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Une étude numérique de quelques méthodes pour

le 
al
ul des dérivées se
ondes sur des maillages

isotropes et anisotropes

Résumé : On 
onsidére une méthode d'éléments �nis de degré un par

mor
eaux pour résoudre un problème de Lapla
e et on 
her
he à appro
her les

dérivées se
ondes de la solution en utilisant plusieurs méthodes disponibles dans

la littérature. Une étude numérique en 2D et 3D sur des maillages isotropes et

anisotropes montre que la pré
ision des résultats dépend fortement de la topolo-

gie des maillages utilisés et que la 
onvergen
e ne peut être assurée dans le 
as

général.

Mots-
lés : Eléments �nis; matri
e hessienne; maillages anisotropes
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A numeri
al study of some Hessian re
overy te
hniques 3

1 Introdu
tion

It is well known from standard �nite element textbooks [6℄ that optimal a priori

error estimates for 
ontinuous pie
ewise linear �nite elements in the framework

of ellipti
 problems involve the se
ond derivatives of the exa
t solution:

‖∇(u − uh)‖L2(Ω) ≤ Ch|u|H2(Ω). (1)

Hereabove, u is the exa
t (unknown) solution of the ellipti
 problem in the

domain Ω of R
2 or R

3, h denotes the mesh size, uh is the �nite element approx-

imation, and C is a positive value independent of h and u but depending on the

aspe
t ratio of the �nite elements, triangles or tetrahedra for instan
e.

Re
ently, adaptive �nite elements with large aspe
t ratio have been used with

su

ess for various engineering appli
ations involving sharp boundary layers, see

for instan
e [5, 10, 13, 1, 4, 14, 8℄ for CFD appli
ations. Most of these anisotropi


adaptive algorithms use numeri
al approximations of the se
ond derivatives of

the exa
t solution as re�nement 
riterion, ex
epted [21, 20℄ where a posteriori

error estimates and di�eren
e of gradients are used instead. From the theoreti
al

point of view, the standard �nite element interpolation theory was revisited to

a

ount for meshes with large aspe
t ratio [14, 11, 12℄ so that estimate (1) 
an

be updated by using the Hessian matrix, the 
onstant C being then independent

of the mesh aspe
t ratio.

The goal of this paper is to study numeri
al methods to approa
h the se
ond

order derivatives of the exa
t solution u using the pie
ewise linear �nite element

approximation uh. Intuitively, an approximation of se
ond order derivatives

using pie
ewise linear elements should not 
onverge. Indeed, the L2 norm of

u− uh is, at most, of order two, the H1 error of order one, the H2 error should

be of order zero. However, several te
hniques have been reported to 
onverge

[24℄, at least on spe
ial meshes. In this paper, we prove that the L2 error for

se
ond derivatives in weak form is bounded (of order zero) for general unstru
-

tured meshes and we 
onstru
t a spe
ial mesh for whi
h no 
onvergen
e o

urs.

We then prove that se
ond order derivatives 
onverge whenever super
onver-

gen
e o

urs for gradients, this being the 
ase on spe
ial meshes. Numeri
al

experiments on several type of meshes show that a 
onvergen
e rate 
annot be

garanteed in general. However, numeri
al experiments on adapted meshes with

large aspe
t ratio show that reasonable approximations of the se
ond derivatives

are obtained.

2 The model problem and numeri
al approxima-

tions

For the sake of 
larity, the methods are presented in two spa
e dimensions.

However, the extension to three spa
e dimensions is obvious. Numeri
al results

are presented at the end of the paper in two and three spa
e dimensions.

The Lapla
e problem is 
onsidered in a polygonal domain Ω of R
2. Given

f ∈ L2(Ω) we are looking for u : Ω → R su
h that

−∆u = f in Ω,

u = 0 on ∂Ω.
(2)
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For any h > 0, let Th be a 
onforming mesh of Ω into triangles K with diameter

hK less than h. Let Vh be the usual �nite element spa
e of 
ontinuous, pie
ewise

linear fun
tions on the triangles of Th, Vh,0 the subset of Vh 
orresponding to the

fun
tions zero valued on ∂Ω. The �nite element approximation 
orresponding

to (2) 
onsists in �nding uh ∈ Vh,0 su
h that
∫

Ω

∇uh · ∇vhdx =

∫

Ω

fvhdx ∀vh ∈ Vh,0. (3)

