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Moments of the Gaussian Chaos
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Abstract

This paper deals with Latala’s estimation of the moments of Gaus-
sian chaoses. We show that his argument can be simplified signifi-
cantly using Talagrand’s generic chaining.

Introduction

In the article [3], Latala obtains an upper bound on the moments of the
Gaussian chaos

Y = § :an17~~~7ndgn1 * Ong

where g1, g9, . .. is a sequence of independant standard Gaussian random vari-
ables and the a,, ., are real numbers. His bound his sharp up to constants
depending only on the order d of the chaos. The purpose of the present paper
is to give another proof of Latala’s result.
Observe that the case d = 1 is easy, since

(BIY - ag)"” = (3 a?) 2 (Blgu?)""” ~ /B> at)?

When d = 2, Latala recovers a result by Hanson and Wright [2] which involves
the operator and the Hilbert-Schmidt norms of the matrix a = (a;;)

1
(E|Z aij9i95|")* ~ v/pllallus + pllallop-

It is known (see [5]) that the moments of the decoupled chaos

Y = E Qny,...ng9ni,1° " Gng.d
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where (g; ;) is a family of standard independant Gaussian variables, are com-
parable to those of Y wih constants depending only on d. Using this fact and
reasonning by induction on the order d of the chaos, Latala shows that the
problem boils down to the estimation of the sup of a complicated Gaussian
process. Given a set T and a Gaussian process (X;)er, estimating E supy X;
amounts to studying the metric space (7', d) where d is given by the formula

D=

d(s,t) = (E(X, — X;)?)>.

Dudley’s estimate for instance, asserts that if the process is centered (mean-
ing that E X; = 0 for all ¢ € T') then there exists a universal constant C' such

that -
EsupT; < C’/ V1og N(T,d,e) de,
0

where the entropy number N(7',d, ) is the smallest number of balls (for the
distance d) of radius € needed to cover T'. Let us refer to Fernique [1] for a
proof of this inequality and several applications. However, Dudley’s inequal-
ity is not sharp: there exist Gaussian processes for which the integral is much
larger than the expectation of the sup. Unfortunately, the phenomenon oc-
curs here. Latala is able to give precise bounds for the entropy numbers, but
Dudley’s integral does not give the correct order of magnitude. Something
finer is needed.

The precise estimate of the supremum of a Gaussian process in terms of
metric entropy was found by Talagrand. This was the famous Majorizing
Measure Theorem [6], which is now called Generic chaining, see the book [7].
Latata did not manage to use Talagrand’s theory, and his proof contains a lot
of tricky entropy estimates to beat the Dudley bound. We find this part of his
paper is very hard to read, and the purpose of our work is to use Talagrand’s
generic chaining instead, this simplifies significantly Latata’s proof.

Lastly, let us mention that we disagree with P. Major who released an
article on arXiv' in which he claims that Latala’s proof is incorrect. The
present paper is all about understanding Latata’s work, not correcting it.

1 Notations, statement of Latala’s result

1.1 Tensor products, mixed injective and L, norms

To avoid heavy multi-indices notations, it is convenient to use tensor prod-
ucts. If X and Y are finite dimensional normed spaces, the notation X ®°Y

"http://arxiv.org/abs/0803.1453
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stands for the injective tensor product of X and Y, so that X ®°Y is isomet-
ric to L(X*,Y") equipped with the operator norm. If X and Y are Euclidean
spaces, we denote by X ®2Y their Euclidean tensor product. Moreover, in
this case we identify X and X*, so that X ®? Y is isometric to £(X,Y)
equipped with the Hilbert-Schmidt norm.

Throughout the article [d] denotes the set {1,...,d}. Let Ej,..., E4 be Eu-
clidean spaces. Given a non-empty subset I = {iy,...,,} of [d], we let

E =E, & - &"E,,.

Also, by convention Ey = R. The notation ||-||; stands for the norm of Ej

and
Br={x € Eyp; ||z|; <1}

for its unit ball. Let A € Ejg and P = {I;,..., I} be a partition of [d], we
let ||A|l» be the norm of A as an element of the space

Ep, & - ®° Ey,.

