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Une étude numérique de quelques méthodes pour
le calcul des dérivées secondes sur des maillages
isotropes et anisotropes

Résumé : On considére une méthode d’éléments finis de degré un par
morceaux pour résoudre un probléme de Laplace et on cherche & approcher les
dérivées secondes de la solution en utilisant plusieurs méthodes disponibles dans
la littérature. Une étude numérique en 2D et 3D sur des maillages isotropes et
anisotropes montre que la précision des résultats dépend fortement de la topolo-
gie des maillages utilisés et que la convergence ne peut étre assurée dans le cas
général.

Mots-clés : Eléments finis; matrice hessienne; maillages anisotropes
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1 Introduction

It is well known from standard finite element textbooks [6] that optimal a priori
error estimates for continuous piecewise linear finite elements in the framework
of elliptic problems involve the second derivatives of the exact solution:

[V(u—un)llrz0) < Chlulmz(). (1)

Hereabove, u is the exact (unknown) solution of the elliptic problem in the
domain € of R? or R3, h denotes the mesh size, uy, is the finite element approx-
imation, and C'is a positive value independent of h and w but depending on the
aspect ratio of the finite elements, triangles or tetrahedra for instance.

Recently, adaptive finite elements with large aspect ratio have been used with
success for various engineering applications involving sharp boundary layers, see
for instance [5, 10, 13, 1, 4, 14, 8] for CFD applications. Most of these anisotropic
adaptive algorithms use numerical approximations of the second derivatives of
the exact solution as refinement criterion, excepted [21, 20] where a posteriori
error estimates and difference of gradients are used instead. From the theoretical
point of view, the standard finite element interpolation theory was revisited to
account for meshes with large aspect ratio [14, 11, 12] so that estimate (1) can
be updated by using the Hessian matrix, the constant C' being then independent
of the mesh aspect ratio.

The goal of this paper is to study numerical methods to approach the second
order derivatives of the exact solution u using the piecewise linear finite element
approximation wuy. Intuitively, an approximation of second order derivatives
using piecewise linear elements should not converge. Indeed, the L? norm of
u — uy, is, at most, of order two, the H' error of order one, the H? error should
be of order zero. However, several techniques have been reported to converge
[24], at least on special meshes. In this paper, we prove that the L? error for
second derivatives in weak form is bounded (of order zero) for general unstruc-
tured meshes and we construct a special mesh for which no convergence occurs.
We then prove that second order derivatives converge whenever superconver-
gence occurs for gradients, this being the case on special meshes. Numerical
experiments on several type of meshes show that a convergence rate cannot be
garanteed in general. However, numerical experiments on adapted meshes with
large aspect ratio show that reasonable approximations of the second derivatives
are obtained.

2 The model problem and numerical approxima-
tions

For the sake of clarity, the methods are presented in two space dimensions.
However, the extension to three space dimensions is obvious. Numerical results
are presented at the end of the paper in two and three space dimensions.

The Laplace problem is considered in a polygonal domain € of R?. Given
f € L*(Q) we are looking for u : 2 — R such that

—Au=f in Q,

2
u=~0 on 0N. )
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For any h > 0, let 7}, be a conforming mesh of Q into triangles K with diameter
hx less than h. Let V}, be the usual finite element space of continuous, piecewise
linear functions on the triangles of 73, V}, ¢ the subset of V}, corresponding to the
functions zero valued on 992. The finite element approximation corresponding
to (2) consists in finding uj, € Vj, o such that

/ Vuy, - Vopdr = / fondx Yy, € Vio. (3)
Q Q

In this paper, the theoretical results are proved only for isotropic meshes, reg-
ular in the sense of [6], but numerical results are presented for isotropic and
anisotropic meshes. Our goal is to approximate
0%u
W=7 4
using only up. The first method stems from the weak formulation of (4) and
consist in finding an approximation wy, € V}, such that

8uh 8vh 8uh
de =— | =224 — d v Vi 5
/Qwhvh T 91 Oy I+/@Q B vpn1ds Vp € Vh, (5)

where n = (ny,n2)T is the unit outer normal of Q. Note that when mass
lumping is used, (5) leads to a linear system with diagonal matrix. When mass
lumping is not used, the condition number of the linear system is O(1) so that
the number of iterations required to solve the linear system by the conjugate
gradient method is independent of the mesh size (typically less than ten).

