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Abstract:

In this paper we investigatet the efficiency of the Orthogo-
nal Matching Pursuit for random dictionaries. We concen-
trate on dictionaries satisfying Restricted Isometry Prop-
erty. We introduce a stronger Homogenous Restricted
Isometry Property which is satisfied with overwhelming
probability for random dictionaries used in compressed
sensing. We also present and discuss some open problems
about OMP.

1. Introduction

In this paper we investigate the efficiency of the Orthogo-
nal MatchinT' = U~/T*T'g Pursuit for random dictionar-
ies. Orthogonal Matching Pursuit is a well known greedy
algorithm widely used in approximation theory, statisti-
cal estimations and compressed sensing (for the review of
greedy algorithms see [6]). One of its main features is that
it can be applied for arbitrary dictionary. However the effi-
ciency of the algorithm depend very strongly on properties
of the dictionary. We work in the context of a Hilbert space
‘H (which may be assumed to be finite dimensional). The
dictionary is a subset D C H such that spanD = H. We
usually assume that ||| is close to 1 for € D. Generally
it is assumed that ||z|| = 1 for z € D (see e.g. [6]). How-
ever for random dictionaries it is very rarely satisfied. On
the other hand for such dictionary ||z|| is close to 1 with
great probability.

The Orthogonal Matching Pursuit algorithm with re-
spect to the dictionary D obtains iteratively a sequence
OMP,, f € H of approximants of a given element f € H
and a sequence dy, ..., d, € D in the following way:

e Define OMP, f = 0.

e Given OMP,,_; f and dq,...
d,, € D such that

,d,_1 € D choose

4-OMP £.4,)| =sup {(f - OMP f.d) :d e D

and define OMP,, f as the orthogonal projection of
f onto span{dy,...,d,}.

Generally we will write f — OMP; f := f,.
The standard measure of approximation power of a dictio-
nary is the error of the best m—term approximation. We

define the set of m sparse vectors (with respect to the dic-
tionary D) as

Sh =% ={> ajd; : {d;}], <D} (1)
j=1

For a given f € H we define its best error of m—term
approximation as

om(f) =f{|[f — 2] : z€Zn}. 2

Clearly we always have o,,,(f) < ||f — OMP,,(f)|| =
[ frn-

Obviously when our dictionary is an orthonormal basis
then o, (f) = ||f — OMP,,(f)| for each f € H. Un-
fortunately this is the only case when it is so. The funda-
mental, and still largely unanswered question is how close
OMP,,,(f) can get to this optimal rate of approximation
given by o,,, (f). It is to be expected that the answer to the
above question must depend on some extra properties of
the dictionary.

2. Dictionaries

One of the commonly used quantitative parameters of the
dictionary is its mutual coherence. It is defined as

n= sup [{d1,d2)]| 3)

d1#d2€D

Recently, especially in the context of compressed sensing,
a restricted isometry property (RIP for short) became very
useful. Let us recall the following well known definition
(c.f. [1, 2]).

Definition 1 The dictionary ® = {¢; };VZI has
RIP(k,0), 0 < & < 1l if forany set T C {1,...,N}
with #T = k and any sequence of numbers x; we have

(1-9) /Z%‘\Z < Z%%H <(1+94) /Z|$j|2~

“4)

There are some easy relations between those notions. If
the dictionary D has mutual coherence 7 then it satisfies
RIP(k, 1—n) for k < n~. On the other hand if D satisfies
RIP(k, §) then it has mutual coherence ~ 4.

Usually dictionaries with RIP are exhibited as random dic-
tionaries. To be more precise we define a dictionary in R™


http://hal.archives-ouvertes.fr/hal-00452186/fr/
http://hal.archives-ouvertes.fr

hal-00452186, version 1 - 1 Feb 2010

as ®(w) = {¢;}}L; where ¢; = (v;,1,---,7j,n) and v;;
are idependent copies of a fixed subgaussian random vari-
able normalised so that E||¢||? = 1.

In this context it is known (see e.g. [1]) that for a fixed
0 < § < 1 there exists ¢ > 0 such that the dictionary
®(w) with overwhelming probability satisfies RIP(k, ¢)
with k = |en/log N |. On the other hand it is also known
that such a dictionary with overwhelming probability has
mutual coherence of order £~/2. Tt is clear that when we
have two events each of them happening with big proba-
bility then they happen simultanously with big probability.
This leads to the following definition:

Definition 2 The dictionary ® has homogenous restricted
isometry property HRIP(k, ), 0 < § < Lifforanyl <k
it satisfies RIP (L, 6/1/k).

Following standard reasoning we obtain

Theorem 1 Suppose that integers n, N and numbers 0 <
0 < 1 and a > 0 are given and suppose that the random
dictionary ®(w) = {¢1,...,¢n} C R" is as described
above. Then there exist c,c; > 0 which depend only on the
subgaussian distribution involved, § and a such that dic-
tionary ®(w) satisfies HRIP(k, d) for k = |cin/log N |
with probability > 1 — 3N~¢

Basically this tells us that unless we are very unlucky
a randomly chosen dictionary satisfies HRIP, which is
clearly stronger property than RIP. We believe that HRIP
is a useful property. Theorem 4 is some indication of this.

