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Abstract: dyadic grids to multiresolution analysis, using cell aver-
aging as the discretization method.
The paper is organized as follows. In Section 2 we define

cell-average discretization in dyadic grids. A dyadic grid dyadic grids a”‘?‘ related colncepts.. In Sect|or_1 3we p_resent
is an hierarchy of meshes where a cell at a certain level is? general overview of multiresolution analysis. Section 4

partitioned into two equal children at the next refined level cr?nta;lfns_ numefm;al results (zjn Sﬁmple problems to show
by hyperplanes perpendicular to one of the coordinate axed"€ €fficiency of the proposed scheme.

which varies cyclically from level to level. Adaptivity is

obtained by int_errupting the refinement at the Iocation_sz_ Dyadic grids

where appropriate scale (wavelet) coefficients are suffi-

ciently small. One important aspect of such multireso- | et the coordinates d&¢ be indexed fron to d — 1. An
lution representation is that we can use a binary tree datanfinite dyadic gridis a hierarchy of meshes that begins
structure in all dimensions, that helps to compress datawith a d-cube at levek = 0, and, for each higher level
while still being able to navigate through it. Dyadic grids (. > 0, is the result of dividing each cell of levélinto
provide a more gradual refinement as compared with tradi-two equal children by a hyperplane perpendicular to the

tional multiresolution analyses that use, for instancg, di coordinate axigk mod d) [2]. Figure 1 illustrates five
ferent quad-trees or oct-trees in 2D or 3D multiresolution steps of the refinement process bt 3.
applications. The cells may have different scales in dif-

ferent directions, this property can be explored to improve
data compression of signals having anisotropic aspects.
1. Introduction

In recent years, many multiscale techniques have been

used to provide more efficient algorithms than those that
use just one level of resolution. In such frameworks, the
differences between the information at consecutive levels
of refinement are computed, and only the significant co-
efficients are stored. These are the principles of wavelet

compression which have being successfully applied in

many different contexts [3]. For example, multiresolution
finite volume schemes of Muller [6] and Domingues et
al. [4] use adaptive grids that are dynamically obtained by
taking local regularity information indicated by wavelet
coefficients in the context of multiresolution analysis for

cell averages of signals. Such adaptive discretizations al

low the efficient solution of problems with vastly different

scales of detail in different parts of the domain. Figure 1: 3D dyadic grids.

For computational efficiency, one important aspect of such

multiresolution methods is the topology of the mesh and In practice, one uses only finite segments of this grid,
data structure used to represent it. Often quad-grids andvhere the subdivision stops at a maximum level. fegr
oct-grids are used for 2D and 3D domains, respectively,ular dyadic grid, the refinement stops at the same level ev-
represented by quad-tree and oct-tree data structures [1Jerywhere. In arirregular grid, the maximum level varies
We describe here a type of mesh, thedic grid thatcan  from place to place.

be efficiently represented by a binary tree, in domains of The topology of a dyadic grid can be represented iy a
arbitrary dimension. For illustration, we apply adaptive 2 binary tree This is a data structure consisting of a set

We propose a modified adaptive multiresolution scheme
for representingl-dimensional signals which is based on
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Figure 2: Definition ofc™, ¢, ¢, c,..

of elements namedodes among which there is a special
noder, theroot; every node has either zero or two children

nodes; and every node, except the root, has exactly one

parent node. A node that has no children is callddad
node The children of a non-leaf nodeare called thdeft
child ¢, and theright child ¢,..

Each node of this tree represents a cell that appeared at
some level of the subdivision; the leaf nodes represent the

cells that weren't divided. By convention, the left child
t, of a non-leaf node in level k£ represents the “lower”
half ¢, of the cell ¢ represented by; that is, the half
whose projection on the axis= k mod d has smallest
i-coordinates.

3. Multiresolution analysis

Detail coefficients. In the structure we do not store the
averages(* or f¥), but only thedetailsor wavelet coefi-
cients Each detaiti* is the difference between the exact
average in the celt and the value predicted for it by for-
mulas (3) and (4) from the cell’'s parent and its neighbors:

— fEr (5)

Note that the detail of the root cell is not defined.

k+1 _ rk+1
dc - fc

Analysis and synthesis. The analysis algorithmcom-
putes the details of every cell, given the average vafifes
for every celle. It scans the tree bottom-up, level by level.
For each non-leaf cellin level k, it executes

5(_%fk+1 fk-ﬁ-l}

5(—% —fff}; 6
§e—0d-16 ©)
di — +0;

ko 6.

Once the detail* of a cell has been computed, its average
f% is no longer needed, so we may store the detail in its
place. In the root node, however, we must still keep the
averagef? of the function over the whole domain.

The inverse of the analysis algorithm is thyntesis algo-
rithm, which recomputes the averaggsfrom the details.

It scans the tree top down, level by level. At each eéf

In mutiresolution analysis, signals can be represented inlevel k, it executes

two ways, as ordinary samples at each scale, or as differ-
ences between two consecutive scales. Connecting these

two views are theredictionand therestriction operators.
The prediction operatoP,ichl takes information from a
coarse levek and gives an estimate for the information at
the next finer levek 4+ 1. Conversely, the restriction op-
eratorP,fJrl takes information from a fine levél + 1 and
gives an estimate of the information at a coarser lével
In this paper, the samples ofd&-dimensional signalf
are averages computed over the cells eFdimensional
dyadic grid. That is, the sample associated with ac#ll

level k of the grid is

7= ﬁ / f(2)ds, 1)

where|c| is the volume of. The restriction operation is
therefore (trivially and exactly) the sum of the averages in
the children cells,

f [fk-ﬁ-l fk-ﬁ-l} @)

In the other direction, we predict the cell average of a child
cell ¢,. or ¢, by the formulas

k+1 ~ fk+1

I C

= JE- 3[‘;& - @

Fht1 o fhtl
JEr 5

wherec™ andc™ are the two closest neighbor cellsoht
level k in the direction of refinement. See Figure 2. These
estimators are exact for quadratic polynomials.
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After this step, the detailg®** andd*** of the children
are no longer needed, and can be overwritten with the re-
constructed averagg§ t* and £ 1.

