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A 3D DISCRETE DUALITY FINITE VOLUME METHOD FOR
NONLINEAR ELLIPTIC EQUATIONS*

YVES COUDIERE! AND FLORENCE HUBERT#

Abstract. Discrete Duality Finite Volume (DDFV) schemes have recently been developed in
2D to approximate nonlinear diffusion problems on general meshes. In this paper, a 3D extension of
these schemes is proposed. The construction of this extension is detailed and its main properties are
proved: a priori bounds, well-posedness and error estimates. The practical implementation of this
scheme is easy. Numerical experiments are presented to illustrate its good behavior.
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1. Introduction.

1.1. Nonlinear elliptic equations. In this paper, we are interested in the
study of a finite volume approximation of solutions to the nonlinear diffusion problem:

—div (p(z, Vu(2))) = f(2), inQ, wu=g, ondQ, (1.1)

where § is a bounded polyhedral domain in R*. Consider p > 2 and p’ = %. The
flux ¢ : @ x R — R3 in equation (1.1) is supposed to be a Caratheodory function
which is strictly monotonic with respect to £ € R3:

(p(2,8) —p(z,m)) - (€ —mn) >0, for all £ #n, for a.e. z€ Q. (1.2)
We also assume that there exist ¢1,co > 0, by € L1(Q), by € Lp,(Q) such that

©0(2,6) - &> c1]€]P —b1(2), for all £ € R3, a.e.z € Q,
lo(2,6)| < ca|€P™ 4 ba(2), for all € € R, a.e.z € Q. (1.4)

These assumptions ensure that u +— —div(p(-, Vu)) is a Leray-Lions operator, and
in particular (see [22])

the mapping G € (LP(Q))% — ¢(-,G()) € (Lp/(Q))?’ is continuous. (1.5)

Furthermore, Leray and Lions [22] proved that

THEOREM 1.1. Under assumptions (1.2), (1.3) and (1.4), for any source term
f e W=12(Q) and boundary data g € W'=1/P2(9Q), the problem (1.1) has a unique
solution u € WP(Q).

For sake of simplicity, the numerical method is described in details in the more
regular context f € L (©) and g continuous on 0. The possible extension to the
general case g € WI=1/2P (Q) and f € W12 (Q) is briefly explained in section 5.
The computation of the final error estimates requires the additional regularity u €
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W2P(Q). In view of the Sobolev’s injections on € in dimension d = 3 (see [1]), since
p>2>d/2 (and then % — é < %), the following continuous embeddings hold true

W2P(Q) € Wh(Q) € CQ) if ~ — é <1 é. (1.6)
p

Q

In this case, the boundary data is supposed to be g = 70(g) where g is in W2P(2) C
Co(Q).

The scheme could still be analyzed in the general case, and its numerical properties
be essentially preserved, although their proofs require much technical work, see for
instance [3].

1.2. The discrete duality finite volume approaches in 3D. Given a finite
volume mesh, the 2D DDFV method relies on the diamond formula [9] to compute
gradients of the unknown w from finite differences in two independent directions,
involving values of u at the centers and at the vertices of the control volumes (see
[16, 10, 3]). Hence, the DDFV strategy consists in building two finite volume meshes,
namely the cell-centered given mesh and a vertex centered one. In 2D, there is a
geometric duality relationship such that the interfaces between control volumes of
each of these two meshes can be gathered by pairs. These pairs of edges define the
so-called diamond cells, on which the gradient vectors are computed. The diamond
cells are quadrilateral as shown on figure 1.1(a).

Considering 3D extensions, three different methods have been proposed up to now
in the linear case ¢(z,&) = K(2)¢ (K(z) a symmetric uniformly elliptic matrix). In
these proposals, the additional mesh of control volumes is built around the vertices
of the primal mesh (figures 1.1(c) and 1.1(d)) and the diamond cells are as shown on
figure 1.1(b). The gradient is approximated by finite differences on the diamond cells
and the scheme is obtained by integrating eq. (1.1) on both the primal and dual control
volumes. In [8, 23, 2, 18], each diamond cell is composed of a pair of pyramids having

Lo

Ty

Tp

(a) 2D situation. (b) 3D diamond (c) 3D node control vol- (d) 3D node control vol-
from [8, 2]. ume from (8, 23]. ume from [2, 18].

FIGURE 1.1. Various schemes.

as base an interface of the primal mesh and vertices the two neighboring centers (see
figure 1.1(b)). In [8, 23] a 3D gradient is built from the vertex values of each diamond
cell under the condition that the interfaces of the primal mesh are either triangles or
quadrangles. This includes locally refined meshes. The construction in [2, 18] allows
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more general meshes. The construction of the dual control volumes is specific to each
method. Extension to discontinuous permeability has been proposed in [18].

Unlike in the 2D version, the primal and the dual meshes play a different role: in
[23] the domain  is recovered twice by the dual mesh and in [2] the orthogonality
condition means that the dual mesh is the Voronoimesh associated to the vertices of
the primal mesh. In reference [17], diamond cells are constructed in a different way:

FIGURE 1.2. View of a diamond cell.

choosing a point in each face of the mesh, the diamond cell is made of two tetrahedral
cells that have a common triangular base with vertices the endpoints of one edge of the
face and the center of the face; and the two neighboring centers as additional vertices,
see figure 1.2. Two auxiliary unknowns, at the centers of the face and of the edge,
are introduced to reconstruct the 3D gradient. With this two additional points, the
diamond cell now has 6 vertices, defining 3 independent directions: between the two
new points, between the two neighboring centers and between the two endpoints of the
edge. It can be constructed a gradient from the 3 finite differences in these directions.
But it remains the auxiliary unknowns to eliminate. F. Hermeline suggests several
possibilities to eliminate them. The derived schemes are in general non symmetric.
Their convergence seems to be difficult to prove.

In any case, three finite differences in independent directions are needed to con-
struct a 3D gradient. The diamond mesh constructed in [17] gives naturally these
three independent directions. According to our method, the additional unknowns are
computed by integrating the equation on a third family of control volumes associ-
ated to the new unknowns at the faces and at the edges of the primal mesh. Like in
the 2D case, the three meshes play a symmetric role, resulting in a scheme that is
unexpectedly simple to implement.

Hence, our innovative scheme is based on a three meshes finite volume formula-
tion. The diamond cells have 6 vertices organized in 3 pairs, defining 3 independent
directions in R3. The approximate gradient is easily obtained by the 3 correspond-
ing finite differences. The scheme is naturally symmetric. It is derived as a natural
generalization of the 2D method, and could eventually be generalized to higher di-
mensions. Assembling the matrix consists in gathering some local 3 x 3 anisotropic
Gram matrices (section 5.2).

This paper specifies the construction of this 3D DDFV scheme for a nonlinear
elliptic equation, states and proves the main properties of this scheme, including
some error estimates, and finally presents several numerical results in the linear case.

