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BOUNDS FOR BINARY CODES RELATIVE TO PSEUDO-DISTANCES OF k POINTS

CHRISTINE BACHOC, GILLES ZMOR

ABSTRACT. We apply Schrijver's semidefinite programming method taobimproved upper bounds
on generalized distances and list decoding radii of binades.

1. INTRODUCTION

Let H,, := [F} denote the binary Hamming space, endowed with the Hammstgrdie. One of
the longstanding problems of coding theory is to find esta®dbr the maximum cardinaliti(n, d)
of a codeC' C H, with the constraint that the Hamming distance of any pairisfintt elements
of C'is at least equal td. The best known upper bound fai(n, d) is obtained with the so-called
linear programming method, due to Philippe Delsarte, atft®ptimal value of a linear program (LP
for short) ([9], [8, Chapter 9]). Because linear programsieavith efficient algorithms, this method
yields good numerical bounds for given parametets!). Moreover, close to optimal explicit feasible
solutions have been found from which upper bounds in the ffrexplicit functions ofn andd have
been derived [12], as well as an upper bound in the asymptatige [13]. After these significant
achievements, the subject fell into a period of about twemeigrs during which nothing really new
was discovered, until A. Schrijver in [15] obtained imprdvugper bounds oA (n, d) for some small
values of the paramete(s, d), using semidefinite programming. Although these improvemsare
numerically not all that impressive, the method behind tlnoduces genuinely new ideas. In order
to explain them, it is good to go back to Delsarte’'s methodt userecall that the variables of the
Delsarte linear program represent the distribution of tiankhing distance in the constrained code.
More precisely, let

1
x; = ard(C) card{(z,y) € C*: d(x,y) =i}

Then the main idea is to observe that these variables satsfgin linear inequalities, the non trivial
ones being related to the Krawtchouck polynomi&lé(z), namely, for0 < k£ < n,

n
> KR (i)a; > 0.
=0

Schrijver’s new idea [15] is to exploit constraints tiples of points (z,y,2) € C? rather than
deal only with pairs. It turns out that the natural constimare semidefinite positive (SDP) instead of
linear. The variables of the program are

1
Fabe = card(C)
and the SDP constraints take the form
Z xa,b,cs(aa b> C) = 07

a,b,c

card{(x,y,2) € C® : d(y, 2) = a,d(z, z) = b,d(z,y) = ¢}
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where= 0 stands for “is positive semidefinite”, for some symmetricmeas S(a, b, c). These SDP
constraints are closely related to the action of the symmetoup S,, on the functional spacR»;
more precisely, eacls,-irreducible module occuring iiR”» gives rise to an SDP inequality with
matrices of size equal to its multiplicity. It should be robtinat the full group of automorphisms
Aut(H,) acts multiplicity free on the same spaké, and that it is the true reason why in the case
of the Delsarte method, the constraints are linear.

The aim of the present paper is to show that the Schrijver ogetan be used not only to strengthen
the LP bounds, but also to give bounds for other problems,hicwthe LP method does not apply.
Indeed, in recent years several generalizations of the Haghdistance, in the form of functions
(we will call them pseudo-distances) bf> 3 elements off,, have attracted attention. We consider
here three such function(x1, ..., xx), namely the generalized Hamming distanke, . .., xx),
the radial distance(z1, . . ., x;) and the average radial distantg:, . . ., ¢ ). They share the crucial
property of being invariant by the action of the automorphgroupAut(H,,) of the Hamming space.

The generalized Hammingeightsof linear codes were introduced by Ozarow and Wyner [14] in
view of cryptographic applications related to the so-childre-tap channel. The concept was later
made popular for its own sake by Wei [19]. The notion was edgento the non linear setting in [7]
in order to derive bounds on generalized weights. The gépedaHammingdistanced(z1, ..., zx)
of k points is the number of coordinates where khpoints are not all equal. Thugx1,z2) is the
classical Hamming distance. In [7], the authors derive bisuor generalized distances, focusing on
asymptotics, which are analogs of the classical Hammiragkialand Elias-Bassalygo bounds. In the
case of linear codes the best known asymptotic upper bouadsabtained in [1].

The radial distance and the average radial distance ateddlathe notion of list decoding. The
radial distanceor radius of k£ elements is the smallest radius of a Hamming ball that costéiek
points. If a code’' has the property that the radius of amyuple of pairwise distinct points is at least
equal to some value, then any ball of the Hamming space of radius- 1 intersectsC' in at most
k — 1 points. Thus a decoding procedure that outputs every cadeatadistance at most— 1 of
any given received vector yielddiat of codewords of cardinality at most— 1. The search for large
codes with given minimunk-radius is also studied in the litterature as the quest fosdmultiple
packings indeed, a code of minimal-radiusr provides a packing of balls (centered at the codewords,
of radiusr — 1) such that any element df,, belongs to at most — 1 balls. These notions have a
long standing history, going back to problems in Euclideaorgetry and to early coding theory. They
came back into the limelight some ten years ago when Sudaowtised his now famous algorithm
for list decoding of Reed-Solomon codes [16]. Blinovskij §stablishes asymptotic bounds on the
maximal number of elements of a code with given minimal radiin the process he defines an
auxiliary quantity, theaverage radiuof k& elements that we will also investigate.