3. Main Result

Now we want to present a result on the approximation
power of OMP for dictionaries satisfying RIP. For dictio-
naries with incoherence analogous results were obtained
by D. Donoho, M. Elad and N.V. Temlyakov [3]. If we
are interested in random dictionaries results from [3] re-

quire S < y/n/log N while ours apply for the full range
S <n/logN.

Theorem 2 There exist constants C and c depending only
on € > 0 such that for the dictionary ® satisfying
RIP(2K,€) and for 0 < k < S < K we have

I£s11 < Cllfell (0s-x(fi) + Aell fill) . ()
with A = ¢(1 + log K)).
Note that in particular seting £ = 0 we get

I£s11* < Cllfll(os(f) + A€l £]).- ©)

The proof of Theorem 2 is rather complicated. It uses a
lot of geometry of Hilbert space, theory of Riesz bases
and ideas from [3] and [5]. The main new technical tool is
the following lemma on norm of matrices.

Lemmal Let0 < e < landlet A= [a; ;] beann x n
upper triangular matrix such that for any x € R™

(1 =@zl < [[Az]| < (1 + )] ™

and |a;;| > 1 —efori=1,2,...,n. Let B =

the off diagonal part of A i.e.

{am ifi<j
bij =

[bi ;] be

0 i<
Then ||B|| < 4e[log, n].

The above inequailties (5) and (6) have some merit only if
€A < 1. Generally one would like to avoid the presence
of || /x|l Cor || f|]) inside the brackets in (5), (6). The most
desirable would be to have direct estimates of the form
Ifsll < Cos(f). Unfortunatelly in full generality such
estimates are not true even when we replace the constant
by a function of s.

Here is an appropriate example. Let z = ﬁ 22;1 e; €
R?" 50 ||z|| = 1. Let us consider the dictionary consisting
of vectors: eq,...,en, ¥ = |le; + Bn~ 22| (e; +
fn~2z) for j =n+1,...,n+ s plus orthonormal vec-
tors which are orthonormal to all those to make a basis
in R?". We take 3 = /n and s = |ey/n] . Then the
following are easy to check

e The mutual coherence is < n~1/2,

e The Riesz constant of this basis is /€ so the dictio-
nary has RIP(2n, \/€)

e Orthogonal Matching Pursuit for vector z in first s
iterations chooses vectors 1); and only later chooses
vectors e;.

Thus we see that 0, () = 0 while z — OMPy(z) # 0 for
E=n+s-1

For dictionaries with mutual coherence n J. Tropp [7],
slightly improving estimate from [4], have proved

Theorem 3 [f the dictionary has mutual coherence 1 then

| fmll < 8v/mom (f) form < (3n)~". (8)
Using this we obtain

Theorem 4 Let the dictionary ® satisfies HRIP(k, 0).
Then for m < c/\/E we have

||fLm log m | || < Cam(f) )]

Let us give a sketch of a proof which follows arguments
from [3]. We start with m < ¢’k for which (8) holds.
We set m; = m(2! — 1) and we fix K ~ k3/%. Using
HRIP we get that dictionary ® satisfies RIP (2K, €) with
Ae < 8k~1/8 < Bm~1/%. From Theorem 2 and (8) we
get

Hf7n2||2 Cll fmy [[(om (f) + Aél| fny )
Cll o (om (F) + 86m* o ()
8Cm/2(1 4 88m'/*)o2,(f)

C'm*ar (f).

ININ NN

Thus we get || fm, || < VC'm3/30,,(f). Repeating this
argument and carefully tracking constants we see that after
at most u ~ loglog m steps we get the claim.
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Analogous result from [3] uses only mutual coherence and
in our case gives (9) for m < ¢/k. The main drawback
of Theorem 4 is the limitation on m. It is clear from
the above sketch that this restriction is inherited from
Theorem 3. It is very unlikely that (8) can be substantially
improved using only mutual coherence. We believe
however that for dictionaries with RIP or HRIP one can
prove more. So let us state the following conjecture
Conjecture Assume that the dictionary satisfies
HRIP(k,0). There exist constants C, ¢, a and 3
(possibly depending on 4) such that for every f and for
mlog®m < ck we have

”fl_mlog"‘ m| H < Omﬁam(f)

Let us note that it follows from Theorem 3 that there exists
a function 9 (k, §) and constants C' and (3 such that if the
dictionary satisfies HRIP(k, 0) then for every f € H

| fnll < Cmﬂam(f)'

for m < ¢(k,d). (Clearly Theorem 3 gives § = 1/2 and
¥(k,8) ~ k). It would be interesting to know if 1) can
grow significantly faster than v/k.
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