1.3. Outline. The meshes involved in the construction of the scheme are de-
scribed in section 2. Some discrete divergence div? and gradient V7 operators are
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defined in section 3, that are proved to verify a discrete duality property similar to
the Green formula in section 4. The approximation scheme for the nonlinear elliptic
equation (1.1) stated in section 5 reads

—divT (PP (VTuT)) = J7

where 7 is the set of the three finite volume meshes and D is the set of the diamond
cells. The discrete divergence operator maps functions piecewise constant on the
diamond cells in D to functions piecewise constant on the control volumes in 7,
while the discrete gradient maps functions piecewise constant on the control volumes
to functions piecewise constant on the diamond cells. The main properties of our
scheme, well-posedness, a priori estimates and some error estimates, are inherited
from the discrete duality property and assumptions (1.2), (1.3) and (1.4) exposed in
section 6. The numerical experiments are presented in section 7.

2. Construction of the meshes. Consider a usual finite volume mesh M called
the primary mesh. We construct two additional finite volume meshes, with control
volumes respectively around the vertices and the faces and edges of the primary mesh.
They are denoted by N and FE. The diamond cells D are defined in order to contain
one part of each of the interfaces between control volumes of the three meshes, so that
three finite differences are available inside D to construct the discrete gradient of wu.

The mesh T is the triple (M, N, FE) of meshes on 2, defined below (see figure
2.2). We refer as ¢ € T for any of the volumes in M UN U FE.

2.1. The primary mesh. The mesh M is a set of open disjoint polyhedral
control volumes K C € such that UK = Q. The interfaces K N L of these control
volumes' are denoted by F = KNL as well as the remaining boundary faces F = KNIL.
They are all supposed to be polygonal. The vertices of theses faces F are denoted by
x, and called the vertices of M, while the edges of these faces are called the edges of
M and denoted by E.

We associate to each cell K a point xx € K, to each face F a point x; € F and
finally to each edge E a point x; € E. They are for example the isobarycenters of K,
F, E.

For each boundary face F C 0f), we introduce a degenerate boundary control
volume K reduced to the face F, with center zx = x. The set of these degenerated
boundary control volume is denoted by oM.

DEFINITION 2.1. We define the relation < between respectively the vertices and
edges, edges and faces, faces and control volumes as “belongs to the boundary to”. In
other words

Ty <xp <Tp <Tx means x, COE, ECOF, F COK.

This relation is useful to describe, for instance, the subset of the edges that are
connected to a given node z, (e.g. {xg: T, < xg}), or the subset of the edges that
are boundaries of a face F (e.g. {zg: x5 < 25}), etc.

2.2. The diamond cells. Consider an edge E of a face F: zy < xz. The edge
E has two endpoints denoted by x, and x; and two neighbouring control volumes in
M UOM denoted by K and L. Using the relation <, they are defined by

xr xr
(A>-<xE—<xF-<(K).
Ty Xy,

Lwhen they have a non zero d — 1 dimensional measure
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Each of the pairs (E,F) with zy < xp defines a diamond cell that is the polyhedra
with vertices x,, oy, Tg, Tr, Tk, . More specifically, it is denoted by D(E, F) or simply
D and given by

D = D(E,F) = hull(z, y, 25, 2k ) U hull(z,, zp, 25, z,,)

where hull(+) denotes the convex hull of a set of points. The set of diamond cells is
called the diamond mesh and denoted by D. We associate to each diamond cell a
point x, € D called the “center” of D and defined as the midpoint between z and zy:

Tp = i(xE + zp).

With the center xp, of D(E, F), the diamond cell can be seen as a collection of eight
tetrahedra sharing x, as a common vertex, with three more vertices chosen within
the pairs (z,,xg), (zg, 2r) and (zk, z;,) which we denote by

D = hull (mD, (i:) , (i’f) , (f:)) ‘ (2.1)

Remark: If xp € 0N then the diamond cell D degenerates into only four tetrahedra,

because ry = x, namely
_ Ta Tg
D = hull (xr,, (%3) , (SFF) ,xK) .

The four remaining tetrahedra degenerate into the four triangles

ol (ID’ <mA) ’ <xE>)
Ty Tp
that are subsets of 9.

The six vertices xg, 1, Tn, T and xg, xp of the diamond cell D(E, F) are supposed
to be ordered in such a way that

Agp :=det(xp — x5, Tp — T, T, — xk) > 0.

With this orientation the measure of D is

1
D| = = Agp.
D| 6o
2.3. The node mesh. A control volume denoted by A is associated to each
vertex x, of the mesh. It can be defined as follows by gathering the four tetrahedra
that share z, as a common vertex within each diamond cell D for which z, is a vertex:
consider first the set

D, = {D(E,F) € D, with z, < g < zp};

X X
= hull " SRR 2.2
A D(E,HEDA u <«TD7$A, (1‘1> s <Z‘L>) ( )

This definition is valid for both the interior and boundary vertices x,. The set of the
node cells associated to the interior vertices x, € € is denoted by A and the set of
the node cells associated to the boundary vertices z, € 99 is denoted by ON:

N ={a, 2, €Q}, ON ={a, z, € 0Q}.

The node cell A is
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-

(d) Primary mesh M and an edge cell associated to zg.

FIGURE 2.1. 8D wiews of the 3 meshes for a Cartesian grid.

2.4. The face+edge mesh. A control volume is associated to each center xp
of the faces F and to each center x;; of the edges E. For sake of simplicity and because
we shall no more need to refer to the face or the edge directly, we can securely use the
same notations, E and F, to denote the control volumes associated to xy and xy: from
now on, E and F denote control volumes.

They are defined like the node cells A: consider first the sets

Dy = {D(E,F) € D, with zy <z}, Dy ={D(E,F) € D, with x5 < s}

of the diamond cells that share x or zy as a vertex; the face and edge cells £ and F
are defined by

Ta Tk 1N Tk
E= U hul F= U hul . (2.3
D(E,I<‘)EDEu <mD’ <$B> 1 (I‘L)> ’ D(E,F)EDg . <xD’ (Z‘B) e <$L>) ( )

This definition is valid for both the interior and boundary edges and faces. It is
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defined FE€ and OFE as
FE={E, 2, € QYU{F, z, € Q}, OFE ={E, x, € 0N} U{F, zz € ON}.

For sake of clarity in the exposition, the set F€& is split into £ and F, respectively the
edge cells, associated to the x, and the face cells, associated to the xy.
k Using the same notation, it can be defined the sets

Dx = {D(E,F) € D, with xp < x}

and then the control volumes K of the primary mesh M are simply

Ta Ty
K= U hull . 2.4
D(E,F)€EDg " (CED7 (9313) ’ (IF) ,mK) ( )

2.5. Interfaces within the three meshes.

The DDFV scheme is based on three finite volume formulations on the meshes
M, N and FE. The interfaces between pairs of control volumes of these three meshes
are described in terms of triangles inside each diamond cell D.

(a) Interface Ski. (b) Interface Syg. (c) Interface Sgr.
FIGURE 2.2. Interfaces in a diamond cell.