In general, we are given a functighfrom H¥ into the set of non-negative integers, and we denote
by Ax_1(n, f,m) the maximal number of elements that a binary cotean have under the constraint
that f(x1,...,xx) > m for everyk-tuple of pairwise distinct codewords. Our goal is to shoat the
SDP method gives good upper bounds for(n, f, m) for modest values of, when compared with
the classical bounds. Our results provide strong motingiio the development of the SDP method,
which is far from being at the same stage of achievement dsRhmethod.

The paper is organized as follows: Section 2 provides a ipemer of the orbits of Aut(H,,)
acting onHF¥. This preliminary task is essential since the pseudo-uig® we are dealing with only
depend on these orbits. Section 3 recalls the definitionsbasit properties of the three particular
functions we consider. Section 4 defines the code invarisgsciated to these functions and recalls
their significance for applications. Section 5 settles ttlassical” bounds. These bounds already
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appear in the litterature ([7], [5], [6]) but not in the preeiform needed here: either they are settled
only for linear codes, or the concern is in the asymptotitirgptand they are not as tight as they
can be for small parameters. Section 6 recalls the SDP methidds] using the language of group
representation, i.e. following [4], [17], [18]. Section fopides some numerical results.

2. THE ORBITS OFAut(H,,) ACTING ON HF

The automorphism group of the binary Hamming sp&Ge:= F7;, denoted byAut(H,,), is the
semi-direct product of the group of translations by elemeft,, with the group of permutations on
then coordinates. The grouput(H,,) acts two-point homogeneously d@fi,, which means that the
orbits of Aut(H,,) acting onH? are characterized by the Hamming distance. In other words

(ZL’, y) ~Aut(Hpy) (33/, y/) <~ d(l‘, y) = d('xlv y/)
Here(x,y) ~auw(m,) (¢',y') stands for: there exisisc Aut(H,,) such thay(z) = 2’ andg(y) = ¥/'.
We want to study the action dfut(H,,) onk-tuples(z1,...,x;) € HF. We introduce:

Definition 2.1. For z = (z1,...,x;) € HE, and foru € F%, let

ny(z) :=card{ j, 1 <j<n:((x1)j,...,(zx);) = u}
and let the “weight distribution” ofz be defined by

W(g) = (nu(g))ug@é

For v € %, the word obtained from by flipping zeros and ones, will be denotediyn other words
7 = u + 1%. One of{u,u} has the formdw with w € F5~1, Let

nw(@) = nOw(@) + nlﬁ(@)'

The “symmetrized weight distribution” af is defined by:
W(z) = (n(2)),,eh-1

Remarks:

(i) Itis nice to identifyz with the (k, n) matrix M (x) whosei-th line equalse;. Thenn,(z) is
the number of columns af which are equal ta:

1 =000...0 ......
o =111...1 ......

Mz)= : =

rp =111...1 ......

"u(ﬁ)
(i) We haveZung ny(z) = Zwng—l Ny (Z) = n.

Proposition 2.2. o o
T ~pue(Hn) Y S W) =W(y).

Proof. It is clear thatr ~au(g,) ¥ iff 2’ ~s, v’ wherez’ = (0,22 — 21,..., 2, — 1) andy’ =
(0,92 — y1,-- -y — y1). ThenW(z') = W(y') iff W(z/) = W(y') and is left unchanged if the
coordinates are permuted. Conversely, for an appropreataytationo of the coordinatesy(z’) has

its columns reordered in lexicographic order. Another pgationT has the same effect gff; since
W(a(z")) = W(r(y')), it means that(z') = 7(v/). O
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Remark 2.3.
(i) If £ =2, we have of course; (z) = d(z1,z2) andng(z) = n — ni(z). In the casek = 3,
we have

nio +n11 = d(x1, 72)
no1 + nio = d(x2, 3)
no1 +n11 = d(x3, 1)
and the triple(d(z1, z2), d(x2, x3), d(z3, z1)) uniquely determines the orbit @f1, x2, z3).
(i) For arbitrary k, taking into account the relatioh,, n,, = n, the orbits ofAut(H,,) on HX
are described byf~! — 1 independent parameters. In contrast, the orbits:dfiples of
elements of the unit sphere of the Euclidean spgite! under the action of the orthogonal
group O(R™) need only(’g) real numbers in order to be uniquely determined, namely the
pairwise inner products of thé vectors. The orbits off* under Aut(H,,) are determined
by the pairwise distance§x;, z;) only if &k = 2, 3.
(ii) In the next section we introduce several functigis,, . . ., =) such that
flo(z1),...,0(xk)) = f(a1,...,2k)
for all o € Aut(H,). It follows from the above description of the orbits f that such
functions have an expression of the foffxy, ..., zx) = f(WV(z)).

