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A LOCAL LIMIT THEOREM FOR RANDOM WALKS IN RANDOM
SCENERY AND ON RANDOMLY ORIENTED LATTICES

FABIENNE CASTELL, NADINE GUILLOTIN-PLANTARD, FRANCOISE PENE, AND BRUNO SCHAPIRA

ABSTRACT. Random walks in random scenery are processes defined by Zn := Y ) _, Ex14..4 X4
where (X%, k > 1) and (§,,y € Z) are two independent sequences of i.i.d. random variables.
We assume here that their distributions belong to the normal domain of attraction of stable
laws with index « € (0,2] and 8 € (0,2] respectively. These processes were first studied by
H. Kesten and F. Spitzer, who proved the convergence in distribution when « # 1 and as
n — 0o, of n%Z,, for some suitable § > 0 depending on « and 8. Here we are interested in the
convergence, as n — 00, of n°P(Z, = |n’z]), when x € R is fixed. We also consider the case of
random walks on randomly oriented lattices for which we obtain similar results.

1. INTRODUCTION

1.1. About the model. Random walks in random scenery (RWRS) are simple models of pro-
cesses in disordered media with long-range correlations. They have been used in a wide variety
of models in physics to study anomalous dispersion in layered random flows [29], diffusion with
random sources, or spin depolarization in random fields (we refer the reader to Le Doussal’s
review paper [26] for a discussion of these models).

On the mathematical side, motivated by the construction of new self-similar processes with
stationary increments, Kesten and Spitzer [23] and Borodin [3, 4] introduced RWRS in dimension
one and proved functional limit theorems. These processes are defined as follows. Let & :=
(&y,y € Z) and X := (X, k > 1) be two independent sequences of independent identically
distributed random variables taking values in R and Z respectively. The sequence € is called the
random scenery. The sequence X is the sequence of increments of the random walk (S,,n > 0)
defined by Sp := 0 and S, := > | X;, for n > 1. The random walk in random scenery Z is
then defined for all n > 1 by

n—1
T 1= Z £s, -
k=0
Denoting by N, (y) the local time of the random walk S :
Np(y) =#{k=0,...,n—1 : Sp =y},
it is straightforward to see that Z,, can be rewritten as Z,, = Zy EyNn(y).

As in [23], the distribution of & is assumed to belong to the normal domain of attraction of
a strictly stable distribution Sg of index 3 € (0, 2], with characteristic function given by

d(u) = e~ lul’(Aitidasgn(w) o € R
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where 0 < A; < oo and |AT'A| < |tan(73/2)|. When 8 # 1, this is the most general form of
a strictly stable distribution. In the case § = 1, this is the general form of a random variable Y
with strictly stable distribution satisfying the following symmetry condition :

sup [E(Y1gy|<any)| < +o0. (1)
M>0

We will denote by fg the density function of the law Sg.

Concerning the random walk, the distribution of X7 is assumed to belong to the normal domain
of attraction of a strictly stable distribution S, with index a € (0,2]. In this paper we will
actually not consider the case o =1 (see Remark 2 in [23] for some discussion on this case).

Then the following weak convergences hold in the space of cad-lag real-valued functions defined
on [0,00) and on R respectively :

(”7é SLntJ) — (U(t))tzo

t>0 n—»00

and [0 7Y 6| S (Y(@),ers

n—oo
zeR
where U and Y are two independent Lévy processes such that U(0) = 0, Y (0) = 0, U(1) has
distribution S,, Y (1) and Y (—1) have distribution Sg. When a € (1,2], the random walk
(Sp,n > 0) is recurrent, and the limiting process U admits a local time process. We denote by
(Li(z),t € RT,z € R) the jointly continuous version of this local time.
Let ) )

0:=1 - + op

Papers [23, 3, 4] proved that the following weak convergences hold in the space of continuous
real-valued functions defined on [0, c0) :

if o> 1, (mézm)m = (A(1)20 2)
if a <1, (M%Znt)m = (y@) E[(ﬁfgl(on%)m , (3)

where

e 7, is defined as the linear interpolation Zs = Z,,+(s—n)(Zp+1—Zp) whenn < s <n+1,
e A is the process defined by

+oo
A(t) :/ Li(z)dY (z),
—00
° ]VOO(O) is the total time spent in 0 by the two-sided random walk (Sk,k € Z) with
S_p=— anzl X_,, (where (X_g,k > 1) is independent of (Xj,k > 1) and with the
same distribution).

The limiting process A is known to be a continuous d-self-similar process with stationary incre-
ments. It can be seen as a mixture of S-stable processes, but it is not a stable process.

Since these seminal papers, RWRS have been extensively studied. Far from being exhaustive,
we can cite limit theorems in higher dimension [2], strong approximation results and laws of the
iterated logarithm [24, 14, 13], limit theorems for correlated sceneries or walks [20, 12|, large
and moderate deviations results [8, 9, 1, 18]. Our contribution in this paper is a local version of
the convergence results from [23], as we make more precise in the next subsection.
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1.2. The results. Our first statement is obtained in the case when the ¢'s are Z-valued random
variables. Let o¢(u) := E[e™1] be the characteristic function of &. Remember that there exists
an integer d > 1 such that {u : |p¢(u)| =1} = ZFZ (d is the g.c.d. of the set of b — ¢ where b

and ¢ belong to the support of the distribution of &;)*.

Our first result concerns the case a > 1 :

Theorem 1. Lattice case, a > 1.
Assume that o € (1,2] and 5 € (0,2]. Let C(z) be the continuous function defined by

C(z):=E [[L\Elfg(\L]glx)} for all x € R,

1/p
where |L|g == <fR Lf(y) dy) . Then, for every x € R, we have 0 < C(z) < co and

o if P(n& — [n’z) ¢ dZ
o if P (nfl — Ln‘st € dZ

=1, then P (Zn = Ln‘st) =0;
=1, then

P (Zn - V%J) - d% +o(n™?),

where the o(n™°) is uniform in x.

)
)

Remark. There is no other alternative for the law of &. Indeed, let b be in the support
of &. Then né&; belongs to nb + dZ. Hence the condition né; — |nz| € dZ is equivalent to
|n°z| —nb € dZ.

Our second result concerns the case aa < 1 :

Theorem 2. Lattice case, a < 1. N
Assume that o € (0,1), B € (0,2] and x € R. Let D(z) := rfa(rz), with r := E[Nfofl(O)]*l/ﬁ.
Then

o if P <n§1 - Ln%xJ ¢ dZ> =1, then P (Zn = Ln%xD =0;

o if P <n£1 — Ln%xJ € dZ) =1, then

P (Zn = Ln%xD = dD(fU) —i—o(n_%),

ne
1
where the o(n™ #) is uniform in x;

Finally we get the local limit theorem when ¢ is strongly nonlattice, i.e. when limsup |p¢(u)| < 1.
|u|—+o0

Theorem 3. Strongly nonlattice case.

o Ifaa>1 and B € (0,2], then for all a, b € R such that a < b,

lim n’P [Zn € [n°z +a;n’z + b]] =C(z)(b—a).

n—oo

e Ifaa<1 and B € (0,2], then for all a, b € R such that a < b,

lim nfP [Zn € [n%x + a;n%x + b]] = D(x)(b—a).

n—oo

INote that £ is said to be non-arithmetic if d = 1.
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On the one hand, these results give some qualitative information about the behaviour of Z. For
instance the transience of the process Z is easily deduced (with Borel-Cantelli Lemma) when
B < 1. Note that since Z is not a Markov chain, the recurrence property when 5 > 1 does not
directly follow from the above local limit theorems. However this can be proved by using an
argument from ergodic theory (see [31]). Indeed, it is enough to remark that when 8 € (1, 2], the
random variables g, , k € N form an ergodic and stationary sequence of integrable and centered
random variables.

On the other hand this work was motivated by the study of random walks on randomly oriented
lattices. In the simplest case, one should think to the simple random walk defined on a random
sublattice of the oriented lattice Z2, which is constructed as follows. On each horizontal line,
one removes all edges oriented to the right with probability 1/2 or those oriented to the left
with probability 1/2, and so independently on each level. Then it is known, and not difficult to
see, that the first coordinate of the resulting random walk is closely related to a random walk
in random scenery Z = ), {s,, with S the simple random walk on Z and the &, i.i.d random
variables with geometric distribution (see Section 5 or [19] for more explanations). In [19] it was
conjectured that the probability of return to the origin of this random walk is equivalent to a
constant times n~>/%. Here we prove a local limit theorem for even more general random walks,
giving in particular a proof of this conjecture. We refer the reader to Section 5 for more precise
statements of our results.