LEMMA 2.2. For any diamond cell D with vertices Ty, Xy, Ty, Ty, Ty, Ty, WE CAN
define (see fig: 1.2 or fig: 2.2)

S(D) :== KNLND = hull (xD, (i;) 7 (i‘;)) (2.5)

1
Ny, = / Ny ds = 5(1'3 — ) X (zp — ), (2.6)
Ski
S4s(D) :==ANBND = hull <x (ﬁ) , (i) , (2.7)
F L
1
Ny = / Nap ds = 5(3}, —xg) X (x, — xg), (2.8)
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where ny,, stands for the unit normal to Sk, (D) oriented from K to L, nag stands for
the unit normal to S.(D) oriented from A to B and ngy stands for the unit normal
to Sgr(D) oriented from E to F.

Furthermore, note that

1
Niw - (2, — 2k) = Nap - (x5 — 24) = Ngp - (25 — ) = iAEF = 3|D|. (2.11)

Proof. A straightforward computation shows that the interfaces between pairs
of control volumes are indeed made of triangles, and their average normal can be
expressed using simple vector products, so that eq. (2.11) is obvious. O

Finally, the boundaries of the interior control volumes K € M, A € N, E,F € FE
can be expressed in terms of the Sk (D), Sgr(D), Sss(D):

OK = DEUDK Sku(D)>  OA = DEUDA Sas(D), (2.12)
JE = DgDE Ser(D), OF = DgDF Sgr(D). (2.13)

Remark: In the case A € ON or E or F € OFE, it is important to note that the
boundary 0A, OE or JF is not easily described in such a way. Anyway they are not
needed since only Dirichlet boundary conditions are used: the scheme writes only on
interior control volumes.

2.6. Regularity of the meshes. Given a diamond cell D € D, let
NKL NAB NEF

Vg, = ——/—— v, = — Vpgp = ———
K1 ‘NKL|7 AB |NAB‘7 EF |NEF|

(2.14)

denote the unit normals (see egs. (2.6)-(2.10)) and

VgL " Vkr  Vki *VaB  VkL * Ver
Gp = | Vap " VkL Vap *Vag Vag * Ve (2-15)

Vgr * Uk Vgr " Vap  Vgr * Vgr

denote the Gram matrix associated to (vkr, Vags, Ver)-
DEFINITION 2.3. The size h of the mesh T is the maximum diameter of the
diamond cells,

hy = sup |z —y|, h=maxh,. (2.16)
T,yED peD

It is assumed that each diamond cell D contains an open ball By of diameter Ry such
that D is star-shaped with respect to By, that is {tx+ (1 —t)y, t € (0,1)} C D for any

x € By and y € D.
The constant of reqularity of the mesh is any number ¢,.(T) > 0 such that

1 |

VD € D,
D4

<olT), ®<e(m) @)

where A\, (D) is the smallest eigenvalue of Gy, (D;)i=1..s8 are the 8 tetrahedra that
compose D (see eq. (2.1)).

3. The discrete spaces and operators.
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3.1. The discrete spaces. Consider the data (u™,u", u”€) of three functions
piecewise constant respectively on the Kk € M, A € N and E/F € FE:

uM = Z UK XK, uN = Z UAX A, ufg = Zulnxlf —&—Zu)@.

KEM AeN FEF EEE

The sets of functions piecewise constant on the K € M, A € N and E/F € FE are
respectively denoted by XM, XV and X7¢€. They are finite dimensional subspaces
of any L4(Q) (¢ > 1). The finite volume unknown is an element of the space X =
XM XN x XF€ Tt is denoted by

U’T = (U’Ma U/N7 u}-g) = ((UK)KEM7 (UA)AEN7 (U’E)Eegy (’U/F)l“e]:) .
It is supplemented with boundary values
Su” = ((u)apeorm, (Us)a,eo0, (Us)z,co0, (Ur)a,co0)

that define a linear space 9X. These boundary values du? are actually determined
by a suitable projection of the boundary data g (see eq. (5.3) below).
The space X is supplied with the natural inner product

1
(’U,T,'UT)X:</ UMUM+/UNUN+/U}_E1]‘F£>
3 Q Q Q

1
=3 (Z wev K|+ Y uava]Al + Y ugvelE| + ZquF|F> . (3.1)

KEM AEN EEE FEF

For this norm, the inequality of Holder reads:

(o) x < 5 (™ o™ o 4 11 o oM e+ a7 o 107 ) 20)

Wl

< Tl 07 e (3.2)

with the notation

1/p
1
Il = (5 (0 + 11 + 1)) (33)

A linear space of vector fields will be associated to the finite volumes gradient. It
is the space Q of functions piecewise constant on the D € D with value in R?:

PeQe®=> &xo, VDED, § R’
DeED

These functions are (L9(£2)) for any ¢ > 1 and like for elements u? € X, an element
¢P € Q may also be denoted by the sequence of its degrees of freedom: P = (&)pep.-
The space Q is endowed with the natural inner product

D D D D
_ D = - mo|Dl. 4
(67,17 )q /Qf n E &b - Mo|D] (3.4)

peD
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3.2. The discrete gradient. The discrete gradient is defined for (u?,du?) €
X x 0X. Tt is a vector field in Q, denoted by VI, u? = (V2 u? )pep where

1

vweD, VEul =_—
suth 3|D|

((U'L - UK)NKL + (UB - UA)NAB + (UF - U'F)NFF) . (3-5)

The mapping (u?,0u?) € X x §X + VI u? € Q is linear with respect to (u7,du?)
and we shall need a “homogeneous” gradient, denoted by V3 : u7 € X — VZu7 € Q
defined by eq. (3.5) with du? = 0sx. It is a linear mapping from X onto Q.
LEMMA 3.1 (Properties of the discrete gradient). By construction, for each
diamond cell D € D,
1. the vector V‘guuT is the unique vector of R such that

VguuT«(zL —Tg) = U, — Uy, Vguu7~(:173 —Ty) = Up— Uy, VguuT'(xF —Zp) = Up — Upg,

2. if w(x) = uo + p-x is an affine function and ux = u(zk), u, = ulx),
ug = u(xg), up = w(xp), uy = u(x,), ug = u(xy), then

Ve ul =Vu=p inR3.

Proof. The first point is a consequence of the relation (2.11) and the second point
is a consequence of the first one. O

3.3. The discrete divergence. The discrete divergence is defined for a vector
field ¢P € Q. It is an element of X denoted by

div? ¢P = (divM P, divV €2, divi e ¢P) e X
where
divM P = (divi €P)kenmr,  divY €2 = (divy €P)ren,
div’® &P = {(divy, €”)see, (dive P )rer } -

For any control volume denoted in general by ¢ = K, A,E,F € 7, the discrete diver-
gence is the finite volume one:

|c| dive ¢P = . ED(I) -ne(x)do(z), (3.6)

where n¢ is the unit normal to 0C outward of ¢. Because of lemma 2.2 and equali-
ties (2.12) and (2.13), these discrete divergences read

K| divic€” = ) & - N, [a[diva€® = D & Nag, (3.7)
DEDk DED,
Bldive” = > & N, [FIdive€” = ) &+ (= Nu).- (3.8)
DEDg DEDy

4. Properties of the Discrete operators.

4.1. The discrete duality relationship. We first state a discrete version of
the Green formula in the spaces W' (Q) and W, P (Q):

, 3
(div g, u) o o + (6 Vi) (oo pye = 0, Yu € WoP(Q), Vg € (lep (Q))
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THEOREM 4.1 (Discrete duality identity). For any u? € X and ¢P € Q, the ho-
mogeneous gradient VguT and divergence div? €P werify the discrete duality relation

(aiv” €Pu”) + (€7, ViuT) g =0.