3. Aut(H,)-INVARIANT FUNCTIONS ON H.
3.1. The generalized Hamming distance.
Definition 3.1. The generalized Hamming distancekaglements of{,, is defined by:
d(z1,...,xp) =card{j, 1 <j <n: card{(z1)j,...,(zx);} > 2}
= card{j, 1 <j <n: ((&1)j,..., (xx);) ¢ {0517}

Proposition 3.2. The following properties hold for the generalized Hammirgjahce:

() d(z1,z2) is the usual Hamming distance.
(i) Forall permutationr of {1,...,k}, d(z1,..., %) = d(Tr1), - - - Tr(i))-
(i) For all o € Aut(Hy), d(x1,...,2x) = d(o(x1),...,0(zk)). The generalized distance
d(z1,...,z) is related to the weight distribution by:

d(x1,...,z5) = Z Ny ().

w;é()k*l

(iv) d(z1,...,z_1,2,) = d(z1,...,z_1) If 2 belongs to the affine subspace generated by
Llyeee s Lh—1-
(v) “Triangular” inequality: for all v € H,,,

k
1
d(xh o 7xk) S m ;d(xh oy Li—15 Y, Ti4-1y - - - 7‘%./6)'
(vi) The distance of three points can be expressed in terms ofisaiHamming distances:

1
d(x1, 29, x3) = §(d(3«"1>$2) + d(w2, z3) + d(73, 1))
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(vii) For more than three points we have onIy the inequality:

_k— Z d(zi, xj).

1<i<j<k

d(x1,z9,...,2
(viii) We also have the inequalities:

1
d(z1,..., ) < mzd(fﬁw-wxi—lafﬂi—i—lw--afEk)

k
d(:L'l,..., E 33‘1,...,33‘2‘_1,1'@'_,_1,...,:L'k).

?vlr—‘

Proof. Properties (i), (i), (iii) are obvious.

If z, belongs to the affine subspace generated by. . , z;_1, then we can write, = Zf;ll ;T
with %71 a; = 1. Consequentely, if(z1);, . .., (zr_1);) = 0¥, respectivelyl*~!, then we have
((w1)4,- .., (z);) = OF, respectivelyl”. It follows (V) thatd(z1, . .., zk_1, 2k) = d(z1, ..., Tk_1).

The announced “triangular” inequality (v) is easily chethe the casen = 1. The general case
follows from the fact that

1) d(z1, ...,z Zd ((z1); z1)j)-

Again because of (1), it is enough to prove (vi) (vii) andijMior n = 1. In this case, let the
Hamming weight of x4, ..., z;) be denoted by, then

1 f1<w<k-1
d(wr,-- oo wk) = { 0 ifw=0k.
and
Z d(zi,z;) = w(k —w).
1<i<j<k
Obviouslyw(k —w) > k —1if w # 0, k and equal$ otherwise. Inequality (vii) follows. In the case
k = 3, w(k — w) takes only the valued and2 hence (vi).
To prove (viii), notice that we have

k k f2<w<k-2
Zd(ml,...,xi_l,wi_l’_l,...,Z’k): k-1 ifw=1k-1
i=1 0 if w=0,k
hence the announced inequalities. d

3.2. The radial distance.

Definition 3.3. The radial distance or radius df elements of{,, is defined by:
r(z1,...,xx) = min{r : there existy) € H,, s.t. {z1,..., 21} C B(y,r)}

= m;n{lrgfmé{k d(y,z;)}.

Proposition 3.4. The radial distance has the properties:
(i) 7y, a2) = [4522).
(i) Forall permutationsr of {1,... ,k}, r(w1,...,2) = r(Tr1), -+ Tr())-
(i) Forall o € Aut(H,), r(z1,.. mk) =r(o(x1),...,0(xk)).
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(iv) For all &,

r(xy,...,x5) > 11;1%Xkr(x1,...,mi_1,aji+1, ce s Tk

(v) For k = 3, we have
r(z1, x2,x3) = max{r(xy,zs), r(xa, x3),r(x3,21)}.
Proof. Properties (i) (i) (iii) and (iv) are obvious.

Let (1, z2,73) € H3. Without loss of generality we can assume thiats, 73) < d(z3,71) <
d(x1,x2) and thate; = 0. With the notation of section 1 it amounts to assume that< nqy < n1;.
Lety € H, be the center of a smallest ball containing the three wotdarly the coordinates aof at
the positions corresponding to = 00 in M (z) must be equal t0. Lety,, be the number of ones at
the positions corresponding ta We have:

d(y, 1) = yo1 + Y10 + yn
d(y,2) = yo1 +n10 — Y10 + n11 — Y11
d(y,3) = no1 — Yo1 + Y10 + n11 — Y11

We choosey such that:

yo1 =0
ng1 + nio + 2n11

Yy = | 1 1 <ni
nio — No1

yio = [0 < g

Then one easily verifies that for= 1,2,3, d(y,z;) < [203™1] thus the ball centered atwith
radius[ 217 contains the three words, z2, z3. Since

n1o +n11 = d(x1, 22) = max(d(w2, x3), d(x3, 1), d(21, 22))
we have proved that

r(z1, z2,x3) < max{r(xi,zq),r(xq,x3),r(x3,21)}.
O

Remark 3.5. For k > 4 we cannot give a nice expressionsgf) as an explicit function otV (x).

