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Abstract:

In this paper we consider some generalized Shannon sam-
pling operators, which are defined by band-limited ker-
nels. In particular, we use dilated versions of some pre-
viously known kernels. We give also some examples of
using sampling operators with dilated kernels in imaging
applications.

1. Introduction

For the uniformly continuous and bounded functions f €
C(R) the generalized sampling series with a kernel func-
tion s € L'(R) are given by (t € R; W > 0)

Swh) = 3 f sSWt—k) (1)
k=—oc0
where
> slw—k)=1, @)
k=—o0
and their operator norms are
[Swll = Z |s(u— k)] < oo (ueRR).
k=—o0
If the kernel function is s(¢t) = sinc (t) := Sif;tﬂt, we

get the classical (Whittaker-Kotel’nikov-)Shannon opera-
tor S;inc. The idea to replace the sinc kernel (sinc (-) ¢
L'(R)) by another kernel function s € L!(R) appeared
first in [15], where the case s(t) = (sinc (¢))? was consid-
ered. A systematic study of sampling operators (1) for ar-
bitrary kernel functions s was initiated at RWTH Aachen
by P. L. Butzer and his students since 1977 (see [3], [4],
[14] and references cited there).

In this paper we consider the generalized sampling series
with even band-limited kernels s, defined as the Fourier
transform of an even window function A € C_; y

A(0) = 1, A(u) = 0 (Ju] > 1) by the equality

1
/)\ cos(mtu) du = \/g)\/\(mf).
0

3)
These types of kernels arise in conjunction with window
functions widely used in applications (e.g. [1], [2], [11],

s(t) :=

[16]), in Signal Analysis in particular. Many kernels can
be defined by (3), e.g.

1) A(u) = 1 defines the sinc function;

2) A(u) = 1 — u defines the Fejér kernel (cf. [15])

1 t
= §SinC2§ =0(|t|™?);

3) A (u) := cos? Z¢ = 1(1 + cosmu) defines the Hann
kernel (see [7])

Sp(t)

1 sinct
sl =51 =

4) the general cosine window

Z b; cos jmu

defines the Blackman-Harris kernel (see [9])

O(|t|);

“4)

Aob(u

SCb(

% i (smc(t —j) + sinc(t + J)) ®)

provided
>

=0

| =]
Z baj—1 =

From approximation theory point of view at least two
problems for the generalized sampling operators Sy :
C(R) — C(R) have some interest:

1) to calculate the operator norms

(6)

Swll = sup Z (7)
kffoo
2) to estimate the order of approximation
1
|f = Swfllc <ka(faw) ®)

in terms of the k-th modulus of smoothness wg(f,0).

2. Interpolating generalized sampling oper-
ators with dilated kernels

Let us consider the dilated kernel s, (t) = as(at). The
Shannon operators with sinc kernel satisfy the interpola-
tory conditions

(S ) = f) (ken). O
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When we replace the sinc kernel with a band-limited one
(3), we may lose the interpolatory property (9), but using
the dilated kernel $(t) = 28(2t) we can recover the in-
terpolatory property. If s € BL, then s, € Bl _, and the
condition (2) is valid for 0 < a < 2, therefore we get
the sampling operator Sy, : C(R) — B2, C C(R).

Here BY? stands for the Bernstein class consisting of those
bounded functions f € LP(R) (1 < p < oo) which can be
extended to an entire function f(z) (z € C) of exponential
type o.

Using the Nikolskii inequality [13], we get the bounds for
the operator norm.

Theorem 1. Let the operators Sy : C(R) — B{p.. C

C(R), Sw,a : C(R) — By, C C(R) are defined by
(1) with kernels s and s, respectively. Then

[[s]l1 <

The order of approximation by operators Sy, we can es-
timate via modulus of smoothness wg( f, o). Next theorem
generalizes slightly the result in [10] (Th. 1.3).

Theorem 2. Let Sy : C(R) — C(R), Sw,q : C(R) —
B2, C C(R) be sampling operators defined by (1) with
kernel functions s € BL, s, € BL _, respectively.