Proof. From the egs. (3.7) and (3.8) of the divergence and (3.1) of the inner
product in X, it is computed:

), (S S S s

KEM DEDk AEN DED,
2D G (NwJue Y Y & N)
FEF DEDy EEE DEDg

1
= —g Z §D . (NKL(UL - UK) + NAB(UB - UA) + NEF(UF - UE))
peD

= - Z |D‘§D ) VDUT = - (gpvauT)Qa
peD

using also egs. (3.5) and (3.4) for the discrete gradient and the inner product in Q,
and with the homogeneous Dirichlet condition éu? = 05x. O

4.2. The inequality of Poincaré. The discrete spaces X x X and X (or X X
{0}) can be interpreted as discrete counterparts of W1hP(€) and W, (Q) respectively.
For homogeneous Dirichlet boundary data, that is using V§ in X, it is expected that
ViIu? =0 = 47 =0 and that a discrete inequality of Poincaré holds.

THEOREM 4.2 (Inequality of Poincaré). There exists a constant C > 0 depending
on ¢,.(T) such that

vul € X, |[uT||» < C|VEUT | o

Proof. The proof makes use of the notations from egs. (2.14) and (2.15) for
the unit normals inside a diamond D, the associated Gram matrix and its smallest
eigenvalue A, (D). For sake of simplicity, consider the notations

| Ve |
3p|

| Nas|
3[p|

| Ve |
3|p|

agy, = (UL - UK) A = (UB - UA) Agr = (UF - u}:)

The expression of the discrete gradient now reads VguuT = Gy Vk1, + QapVap + Qprler
and then

3
V5uT )" = a"Gha > Au(D) Y Jasf?,
=1

2, and then

where a = (axy, @ap, agr). As a consequence, |a;|? < 1/A, (D) ‘VBuT

/2
Va2 2 (

p |NAB‘1’ |NEF|p
_ p _ p
s = ua 37|p|P e — | 3rplp )
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It remains to prove that there exists a constant C' > 0 depending on the regularity of
the meshes ¢,.(7) and on Q such that

/ WM @)Pdz < O fuy — P
Q

peD

| Nice [P
3p|D|p

el

and similarly for the two other finite differences in the above inequality. The usual
VF4 computation from [14] yields such a result (see also [4] for the LP case). O

5. The finite volume scheme.

5.1. Formulation of the scheme. The Discrete Duality Finite Volume scheme
is obtained by integrating equation (1.1) on all the control volumes of the three meshes,
KeEM,AeN,E€EandF e F [16, 10, 3]: the exact solution u verifies for all ¢ € T
(ie C =K,A,E,F):

7/&:@(5’VU(5)).ncds:/cf(x)da:. (5.1)

For any diamond cell D € D, consider the spatial approximation ¢, : R? — R? of the
flux ¢ defined by

VD ED, VEER?, (&) = |%|/D<p(z,§) dz. (5.2)

The flux (-, Vu(+)) is approximated by the vector field in Q defined by
PP (ViuT) = (po(V3,u7))vep € Q,

where 6u? = pZg € 0X is given by a pointwise projection of the data ¢ on the z,
s, Ty and xp on 082,

v.g S CO(QQ)’ pTg = (g(xK)vg(‘rA)7g(xE)7g(xF))zKESM,zA\EaN,zE,zFES.FE (53)

and V(;TuuT has been defined in section 3.2. With this approximation of the flux and
the discrete divergence described in section 3.3, eq. (5.1) reads

—div? (pP(Vi,uT)) =7Tf, suT =p’g (5.4)

where the projection 77 f = {(fi)xeas (fa)aen's (fo; fr)uee rer} € X is the piecewise
constant projection defined by average values,

VKEM, fo= ﬁ/}(f(a:)dx, VaEN, fo= ﬁ/Af(x)dx, (5.5)
VEEE, fo— ﬁ/}af(x)dx, VEeF, fr— %/Ff(x)dx. (5.6)

For any fixed values du? € 90X, eq. (5.4) is a non linear system of Ny¢ + Ny + Nrg
equations with Naq+ Ny + Nxzg unknowns, where Ny, Nar and Ngge are the number
of cells, interior vertices and interior faces plus edges of the primal mesh 7.

Remark: in the general case, g € W=V/2#' (9Q) and f € W—1# (Q), only the projec-
tions w7 for the right-hand side f and p? for the boundary data g has to be modified.
For instance fx = (f, xx) is a natural choice to define 77 and the Jk.a,... would be
some average values of g on the boundary.
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5.2. A word on practical implementation. Note that the implementation
of such a scheme does not require the construction of the node mesh A and the face
and edges mesh FE& explicitly. If the primal mesh is given with the format

A<E<F<K

that is a control volume is defined by its faces, a face by its edges and an edge by
its vertices, then a diamond cell is easily constructed by referencing its six vertices
Za,Ts, Tk, Ty, Ty, Tp. Lhis is a usual structure for simplicial meshes (i.e. tetrahedra in
3D) of Q.

The expression of the scheme requires to compute the values Ny, N5, Ngr and the
measures of the eight tetrahedral cells that compose the diamond cell (see eq. (2.1)).
The system of equations involved in the resolution of the scheme can be easily imple-
mented by iterating through the diamond cell structure.

For instance, in the linear case, ¢(z, Vu(z)) = K(z)Vu(z) where K(z) is a uni-
formly elliptic symmetric matrix, the flux in the diamond cell D is KDvguuT and
eq. (5.4) is a symmetric and positive definite linear system of equations. Its coeffi-
cients are computed by assembling the local contributions of all the diamond cells D.
The elementary matrix in D is

KDNKL : NKL KDNKL : NAB KDNKL : NEF
KD = KDNAB ' NKL KDNAB ' NAB KDNAB . NEF
KDNEF : NKL KDNEF : NAB KDNEF : NEF

with K, = |D| f x)dz. The right hand side in eq. (5.4) is split similarly in elemen-
tary contrlbutlons on the eight tetrahedra that compose the diamond cells D thanks

0 (2.2), (2.3) and (2.4).

