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Résumé

In this paper, a study of a stochastic volatility model for asset pricing is des-
cribed. Originally presented in [7, 9], the Wishart volatility model identifies the
volatility of the asset as the trace of a Wishart process. Contrary to a classic mul-
tifactor Heston model, this model allows to add degrees of freedom with regard to
the stochastic correlation. Thanks to its flexibility, this model enables a better fit
of market data than the Heston model. Besides, the Wishart volatility model keeps
a clear interpretation of its parameters and conserves an efficient tractability.
Firstly, we recall the Wishart volatility model and we present a Monte Carlo simu-
lation method in sight of the evaluation of complex options. Regarding stochastic
volatility models, implied volatility surfaces of vanilla options have to be obtained
for a short time. The aim of this article is to provide an accurate approximation
method to deal with asymptotic smiles and to apply this procedure *to the Wishart
volatility model in order to well understand it and to make its calibration easier.
Inspired by the singular perturbations method introduced by J.P Fouque, G. Pa-
panicolaou, R. Sircar and K. Solna [14, 15], we suggest an efficient procedure of
perturbation for affine models that provides an approximation of the asymptotic
smile (for short maturities and for a two-scale volatility). Thanks to the affine pro-
perties of the Wishart volatility model, the perturbation of the Riccati equations
furnishes the expected approximations. The convergence and the robustness of the
procedure are analyzed in practice but not in theory. The resulting approximations
allow a study of the parameters influence and can also be used as a calibration tool
for a range of parameters.
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The Black-Scholes model (1973) does not incorporate the observable phenomenon that
implied volatility of derivative products is strike- and maturity- dependent. To reproduce
some market conditions like the smile effect, various models have been introduced such
as local volatility and stochastic volatility models. The first step was the introduction by
Dupire (1994) of local volatility models where the underlying volatility o(¢, S) depended
on the level of the underlying S' itself. The most famous one is the Constant Elasticity of
Variance model (CEV) in which the volatility is proportional to S, where « is a positive
constant. Then, stochastic volatility models appeared where volatility is assumed to be a
stochastic process. Thus, models became more complex because of the market incomple-
teness which implies that traders can not hedge their products by dealing only with the
asset. The Heston model (1992) presents a volatility with an effect of mean reversion, and
is commonly used in financial markets because of its flexibility. However, these models
cannot fit accurately market data for short or long maturities, and recent researchs have
been carried out to improve this point.

A way to solve this problem is the introduction of a multifactor stochastic volatility mo-
del. C. Gourieroux and R. Sufana [19, 20] (2006) developed a multifactor version of the
Heston model. Indeed, they assumed that volatility follows a Wishart process introduced
by M.F. Bru [3] (1991) so that the model preserves its linear properties and consequently
its tractability. J. Da Fonseca, M. Grasselli and C. Tebaldi [7](2005) have improved the
initial modeling considering that the volatility of the asset is the trace of a Wishart pro-
cess. That allows to take into account stochastic correlation between the underlying asset
and the volatility process and provides a wealthy but complex model. The simplistic case
where the matrix of mean reversion, the volatility of volatility matrix and the correlation
matrix are diagonal matrices gives a small intuition of the model performance given that
the diagonal components of the Wishart process are in fact Cox-Ingersoll-Ross processes :
by considering the volatility as the trace of the Wishart process, the model is equivalent
to a simple multifactor Heston model. However, one can see that a multifactor Heston
model (like in [5]) is not flexible enough in regard to the stochastic correlation. Indeed, in
a classic extension of a multifactor Heston model, the factors appearing in the stochastic
correlation formulae are exactly the same as the volatility expression’s ones. In order to
extend this model, we will focus on a specification of the Wishart volatility model allowing
to add freedom degrees concerning the stochastic correlation. Besides, we will consider
the case where the correlation matrix is not diagonal and we will highlight the fact that

this model differs from a standard multifactor Heston model given that the stochastic
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correlation depends on a new factor.

This model belongs to the class of affine models and is tractable in the way that it exists
an explicit expression of the conditional charateristic function which allows the use of the
FFT method introduced by P. Carr and D. Madan [4] (1999). Being factorial models,
affine models have consequently intrinsic capabilities to integrate source of risk and are
powerful tools of projection. Besides, with its mean-reversion effect, this Wishart volati-
lity model is compatible with classic macroscopic phenomena.

Nevertheless, generating the smile of implied volatility is not fast enough, therefore the
calibration remains a problem. Accurate approximations are needed in order to calibrate
directly or to furnish a relevant initial set of parameters for initiating the calibration
procedure. Moreover, for the users of this model such as traders, having instantly an
approximation with a closed formulae for the smile could be very useful. Indeed, these
explicit expressions give an intuition of the influence of the parameters like correlation,
volatility of volatility and mean-reversion parameters. Many academicians and practi-
tioners have tackled this challenge and have introduced specific methods. To cite some
of them, there are the singular perturbation method based on the perturbation of the
evaluation PDE [14, 15, 16|, a procedure considering the link between the spot and the
implied volatility in short maturities [13], a method based on geometric using the heat
kernel expansion on a Riemann manifold [27], a method based on Mallivin calculus [26]
and so on. These methods have not been studied and done for the Wishart volatility
model but the standard singular perturbation method, allowing an approximation for a
two-scale volatility, becomes quickly hard to apply (the second order is really difficult to
obtain) [2].

This paper is organized as follows : we first present the definition and the framework of the
Wishart volatility model where the volatility of the asset is given by the trace of a Wishart
process. Then, we will also see some numerical ideas to simulate the Wishart volatility
model by Monte Carlo methods. Indeed, there are many options that need a Monte Carlo
evaluation but it is not easy to conserve the symmetry and the positiveness of the Wishart
process. In Section 3, we will study the asymptotic behaviour of the smile for very short
maturities and for two scales of maturities : those maturities represent ”characteristic life
times” for the volatility as detailed in the article. Inspired by the singular perturbations
methods developed by Fouque and al. described in [14, 15, 16] to the Wishart volatility
model, we have found a useful asymptotic approximation. This method uses the affine

properties of the model through a perturbation of the Riccati equations and is easy to
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carry on. Those simple expressions allow to obtain instantly the skew and the smile for
some reasonable range of parameters. Moreover, the convergence and the robustness in
relation to parameters of this approximation is analyzed in practice but not in theory. Fi-
nally, this approximation provides an adequate calibration tool for admissible parameters

as well as an outline of the parameters’ influence in the Wishart volatility model.

Notations

To begin with, let us introduce some notations on sets of matrices :
— My (R) : set of real matrices n x m.

— GL,(R) : set of real invertible matrices n x n.

o(M) : set of the eigenvalues of the matrix M, called spectrum of the matrix M.

— Su(R) : set of real symmetric matrices.

~ S-(R) : set of nonpositive symmetric matrices i.e for M € S, (R), VA € o(M),
A<0.

~ SH(R) : set of nonnegative symmetric matrices i.e for M € ST (R), VA € o(M),
A>0.

— SH(R) : set of strictly nonnegative symmetric matrices i.e for M € SF(R), VA €
a(M), A > 0.

— AT is the transposed matrix of A.

— For A a nonnegative symmetric matrix, VA is the unique nonnegative symmetric

matrix such as vVAVA = A.
— For A e M,,,,(R), Tr(A) is the trace of the matrix A.

Let us consider a probability space (2, F,Q) equipped with a filtration {F;} satisfying
usual conditions. The probability measure Q corresponds to a "risk-neutral” measure
under which the price of any asset is the conditional expectation of its discounted future

cash flows

1 The Wishart Process

The Wishart process which was originally studied by Bru [3] in 1991 was introduced
in finance by Gourieroux and al. in [19]. Then, many authors have developed stochastic
volatility models using the Wishart processes and this paper is focused on the ”Wishart

volatility model” presented by Da Fonseca and al. [7, 9]. Some specifications and properties
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of the Wishart process are recalled for a better understanding.

1.1 Definition of the Wishart processes
1.1.1 Definition

The Wishart standard distribution is a multidimensional generalization of the y? distri-
bution and is very useful for the estimation of the covariance matrices in multivariate
statistics [28]. Indeed, the Wishart distribution corresponds to the law of the covariance
matrix estimator of a Gaussian vector sample : Let X, ..., X, be n independent Gaussian
vectors in R? such as X; ~ N(0,%),i=1,....n.

The law of the p x p random matrix S =Y " | X;X,' is called Wishart distribution noted
S ~ W(X,p,n). When X; ~ N(u,2), i = 1,...,n, the law of S = > | X; X, is called
non central Wishart distribution noted S ~ W (X, p,n, u).

In order to model covariance matrices dynamics, we need to focus on process valued on
nonnegative matrices. Then, the trace of such matrices may be considered for modelling
positive stochastic volatility process. Consider now the classic definition of the Wishart

process through its diffusion equation.

Definition 1 (Bru [3]). Let {W;,t > 0} denote a n x n matriz-valued Brownian motion
under the probability measure Q. The matriz-valued process V' is said to be a Wishart

process if it satisfies the following diffusion equation
Vi = (QTQ+ MV, + VM )dt + VVidW,Q + QTdW, Vi, Vo = w.

where @ € GL,(R) is a n x n invertible matriz, M is a n X n nonpositive matriz, vy € 5’;

is a strictly nonnegative symmetric matriz and B a real such as f > (n —1) .

The condition f > n — 1 is introduced to ensure existence and unicity of the solution
V, € S of Equation 1.1. Moreover, as shown in [3, 7], for 5 > n + 1, eigenvalues of the

solution are strictly nonnegative Vt > 0 a.s V; € gj

1.1.2 The Laplace transform

The diffusion satisfied by the Wishart process belongs to the class of affine diffusions
[11]. Consequently, an explicit expression for the Laplace transform is available via the
resolution of a Riccati system and this notion will be a key tool for future developments.
This Laplace transform belongs to the family of Wishart distribution Laplace transforms

as described for example in [28] what explains the designation ” Wishart process”.

5
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Proposition 1 (Gourieroux & Sufana [19]). For © € S andt,h > 0, let ¥,(h,0) =
Elexp(=T7r(0Viyn))|Vi] the Laplace transform of Vi given Vi. Then,

exp —Tr[AR)TO(I, + 25(h)0) L A(h)V)]

il 6) = (det[T, + 25(h)©])"

, (L1)

with
A(h) = exp(hM),  N(h) = / C ASQTOA(s)Tds.
0
1.2 Examples

Let us present some useful and simple examples.

1.2.1 Multidimensional Cox-Ingersoll-Ross processes

Let us consider a Wishart process with diagonal matrices M, () and R. It can be seen as

a multidimensional CIR process. Indeed, the dynamics of the diagonal components are :

d‘/;/ZZ — (5(@@@)2 _"_ 2M7,7,‘/tll)dt _"_ 2Q’L’L Z \/Vt thk)l

Although their dynamics seem to depend on other components of the Wishart process,
that is just an illusion. The Brownian motions can be concatenated through the following

expression
d<vnavu > = 4 <<Q12)2(Z \/Vtkl\/vtkl)> dt = sz \/Vt\/vt sz sz
k=1

So, B = (B, ..., B") defined by dB! = \/V/* Zk L(V ViYW F s a vector of n inde-

pendent Brownian motions. Then,
AV = (B(Q™)? + 2M"V;") dt + 2Q"\/VdB;.