It should be noted that the determination of the ceptand thus of-(x) cannot be performed by a
sequence of local decisions at each coordinate or even &t ®#uset of coordinates corresponding to
eachu; in other words property(1) of d( ) does not hold for and it makes it more difficult to study.
However fork randomly chosen points, the distances of each point to thiecg of the smallest ball
containing them are expected to have about the same valo#hdén words the points are expected to
be close to the border of the ball. When it is the case, theusadf thek points is approximated by a
much nicer function, called the average radius (or momeimetia), introduced in5].

3.3. The average radial distance.

Definition 3.6. The average radial distance or average radius (or momertadie or moment of
inertia) of £ elements of{,, is defined by:

.1
F(wl,...,xk):mymE Z d(y,x;).

1<i<k
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Proposition 3.7. The average radius has the properties:

(i) F(ay, wg) = doLr2),
(i) Forall permutationr of {1,... &k}, 7(21,...,2%) = T(Tr1)s -+ Trk))-

(i) Forall o € Aut(H,), 7(z1,...,2%) = F(o(x1),...,0(zk)). In terms of the weight distri-
butionW(z) = (n,(x))

wEIFé*l’
1
(X1, .., Tk) = z Z min(wt(w), k — wt(w))ny, (z)
wEIFé*l

(iv) For all &,

1 k

F(Z'l, o 7‘%.]6) > E ;T(‘Tla s Ti—1, Tit1y - - - 7‘%./6)
(v) The above inequality is an equality fbr= 1 mod 2. In particular, we have
(a1, x0) + T(x2, x3) + T(23,21)
3

T(z1, 22, 23) =

(vi) Forall k,

_ 2(k—1)
T(x1,...,25) < m

T(T1, oo Bim 1, Tigds - - o5 Th)-
i=1
(vii) “Triangular” inequality: for all v € H,,,

k

k
_ 1 _
74(‘%.17"' ,Z'k) S m;r(‘rlr" s Li—1yYy Li41y--- 7‘%./6)'

Proof. Properties (i) (ii) and thé\ut(H,, )-invariance are trivial.
If the j-th column of the matrix\/ (z) equalsu € F5, the contribution of this column iy, d(y, z;)
is equal towt(u) if y; = 0 and towt(w) if y; = 1. So the minimum of this sum over allequals

> min(wt(u), wt(T) )y (z).

which leads to the formula announced in (iii). It also shokag t

T, .ar) = F(@1)),- -, (@r);)-
j=1

Consequently, in order to prove the remaining assertioes;am assume = 1. Let the weight ofr

be denoted byv. Without loss of generality we assume that eithek k/2 or w = k/2. This last

case can only happenif= 0 mod 2. We prove (v) and (vi): in the case < k/2, removingz; = 1

makesk7(z) drop byl while removingz; = 0 does not changkr(z). In the casev = k/2, k7 (x)
always drops byt. In other words,

w—1 ifx;=1andw <

(k,’—1)7(1’1,...,:L'Z'_l,:L'Z'+1,...,l’k): w if x; = 0andw <

: _k

N ES NS

and
{(k—Uw ifw< &

k
(k;— 1)2?(951,...,xi_1,$i+1,-~awk) = k;(k - 2)/2 if w= é

=1
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We obtain
k - ; k
1 T(x if w# 5
EZF(‘TL"'7wi—17xi+17"'7xk) = { ((k‘—)Q) ?(ZE) i é
= =2 2
hence the inequalities
k
((Qk:—Q L) > k:z T,y Tim1, Tig, - -, Tk) < T(2).

If k=1 mod 2, the casev = k/2 never happens so the second inequality is always an equality
For the triangular inequality (vii), we find

]{727(33‘1,. sy =Y, i1, - - - 73:]6) =

(k—Dw+k ifw<]|%]andy=

(k—1Dw ifw:%andyzl
kw ifw:%landy:
(k—1Dw ify=0

hence
k

kz?(xlw ey =1, Y L1,y - - 7$k‘) > (k - 1)’(0 = k(k - 1)F(£)

i=1

3.4. Relationships betweend, r, 7.

Proposition 3.8. The following hold:
() Forall z = (x1,...,2;) € HF,

and

(i) Fork =2,3,d(z) = k7(z).

(i) If 7(z) = r(z) then the center of any of the balls of minimal radit(z:) containing the
points(z1, ..., z) is equidistant to these points. The converse is false, is¢hee that the
points may be equidistant to somevhile7(z) < r(z).

Proof. Since

k
1
we obviously have(z) < r(z). From

1 < min(wt(w), k — wt(w)) < k/2

for w # 0~! and from the expressions given in Proposition 3.7 (iii)#ar) and in Proposition 3.2
(iii) for d(z) we have
1 1
<7(z) < = :
L) <T(2) < Jd()
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Let J be the set of coordinates where € {0%, 1*}. If we choosey such thaty; agrees witH(z;); for
j € J,thend(y,z;) <n —|J| = d(z). Thusr(z) < d(z). This concludes point (i).

(i) is obvious from previous formulas.

Let us assume that(z) = r(z) = r and lety be the center of a ball of radiuscontaining allz;.
Then we have the inequalities

_ 1
r=7(z) < A Zi:d(y’xi) < ml?iXd(:%xi) =r

thus1 >, d(y, ;) = max; d(y, ;) which means that all(y, z;) are equal to-.