Several types of structured and unstructured meshes will be used throughout
the paper in order to perform numerical experiments, see Fig. 1. The structured
meshes (regular and criss-cross patterns) have been produced using the QUAC and
Q4T modules of the MODULEF software [2]. The frontal unstructured meshes are
obtained using the TRIA module of MODULEF or the BL2D-V2 software [18], while
the Delaunay unstructured meshes are obtained using the BL2D-V1 software [17].
The interested reader should note that in the frontal modules, the vertices and
triangles are added in a frontal manner, starting from the boundary. In the
special case when the domain is the square, it can be seen in Fig. 1 that the
triangles are equilateral, excepted along the two diagonals. On the other side,
in the Delaunay module, an algorithm is used to place the vertices inside the
domain (proceeding for instance as in Fig. 7.10 of [14]) and then the vertices
are connected using a Delaunay generator.

regular criss-cross unstructured unstructured
pattern pattern frontal Delaunay

Figure 1: The four types of structured and unstructured meshes used. Here
Q= (0,1)? and the typical meshsize is h = 0.1.

INRIA
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Two important remarks can be done concerning method (5) with mass lump-
ing.
Remark 1 On regular pattern meshes with size h, (5) yields:
up(x1 — hyx2) = 2up (21, T2) + un(z1 + h, 22)
h2
for any internal vertex P of the mesh. This is nothing but the O(h?) finite dif-

ference formula for 0%u/0x3(x1, x2) provided we replace uy, by ryu, the Lagrange
interpolant of u.

wp(P) = wp (21, 22) =

Remark 2 On criss-cross pattern meshes, when u(xy,x2) = x1(1 — x1) (thus
w(x1,x2) = —2) and when we replace up by rpu, then (5) yields either to
wp(P) = —3/2 if P is an internal vertex having four neighbours or to wy(P) =
—9/4 if P is an internal vertex having eight neighbours.

We therefore conclude that this method may or may not converge according
to the mesh type. In fact we have the following result on general unstructured
meshes, which corresponds to the worst case scenario.

Theorem 1 Assume that Q and f are such that the solution of (2) is in H3(Q).
Let w be defined by (4) and wy, by (5). Then, there is a constant C' such that
for all h < 1, we have:

[w—whl[L20) < C. (6)

Proof By definition of the L? norm, we have:

o= wn ey = [ (0= wn)w = o) + [ (= w)on — un)i
Q Q

for all v, € V4. Using (4) and (5) we obtain

o= wnliaie) = [ (0= wn)w - vi)do
Q

0 0 0
_ /Q 8701@ — uh)a—xl(vh — wp)dx + - Tm(u — up)(vp — wp)n1ds,

thus using Cauchy-Schwarz inequality
lw = wh[F2(q) < v —wall L2 lw — vall 2@
IV = w2 |V (vn — wi)l| 220
+ IV (u—up) | z200) lvn — wallL2(00)-

Using inverse estimates, there is a postive constant C' independent of h such
that

W2 ||V (on, — wi)l|72 () + hllon — wnll7200) < Cllvn — wall 72,

thus
lw — wh|72(q) < llw = whllL2 (@) llw — vnllL2(@)

1 1
+ Cllon — wnl| 20 <h||V(u —up)llz2() + WHV(U - uh)||L2(aQ)) :

RR n°
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Finally, writing v, — wp = v — w + w — wy, using the triangle inequality and
Young’s inequality yields:

lw = wp|F20) < 3<||w — onll72(0)