1.3. Outline of the proof. Let us give a very rough description of the proofs for RWRS. To
fix ideas, we do it for x = 0 and a > 1. By Fourier inverse transform, we have to study the
asymptotic behavior of

/E [eitZ"] dt = /E H e(tNn(y)) | dt. (4)

YyEZ

For t such that tN,(y) is small, only the behavior of ¢ around 0 is relevant. Therefore, for
1] < (supy, Na(y)) ' = 0=,

E | [] ¢c(tNa(y)| ~E
yeEZ

exp(—[t]” > Na(y)’ (A1 + iAssgn(1)))
Yy

Now, >, N, (y)? is of order n*®, and a change of variable ¢t ~» n%t leads to the dominant part
in the integral (4).

For t > (sup, N, (y))~! ~ n= Ve the behavior of ¢ away from 0 comes into play. In the
strongly nonlattice case, one can find g > 0 and p € (0,1) such that |@¢(t)| < p for [t| > €, so
that for [t| > n~1H1/a

T eetNa(y))| < ptlstn@=8} < ptH{sNa@zeon=o
YEZ

1-1/«

It is easily seen that there is a large number of points visited at least n times, leading to

the result.

The lattice case is more delicate, since in this case |p¢(t)| = 1 for t € 2XZ, so that the
inequality |p¢(tN,(y))| < p is only valid for the y such that d(tN,(y); Z*Z) > €p. Thus, the
main difficulty is to show that for |¢| > nl=1/ there are a lot of such sites. This is done by a
surgery on the trajectories of the random walk.
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Let us briefly describe now the organization of the paper. In the next section, we prove Theorem
1. In Sections 3 and 4, we sketch the proofs of Theorem 2 and Theorem 3 which are easier and
follow the same lines. In Section 5, the local limit theorem for random walks evolving on
randomly oriented lattices is obtained by using similar techniques as for the proof of Theorem
1. Finally in the appendix, we prove some auxiliary results on the range of the random walk S,
that we should need, but which could also be of independent interest.

2. LATTICE CASE, o > 1: PROOF OF THEOREM 1

2.1. Finiteness of C(x).

Lemma 4. For allzx € R, 0 < C(z) < +o0.

Proof. Let © € R. Since [pLi(y)dy = 1 and § < 2, we have as. [, L?(y) dy < 1+
sup,, Ly(y)#=Y+. Hence [ Lf(y) dy is a.s. finite. So C'(z) > 0.

Let us prove now that C(x) is finite. First we have
C@) < [l fsllocBlIL]"]

Let us assume now that 8 > 1. By Holder’s inequality,

1= [ Ly < 12l ( [ 1w > 0) dy)l_%.

Thus by using Jensen’s inequality we get

1 £sllocE [( [ 1w >0) dy)l_%]

I3l (2| [ 12260 > 0) dy)D = Ifslloo BT (0, 1)),

where A\ denotes the Lebesgue measure on R and U([0, 1]) the set of points visited by U before
time 1. This finishes the proof in the case 5 > 1, since the last quantity is finite (see for example

[27] p.703).
Next, if =1, then |L|g = 1 and C(x) = fz(z) < +o0.
Assume finally that 5 < 1. Then

C(x)

IN

IN

1-8
1= [y < 15 (sw @)
R T

so that

E [[L\El} <E [<sgpL1(m)> lgﬁ] - %/Omté?]p [sgle(x) > t} dt .

Therefore it suffices to prove that there exists a constant ¢ > 0 such that
P [sup Li(x) > t] < 2exp(—ct) forallt>0. (5)
xX

This follows from stronger results proved in [25], but for sake of completeness, let us give a soft
argument here. For a > 0, let 7, := inf{¢ : sup, Li(x) > a}. The random variable 7, is a
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stopping time, and by continuity of ¢ — sup, L(z), sup, L., (x) = a on {71, < oco}. It follows
then from the inequality

sup Ly ys(2) < sup Ly(z) + sup(Leys(z) — Li(x))
x x x

and from the strong Markov property, that for any a > 0 and b > 0,
P [sup Li(z) > a+ b} =P |:Ta <1;supLi(z) >a+ b] <E [1{%31} Py, [sup Li(z) > b” )
X xr X

where for any v, P, denotes the law of the process U starting from v. By translation invariance,
the law of sup,, L1 (z) does not depend on the starting point of U. Therefore, for any a > 0 and
b>0,

P [sule(x) >a+ b} <P[r, <1]P [sule(x) > b} =P [sule(x) > a] P [sule(x) > b] .
(6)
Let M > 0 be a median of sup, Li(z). By (6), for all ¢ > 0,

M) g LM
etz pmaiaz ] < ()"

which ends the proof of (5). O

2.2. A first reduction.

Lemma 5. Let n > 1 and x € Z be given.
o [fP[n& —x ¢ dZ) =1, then P(Z, = x) = 0.
o I[fPn& —x € dZ] =1, then

Proof. We have
1

T o

2
P(Z, = x) /0 exp(—itx)py(t) dt,

where ¢, is the characteristic function of Z,, given by

on(t) :=E H 0e(tNn(y))| forallteR.
YEL

2im€ 2imE
Notice that e~ @ =E[e 4 1] almost surely. Hence, for any integer m > 0 and any u € R,

Pe <2m7ﬂ + U> = e (%)m%(u}
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Therefore

d—1 us
1 2 2
P(Z, =z) = o /d eXP<—i<t+$>ﬂf) @n<%+t> dt

exp(—itx) exp <—22]€7ﬂx> E [H {@g <2§>an(31) (pg(th(y))}] W
0 y
= % (di exp <—z2]€7ﬂx> ©¢ <2§>k"> /Z exp(—itz)py(t) dt,

s
d

d

since ), Nn(y) = n. Moreover, [671’27”:’3@05 (27”)"} = e i2mre2inngl — 1 thys e*i%mgpg (27”)" is

a d' root of the unity. Hence

d—1 kn . 2\ 2T
S e iy <2§> :{ d if pe ()" e T =1,

0 otherwise.

Since @¢ (27”) =e d a.s., the lemma follows. O

2.3. The event (,,. Set
N} :=supN,(y) and R, :=#{y : Ny(y) > 0}.
y

Lemma 6. For everyn > 1 and v > 0, set

N, — N,
Q=) =< R, < nat and sup [N () afl(z)’ < p-a+tn/2l
y#z  |ly—z 2z

Then P(Q,) = 1 —o0(n~?). Moreover, given n > ymax(a/2,2(8 —1)/B), the following also holds
on Qy:

§p—18 .
* o 1-Lip — B n°Tz if 8>1
Ny <n and V, = ZNn (2) > { 808 i 5 < 1. (7)

Proof. We prove in the appendix that for every v > 0, there exists C' > 0 such that
P (R, < E[R,]n7) =1 - 0(e ™).
Since there exists ¢ > 0 such that E[R,,] ~ cna (see [32] p.36), we conclude that

P(R, < nat?) =1—o(n™).

Now let us prove that

P (sup ‘Nn(y) — Nn(z)’ > /nl—é—f—'y) _ O(n_é).

a—1
vEz |y —z2[2

According to the proof of Proposition 5.4 in [27], we have : E[|S,[P] = O(n«), for all p € (1, ).
Then Doob’s inequality gives that, for all & > §/p,

P( sup |Si| >nat?)=0m ") =o(n?).

717"'7”
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So we can restrict ourselves to the set A, := {sup,_; _, |Sk| < né‘w}. But on A, if N,,(z) > 0

. 1 ! 1 /
then necessarily z € (—na %, nat?). Thus

. (sup Naly) = Nl o fimas, An) ~ 2 g p (rmy) ~ Na(2)] nl_w) @

a—1 a—1
Y,z ‘y—z‘T y#z ‘y—z‘T

Moreover the Markov inequality gives for all m > 1:

. <|Nn(y) —Nu(e)l /nl_éﬂ) < EIN@) = NP s (9)

’y — z’aT_l o |y — Z|(a71)mn(1—é+7)m

In addition, according to [22] (see the formula in the middle of page 77, with m = O(n),
a;b = O and Q(2)~! = O(2%)), we have for all m > 1,

E[|Nn(y) — Nu(z)*™
pup EL0) = Mol
y#z ly — 2|
Thus if we take m > (§ + 2/« + 20") /7, then by using (8), (9) and (10), we get
— 2 496
P (sup |Nn(y) Nn(z)| > nl—é—f—'y) -0 (’I’L > _ 0(7175).

vEr  Jy—2|°T n

= on(1=m))y. (10)

We now prove (7), starting with the upper bound for N;. For this let yo be such that N, (yo) =
N}, and let zy be the closest point to yo such that N, (z9p) = 0. Then on ,,

lyo — 20| < Ry < mat?,

and thus

Q=

Nn(yo) < \/|yo — zole-InlatY < \/n(é”)(o"l)nl*iﬂ =nl"
The desired upper bound for N} follows if n > avy/2.