6. Analysis of the scheme. In this section, the nonlinear system of equations
(5.4) is proved to be well-posed, uniform a priori estimates are found on its solutions
and finally error estimates are given. The discrete solution u”? will be compared to
the pointwise projection of the exact solution u, defined as in eq. (5.3) by

Vae WA(Q), pTu = (ulw) u(e), ulwe), u(e))cerinenpeencr - (6:1)

The comparison u? — p?u will be studied in the LP norm as defined by eq. (3.3) and
in the discrete WP semi norm, defined by

[u” lwiwy,r = ViU || Lo (o)- (6.2)

6.1. The discrete problem and a priori estimate. First, the discrete prob-
lem is proved to be well-posed and the discrete solution u” to be bounded in the
discrete WP norm.

THEOREM 6.1 (Well-posedness of Eqs. (5.4)). Assume that the flux ¢ satisfies
assumptions (1.2), (1.3) and (1.4). For any function f € L (Q), any boundary data
g = v(9) with g € W2*P(Q) and any mesh T on Q, the finite volume scheme (5.4)
admits a unique solution u? € X and there exists a constant C' > 0 depending only
on p, (¢;)i=1,2 and ¢(T), such that

/Q V5071 < C (I, + Mol + 102l +1alyaney) - (6:3)
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Proof. The mapping az : (u7,6u”) € X x6X — —div? (pP(VEuT)) 7T f e X
is continuous and coercitive: its continuity follows from eq. (1.5) and its coercitivity
is a consequence of theorems 4.1 and 4.2 and of assumption (1.3).

For any piecewise constant function v? € X and piecewise constant boundary

data su? € 6X, note that VI, u? — VI 07 = VZ(u? —v7) so that
(aT(uT, ouT), uT — UT)X = (— div? (P (VI uT)) — 77 fuT — UT)X
— [ ol VBT () VF T ()~ 7 (2)de — (n7 T — o)
Q

- / (2 VI (2)) - VIuT (2)dz — / (2 VT (2)) - VIWT (2)dz
Q Q

— (7rTf, u? — vT)X.

Assumptions (1.3) and (1.4) are used to bound the first two terms of the above right-
hand side:

/ (2 VT (2) - Vi (2)dz > e[ VI 2y — byl
Q

\ [ oo V3T @) V30T ()] < [ (el VETP +02) VR
Q Q

T p—1 T T
< eV, u” I V0 e + 102l Lo V5,07 -

With some inequalities of Young, we get, for any «, 5 > 0,
(aT(uT,(SuT), u? — UT)X > (Cl ap ,> IVzuTlL,
P’ 7T 025 T T
[[b1| 2 o IIbzll vt ,|| A7) - P V5.0 17

P
_ a—||uT
p

o712,

T
oo I

The inequality of Poincaré (theorem 4.2) is used to bound |u? —

lu” = o7 |17, < CIVE (" =071, < CIVET I, + CIVELT I,

At last, we can choose 3 > 0 such that ¢; — ﬂ”p, = %cl and then o > 0 such that
1o — CT‘" = %cy (C is still the Poincari; constant) and get, because |77 f|,,» <
1l o

1 ’
(ar (@, 6u”), u” —oT)  + <||b1||L1 + *||b2H”  + p,p,||f||’L’p,)

o 1 Ca 1
+( +p+p) V307 1% > el Va7 [, (6.4

Consider g € W?2P(Q) such that the boundary data is g = 40(g). Substituting v7
p?g e X and su? = p7Zg € §X as defined by egs. (6.1) and (5.3), lemma 6.8 can be
applied and results in

V307 e < Cllgllwz» -
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The existence of a solution to the scheme (5.4) is then a consequence of the
Brouwer fixed point theorem, and estimate (6.3) is a direct consequence of inequal-
ity (6.4).

The uniqueness of the solution is finally due to the monotonicity of the map
ar. Indeed, theorem 4.1 and assumption (1.2) yield, for any u7,v7 € X such that
u? # 07 (with the same boundary data du?),

(ar(@?) —ar(@T), u? - ’UT)X
= (—aivT (P (V3uT)) + divT (P (V0 )u? —vT)

- / (02, VEuT) = 92, VI0T)) - (VI (T —vT))dz

_ / (¢(2, VT,uT) — (2, VI0T)) - (VIuT — VT,0T)dz > 0,
Q

Remark: In the case where the flux ¢ derives from a convex potential ®:
0(2,8) = Ve®(2,8) V€ € R?, for a.e. z € Q, and ®(z,0) = 0 for a.e. z € 0

the solution u” of the scheme (5.4) is also the unique minimizer of the discrete energy
J7 associated to the scheme by J7 (u7) = [, ®(z, V7u”) — [ju?nT f.

6.2. Assumptions and technical lemmas. The scheme is well-posed, and
the discrete solution might be proved to converge under assumptions (1.2), (1.3) and
(1.4) only, following the 2D case [3] or another 3D approach [2]. Anyway, in order to
compute some error estimates, the following additional assumptions on ¢ are needed :
there exists constants cs, ¢q,¢5 > 0, by € L7-2(Q) and a function by € L (Q) such
that for all (¢,7) € R? x R? and almost every z € €,

(p(2,8) —w(z,m)) - (£ —n) = c3€ —nf?, (6.5)
lo(z,€) — o(z,m)] < ca (bs(2) + [P~ + InP~2) 1€ = nl, (6.6)

and for all ¢ € R3 and almost every z € (,

0 -

206 < ca (bule) + ). (6.7

For p = 2, inequality (6.6) degenerates and the assumptions becomes b3 € L>(Q).
LEMMA 6.2 (Regularity of the flux). Under assumptions (6.5)-(6.7) on ¢ and

given a function u € W2P(Q), the mapping G : z — ¢(z,Vv(2)) is well defined in

(WLP(Q))3. Furthermore, the mapping v — G is such that

IVGllLw @) < Cllvlwee @) (6.8)

with C' > 0 that depends only on the (b;)i=3.4 and (¢;)i=3.4,5-

Proof. The proof is straightforward. O

DEFINITION 6.3 (Errors of consistency). Suppose that the solution u of the con-
tinuous problem (1.1) is in W2P(Q). Consider its pointwise projection (p?u,p? g) €
X X 80X defined by eqs (6.1) and (5.3). The approximate flux associated to the pro-
jection (pTu,p?g) is exactly @D(ngpTu) € Q while there are two discrete flux
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functions associated to the function u, namely the piecewise constant projection of
©(z, Vu(z)) onto the diamond cells, denoted by P (Vu) = (¢o(Vu))yep € Q with

ep(Vu) = ‘Ta/nap(:c,Vu(x))dx

and the function {7 (Vu) = (Yo(Vu))pep € Q where the vectors ¢p(Vu) € R are
defined uniquely for any diamond cell D € D by the three equations

p(Vu) - Ny, = Fo = / o(z, Vu(z)) - ng.dz, (6.9)
UYp(Vu) - Ny = Foy i= / o(z, Vu(z)) - napdz, (6.10)
Up(Vu) - Ny = F), = / o(z, Vu(z)) - ngedz (6.11)

EF

(i.e. the numbers FP are the exact fluxes through the 8 interfaces inside the diamond
cell D). The total error of consistency is Rr(u) = (Rp(u))pep € Q where

VD €D, Rp(u)=¢p(Vu) - ‘Pn(vgngu)'

It is split as R (u) = R:(u) + R%(u) with R%-(u) = (R} (u))pep and
YD eD, RL(u)=vp(Vu)— pp(Vu)
inwvolves differences between surface and volume integrals and
VD e D, Ri(u) = on(Vu) = ¢p(VE pTu)

is related to the error of consistency on the gradient.