When n = 2 for instance, the tensor A can be seen as a linear map from F; to
Es, then ||Al|/{132) and || A[{1,2y are the operator and Hilbert-Schmidt norms
of A, respectively. Let us give another example: assume that d = 3 and that
E, = Ey = E5 = Ly(p) for some measure p. Then for any f € F1 ® Fy ® Ej
which we identify Lo(u®3), we have

1710y = s / £y, 2u(@)o(y, 2) dp()dp(y)du(z))

where the sup is taken over all u,v having L, norms at most 1. Going back
to the general setting, let us define for a non-empty subset I of [n] and an
element x € FE; the contraction (A, x) by the image of z by A, when A is
seen as an element of L(Ey, Egp ;). Then for every partition P = {I1,..., I}
we have

|Allp = sup{(A, 21 @ -+ @ z1); x; € By, }.

If @ ={Jy,...,J;} is a finer partition than P (this means that any element
of Q is contained in an element of P) then

{r1® @, 2; € By} C{y1 ® -+ @up, y; € By},
hence ||Allg < ||Al|p. In particular,

Al 1y-4ay < [|Allp < [[Allg)-



hal-00453601, version 1 - 5 Feb 2010

1.2 Moments of the Gaussian chaos

If P is a partition of [d], its cardinality card P is the number of subsets of [d]
in P. Let Ey,..., E; be finite dimensional Euclidean spaces and A € Ejg.
Let X1, ..., X be independant random vectors such that for all i, the vector
X; is a standard Gaussian vector of E;. The (real) random variable

Z=(AXi® - ®Xg)

is called decoupled Gaussian chaos of order d. Here is the main result of
Latata.

Theorem 1. There exists a constant ag depending only on d such that for
allp>1

(E’le)l/pS()énzpcaerPHAH,P’
P

the sum running over all partitions P of [d].

The following theorem and corollary are intermediate results from which
the previous theorem shall follow; however we believe they are of independant
interest.

Theorem 2. Let Fi, ..., Fiy be Buclidean spaces, let A € Fy1q and X be
a standard Gaussian vector on Fy 1, recall that (A, X) € F1®---® Fy,. Then
for all T € (0,1):

EI(A, Xl < B Y 7P| Allp,
P

where the sum runs over all partitions P of [k+1] and the constant By depends
only on k.

Corollary 3. Under the same hypothesis, we have for all p > 1
1/p card Pk
(BICA X ) < 00 3™ Al
P

Proof of Corollary 8. Let f: x € Fii1 — ||(A,2)|(1}.-xy- Let us use the
concentration property of the Gaussian measure, which asserts that Lipschitz
functions are close to their means with high probability. More precisely,
letting m = E f(X), we have for all p > 1

(EIF(X) = m[") " < & /)| fllups
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where || f||1p is the Lipschitz constant of f and ¢’ is a universal constant. We
refer to [4] for more details on this inequality. Noting that

I flhip = sup (A, 2) [y iy = 1Al {13 tot1y-

TEBL 1

and using the triangle inequality, we get

(BIFCOP)” < B FX) + VBl All gy iy

The result then follows from the upper bound on E f(X) given by Theorem 2
with 7 = p~1/2. O

Proof of Theorem 1. We proceed by induction on d. When d = 1, the ran-
dom variable (A, X7) is, in law, equal to the Gaussian variable of variance
|Allf13. The p-th moment of the standard Gaussian variable being of order

/P, we get
(EKA, X1)P) 7 < ay/pllAll 1y

for some universal «, hence the theorem for d = 1.
Assume that the result holds for chaoses of order d — 1. From now on, if
I ={iy,...,i,} is a subset of [d] we denote the tensor X;, ® ---® X;_ by X;.
Notice that

<A7 X[d}) = <<A7 Xd>> X[d71]>

and apply the induction assumption to the matrix A’ = (A, X;). This yields

B((A, X )P |Xa) <ty (0™ 1401 )
P

card P

where the sum runs over all partitions P of [d — 1]. Taking expectation and
the p-th root, we obtain

(A, Xa)l")? < s (E(Zp°“5”’||<A,Xd>||p)p)
P

1 1)
< aua > p™ (B4 Xa) )",
P

by the triangle inequality. Let P = {1, ..., I} be a partition of [d — 1]. Let
F, = Ey, for i € [k] and Fj41 = Ey4. Applying the corollary to the matrix A
seen as an element of Fji4q), we get

1 _k card Q
(EIA, X)) < 0w 2 Y p™%7 Ao, (2)
Q
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where the sum runs over partitions Q of [d] such that the partition

{n,... I, {d}}

is finer than Q. However, the inequality still holds if we take the sum over
all partitions of [d] instead. We plug (2) into (1), the numbers p*3" cancel
out and we get the result with a constant oy that depends on a4 and the

numbers §; for k € [d]. O

So it is enough to prove Theorem 2, this is the purpose of the rest of the
article.