In this paper, the theoreti
al results are proved only for isotropi
 meshes, reg-

ular in the sense of [6℄, but numeri
al results are presented for isotropi
 and

anisotropi
 meshes. Our goal is to approximate

w =
∂2u

∂x2
1

(4)

using only uh. The �rst method stems from the weak formulation of (4) and


onsist in �nding an approximation wh ∈ Vh su
h that
∫

Ω

whvhdx = −

∫

Ω

∂uh

∂x1

∂vh

∂x1
dx +

∫

∂Ω

∂uh

∂x1
vhn1ds ∀vh ∈ Vh, (5)

where n = (n1, n2)
T is the unit outer normal of ∂Ω. Note that when mass

lumping is used, (5) leads to a linear system with diagonal matrix. When mass

lumping is not used, the 
ondition number of the linear system is O(1) so that

the number of iterations required to solve the linear system by the 
onjugate

gradient method is independent of the mesh size (typi
ally less than ten).

Several types of stru
tured and unstru
tured meshes will be used throughout

the paper in order to perform numeri
al experiments, see Fig. 1. The stru
tured

meshes (regular and 
riss-
ross patterns) have been produ
ed using the QUAC and

Q4T modules of the MODULEF software [2℄. The frontal unstru
tured meshes are

obtained using the TRIA module of MODULEF or the BL2D-V2 software [18℄, while

the Delaunay unstru
tured meshes are obtained using the BL2D-V1 software [17℄.

The interested reader should note that in the frontal modules, the verti
es and

triangles are added in a frontal manner, starting from the boundary. In the

spe
ial 
ase when the domain is the square, it 
an be seen in Fig. 1 that the

triangles are equilateral, ex
epted along the two diagonals. On the other side,

in the Delaunay module, an algorithm is used to pla
e the verti
es inside the

domain (pro
eeding for instan
e as in Fig. 7.10 of [14℄) and then the verti
es

are 
onne
ted using a Delaunay generator.

regular 
riss-
ross unstru
tured unstru
tured

pattern pattern frontal Delaunay

Figure 1: The four types of stru
tured and unstru
tured meshes used. Here

Ω = (0, 1)2 and the typi
al meshsize is h = 0.1.
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A numeri
al study of some Hessian re
overy te
hniques 5

Two important remarks 
an be done 
on
erning method (5) with mass lump-

ing.

Remark 1 On regular pattern meshes with size h, (5) yields:

wh(P ) = wh(x1, x2) =
uh(x1 − h, x2) − 2uh(x1, x2) + uh(x1 + h, x2)

h2

for any internal vertex P of the mesh. This is nothing but the O(h2) �nite dif-

feren
e formula for ∂2u/∂x2
1(x1, x2) provided we repla
e uh by rhu, the Lagrange

interpolant of u.

Remark 2 On 
riss-
ross pattern meshes, when u(x1, x2) = x1(1 − x1) (thus

w(x1, x2) = −2) and when we repla
e uh by rhu, then (5) yields either to

wh(P ) = −3/2 if P is an internal vertex having four neighbours or to wh(P ) =
−9/4 if P is an internal vertex having eight neighbours.

We therefore 
on
lude that this method may or may not 
onverge a

ording

to the mesh type. In fa
t we have the following result on general unstru
tured

meshes, whi
h 
orresponds to the worst 
ase s
enario.

Theorem 1 Assume that Ω and f are su
h that the solution of (2) is in H3(Ω).
Let w be de�ned by (4) and wh by (5). Then, there is a 
onstant C su
h that

for all h ≤ 1, we have:

‖w − wh‖L2(Ω) ≤ C. (6)

Proof. By de�nition of the L2 norm, we have:

‖w − wh‖
2
L2(Ω) =

∫

Ω

(w − wh)(w − vh)dx +

∫

Ω

(w − wh)(vh − wh)dx,

for all vh ∈ Vh. Using (4) and (5) we obtain

‖w − wh‖
2
L2(Ω) =

∫

Ω

(w − wh)(w − vh)dx

−

∫

Ω

∂

∂x1
(u − uh)

∂

∂x1
(vh − wh)dx +

∫

∂Ω

∂

∂x1
(u − uh)(vh − wh)n1ds,

thus using Cau
hy-S
hwarz inequality

‖w − wh‖
2
L2(Ω) ≤ ‖w − wh‖L2(Ω)‖w − vh‖L2(Ω)

+ ‖∇(u − uh)‖L2(Ω)‖∇(vh − wh)‖L2(Ω)

+ ‖∇(u − uh)‖L2(∂Ω)‖vh − wh‖L2(∂Ω).