The next lemma are technical multidimensional results used to bound the errors
term R} and RZ, similar to the usual finite element estimates, see for instance [6].

LEMMA 6.4. Let H = {x, (x—x¢)-n =0} (v0 € R? and n € R?) be a hyperplane
in R® and o C H be an bounded polygon in H. Consider x1 and x5 in RN\H such
that (x1 —xg) - n <0 < (2 — ) -n and let K; (i =1,2) be the pyramid with basis o
and vertex x;, namely K; = {tx; + (1 —t)y, y € o, t € (0,1)}. Finally consider the
set K = K1 UKjy. For any q > 1 and any function v € Wh4(K),

1 1 hs .
'|K| /K v(z)dx — |U|/U(y)da(y)‘ < WHV’UHM(K” (i=1,2),

v(z)dx v(z)dz| < é (max hi ) |K|1_1/qHVU||Lq(K),

i=1,2 | K]

‘ 1 1
K1l Jk, |K2| Jk,
where h; = diam(K;) = max{|z — y|, =,y € K}.

Proof. The first inequality is a variant of the result proved in [12] (lemma 6.3)
while the second is an easy consequence of the former one. O

LEMMA 6.5. Consider an open bounded subset K in R? and suppose that there
exists an open ball B of center tx € K and of radius R > 0 such that K is star-shaped
with respect to B. For any q > 1 and for any function v € WH(K),

d \"n%
lv = vBllzax) < <d_1> & IVollzacr)
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where hi = sup{|z — y|, x,y € K} is the diameter of K and vg = \BI Jgv(x)de is
the average value of v on B.

Proof. The proof is an adaptation of the proof of lemma 7.1 in [11]. O

LEMMA 6.6 (Error of consistency due to the projections). If u € W2P(Q) then

IR (W)l 1 ) < 26-(T)*RIVG Lot ) < 2Cen(T)*hllullwr (0,

where the constant C' > 0 and the function G are taken from lemma 6.2.
Proof. The difference R1(u) involves differences between surface and volume
averages of the flux:

1
’Rl Vi ‘ oz, Vu(2)) - nidz — — / o(z, Vu(z)) - vdz| ,
[Nl /s, Dl Jp
1 1
|R11)(u) Vag| = ’WAB| g o(z, Vu(z)) - napdz — o] /D o(z, Vu(z)) - vapdz|,
1 1
|RS(u) - vee | = Nl Js o(z,Vu(z)) - ngedz — o] /D (2, Vu(z)) - veedz| .

Remark that each of the interfaces Sk;, Saz and Sgp is composed of four triangles
(egs. (2.5), (2.7) and (2.9) from lemma 2.2), while D is a collection of 8 tetrahedra
with theses faces as bases and, respectively, (x,x.,), (s, zs) and (2, zy) as vertices.

For sake of simplicity, let S denote any of these interfaces, S; denote the four
triangles (¢ = 1...4), z1, x2 denote the two corresponding vertices and n(z) =
Zle n;xs; (x) denote the unit normal to S from x; towards z3. The diamond cell is
composed of the 8 tetrahedra DF = hull(SZ,xk) (1t =1,...4 and k = 1,2). The cor-

responding integral normal is N = [y n(z)do(z) = S2% . Si|n; and the unit normal
isv= Z?Zl ‘éll n;. At last, consider the function G(z) = (2, Vu(z)) as defined in
lemme 6.2. Each of the 3 errors from above now reads

1 sV = |SZ|n 1 yA Z—L z zZ
Ro(w) v =2 g <si|/s.G( )4 |D|/DG( ”)
. D%| Sil,, 1
Y X s (s o |D§|/D§G<Z)dz

Jj=11i=1k=1,2

and it remains to bound ‘ﬁ Js, G(z)dz — \Tlﬂ fD? G(z)dz‘ for any i = 1...4, j =

1...4 and k£ = 1,2. Since the Dé? form a tetrahedrisation of D the following bound is
a consequence of lemma 6.4 with ¢ =1 and d =3 :

1/ 1

— G(z)dz——/ G(2)dz

[Sil Js, D] o
1/G()d 1/G()d+1/G()d 1/G()d

< |— z)dz — — z)dz — z)az — —= z)az
151 Js, [DE] /o D] Jor D5 Jo

< et |VG( )|dz+% ( max hﬂc)/ IVG(2)|dz
=

- 3|D’“| 4 of|

2 hjn /
- d
3 (ma 4|D§|> . [VG(2)|dz
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where D* = U?ZlD;? and hj = diam(D?). Finally, since D* C D,

1 ) 4 4 |§e
|RD(U)‘V|<3<,£H%QJ . )/WG z:1222 gz?

2 ik 1/
3 (z?i%ﬂfﬂ |D§|>| VGl o

2cr( )

IA

| /\

LRI TV G

because ¢,(7)[D¥| > [p| and hjx < hy < h. The vector R}(u) can be expressed in
the basis (vir, Vag, Ver) as RL(u) = RL (u)vig + R, (u)vas + Rip(u)vge and its norm
verifies

Ry (w)]* = Ri(w)" Go R (1) < A (D) (R, (w)? + (RY, (w)? + (Bhy(u)?) |

The three errors of consistency evaluated above are RL(u) - vy, ... given by
Ry - v, Ry,
Rl vy | =Gy | RL,
R} - Ve Ry

Because ||Gp |2 < %(D), it is derived the estimate

B < 20 (REw) - 1) + (B ) - va) + (REC) - 1))

Here, Apr(D) is the largest eigenvalue of the Gram matrix Gy, as defined by eq. (2.15
while A, (D) is its smallest one. Note that Ay;(D) < ||Gp|l1 < 3 and ¢.(7) A (D ) >
so that the bound on the local error of consistency reads

);
1,

2¢,.(T)
3

| Ri(w)] < 3¢, (T)=—=hID| Y[V G| L ) = 2¢,(T)*hID| VP [ VG 1

and the proof is completed by an easy summation over the diamond cell D in D. O

LEMMA 6.7 (Error of consistency on the flux). There exists a constant C > 0
depending on the mesh reqularity constant c¢.(T), on ¢y and p,q, such that, if u €
W2r(Q),

1BS(0) oy < O (I3l ooy + [l ) Nl

with g = y(u) as a boundary data.
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Proof. Using (6.6), the computation of R%(u) reads for p # 2:

’