We build a counterexample with = 3. If ng1,n19,n11 are even numbers, the points will be
equidistant to some point with y,, = n,,/2. We assume moreover thag; < niy < nqy;. From
Proposition 3.47(z) = (n1p + n11)/2 and from Proposition 3.7%(x) = (no1 + nio + n11)/3 so if
2n91 < nig + nq1 we are done. O

4. CODE INVARIANTS AND THEIR SIGNIFICANCE
4.1. Code invariants.
Definition 4.1. ForanyC C H,, and for f = d, r, 7, we define
fe—1(C) = min f(z1,..., 2k)
where the minimum is taken over &Huples of pairwise distinct elements@f Moreover we define
B (C) = mind(zy, ...,z
where the minimum is taken over &Htuples of affinely independent element&ofFollowing stan-

dard notation in coding theory, we let;_(n, f, m) be the maximal number of elements that a code
C C H,, can have under the conditiofy,_,(C) > m.

Proposition 4.2. The following hold:
() di(C) = d@(C) is the Hamming distance of the code
(i) dao(C) = d5"(C).
(i) 1f C'is alinear code, an@*~! < k < 2¢, dy_1(C) = d2(C).
(iv) If Cis alinear coded:®  (C) coincides with the minimurfk — 1)-th generalized weight as
defined in[19], namely:

42 (C) = min{w(D) : D C C, D linear,dim(D) = k — 1}.
wherew(D) is the set of coordinatesat which at least one element b¥is non zero.
Proof. Obvious. O

Remark. The quantityd, (C) is more natural and easier to deal with than the more intri¢&lt(C).
Unfortunately,dy (C') only coincides with the minimur-th generalized weight of a linear code for
k = 1,2, hence the definition odsz(C), originally stated in [7]. In [2] yet another generalisatiof
the minimumk-th generalized weight to non-linear codes is introducadl dloes not consider affinely
independent sets of vectors. We will not dwell on the diffieess here and our study will mostly focus
on the quantityly (C) itself, of interest in its own right since it has a naturakngretation in terms of
list decoding “radius” for lists of sizé when decoding from erasures (see section 4.2 below).

Proposition 4.3. For f = d, d*%, r,7 and for any code,
fe-1(C) < fi(C)
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Proof. It follows from Propositions 3.2 (viii), 3.4 (iv) and 3.7 {ithat for pairwise distinct:
f@r, . @) 2 fr-a(C)

respectively for affinely independent
d(z1,. .., xppr) > & (C).

Hencef;—1(C) < fi(C). O

4.2. List decoding. A list decoding procedure is a decoding procedure that dsitpdist of code-

words. The length. of the list is determined in advance. This list is usuallyaified by the enumer-
ation of all codewords in a baBB(y, ). For a given cod€’, the associated value #fis known as the
L-list decoding radius of:

Definition 4.4. The L-list decoding radiusR;, (C) is the largest value of such that, for ally € H,,,
card(B(y,r)NC) < L.

In the casel. = 1, we recover the notion of the (unique) decoding radius ofdec®;(C) =
|(d(C) —1)/2]. This number is also the largest valuera$uch that the balls of radiuscentered at
the codewords have the property that dny 1 of them have an empty intersection. A set of balls with
this property is called &-multiple packing. Thus a classical packing of balls ismultiple packing.

Proposition 4.5.
Rp(C)=rp(C)—1.

Proof. There existsz1,...,zr11) € C**l andy € H, such thatforall < i < L +1,x; €
B(y,r(C)) andz; # x; thuscard(B(y,r(C)) N C) = L+ 1andR(C) < rp(C). Moreover,
if » < r(C), L + 1 codewords cannot be elements of the same ball of radithsis R;,(C) =
rr(C) — 1. O

The notion of list decoding can also be investigated in tamfwork of erasure decoding, see [11].

Definition 4.6. The L-list decoding radius for erasureB'(C') is the largest value af such that, for
all Ec {1,...,n}, card(E) < r, and for anyy = (y;)igr € {0, 1}7—crd(®)

card({z € C : (x;)igp = y}) < L.

The following proposition, which is a straightforward censience of the definition af;,, makes
generalized distances relevant to erasure decoding [12120

Proposition 4.7.
R(C) = d(C) - 1.

5. UPPER BOUNDS FORIy, 7k, Tk.

In this section we gather the analogs of the Singleton, Hamgn?lotkin and Elias bounds for
f = d,r,7. The methods are well-known and some of the bounds may bel fexplicitely in the
litterature, but not always in form precise enough for nugarcomputation (in particular only as-
ymptotic versions of the Elias bounds can be found) which gedrto compare them to the new SDP
bounds.
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5.1. The Singleton bound. This bound ford is the most elementary and is a natural generalisation
of the classical Singleton bound for the ordinary Hammirsgatice.