Then, in this simple case where parameters are diagonal matrices, the diagonal compo-

nents of the Wishart process are independent Cox-Ingersoll-Ross processes.

1.2.2 Link between Wishart processes and Ornstein Uhlembeck processes

A natural way to generate a ”Wishart process” is to replace the Gaussian vectors X; in
the definition of a Wishart distribution (Section 1.1.1) with Ornstein-Uhlenbeck processes
X, With this representation which implies that 3 is an integer, the Wishart volatility
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model described in Section 2 appears as an example of Quadratic Gaussian models.

Considering 3 independent n-dimensional Ornstein-Uhlenbeck processes :
B
dXpy = MXpudt+QTdWy,,  and V=) XX/,
k=1

Then, the process (V;) is a Wishart process with the following dynamics.
AV, = (BQTQ + MV, + ViM ")dt + /VidW,Q + QTdW,"\/V;,

with W a matrix-valued Brownian motion, determined by

B
VVidW, = " X dW/,.
k=1

In this framework, the matrix M can be seen as the mean-reversion parameter of the
Wishart process and @) as the volatility parameter.

Consequently, the simulation Ornstein-Uhlenbeck processes allows the simulation of a
Wishart process in the case where (3 is an integer. Therefore, concerning the simulation of
Wishart processes, the first step is to consider the simple case where 8 > n+1 is an integer.
For the initialization of the Ornstein-Uhlenbeck processes, on can notice that the initial
matrix 1} is real and symmetric and can be then diagonalized. Using the eigenvectors &y

and the eigenvalues \;, one can write :
n
Vo = ) M®id).
k=1

Then, the initialization of the Ornstein-Uhlenbeck processes can be done

Xk’o = \/)\kq)k 1f1§k§n,
Xpo = 0ifn+1<k<p

Finally, for 1 <4 < N, simulating {X};,,1 < k < 8} by one of the methods described in

the next paragraph furnishes the discretization of this Wishart process

B
Vi, = ZXk,tinIti'
k=1

This simulation procedure for a Wishart process requires the simulation of Ornstein-
Uhlenbeck processes which is classic and can be done by an Euler scheme or an exact
simulation using the knowledge of the conditional distribution (See Appendice B).

However, this way does not provide the most general class of the Wishart process and
there is a very useful extension in practice by considering the same dynamics with a real
5. As developed in Section 1.3.2, Girsanov theorem gives a change of probability measure
allowing to move from f integer to (3 real. The simulation in the general case will be

detailed after.
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1.3 Determinant dynamics and change of probability measure

In this part, the stochastic differential equation describing the determinant dynamics of
Wishart process is presented and analyzed. At the end of this section, a change of probabi-
lity measure is highlighted allowing a change of drift in the dynamics of Wishart process.
Using determinant dynamics, the likelthood ratio martingale has an explicit functional

form 1.3 and allows an efficient simulation procedure.

1.3.1 Determinant dynamics

The dynamics of determinant will be essential to handle this change of probability measure
that will be very important for the simulation of the Wishart process in the general case,
where [ is not an integer. A useful theorem given in [3] has to be recalled (without proof)

for the future understanding.

Theorem 1 (Bru [3]). Let {¢; = (¢/’)i<ij<n} be a continuous semimartingale process
valued in the matriz set S, (R). Let Uy € O,(R) such as U, GU; = diag(M\}, ..., \I') where
{\,1 < i < n} are the eigenvalues of ¢;.

Let {Ay = (A7) 1<ij<n,t > 0} be the process defined as

t ..
A = / Uld¢, U, vt >0 such as d< A9, AT >=T}dLt.
0

Then, the dynamics of eigenvalues can be written as

AN = dMi 44T, 4T = ZA )\Jl“”dt—l—d@’
j#i Tt

where dM® and dO©° are respectively the martingale part and the finite variation part of
dA",
Let us denote Qt U QU; and M, = UTMUt and Z, = fo UTdW Us,.

By applying the previous theorem, the dynamics of eigenvalues are characterized by the

following stochastic differential equation.

, o o )JT 3 (N
W= [BQT QU+ axT + 3 Qf)A o QO 4o/ Z otz
J#i t = N
It is important to notice that all eigenvalues are independent and are non-colliding

[3, 12]. Since d < X, M >;= 0, the differentiation of the determinant yields d(det(V};)) =

det(Vy) >0, /\f Moreover, by using the trace invariance by a change of basis, the dyna-

mics of determinant are obtained by

d(det(Vy)) o —
Tdet(Vy) (8 —n+D)Tr(V,'QTQ) + 2Tr(M)]dt + 2Tr(1/ V, dW,Q)
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which implies that the
dlog(det(V})) = [(B—n—1D)Tr(V,'Q"Q) + 2Tr(M)|dt + 2Tr(y/V, ' dW,Q)(1.2)
1.3.2 Change of the probability measure

From a mathematical point of view, it is really important to analyze the change of the
probability measure allowing a change of the drift in the process dynamics. In practice,
for a financial use like calibration of parameters on historic data, a Wishart process has to
be simulated in its general form with 5 > n+1 and g € R. Considering the floor function
allows to write # = K + 2v with K = [3] > n+1 and v a real number such as 0 < v < 1.
The aim of this development is to find a change of probability measure in order to change
the generalized Wishart diffusion into the simple one where K is an integer. This new

probability measure is noted QI*fT and can be expressed as follows

Theorem 2. Let g = K +v —n—1. If fr(Q,Q*) = Zg'fT defines the Radon-Nikodym
|Fp

derivative of Q|r, with respect to QTIT, then

. det(Vy) 2
fr(Q, Q%) det(Vo)

Proof: Like in [12], a probability measure Q* can be specified through an exponential

exp|—vT Tr(M)] exp [—gq /0 ' Tr(VleTQ)ds} . (L1.3)

martingale

d@ B T - V2 T T
1 7, = exp |:I//O Tr(\/V, 1dW8Q)—3/0 Tr(V,Q Q)ds].

Therefore, this expression suggests to define a new process W* by

t
Wy = Wt—irz// VVIQds.
0

By Girsanov theorem, it is easy to check that W* is a matrix-valued Brownian motion
under the probability measure Q*. Consequently, the dynamics of Wishart process under

this probability measure Q* can be rewritten as follows
AV, = (KQTQ+ MV, +V,M")dt +/VdW;Q + QT (W) v/ V..

The Radon-Nikodym derivative can be simplified using the determinant dynamics. Indeed,

as noted in the first section, we have

log[j‘i—é“;;;] = T T (M) + (K —n—1) /0 Tr(V, QT Q)ds + 2 /0 Tr(y/VIdW:Q).

Finally, the change of the probability measure can be obtained by

det(Vy) 2

T
00 = iy ST TN e |5 1) [0 QT Q)| a2,

which completes the proof. ]
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This change of probability measure allows to bring back the problem to the simple case
considered before. It will be very useful for many applications and more particularly for

evaluation by Monte Carlo method.

2 Wishart stochastic volatility model in the stock de-
rivatives market

2.1 Presentation of the Wishart volatility model

In this part, the Wishart volatility model is presented as well as its essential characteristics.
The properties inherent in this model will allow an accurate and an efficient consistency
with the market. The underlying volatility is defined as the trace of a Wishart process.
Therefore, the diagonal components of the Wishart matrix will be the factors guiding the
dynamics of volatility. Under the risk neutral probability measure, the asset dynamics are
given by the following expression
ds,
?t = rdt+Tr[\/V,(dW,R + dZ,\/I, — RRT)] Sy = x.

t
AV, = (BQTQ+ MV, +V,M")dt + \/VidW,Q + QTdW,"/V, Vo= wo. (2.1)

where {V;,t > 0} is a Wishart matrix-valued process as introduced in the previous section,
r is the interest rate considered constant, S; the price of the asset at date ¢, R a matrix
such as p(R) = max{\,\ € 0(R)} < 1, W, Z are independent matrix-valued Brownian

motions.

The matrix R describes to the correlation between the Brownian matrices of the asset
and those of the Wishart process. The matrix M represents the matrix of mean reversion
and the matrix @ is the volatility of the volatility.

The dynamics of log-price Y; = log(S;) are deduced easily

T
AV, = (BQTQ+ MV, + V.M )dt + \/VdW,Q + Q" dW,"\/V, Vo = vd2.2)

It is conventional to write the log-price and its volatility dynamics as driven by two corre-
lated Brownian motions BY and BY. In fact, as it is done in [9] by using a concatenation

of the Brownian motions like in Section 1.2, the asset dynamics can be rewritten as follows

dy, = (r— TT;VD)dt +\/Tr(V,)dBY . (2.3)

10
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drr(V;) = (BTr(QTQ) + 2Tr(MVy)dt +2y/Tr(QTQV:)(pedBy + /1 — pidBy’)

where d < BY, BV >,= p, = Tr(RQV) .
T T v

2.1.1 Fourier transform

In order to calculate price of options by FFT method, define the instantaneous realized
mean variance U; = fg Tr(Vs)ds, and consider the Laplace Transform W(7,0,v,0) =
E[eT V) + Y +Ur | F] of (V,Y, U).

This function has to be explicitly calculated in order to price many derivative products
such as vanilla options or Variance Swap. Since the system (V,Y,U) defines an affine
model, the Laplace Transform ¥ can be easily expressed with functions that are solutions
of a Riccati system [11]. The resolution is possible for example by using the linearization

method introduced by J. Da Fonseca and al.[7].

Theorem 3.
Uy(T,0,v,0) = exp[Tr[A(T —t)V,]+ B(T —t)Y, + C(T —t)U, + D(T — t)],

where A, B, C' and D are solutions of the following Riccati equations

A (1) = (% — 5) I, +A(T)M + (MT +2yRTQ)A(T) + 2A(T)Q T QA(T).
B(r) = ~, C(r) = 4.
D'(r) = ry+BTr[QTQA(T)). (2.4)

with the terminal conditions A(0) =6 and D(0) = 0.

By using the linearization method, the solutions for A and D are given by

A(t) = F(r)'G(7).
B

D(r) = a7l = BTr(R'Q)] = F[Tr(M)r + log(det F())). (2.5)
with
(G(r) F(r)] = [0 I]exp(TZ(7,9))
20:0 = (e g1, o s mnre))
Proof:

The function f(T,V,Y,U) = exp[Tr[A(T —t)V;] + B(T — )Y, + C(T — t)Uy + D(T — t)]
has to be a martingale. Thus, Girsanov theorem suggests to find a martingale M; such as

1
lOg[ft(T,‘/,Y, U)] = Mt - 5 < Mt,Mt > . (26)

11
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Applying Tto formula to the affine function f,(T,V,Y,U) yields

dloglf(T,V,Y,U)] = — (Tr[A'(T — )Vidt + B (T — t)Y; + C'(T — t)U, + D(T — t)> dt
+ (Tr[ﬂQTQA(T t)] + Tr[A(T — )MV, + Tr[MTA(T — t)V;]) dt
+Tr[A(T — )/ VidW,Q] + Tr[A(T — )QTdW, / V]
+(B(T—t)—%Tr —tVt>dt
+Tr[B(T — t)\/VidW,R] + Tr|B(T — )dZ\/I, — RR]
+C(T — )Tr(V,)dt. (2.7)

This expression allows us to find the martingale M,

AM, — T — 1)/ VidW,Q] + Tr[A(T — )QTdW," \/ V]

+Tr[B(T — t)\/VidW,R] + Tr[B(T — t)dZ\/I, — RRT].