To prove the lower bound for V,,, we use the fact that n = Zy Np(y). When 8 > 1, this gives
by using Holder’s inequality:

3 (11)

< (Ti0) i <pntieoth

1 5
Hence V;/ > n57771, and the desired lower bound for V,, follows if 2(8 — 1)y < nB8. When
B <1, we write

n=>_ Nu(y) < Vau(Np)'"7,
y
and the desired lower bound follows from the upper bound for V' proved just above. O

2.4. Scheme of the proof. Let n > 0. Set v := n3/2. We observe that v < n and that (7)
holds with this choice of (n,v). We also set

.:{77 if 5>1

" n/B if B <1.

By Lemmas 5 and 6, we have to estimate

d [4 —it|nfe|g [H Spg(th(y))lgn] dt.

21 J_=

B

This is done in several steps presented in the following propositions.
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Proposition 7. Let n € <0, Wlﬂ)) Then, we have
d it] C(z) 5
— (tNy( dt =d——= +o0o(n"%),
2 Jyen s [H e ] 5+ o(n ™)
uniformly in x € R.

Recall next that the characteristic function ¢ of the stable distribution Sz has the following

form :
d(u) = e v (Artidasgn(w)

for some 0 < A; < oo, |A]1As| < [tan(w3/2)|. Tt follows that the characteristic function ¢ of
&1 satisfies:

1 — @e(u) ~ [ul?(Ay +iAgsgn(u)) when u — 0. (12)

Therefore there exist constants €9 > 0 and o > 0 such that

max(|p(u)|, [pe (u)]) < exp <—0\u!5> for all u € [—eq, &¢]. (13)

Since @¢(t) = pe(—t) for every t > 0, the following propositions achieve the proof of Theorem 1:

Proposition 8. Let n be as in Proposition 7. Then there exists ¢ > 0 such that

eon

fon

Proposition 9. Let n be as in Proposition 7 and let € € (77, W_&x—l))) be given. Then there
exists ¢ > 0 such that

1+%7n

Hm (N ()10, ] dt = o(e ™).

1+ +e
/50n

Proposition 10. Let n be such that v < min (QL %—1) and let € € ((%O‘ +1)v,1— é) be

«

Hmuv |1Q] t=o(e™™).

given. Then there exists ¢ > 0 such that
/ [H e (tNa(y))I 101, ] dt = ofe™™).

To end the proof of Theorem 1, we observe that there exists (1, ¢) satisfying all the hypotheses

of these propositions (by taking n > 0 small enough and e < W}}kl)) large enough).

2.5. Proof of Proposition 7. Remember that V,, = > ., N ( ). We start by a preliminary
lemma.

Lemma 11. If 8 > 1, then

If B <1, then for all p > 1,
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A direct consequence of this lemma is that the sequence (n°V;,

=

,n > 1) is uniformly integrable.

Proof. We start with the case > 1. We already observed in the proof of Lemma 6 that for

every n > 1,
1

1
1 q_1
n<V'’R, ”.

But it is proved in [27] Equation (7.a) that E[R,]| = O(né) The result follows.
We suppose now that 5 < 1. Since we have

n= ZNn(x) < Vn(N;)17B7 (14)
x
we get
) N* %—1
(5
Va nt~a
We use next the fact that IV is a subadditive functional:
Ny S Njy+ Ny oy, (16)
where
m—1 m—1
N, © 0y, := sup Z 1¢s, =2} = sUP Z l¢s,  p—Sn=a} -
¥ k=0 ¥ k=0
is independent of o(Sp, - ,S,—-1). Moreover, 0 < Ny | — N;» < 1. Therefore, we can prove in
exactly the same way as for the range (see (46) in the appendix), that
P(N;>a+b) <P(N;>a)P(N;>b) foralla, beN. (17)

Now it is known (see for example [6]) that N /n' =1/ converges in distribution toward sup, L, (z).
Let ¢ > 0, be such that P [sup, L1 (z) > t] < 1/2. Since

lim P <N;{ > Ltnl_l/o‘ > <P (sule(az) > t) <1/2,

n—oo

we obtain that for n large enough, P (N;: > Ltnl_l/o‘J) < 2/3. Hence for n large enough, and
all p>1,

N* p 00 oo
()] = o fere oz e [ (32 )
n-—— 0 0

o0 u oo 9\ v
< o [Tue (v v ) s [Tt () a9
0 0
where the first inequality in (18) comes from (17). Thus, for all p > 1,
NF NP
The lemma now follows from (15). O

The next step is the
Lemma 12. Under the hypotheses of Proposition 7, we have

/ e~itln’z]g HH pe(tNn(y)) — etIBVn(Am‘Azsg"(t))} 1gn] dt = o(n™?),
[t|<n—0+7 y

uniformly in x € R, where A1 and Ay are the constants appearing in (12).
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Proof. Tt suffices to prove that

(tN,(
/t|<n5+n [H SD&

_E [e—\t|BVn(A1+iA2sgn(t))]_Qn} dt = o(n™°).

Set

= Ieecnaton Lo (1PN () (Ar + iAssen(1)))
Y
Observe that

En(t) =) (H spﬁ(th(Z))) <s05(th(y)) PN <y>(A1+iAzsgn(t>>>

z<y
" (H e|tﬂN£<z><A1+zA2sgn<t>>> _
2>y
But on Q,, if [t| <7977, then
I[Ny (2) < 0"+ 35, (20)

This implies in particular that |t|N,,(z) < g¢ for n large enough, since the hypothesis on 7 implies
n+7 < 1/(aB). Thus by using (13) we get

B <D |eeltNa(y) — exp (=t NE () (A1 + idssgn(t) ) [ exp | —oltl? > Ni(2) | |
Y 27y

for n large enough. Observe next that (12) implies
‘gpg(u) — exp <—|u|B(A1 + iAgsgn(u)> ‘ < |u|’h(Ju]) for all u € R,

with h a continuous and monotone function on [0, 400) vanishing in 0. Therefore by using (20)
we get

B (0)] < [1Ph(n™ 7 25) 3" N2 (y)exp | —alt)® S NE(2)
Yy 27y

Now on ,,, according to (7) and the hypothesis on 7, if n is large enough,
> NJ(2) = Vo2 forallyeZ

27y

By using this and the change of variables v =tV 1/8

[ BB dt < b7V [ ol exp (olol2) do = ofEIV; 7))
|| <n—0+7 R

, we get

which proves the result according to Lemma 11. O

Finally Proposition 7 follows from the

Lemma 13. Under the hypotheses of Proposition 7, we have
i e—it£n5$JE |:ef|t‘ﬁvn(A1+iAgsgn(t)) ]-Qn] dt = dc(f) 4 O(nﬂS)’
n

27 Jjt<n-o+7

uniformly in x € R.
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Proof. Set

I, .= / efith‘S:vJ e—\t|BVn(A1+iAzsgn(t)) dt.
’ |t|<n—8+7
Since | [n’z| — n’z| < 1, for all n and z, it is immediate that
I, .= / efitn‘sxef|t\f8Vn(A1+iAgsgn(t)) dt + O(n725+2ﬁ)‘
’ [t <n—5+7
But 277 < 1/(a8) < d by hypothesis. So actually

)

Ing = / ¢’ w |t Vo (ArFidasen() gy 4 ().
t<n=047

Next, after some changes of variables, we get:
—itndx ,—[t|* Vo (Ar+idasgn(t)) gp — =0 [ 9 —”6 _”69” J 21
_5_,_—6 € =n ™ 1/5f5 1/8 —dJdnzx (> ( )
|t|<n—0+7 Va Vi

g / o—ive — v Vs (Ar-+idasgn(v) g
= .
fofzn

where

)

Now it is known that W, := n5Vn_1/ B converges in distribution, as n — oo, toward W := \L!gl
(see [11] Lemma 14 or [23] Lemma 6). Then by Skorohod’s representation Theorem, we can find
a sequence (W,,n > 1) and W distributed respectively as (Wy,,n > 1) and W such that W,

converges almost surely toward w. Moreover, Lemma 11 ensures that the sequence (W,,,n > 1)
is uniformly integrable, so actually the convergence holds in L'. Let us deduce that

Elg:(Wn)] = Elg.(W)] + o(1), (22)

where g, : z — zfg(xz) and the o(1) is uniform in z. First

IE[g,(Wo)] — Elga(W)]| < sup |(g2) (2)|E[[W,, — W]

z,z€R

< sup|fa(u) + ufh(w)[E[[W, — W]).