Using inverse estimates, there is a postive 
onstant C independent of h su
h

that

h2‖∇(vh − wh)‖2
L2(Ω) + h‖vh − wh‖

2
L2(∂Ω) ≤ C‖vh − wh‖

2
L2(Ω),

thus

‖w − wh‖
2
L2(Ω) ≤ ‖w − wh‖L2(Ω)‖w − vh‖L2(Ω)

+ C‖vh − wh‖L2(Ω)

(

1

h
‖∇(u − uh)‖L2(Ω) +

1

h1/2
‖∇(u − uh)‖L2(∂Ω)

)

.
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Finally, writing vh − wh = vh − w + w − wh, using the triangle inequality and

Young's inequality yields:

‖w − wh‖
2
L2(Ω) ≤ 3

(

‖w − vh‖
2
L2(Ω)

+ C2

(

1

h
‖∇(u − uh)‖L2(Ω) +

1

h1/2
‖∇(u − uh)‖L2(∂Ω)

)2
)

,

for all vh ∈ Vh. Sin
e u ∈ H3(Ω), w ∈ H1(Ω) and we 
an 
hoose vh = Rhw the

Clément interpolant [7℄ and we have

‖w − vh‖L2(Ω) ≤ Ch‖u‖H3(Ω),

where C is independent of h and u. Therefore, in order to prove (6), it su�
es

to prove that

1

h
‖∇(u − uh)‖L2(Ω) +

1

h1/2
‖∇(u − uh)‖L2(∂Ω)

is bounded independently of h. From standard textbooks [6℄, this is 
learly true

for the �rst term, therefore it remains to prove it for the se
ond term. Indeed,

by the triangle inequality, we have

‖∇(u − uh)‖L2(∂Ω) ≤ ‖∇(u − rhu)‖L2(∂Ω) + ‖∇(rhu − uh)‖L2(∂Ω).

Using 
lassi
al interpolation results in one spa
e dimension and a tra
e inequal-

ity, we have

‖∇(u − uh)‖L2(∂Ω) ≤ Ch|u|H2(∂Ω) ≤ C̃h‖u‖H3(∂Ω),

where C and C̃ are independent of h and u. On the other side, an inverse

inequality yields

‖∇(rhu − uh)‖L2(∂Ω) ≤
C

h1/2
‖∇(rhu − uh)‖L2(Ω).

It su�
es to use the triangle inequality and 
lassi
al interpolation results to

obtain

‖∇(rhu − uh)‖L2(∂Ω) ≤
C

h1/2

(

‖∇(rhu − u)‖L2(Ω) + ‖∇(u − uh)‖L2(Ω)

)

≤ C̃h1/2|u|H2(∂Ω),

where C and C̃ are independent of h and u. This yields the desired result.

Again, we would like to stress that (6) 
annot be enhan
ed for general

unstru
tured meshes sin
e we already know that 
onvergen
e does not o

ur

on meshes with the 
riss-
ross pattern, see Remark 2. However, on general

anisotropi
 adapted meshes, (6) yields quite a

urate results.

Looking at the proof of Theorem 1, we observe that if we 
ould repla
e

∂uh/∂x1 by a better - super
onvergent - gradient, then 
onvergen
e of se
ond
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A numeri
al study of some Hessian re
overy te
hniques 7

order derivatives 
ould be a
hieved. In order to de�ne this better gradient, we

introdu
e Πh : L2(Ω) → Vh the L2 proje
tion operator onto Vh de�ned for all

g ∈ L2(Ω) by Πhg ∈ Vh and

∫

Ω

(Πhg)vhdx =

∫

Ω

gvhdx ∀vh ∈ Vh. (7)

Again, when mass lumping is used, (7) leads to a linear system with diagonal

matrix and the following expli
it formula holds for any vertex P of the mesh:

Πhg(P ) =

∑

K∈Th

P∈K

∫

K

gdx

∑

K∈Th

P∈K

|K|
,

and then we set

Πhg(x) =

Nh
∑

i=1

Πhg(Pi)ϕi(x) ∀x ∈ Ω,

where Nh denotes the number of verti
es of Th and ϕi denotes the usual shape

fun
tion 
orresponding to vertex Pi.