For the calculation of the quadratic variation of M;, noted < M;, M, >, let us recall some

useful expressions

d < Tr(AdW,B) >= Tr(BAATB")dt
d < Tr(AdW,B), Tr(CdW,D) >= Tr(DCA"B")dt

Then, the quadratic variation < M;, M; > of the martingale is expressed as follows

d< M, M > = (4Tr[A(T —)QTQA(T — t)Vi] + B*(T — t)Tr[V;]) dt
+ (Tr[B(T — t)R"QA(T — t)V;]) dt.

then, replacing this expression in 2.6 and identifying with 2.7 gives
1 1
0 = (—2TT[A(T QT TQA(T — t)V;] — 5B?(T —t)Tr[V] — §Tr[B(T —)RTQA(T — t)Vt])

- (Tr[A’(T — )V]dt + B'(T — )Y, + C'(T — )U, + D(T — t))
+ (Tr[BQTQA(T — )] + Tr[A(T — t)MV;] + Tr[M " A(T — t)Vi))

+ (B(T —4— %TT[B(T - t)V;]) + (T — )Tr(V})

Finally, identifying the terms with V;, Y; and U; gives

26 = (U)o A+ O 429 Q)A) + 24070
B(r) = =, C(r) =90
D'(r) = ry+BTr[QTQA(r)]

12
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Riccati equation linearization

Let us search A such as
A(t) = (F(r)'G(r), F(0) = I,, G(0) = 0.

By replacing this expression in the first Riccati equation of 2.8

2
+ (M7 4+29RTQ)A(7)

+ 2(F(r)T'E(1)QTQA(T).

L(F@)F (DA + (F()G (7) = (M—(s) I + (F(r) " G(r)M,

Therefore, by multiplying on the left by F'(7) and identifying terms with A and without

A, we obtain

2
F(r) = -G(nQ'Q-F(r)(M" +2yRTQ). (2.8)

—1
G(r) = G(r)M+ (M - 5) F(r),
This system of equations can be written as follows

with Z(7,d) € Ma,(R) defined by

M -2Q'Q
Z(v,0) = ((M — &I, —(MT +QVRTQ)> '

2

Thus, the solution is given by
[G() F(7)] = [0 In]exp(TZ(v,9)).

Resolution of the equation that D follows

By integrating the fourth equation of 2.8, we have
D(t) = 77’7+6Tr[/ QT QA(s)ds].
0

On the other hand, by multiplying on the left left by F/(7)~! the second equation of 2.8,

integrating it between 0 and 7, and taking the trace, we find

BT | /O QTQA(s)s] = 5 (T /0 " F(s) U (s)ds] + Tr(MT + 24RTQ)7).

Finally the solution is given by

D(1) = ~7[r — BTr(R'Q)] — g[TT(M)T + log(detF'(1))].

13
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In order to calculate the price of Call options with a resolution by FFT method, a
closed formulae for the Fourier transform of log-price is needed. The expression of this
Fourier transform is defined by ®(7,v) = E[exp(iyYr)|F:] = V+(T,0,i7v,0) and an ex-
plicit formulae can be deduced easily. Another proof of this corrolary can be found in

[7]
Corrolary 1.
(T, y) = exp[Tr[A(T — t)Vi] + B(T — )Y, + C(T — t)],

where A and C are solutions of the following Riccati equations

B(r) = .
A (1) = w& + A(T)M 4+ (M7 + 2iyRTQ)A(T) + 2A(T)Q T QA(7).
C'(r) = iry+BTr[QTQA(T)).

The linearization method can be used and gives

Alt) = F(r)'G(7).
B

C(r) = iy7lr = BTr(R'Q)] = S[Tr(M)r + log(det F(r))]. (2.9)
with
(G(r) ()] = [0 L]exp(72(7))
20) = (s, _ormsonma)

2.1.2 Flexibility of the Wishart volatility model

As seen in Section 1.2.1, the Wishart process is an extension of a multidimensional Cox-
Ingersoll-Ross process. Thus, the Wishart volatility model will be also an extension of
a multidimensional Heston model by considerind diagonal matrices. Indeed, there is a
bijection concerning the volatility parameters between the Heston model and the Wishart
volatility model with this restricted specification. Moreover, there is the same correlation
structure for those models and the stochastic correlation is given by
S RiEQUV
VELVAVEL@DVE

This particular case underlines the fact that the Wishart volatility model extends the

Pt

multifactor Heston model in terms of volatility and correlation. In practice, the model

14
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used will be a simple extension of the multifactor Heston model. Moreover, the Wishart
volatility model in the general case has additional properties. Indeed, in a multidimensio-
nal Heston model, the correlation is stochastic but depends on factors that generates the
volatility dynamics. In the case of the Wishart volatility model, the correlation depends
on the volatility factors but depends also of other factors in formulae 2.4 (the non diagonal
components of the Wishart process V;). It is an important property allowing degrees of
freedom for the correlation and consequently for the skew and the smile. For example,
in the Heston model, the change of sign of the skew is constrained by the correlation
coefficients and the volatility factors whereas in the Wishart volatility model, the change

of sign does not have this constraint thanks to the additional independent factor [8].

To develop the intuition on the importance of the stochastic correlation, we refer to
asymptotic results in short maturities from V. Durrleman [13] where the link between

correlation and implied volatility skew at the money are explicit.

2.1.3 Asymptotic skew in the Wishart volatility model

The Wishart volatility model gives a stochastic correlation (for n > 2) which is an impor-
tant property. The correlation p; being stochastic allows the model to generate a smile
with a wealthy structure. Indeed, the market is more and more complex and now the skew
is considered by practitioners as stochastic. Following standard notations with ¥,(7, K)
denotes the implied volatility of a Call with a maturity 7" and a strike K, the skew at the
money can be calculated for short maturities by using asymptotic methods developed by

Durrleman.

Theorem 4. (V. Durrleman [13])
Let us suppose that we are given adapted processes a, a,b,c such that there exists a strictly

positive solution to the following stochastic differential equation :
do? = (b + a2+ o2 (a + ¢,))dt — 204(a, dW, + a, dW,).

where a given wnitial condition oy and such that

3 32 2
d<a,W>t:—at(ﬁ+ﬁ—a—t)dt

2 2
2 dof o7

t 1 t
Sy = Spexp (/ o, dWy — —/ cr?ds)
0 2 Jo
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be the stock process and ¥,(T, K) be the corresponding implied volatility, then

_ 0%, . at 0%, = by
mS) =0 GrtS)=gesasy ot T E s
02y, ay
RN S o af 2.1
O0K?2 (t.5) 25%%(t, S) (at T 2%4(t, St)2) .

Therefore, the skew being strongly linked with the correlation represented by %, this
correlation has to be stochastic. Then, the need of a model that can explain this phe-
nomena becomes essential. The stochastic correlation appears to be one of the crucial
notions describing the capacity of a model to generate smiles. As explained in the next
section, in terms of correlation, the Wishart volatility model appears more flexible than

a multidimensional Heston model. For the expression of the skew at the money (K = 5;)

_ Tr(RTQV)

in the Wishart volatility model, the application of this theorem with a; = Tr (V)

provides the following expression
0%, gy TrRTQV)
OK """ 28,(Tr(Vi))s

Comment 1. [t is important to notice that Theorem 3 also provides an expression of

023
OK?

the asymptotic smile, but it is not brought up in this development. We focus here on the

(t,S;) and %(t, St) allowing to analyze the convezity and the slope at the money of

skew at the money to bring to the light the stochastic correlation propertie and to give a
benchmark for the approximation in the next section but we could have also described the

convexity and the slope at the money of the implied volatility.

2.2 Evaluation of options by Monte Carlo methods

There are many products for which the evaluation does not have any closed-form ex-
pression. Therefore, a Monte Carlo method has to be considered in order to price those
contracts and the problem to simulate a Wishart process becomes essential.

The use of a standard FEuler scheme is prohibited since it does not guarantee the posi-
tiveness of the simulated matrices. The other method consisting in taking the positive
part of the eigenvalues would introduce a bias and is rejected. Then, an efficient method,
based on a fundamental link between Wishart and Ornstein-Uhlenbeck processes, was
highlighted in the previous section for the simulation of the Wishart processes in the case
of 5 real. This method will naturally keep the positiveness of the matrix-valued Wishart

process [17] 1. Now, the question is to see how the complete Wishart volatility model can

1. During the revision August 2009 - January 2010, a working paper has been posted on September
2009 by Pierre Gauthier and Dylan Possamai about the simulation of the Wishart model

16
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be simulated and how the european options can be evaluated by Monte Carlo. Considering
a general Wishart process, the underlying dynamics are expressed under the probability

measure Q* in order to use the simulation method developed in Section 1.2.2

d
% — = vTHQTR)dt + Trl\/Vi(dW! R + dZ/T, — RRT)].

t
v, = (KQ'Q+ MV, + V.M )dt + /VidW;Q + QT (W) \/Vi.

Integrating this stochastic differential equation furnishes a useful form of the log-price

discretization

og(5) = Tou(S )+ (= vTr(@ Rpac— 5 [ Tr(vias)

t; t; B
+Tr [/ V V. dW,R + / VVidZ A1, — RRT} .
ti—1 ti—1

The increments {ey;}1<k<p, already used to simulate the Ornstein Uhlenbeck processes
(Formulae 3.1), allows to simulate 7] fttH VVidW,R]. For the other terms, a standard

Euler scheme is selected giving the following expressions

t; B t; B t; B
/ VVidWe = Y [ X dW, = VALY Xppel, / Vids = V. At.
ti—1 k=1 ti

k1 Y li-1 i—1
t;

Tr [/ VVidZ T, — RRT] = VAL/Tr(Vi, (I, — RRT))Z:.
ti—1

where Z; ~ N(0,1) are the components of an independent Gaussian vector and being

independent with the increments ¢y ;

Finally, the Euler scheme for the asset is characterized by

B
\ T
Z Xk,ti&‘gk,iR

k=1

log(Sy,) = log(S;, )+ [r —vIr(Q'R) — %TT(‘_@H)] At +VALTr

+ VAL Tr(V,, ) = Tr(V,, ,RRT)Z:.