Proposition 5.1. LetC' C H,,. Then, ifd;_1(C) > di_1

O] < (k —1)2n~ %1+,

Proof. Consider the restriction of the codewords on a fixed s¢tef d;,_; + 1) indices. The number
of possible images is of cour@8=4-1+1 I |C| > (k—1)2"~%-1*1 there is a subset éfcodewords
having the same image. Thus they have a generalized Hamnsitagncke at most equal th._; + 1
and we have a contradiction. O

It is worth noticing that the Singleton bound fbr= 3 is tight ford = 3 and ford = n.

5.2. Hamming type bound. This volume type bound is established in [7][Prop II.I] i&f_; and
for linear codes and generalized to the non-linear case]invi2 take the following notations: the
number of elements of a ball of radiusn H,, is denoted or b, if n is clear from the context. We
recall the formula

Proposition 5.2. LetC C H,,. Then
(i) Ifrp_1(C) > rp—1 Or Fx—1(C) > 14—y then

o< 12

Tk,1—1
(i) If dp_1(C) > di_; then
(k —1)2"

?dk—l/k1_1

€] <

(iii) If &2, (C) > dj_; then
2n+k—2
IO < o
[di—1/k]—1
Proof. (i) If 74—1(C) > rx—1 or7x_1(C) > r_1, from Proposition 3.8 (i) and Proposition 4.5 we
have, for ally € H,, card(B(y,r,—1 — 1) N C) < k — 1. In order to establish the announced
inequality, we count in two ways the elements of

E:={(c¢,y),ce C,y € Hy : d(c,y) <rg_1—1}.
We have
card(F) = Z card{y € H,, : d(y,c) <rg_1— 1}

ceC
= |Clby,

Tk,1—1

= Z card{c € C : d(y,c) < rp_1 — 1}
yeH,

< card(Hy)(k—1) = (k—1)2".
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(i) If dx_1(C) > dj_1, from Proposition 3.8 (i) we have,_1(C) > [d’“,j} thus we can apply the
previous result.
(iii) Let (x1,...,z;) € C* be affinely independent and lgtc H,,. We have

1
drp—1 < d(w1,...,7) < 1 Z (i, )
1<i<j<k
1
<L S ey + diy )

T k-1 4~
1<i<j<k

Z d(zi, y).

1<i<k

IN

Thus for some, 1 < i < k, d(z;,y) > [d‘“,;l}. Since any subset dff,, with at least2*=2 + 1
elements containk affinely independent ones, we have foript H,,,

card(B(y, {%} —1)NnC) <2k

and we follow the same line as in (i). O

5.3. Plotkin type bound. This type of bound is usually derived from the estimate of dherage
value of f amongC”*. This average value can be estimated wfi@an be calculated from its value at
each coordinate, which is the case foe d, 7.

We take the following notations: |€f be a binary code witld/ elements; letv; be the number of
ones in thej-th column of thel/ x n matrix whose rows are th&/ elements ot”. Let J,(C), respec-
tively ijﬁ((}) be the set of-tuples of pairwise distinct, respectively affinely indegdent codewords.
We moreover define

o(z) = 0 fxe<k-—1
L) = f:_(]l(w—t) ifz>k—1
and
0 if x <2k2
.aff — >~
i () {3: @ —2h)  ifx>2k2

We have obviously.Jy,(C)| = jx(M) and|J2E(C)| > ;2T (M), this last inequality being an equality
if C'is linear. Forz € R, we also denote as is usugd)) := ji(z)/k!.
Proposition 5.3. With the above notations:
(I) If dk_l(C) > di_1 then
M/2
Oe—1 ::£§1—2(1@).
n (%)
@i) If Cislinearorifk =3, and ifdszl(C) > dj_1, we have
di—1 1 M
= —< (1 =—)—.
1= S = = (- g gy
(i) f 7,_1(C) > ri_1 then
reen _ Sim £(07) (G2F) minGi k — i)

Pk—1 = <
n (%)
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Proof. (i) For the generalized Hamming distance, we have

SNoodw) = > (Y d((an)je . (2))
2€J4(C) zedi(0) j=1

=> (D> dl@)j,- -, (2)y)

i=1 zed,(0)

:zzk<w) ().

The functionz — (*) (\=%) + (,*.) (M) is concave and invariant by — M — x thus it takes its

maximum atz = M /2. We derive the inequalities:

o <atw <o oM7) (1) < () -2(*1?),

(i) In the special casé& = 3, we obtain from (i) the desired inequality. In the caSdinear,
we observe thatv; = 0, M, M /2 and thatd((x1);, ..., (xx);) is non zero only ifw; = M/2 and
x1,...,xpdonotallbelongtdz € C': z; = 0} orto{z € C : z; = 1}, which haveM /2 elements.
Thus

G (M)dp—1 < (G (M) — 23 (M/2))

hence the announced inequality.
(iif) The result forr is derived similarly to the result (i) in thé case. O

Remark 5.4. The upper bounds established in Proposition 5.3 can easituimed into upper bounds
for M = |C|. Indeed, if¢y_1 := fr_1/n < A(M)/B(M) whereA and B are polynomials of the
same degree, with respective leading coefficiengsd 3, with B(M) > 0, then, if¢r_1 > /B, M
is upper bounded by the largest zero of the polynomjal, B(M) — A(M). The bound obtained this
way holds fors, 1 > 1 —1/2¥"  andpy1 > 1/2 = (|5 ,5)) /2%,