We then have the following result.

Theorem 2 Assume that Ω and f are su
h that the solution of (2) is in H3(Ω).
Let w be de�ned by (4) and set

wh = Πh
∂(Guh)1

∂x1
, (8)

where (Guh)1 is the �rst 
omponent of a post-pro
essed gradient Guh ∈ V d
h ,

d = 2, 3. Assume that Guh super
onverges to ∇u up to the boundary, that is

there exists two 
onstants C̃ and 0 < α ≤ 1 independent of h su
h that:

1

h
‖∇u − Guh‖L2(Ω) +

1

h1/2
‖∇u − Guh‖L2(∂Ω) ≤ C̃hα.

Then, there is a 
onstant C su
h that for all h ≤ 1, we have:

‖w − wh‖L2(Ω) ≤ Chα.

Proof. By de�nition of Πh, (8) writes

∫

Ω

whvhdx =

∫

Ω

∂(Guh)1
∂x1

vhdx ∀vh ∈ Vh.

Integrating by parts we obtain

∫

Ω

whvhdx = −

∫

Ω

(Guh)1
∂vh

∂x1
dx +

∫

∂Ω

(Guh)1vhn1ds ∀vh ∈ Vh.
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We then follow the proof of Theorem 1 by repla
ing ∂uh/∂x1 by (Guh)1 and

use the super
onvergen
e property to 
on
lude.

In what follows, we will use two methods to obtain better gradients, namely

Zienkiewi
z-Zhu post-pro
essing [29, 30℄ and least-squares [15, 3, 19, 27℄.

Zienkiewi
z-Zhu post-pro
essing 
orresponds to an L2 proje
tion of ∇uh

onto Vh:

(Guh)1 = Πh
∂uh

∂x1
. (9)

The theoreti
al properties of Zienkiewi
z-Zhu post-pro
essing have been stud-

ied by various authors. In [16, 25℄, it is proved that super
onvergen
e holds on

parallel meshes away from the boundary. However, as remarked in [23℄, this

is wrong on meshes with the 
hevron pattern. In [26℄, it is proved that su-

per
onvergen
e o

urs on mildly stru
tured meshes that is to say meshes made

of near parallelogram triangle pairs. In [28℄, it is 
laimed that Delaunay mesh

generators satisfy this property but from the numeri
al results reported at the

end of this paper indi
ate that this is not always the 
ase.

We now turn to least squares [15, 3, 19, 27℄. The goal is to �nd, for ea
h

vertex Pi of the mesh, a polynomial of degree two that �ts in the least squares

sense the values of uh in the neighbourhood of Pi. More pre
isely, for ea
h

vertex Pi of the mesh, we 
onsider the neighbouring verti
es. If the number of

neighbours is stri
tly less than �ve, then the neighbours of the neighbours are

added to the list. Let P j
i , j = 1, ..., Ni denote the obtained list with Ni ≥ 5.

We then use the lo
al (x1, x2) 
oordinate system with Pi as origin and denote

(ξj , ηj) the 
oordinates of P j
i in this lo
al system. The method then 
onsists in

�tting lo
ally, in the least squares sense, the polynomial of degree two:

p(x1, x2, Pi) = ai
0 + ai

1x1 + ai
2x2 + ai

3x
2
1 + ai

4x1x2 + ai
5x

2
2

to the values uh(P j
i ) at the neighbouring verti
es. This 
orresponds to solving

the Ni × Ni linear system

AT A~a = AT~b, (10)

with

A =











1 ξ1 η1 ξ2
1 ξ1η1 η2

1

1 ξ2 η2 ξ2
2 ξ2η2 η2

2
...

...
...

...
...

...

1 ξNi
ηNi

ξ2
Ni

ξNi
ηNi

η2
Ni











~a =











ai
0

ai
1
...

ai
5











~b =











uh(P 1
i )

uh(P 2
i )

...

uh(PNi

i )











.