1)If 0 < a < 1, then there exist positive constants C1
and Cs o, such that

CrallSaw f=fllc <ISwaf—fllo <
2) Moreover, if 0 < o < 2, then

<A+ amSw] (0<a<?2).

1
18w f = fllo < Myw(f.50), (10)

implies

||SWOzf f”c Mk awk(fa )

for some constant My, , > 0.

Example. The Blackman-Harris sampling operator Cyy 1,
is defined by the window function

Ach = Z b; cos(mju).
7=0

In [9] we proved that for some values of the parameters
b = (bg,b1,...,by) € R™! we can estimate the order
of approximation by operators Cyyp : C(R) — By, C
C(R) via the modulus of continuity wae(f, 7) (¢ < m).
More precisely (see [9], Th. 3), let ¢, 1 < £ < m, be fixed.
Ifforevery k=0,...,/—1

> 3% =0 (0°=1), (11)
7=0
then
If = Cwiflle < My w2 (f, — )- (12)

Now by Theorem 2 we obtain for the corresponding di-
lated sampling operator Cyyp,a @ C(R) — By, C
C(R) with 0 < @ < 2 the estimate

| f = Cwbiafllc < My pawae(f, — )- (13)

CoallSaw f=fllc-

The case m = ¢ = 1 gives the Hann sampling op-
erator Hyy : C(R) — C(R), which often has been
used in practise. For the corresponding dilated operator
Hy,o : C(R) = By, € C(R) for0 < o < 2 we
obtain

If = Hw.aflle < Maws(f, == )- (14)

See Figure 2 for corresponding kernels.
The next theorem gives hints how to construct the interpo-
lating sampling series.

Theorem 3. Let the sampling operator Sw be defined by
(1) using the kernel §(t) := 2s(2t), where the kernel s €
BY c LY(R) is generated by (3) with a window function
A If

AMu)+ A1 —u)=1 (ue]|0,1]) (15)

then Sy : C(R) — Bg%,.. C C(R) is an interpolating
sampling operator.

Examples. For the Hann window function A g (u) the con-
dition (15) holds and we get the interpolating Hann sam-
pling operator Hy : C(R) — Bg%,. € C(R). Taking
bp = 1/2, by; = 0(5 € N) in (11) gives us the Blackman-
Harris window function for which the condition (15) is
fullfilled (see [10]).

In the case when s € Béﬂ, 0 < B < 1 and (15) holds
for the corresponding window function we can prove the
following theorem.

Theorem 4. Let the sampling operator Sy be defined by
(1) using the kernel 5(t) := 2s(2t), where the kernel s €
Béﬂ C LY(R), 0 < B < 1, is generated by (3) with a
window function \. If (15) is valid, then for every k € N
there exist a constant My, such that

1Swf — fllc < Mywi(f, — )-

Example. So-called Lanczos n-kernels
- ot
51, (t) ;= sinc — sinct,
n

which has been often used in image processing. The Lanc-
zos 3-kernel is especially popular in imaging ((see [16]
and references cited there). They are defined by De la
Vallée Poussin window function

1, 0<u< %t
AL,n(u) = %(1 + TL(]. - 2”))’ n?—nl <u< nTtLl’
07 7_L> nTtLl

If n > 1, then the De la Vallée Poussin window function
ALn satlsﬁes the conditions (15) and 57, € B(nﬂ)ﬂ,

2n

hence Theorem 4 is applicable. If n = 1, then we get the
Fejér sampling operator (cf. [15]), for which we do not
have even an estimate via the modulus of continuity w;.