1 1 2
+C? (hW(U —up)|lz2) + WHV(U - uh)lmwm) >7

for all vj, € V3. Since u € H3(Q), w € H' () and we can choose v, = Rpw the
Clément interpolant 7] and we have

|w —vnllL2(0) < Chllullgs @),

where C' is independent of h and u. Therefore, in order to prove (6), it suffices
to prove that

1

hij2 [V (u—un) HL2(BQ)

1
EHV(U - uh)||L2(Q) +

is bounded independently of h. From standard textbooks [6], this is clearly true
for the first term, therefore it remains to prove it for the second term. Indeed,
by the triangle inequality, we have

[V (u—un)ll200) < IV(u —rnu)l[z200) + [V (raw — un)l 2200

Using classical interpolation results in one space dimension and a trace inequal-
ity, we have

IV (u—up)|r200) < Chlulmz(a0) < Chllull i oa),

where C' and C are independent of h and u. On the other side, an inverse
inequality yields

C
[V (rau — un)|| L2 (00) < WHV(TW —un)z2()-

It suffices to use the triangle inequality and classical interpolation results to
obtain

C
19 = wn)lz2(o0) < 375 (190w = wllzae) + 19 (= un) o)
< Ch'2|ul g2 (o0,
where C' and C are independent of h and u. This yields the desired result. O
Again, we would like to stress that (6) cannot be enhanced for general
unstructured meshes since we already know that convergence does not occur
on meshes with the criss-cross pattern, see Remark 2. However, on general

anisotropic adapted meshes, (6) yields quite accurate results.

Looking at the proof of Theorem 1, we observe that if we could replace
Oup /01 by a better - superconvergent - gradient, then convergence of second

INRIA



inria-00455799, version 1 - 11 Feb 2010

A numerical study of some Hessian recovery techniques 7

order derivatives could be achieved. In order to define this better gradient, we
introduce I, : L?(Q) — Vj, the L? projection operator onto Vj, defined for all
g € L?(Q) by II,g € V3, and

/(th)vhdI = / gupdz Yo, € V. (7)
Q Q

Again, when mass lumping is used, (7) leads to a linear system with diagonal
matrix and the following explicit formula holds for any vertex P of the mesh:

Z/Kgdx

KeTy,
PeK

S|

KeTy,
PEK

Mpg(P) =

and then we set
Ny B
Mhg(x) = Mug(P)ei(z) Ve e,
i=1

where N}, denotes the number of vertices of 7, and ¢; denotes the usual shape
function corresponding to vertex P;.

We then have the following result.

Theorem 2 Assume that Q2 and f are such that the solution of (2) is in H3().
Let w be defined by (4) and set

(G
Wh = Hhi(aglh)l, (8)

where (Gup)1 is the first component of a post-processed gradient Guyp, € Vf,
d = 2,3. Assume that Guy, superconverges to Vu up to the boundary, that is
there exists two constants C and 0 < a < 1 independent of h such that:

1 1 -
EHVU — G'LLhHLZ(Q) + WHVU — GUhHLZ(aQ) < Ch“~.
Then, there is a constant C' such that for all h < 1, we have:

[lw — whHLz(Q) < Ch*.

Proof. By definition of IIj, (8) writes

/whvhdxz/ Mvhdaj Yo, € Vi
Q o O

Integrating by parts we obtain

/whvhdx = —/(Guh)l%dx—k/ (Gup)1vpnads Yo, € V3.
Q Q 0z, o0

RR n°



inria-00455799, version 1 - 11 Feb 2010

8 Marco Picasso, Frédéric Alauzet, Houman Borouchaki and Paul-Louis George

We then follow the proof of Theorem 1 by replacing dup/dz1 by (Guyp); and
use the superconvergence property to conclude. 0

In what follows, we will use two methods to obtain better gradients, namely
Zienkiewicz-Zhu post-processing [29, 30] and least-squares [15, 3, 19, 27].