5.4. The Elias-Bassalygo technique and constant weight codegVe recall thatd;_;(n, f,m) de-
notes the maximal number of elements that a ddde H,, can have under the conditigfy_, (C') >
m; analogously let;_(n,w, f, m) be the maximum among the codes with constant weighith
a standard argument, the following inequality holds:

Ag_1(n, fym) _ Agp_1(n,w, f,m)
2) card(H,,) = card(Jw)

whereJ is the set of the(g) binary words of lengtlw and weightw. This so-callecElias Bassalygo
techniques expected to improve the bounds &h, if similar bounds are established on the Johnson
spaces/,’. Note that the value ofv on the right hand side can be chosen freely. This line was
followed in [7] for the generalized Hamming distance, anguieed moreover to extend the methods
to non linear codes. In view of (2), we work out Plotkin typeuhds for constant weight codes:

Proposition 5.5. LetC' C J* haveM elements and let := w/n.
(I) If dk_l(C) > di_1 then

di—1 (Mw) + (M(l_w))
eSS
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(i) If &2 (C) > dy_1, we have

dey _ je(M) (") + (M)
n szﬂ<M><1_ k —)

5k_1 =

(iii) If 7x_1(C) > r_; then

Tl Zf:] %(]\{w) (M,(fl__iw)) min(i, k — 1)
e %)

Proof. For d and7, we follow the same line as for the proof of Proposition 5.5efle we applied
the inequalityzyzlg(wj) < ng(M/2) for relevant functiongy, being concave and invariant by
x — M —z. SinceC' C J¥, we havezg?:1 w; = Mw, so we can instead use the stronger inequality

> i1 9(wy) < ng(Mw/n). m

6. THE SDPBOUND FORds, 3, 7.

The method developed in [15] can be used to derive upper Isoiandhe cardinality of a binary
codeC' with given dz(C') (respectivelyry(C), T2(C)). Recall thatds(C') > d if and only if, for
all (z,y,2) € C3suchthatr # y, y # 2, d(z,y) + d(y,z) + d(z,x) > 2d , z # = (respectively
ro(C) > riff max([ALL ) (42 [4ED]) > andry(C) > Fiff d(z,y)+d(y, 2)+d(z,z) > 6F
for all (x,y, z) € C3).

The SDP constraints at work in [15] are exactly SDP condiain triples of points. In order to
describe these constraints we adopt the group theoretit gioview of [4], [17], [18].

Let X := H, and, for allk := 0...n, the so-called Johnson spacks := {z,z € X : wt(x) =
k}. We consider the action of the symmetric grotipon H,,. The Johnson spaces; are exactly
the orbits of this action. Now we consider the decompositibte functional spacé?(X) = R¥ of
real valued functions ofX under the action of,,. The spac&k* is endowed with the5,,-invariant
scalar product

1
(fi9) = x| Z f(@)g(z).
| | zeX
We have the obvious decomposition into pairwise orthogéhahvariant subspaces:

RY =RX1 | RY | ... | RXn,
The decomposition dRX* into S,,-irreducible subspaces is described in [10]. We have
R¥ = Hop L Hyjp Lo L Hin(kn—rk) k

where theH, ;, are pairwise isomorphic for fixedand pairwise non isomorphic for fixed The
picture looks like:

R¥X= R¥1 ] R¥1 1 ... LRY% 1 ... LRX»1 | RX»
H07()J_ H()71_L —LHO,L%JJ— J—HOm—l J_H()m

Hi, L ... 1L Hypy

Hinj |z
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where the columns represent the decompositiaR-bf and the rows the isotypic componentsiot,
with multiplicity n — 2k + 1, i.e. we have fob < k < [ 5],

Hpp L Hyppr Lo L Hy g~ H,?,;%“.

To each of these isotypic components, indexedfor 0 < k < |5 |, we associate a matrik,
of sizen — 2k 4 1 as explained in [3], indexed wit ¢ subject tok < s,t < n — k, in the following
way: Let(eg k.1, €x k2, - - -, €k k) D€ an orthonormal basis éf;, ., and letey,  ; = ¥y s(ex ;). The
applicationyy, , is defined by:

wk,s: ka — RXk

f — wk,s(f) : wk,s(f)(y) = Zwt(z):k f(x)

xCy
and has the property to send and orthonormal basiH;9f to an orthogonal basis df;, s, the

elements of this basis having constant square norm equéltJJ). The (s, t) coefficient of B, is
defined by:

Ekst €T y Zek s,j ek,t,] y)

From [3], Bk s «(x,y) = Ej s +(gz, gy) for aII g € S,. Thus fork < s <t <n — k, we can define
Py st by Eg s 1(x,y) = Py si(s — |z Ny|). Itturns out that thesé’, ; ; express in terms of Hahn
polynomials.