Therefore, the price of an european option at the maturity 7" with a payoff f is evaluated
by

mo = [Eqlexp(—rT)f(S57)]
det(VT)

b v T
= exp[—(r+v Tr(M))T|Eg- { <det(VO)> exp[—§(K +v+n-— 1)/0 Tr(VS—lQTQ)ds]f(ST)} :

The simulation of the integrale appearing in the Radon-Nikodym function can be discre-

tized and approximated as follows
t+At 1
[T Q@ ~ AT+ VAT QL

17
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Finally, it is possible to make a Monte Carlo evaluation for an option given that the
asset and the Radon-Nikodym derivative of Q with respect to Q* can be simulated using
an Euler scheme. One can see that the expectation under the new probability measure

depends on the path of (V;);<r what makes the evaluation costly.

2.3 Evaluation of options by FFT

The Wishart volatility model belongs to the class of affine models for which there exists a
closed formulae for the Fourier transform [11]. This transform, noted (7", y) = E[exp(ivYr)|F]
, v € C, is widely used to find options prices by calculating the inverse Fourier transform

by FFT.

2.3.1 Expression of the Call price

The premium at date ¢ of a Call option with strike K = log(k) and maturity 7" is given
by
(T, K) = exp|—r(T —t)|E[(exp(Yr) — exp(k))+|F¢].

As it has been done in [4], the calculation of the premium is deduced by the expression of
the Fourier transform. Let a define a constant such as x — exp(azx)({ —exp(x)), € L'(R)
and in practice, Carr & Madan consider that o = 1.1 is an empirical good value for the
Heston model. It appears really important to have a function in L'(R) in order to use the
inverse Fourier transform as explained by S. Levendorskii in [24]. Therefore, a modified

price is defined as follows
(T, k) = exp(ak)e(T, k).

By applying a Fubini integration theorem, the Fourier transform of the modified price is

given by
VT, ) = /_ Z exp(ivk)ce (T, k) dk
= exp[—r(T' - t)]E[/Z exp[(iv + a)k](exp(Yr) — exp(k))dk|F]
= explr(T — ) 2Ty = (£ 0)i) (2.11)

(1+a+iv)(a+iv)
At last, the premium can be obtained by inversion of the Fourier transform using the fact

that the function U¢ (7, v) has an odd imaginary part and an even real part

—ak) [
a(T k) = %/ exp(—ivk)V (T, v)dv

o0

18
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q)t(Tﬂ vV— (1 + 05)2)
(1+a+iv)(a+iv)

exp(—ak

)Re /0 " exp(—ivk)

= exp[—r(T —t)] di2.12)

T
2.3.2 Numerical upgrade

In this paragraph, we consider a practical point of view and we present a variant of For-
mulae 2.12 in order to improve numerical results. The idea is to use this formulae for a
simple model (like the Black-Scholes model with a constant volatility &) and to apply this
expression for numerical applications. This improves the effectiveness of numerical inte-
gration. It is done by analogy with the variance reduction method for Monte Carlo options
pricing through a control variate method using the Black and Scholes price ¢?%(T, K) and

its Fourier transform ®2%(T', v) calculated by :

OB (T, ) = explinY; +iyr(T —t) + Maz(T —t)]. (2.13)

The Call price can be calculated as a perturbation of the Call price in the Black-Scholes

model with a volatility &

Ct(T7 k) = CtBS<T7 k) +It(T757a7T)
where I,(r,5,a,T) is given by

(@(T,v — (1 + a)i) = ®P5(T,v — (1 + a)i))
1+a+iv)(a+iv)

exp(—ak

JRe[ /0 ~ exp(—ivk)

I(r,o,a,T) = exp|—r(T—t)] dv]

™

We consider that a good choice for the volatility & is the realized mean volatility in the

_ 17
;= \/T/o E[Tr(V,)]dt.

This volatility can be calculated as follows. Let f(t) = E(V}), f is the solution of the

Wishart volatility model

following differential equation
F(t) = BRQIQ+ M)+ fMM',  [(0) =V
Then, the solution can be found explicitly
f(t) = exp(tM)Vyexp(tM ") + 3 /t exp(sM)Q ' Q exp(sM " )ds.
0

Assume now that M is a symmetric matrix and take the trace

Trif(t)] = Tr{Voexp2tM)]+ BT7(Q T Q(2M) ™ (exp(2tM) — I,)].
Finally, by integrating between 0 and 7', the realized mean variance is given by

7 = LTV + BQTQEM) M) exp(2TM) — 1)) ~ ATrQT QM)
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Comment 2. For a general invertible matrix M, we take the same formulae with M =

—M+2MT which gives better results in practice.

3 Smile dynamics in the Wishart volatility model

The hedge of exotic options not only need the trade of the asset but require also the
trade of options such as Call and Put options. Therefore, these vanilla options are hedging
instruments and the calibration procedure has to take into account of their price dyna-
mics. Then, models considered and used by traders have to be flexible enough to explain
market prices. In other words, the model must be able to generate the observable smile
effect (strike dependency of the Black-Scholes implied volatility).

Heston model is a single-factor stochastic volatility model that can be calibrated accura-
tely on a market smile surface. However, when the calibration is done on both short and
long maturities smile curves, a single-factor model does not provide a flexible modelling
of the volatility term structure. Indeed, a single factor model cannot take into account the
variability of the skew, also known as correlation risk, and cannot explain independent
fluctuations of the smirk in the level and the slope over time. A classic solution is to
increase the number of factors in order to achieve this goal like in [5]. For instance, P.
Christoffersen and al. [5] introduce a bidimensional extension to solve this problem. The
Wishart volatility model is an other multidimensional extension of the Heston model allo-
wing an adequate correlation structure in order to reproduce the skew effect. An analysis
of these features is proposed in this section.

The covariance dynamics is represented by a matrix-valued process of size n. The case
n = 2 is enough for this study allowing to deal with the case of a two-scale volatility
(medium maturities). It is also a framework where the computation is not so laborious
and explicit formulae are available. In this section, the study of the Wishart volatility
model and the effect of some parameters on the smile are considered. Inspired by the
singular perturbation method introduced by J.P. Fouque and al. [14, 15, 16] and by stan-
dard approximation procedure [21], we present a perturbation algorithm, based on the
perturbation of Riccati equations. This method will allow to generate instantly asymp-
totic smiles with a good level of accuracy. The case of short maturities is a relevant case
and is important for a calibration prospect. Moreover, in the two-scale volatility case,
the introduction of a slow varying factor gives a much better fit for options with longer

maturities [15]

20



hal-00458014, version 2 - 21 Feb 2010

3.1 Specification of the Wishart volatility model

It is important to describe the admissibility of the parametrization for this model. It is
important to highlight a canonical model from which all the equivalent models can be
obtained by invariant transformation [10]. Considering the case where M € S,(R) and
Q € GL,(R), it is possible to define an equivalent model with M diagonal because the
matrix-valued Brownian motion is invariant by any rotation. Indeed, there exists a matrix
D diagonal and an orthognal matrix P such as D = PTMP. Denoting V, = PTV,P,
W, = PTW,P and Q = PTQP, an equivalent Wishart process can be deduced by this
rotation

AV, = (BQTQ + DV, + V,D)dt + \/ V,dW,Q + QT dW," \/;t
Therefore, only eigenvalues of the mean-reversion matrix M matters in the specification
of volatility dynamics .
Although, M and @ can not be generally considered both diagonals, this particular case
is first analyzed to set up the approximations method and to compare this model to a
classic multifactor Heston model as seen later.
In the original article of Bru [3], there is the additional condition that M and Q'Q
commute, what allows to find a rotation which simultaneously make M and () diagonal.
This condition on the Wishart volatility model is not taken into account in finance but
could justify this first choice for a restricted case. The general case of a full matrix @) will
be brought up in future researches. In the case of the dimension 2, the parameters of the

model can be written as follows

—my 0 ¢ 0 P11 P12
M = = R= .
( 0 —mz)’ “ (0 Qz)’ (ﬂzl pm)

Let v; = —= for i € {1,2}, o(u,w) = Vu+w. The quantities v; correspond to a ra-
tio between volatility of volatility and the square root of the mean-reversion parameters.
Like for the standard method of singular perturbations introduced by J.P Fouque and al.
[14, 15, 16], we keep those quantities as constant values. Indeed, the method of singular
perturbation consists in perturbating a process such as its stationary distribution is non-
degenerated and particularly has a non-degenerated covariance matrix. This choice allows
to preserve the homogeneity between the drift and volatility parameters what allows to

have a non degenerated invariant measure.

The covariance matrix of the Wishart process will depend only on ¥:(h) = foh e"MQTQehM" s

which is the covariance matrix of the underlying Ornstein Uhlenbeck processes (Section
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1.2.2). Therefore, in this restricted case, the covariance matrix of the Wishart process

depends only on the values v;.

Comment 3. By taking expectation, it is easy to calculate the following expressions

EVIIF) = 20 - 2 eploam, (1 - 1)
BRIF) = s 2 - 2 elamu(r )
BEIF) = Vel (mi o+ ma)(T )]

Consequently, 7, = %ml fori € {1,2} are mean-reverting times of Vp and 612’1'2 fori e {1,2}

correspond to the asymptotic mean of the diagonal components of Vi when T goes to

infinity.

3.2 Perturbation Method of the Riccati equations

In this part, a method of perturbations based on the affine properties of the model is
presented. Indeed, the perturbation of the Riccati equations provides an asymptotic de-
velopment of the Call price.

This method consists in the pertubation of the parameters of the volatility process like
in [14, 15, 16] taking into account the affine properties of the model. In a short maturity
case, this method is really similar from an asymptotic approximation in short time like
in [13] but is a little different. Indeed, as noted in Section 3.1, during the perturbation
process, there is a constraint between the drift and the volatility of the process (in the
Wishart case, the coefficients v; remain constant). Besides, this method can be used for a
multiscale volatility framework as described in the next section.

Finally, this procedure is efficient and allows us to reach higher orders than standard per-
turbation methods like the singular perturbation method on partial differential equations
that appears really complicated after the first order [2]. The affine properties allow an effi-
cient, easy, and general procedure. Remember the homogeneous Riccati system associated

to the Wishart volatility model where for simplicity, we use the notation 6 = iy

Ar) = @In + A(T)M + (M7 +20RTQ)A(1) + 2A(T)QTQA(T).

C'(r) = r0+BTr[QTQA(T)].

Then, a development of the function A furnishes instantly a development for C.
Consider the case where of the dimension n = 2. Thus, there will be two characteristics

orders in the perturbation € and 6 that will be defined precisely for the short maturities
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case and the two-scale volatility case. Let us focus on a development of the solution A(r)

of the form

Alr) = Y eboiAl(r).
,J

Injecting this development in the perturbed Riccati equation and identifying terms in e
and 0 provides the expected approximation. In the following, this method will be applied

for two important cases : the short maturity case and the multiscale volatility case.

3.3 Smile dynamics for short maturities

Observe the case of short maturities (17" — t) < 71, 2 meaning that the option maturity
is much less than the mean-reverting times of the volatility components. In other words,
the volatility V; does not fluctuate a lot around its starting value. It is a short maturity
smile because the maturity of the option is small in relation to the characteristic times
of the volatility process. Consequently € = m; and § = my are small in relation to (T—l_t)
Keep in mind that the quantities v; remain constant.