Zienkiewicz-Zhu post-processing corresponds to an L? projection of Vuy

onto Vj,: 5
Up,

(Guh)l = Hh 8:01 . (9)
The theoretical properties of Zienkiewicz-Zhu post-processing have been stud-
ied by various authors. In [16, 25|, it is proved that superconvergence holds on
parallel meshes away from the boundary. However, as remarked in [23], this
is wrong on meshes with the chevron pattern. In [26], it is proved that su-
perconvergence occurs on mildly structured meshes that is to say meshes made
of near parallelogram triangle pairs. In [28], it is claimed that Delaunay mesh
generators satisfy this property but from the numerical results reported at the
end of this paper indicate that this is not always the case.

We now turn to least squares [15, 3, 19, 27]. The goal is to find, for each
vertex P; of the mesh, a polynomial of degree two that fits in the least squares
sense the values of uy, in the neighbourhood of P;. More precisely, for each
vertex P; of the mesh, we consider the neighbouring vertices. If the number of
neighbours is strictly less than five, then the neighbours of the neighbours are
added to the list. Let P/, j = 1,..., N; denote the obtained list with N; > 5.
We then use the local (x1,z3) coordinate system with P; as origin and denote
(&;,7;) the coordinates of P/ in this local system. The method then consists in

3
fitting locally, in the least squares sense, the polynomial of degree two:

T i P2 i i 2
p(x1, 22, P;) = af + ajx1 + abxs + ajx] + ajri20 + agas

to the values uh(PZ-j ) at the neighbouring vertices. This corresponds to solving
the N; x N; linear system

AT AG = A"b, (10)
with
L & m & &am 0 ag up(P})
L & m & &m  n ol - up(P7)
A=1. . : . . _ a=|. b= .

In [19, 27] it is proved that this method preserves polynomials of degree two
and that the gradient superconverges on mildly structured meshes. Therefore,
an approximation of w = 9?u/dx? can be obtained by setting

_ 9
_(91'1

and wy, being still defined by (8). Another approximation simply consists in
setting

(Guh)l S Vh7 (Guh)l(Pz) (07O7Pi) = ai 1= la cey Nh) (11)

0%p

wp € Vi, wn(B) = 5
Y Oa?

(0,0, P;) = 2a} i=1,..., Np. (12)

INRIA
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3 Numerical results

3.1 2D computations

The following methods have been tested to approach w = 9?u/dx? using wy, €
V}, defined by:

e method 1 : (8) and (9),

e method 2 : (8) and (11),

e method 3 : (12),

e method 4 : the weak form (5).

The notations used are the following:

De = ||V(u — up)||2(0),

0
De?% = Hu — (Gup)1 where (Gup), is defined by (9),

32171 L2()
D%*e?Z = ||w — wh||L2(Q) where wy, is defined by (8) and (9),

0
Dels = ”8; — (Gup)y where (Guy,) is defined by (11),

1 L2(Q)

D25t — [lw — wh||L2(Q) where wy, is defined by (12),
D2%el52 = ||w — wh||L2(Q) where wy, is defined by (8) and (11),
D2 = ||w — whHL2(Q) where wy, is defined by (5).

All the results reported hereafter correspond to mass lumping. Numerical com-
putations have been performed without mass lumping, the results being not
reported since the trends remain the same.