The Hahn polynomials associated to the parametesst with 0 < s < ¢ < n are the polynomials
Qr(n, s, t;x) with 0 < k < min(s,n — t) uniquely determined by the properties:

(i) Qi has degreé in the variablex
(i) They are orthogonal polynomials for the weights

0<i<s w(n,st;i)= (j) (tﬁ;i)
(i) Qx(0) =

The combinatorial meaning of the above weights is the fatguw

Lemma 6.1. Givenz € X}, the number of elemenise X; such thatjx N y| = s — i is equal to
w(n, s,t;1).

Finaly we have:
Proposition 6.2. If k < s <t <n —k, wt(x) = s, wt(y) =1,

(o) (3)
()

Ek,S,t(‘Tﬂy) = ’X‘ Qk(n s,t;s — "T N y’)

If wt(x) # s orwt(y) #t, By s(x,y) = 0.
By the construction, the matricds, satisfy the semidefinite positivity properties:

Theorem 6.3.Forall k,0 < k < |5 ], forall C C H,,

Z Ei(c,d) = 0.

(c,c')eC?
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These constraints are not interesting for pairs becausedteenot stronger than the positivity
properties from Delsarte method. They are only interesftitigples of points are involved: namely
we associate t@r, y, z) € H3 the matrices

Fk(mvyv Z) = Ek(‘r — %Y - Z).
We have for allC ¢ H,, and for allz € H,,

Z Fy(e,d,2z) =0

(c,c’)eC?
which leads to the two positive semidefinite conditions:

E(CC e )603 Fk(c C/ C”) O
@) F -
Z( ¢)eC2 " ¢C k(C C C ) ~ 0
From Proposition 6.2F(z — z,y — z) only depends on the values oft(z — z), wt(y — 2),
wt(x — y); sowitha := d(y, z), b := d(z, z), ¢ := d(z,y), we have for some matric5,(a, b, ¢),
Fy(z,y,2) = Ti(a,b,c).
We introduce the unknowns, ;, . of the SDP. Let, for
a+b+c=0 mod?2

a+b+c<2n
(a,b,¢) € Q:= {(a,b,c) €[0...n]*: c<a-+b
b<a+c
a<b+c
1
Tabe = il card{(z,y,2) € C? : d(y,2) = a,d(x, 2) = b,d(x,y) = c}.
Note that

1
Toee = 1o7 card{(z,y) € C* : d(z,y) = c}.

With the definition
t(a,b,c) =card{z € Hy : d(z,z) = bandd(y,z) = a} ford(z,y) = ¢
= (9)(2=5) wherea — b+ ¢ = 2i

a—1

the following inequalities hold fog, .. :

(1) wop0=1
(i) z4pec >0
(i) 2ape = Tr(a),r(p),r(c) fOr every permutation of {a, b, c}
(IV) Lab,c < t(a b C)w(]cc
(V) Lab,c <t b ¢, a)m(],a,a
Vi) zape < tlc,a,b)zgpp
(Vi) > o pcTk(a,b,c)zqpe = 0forall0 <k < [3]
(viii) >, bch(a b, c)(t(a,b,¢)xo.cc — Tape) = 0forall 0 < k < [Z]
where conditions (vii) and (viii) are equivalent to (3). Tetabove semidefinite constraints we add the
extra condition (ix) that translates the assumption édh&f’) > d for some given valud (respectively
ro(C) > r,T2(C) > 7), namely
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(iX)? 24pe=0if abc#0anda+b+c<2(d—1)
respectively

(iX)" 2gpc=0if abc# 0anda+ b+ ¢ < 67
or

(iX)" zqpe=0if abc #0andmax([4],[2],[]) <r - 1.
It remains to notice that

(X) |C| = EC xo,C,C'
Thus an upper bound oj@’| is obtained with the optimal value of the program that maxesi
> e Zo,c,c Under the constraints (i) to (ix).

It is worth noticing that the conditions (ix) can be repladgdany other conditions of the type
(iX*) zgpe=0if (a,b,c) €l
where/ is a set of forbidden values ifi related to some other situation. In the classical casectleat
in[15], d1(C) > 6, I = {(a,b,c) :aorborce [1...(6 — 1)]*}.

7. NUMERICAL RESULTS

In this section we compare the SDP bounds obtained\fdr, d, m) and for Az(n, r,m) with the
previously known bounds, stated in Section 5. We recall thdows valuesAs(n,d,3) = 2771,
As(n,d,n) =4, Ay(n,r,1) = 2", Ay(n,r, |n/2]) = 4.

Table 1 gives two upper bounds fdi(n,d, m): one is the tightest of the combinatorial bounds
of section 5, with a superscrifit 2, 3,4 denoting which of the four methods, Singleton, Hamming,
Plotkin, Elias (respectively) achieves this best, and therds the bound obtained by the SDP method
of Section 6. As we can see, in the non-trivial cases the SDiRdgives a substantial improvement
almost all the time.

For the radius-, we can restrict ourselves to codes in which the pairwistanites are even. Let
us denoted; (n,r,m) the maximal number of elements of such a code with minimalaat least
equal tom; then one easily sees thdk(n,r,m) = A3 (n + 1,r,m), with the standard extension
of an optimal code to an even code with an extra coordinatbleTa compares the best bound for
A3 (n,r,m) (in italics) given by the combinatorial methods of Secticio $he SDP bound. Again we
have improvements in almost every instance.
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