In [19, 27℄ it is proved that this method preserves polynomials of degree two

and that the gradient super
onverges on mildly stru
tured meshes. Therefore,

an approximation of w = ∂2u/∂x2
1 
an be obtained by setting

(Guh)1 ∈ Vh, (Guh)1(Pi) =
∂p

∂x1
(0, 0, Pi) = ai

1 i = 1, ..., Nh, (11)

and wh being still de�ned by (8). Another approximation simply 
onsists in

setting

wh ∈ Vh, wh(Pi) =
∂2p

∂x2
1

(0, 0, Pi) = 2ai
3 i = 1, ..., Nh. (12)
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3 Numeri
al results

3.1 2D 
omputations

The following methods have been tested to approa
h w = ∂2u/∂x2
1 using wh ∈

Vh de�ned by:

� method 1 : (8) and (9),

� method 2 : (8) and (11),

� method 3 : (12),

� method 4 : the weak form (5).

The notations used are the following:

De = ‖∇(u − uh)‖L2(Ω),

DeZZ =

∥

∥

∥

∥

∂u

∂x1
− (Guh)1

∥

∥

∥

∥

L2(Ω)

where (Guh)1 is de�ned by (9),

D2eZZ = ‖w − wh‖L2(Ω) where wh is de�ned by (8) and (9),

DeLS =

∥

∥

∥

∥

∂u

∂x1
− (Guh)1

∥

∥

∥

∥

L2(Ω)

where (Guh)1 is de�ned by (11),

D2eLS1 = ‖w − wh‖L2(Ω) where wh is de�ned by (12),

D2eLS2 = ‖w − wh‖L2(Ω) where wh is de�ned by (8) and (11),

D2eWF = ‖w − wh‖L2(Ω) where wh is de�ned by (5).

All the results reported hereafter 
orrespond to mass lumping. Numeri
al 
om-

putations have been performed without mass lumping, the results being not

reported sin
e the trends remain the same.

We set Ω = (0, 1)2 and 
hoose f so that the exa
t solution u is given by

u(x1, x2) = sin(2πx1). Zero Diri
hlet boundary 
onditions apply on the verti-


al boundaries of Ω whereas zero Neumann boundary 
onditions apply on the

horizontal boundaries. In Table 1 we report numeri
al experiments for regular

pattern meshes, see Fig. 1. As expe
ted, it is observed that ‖∇(u−uh)‖L2(Ω) is

O(h) (
ol 2). Con
erning the 
onvergen
e of gradients, Zienkiewi
z-Zhu super-


onverges at rate ≃ O(h1.5) (
ol. 3), while least squares super
onverges at rate

O(h2) (
ol. 5). Con
erning se
ond order derivatives, methods 1, 2 and 3 (
ol.

4, 6 and 7) 
onverge at rate ≃ O(h1.5) whi
h is better than the predi
tion of

Theorem 2. Finally, method 4 
onverges at rate O(h2) whi
h was anti
ipated in

Remark 1. We have also performed numeri
al expriments with a mildly stru
-

tured mesh [26℄ obtained by adding h2 to the 
oordinates of ea
h internal vertex

of the mesh. Numeri
al results are not reported here sin
e they are very similar

to those of Table 1.
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meth. 1 meth. 3 meth. 2 meth. 4

h De DeZZ D2eZZ DeLS D2eLS1 D2eLS2 D2eWF

0.1 0.81 0.32 4.38 0.35 6.13 7.24 1.12

0.05 0.40 0.087 1.46 0.086 2.28 2.73 0.28

0.025 0.20 0.024 0.48 0.021 0.81 0.97 0.07

0.0125 0.10 0.0072 0.16 0.0050 0.29 0.34 0.018

0.00625 0.050 0.0022 0.056 0.0012 0.10 0.12 0.0044

0.003125 0.025 0.00073 0.019 0.00031 0.036 0.042 0.0011

Table 1: Regular pattern.