We set Q = (0,1)? and choose f so that the exact solution u is given by
u(zy,x2) = sin(2wxy). Zero Dirichlet boundary conditions apply on the verti-
cal boundaries of {2 whereas zero Neumann boundary conditions apply on the
horizontal boundaries. In Table 1 we report numerical experiments for regular
pattern meshes, see Fig. 1. As expected, it is observed that ||V (u —wup)|[12(q) is
O(h) (col 2). Concerning the convergence of gradients, Zienkiewicz-Zhu super-
converges at rate ~ O(h!-?) (col. 3), while least squares superconverges at rate
O(h?) (col. 5). Concerning second order derivatives, methods 1, 2 and 3 (col.
4, 6 and 7) converge at rate ~ O(h'®) which is better than the prediction of
Theorem 2. Finally, method 4 converges at rate O(h?) which was anticipated in
Remark 1. We have also performed numerical expriments with a mildly struc-
tured mesh [26] obtained by adding h? to the coordinates of each internal vertex
of the mesh. Numerical results are not reported here since they are very similar
to those of Table 1.

RR n°
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meth. 1 meth. 3 | meth. 2 | meth. 4

h De De D?%e DelS D2elST | D2el52 | D2eWE
0.1 0.81 0.32 4.38 0.35 6.13 7.24 1.12
0.05 0.40 0.087 1.46 0.086 2.28 2.73 0.28
0.025 0.20 0.024 0.48 0.021 0.81 0.97 0.07
0.0125 0.10 0.0072 0.16 0.0050 0.29 0.34 0.018
0.00625 | 0.050 | 0.0022 0.056 0.0012 0.10 0.12 0.0044
0.003125 | 0.025 | 0.00073 0.019 0.00031 0.036 0.042 0.0011

Table 1: Regular pattern.

The criss-cross pattern of Fig. 1 is now considered, the results being dis-
played in Table 2. Here, O(h?) convergence of Zienkiewicz-Zhu and least squares
gradients is observed, ~ O(h!-%) convergence is observed for methods 1 and 2,
while no convergence is observed for methods 3 and 4, this being predicted for
method 4 in Remark 2. The results pertaining to method 4 with A = 0.25 are
reported in Figs. 2 and 3.

meth. 1 meth. 3 | meth. 2 | meth. 4

h De DeZ D26 Z DeLS D26LSI DQeLS2 D26WF
0.1 0.66 0.19 2.31 0.28 3.84 4.02 4.85
0.05 0.33 0.048 0.71 0.077 1.85 1.36 4.90
0.025 0.16 0.011 0.22 0.020 1.31 0.44 4.92
0.0125 0.082 | 0.0030 0.072 0.0051 1.21 0.15 4.93
0.00625 | 0.041 | 0.00075 0.024 0.0013 1.19 0.051 4.93
0.003125 | 0.021 | 0.00019 | 0.0084 | 0.00032 1.19 0.018 4.93

Figure 2: Criss-cross pattern h = 0.25. Isovalues of wj, (method 4).

Table 2: Criss-cross pattern.

INRIA
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50
40 w;l(x170.525) method 4 —
30 w(ry) = —4r? sin(27rxy)
20
10

-10
-20
-30
-40
-50

Figure 3: Criss-cross pattern h = 0.25. Plot of w and wy, (method 4) against
x1 at zo = 0.525.

We now turn to the unstructured frontal pattern of Fig. 1, the results being
reported in Table 3. Here the results are similar to those obtained for regular
patterm meshes. On the other side, when using unstructured Delaunay meshes,
see Fig. 1, the results of Table 4 are not very convincing since only method 2
seems to converge. The fact that better results are obtained when using the
frontal pattern rather than the Delaunay pattern is due to the quality of the
triangles. Indeed, the frontal method produces triangles which are equilateral,
excepted along the two diagonals of the unit square, see Fig. 1. The results
corresponding to methods 2 and 4 with h = 0.003125 are reported in Fig. 4. On
unstructured Delaunay meshes, there is no superconvergence for Zienkiewicz-
Zhu gradients which implies, from the theoretical results of [26] that the meshes
are not mildly structured (if they were, superconvergence of the gradients should
occur and therefore second derivatives should converge). In [28], it is claimed
that Delaunay mesh generators produce mildly structured meshes, but this is
not always the case. However, it should be noted the L? norm of Vu — Guy,
is always much less than V(u — uy), therefore Vu, — Guy, can still be used as
a reliable error estimator in an adaptive algorithm. On unstructured Delaunay
meshes, method 4, the weak form (5), is the worst one. This can be explained
looking at Fig. 5 where wy, is plotted when h = 0.0125. The accuracy of wy, is
poor around vertices having four neighbours, which corresponds to a local criss-
cross pattern for which the method does not converge, according to Remark
2.