185 = X101 | [ (e Vulo) — e,V p7u(eD) |
< 3 [ [oter Vute)) - ot 95, 7 uteie|

P’ ’
4 <b3 + | VulP~2 + |Vggp7u\p_2> ’ |Vu — VgnguP’ dz

p/(p—2) \1P'/P
dz)

< ( / lex (bs + [V~ 4+ V5 pTul"?)
Q g

p'/p
( |Vu— Vg pTu|pdz>
Q ?
because p'/(1 —p'/p) =1/(1 —2/p) = p/(p — 2). This inequality finally reads

VR () oy < €32 + IV~ V5, pT |

Lp/(p—2) Hvu_v;ngUHLP(Q)

< & (sl vy + IVl 0y + 195, D7l b)) 190 = Vi pTullnaa).
For p = 2, we simply have
[ R < > [ et ute) = (.93 pT w2z
< lbsll o< (@ IV = V3 p7 ull72 (-
The final estimate results from lemma 6.8 below. O

LEMMA 6.8 (Estimates on the projection). There exists a constant C(p) > 0 that
depends only on p such that, for any function u € W2P(£2),

IVu = Vg pTull o) < C0)er (T)* VP hullwzn (o), (6.12)
IV, P ull o) < (1 + C(p)ey (T)?HH/P) diam(Q)) l[ullw2.s (o) (6.13)

with g = y(u). The value of C(p) is specified in eq. (6.15).

Proof. By density, it is sufficient to prove the estimate (6.12) for functions u €
C?(Q). In that case, for any D € D, consider the ball By, inside D of radius Ry > 0
and such that D is star-shaped with respect to B, (definition 2.3). It is written

P
IVu = Vi pTullrie) = (Xoep ED)”” with B, = [} [Vu(z) = Vp pTul dz. Let
(Vuyp = ﬁ [z Vu(z)dz denote the average of Vu on the ball B. The estimate is
split as

By < 201 </D IVu(z) — (Vu) [P dz + ‘(Vu)B - vgngu]” D|) . (6.14)

The first term is bounded because of the result from lemma 6.5,

/D|Vu(z) —(Vu)p|’dz < % (E)phg/[)|Vu(z)|pdz.
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To bound the second term, note that, for any ¢ = K, L, A, B, E, F,
Vz € B, u(xe) =u(z) + Vu(z) - (xc — 2) + Ec(2),

with Eq(z fo (z+t(xe — 2))(xc — 2) - (xc — 2)(1 — t)dt (where H(u) denotes
the Hesblan matrlx of u). From the consistency property stated in lemma 3.1 and
because g = yo(u),

VEQPTU = Vu(z) + ((EL(Z) — Ex(2)) N + (Es(2) — Ex(2))Nap

3]
+ (Ee(2) = Bel2))Ner).

As a consequence,

Va,plu— (Vu)p ((B. = BE)Niw + (Ey = E)Nus + (B — Eg) Nye)

~ 3]
with B, = i BI f B E.(z)dz. The estimate of E is carried out as usual, with the change

of variable s = 1 — t and because |z — z¢| < hp, and then with the change of variable
x=sz+ (1 — 8)xc:

sds

|Ec| < |B| / |H(u)(sz 4+ (1 — 8)x)| sdsdz < |B|/ /B() |d —

where d = 3 is the dimension and B(s) = {sz + (1 — s)z¢, 2 € B} C D because D is
star-shaped with respect to B. Due to the inequality of Holder, fB(S) |H(u)(z)|de <

[ H (u)|| ooy |B(s)|*~/? with |B(s)| = s?|B| and it finally reads

sds

h2
|EC|S |||H(U)HLP(D)/O d(l 1/;D)|B|1 1/1’

I
|B

R B~V H (u)]l 1o o)

1
= h§|B‘_1/p||H(u)||Lp(D) / Sl_d/pds —
0 d/

Here, 2 — d/p > 0 because d = 3 and p > 2, which is also used to prove the Sobolev’s
embeddings stated in (1.6). The final estimate of the second term of eq. (6.14) is

2

1
D 7
\V4 —V < —
Vs = Vo, Pl < 3153

h%‘Brl/pHH(U)HLP(D) (| Niw| + [Nas| + [Ner|)

12
~ 3p[2-3/p

_ 3
ha| BI7VIH ()] o o) 5 1

because | Ny |, |Nys| and |Nge| < $h2 in view of egs. (2.6), (2.8) and (2.10). At last,
the bound on each Ey, reads

3 (hp\" 1 he? |p|
E.o<op-1 2 (X2} ppp - D 1L
" (2 (%) %+ a=smpiorial) 1o

and the conclusion holds because hy, < ¢,.(7)Rp, and

4 B K2 3 hd |p| _1h3
—7R} = |B| < |D| < =7=2 and then —2 < =< .
37T Bl <|DI < gmag and then 10 < o pss (BI <573
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Specifically, E, < C’(p)pcr(’f)g’(p“)hg||u||€V2,p(D) where the constant C(p) > 0 de-

pends only on p:
3 1 13\
Cpyp=2r"'{4 ——- = . 6.15
(#) G+ awrs (i) ) (6.15)

For functions u in W2P(Q), the inequality (6.13) is derived directly from the previous
one using the triangular inequality. O
LEMMA 6.9. Given q such that l -3 < < % like in (1.6), for any u € WP (1),

|Q|1/P=1/a

WWVUHM(Q) < Chllullw2 () (6.16)

flu — pTUHLP(Q) <

where C' > 0 is constant that depends only on Q and p.
Proof. Recall that p7u = (u(zy), u(zs), u(xs), U(Tr)) ke moaen pee rer 18 a triple

of piecewise constant functions, namely u™, vV and «*¢ and according to the nota-

tion (3.3),

1 1/p
HU—pT’uHLP(Q) = < </ \ufuM|P +/ \ufuN|P+/ |uu}'5|p>) . (6.17)
3 \Ja Q Q

For each of these 3 piecewise constant functions, the error is split into integrals on
the 8 tetrahedra that form a diamond, namely the (D;);=1...s as defined by eq. (2.1).
Hence, it is sufficient to estimate some integrals of the form [ |u(z) — u(zc)[Pdz for
any ¢ = K, L, A, B,E,F. If u is a function in C?(2), then u(z) — u(xc) fo Vu(tz +
(1 =t)xg) - (2 — z¢)dt and

/\u —u(xc)|pdz</ / |[Vu(tz + (1 —t)xe)|PhEdtdz

/ / |Vu(x)[Pdx < h? /Olfi (/D |Vu(:c)|qu>p/q 1D, (£)[ P/

where D;(t) = {tz+ (1 —t)z¢, z € D;} C D; because D; is convex. Now |D;(¢)| = t3|D,|
and then

1
[ 1) = el P < Wl Tl [
D; 0

R B e Rkl 27 2.