3. Applications in 2D imaging

A natural application of sampling operators with dilated
kernels is imaging. We can represent an discrete 2D image
f as a continuous function using sampling series

(Sf)(@y) =D f(G.k)si(z = j)sa(y — k). (16)

J.k
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Many image resizing (resampling) algorithms use such
type of representation (see [16], [12], [6]). If the image
data is exact, then we can take interpolating kernels s
and ss, like interpolating Hann, Blackman-Harris or Lanc-
zos, and enlarge (up-sample) image, having (Sf)(j, k) =
f(5, k). If we want to reduce the image size (down-
sample) (magnification v < 1) then, for eliminating arti-
facts, we can choose a dilated kernel s,, with in some sense
optimal value of v = 2 (see Figure 2). The artifacts in
down-sampled images appear, because details that are re-
sized to smaller than one pixel will be misrepresented by
larger aliases (see [5], [6]). Depending on the choice of
the parameter value o we have Sy : C(R) — By
i.e. a function belonging to a class for bandlimited func-
tions, for which the Fourier’ transform vanishes outside
of the interval [—aWm, W r]. This approach eliminates
higher spatial frequencies, being equivalent to the use of
low-pass filter. Also in the case, when the resolution of
the optical system is less than the resolution of the sen-
sor, we can choose the value of the dilation parameter «
accordingly.
Using the representation (16) we can apply different imag-
ing technics. For image enhancement we can use the un-
sharp masking (see [5], [6]), i.e. to subtract a blurred
version of an image from the image itself. For the repre-
sentation of original image f(z,y) we can choose in (16)
the interpolating kernels (dilation by o = 2), but to get
blurred version f;(x, y), we choose in (16) the dilated ker-
nels with small parameter «, like sg7,; /2 in Figure 2. We
can control the amount of unsharp masking choosing the
parameter a < 0:
fusm(fvy) = (1 - a’)f(‘zay) + afb(x,y).
Another well-known image enhancement method uses the
derivatives of image. First derivatives in image processing
are implemented using the magnitude of the gradient. The
representation (16) gives us a natural way to implement
derivatives. Indeed

fﬂf(xvy) = Zf(]?k)sll(x _j)SQ(y - k)a
7.k

F(@y) =3 FGL ks (@ — f)shly — k).

Jik

Surprisingly, if we choose Hann kernel s; = so = sy and
x,y € Z, then the discrete convolution

p+1  g+1

SN FGR)sup-d)sulg—k) (A7)

j=p—1k=q—1

gives us the well-known Sobel filter (see [5], [6])

1 10 -1
2 (10 -1)=[2 0 -2
1 10 -1

Indeed, sy (k) = 0 (k € Z) if |k| > 1 (see Figure 1) and
we get 1 (1,2,1). For s}; we use the first 3 values only,
ie. 3(1,0,-1).

We can easily compute a directional derivative

fol@,y) =D £, k)s) (2 = §) cosp = (y — k) singp) x
gk

><52<(y —k)cosp + (x fj)singo),

To get the edges with different spatial frequency, we
choose the dilation parameter (see Figure 1).

Second derivatives in image processing are implemented
using the Laplacian. Using the representation (16) we get

A f(x y) = fa:z(fc y) Jrfyy(xvy) =
Zf 3, k) (8" (@ = §)sly — k) + s(z — 5)s" (y — k).

In image processing we use the derivatives for edge de-
tection. Changing the dilation parameter « for the kernel
34(t) = as(at) we can detect edges with different spatial
frequencies.

In calculations we must use the truncated sampling series

(p,q €Z)

p+m  g+n

(SHmnpa) =Y > fUGk)silp—5)s2(qa—k)

j=p—mk=q—n

and have the truncation error. We can use kernels with
finite support like the combinations of B-splines, consid-
ered in [4], to get rid of the truncation error, but in some
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Figure 2: Unsharp mask with Hann kernel sp 1,2 =
%SH(%t), a=—-1.7.

