds
0 {zn=s}

n—-400

_ / Gl =yt — 2(y)) 3(0(y, (1)) | D=(y)| dy
{0<z<t—0}

t—0
—[ ] Gyt s)gol.s) an s
0 {z=s}

Since, as above,

t—0
wat)tn [ [ Gl gt s)go.s)aHY (g)ds| < Cp) 6
0 {z=s}
we have proved that v satisfies

v = —K t T — —s)g(vly, s N-1 S
oz 1) = /0 /{z:s}G< y.t — $)g(0(y, 5)aHN " (y)ds

i.e., U is a solution to

{ v — Av + kg(V)HY " {u(-,t) =0} =0 in RN x (0,7),
v(z,0) =0 in RV,

The solution of this equation being unique, we have v = v, which proves the

convergence of (vy,) to v.

d
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4.2. Proof of the existence Theorem 1.2. We are now ready to prove Theo-
rem 1.2. Throughout the proof, C' denotes a constant which depends only the data
of the problem: N, T, &, g, ug and vg. Let us fix some constants C, R, C; > 0 to be
chosen later and let V = V(C, R, C1) be the set of maps v : RY x [0, T] — R such
that v is measurable, 1/2-Hélder continuous in space with constant C, bounded
by a constant R > ||vg|e and such that

lv(z,t) —v(y,t)| < Cilz —y|(1+ |log |z —y||) for all z,y € RN, t € [0,T].

Notice that V is a closed convex subset of the Banach space L>(RY x [0, T7).
To any v € V we associate a map v defined in the following way: let u be the

solution to
{ w(z,t) = g(v(z,1))|Du(z, t)|
u(z,0) = uo(x),
and let us set
K(t) ={u(-,t) >0}, I'(t)=0K(t) and z(z)=inf{t>0; ze€ K(t)}.

Since the velocity c(z,t) := g(v(z,t)) satisfies (2.2), (2.3) and is 1/2-Hélder
continuous in space with constant ||g’||oC, and since the initial condition enjoys
the interior ball property, we know from Corollary 2.12 with § =a —1/p =1/2
that each K (t) has the interior cone property of parameter (p,2p), where p =
CoC~2. Moreover, by (2.9) there exists M > 0 depending only on the data such
that for any ¢ € [0;7], K(t) C B(0, M), while (3.4) holds thanks to Proposition
2.4.

By Lemma 3.5 we can therefore define the unique solution v to

{ Oy (x,t) — Ad(z,t) + g(o(x, ) HV [ {u(-,t) =0} =0
0(z,0) = vo(x).

From Lemma 3.5 we also have, for all z,y e RN, 0 <t <t+h < T,
oz, )] < C(1 +|log(p)]) < C(1+ |log(C)]),

[6(z,1) = 8y, 1)| < C(L+[log(P))(p) /[ — y'/? < C(1 + | log(C))C? & — y|'/2,

[o(2,t) = 0(y, )] < = |z — y|(L + [log(Jz — y)]) < C C? |z — y|(1 + [log(|lz — y])]),

=i Q

and

6(x, t + h) — 9(z,t)| < =(1 +|log |h]|) K% < CC? (1 + |log |h||) h'/2.

= Q

So, if we choose C' such that
C(1+ |log(C)))C* < C
and then R and C; such that
R>C(1+ |log(C)|) and C; > CC?,

we obtain that @ € V. Let us now fix C, R and C] as above. Then the map @,
which associates to v € V the map v, is compact because of the L* and Holder
bounds on v recalled above. Since, from Lemma 4.1, ® is also continuous, we can
complete the proof thanks to Schauder’s fixed point theorem.
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