Compact representation. These algorithms show that
knowledge of the cell averages for all leaves is equivalent
to knowledge of the average valy for the root cell to-
gether with the detail of every right child cell. To save
space, we could store the detail of the right child in its
parent’s node (and keep the domain averggim variable
external to the tree). Then the leaf nodes would carry no
information, and could be omitted from the structure. We
will refer to this variant (which is an ordinary binary tree)
as thecompactree representation.

Adaptive resolution grid. As in any wavelet represen-
tation, we can save space and processing time by pruning
all sub-trees which do not contribute significantly to the
reconstructed signal. If we start with a tree of sufficient
depth, we can eliminate all sibling leaf nodgsand ¢,

such thatd | falls below a prescribed toleraneg. This
condition implies that the prediction&*! and f*+* will

be very close to the actual averagégs! and f*!. Here

we use Harten'’s thresholds [5],

= (1 - q)q(L_k)ea (8)
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whereq ande are specified by the user, with> 0 and
0 < g < 1, andL is the maximum level of the initial tree.

4. Numerical results

In order to compare the efficiencies of dyadic grids and
guad-grids, we performed the multiresolution analyses
of two different examples in 2D, using cell-average dis-
cretization. In all tests, the root cell was the rectangle
[0,1] x [0, @], and the starting tree was a uniform grid
with 210 x 210 — 220 — 1 048, 576 leaf cells. This
corresponds to tree structures with= 20 andL = 10
levels for dyadic grid and quad-grid frameworks, respec-
tively. The cell averageg” were computed for every
leaf cell c by Gaussian quadrature withx 5 sampling
points. The trees were pruned as described in the previ-
ous section, with threshold parameters= 0.1 and the

g = 0.5. The number of non-leaf nodes in the initial
tree wasy_,”, 2/ = 1,048,575 for the dyadic grid, and  Figure 3: Pruned dyadic tree (top) and dyadic grid
Y, 4% = 349, 525 for the quad-grid. (bottom) for the first signal at= 0.1.

In the first test, we used the signals

f(z,y) = 1—tanh(100(x—0.2—¢)+0.001(y—1)), (9)

for ¢t varying from0 to 0.6 in steps of).1. Equation (9) de-
scribes a 2D smooth step function with an almost vertical
straight front, moving form left to right. Figure 3 shows
the dyadic grid and the corresponding tree at 0.1, after
pruning cells with small details. Figure 4 shows the cor-
responding quad-grid and quad-tree. Figure 5 shows the
number of leaf cells in both grids for each time step, as a
percentage of the number of leaves in the uniform grid.
For the second test, we used the signals

_J 1if \/(z—05)2+ (y—0.35)%2 < ¢,
flay) = { 0 otherwise

(10)
for t varying between.05 and0.35 in steps 0f).05. Equa-
tion (10) describes a step function with a sharp circular
front, expanding from the center of the domain. Figure 6
shows the dyadic grid and its treetat 0.2, and Figure 7
shows the corresponding quad-grid and its quad-tree. The
number of leaves is plotted in Figure 8.

Figure 4: Pruned quad-tree (top) and quad-grid
(bottom) for the first signal at= 0.1..

Space efficiency. If leaves are explicitly represented in

the tree structure, and all nodes have the same fields, ther

the spaceF used by the structure i8 = (pA + B)n, v - o

wheren is the number of nodes,is the number of point- T o ]
ers in each noded is the size of a pointer in bytes, and N T T B Tt
B is the size of any additional information stored in each ot
node (such as the detail coefficienfy. In all these trees 2sp
we haven = (pm —1)/(p — 1) = mp/(p — 1), wherem T
is the number of leaf nodes.

From the plots in Figure 5, we see that, in the first test, the
quad-grid p = 4) had abou8 times as many leaf cells 0
as the dyadic gridy = 2), and therefore abodttimes as

many tree nodes, for the same accuracy. Assurding 4

and B = 8 bytes, we conclude that the quad-tree used Figure 5: Leaf count in the pruned trees for the first
5(24/16) = 7.5 times as much storage as the dyadic grid. test..
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Figure 6: Pruned dyadic tree (top) and dyadic grid
(bottom) for the second signal &t= 0.2..

Figure 7: Pruned quad-tree (top) and quad-grid
(bottom) for the second signal at= 0.2..

- + - quad-grid 4
dyadic grid e

Figure 8: Leaf count in the pruned trees for the second
test..

In the second test, the quad-grid had abb@g times as
many leaf cells as the dyadic grid, and therefore ab@a&

as many tree nodes. With the sarhandB, the quad grid

still used0.88(24/16) ~ 1.32 times as much space as the
dyadic grid.

Had we used the compact representation of the tree, with
omitted leaves, the storage cost would Be= (pA +

(p — 1)B)(n — m). The quad-tree would use 7.5 times as
much storage as the dyadic tree in the first example, and
1.1 times as much in the second example.

5. Conclusions

Our tests show that adaptive dyadic grids are substantially
more efficient than quad-grids for the same level of accu-
racy, both in terms of space needed to store the topology
(tree structure) of the grid, and in the number of leaf cells
retained — which determines the time cost of most adap-
tive numeric algorithms.
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