The method is detailed for the short maturities case and the procedure is presented for
an approximation at order 1 i.e in (1/z, v/0) and at order 2 i.e in (g, ). First, rewrite the

Riccati equations

A (1) = wlﬂ + e(A(T)My + My A(T) + 2A(T)Q3 A(T))
+ 20vERTQLA(T) 4+ 20V6RT Q. A(T)

+ §(A(T)My + My A(T) 4+ 2A(T)Q3A(T)),

with the following notations

10 00
MIZ(OO)’ MQZ(O 1), M:—EMl—éMz.

Q = \/El/lMl + \/SVQMQ, Q2 = €V12M1 + 5V22M2.
u v .
Vo= ( - ) ., O0=17.

3.3.1 Development of the Riccati function A and C

By perturbating the Riccati equation, at order 2, a solution is looked for under the follo-

wing development

A1) = A (1) /e A (1) VA (1) +e A20 (1) +8 A2 (1) ++/e VS A (1) +0 (max (e, 6)) .
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Consequently, injecting this formulation into the Riccati equations and doing calculations

step by step, gives the expected functions

AO’O(T) _ @7—[}

AN(r) = wﬁﬁ (R"M).

A% () = wwﬁ (RTMQ)-

a0 = (0= 1) Tt (70 = Lot 60— 1 T

3 0(0—1 3
A2(r) = (1) %yg (R™M,)* — %#MQ + 202 (0 — 1)° %Mz.

3
A7) = 6°(9—1) Toave [RTMRTM, + RTALRT M) .

By using the link between functions C' and A, the development for C' is deduced
C(1) = r70 +eC*°(7) + 6C**(1) + o (max (¢,9)) .

where
02,0(7_) — /81/129 (94_ 1)7_27 00,2<T> — 6V229 (04_ 1)7_2.

3.3.2 Approximation of the Call price

By considering the previous expressions, it is possible to find a Taylor expansion of the

Fourier transform of Y; = log(.S;)

@, (T,0) = exp | U(T — ) (utw) + Oy + (T — )0 +
1+ ETr (AYV,) + VoTr (A%1VG)
te [Tr (A20Vp) + C20 4+ L (Tr (AVOVp))?
+0 |Tr (A%2Vp) + €02 + L (Tr (A%1V5))°

+VEVD [Tr (AMVy) + Tr (A%V,) Tr (AMVp))]
+o (max (g, 9))

with the following formulae

02 (0 — 1)

Tr (ALOVO) = Tl/l(T —1)? (pr1u + p1ov).
Tr (Ao’lvo) = MVQ(T — )% (paow + po1v) .
re (o) = 0001 T2 (ki)
— M(T —0)%u+120% (0 —1) uu

2 6
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02 3 (T—1)° 5/ 4
Tr (A™Vy) = 6° (0 — 1) ———13 (psw + pazp21v)

_ -y (6-1) (T — t)%w + v26% (0 — 1)° —(T _ t>3w.

2 6
(T —t)°

Tr(AYV) = 6°(0-1) T3 vz lpien (Ut w) + (p22p1z + prapm) vl

We recognize the Fourier transform in the Black-Scholes model (Formulae 2.13) with a
volatilty & = \/u + w.
This expansion at order o (max (e, d)) must be analyzed checking that the neglected terms
have to be small in comparison to the first terms of the development. The main question of
this procedure is how the price approximation can be infered from the Fourier transform
development.
In a general way, assume that there is a development for the Fourier transform under the

form

(T y) = P%(0)(T.7) Y 205 Piy(iv).
4,3
o . 9 14 BS() e \aBS(3)
where P, ; are polynomials in R, [X]. Noticing that P[7]®,”"(T,~) = P(i7)®,”" (T, ~)

with Formulae 2.13, the price of a european option is given by
i 0 BS(s
Cy(T, k) = ;525234 (a_y) CP5NT k).

Moreover, the expressions of the successive derivatives of the price with respect to the log
spot y = log(Sy) are needed and can be easily calculated.
Consider non standard notations for a = log(Ke™ "™ ™) + 10*(T —t) and n > 2, APS" =

0"CBs(s) 9" 1Cps(o) . a—y
i v One can notice that —== = —dp.

A useful recursive relation was found allowing the calculation in the Black-Scholes model
of Call price succesive derivatives with respect to the log spot y (see Appendice C for

explicit calculation of successive derivatives)

8"035 (9"*1035 (CL — y) 8"*1035 B 8”*2035

>4 =
vn > ’ 8yn ayn—l + o2 (T _ t) ( ayn—l ayn—Z )
_ n—2 n—3
_ Anod) (O Ces O G, (3.1)
o?(T —t)" oym2 Jyn—3

Using classic formulae in the Black-Scholes model, the development for the Call price can

be determined

P = P% 4 \/ePY0 4 /5P 4 cP20 4 5P%? + \/eV/6PY 4 0 (max (¢, 6)).
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with

pYo = CBS(o) oc=+vu-+uw.
(T —t)? vo(T —t)?
P = —1< 7 ) (p11u + p12v) Afs’?), P = —2( 5 ) (p22w + p21v) AyBS’3.
(T —t)* [ Br} vi(T —t)3 1
P = oo A 3 phu+ pupiov + gu | A
(T =t pss  Vi(T—1t)* 2 (ABS6 _ ABSS
_TUAy ’ +T(P11U+p120) (A70 = AS>).
(T —t)* [ Br3 v3(T —t)3 1
p%? = 5 22 —w AfS’Q + 27 3 PaoW + Paapa1v + SV AyBS’4
v2(T —t)3 v2(T —t)*
. 2( . ) wA55,3+ 2( < ) (p22w+p21v)2 (Afs’6—AyBS’5).
vive(T —t)3
PYt = %) (p12p21 (U + w) + (p11p21 + p2rpi2) v) AESA
(T —t)4
+% (pr1u+ p12v) (p22w + p21v) (Afs’G - Afs’5) ~

Finally, an approximation of the price at order o(1/z,v/d) is highlighted
1 1 p3cPo@ p2cPo@
Ci(T,k) = CP(T.k)+ [ﬁiﬂvij’pn + \/5§P22V2M(T —t)] (E)tyg(T, k) — #(T, k)

+  o(maz[v/e, V).

3.3.3 Approximation of the lognormal implied volatility

From a price development, a development of the lognormal implied volatility can be

infered. The same kind of development is considered
5 =500 4 /ent0 4 VER0! 4 o0 4 5502 4 /e8! + 0 (max (6,6)).  (3.2)

By injecting this development in the Black-Scholes price, a Taylor expansion around 39

furnishes another expression for the Call price

P - CBS(EOvO) ‘l‘ \/EEI’O <%|U:EO’O> + \/320’1 (%L.ZEO,O)

2,0 ( 9CBs(o) 1 v11,002 [ 9°CBs(o)
+e by 8—0"0:20‘0 =+ 3 (E ) TLT:EO’O
oCg 92 Cps(o)

+4 0,2 —85(0)‘0220,0 +%<EO’1)2 902 ‘a:EO’O

+VEVE (T (2522 g0 ) + SHOEOL (T 500 )
+o (max (¢, 9))

. Cpso 9°Crss
In the following, we denote Vega®® = =222 o0 and Vomma®® = =279, _soo.

Finally, by comparing this expression with the development 3.2 obtained previously and
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by using classic expression in the Black-Scholes model (see Appendice B), the development

of the implied volatility is specified

YOO = Vu+ w.

pto nvIT —t
21’0 — = — 1 d .
VegaBs 2 (u+ w) (pr1u+ pr2v) (do)

pot vo /T —1
20’1 — = — d .
VegaPs 2 (u+w) (P22 + p21v) do

po_1 (219 Vomma®Bs

20 _

= VegaPBs

s02 _ P%? — 1(201)? Vomma®s
VegaPs '

o PLL _ Y1001V ommaBS
VegaBs

Therefore, we can obtain an explicit expression of asymptotic smile at order (g,0) but the
formulae is too long. For instance, at order (v/z, \/5), an explicit and concise formulae for
the smile can be deduced

R \/gpl,()(t’ }/t, ‘/;11, ‘/;21’ ‘/1322) + \/SPO’I(t, Y;g, ‘/;5117 ‘/;12, ‘/;22)

S(T,K) = JTr(V) + ) (3.3)
af, (T7 K7 TT(V}/))
= Tr(V;)
Lo (P11 V' + p12Vi"?) + Q2(3P22Vf2 + pa V%) log(Ke—"T=D) _ v, + Tr(V)(T - t)].
2(Tr(V;))? 2

Notice that \/Tr(V;) is the stochastic volatility and is also the implied volatility at the
forward money (K = F, = "*+"(T=9) and for very short maturities (7' = ). Furthermore,
an expression at order (y/£,v/d) of the skew at the forward money is obtained and one

can check that this formulae corresponds to the one obtained by Durrleman (Theorem 3)

0%,
8_K(T’ Fi) ~

a(p V7 + p12Vit?) + qo(p2 V2 + pa Vi)
2(Tr(V,)): F,

This expression shows that the sign of the skew can be driven by the parameters of
the Wishart model and particularly with the correlation parameters. Finally, we have
obtained a development of the smile for all strikes (not just at the forward money) and
in maturities. This approximation is constrained by the fact that the maturity option T’
has to be much less than the characteristics times of the volatility process 7; and it is also
clear that this approximation will be more accurate in the neighborhood of the forward
money (Section 3.5). In the next section, we will deal with the case of options with a

medium maturity.
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3.4 Smile dynamics for two-scale volatility

In this section, the case of a two-scale of volatility is brought up what means 7 <
(T' —t) < 7 or in other words ﬁ < (T-1) 2—17112 Consequently, there is a first
component of the volatility with a fast mean reversion and a second with a slow evolution.
The introduction of a multiscale volatility allows to obtain a persistent skew for a medium
maturity. The perturbation method, already presented before, is applied to prove this
observation and to analyze the smile. The method is the same than for the case for
short maturities but the calculations are more complicated. The most important steps
of the procedure as well as the important results are described but some intermediate
calculations are left to the reader. The first Riccati equation can be studied under the

form

A = MO A - M AG) + 24 AR)
L o T
+ ZG%R Q1 A(T) + 20V RT Q. A(7)

+ 8(—A(T) My — My A(T) + 2A(T)Q5A(T)).

with the following notations

10 0 0 1

1 1
Q= _gl/lMl + \/5V2M27 Q2 = g’/lel + 5’/22]\/[2,

1
n=(u 0 ). o=n

The development of the function A at order (g,0) is given by
A(r) = A7) 4+vEAM (1) +VBAY (1) +e AP0 (1) +0 AP (1) +/e VAN (7)o (max (¢, 0))

The first steps of the procedure are detailled but the reader has to carry on some calcu-
lations. Indeed, contrary to the case of a short maturity, the absence of a closed formulae
for the functions A% (1) requires an ardous identification step by step

Order % :

- 0 = —AO(7) My — MyA () + 2470 (7)Q2A (7).

Hence, A%°(7) the form is deduced

0= i)
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Order L :

/e
0 = —AY)M; — MAY(7) 4+ 2AY0(1)Q2 A% (1) + 24 (1) Q1AM (1)
+ 20RT Q1 A"O(1).