The 
riss-
ross pattern of Fig. 1 is now 
onsidered, the results being dis-

played in Table 2. Here, O(h2) 
onvergen
e of Zienkiewi
z-Zhu and least squares

gradients is observed, ≃ O(h1.5) 
onvergen
e is observed for methods 1 and 2,

while no 
onvergen
e is observed for methods 3 and 4, this being predi
ted for

method 4 in Remark 2. The results pertaining to method 4 with h = 0.25 are

reported in Figs. 2 and 3.

meth. 1 meth. 3 meth. 2 meth. 4

h De DeZZ D2eZZ DeLS D2eLS1 D2eLS2 D2eWF

0.1 0.66 0.19 2.31 0.28 3.84 4.02 4.85

0.05 0.33 0.048 0.71 0.077 1.85 1.36 4.90

0.025 0.16 0.011 0.22 0.020 1.31 0.44 4.92

0.0125 0.082 0.0030 0.072 0.0051 1.21 0.15 4.93

0.00625 0.041 0.00075 0.024 0.0013 1.19 0.051 4.93

0.003125 0.021 0.00019 0.0084 0.00032 1.19 0.018 4.93

Table 2: Criss-
ross pattern.

Figure 2: Criss-
ross pattern h = 0.25. Isovalues of wh (method 4).
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w(x1) = −4π2 sin(2πx1)

Figure 3: Criss-
ross pattern h = 0.25. Plot of w and wh (method 4) against

x1 at x2 = 0.525.

We now turn to the unstru
tured frontal pattern of Fig. 1, the results being

reported in Table 3. Here the results are similar to those obtained for regular

patterm meshes. On the other side, when using unstru
tured Delaunay meshes,

see Fig. 1, the results of Table 4 are not very 
onvin
ing sin
e only method 2

seems to 
onverge. The fa
t that better results are obtained when using the

frontal pattern rather than the Delaunay pattern is due to the quality of the

triangles. Indeed, the frontal method produ
es triangles whi
h are equilateral,

ex
epted along the two diagonals of the unit square, see Fig. 1. The results


orresponding to methods 2 and 4 with h = 0.003125 are reported in Fig. 4. On

unstru
tured Delaunay meshes, there is no super
onvergen
e for Zienkiewi
z-

Zhu gradients whi
h implies, from the theoreti
al results of [26℄ that the meshes

are not mildly stru
tured (if they were, super
onvergen
e of the gradients should

o

ur and therefore se
ond derivatives should 
onverge). In [28℄, it is 
laimed

that Delaunay mesh generators produ
e mildly stru
tured meshes, but this is

not always the 
ase. However, it should be noted the L2 norm of ∇u − Guh

is always mu
h less than ∇(u − uh), therefore ∇uh − Guh 
an still be used as

a reliable error estimator in an adaptive algorithm. On unstru
tured Delaunay

meshes, method 4, the weak form (5), is the worst one. This 
an be explained

looking at Fig. 5 where wh is plotted when h = 0.0125. The a

ura
y of wh is

poor around verti
es having four neighbours, whi
h 
orresponds to a lo
al 
riss-


ross pattern for whi
h the method does not 
onverge, a

ording to Remark

2.

meth. 1 meth. 3 meth. 2 meth. 4

h De DeZZ D2eZZ DeLS D2eLS1 D2eLS2 D2eWF

0.1 0.76 0.29 4.00 0.31 5.45 6.50 1.45

0.05 0.36 0.067 1.27 0.073 1.96 2.34 0.50

0.025 0.18 0.017 0.44 0.017 0.70 0.80 0.29

0.0125 0.088 0.0049 0.20 0.0039 0.27 0.28 0.20

0.0625 0.044 0.0015 0.12 0.00096 0.12 0.097 0.14

Table 3: Unstru
tured frontal pattern.
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meth. 1 meth. 3 meth. 2 meth. 4

h De DeZZ D2eZZ DeLS D2eLS1 D2eLS2 D2eWF

0.1 0.67 0.23 3.25 0.24 4.19 5.21 1.08

0.05 0.35 0.071 1.28 0.067 1.79 2.10 0.75

0.025 0.18 0.024 0.72 0.018 0.86 0.84 0.74

0.0125 0.089 0.01 0.63 0.0045 0.57 0.32 0.82

0.00625 0.044 0.0047 0.61 0.0014 0.51 0.16 0.79

0.003125 0.022 0.0023 0.61 0.00057 0.51 0.13 0.79

Table 4: Unstru
tured Delaunay pattern.
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Figure 4: Unstru
tured Delaunay pattern h = 0.003125. Plot of w and wh

(methods 2 and 4) against x1 at x2 = 0.5.
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Figure 5: Unstru
tured Delaunay pattern h = 0.0125. Isovalues of wh (method

4).