2 The generic chaining

Let Fi,..., Fy11 be Euclidean spaces, let A € Fj;4q) and X be a standard
Gaussian vector of Fi. 1. For i € [k] let B; be the unit ball of Fj, let T =
By x -+ x By. Recall that for x = (x1,..., ;) € T, the notation p; stands
for the tensor 21 ® - - ® z;. Note that

EH(A,X>H{1}.,.{;€} = ESH?(A,%M ® X> = ESUp<<A,$[k]>,X>. (3)
Te

zeT

Notice also that (P,)zer = (<(A,x[k}),X>)x€T is a Gaussian process. To
estimate Esupy P,, we shall study the metric space (7,d), where

1
d(z,y) = (E(Pﬂc - Py)2) K
This distance can be computed explicitly. Indeed

2
d(z,y)* = BCA, 2pg — yw), X)) = A, 25 — v ey (4)

The generic chaining, introduced by Talagrand, will be our main tool. We
sketch briefly the main ideas of the theory and refer to Talagrand’s book [7]
for details.
Let (7', d) be a metric space. If S is a subset of T we let 04(.5) be the diameter
of S

da(S) = sup d(s,t).

s,teS

Given a sequence (An)n oy Of partitions of T" and element ¢ € T, we let An(t)
be the unique element of A,, containing ¢.
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Definition 4. Let

o0

7(T) = inf (sup 3 da(40(0))2"7%).

teT “—2

where the infimum is over all sequences of partitions <A")neN of T satisfying
the cardinality condition

Ao ={T} and Vn>1, card A, < 2% (5)

Notice that vq(T) > 64(T). In particular, if the metric is not trivial
then 74(7) is non-zero. Thus there exists a sequence of partitions (A, )nen
satisfying the cardinality condition and

0q (A, (1))2™? < 2v4(T).
11%; a(An(1))2"? < 294(T)

We recall the all important

Majorizing measure theorem. There exists a universal constant k such
that for any Gaussian process (X;)ier that is centered (in the sense that
EX; =0 forallt € T) we have

+7a(T) < Esup X; < rva(T),
teT

where the metric d is defined by d(s,t) = (E(X, — Xt)Q)l/Q.
Here are two simple lemmas.

Lemma 5. Let (T,d) be a metric space. Let a,b > 1, and (A,)nen be a
sequence of partitions of T satisfying

Vn € N, card A, < 2¢+%%",
Letting v = supyer Y neo 0a (An(t)) 2"/, we have
¥a(T) < p(Vab 54(T) + Vb 7),

for some universal p.

Proof. Let p,q be the smallest integers satisfying a < 2P and b < 29. Let

B _ {T} ifn<p+gq
" An—q—l 1fn2p+q+1

7
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fn>p+qg+1thenp<n-—1so
card B, < 2% 12" < 97"

Thus the sequence (B,,)nen satisfies (5). On the other hand, for all t € T'

p+q

idd(Bn )2"/? = Zd
n=0

l\D
3
~
[\
+
3
HMSS
E s
[«
(ol
—~

Moreover 2P < 2a and 29 < 2b, hence the result. O]

Lemma 6. Let dy,...,dy be distances defined on T and let d = > d;. Then
N
Ya(T) < PVN Y 74,(T)
i=1

Proof. For all i € [N], there exists a sequence (A’),en of partitions of T
satisfying the cardinality condition (5) and

supz da, (AL (1)) 2" < 274,(T).

tET

Then let
A, ={A'n---nAN, A" c A},

This clearly defines a sequence of partitions of T, and for all n we have
card A, < 2V, (6)

On the other hand, for all t € T and i € [N] we have A, (t) C A% (t), so

(1) <300, (An(t) < D da, (451

Consequently
oo N
sup Y 0 (An(1))2"? <2 " 7a, (7). (7)
el —o i=1
By the previous lemma, equations (6) and (7) yield the result. [
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3 Proof of Theorem 2

The proof is by induction on k. When k = 1 the theorem is a consequence
of the following: let A € F} ® F, and X be a standard Gaussian vector on
F5, then

El{A, X)llpy < (BIKA, X)IEy)* = Al

Assume that k£ > 2 and that the theorem holds for k — 1. Let A € Fjyyq).
Recall that for ¢ € [k] the unit ball of F; is denoted by B; and the product
By x -+ x By by T. Let I be a non-empty subset of [k] and d; be the
pseudo-metric on T defined by

dr(z,y) = [[{A, 21 — yr) k- (8)

By the majorizing measure theorem and the equations (3) and (4), Theorem 2
is equivalent to

Theorem 2’. For all T € (0,1)

Y (T) < By 7547 All,
P

with a sum running over all partitions P of [k + 1].