But remember that
fﬁ(u) i/eitueltﬁ(&HAQSgn(t)) dt |
R

:271'

So after differentiation under the integral sign and integration by parts we get

ufh(u) = e (1 — Bsgn(t)|t] (Ar + iAgsgn(t)))e 17 (i ritasen() g

2 /.
In particular sup, |fs(u) +ufz(u)| is finite, and this proves (22).
In view of (21) it only remains to prove that E[J, »1q,] = o(1). But this follows from the basic

inequality

—Aqlv|B Yo
E[e 1]v] W5 1g | dv,

Bl nato,) < [

o] 2n7

and from the lower bound for V;, given in (7). O
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2.6. Proof of Proposition 8. Recall that on Q,, N,(y) < n1’é+’7, for all y € Z. Hence by
(13),

,1+l ,1+l,n

/60” [H|SD§ tN |19 ] dt < /EO” « E [exp <—UtﬁVn) 1Qn:| dt .

n—0+M n—0+m

But on 2,,, we can also use the lower bound for V;, given in (7), which implies that

1
n-lta—n

€0
/“6 [IIwguv yh%]dtgeomﬂ
n—0+7

for some constant ¢ > 0, depending on 5. This proves the proposition.

2.7. Proof of Proposition 9. First note that by using again (13) we get

H e (tNa(y))] < exp | —ot? Z NB(z) for all t < n~'tate, (23)
z:Nn(z)Ssonl_é_s

The proof will then be a consequence of the

Lemma 14. Under the hypotheses of Proposition 9, for n large enough and on €, we have

2 .
# {z : i—gnka*E < Ny(2) < gonké*e} > (%) ot né_%

Indeed according to this lemma and (23), we get for n large enough and on 2,,,

[TIectNu@)l < exp (—o'n #0-atine i pf0-5-2)

25+W 1 1
< exp < o' na —Alte) == ) for all egn 1 Ta™ 1 <t <np ltate

for some constant ¢’ > 0. This proves Proposition 9, since the hypothesis on ¢ and v implies

that %ty 1 3
c 7>——25a——€>0.
a—1 a a—1

é—ﬁm+d—

Proof of Lemma 14. Let y; be such that N,(y1) = N,;; = sup, N,(z). Since n = ), Ny(2) <
N}R,, we have N, (y1) > nl_é_v, on €,. Set

. €0 _1_
yo=min{y >y : Naly) < Pn'"7 )

Observe that yo > y; for n large enough, since € > + by hypothesis. In particular
€0 1-1_
Nn(yo —1) > Enl a7~ > Np(yo).
But on ,,,
1
Nyu(yo — 1) = Np(yo) < n=a+1/2

Moreover, the hypotheses made on 7 and € imply that v < (1 —1/a)/3 and ¢ < (1 —1/«)/3.
Thus e < (1 —1/a —7v)/2, or equivalently (1 —1/a+7)/2 <1—1/a —e. Therefore

TR S Naly) < Gt (24

_2 1 _ 2+
for n large enough. Next if |yg — z| < (5—0) a1 pa a—*} then on ,,,

Nal2) = Nalwn)] < /o — 2l tnt=h57 < Dptode
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Together with (24), this proves the lemma. O

2.8. Proof of Proposition 10. Let M and N be two positive integers such that P(X; = N) > 0
and P(X; = —M) > 0. We denote by C* the (M + N)-uple (N,...,N,—M,...,—M) in which
N is repeated M times and then —M is repeated IV times. We denote by C~ the ”symmetric”
(M + N)-uple (=M, ...,—M,N,...,N) in which —M is repeated N times and then N is repeated
M times. Set T := M + N and observe that

p:=P(X1,...,X7)=C") =P((Xy1,...., X7) =C") > 0.
Let us notice that (Xi, ..., X7) = CT corresponds to a trajectory going up to M N (in M steps)

and then coming back down to 0 (in N steps). Analogously, (X1, ..., X7) = C~ corresponds to
a trajectory that goes down to —M N (in N steps) and comes back up to 0 (in M steps).

D, = {Cn> %},

We introduce now the event

2T
where "
Cn = {k‘ =0, LTJ =1 (Xerg1s - Xpynyr) = Ci} :
Since the sequences (Xgr41,- .., X(g41)7), for k > 0, are independent of each other, Chernoff’s

inequality implies that there exists ¢ > 0 such that
P(D,) =1—o0(e” ).

We introduce now the notion of "peak”. We say that there is a peak based on y at time n if
S, =y and (X,11,...,Xpi7) = CE. We will see (in Lemma 15 below) that, on €, N D, there
is a large number of y € Z on which are based a large number of peaks. For any y € Z, let
n
Cn(y) == # {k‘ =0,..., LfJ =1 Spr=yand (Xprs1,. -, Xpanyr) = Ci} :

be the number of peaks based on y before time n (and at times which are multiple of T'), and
let

poi=#{y €L 1 Culy) >n'"a D},

be the number of sites y € Z on which at least nl=a—2v peaks are based.

Lemma 15. On Q, N D,, we have p, > 3NMné_°‘7, for n large enough.

Proof. Note that Cp,(y) < Np(y) for all y € Z. Thus on £, N Dy,

np

o7 = > 1 Cn(y) + > 1 Cn(y)
YEZL : Cn(y)<nl~ a2 YEZ : Cp(y)>nt~a =27
nlfiwan + N pn,

1 ay
< 0T pan! e T,

A

IN

according to (11). This proves the lemma. O

We have proved that, if n is large enough, the event 2, N D,, is contained in the event
En = {pn > 3NMné7M}.

Now, on &,, we define Y; for e =1,.. ., Lnéf‘”J, by

Y] := min {y €Z : Cuply) > nlféfh} ,
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and
Yi1+1 := min {y >Y;+3NM : Cyy) > nl—é—Z«/} for i > 1.

The Y;’s are sites on which at least nl=a=2v peaks are based and are such that |Y; —Y;| > 3N M,

1—-L 9y
n a
ifi £ j. Foreveryi=1,..., LnéfmJ , let til, . ’ti{ J be the Lnlféwa first times (which

are multiples of T') when a peak is based on the site Y;. We also define N2(Y; + NM) as the
number of visits of S before time n to Y; + N M, which do not occur during the time intervals

t],t] + 17, for j < Lnlfé*%J.

177
Lemma 16. Conditionally to the event £,, (Np(Y;+MN)—N2(Y;+MN),i > 1) is a sequence
of independent identically distributed random variables with binomial distribution B (Lnl—é—ZvJ ; %) .
Moreover this sequence is independent of (N2 (Y; + MN),i > 1).

Proof. On &, we have
[n! =% =)

Nu(Yi +MN) = NJ(Yi + MN) = Y7 Lix, x
=1 '

gy €CTH

since the peaks based on the other Y3’s cannot pass through Y; + M N. But conditionally to &,,

the sequence <1 (X X . )€C+}> is a sequence of independent Bernoulli random variables
tg H17777 tg+T

1,7 ) )
with parameter 1/2, which is independent of (X, k & U, ;[t],..,t] +T]). Since Np(Y; + M N)
only depends on the values of the X}’s for k ¢ UZ ; [tg, ey t{ + T, the result follows. O

Let now p := sup{|pe(u)| : d(u,2FZ) > &p}. According to Formula (13),

or \*?
PLi(uw,252)>c0p T OXP | —od {u, —Z | | Ly, 2m7) o)

1
exp (—an*E”M) ,

IN

|oe(u)]

IN

1

2a
as soon as d(u, 2%Z) > niafBJrTw, and p < exp <—0n‘é+2°‘7>. But recall that p < 1 and

202y < 1. Therefore, for n large enough,
2 12y
[T lee(tNu(2))] < exp <_an—é+2w# {z d (th(z),FWZ) > past BD . (25)
z
Then notice that

d (th(z), —> >n e85 = Nu(z) €T:= J I, (26)
where for all k € Z,

I =

2c 2a
2m n"w ok + )r  noaAtE

dt t ’ dt t '
In particular R\ Z = (J,.c5, Jk, where for all k € Z,

2oy 1

%kn TR 2knm 7”L_a_/5’+2%7
Jk = o — R + .

t
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Lemma 17. Under the hypotheses of Proposition 10, for everyi < {né_MJ ,te (n‘“‘éﬁ, 7/d)

and n large enough,

P (No(Yi+ MN) € T| &y, N)(Yi+ MN)) >

almost surely.

Wl

Assume for a moment that this lemma holds true and let us finish now the proof of Proposition
10. Lemmas 16 and 17 ensure that conditionally to &, and ((N2(Y; + M N),i > 1), the events
{N,(Y; + MN) € T}, i > 1, are independent of each other, and all happen with probability at
least 1/3. Therefore, since 2, N D,, C &,, there exists ¢ > 0, such that

a—av a—av
P(QnﬂDn, #{i : Ny(Yi+ MN)eTI} < n 1 ) §P<Bn§ n 1 ) = o(exp(—cn)),

where for all n > 1, B, has binomial distribution B qné—MJ : %).

But if #{z : N,(z) €e I} > né_w/él, then by (25) and (26) there exists a constant ¢ > 0, such
that

et < e (e -2,
z
which proves Proposition 10.