We now study two variants of the least squares method in whi
h (variant

1) for ea
h vertex of the mesh, the neighbours of the neighbours are always

taken into a

ount. Another variant (variant 2) is to weight the equations


orresponding to the neighbours and those 
orresponding to the neighbours of

the neighbours di�erently, thus solving

AT D2A~a = AT D2~b,

instead of (10). Hereabove, D is a diagonal matrix with entry 1 if the index


orresponds to a vertex neighbour and 1/2 if it 
orresponds to a neighbour of a

neighbour. The results are reported in Table 5 for the unstru
tured Delaunay

pattern and show that these two variants of method 2 lead to the best results,
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namely order one 
onvergen
e of the se
ond derivatives. Su
h results 
on�rm

those reported in [24℄.

original least squares variant 1 variant 2

h D2eLS1 D2eLS2 D2eLS1 D2eLS2 D2eLS1 D2eLS2

0.1 4.19 5.21 5.91 6.55 5.68 6.04

0.05 1.79 2.10 2.57 2.68 2.45 2.47

0.025 0.86 0.84 1.06 1.05 1.01 0.97

0.0125 0.57 0.32 0.42 0.38 0.40 0.36

0.00625 0.51 0.16 0.21 0.15 0.19 0.15

0.003125 0.51 0.13 0.14 0.070 0.12 0.077

Table 5: Unstru
tured Delaunay pattern. Methods 2 and 3. Comparison be-

tween the original least squares method and two variants.

We have performed 
omputations using the meshes obtained with the anisotropi


adaptive algorithm presented in [21, 20, 22℄. The goal of the adaptive algorithm

is to generate anisotropi
 adapted meshes su
h that

0.75 TOL ≤

(

∑

K∈Th

η2
K

)1/2

‖∇uh‖L2(Ω)
≤ 1.25 TOL.

In other words the estimated relative error should be 
lose to a preset toleran
e

TOL. Hereabove, ηK is a lo
al anisotropi
 error estimator based on Formaggia-

Perotto interpolation estimates [11, 12℄ and on Zienkiewi
z-Zhu post-pro
essing.

In Table 6, results are reported when TOL goes to zero, ar denoting the average
aspe
t ratio, eiZZ the e�e
tivity index of Zienkiewi
z-Zhu post-pro
essing:

eiZZ =
‖∇uh − Guh‖L2(Ω)

‖∇(u − uh)‖L2(Ω)
.

The results are surprising sin
e method 4 is again the best one as for regular

pattern meshes. The approximation wh 
omputed with methods 2 and 4 is

plotted in Figs. 6 and 7 when TOL = 0.0625 Eventhough there is no 
lear


onvergen
e rate for method 2, the pointwise error is only 2%. The error for

method 4 
annot be seen in the zoom of Fig. 7, it is less than 0.3%.
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meth. 1 meth. 3 meth. 2 meth. 4

TOL De DeZZ D2eZZ DeLS D2eLS1 D2eLS2 D2eWF

0.0625 0.082 0.032 1.34 0.025 2.00 1.20 0.23

0.03125 0.041 0.012 1.05 0.010 1.73 0.68 0.11

0.015625 0.020 0.0058 1.12 0.0040 1.61 0.54 0.086

0.0078125 0.011 0.0030 1.08 0.0016 1.60 0.47 0.052

0.00390625 0.0053 0.0014 0.96 0.00071 1.54 0.43 0.0350

TOL Nh ar eiZZ

0.0625 241 47 0.99

0.03125 477 81 0.99

0.015625 1163 126 1.00

0.0078125 3181 169 1.00

0.00390625 9242 211 1.00

Table 6: Anisotropi
 adapted meshes.

Figure 6: Anisotropi
 adapted mesh TOL = 0.0625. Isovalues of wh (method

4).
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Figure 7: Anisotropi
 adapted mesh TOL = 0.0625. Plot of w and wh (methods

2 and 4) against x1 at x2 = 0.5.