meth. 1 meth. 3 | meth. 2 | meth. 4

h De De D?e DelS D2eLST [ DZelS2 | D2eWF
0.1 0.76 0.29 4.00 0.31 5.45 6.50 1.45
0.05 0.36 0.067 1.27 0.073 1.96 2.34 0.50
0.025 0.18 0.017 0.44 0.017 0.70 0.80 0.29
0.0125 | 0.088 | 0.0049 0.20 0.0039 0.27 0.28 0.20
0.0625 | 0.044 | 0.0015 0.12 0.00096 0.12 0.097 0.14

Table 3: Unstructured frontal pattern.

RR n°
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meth. 1 meth. 3 | meth. 2 | meth. 4

h De De D2e Dels DZeLST | D2L52 [ D2 WF
0.1 0.67 0.23 3.25 0.24 4.19 5.21 1.08
0.05 0.35 0.071 1.28 0.067 1.79 2.10 0.75
0.025 0.18 0.024 0.72 0.018 0.86 0.84 0.74
0.0125 0.089 0.01 0.63 0.0045 0.57 0.32 0.82
0.00625 | 0.044 | 0.0047 0.61 0.0014 0.51 0.16 0.79
0.003125 | 0.022 | 0.0023 0.61 0.00057 0.51 0.13 0.79

Table 4: Unstructured Delaunay pattern.

50

40 - ‘wh x1,0.5 Iﬂethod 4 ——
30 I wp(x1,0.5) method 2 - -----
50 w(zy) = —4m? sin(27zy)

10
0
-10
-20
-30
-40
-50 | | | |
0 0.2 0.4 0.6 0.8 1

-36

‘wh xl,‘0.5 Iﬂethod ‘4 e
37 wp(x1,0.5) method 2 - -----

w(zy) = —4m? sin(27zy)

-38

-39

-40

-41

0.2 021 022 023 024 025 026 027 028 029 0.3

Figure 4: Unstructured Delaunay pattern h = 0.003125. Plot of w and wy,
(methods 2 and 4) against x1 at 25 = 0.5.

INRIA
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Figure 5: Unstructured Delaunay pattern h = 0.0125. Isovalues of wy, (method
4).

We now study two variants of the least squares method in which (variant
1) for each vertex of the mesh, the neighbours of the neighbours are always
taken into account. Another variant (variant 2) is to weight the equations
corresponding to the neighbours and those corresponding to the neighbours of
the neighbours differently, thus solving

ATD?Ag = AT D?,

instead of (10). Hereabove, D is a diagonal matrix with entry 1 if the index
corresponds to a vertex neighbour and 1/2 if it corresponds to a neighbour of a
neighbour. The results are reported in Table 5 for the unstructured Delaunay
pattern and show that these two variants of method 2 lead to the best results,

RR n°
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namely order one convergence of the second derivatives. Such results confirm
those reported in [24].

original least squares variant 1 variant 2
h DZLST DZL5Z DZLST [ D2LSZ [ D2LST [ D2oLS2
0.1 4.19 5.21 5.91 6.55 5.68 6.04
0.05 1.79 2.10 2.57 2.68 2.45 2.47
0.025 0.86 0.84 1.06 1.05 1.01 0.97
0.0125 0.57 0.32 0.42 0.38 0.40 0.36
0.00625 0.51 0.16 0.21 0.15 0.19 0.15
0.003125 0.51 0.13 0.14 0.070 0.12 0.077

Table 5: Unstructured Delaunay pattern. Methods 2 and 3. Comparison be-
tween the original least squares method and two variants.