Proof of Lemma 17. First notice that by Lemma 16, for any H > 0,
P(Nu(Y; + MN) € T | £, NU(Yi+ MN) = H) =P (H +b, € T), (27)

where b, is a random variable with binomial distribution B <Ln1_é_27J ,%) We will use the

following result whose proof is postponed.

Lemma 18. Under the hypotheses of Proposition 10, for every t € (anéJre,ﬂ/d) and for n
large enough, the following holds:

(i) For any integer k such that all the elements of Iy, — H are smaller than % Lnl—é—ZwJ ,
P(b, € (Iy — H)) > P(b,, € (Ji, — H)).
(ii) For any integer k such that all the elements of I, — H are larger than % Lnl_é_zyJ,

P(bn € (Ik - H)) > P(bn € (Jk-i-l - H))

Now call ko the largest integer satisfying the condition appearing in (i) and k; the smallest
integer satisfying the condition appearing in (ii). We have k; = ko+1 or k1 = ko +2. According
to Lemma 18, we have

P(H+b,€T) > Y PH+byel)+ > P(H+by€lL)

kgko k2k1
> > P(H+by€Jp)+ > P(H+by € Jipa)
kgko k2k1

= P(H + b, ¢I) - P(H + b, € Jho+1 U Jkl)-
Hence,

P(H +b, €T)> = [1—P(H +by € Jyys1 UJi,)] -

DN | =
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7 1],1-1-2 1—1 gy |71/ 7
Let b, := 2 <bn =k Ln Ta Ln a4 , so that b, converges in distribution to a stan-
dard normal variable, whose distribution function is denoted by ®. The interval Jj, being of
_ 14 20y
length 2n a5 5 /t,

1 2y
_ af T B
P(H + b, € Jp,) = P(by € [mn, My]), with My, —m,, =4——
t Lnl_é_zw
< O(M,) — P(my,) + - (by the Berry—Esseen inequality)
1—=—2v
n @
M, —m, n C
- V2 Vnl—a—27
< Olpatetrt i -ds—d—e 9
- nl L_o~

2, v < %%, and

for t > anéJre, and some constants C' > 0 and C’ > 0. Since o < 2, 8 <
= o(1). The same holds for

e > 2ary/B + v by hypothesis, we conclude that P(H + b, € Ji,) = o(1
P(H + b, € Jigy41), so that for n large enough,

P(H +b,€T) > 5[1-o(1)] >

Wl

Together with (27), this concludes the proof of Lemma 17. O

Proof of Lemma 18. We only prove (i), since (ii) is similar. So let k be an integer such that all
the elements of I, — H are smaller than 3 nl_é_QvJ . Assume that (J; — H)NZ contains at least

one nonnegative integer (otherwise P(b,, € (J; — H)) = 0 and there is nothing to prove). Let z
denote the greatest integer in Jy — H, so that by our assumption P(b, = z) > 0 (remind that

0<z2, <3 Lnlféfz'yJ ). By monotonicity of the function z — P(b, = z), for 2 < 1 Lnlféfz'yJ,
we get

P(bn € Ji = H) < P(by = 2)#((Jx — H) N Z) < P(by = ) [Lw -

In the same way,

Hence
1, 20y

1 2a
on”aB "
t

nd 202y < 1 by hypothesis. It follows immediately that for n large enough, we
< m/(2d), and so

_L+20‘_"/ _L+20‘_’Y
2 T By T [ 2] [
dt t | 2dt| — 2dtl — 12dt | — t '

This concludes the proof of the lemma. O

JIP’(bneJk—H).

But 7/(dt) > 1 a
L+2O‘_W
have 2n o878
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3. LATTICE CASE, a < 1: PROOF OF THEOREM 2

We only sketch the proof, since it is very similar and simpler than in the case a > 1. In
particular we keep the same notation, for instance for N, R,,, V,,, €o,...

We first introduce the analogue Q), of Q,:
2, =, (e) == {N;; <n°},
which is well defined for any €. Note that on €, we have
Vo> Ry 2! " (28)
Since N, = Supz;é [Ny (Sk) — Ni(Sk)], we obtain that

P (N, >n®) <nP <sup N (0) > n5> <npy 1,
m

where pg :=P(3k >1 : S =0). Since a < 1, the random walk S is transient and py < 1. It
follows that P(Q) = 1 — o(exp(—n°®)), for some constant ¢ > 0, and we can restrict our study to
this set. Moreover, it is known (see for instance the introduction in [23] for an argument) that

1 1 ~

Vo= = E B p—1 — B

nVn 1 EZNn (y) n—>—+>ooE[NOO 0)] =7r"" as.
y

We claim now that (nl/ p anl/ p ,n > 1) is uniformly integrable. Indeed, if 8 > 1, this comes
from the fact that V,, is larger than n, and when 8 < 1, this follows from the

Lemma 19. If 8 < 1, there exists v > 0 such that

supE [exp <7§>} < . (29)

n

Proof. Since n =), Np(x), Holder’s inequality gives

<
Vi, = n
Since
1 1 n—1
- Nn 2 - - Nn 9
DI IRALE

Jensen’s inequality gives

Hence,

E[exp <VM)} < 15 B jop (4u(50)

n
k=0

< E [exp (WOO(O))] .

Then, (29) directly follows from the fact that N (0) is equal to 1 plus the sum of two independent
geometric variables with positive parameter, and thus has finite exponential moments. O
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Let ¢ > 0 and n > 0 be such that n+ ¢ < 1/8 and ¢ < 98 < 1/2. As in the proof of
Proposition 7, we deduce that

S [H%”V ]dt:D(x)H(n‘%),

21 Jitj<n”™®

where the o(n~1/#) is uniform in z. It remains to prove that

[H 0e(tNa(y)) ey, ]

As in the proof of Proposition 10 (see the beginning of Section 2.8. for the definitions of D,,
Chn, Cr(y),...), we are led to prove that

[H Pe(tNn( 19;01%]

Let p), := #{y : Cp(y) > 1} be the random variable equal to the number of sites of Z on which
at least one peak is based. Let us notice that on €/ ND,,, we have

57 < Cn —Eyjcn@) <D Naly) <t

y : Cn(y)>1

Thus Q, ND,, C &, where &, = {pl, > con'~¢}, for a well chosen constant cy > 0. As in
the proof of Proposition 10, we construct (Y;); such that C,,(Y;) > 1 and Y;41 — Y; > MN.
For every i, we define NO(Y; + MN) as the number of visits to the site Y; + M N without
taking into account the possible visit during the first peak based on Y;. Next we see that, on
E (Np(Y; + MN) — N2(Y; + MN),i < cgn'~¢) is a sequence of i.i.d. random variables with
Bernoulh distribution with parameter 1/2.

d

21 J,mFn

1

dt =o(n" 7). (30)

1

d dt =o(n B).

27 J,mE

Let t € [n atn ”} We define the good and bad intervals respectively by

2%r 1 2(k+Dm 1 o%r 1 2%kn 1
o= | 2 AP TIT ) nd g = (T2 2T )
k [dt+2’ dt 2] and Jk (dt 2 dt+2>

Set also I’ := (J;cy I}, We observe that .J;, is an open interval of length 1 and Ij is a closed
interval of length 27/(dt) —1 > 1 (since t < 7/d). Hence if N2(Y; + MN) is not in 7/, then
N2(Y;+MN)+11isin Z’. This ensures that, on &, N,,(Y; —|—MN) belongs to Z’' with probability
at least 1/2. Therefore, as after Lemma 17, we get

<Q NDp;#{i : No(Yi+ MN) € 7'} < 7;“):0(71_%).

Hence, we just have to prove that

d

_1
35 ) b dt =o(n 5),

s

with H,, ¢ := {#{y i Np(y) eI’} > CO” — } As after Lemma 16, we notice that, if n is large

enough, we have

1
2 —§+77
d(u, —”Z) > I = pcw)] < exp (—g5m )
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We notice also that if N,(y) € Z’, then d (tNn(y), 5 Z) > t/2, and thus d (tN,(y), 2 Z) >
n_%—m /2. Now, on H,,+, we know that at least con'¢/3 sites y satisfy this property. Therefore

E l;I%Df(th(y))lﬁn,t] < exp (—%n“%*lﬂfn) — o(n" ),
since € < fn. This gives (30) and achieves the proof of Theorem 2. 0

4. THE STRONGLY NONLATTICE CASE: PROOF OF THEOREM 3

We assume here that £ is strongly nonlattice. In that case, there exist g > 0, ¢ > 0 and
p < 1 such that

° |pe(u)| <p if |u| > eo,
o |pe(u)| < exp(—alul?) if Ju| < eo.