Since A®(7)Q, = Q1A%°(r) = 0, the equation becomes 0 = AM(7)M; + M A (7).
Therefore, A"°(7) is given by

0= (g a%:g(ﬂ) |

Order 1 :
(A%0Y(1) = —A20(r) My — MyAPO (1) + 2A4%0(1)QIA%0 (1) 4 2A%0(1)Q? A*(7)
+ 2AM(T)QTAN(7) + 20RT QAN (7)
60 — 1
L . )L,

By noticing that A®%(7)Q; = Q,A%%(7) = AYO(1)Q, = Q,AY0(7) = 0, one can deduce

0 0 0(0—1) 0
o= (0w ) 0=("5 o)
2.9

Step by step, all the coefficients A%/ (7) can be calculated. The constants obtained by

integration are considered equal to 0 given that the global function A satisfies A(0) = 0.
For information, the results of the procedure at order 2 are given so as to carry on the

approximation procedure and to give a benchmark to the reader.

0 0 0 0 0 0

ALO — AO,I _
0 9(9_1)T> ) (1) ( 0 0) ) (1) ( 0 92(92—1)[)22”272) ’
0

2

-1 0 0
4 A0’2 — .
0 0) ) (T) ( 0 93(6:';1)p%2y227_3 o 0(9;1)72 + 92(9(;1)2 V22T3) )

(
(
AM(r) = (8 #6- 1 2) - A = (8 e 1);)21@7)7

P12P21V1V2T

2(9_

e (i Yo 0 31y - (Y 20° privivepan (0 — 1)7

62(6—1) ’ (1) = ’
5 P12V1 %

62(6—1)2 63(6—-1)
A4,0<T):< vt + S o)_

0 *

03(0—1 2
%plwlplz *

Concerning the function C, the third Riccati equation allows to obtain the following

development
C(1) = C*(7)+vEC™ (1) +V6CO (1) +C* (1) +6C% (1) +/EV3C (1) +0 (max (e, 5)) .
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where

0(0 — 1)

%1y = rro+ ﬁ/ Tr(QiA*(s))ds = r16 + BUiT.
0
T 2 -1
cH(r) = B/ Tr(Q2A%(s))ds = %Byfmlr
0
COlr) = 5 [ TrQA(s)ds o
0
T 62(0 — 1)? 63 0
() = 5 [ rr@iatonas = L gt - HO D gt
0
4 00 —1
C%%(r) = B/ Tr(Q2A%(s))ds = ( )BV227'2.
0
i) = B / Tr(Q2A™ (s))ds = 0.
0
3.4.1 Call price and smile approximation
As before, the Fourier tranform expression can be calculated
@ (T.0) = exp [U2(T — ) (5 +w) + 0y +r(T —1)0] «
[ 1+ E[Tr (A1) + C’lo]—|—\/_Tr(A01V0)
+e [Tr (A*0Vg) + C20 + L (Tr (AMV) + C10)%)]
+6 [Tr (A%2Vp) + €02 4 L (Tr (AOJVO)Q)]
+VEVS [Tr (AMVG) + (Tr (AYV) 4+ C10) T (A%1V;)]
i +o (max (¢,9)) ]
with
Tr (AYVy) = o.
2(p —
Tr (AOIVO) = nggygw(lﬂ — )%
Tr (All‘/o) = 93(9 - 1>p21p12V2V1U}(T - t)2
00 —1
Tr (AQ’OVO) = ( 1 )u
630 —1 00 —1 626 — 1)?
Tr (A%V) = %p%QVSw(T — )3 — ( )w(T — )2 + %V%U}(T —1)%.

In regard to the smile for short maturities, the same procedure allows to find the expected

approximation. Moreover, this method is easier to implement than the singular method

[2] and an expansion at order 2 is given. The premium can be developed as follows

P =P 4 /ePY 4 VoP" + P 4+ §P%2 4 \/eVOPY 4 0 (max (g, 0)) .
with
2
1%
P* = COpse), 0= %4‘
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pLo ﬁﬂllV%iT —t) A;BS,?,’ pol — P22V2(7;_ t)QwAyBs,s‘
1 1 1
P20 = PS4 AT — t)o (AP — ABS) + Lguth (T — )AL

132p1 (T —t)* | gse BS)5
5 16 (Ay ’ _Ay ’ )

1 1 1
PO = 2BV (T — A% — Sw(T — 12 A) 4 S phprfu(T — A

1,032”22(T - t)4w2 (ABS,G . ABS,5)
2 4 Y Y :

Bpuvi (T —t)° pyrow (ADSS _ ABS5)
4 2 Y Y ’

1
+orw(T — 1) (APS = ADS3)

Pl’l fd p21p121/2V1w(T - t)QAfsA +

As it was done before for the short maturities case, by injecting the Taylor expansion of
the implied volatility for Call options in the Black-Scholes model, and by comparing both
approximations of the price, an approximation for the implied volatility at order (g, ) is

deduced

Y = yw+ %V%
pLo 1 v
o= == —-Bpudo.
VegaBs T t(ﬁTVf +w) 4
pot 1
w0 = == @Pzledo

VegaBs \/T——t(%”% +w) 2

P20 — % (21’0)2 Vomma®?®

20 _

= VegaPBs

$02 _ PY2? — % (2071)2 Vomma®?®
VegaBs '

2171 _ Pl,l o El,OzO,lvOmmaBS
VegaBs '

The approximation is available at order (g,d) but for a better readibility, we will present
only the expression of the smile at (/,v/0)

3 % + V22 + \/gpl’o(tvy;h‘/EQ) + \/5P071(t7Y;aV;€22)
t

Zt(T) K) = 2 GCBS B 2
87;— (T7 Ka \/ 12/1 +V;‘,22)
2
1%
_ 521 + V22
o (T— B} 22
1 ‘J% q2 9o log(Ke r( t))—Yt 5 Vi
= T-1tV, .

For a two-scale volatility, the implied volatility $%0 = 4/ ’BTV% + V;?? at order 0 is a combi-

nation of the long term and the short term through the stationary value of V' and the
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initial value of V22, Moreover, the skew around the forward money (K = F, = e¥1+7(T1)

can also be infered at order (y/2,v/6). The analysis is focused on the skew in order to give
characteristics of the model related to the stochastic correlation. But it is obvious that

the same reasoning can be done for convexity and slope.

a2 22
- N = [ Bpi1 + = p2Vi
0K F, (5_;f +V2)3 4m3(T — t) 2 !
1 1 € 1%
~ 15 T\/——tﬁpn + gﬁpm‘/}m]. (3.4)

Fu (Bt 4 vyt
This formulae underlines that the skew splits up into two components : the first one,
proportional to pi;, coming from the fast mean-reversion volatility component, and the
second one, proportional to poy, is persistent and proceeds from the slow variation com-
ponent of the volatility. Besides, this expression is also obtained as a combination of

Heston formulaes for short and long maturities [1].

3.5 Numerical Applications

This part is devoted to numerical applications. Indeed, this section lays the emphasis on
the error of the approximation as well as the influence of some parameters like the matrix
R and the matrix @) on the smile. It is noticeable that for a range of parameters (a set of
parameters in a classic market), this approximation can be used for calibration. But when
the parameters overstep some bounds, the approximation does not furnish a calibration
tool but carries on providing an idea of the level and the shape of the smile as well as the

influence of parameters.

3.5.1 Short maturity smile

Let us handle now the case of a short maturity smile with (7' — t) < 71, 7
Consider the followings values for the parameters of the model allowing standard dynamics

for the volatility in short maturities

0.02 0.01 —0.05 0 0.02 0
f=4, =0 W= (0.01 0.02)’ M= ( 0 —0.05)’ ©= < 0 0.02)'

The matrix of mean-reversion M gives the speed at which the volatility process returns to
its mean. The matrix ) corresponds to the volatility of volatility which is the most signifi-
cant parameter of the stochastic volatility model concerning the evolution of the volatility
and the dispersion of the volatility around its expected value. First, the matrix ) was

chosen so that the volatility does not reach quickly the asymptotic volatility when this one
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is far from the initial one (g = /Vg™ + V@2 = 20% and Yo = /5 (v} + 13) ~ 17,8%).
This case is common in a classic market.

Numerical applications underline the effect of the correlation matrix R on a smile for a
maturity 7' = 6 months. Indeed, when R is diagonal, parameters can be found so that the
Wishart volatility model corresponds to a multifactor Heston model described for example
in [5]. Then, adding non-diagonal components for R allows more flexibility concerning the
stochastic correlation and the skew because they will also depend on the new factor V;'2.
The study is restricted to the case when M and @) are diagonals because it is the frame-
work of this approximation, nevertheless a general matrix R can be considered in order
to glimpse the flexibility of the Wishart volatility model. The impact of the non-diagonal
components for M and () will be studied in future researches.

Characteritic times of the process V are denoted 71 = ﬁ = 10y and 7, = ﬁ = 10y.

Then, this framework deals with a ”short maturity” case. At ¢t = 0, we have calculated the

smile by FFT (Fig. 1) and the approached smiles at order 1 and order 2 (Fig. 2 and Fig. 3).

Short Term Smiles FFT

BRI R R N RN S S R SR R SR S R R S

R12=R21=0

o e e e

21,0% - —R11=-0.1
R22=-0.6

20,5% f------- R12=RZ1=0

= © —R11=06
19.5% R22=-0.6
R21=R12=-03

19,0%

© ——R11=-01
18,5% : , , i : : : . , R22=-0.1
R12=R21=0

60 70 80 90 100 110 120 130 140
FIGURE 1 — Short term smile by FFT (T = 6m < 71 = 75 = 10y)

As expected, all components of the correlation matrix R contribute for the generation of
the skew. Indeed, the more the components p;; and pos are negative, the more the skew is
negative. That is not true for p;5 and po; since they are multiplied by Vi, and V5; whose

are not necessarly positive.
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Short Term Smiles at the Order 1
T T T R A AT AR S R AT AT

—R11=-0,6
R22=-0,6
4 vk R Tk, e e R S S S P R12=R21=0
b Rt N e s R —R11=-0,1
R22=-0,1
BO% T e e TS S S R B T TS R12=R21=0
20H o e e o = S —R11=-06
R22=-0,6
s 1 A LR L e e Ll L R E i R12=R21=-0,3
POUIOG S e B o S L e s e e o ——RI11=0:1
R22=-0,1
18,5% T T T : " : 5 ; : R12=R21=0

60 70 80 S50 100 110 120 130 140

FIGURE 2 — Short term smile at order (v/&,v0) (T =6m < 71 = 75 = 10y)

Short Term Smile et the Order 2

22,0% ——R11=-06
R22=-06
21,5% R12=R21=0
21,0% —R11=-0,1
R22=-0,1
20,5% R12=R21=0
20,0% —R11=-06
R22=-06
19,5% R12=R21=-0,3
19,0% __——R11=-01
R22=-01
18,5% . ; . . ; . ; i i R12=R21=0

60 70 80 80 100 110 120 130 140

FIGURE 3 — Short term smile at order (¢,0) (T’ = 6m < 71 = 72 = 10y)

In order to quantify the accuracy of this approximation, figures are presented (Fig. 4 and
Fig. 5) describing the difference between the approached smiles and the smile obtained

by FFT.

