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STRICHARTZ ESTIMATES FOR WATER WAVES

by

T. Alazard, N. Burq & C. Zuily

Abstract. — In this paper we investigate the dispersive properties of the solutions of the
two dimensional water-waves system. First we prove Strichartz type estimates with loss of
derivatives at the same low level of regularity we were able to construct the solutions in [2].
On the other hand, for smoother initial data, we prove that the solutions enjoy the optimal
Strichartz estimates (i.e, without loss of regularity compared to the system linearized at

(n=0,9 =0)).

1. Introduction

In a time-dependent domain ©; € R which is located between a free hypersurface
Y¢ and a fixed known bottom I, consider a potential flow v = V, ,¢, with
Apydp=0 inQy 0Opp=0 onl.

The surface-tension water-waves problem is given by two equations: a kinematic condition
(which states that the free surface moves with the fluid), and a dynamic condition (that
expresses a balance of forces across the free surface). The system reads

om = 0y¢ —Vn-Vo on Xy = {y = n(t,x)},
(1.1) 1 )
8t¢ + 5 ‘vx,y¢‘ +g9n = H(n) on Eh

where V =V, g > 0 is the acceleration of gravity and

Vn

H(n) = div NiECEE

is the mean curvature of the free surface.
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1.1. Assumptions. — We work in a fluid domain such that there is uniformly a mini-
mum depth of water, more precisely we assume that for each time ¢ one has

Q=1 NQ
where € ; is the half space located below the free surface 3,
Ql,t:{(x,y)eRde:y<77(t,ac)} (d>1)

for some unknown function 7 and {29 contains a fixed strip around X, that means that
there exists h > 0 such that,

(1.2) {(z,y) eR¥x R : nt,z) —h <y <n(tz)} CQ,
for all t € [0,7]. We shall also assume that the domain 3 (and hence the domain
Q= Q14 N Q) is connected.

We emphasize that no regularity assumption is made on the bottom I' = 9 \ %;.
We consider both cases of infinite depth and bounded depth bottoms (and all cases in-

between). Finally, we could consider the cases where the free surface is a graph over a
given smooth hypersurface and the bottom is time dependent.

1.2. Main results. — Following Zakharov we reduce the system to a system on the
free surface. If ¥ = 9(t,z) € R is defined by

¢(t7 .%') = ¢(t7 z, 77(’57 1‘)),

then ¢(t,x,y) is the unique variational solution of

(1.3) Ap=0 inQy @t z,n(tz) =¥t )
The Dirichlet-Neumann operator is then defined by

(Gt x) = V1+ V0l 0ndly—nta) = Oy — V- Vo :

y=n(t,z)
(we refer to Section 2 in [2] for a precise construction).

Then (7, ¢) is solution of the water-waves system (1.1) if and only if (n,1) solves the
system

(1.4) 1 (Ban - 050 + G(n))?

2 14 |0.n)?

Concerning the Cauchy theory, there are many results starting from the pionneering work
of K. Beyer and M. Giinther [10]. See S.Wu [24], D. M. Ambrose and N. Masmoudi [7],
B. Schweiser [21], T. Iguchi [17], D. Coutand and S. Shkoller [15], J. Shatah and C. Zeng
[22], M. Ming and Z. Zhang [19], F. Rousset and N. Tzvetkov [20]. In [2], we established
new local well posedness results for the system (1.4) under sharp (as long as no dispersive
effects are taken into account) regularity assumptions on the initial data. We refer to the
introduction of [2] for references and a short historical survey of the background of these
problems.

=0.

1
O+ gn — H(n) + 5 1041 —
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The purpose of this work is precisely, in the case d = 1, to investigate the dispersive
properties of these solutions. Our results are twofold: first we prove Strichartz type
estimates with loss of derivatives at the very same level of regularity we were able to
construct the solutions in [2]. On the other hand, for smoother initial data, we prove
that the solutions enjoy the optimal Strichartz estimates (i.e, without loss of regularity
compared to the system linearized at (n = 0,79 = 0)). More precisely, our main results are
the following.

Theorem 1.1. — Let s > 5/2 and T > 0. Consider a solution (n,v) of (1.4) on the
time interval I = [0,T] such that Q satisfies (1.2) fort e I. If

(n,9) € CO(I, H**2(R) x H*(R)),

then
(n, ) € L*(I, W*T=(R) x W* 12(R)).