_ 1
1-3p/q
Each of the 3 integrals in eq. (6.17) is bounded by 3p/q [Vull}, Q)|Q|1 P/ 50 that,

using the Sobolev’s embedding W2P(Q2) € W4(Q), the inequalities (6.16) hold.
0

6.3. Main result and proof. Our main result is the following.

THEOREM 6.10 (Error estimates). Assume that the flux ¢ satisfies assumptions
(1.2), (1.3), (1.4) on the one hand and assumptions (6.5), (6.6) and (6.7) on the
other hand. Consider f € L¥' (Q) and assume that the solution u to (1.1) belongs to
W2P(Q).
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For any mesh T on S there exists a constant C > 0 depending on the morm
lullwer, the regularity parameter c.(T), the data 2, f, g, (bi)i1<i<s and (¢;)i<i<a,
such that
= a™ o + u =™ 2o + [l = w1 + [ Vu = V07 (|0 < Clullwza o) B/~

(6.18)

where uT = (uM,uN,uF€) € X and SuT = pTg (eq. (5.3)) are the solutions to
eq. (5.4).

Proof. With the discrete fluxes from definition 6.3, the exact solution verifies the
system of equations

—divy (Y7 (Vu)) = xZ f, (6.19)

that is the continuous counterpart of the scheme (5.4). Comparing equation (6.19)
on the exact solution u and (5.4) on the approximation u7, it is obvious that

— divy (Y7 (Vu)) + divr (9P (VI uT)) =0
and equivalently
—divy (LpD(vguuT) — (V3 pTu)) = —divy (Ry(u)),

where Rz (u) = 17 (Vu) — P (VZ pZu) € Q is given in definition 6.3. Since we take
su? = p7 g, using the discrete duality identity (theorem 4.1), the error equation reads

(@D(vguuT) - (pD(VgupTu)’ VguuT - vgupTU’)

Under assumption (6.5), the error equation (6.20) proves that
o [ VT b7l < [ Rr(w)- ViGT - pTw).
Q Q

and then, using the inequality of Holder,

p’ 7T —pTul? WP
(c5) /Q\vow pTu) S/QIRT( )

p
< (1RE ()l 0y + 1BF @)l (0 )

And from lemma 6.6 and 6.7, there exists a constant C' > 0 that depends on ¢,(7)
and on the (b;), the (¢;) and p such that

IVE (" = pTu)| o) < Cllullwzre@h *~

since p'/p = 1/(p — 1). The proof is easily completed using lemma 6.8 to get the
estimate on |Vu — V;QUTHLP(Q) and theorem 4.2 and lemma 6.9 to get the estimate

on [[u — p7ul|1r(q), because 1/(p — 1) < 1 (so that h < h1/®=D for h < 1). O
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7. Numerical tests. We exhibit the efficiency of this 3D DDFV scheme on the
linear anisotropic problem ¢(z, &) = K(z)¢. For all the tests, the source term f and
the boundary data g are built in such a way that the solution of (1.1) is a given
function u. The accuracy of the scheme is investigated in the L? and discrete H!
norms (from eq. (6.2)). The maximum principle is also examined.

The tests are carried out on four families of meshes as illustrated on figure 7.1:
some standard cubic and tetrahedrical meshes (figures 7.1(a) and 7.1(b)), a distorted
family of meshes proposed in [7] (figure 7.1(c)) and checkerboard-like meshes (fig-
ure 7.1(d)) that present a great amount of non conformal faces.

(a) Mesh 1: Cubes. (b) Mesh 2: Tetrahe- (c) Mesh 3: Prismes. (d) Mesh 4: Checker-
dra. boards.

FIGURE 7.1. The different meshes. Meshes 2 were generated with TetGen [25], meshes 3 are
courtesy of K. Lipnikov and Meshes 4 were generated with PELICANS [19].

Mesh 1 Mesh 2 Mesh 3 Mesh 4
Nbecv | Nbun || Nbev | Nbun || Nbev | Nbun || Nbev | Nb un
8 27 215 737 36 239 1210 12179

64 343 2003 T 288 2543 8820 | 96759
512 3375 3898 | 15495 2304 | 23135 || 28830 | 325739
4096 | 29791 7711 | 31139 || 18432 | 196799 - -

32768 | 250047 || 15266 | 62419 - - - -
TABLE 7.1
Number of primary control volumes and number of unknowns.

ot | | o |3k

Test 1: in this first test, the exact solution is quadratic and there is a mild
anisotropy. The data are

1 05 0
K=[(05 1 05], wu(zr,y,2)=16z(1—2)+y(l—y)+ 2(1-2)).
0 05 1

Test 2: it is the test proposed in [7] where the permeability is strongly heteroge-
neous and anisotropic and the exact solution is sharp. The data are

yr+ 22+ 1 —xyY —zz
K(z,y,2) = —xy 224+ 2241 —yz ,
—rz —yz 224+ +1

u(z,y, 2) = 23y*2 + rsin(2rrz) sin(27rxy) sin(272).

Tests 8 and 4: they are built from a rotating and heterogeneous anisotropic
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permeability with a harmonic solution. The data are

Kz’ +Kyy? (K1 —Ks)zy 0
1:2+y2 932+y2
K= | EK-K)ry Kyzx’+Kiy® 0
PR 2Z+y2 ’
0 0 Kyz +1.0

u(z,y, z) = sin(2nzx) sin(27y) sin(27z)

and the values of K1, Ko, K3 for tests 3 and 4 are given in table 7.2.

I [ K[ Ky | Ks |
Test 3 1 0.1 1

Test 4 1 | 0.001 | 10
TABLE 7.2
Ki and Ko for tests 3 and 4.

We observe in tables 7.3-7.6 an order of convergence closed to 2 in L?—norm and
order 1 convergence in the discrete H' norm. This super-convergence is classically
observed for finite volume schemes, but it remains an open problem for general meshes,
even for 2D-DDFV.

As the exact solution lies for test 1 in [0,12] and for test 2, 3, 4 in [—1,1], we
observe in table 7.7 that the positivity of the scheme is fulfilled, and that the maximum
principle is only achieved asymptotically. In the highly anisotropic and heterogeneous
tests 3 and 4, we observe in table 7.8 that neither the positivity, neither the maximum
principle hold, as it was already the case for the 2D DDFV schemes and for all the
linear schemes (see [15, 5]). Only nonlinear schemes can ensure the maximum principle
in such severe situations ([21, 24, 20, 13]).

[ Mesh 1 [ Mesh 4 I

[~z Rate | |-|lm, Rate]| |- Rate| [-]ln, Rate
0.18e+00  — [0.12e+01 - [[0.78e+00 - | 0.28e+01 -
0.37e-01  2.02 | 0.49e+00 1.10 || 0.22¢+00 1.62 | 0.15e+01  0.80
0.24e-01 191 | 0.39e+00 0.96 || 0.57e-01  1.82 | 0.77e+00 0.90
0.15e-01  2.10 | 0.30e+00 1.09 || 0.14e-01 1.91 | 0.39e+00 0.95

0.95e-02 1.87 | 0.25e4+00 0.93
TABLE 7.3
Relative L? and H' errors and rate of convergence for test 1.

ot | ol | =3k
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