Vz 4

Figure 3: Hann kernel 5 (t) = O(|t|~2), Lanczos kernel
s1.(t) = O(t|2) and sine(t) = O(¢| 1) .

cases other types of kernels are more suitable. For mini-
mizing the truncation error the kernel s(¢) must decrease
rapidly when [¢| — oo. The sinc function does not be-
long even to L'. Therefore using the kernels in form
s(t) = 6(t)sinct, where 6(t) is some window function
(see [11]), is well-known. In most cases of we lose the
important property (2) and do not get a generalized sam-
pling series anymore. The kernels in our approach, i.e.
kernels defined via Fourier transform of window func-
tions, allow us to get good approximation properties and
are rapidly decreasing. In Figure 3 we take the Hann ker-
nel 5x(t) = O(|t|~3) and compare it with the Lanczos
kernel s, 3(t) = O(|t|=2), which is one of the most used
kernels in imaging (see [16]). In the case of Blackman-
Harris kernels (5), considered more precisely in [9], we
have scp, = ([t|72/~!) if forevery k = 0,...,0 — 1

Em: 7°*b; = 0.
j=0

We defined many rapidly decreasing kernels also in [8],
(7], [10].

4. Acknowledgments

This research was supported by European Social Fund
Funds Doctoral Studies and Internationalisation Pro-
gramme DoRa, by the Estonian Science Foundation,

grants 6943, 7033, and by the Estonian Min. of Educ. and
Research, projects SF0132723s06, SF0140011s09. The
second author wants to thank Archimedes Foundation for
support.

References:

[1] H. H. Albrecht. A family of cosine-sum windows
for high resolution measurements. In IEEE Interna-
tional Conference on Acoustics, Speech and Signal
Processing, Salt Lake City, Mai 2001, pages 3081—
3084. Salt Lake City, 2001.

[2] R. B. Blackman and J. W. Tukey. The measurement
of power spectra. Wiley-VCH, New York, 1958.

[3] P. L. Butzer, G. Schmeisser, and R. L. Stens. An
introduction to sampling analysis. In F Marvasti,
editor, Nonuniform Sampling, Theory and Practice,
pages 17-121. Kluwer, New York, 2001.

[4] P.L. Butzer, W. Splettster, and R. L. Stens. The sam-
pling theorems and linear prediction in signal analy-
sis. Jahresber. Deutsch. Math-Verein, 90:1-70, 1988.

[5] R. C. Gonzalez and R. E. Woods. Digital Image Pro-
cessing. Second Edition. Prentice-Hall, 2002.

[6] B. Jahne. Digital Image Processing: Concepts, Al-
gorithms, and Scientific Applications. Springer Ver-
lag, Basel, Stuttgart, 1997.

[7] A. Kivinukk and G. Tamberg. On sampling opera-
tors defined by the Hann window and some of their
extensions. Sampling Theory in Signal and Image
Processing, 2:235-258, 2003.

[8] A. Kivinukk and G. Tamberg. Blackman-type win-
dows for sampling series. J. of Comp. Analysis and
Applications, 7:361-372, 2005.

[9] A. Kivinukk and G. Tamberg. On Blackman-Harris
windows for Shannon sampling series. Sampling
Theory in Signal and Image Processing, 6:87-108,
2007.

[10] A. Kivinukk and G. Tamberg. Interpolating gener-
alized Shannon sampling operators, their norms and
approximation properties. Sampling Theory in Sig-
nal and Image Processing, 8:77-95, 2009.

[11] R.J. Marks. Fourier Analysis and Its Applications.
Oxford University Press, New York, 2009.

[12] E. Meijering and et al. Quantitative comparison of
sinc-approximating kernels for medical image inter-
polation. In C. Taylor and A. Colchester, editors,
Medical Image Computing and Computer-Assisted
Intervention, pages 210-217. Springer, Berlin, 1999.

[13] S. M. Nikolskii. Approximation of Functions of Sev-
eral Variables and Imbedding Theorems. Springer,
Berlin, 1975. (Orig. Russian ed. Moscow, 1969).

[14] R. L. Stens. Sampling with generalized kernels. In
J.R. Higgins and R. L. Stens, editors, Sampling The-
ory in Fourier and Signal Analysis: Advanced Top-
ics. Clarendon Press, Oxford, 1999.

[15] M. Theis. Uber eine interpolationsformel von de la
Vallee-Poussin. Math. Z., 3:93-113, 1919.

[16] K. Turkowski. Filters for common resampling tasks.
In A. S. Glassner, editor, Graphics Gems I, pages
147-165. Academic Press, 1990.