We have performed computations using the meshes obtained with the anisotropic

adaptive algorithm presented in [21, 20, 22]. The goal of the adaptive algorithm
is to generate anisotropic adapted meshes such that

1/2
KeTy,

0.75 TOL <
Vun|lz2(@)

<1.25TOL.

In other words the estimated relative error should be close to a preset tolerance
TOL. Hereabove, ng is a local anisotropic error estimator based on Formaggia-
Perotto interpolation estimates [11, 12] and on Zienkiewicz-Zhu post-processing,.
In Table 6, results are reported when T'OL goes to zero, ar denoting the average
aspect ratio, ei?Z the effectivity index of Zienkiewicz-Zhu post-processing:

2z IVun — Guh”L2(Q)
el = .
[V (u — uh)||L2(Q)

The results are surprising since method 4 is again the best one as for regular
pattern meshes. The approximation wy computed with methods 2 and 4 is
plotted in Figs. 6 and 7 when TOL = 0.0625 Eventhough there is no clear
convergence rate for method 2, the pointwise error is only 2%. The error for
method 4 cannot be seen in the zoom of Fig. 7, it is less than 0.3%.
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meth. 1 meth. 3 | meth. 2 | meth. 4
TOL De | De D% Del® | D?elST | D?el5% | D2eWF
0.0625 0.082 | 0.032 1.34 0.025 2.00 1.20 0.23
0.03125 0.041 | 0.012 1.05 0.010 1.73 0.68 0.11
0.015625 0.020 | 0.0058 1.12 0.0040 1.61 0.54 0.086
0.0078125 | 0.011 | 0.0030 1.08 0.0016 1.60 0.47 0.052
0.00390625 | 0.0053 | 0.0014 0.96 0.00071 1.54 0.43 0.0350
TOL Np, ar | eiZ%
0.0625 241 | 47 | 0.99
0.03125 477 | 81 | 0.99
0.015625 | 1163 | 126 | 1.00
0.0078125 | 3181 | 169 | 1.00
0.00390625 | 9242 | 211 | 1.00

Table 6: Anisotropic adapted meshes.

4000+
2.0000e

.00 0e+00

_2.000e+
4.000e+0

Figure 6: Anisotropic adapted mesh TOL = 0.0625. Isovalues of wy (method

4).
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4518 B whgx1,0.5; II‘lethOd 4 ——
wp(x1,0.5) method 2 - - - --

30 - w(ry) = —4r? sin(2rxy)
20 +
10
0
-10
-20
-30
-40

0 0.2 0.4 0.6 0.8 1

-36

wh(21,0.5) method 4 ———
wp(x1,0.5) method 2 «-----

-37 w(zy) = —4m? sin(272;)

-38

-39

ok . . |

41 \ \ \ \ \ \ \ \ \
0.2 021 022 023 024 025 0.26 027 028 029 0.3

Figure 7: Anisotropic adapted mesh TOL = 0.0625. Plot of w and wj, (methods
2 and 4) against x; at xo = 0.5.

3.2 3D computations

In three space dimensions we have only implemented methods 1 and 4. We set
Q= (0,1)% and f so that the solution of (2) is given by

1
u(ry, X2, 3) = 3 (tanh(40r(x1,9:2,x3) —0.1) — tanh(40r(z1, x2, z3) — 0.2))7

with r(21,22,23) = /(21 — 0.5)2 + (22 — 0.5)2 + (23 — 0.5)2. Thus is smooth,
zero or one valued, except in a region of small width. In Table 7, we results are
reported when using structured meshes using the tetr module of the MODULEF
software [2]. The computational domain is cut into cubes, each cube being
cut in 5 or 6 tetrahedra. Concerning method 1, as for the 2D results of table 1,
superconvergence of the Zienkiewicz-Zhu gradient can be observed in both cases,
so as convergence of wj, towards w, which corresponds to the results of Theorem
2. On the other side, method 4 does not seem to converge when cutting each
cube in 5, whereas convergence can be observed when cutting each cube in 6.
In Fig. 8, we have reported a cut along the x3 = 0.5 plane of w; computed
with method 4 when h = 0.0125, each cube being cut into 5 tetrahedra. Clearly,
oscillations can be observed, as for the criss-cross pattern in 2D, see Fig. 2.
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method 1 | method 4