Or purpose is to prove Theorem 2’ by induction on k. Let 7 be a fixed
positive real number and let d” be the following metric:

4" = Z 7_lﬁ:—card]dl. (9)
0CICIK]

Let us sketch the argument. First we use an entropy estimate and the generic
chaining to compare yq,, (7)) and va:(7'), then we use the induction assump-
tion to estimate the latter.

Here is the crucial entropy estimate of Latata [3, Corollary 2].

Lemma 7. Let S C T, let 7 € (0,1) and € = 64 (S) + 7"||A||jg1]. Then

2

N(S, d[k],ef) < 20T 7
for some constant ¢y, depending only on k.

Let us postpone the proof to the last section.
Let (B,)nen be a sequence of partitions of T satisfying the cardinality con-
dition (5) and

sup Y _ dar (Ba(1))2% < 2ya-(T). (10)
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Let n € N, set 7, = min(7,27"/?) and ,, = dqrn (B) +7%|| Al jg41]- Let B € B,
and . Observe that 7,2 < 772 + 2" and apply Lemma 7 to B and 7,:

N(B, d[k]7 gn) < 2%‘@72 < 20167*2—5—0;@271‘

Therefore we can find a partition Ag of B whose cardinality is controlled by
the number above and such that any R € Apg satisfies

Bagy (B) < 25 < 2007 (B) + 28| Al

[
Indeed 7,, < 7 implies that d™ < d”. Then we let A, = U{Ap; B € B,}.
This clearly defines a sequence of partitions of 7" which satisfies
card A, < 297 T2 card B, < 207 )" (11)

Sy (An(t)) < 2047 (Ba(t)) + 27| All o). (12)
for all n € Nand t € T. Recall that 7, = min(7,27"/?), an easy computation
shows that .
27'52"/2 < Crht

n=0

for some universal C'. Therefore, for all t € T', we have

Z Say (An(1))2"/? < 2 E (0ar (B (t)) + 75| All 41 272,
n=0 n=0
< 490 (T) + O | All -

By (11) and applying Lemma 5, we get for some constant Cj, depending only
on k
Yy (T) < Ck (/yd'r (T> + ! ||A|| (k+1] t T_léd[k] (T)> )

_ . (13)
< 2Ck (yar (1) + T Allperny + 77 A 1y gr1y) -

Indeed
Oay (T') = 251£H<A7 )| o1y = 2| Al 1y et 13-

We have not used the induction assumption yet. Let I = {iy,...,7,} be
a subset of [k], different from () and [k]. For j € [p] let Fj = F;, and let
F) .y = Fygpapg- Since p < k we can apply inductively Theorem 2’ to the
tensor A seen as an element of Fy ;. For all 7 € (0,1)

Ya (T) < B, > 779 Ao, (14)
Q

10
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where the sum runs over all partitions Q of [k + 1] such that the partition
{ir}, ..., {ip}, [k + 1]\! is finer than Q. Again, the inequality is still true if
we take the sum over all partitions of [k + 1] instead. According to Lemma 6
and since 7 is clearly homogeneous, we have

Yr(T) < pPVN Yy 7hmemding (T)

0CICIK]

where N is the number of subsets of [k] which are different from @) and [k],
namely 2¢ — 2. By (14) we get

ar(T) < Dy Y 7P| Allp,
P

for some Dy depending only on k. This, together with (13), concludes the
proof of Theorem 2.
In the last section we prove Lemma 7, this is essentially Latala’s proof.

4 Proof of the entropy estimate

Let © = (x1,...,2,) € Fy x --- x Fy, let |z;| be the norm of z; in F,.
Let Xi,..., X} be independant standard Gaussian vectors on Fi,..., Fy,
respectively.