Case a > 1. We use here the notations of Section 2 with the hypotheses on v, n, i and ¢ of
propositions 7, 8, 9 and 10. Let hg be the density of Polya’s distribution:
11— cos(y)
h =—_—""
O(y) T yg

Its Fourier transform is ho(t) = (1 — |t|);. For 6 € R, let hg(y) = exp(ify)ho(y) with Fourier
transform hg(t) = ho(t + 0). As is proved in [16] (see the proof of Theorem 5.4 p.114), it is
enough to show that for all 8 € R,

lim n'E [hg(zn - n%)] = C(z) hg(0) . (31)

n—oo
By Fourier inverse transform,

0

n°E [hg(Zn - n‘sx)} _ /Rei“”%E [H 0e(uNp(x))

o ho(u) du.
TEL

Since hg € L', we can restrict our study to the event 2, of Lemma 6. The part of the integral
corresponding to |u| < n~%t7 is treated exactly as in Proposition 7. The only change is that we
have to check that
lim 7’ / B [ P Vatvtidzsan() 1, 1 (hg(u) — ho(0)) du = 0,

|u|<n =0+

n—oo
which is obviously the case since 27 < §, using the fact that hg is a Lipschitz function.
Now since iLg is bounded, the part corresponding to n =+ < lu| < n~1+3+¢ doesn’t need any
additional treatment. Actually, the proofs of Propositions 8 and 9 only use the behavior of ¢
around 0, which is the same in the lattice or nonlattice case.

1
We now turn our attention to the part of the integral corresponding to |u| > n~'TaT¢ and
prove that

li 5 ’ eiun’e | |g0 N, 1o h du=0. 32
Jim n /u|>n il E ¢(ulNp(x)) n] o(u) du (32)
To this end, note that

E

<E [p#{x:\uanzeo}lﬂn] 7

Hsoa(uNn(x))lQn]
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1
and that on ©,,, for |u| > n=tta™e,

n=> Nu(z) < 2R+ N;#{z: [uNa(z)| > 2o}

|ul

< gontTEtB/2 4 plegtn #{z ¢ [uNp(x)] > g0} -

Hence, since € > n3/2, for n large enough, on ,,, and for |u| > n‘”éﬁ,
1
#{x ¢ [uNn(z)] >0} > §né—n.

Therefore, for n large enough,

—sun?®
n5/ . e~ tun’zpg
ful>n =1+ &+

which tends to zero since n < 1/a.

H wﬁ(UNn(x))lﬂn] ho(u) du| <

Case a < 1. Using the notations and hypotheses on ¢, 7,7 of Section 3, one has to prove that
for all # € R and all z € R,

n—oo

lim nl/ﬁ/ e—tun'Pz g [H @5(uNn(m))1Q;L] ho(u) du = D(x)hg(0) . (33)
R xT
Again, the only change in the proof concerns the part of the integral corresponding to |u| >
n~1/B+1 We use here the bound
o (uNu(2))] < exp(—oul’ Nf () Lijun, @)/<z0} T £ LjuNn(@)|ze0}
< exp(—on "N (2)) 1un, @)<eo) + £ L{juln ()20} -

If n < 1/8, then for n large enough, p < exp(—on~1+"%). Therefore, if n is large enough, then
for all # and u such that N, (z) > 1 and |u| > n~/8+" we have

|pe(ulNn (2))] < exp(—on™1+77).

Hence,

<E {exp(—an_H"ﬁRn)lQ/n] < eXp(_Unnﬁ—E) )

E [H pe(ulN, (7)) 1oy,

Therefore, since € < 13,

lim nl/ﬁ/ e—un'/’r H e (ulNy(x)) 1o ho(u) du = 0.
|u‘2n*1/r3+7l T "

n—oo

This concludes the proof of Theorem 3. U

5. RANDOM WALKS ON RANDOMLY ORIENTED LATTICES

5.1. Model and result. We consider parallel moving pavements with different fixed speeds,
independently chosen at the beginning with the same distribution. We study the random walk
(M,,,n > 0) representing the position of a walker who at each time stays on the same moving
pavement with probability p € (0, 1), or jumps to another one with probability 1 — p.

Let us define (M,,n > 0) more precisely. Let px be a distribution on Z in the normal
domain of attraction of a centered stable distribution with index 1 < o < 2 and density function
denoted by fo(:). Let also § := (§,,y € Z) be a sequence of independent centered Z-valued
random variables with distribution p¢ belonging to the normal domain of attraction of a stable
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distribution with index 1 < 8 < 2 and density function denoted by f3(-). For each y € Z, &,
will be the only horizontal displacement allowed on line y. Let p € (0,1). Given &, the random
walk (M, = (My(Ll),M( )) n > 0) is a Markov chain starting from M := (0,0) and such that at
time n + 1, it moves either horizontally of & M (with probability p) or makes a vertical jump
with distribution px (with probability (1 — p)), i.e.

P (Musr = My = (6,0, 0) | & My, My ) =p if 0 #0,

IP>(]\4n+1 - Mn = (0,$) | 5, Mla aMn) = (1 —p),uX(x) if z 7& 0
and
P(Mn+1 =M, ’ §, Ml,...,Mn) =p+ (1 —p)/},x(O) if SMr(LQ) =0.

These random walks were first introduced by Campanino and Pétritis in [7] in the particular
case when p = 1/3 and when px and p¢ are Rademacher distributions, i.e. take values +1 with
probability 1/2. They proved the transience of M as well as a law of large numbers. In [19],
Guillotin-Plantard and Le Ny established the link between the Campanino and Pétritis random
walk and the random walk in random scenery and proved a functional limit theorem for the first
one. It was also conjectured there that the probability of return to the origin of the Campanino
and Pétritis random walk is equivalent to a constant times n~5/%. We prove this result here, as
well as a generalization to the case of the random walks M considered above.

To state our result, we will use the following representation of M:

Let X := (X,,n > 1) be a sequence of independent random variables with distribution px.
The random variable X, corresponds to the vertical move at time n which will be chosen with
probability 1 — p. Let also (¢,,n > 0) be a sequence of independent Bernoulli random variables
with parameter p, i.e. such that P(ey = 1) = 1 — P(e; = 0) = p, and independent of X. If
en = 1, the particle M moves horizontally at time n, otherwise it moves vertically. We then first
define S by Sp := 0 and

n
n :ZYk‘ forn>1,
k=1
where Yy, := Xy (1 — €;). We next define Z by Zp := 0 and

n-—zgsk ek = &Nn(y) forn>1,

YEZ

where _

No(y) =#{k=1,...,n : Sp_1 =y and e =1}.
Then it is straightforward that the couple (Z,S) has the same distribution as M.
We just notice that the process S in this section is not exactly the same as in the previous
sections (it is the same if we replace X by Y'). However, we use the same notation just for
convenience.
Now it is known that (n_l/O‘S[m],t > 0) converges in distribution, when n — oo, to a Lévy
process U = (Uy,t > 0) where U = (1— )l U and U is the process introduced in the introduction.
We will use the fact that (n UO‘SW],t >0 | S, = 0) converges in distribution to U° = (U?,t > 0)
the associated bridge, i.e. the process U starting from 0 and conditioned by Up = 0. Let
(LY(z),t € [0,1],2 € R) be the local time process of U° and set IL%5 == (Jp(LY(2))? dz) V8,
Let ¢¢ be the characteristic functions of &;. Recall that d is the positive integer such that

{u : |pe(u)| =1} = (2r/d)Z. Let dy be the smallest positive integer m such that ¢ (27/d)™ =
and let d; be the greatest common divisor of {m >1 : P(X; + ...+ X,,) > 0}.
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Theorem 20. Assume that dy is a multiple of dy, and let E = dpilfa(O)fg(O)E(\Lolgl). Then,

P(M, = (0,0)) = { Exn '"as + o(nilf?lﬁ) if n is a multiple of dy;

0 otherwise.

1

Remark 21. In the case of the Campanino and Pétritis random walk, dy = d; = 2. So the
hypothesis of the theorem is satisfied.

Remark 22. A corollary of our result is that the processes M considered here are transient,
this can be seen by using Borel-Cantelli lemma.

Remark 23. It is most likely that an analogue result can be proved when @ < 1 or 8 < 1. We
leave the details to the interested reader. In the same way one could certainly obtain similar
estimates for the probabilities of return in ([ndz], [n'/®y]), with a constant E depending on z

and y.

5.2. The event (1,,. Let (N, (y),y € Z) and R,, denote respectively the local time process and
the range of S at time n:

Np(y) =#{k=0,...n—1 : Sy =y} and R, :=#{y : Nn(y) >0} .

For v > 0, set Q, = ﬁn(w) = A, N B, NC,, where

1

Ay : {Rn <nat’ and sup NV, (y) < n1a+’y},
y

and

1
Proof. According to the proof of Lemma 6, P(R,, < né+7) = 1—o(n~ '~ @8). Moreover, according

to the proof of Lemma 11 (see (19)), we have for all v > 1,
E [sup N,’;(y)] =0 <n"(17§)) . (34)
y

Hence by the use of the Markov inequality, we get

P ( sup No(y) > n' a7 | = o(n~1"a7).
YEL

It follows that P(A,) = 1 — o(n~1"a7).