Error at the Order 1

D2 =S e s e e e L i e U S —R11=-05
s R22=-0,6
0 R12=R21=0

D0a15 ——R11=-01
e R22=-0,6

R12=R21=0
0,0005
0 —RI11=-056
N R22=-0,6
R12=R21=-0,3
-0,0005
—RI11=01
0,001 R22=-0,1
R12=R21=0

IS s s s s e e e R e e

FIGURE 4 — Error for short term smile at order (v/2,v9) (T = 6m < 7, = 7 = 10y)
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Error at the Order 2

o0aL —R11=-0,6

R22=-0,6
R1Z=RZ1=0

1,11 R . e e

0,0006 |-~ R~ m o

——R11=-0,1
R22=-0,6
R12=R21=0

OO0 = Rl conens s csen s s s

0,0002 -
. —R11=106
R2Z=-06
R1Z=R21=-0,3

0 4
-0,0002 +-80...70_

. O
R22=-0,1

R1Z=RZ1=0

ADO06 ===~ === === e Y

AODO08 L =-- Do mm e Slisilnlliiin

FIGURE 5 — Error for short term smile at order (g,0) (T = 6m < 1, = 75 = 10y)

The approximation gives very good results and the approximation at order 2 is accurate
enough to be used as a calibration tool : one can see that between the strike 80 and 120,
the error is below 5 x 1075, This error is totally acceptable by practitioners in a calibration

prospect.

An unrealistic case is presented where the volatility of volatility matrix @) is outstanding
so that the volatility explodes when maturity tends to infinity. Only the matrix @) is
changed to see its influence on the smile and the behaviour of the approximation in a
"tense” framework. With these market conditions, the approximation is not good enough
in a calibration prospect, but keeps on giving a good shape and level of the smile and

consequently a good idea of the impact of the parameters.
0.02 0.01 —0.05 0 0.1 0
p=4 r=0, VO_(O.Ol O.OQ)’M_( 0 —0.05)’ Q_<O O.l)'

In this case, a great asymptotic volatility (Zo = (/217 + 13) ~ 89%) is considered and
the smile is wealthier as it can be seen in Fig. 6. First, the level at the money (ATM)
of the implied volatility at 7" = 6 months is about 24% and is then very different from
the initial volatility which is Sy = /Vj'' + V22 = 20%. Moreover, on can obtain a real
"smirk” with these parameters, in the fourth case for instance (Fig. 6).

The Black-Scholes volatility used in the FFT pricing with Formulae 2.14 is ¢ = 24, 22%
which is the realized mean volatility giing an account of the real level of the volatility
ATM.

Although the calibration with this approximation is impossible for those parameters,

the approximation appears to be stable enough in relation to shock on paremeters and

35



hal-00458014, version 2 - 21 Feb 2010

reproduces a good shape for the smile like the level ATM, the skew and a good behaviour

of the convexity.

Short Term Smiles by FFT ( Q not calibrated)

30% - ——R11=R22=-06
R12=R21=0
28%
26% | —nR11=-01
R22=-06
] R12=R21=0
e ——R11=-06
R22=-0.6
R21=R12=-0.3
20%
——R11=R22=-01
18% T T T T T T T T 1 R12=R21=0

60 70 80 S0 100 110 120 130 140

FIGURE 6 — Short term smile by FFT (7' = 6m < 1, = 1, = 10y)

The approximation allows to have an idea of the smile and the influence of some
parameters (very useful for a trader) but cannot furnishes a calibration tool. For the 4
sets of correlation coefficients considered, comparing the smile by FFT and the smiles

approached by the method at order 1 and 2 allows to estimate the convergence of this

method.
Approximation of the smile for R11=R22=-0,6 R12=R21=0

0,35 -
03 --
0,25
0,2 ——FFT
0,15 - ——Smile Order 2
o ——Smile Order 1
D S e e S L R SR

0 T T T T 1

60 70 B0 90 100 1i0 120 130 140
F1GURE 7 — Convergence in the case : p1; = paa = —0,6 p1o = pa1 =0
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Approximation of the smile for R11=-0,1 R22=-0,1 R12=R21=0

03 +
0,25
02 o T oo
—FFT
L ——Smile Order 2
O e e s e R S T ——Smile Order 1
005 - oo sl
i}
60 70 BO 80 100 110 120 130 140
F1GURE 8 — Convergence in the case : p1; = poo = —0,1 p1g = po1 =0
Approximation of the smile for R11=R22=-0,6 R12=R21=-0,3
0,35 -
0,3
0,25 -
9.2 —FFT
0,15 - —— Smiile Order 2
01 - —— Smile Order 1
B/05 - - ool
o

60 70 BO S0 100 110 120 130 140

FIGURE 9 — Convergence in the case : p1; = paa = —0.6 p12 = pa1 = —0,3

Approximation of the smile for R11=-0,1 R22=-0,6 R12=R21=0

0,3

0,25

0,2
—FFT

0,15 ——Smile Order 2

L e T R = Smile Order 1

L

e0 70 20 o0 100 110 120 130 140
F1GURE 10 — Convergence in the case : p1; = —0.1 pos = —0.6 p13 = p2; =0

The perturbation method becomes more accurate at order 2 : the approximation reaches
the good level ATM and the shape of the curves is reproduced more precisely. Indeed, the

smirk in the fourth case is faithfully reproduced and the smile level ATM is not far from
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the one obtained by FFT (24% Fig. 6).
For information, a complete surface of a short term smile is presented functions of maturity
and strike (Fig. 11). The slope appears very high and the smile does not flatten itself when

the maturity increases in opposition to the case of a local volatility model.

Short term volatility surface

m0,25-0,27

m0,23-0,25

W0,21-0,23

m0,15-0,21

m0,17-0,19

m0,15-0,17

Maturity

FIGURE 11 — Smile surface for short maturities

3.5.2 Smile with multiscale volatility

At present, those new values for the model parameters are taken as input

0.02 0 2 0 0.05 0
p=4 r=0 VO:(O 0.02>’M:<0 —0.02>’Q:(0 0.02)‘

Consider a maturity T' = 3y what allows the case of a medium maturity with 7 = 3m <
T = 3y < 7o = 25y. The matrix @ is chosen so that the volatility has gone from 20% until
\/ B %% + Vi#2 ~ 15,8% in 3 years (Fig. 12) : it is an outstanding change of volatility and the
quality of the method has to be tested seeing how the approximation converges toward the
real smile with these exceptional market conditions. At order 1, the perturbation method
furnishes a good shape for the skew but the level of the smile at the money is far from
the good one (15% Fig. 13). However, at order 2, the approximated smile is accurate and

the level is really close from the good one (15,7% Fig. 14).
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15,0%

18,0%

17,0%

16,0%

15,0%

14,0%

13,0%

Multiscale volatility smiles FFT (Q not calibrated)
i i e e ——R11=R22=-06
R12=R21=0

—R11=-06
R22=-0.1
R12=R21=0

—R11=-0.1
R22=-0.5
R12Z=R21=0

T T T T T T T T 1 ——R11=R22=-01
&0 70 B0 90 100 110 120 130 140 R21=R12=0

FIGURE 12 — Multiscale volatility smiles by FFT (1, = 3m < T = 3y < 7 = 25y)

Multiscale volatility smiles at theOrder 1 (Q not calibrated)

R ——R11=-06
R22=-0,6
g S S S S e e R12=R21=0
—R11=0,6
e e e e R22=-0,1
R12=R21=0
16,0% T --- TN oo - tom-mmmoeasasiiooieoioes
—R11=-0,1
i ... R22=05
R12=R21=0
14,0% -- ——R11=-0,1
R22=-0,1
— S . =), =

60 70 80 90 100 110 120 130 140

FIGURE 13 — Multiscale volatility smiles at order (v/£,vV8) (m =3m < T =3y < 7 =

25y)

19,0%
18,0%
17,0%
16,0%
15,0%
14,0%

13,0%

Multiscale volatility smiles at theOrder 2 (Q not calibrated)

——R11=-0,6
R22=-0,6
R12=RZ1=0

—R11=-0,6
R22=-0,1
R12=R21=0

—R11=-0,1
R22=-0,5
R12=R21=0

—R11=-0,1
R22=-0,1
R12=R21=0

60 70 BO 50 i00 110 120 130 140

FIGURE 14 — Multiscale volatility smiles at order (g,0) (11 =3m < T = 3y < 19 = 25y)

It is important to point out that the approximation is maybe not accurate enough for

calibration because the set of parameters was taken such as the volatility significantly
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changes. Moreover, as in the short maturity case, the procedure gives a good idea of the
smile as well as the influence of some parameters (very useful for traders). The smile by
FFT is approached by the method at order 1 and at order 2 for the same sets of correlation

coefficients (Fig. 15 and Fig. 16).

Multiscale smile error at the order 1
0005 R11=056
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FIGURE 15 — Error for multiscale volatility smile at order (v/£,vd) (1 = 3m < T =
Sy KL Ty = 25y)

Multiscale smile error at the order 2
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FIGURE 16 — Error for multiscale volatility smile at order (£,9) (11 = 3m < T = 3y <
Ty = 25y)

As expected, the skew comes from the component poy and the slope of the smile curve is
almost insensible to a change of p;; given that 7 < T'. This is what it was expected after
an analysis of the smile through the approximation formulae 3.4. We can also describe

the implied volatility surface in the case of a medium maturity option 17.
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multiscale volatility surface
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FIGURE 17 — Smile Surface for medium maturities

Conclusion

Having observed the problem of the data fitting for short or long maturities, the Wi-
shart volatility model, which is a multifactor extension of the Heston model, seems to be
adapted to solve efficiently this problem. Indeed, preserving advantages of affine models
provides semi-closed formulae for the price of some options like Call options and put op-
tions, as well as a good understanding of the volatility behaviour through the parameters
of the model.

It was natural to find a procedure, based on affine properties, that allows an accurate
estimation of the smile. This paper suggests mainly some developments for smile dyna-
mics in the Wishart volatility model. Using an adaptation of the singular perturbations
method, closed-form expressions were found concerning asymptotic smiles in the cases of
short and medium maturities. Those accurate approximation can be used as a calibration
tool in practice with classic conditions and gives also a good idea of the parameters’ effect
on the smile that could be very useful for traders.

Moreover, for an evaluation by Monte Carlo methods, a procedure of simulation was
studied for the Wishart volatility model knowing that a standard Euler scheme is prohi-
bited. Indeed, using a relationship between a Wishart process (with a degree integer) and
Ornstein-Uhlenbeck processes, an extension was suggested for a general Wishart process
(with a degree real) : in order to handle the simulation in the general case, a helpful
change of probability measure was employed using the dynamics of determinant.