Lemma 8. For all semi-norm ||-|| on Fy, we have

1 k 2
P(IIXp — 2l SE Y 491X @ gy l]) = 27 Femd iale,

0CIC[k]

Proof. Let us start with an elementary remark. Let x € R", let K be a
symmetric subset of R™, and v, be the standard Gaussian measure on R".
Then

(@ + K) > (K)o~ 214, (15)

Indeed, the symmetry of K the convexity of the exponential function imply

that
/ e 2l gy = / %(e—%lwy\? +emaleuly gy
z+K K

> / o3 el ) gy
K

11
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which proves (15).
Let us prove the lemma by induction on k. If & = 1, applying (15) to
K={yeF, |ly|| <4E||X1|} and x = z1, we get

P(IX1 — a1l < 4EIX. ) = e 2P P(IX0]| < 4E)Xu]).

Besides, by Markov we have P(||X;| > 4E||X;||) < 1 < 3, hence the result
for k = 1.
Let k£ > 2 and assume that the result holds for £ — 1. Let

S = Z 4cardll|X[®I[k_1]\[®XkH

0CIC[k—1]

T = Z 4card1||X[®l’[k_1]\[®IkH
0CIC[k—1]

and let A, B and C' be the events
A= {|lap-n ® (Xi — 21)|| < 4E|zp_1 @ Xil }
B = {|(Xp-y — zp-1) ® Xpl| <E(S| X3)}
C={E(S|Xy) <4ES+ET}.

By the following triangle inequality
[ X — 2zl < llzp-1y © (X — )| + [[(Xp—1) — 2p—1y) @ Xie]l,
when A, B et C' occur we have
X — amll < 4E[[zp-n © Xil| +4ES+ET
=E Y 4YX; @ zp|-

0CIC[k]

Assume that X, is deterministic, and apply the induction assumption to the
spaces Fi, ..., Fi_; and to the semi-norm ||y|[; = ||y ® Xi|| for all y € Fj_y,
then

P(B|X,) > 2 Ftte 2 Zici il

Since A and C depend only on X}, this implies that
P(ANBNC) >P(ANC)2 e 2 Zisl il
So it is enough to prove that P(ANC) > 2-le=3ll* | For all y € Fy we let

[yl = llzg-—1 @yl

lylls = E Z 49N X @ app-g @ .
0CIC[k—1]

12
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So that

A= {1 Xk — w2 < 4B Xp 2},
C = {IIXklls < 4E[|X]|s + [|l2x /s }-

Let
K ={y € Iy, |lyll2 4E|Xill2} N{y € Fy, llylls < 4E[Xxl3},

then, by the triangle inequality, the event X}, € x) + K is included in ANC.
Using (15), we get

P(ANC) > P(X; € m, + K) > e 2 P(X, € K).

Therefore, it is enough to prove that P(X; € K) > %, and this is a simple
application of Markov again. O

Let F},1 be another Euclidean space and let A € Fjj1q). Recall that for
I'={iy,...,ip} Clk+1], welet

Fi=F, & - ®F

and ||-||; be the corresponding (Euclidean) norm. Our purpose is to apply
the previous lemma to the semi-norm defined by ||y|| = [[{(A4, ¥}/ {x+1}, for all
y € F. Notice that for all z € Fy x --- x F, and for all ) C I C [k]

1
B[ X; @ zpp |l < (B X @ zp )
= (A, zpp ) | 1ogk413

which, according to the definition (8), is equal to dy\;(0,2). In the same
way, when I = [k]
BI[CA, Xpp gy < 1Al -

We let the reader check that Lemma 8 then implies the following: for all
7€ (0,1) and = € T, letting e, = d7(x,0) 4+ 7|| A|jg+1], we have

P(dpm(z, 7X) < e,/2) > 277" (16)

for some constant ¢; depending only on k.

Lemma 7 follows easily from this observation. Indeed let S C T, since S and
its translates have the same entropy numbers, we can assume that 0 € S.
Then €, < € 1= §4-(S) + 7F||Al|ptq) for all z € S. Let S” be a subset of S
satisfying

13
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(i) For all z,y € S', dyy(x,y) > e.

(ii) The set S’ is maximal (for the inclusion) with this property.

By maximality S” is an e-net of S, so N(S5,dp,e) < cardS’. On the other
hand, by (i) the balls (for dy) of radius /2 centered at different points of
S" do not intersect. This, together with (16), implies that

277" card 8" < Z P(dp(z, 7X) <e/2) <1,

zeS’!

hence the result.
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