Next it is well known that P(B,) =1 — o(n_l_a_lﬁ).

Finally, as in the proof of Lemma 6, the estimate of P(C,) comes from the following lemma:

Lemma 25. For any integer v > 1, there exists a constant C, > 0 such that, for everyn > 1
and every x,y € 7

E [(Nn(x) —N,)¥| <Cylz— y|V(o¢—1)nV(1_é) .
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Proof. Let x and y be fixed, with = # y (otherwise, there is nothing to prove). We have

n
No(2) = pNn(2) + > 1is,  —a}ék (35)
k=1
where €, = 1y, =1} — p. Set Hyp(x) := 30 1¢g, ,—q} & For all x € Z, (Hy(z),n > 1) is a
martingale with respect to the filtration F,, = o(Xg, ex, k < n). Hence, (H,(z) — H,(y),n > 1)
is a martingale as well. According to the Biirkholder’s inequality (see [21] Theorem 2.11. p.23),
for all integer v > 1, there exists a constant C' = C(v) such that for all n > 1,

(Z E(d(z,y) | fk_n)

k=1

2v
+E

L
2

E [(Hn(z) — Ha(y))*]* < C

2v
_sup |dk(;g,y)|2”] :

=1,...n

where di(x,y) is the martingale increment

di(z,y) := Hy(z) — Hp—1(x) — Hi(y) + Hr—1(y) = (1gs, =2} — L5, ,=y}) Ek
Note that for all £ > 1, and all z,y € Z, |dk(x,y)| < 1, and that

n

Y E(di(w,y) | Fir) = Var(e) D (Lgs, =} — Lis,_,=y})” = Var(e)(Na(y) + Na(2)) .
k=1 k=1

Therefore,
E[(Ha(e) - Ha@)*]™ < C{1+ENIW)]® +E[N()]> )

C(1+4 2n1=Y2)/2) (by using (34))

<

since |z — y| > 1, and n > 1. Hence, according to [22] (see Equation (10)),

E{ (Vo) = Na@)?}* < pE{(Nale) = Na@)?} + B {(Halx) — Hay)*'}*

< Cn-V2)g _y|@-1/2

IN

for some constant C,, > 0. This proves Lemma 25. O

This concludes also the proof of Lemma 24. O

5.3. Expression of the return probability by an integral. According to the result of the

previous subsection, we are led to the study of P(Z,, =0, S, =0, Q n). Asin Lemma 5, we have :
P(M, = (0,0),Q,) = P(Z, = 0,5, =0,Q,) = / 11 ectNa(w)1(s, 0115, | dt.
YEZ

By following the proof of Lemma 5 (note that a priori }_, Ny (y) is not equal to n here), we get
P(Z, = 0,8, =0,9,) = B E | ] eetNa( s, Fawedozy Hsi—01a, | b (36)
- ez :

In the sequel we consider 7, v and e satisfying all the hypotheses of Section 2.4 and ~ <

(a—1)/(4ex).
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5.4. Estimate of the integral away from the origin. The following is very similar to the
case of RWRS.

Lemma 26. We have

Proof. First set
Vi = ZNn(y)ﬁ.
yeZ
Since on Q,,, >y Na(y) = Zgzl er > np/2 and N,(y) < Nu(y) < n'=a ™, by following the
proof of Lemma 6, we get on §2,,:
Vi, > en®,
for some constant ¢ > 0. Let now & be as in Proposition 9. Then the proofs of Proposition 8
and 9 lead to

1
n71+a+s

/nm E | [T lec@tNa(w))ig, | dt =o(n™'"57).

YEL

But we can also easily adapt the proof of Proposition 10 to obtain :

w/d _ 1

S

| .E [T ettt | de=ola™" ).
ye

Indeed we just need to use "flat peaks” instead of peaks. These "flat peaks” are defined as
follows. Let M and N be such that P(Y; = N) > 0 and P(Y; = —M) > 0. Then an ”upper flat
peak” is a sequence of the type

Yoyt Yaym,egemit, Yasma2, - Yasmeny1) = (N, ..., N, 1,=M, ..., —M),

where H is any multiple of M + N + 1, and one can define analogously a ”lower flat peak”.
We leave to the reader to check that we can then follow the proof of Proposition 10 simply by
replacing everywhere peaks by flat peaks. This concludes the proof of Lemma 26. U

5.5. Estimate of the integral near the origin. We turn now to the estimate of the integral
in (36) on the interval [-n =7 n=0%7]. For this we will roughly follow the same lines as for the
proof of Proposition 7. However the technical details are more involved here, since we have to
make all calculus conditionally to {S,, = 0}. The first step is the following lemma:

Lemma 27. We have

Sp=0] < +o0. (37)

Proof. Remind that on Q,, np/2 < >y Na(y) < VB RL7YP . Observe on the other hand that
68/(8—1) = B/(8 —1) — 1/a. Thus there is a constant C' > 0 such that for all n > 1, on Q,

1
OB\ B=1
<“T> <ol
Va na
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It follows from the above inequality that

N
)
Set m := |[n/2| and m’' := [n/2]. By using that R, < R,y + #{Sm+1, ", S0} = R +

#{Sp+1 — Sny -+ ,Sn—1 — Sp, 0} and Markov property (respectively on the sequences (S, k >
0) and (S, — Sk, 0 < k <n)), we get
na

1
N
E[<7> 1ﬁn1{5n=0}]
= (’)(n*é),

since sup, P, (S, = 0) = O(n~ V%) and E(R,) = O(n/®) (see [27] Equation (7.a) p.703). We
next divide all terms by P(S,, = 0) which is of order n='/® and this proves the lemma. (|

E

R,
gCEPﬂﬁﬁﬂ.
n o

IN

CE [R—ZL] x sup Py (S, = 0)

We deduce the
Lemma 28. We have

P(Zy = 0,5, =0,,) = _1_Q_ﬂdE

{Zwmwwﬂs—ﬂmumym<ka.

Proof. By following the proof of Lemma 12, we see that, uniformly on Q,,, we have:

/t<n5+77

By using Lemma 27, we get

/t<n5+77 [

H @5 tN e_‘t|5‘~/n(A1+iAzsgn(t)) dt — 0(‘77;%) .

£ 1
= o(n 7‘577) x E [( ‘wV ) ﬁn S, = O] 7 (since P(S, =0) = O(n" «)),

1
= o(nflfa_ﬁ).

By using (36) and Lemma 26, we see that it remains to estimate

—|t|PVin (A1 +iAasgn(t)) N N
/t|<n—6+nE [6 A 1{Zy Nn(y)edoZ}1{5n=0}1QJ dt.

But, as in the proof of Lemma 13, we have
87, (ALt n’
/ e~ [P Va(Ar+idzsgn(t)) g4 — =0 2r— f5(0) p + o(n™?),
[t|<n—0+n Ve

uniformly on §~2n We next take the expectation in both sides and we conclude the proof by
using that P(S,, = 0) ~ fo(0)n "1/, O

The following lemma allows us to get rid of 1 (S, Faly)edoz}
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Lemma 29. Assume that dy is a multiple of dy. On {S,, = 0}, we have

Zﬁn(y) EdpZ <& n€dyl.

Proof. Let my, ==}, Nn(y) =Y p_; €k be the number of horizontal moves before time n.

If S,, = 0, the number n — m,, of vertical moves is necessarily in diZ and so in dyZ, since d; is
a multiple of dy by hypothesis. Hence m,, is in dyZ if and only if n is in dyZ. O

We will need the following estimate:

Lemma 30. Let V,, :== > ., No(z)?. Then

E [|I7n -

= O} = O(n‘m*%).