Many points are reserved for future works : comprehension of the influence of the non-
diagonal components for the matrices M, ) and Vj that provides the main interest of this

model, investigations about the forward smile in order to deal more complex options in the
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Wishart volatility model, and the generalization of this model in the interest rate world
where a large number of factors is needed. One expects that this kind of model, where
the volatility is a function of a Wishart process, exhibits precisely different source of risk

existing in the market and provides enough flexibility for the generation of whealty smiles.
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Appendice

Appendice A : About exponentials of matrices

3.5.3 Définitions and properties

1. Let A be a complex matrix. The exponential of A, denoted exp(A), is the n x n

matrix given by the power series
+oo
ATL

1=0

2. Let A, B be two complex matrices. If AB = BA, then
exp(A+ B) = exp(A)exp(B) = exp(B)exp(A).

3. Let Abeacomplex matrix and {1, ..., \,, } its eigenvalues, then {exp(A1), ..., exp(\,)}

are the exp(A) eigenvalues.

4. Let A be a complex matrix, then exp(A) is invertible and its inverse is given by
(exp(A))™" = exp(—A).
5. Let A be a complex matrix, then
det(exp(A)) = exp(Tr(A)).

6. Let F': R — GL,(C), then

{det(F(b))} |

Tr Uab(F(s))lF(S)dsl = 18 | Get(F(a))

3.5.4 Exponential of matrices approximation

Many numerical methods are available to approach an exponential of matrix [25]. The
Padé approximation method was the one chosen associated with the Scaling ans Squaring
method. Consider A € M,,(C) and (p,q) € N* x N*. Then, an approximation of the
exponential of matrix

exp(A) ~ R,,(A).

where
Rpg(A) = [Dpg(A)) ' Nyy(A).
RS p+q—J)'p' ;
Nog(d) = Z (p+q)l J)-A'

Jj=
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Zq: p+q—J Ly
(p+ )il g — )

Jj=

Moreover, the article [25] underlines that if j € N such as ||A|| < 277!, then
[qu(zijA)]Qj = exp(4 + E),

where
plq!
(p+ @) (p+q+1)

This approximation of exp(A) by [Rp(277A)]? instead of R,,(A) is the scaling and squa-

1E] < 2°77

ring method.

Appendice B : Simulation of Ornstein Uhlembeck processes

Exact simulation of Ornstein-Uhlenbeck processes Let X be an Ornstein-Uhlenbeck

process which follows the dynamics
dX, = MX,dt + Q" dB,.
Then, it is easily shown that

E(XpnlXy) = exp(hM)X;.

h
Var(Xen|Xe) = / exp(sM)Q ' Q exp(sM ")ds.
0

The function, defined by f(t) = fg exp(sM)Q T Q exp(sM ")ds, is solution of the differen-

tial equation
f(t) = QTQ+Mf(t)+ f()MT

Using the linearization method ([7]), the solution of this equation can be written by

f(t) = g {(H)n).
worhe) = onew (g )]

Al last, X;, can be deduced by N (exp(AtM)X;, ., f(At)).

Euler scheme of Ornstein-Uhlenbeck processes Although there exists an explicit
expression of X, with its transition law, using this method to simulate an Ornstein-
Uhlenbeck process appears less effective than an Euler scheme. Indeed, as explained in

the next section, the Brownian increments of the Euler ccheme of the Wishart process
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can also be used to simulate the asset itself. Therefore, the simultaneaous simulation
by an Euler scheme of both the processesappears to be the most efficient method. The

discretization of an Ornstein-Uhlenbeck process is given by

Xeo, = (I +AtM) Xy, +VAIQ e, 1<k <B. (3.1)

K3

Consequently, the simulation of a Wishart process by an Euler scheme is obtained as

Xpo, = (L +AtM) Xy +VAQ e, 1<k <B.
3
‘Zfz‘ = Z Xk,tiX;ti
k=1

Finally, the simulation of a Wishart process in the case § € N is easy. The case § € R
is deduced by the change of the probability measure detailed in the previous section. For
financial applications, the Wishart volatility model is a stochastic volatility model where
the volatility is driven by the trace of a Wishart process. The parameters of the volatility
process will be calibrated on market prices. Hence, the simulation of a Wishart process in
its general form (f real deduced from calibration) is essential for an evaluation by Monte

Carlo methods in the Wishart volatility model and will be developed in the next section.

Appendice C : Standard calculations in the Black-Scholes model

Recall the pricing notations in the Black-Scholes model with the log spot denoted y =

log(z)
1 6+T(T—t) 1
dy= ——(y+1 “oVT —t.
e R AR X
d L 1 Al L VT —t
= — = 1.
0 U\/ﬂ(y_‘_ Og( K )) 20

The following derivatives can be deduced easily

o, _od_
or  O0x  oaJT —t

o _od 1

dy N dy N oT —t

od, 1 e Tt 1

gh _ 1 ~JT —t
9o~ rur—3 % x ) ts

ad, 1 ze' (T 1

Ih _ _ 1 VT =i
oo o2\/T —t Og( K ) 2
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Using the previous expression, the Greeks of a Call option can be calculated

+_ 9Cps _ ,  9Cgs
0*Cpg 1 ) 0*Cpg
e = = N v = = 227" + AY.
o2 or /—T —¢ (dl)a ayQ x +

Hence, recursive calcultation by considering Formulae 3.1 and the delta and gamma greeks

yields

83035 (a - y)
By = Y+ (IY - Ay)—02(T —

84035 . 83035' 63035 82035 (a — y) 1 y y
ayt Oy * oyt Oy? )g2(T—t) a aQ(T—t)(F — A%

85035 _ 84035 i (34035 _ 83033) (a — y) _ 2 (33035 _ 82033)
OyP oyt Oy oy ToA(T—t) o2(T—t) Oy oy? 7

86035 _ 65035' (CL — y) (85035 B 84035) _ 3 (84035 B 83035)
oy oy° o?(T —t)" Oyd oy* o?(T —t)" Oy* oys 7

The expression of the price successive derivatives with respect to o is given by

Vega®s = 8333 =o(T —t)(I'Y — AY).
o
2
Vomma®® = 88?55 = (T — t)dod, (T'Y — AY).

46



hal-00458014, version 2 - 21 Feb 2010

4 Reéférences

[1] Bergomi L. (2004), “Smile Dynamics”, Risk, September, 117-123.

[2] Bensusan H. (2009), “Risque de taux, de crédit et de longévité : Modélisation dy-
namique et applications aux produits dérivés et 1’assurance-vie”, Dissertation, Fcole
polytechnique, working paper.

[3] Bru M.F. (1991), “Wishart Processes”, Journal of Theoretical Probability, 4, 724-743.

[4] Carr P. and D. Madan (1999), “Option valuation using the fast Fourier transform”,
Journal of Computational Finance, 2, 61-73.

[5] Christoffersen P., S. Heston and K. Jacobs (2009), “The Shape and Term Structure
of the Index Option Smirk : Why Multifactor Stochastic Volatility Models Work so
Well”| http ://ssrn.com/abstract=961037.

[6] Cox J., J. Ingersoll and S. Ross (1985), “A Theory of the Term Structure of Interest
Rates”, Fconometrica, 53, 2, 385-407.

[7] Da Fonseca J., M. Grasselli and C. Tebaldi (2005), “Wishart Multi-dimensional sto-
chastic volatility”, Working paper ESILV RR-31.

[8] Da Fonseca J., M. Grasselli and C. Tebaldi (2007), “Option pricing when correlations
are stochastic : an analytical framework”, Review of Derivatives Research, 10, 2, 151-

180.

[9] Da Fonseca J., M. Grasselli and C. Tebaldi (2008), “A Multifactor Volatility Heston
Model”, Quantitative Finance, 8, 6, 591-604.

[10] Dai Q. and K.J. Singleton (2000), “Specification Analysis of Affine Term Structure
Models”, The Journal of Finance, LV, 5.

[11] Duffie D., D. Filipovic and W. Schachermayer (2003), “Affine processes and applica-
tions in finance”, Annals of Applied Probability, 13, 984-1053.

[12] Donati-Martin C., Y. Doumerc, H. Matsumoto and M. Yor (2004), “Some proper-
ties of the Wishart processes and a matrix extension of the Hartman-Watson laws”,

Publications of the Research Institute for Mathematical Sciences, 40, 4, 1385-1412.

[13] Durrleman V. (2004), “From Implied to Spot Volatilities”, Dissertation, Princeton
university, http ://www.cmap.polytechnique.fr/%7Evaldo/papers/dissertation.pdf.

[14] Fouque J.P., G. Papanicolaou, R. Sircar and K. Solna (2003), “Singular Perturbations
in Option Pricing”, SIAM Journal on Applied Mathematics, 63, 5, 1648-1665.

47



hal-00458014, version 2 - 21 Feb 2010

[15] Fouque J.P., G. Papanicolaou, R. Sircar and K. Solna (2003), “Multiscale stochastic
volatility asymptotics”, SIAM Journal Multiscale Modeling and Simulation, 2, 1, 22-
42.

[16] Fouque J.P. and C.H. Han (2005), “Evaluation of Compound Options using Pertur-
bation Approximation”, Journal of Computational Finance, 9, 1.

[17] Gauthier P. and D. Possamai (2009), “Efficient simulation of the Wishart model”,
Working paper, http ://ssrn.com/abstract=1474728.

[18] Glasserman P. (2003), “Monte Carlo Methods in Financial Engineering”, Springer.

[19] Gourieroux C. (2006), “Wishart Processes for Stochastic Risk”, Econometric Re-

views, special issue on Stochastic Volatility, 25, 1-41.

[20] Gourieroux C. and R. Sufana (2007), “Derivative Pricing with Multivariate Sto-
chastic Volatility : Application to Credit Risk”, Working Paper CREF 04-09,
http ://www.yorku.ca/rsufana/dpmsv.pdf.

[21] Hagan P., D. Kumar, A. Lesniewski and D. Woodward (2002), “Managing Smile
Risk”, Wilmott magazine, July, 84-108.

[22] Heston S. (1993), “A Closed-Form Solution for Options with Stochastic Volatility
with Applications to Bond and Currency Options”, Review of Financial Studies, 6, 2,
327-343.

[23] Katori M. and H. Tanemura (2004), “Symmetry of matrix-valued stochastic processes
and noncolliding diffusion particle systems”, Journal of mathematical physics, 45, 8,

3058-3085.
[24] Boyarchenko N. and S. Levendorskii (2007), “On Errors and Bias of Fourier Trans-

form Mathods in Quadratic Term Structure Models”, International Journal of Theo-

retical and Applied Finance, 10, 2, 273-306.

[25] Moler C. and C. Van Loan (2003), “Nineteen dubious ways to compute the exponen-
tial of a matrix, twenty-five years later”, SIAM review, 45, 1, 3-49.

[26] Osajima Y. (2007), “The Asymptotic Expansion formula of Implied Volatility for
Dynamic SABR Model and FX Hybrid Model”, http ://ssrn.com/abstract=965265.

[27] Henry-Labordere P. (2005), “A General Asymptotic Implied Volatility for Stochastic
Volatility Models”, http ://ssrn.com/abstract=698601.

[28] Saporta G. (2006), “Probabilités, analyse de données et statistiques”, Editions Tech-

nip.

48