3.2 3D 
omputations

In three spa
e dimensions we have only implemented methods 1 and 4. We set

Ω = (0, 1)3 and f so that the solution of (2) is given by

u(x1, x2, x3) =
1

2

(

tanh(40r(x1, x2, x3) − 0.1) − tanh(40r(x1, x2, x3) − 0.2)
)

,

with r(x1, x2, x3) =
√

(x1 − 0.5)2 + (x2 − 0.5)2 + (x3 − 0.5)2. Thus is smooth,

zero or one valued, ex
ept in a region of small width. In Table 7, we results are

reported when using stru
tured meshes using the tetr module of the MODULEF

software [2℄. The 
omputational domain is 
ut into 
ubes, ea
h 
ube being


ut in 5 or 6 tetrahedra. Con
erning method 1, as for the 2D results of table 1,

super
onvergen
e of the Zienkiewi
z-Zhu gradient 
an be observed in both 
ases,

so as 
onvergen
e of wh towards w, whi
h 
orresponds to the results of Theorem

2. On the other side, method 4 does not seem to 
onverge when 
utting ea
h


ube in 5, whereas 
onvergen
e 
an be observed when 
utting ea
h 
ube in 6.

In Fig. 8, we have reported a 
ut along the x3 = 0.5 plane of wh 
omputed

with method 4 when h = 0.0125, ea
h 
ube being 
ut into 5 tetrahedra. Clearly,

os
illations 
an be observed, as for the 
riss-
ross pattern in 2D, see Fig. 2.
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method 1 method 4

h De DeZZ D2eZZ D2eWF Nh

0.05 2.53 1.10 40.8 27.9 9261

0.025 0.88 0.25 25.1 18.5 68921

0.0125 0.41 0.062 9.98 15.5 531441

0.05 2.96 1.04 45.3 23.6 9261

0.025 1.01 0.31 26.7 7.74 68921

0.0125 0.47 0.087 11.5 2.66 531441

Table 7: 3D results. Stru
tured meshes. Ea
h 
ube is 
ut in 5 tetr (rows 1,2,3)

or 6 tetr (rows 4,5,6).

Figure 8: 3D results. Stru
tured mesh, h = 0.0125, ea
h 
ube is 
ut in 5 tetr.

Zoom of wh (method 4) at x3 = 0.5.

We have also performed 
omputations using the meshes obtained with the

anisotropi
 adaptive algorithm presented in [22℄, the mmg3d remeshing tool [9℄

being used. The initial mesh was a 10 × 10 × 10 mesh and 30 mesh iteration

were performed for ea
h run. The numeri
al approximation uh is plotted in

Fig. 9 when TOL = 1, the numeri
al results with several values of the TOL are

reported in Table 8. As for 2D results with adaptive meshes (Table 6 
ol. 4),

there is no 
lear 
onvergen
e rate. The approximation wh is plotted in Fig. 10

for TOL = 0.125 and remains within 10% error.
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Figure 9: 3D results. Anisotropi
 adapted mesh TOL = 1. Plot of uh at

x3 = 0.5.

method 1 method 4

TOL De DeZZ D2eZZ D2eWF Nh

1 0.90 0.35 15.6 7.80 2264

0.5 0.46 0.14 8.24 5.65 7432

0.25 0.23 0.056 4.95 4.71 42101

0.125 0.11 0.026 4.01 4.33 340450

Table 8: 3D results. Anisotropi
 adapted meshes with several values of TOL.
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Figure 10: 3D results. Anisotropi
 adapted meshes TOL = 0.125. Plot of w
and wh (method 1 and 4) against x1 at x2 = x3 = 0.5. Top: 0.5 ≤ x1 ≤ 0.9.
Middle and bottom: zoom.

4 Con
lusions

The 
onvergen
e of numeri
al methods to approa
h se
ond derivatives in the

framework of the Lapla
e problem with 
ontinuous, pie
ewise linear �nite ele-

ments has been investigated.
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Numeri
al results in 2D and 3D show that the pre
ision of all methods


onsidered depends strongly on the mesh topology and that no 
onvergen
e 
an

be 
erti�ed in general. However, there is not blow-up and the values obtained

are probably a

urate enough in order to be used as re�nement or 
oarsening


riteria in adaptive algorithms.
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