Proof. Set again m = |n/2| and m’ = [n/2]. By using the inequality |a® —b%| < Bla—b|(a®~ +
b5~1) and the Cauchy-Schwarz inequality, we get

1/2
E [n?n — S, = o] < BE [Z:Z(Nn(x)ﬁ—l + PP IN, (2)P1)? ( S, = 0]
1/2
x E |3 (Nu(z) - pNa(a (Sn_()] . (38)
TEZ

We now estimate both expectations in the right hand-side of the above inequality. First note that
Ny(x) = Npp(2) 4+ (Np () — Ny (2)) and that the sequence ((N,(2) — Nyp(2), 2 € Z) | S;, = 0) has
the same distribution as ((Nyy41(—z) — Ni(—z),z € Z) | S,, = 0). Thus the Markov property
gives

E S (Na(@)? ! + p* Ny ()12 ( S, = o] <ADE [Ny ()20 ( S = 0]
TEL T€EZ
P(Syy = —M)
Z Z )20~ —\Om = 7
{Sm=M} —
{xEZMeZ [ ] P(Sn = 0)
P(Sy, = M)
1 m
+Z Z |: 2(8— )1{Sm/=*M}:| P(Sn:O) }a
x€Z M€EZ
for some constant C' > 0. Since sup,; P(S,y = —M)/P(S,, = 0) < +oo and sup,; P(S,, =

M)/P(S,, =0) < 400, we get

<CZE[ ) 2(B8= >]

TEZ

E [Z(Nnmﬁ-l F PPN ()P | S =

T€EZ

Then Markov property again and (34) show that

E

Z(ﬁn(:c)ﬁfl + PPN, (2)P71)? ‘ S, = 0] < CE[R]xE {Nm,(o)ﬂﬁ*l)}
AV

0 <n2(671)(1*é)+i> , (39)
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The same argument gives

> E[(Ru(@) — pNu(@)? | S, = 0]

TEL
< c {Z E |(Nn(2) = pNiw(@))’] + DB | (Now (&) = pNow (2))°] } 7
T€EZ TEL

for some constant C' > 0. Then by using (35) (note that & is centered and independent of
(Se—1,€0,Sk—1) if £ < k), we get

> E [(Nu(@) = pNa(@))? | S0 = 0] = 0. (40)
TEL
The lemma now follows by combining (38), (39) and (40) since (8 —1)(1—1) + & + 3 =
58 — 51, O

Lemma 31. Conditionally to the event {S, = 0}, the sequence (V,,/n°? n > 0) converges in
distribution to the random variable [p(LY(z))” dz.

Proof. According to [15], the lemma will essentially follow from the two following statements :

(RW1) The sequence of conditioned processes ((n_l/o‘SLntJ | S, =0),t € [0,1]) converges in dis-
tribution to the bridge (U?,t € [0,1]), as n — co.
(RW2) (i)

ssz [N.(y)? | Sp=0] = O(n%g).

(ii) There exists a constant C' > 0 such that for every z,y € R,
1 1 2 2-2 a—1
E | (N (In%a)) = N (In%y))) " | S0 =0] < Cn*Fla =y
Part (RW1) is proved in [28].

We prove now (RW2) starting with Part (i). By using the same argument as in the proof of
Lemma 30, we get

E [Nn(y)2 ’ Sn = 0] < C(E[Nm(y)Q] +E[Nm’+1(_y)2])a
for some constant C' > 0, with m and m’ as in the previous lemma. The desired result now
follows from Lemma 1 in [23].

For Part (ii), set Ny(z,y) := Ny(z) — Np(y). Then use again the argument of the previous
lemma, which gives

E[Nn(x7y)2 ’ Sp = 0] < C(E[Nm(x7y)2] + E[Nm/+1(_x7 _y)Z] + 1)7
for some constant C' > 0. The result then follows from Lemma 3 in [23].

We can now apply Theorem 4.1 in [15] in the case when the random scenery is a sequence of
i.i.d. random variables with S—stable distribution and with characteristic function of the form
0+ exp(—c|f|?). We deduce that conditionally to {S, = 0},

n
-6 L 0
n kg_l £s, n—>_)OO A Li(z)dYy,
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where (Y, z € R) is a two-sided J—stable Lévy process independent of U° and limit in distri-
1

bution of <n_§ > ,ETOJ €k, T € R), when n — oo. Therefore (see for instance Lemma 5 in [23]),

for every 6 € R,

E (exp (—c[@\ﬁn_‘wvn> ‘ Sp = O> —E <6_cle‘ﬁfR(L(1)($))B dﬂﬁ) when n — oo,
which proves the lemma. O

Lemma 32. Conditionally to the event {S, = 0}, the sequence (n‘sﬁ?{llﬁn,n > 0) converges
in distribution to the random variable (p|L°|5)~".

Proof. By Lemma 31, the sequence (n%#V, =1, n > 0) converges in distribution to |LO|EB , con-
ditionally to {S, = 0}. On the other hand, Lemma 24 implies that the sequence (152”,71 >0)
converges in distribution to the constant 1, conditionally to {S, = 0}. Hence, the sequence
(n% anllﬁn,n > () converges in distribution to \Lolgﬁ , conditionally to {S,, = 0}. Next recall
that on ﬁn, V>V, > en%=7, for some constant ¢ > 0. Thus Lemma 30 gives

6 é
E [ L ( S, = 0} —0 (n—266+2v+266—°‘2—;1> =0 (nzv—%—;l) .
Vv, DpPVn| e
Therefore, since v < (o —1)/(4a), the left hand side in the above equation converges to 0 when
n — 0o. The lemma follows. U

We finally obtain the

Proof of Theorem 20. The uniform integrability of the sequence (n5‘~/n_1/ Blﬁ ,n > 0) condition-
ally to {S,, = 0} is deduced from Lemma 27 . It then follows from Lemma 32 that

nd

E|—1g, ‘ Sp = 0] — pilE[|L0|§1] when n — oo.

B
n

The theorem now follows from Lemmas 28 and 29.

APPENDIX A. CONTROL OF THE RANGE

We first gather some known facts about the range R,, of the random walk (S,,,n > 0). First
of all, this walk is transient if, and only if, @ < 1. Moreover, there exists a constant ¢ > 0 such
that

n if o < 1( see [32] p.36),
E[R)] ~c{ ey Hfa= 1( see [27] Theorem 6.9 p.698), (41)
1}0‘ if a > 1( see [27] Equation (7.a) p.703).

n
In addition, if o <1 (see [32] p.38-40 for a < 1, and [27] Theorem 6.9 for v = 1), then

3
2

Ry
— 1 a.s. 42
B[R, )
If @ > 1, it is proved in [27] Theorem 7.1 p.703, that

Ry,

——— — A(U([0,1])) in distribution,
nl/a
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where A denotes the Lebesgue measure, and (U(s), s € [0, 1]) is an a-stable process. In this case,
it is also proved in [27] that the constant ¢ appearing in (41) is E [A(U([0,1]))], so that

R, AU([0,1]))
E[R,] — EXU([0,1]))]

in distribution. (43)

Our aim in this appendix is to prove the following result:
Lemma 33. Assume that a € (0,2]. Let v € (0,1/a), and set
Ry = {E[R,Jn"?" < R, <E[Ryn"} .
Then there exists a constant C' > 0, such that
P(R,) =1— O(exp(—Cn7)). (44)

Proof. We first prove that for n large enough,
P[R, > E[R,]n"] < exp(—Cn7). (45)
Let us recall that for every a,b € N, we have
P(R, > a+b) <P(R, >a)P(R, >b). (46)

The proof is given for instance in [10] and goes as follows. Let 7 :=inf {k : Ry > a}. Note that
T is a stopping time, and that R, = a on {7 < co}. Moreover,

P(R,>a+b) = P(r<n;R,>a+0b)

I
NE

B(r = ji Ry > R, +1)
=1
Now, for j <n, R, < Rj + #{Sj11,--- ,5} = Rj + #{Sj+1 —Sj,--- , Sy, — S;}. By indepen-

dence, we have

<.

P(R, >a+b) < iP(T =j)P(R,—; 2 b)
j=1

< P(R, > b)P(r <n),
proving (46). Hence,

P(R, > E[R,]n") < P (Rn > [3E[R,]] {%J) <P(R, > |3E[R,] )7

) ( E[R,] ) =] _ ( E[R,] ) =) _ <1> kd
- |3E[R,]] ~ \3E[R,] -1 —\2 )
This finishes the proof of (45). It remains now to prove that for n large enough,
P (R, < E[Rp|n~") < exp(—Cn"). (47)

To this end, let Iy,--- ,Ix be disjoint subsequent intervals of {0,--- ,n}, of the same length [,
depending on n, so that l,, > 1 and N = |n/l,]|. Note that

R, > m]gf (#A{Sk. k € I;}) ,
pna

and that the random variables (# {Sk,k € I;},1 < j < N) are i.i.d with the same law as Ry,.
Hence

P (R, <E[R,Jn") <P @%(# {Sp,k e I;}) < E(Rn)n_7> — P (R, <E[R,Jn")". (48)
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Choose now I, such that E[R;, | ~ 3E[R,|n"". By (41), this gives

3nl=7 fa<l1
In~< 31—y)nt™ ifa=1
3apl—oy if a>1,
so that
%n” fa<l
1 .
In®  ifa> 1.

For n large enough, E[R;, ] > 2E[R,|n"7, and it follows from (48) that

P (Rn < E[RJn ") <P (Rln < E“}n])N | (50)

Fora<1,P <Rln < %) tends to zero by (42). By (43), for a > 1, we have

lim sup P (Rln < %) <P [(A(U([O, 1) <

n—oo

E MU0, 11))1] <1,

since a.s. A(U([0,1])) > 0. In any case there exists p < 1, such that for all v € (0,1/«), and for

n large enough,
E[R
P <Rln < %) <p

Together with (50) and (49), this proves (47) and the lemma. O
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