h De | De D?e DZeWE Ny,
0.05 2.53 | 1.10 40.8 27.9 9261
0.025 | 0.88 | 0.25 25.1 18.5 68921
0.0125 | 0.41 | 0.062 9.98 15.5 531441
0.05 2.96 | 1.04 45.3 23.6 9261
0.025 | 1.01 | 0.31 26.7 7.74 68921
0.0125 | 0.47 | 0.087 11.5 2.66 531441

Table 7: 3D results. Structured meshes. Each cube is cut in 5 tetr (rows 1,2,3)
or 6 tetr (rows 4,5,6).

3.500e+02

0.000e+00
-3.500e+02
-7.000e+02

Figure 8: 3D results. Structured mesh, i = 0.0125, each cube is cut in 5 tetr.
Zoom of wy, (method 4) at x3 = 0.5.

We have also performed computations using the meshes obtained with the
anisotropic adaptive algorithm presented in [22], the mmg3d remeshing tool [9]
being used. The initial mesh was a 10 x 10 x 10 mesh and 30 mesh iteration
were performed for each run. The numerical approximation w; is plotted in
Fig. 9 when TOL = 1, the numerical results with several values of the TOL are
reported in Table 8. As for 2D results with adaptive meshes (Table 6 col. 4),
there is no clear convergence rate. The approximation wy, is plotted in Fig. 10
for TOL = 0.125 and remains within 10% error.
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scalar

1.000e-+00
% 7.500¢-01
5.000e-01

2.500e-01
0.000e+00

Figure 9: 3D results. Anisotropic adapted mesh TOL = 1. Plot of uy at
xr3 = 0.5.

method 1 | method 4
TOL | De | De D2e%7Z D2eWF Ny,

1 0.90 | 0.35 15.6 7.80 2264
0.5 | 0.46 | 0.14 8.24 5.65 7432
0.25 | 0.23 | 0.056 4.95 4.71 42101
0.125 | 0.11 | 0.026 4.01 4.33 340450

Table 8: 3D results. Anisotropic adapted meshes with several values of TOL.
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600
400
200

-200
-400
-600

wp method 4 -+ -+ -- _
wy, method 1 ——

X W —
! L ! ! ! ! !

0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9

200 - wp, method 4 « -« -+
100 wp, method 1 ——— i
w —
0 \ \ \ \ \ \ \
0.7 0.705 0.71 0715 0.72 0.725 0.73 0.735 0.74
-100 T T
B wyp method 4 ------
=200 = -\ wyp method 1 —— 7]
-300 |- v
-400
-500
-600 ——
-700 | .
-800 | | | | | | |

0.6 0.605 0.61 0.615 0.62 0.625 0.63 0.635 0.64

Figure 10: 3D results. Anisotropic adapted meshes TOL = 0.125. Plot of w
and wy, (method 1 and 4) against x1 at zo = x3 = 0.5. Top: 0.5 < z7 < 0.9.
Middle and bottom: zoom.

4 Conclusions
The convergence of numerical methods to approach second derivatives in the

framework of the Laplace problem with continuous, piecewise linear finite ele-
ments has been investigated.
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Numerical results in 2D and 3D show that the precision of all methods
considered depends strongly on the mesh topology and that no convergence can
be certified in general. However, there is not blow-up and the values obtained
are probably accurate enough in order to be used as refinement or coarsening
criteria in adaptive algorithms.
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