Theorem 1.2. — Let s > 11/2, T > 0 and p,q,0 be such that

2 1 1
-—+-==, 2<¢g<+o0.
p q 2

Consider a solution (n,v) of (1.4) on the time interval I = [0,T] such that 0 satis-
fies (1.2) fort e I. If
(1.) € CO(I H**3 (R) x H'(R)),
then
(n, ) € LP(I,W*Hs i 9(R) x W3 Fi(R)).

Remark 1.3. — (i) Theorem 1.1 was obtained recently under the assumption s > 15
by Christianson-Hur-Staffilani [14] .

(13) Let s > 5/2 and (ng, o) € H8+%(R) x H*(R) satisfying dist(3g,I') > ¢ > 0, we
proved in [2] that there exist T > 0 and a solution (n,v) € C°([0,T7; Ht3 (R) x H*(R))
satisfying dist(X¢, ') > ¢ > 0.

(7i1) Letting ¢ tend to infinity we see that the result in Theorem 1.2 exhibits a gain
of 1/8 derivatives with respect to Theorem 1.1

(1v) For the end point (p,q) = (4,+00) we prove in fact, under the assumptions in
Theorem 1.2, that
4 s+3 s—%
(nﬂb) €L (Ia Boo,2 (R) X Boo,2 (R))
where BZ, , is the standard Besov space (see Section 6)

(v) The gain of regularity exhibited in Theorem 1.2 is optimal as can be seen at the
level of the linearized system around the trivial solution (n,) = (0,0) which reads (when
9="0),

Om — | Dz =0, 9pp—An=0.
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1 3
Indeed u = |Dy|2 n + i) is a solution of the equation i0;u — |Dy|2 w = 0, for which one
can prove the optimal estimate

3
Hexp(—z’t!Dw\Q)uo‘ < Clluollas,

LA(rwe e (R))

which gives the desired regularity on (1, ).

(vi) It is most likely that Theorem 1.1 remains valid when R is replaced by the one
dimensional torus T. Indeed, our proof relies on a semi-classical parametrix (on time
intervals taylored to the frequency) which exhibits finite speed of propagation and which
can consequently be easily localized in space.

(vii) Notice that the dispersive estimates proved in this paper can be combined with
our previous work to improve the regularity threshold obtained in [2] and give local well
posednesss for initial data below the s = 2 + % threshold. This will be the matter of a
forthcoming paper (including the 3-d water-waves system) [4].

(viii) Notice finally that dispersive properties of the operator linearized at (n = 0,¢ =
0) were used recently by Wu [25, 26] and Germain-Masmoudi-Shatah [16] to prove global
existence results.

1.3. Strategy of the proofs. — Following the approach in Alazard-Métivier [1], after
suitable paralinearizations, we have shown in [2] that the water waves system can be
arranged into an explicit paradifferential symmetric equation of Schrodinger type, and
we deduced the smoothing effect for the 2-d surface tension water waves. Here, we will
also take benefit of this paralinearization reduction, and this reduced system will be our
starting point. The guiding line for the rest of our proof is very classical: construction of
a parametrix to prove dispersion (L' — L> estimates), and then TT* argument.

There are two main difficulties in the analysis of this equation. First the coefficients
of the operator are time dependent and consequently we cannot get rid of the lower order
terms by simple conjugation arguments (see Burg-Planchon [13]). Second the coefficients
enjoy poor regularity, and finally, whereas the principal part in the operator is of order
3/2, the subprincipal part in the operator is of order 1 which gives only a 1/2 difference
compared to the usual 1 difference encountered for magnetic Schrédinger operators. As
will be shown in our analysis, the presence of such subprincipal parts will produce non
trivial oscillations which here have to be taken into account in the analysis.

The first common step for both theorems is to perform several reductions for the
paradifferential equation. The first one is to use Alinhac’s para-composition theory [5]
(see also Burg-Planchon [13] where a similar idea was used) to reduce the matters to the
study of a Schrodinger type operator with constant coefficients principal part. This is
particular to space dimension 1 and reflects the fact that there is only one metric on R.
The second reduction, inspired by works by Smith [23] and Bahouri-Chemin [8], consists
in smoothing out the coefficients of the operator.

Once this reduction has been achieved, we can construct the parametrix, for which
the natural time is the semi-classical one: s = t|¢|"%/2. Here the differences between
our two theorems appear. Indeed, in the proof of Theorem 1.1, following the strategy in
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Burg-Gérard-Tzvetkov [12], we construct the parametrix on small times |s| < ¢) and the
main difficulty is to handle sharp regularity threshold (for smooth enough initial data the
proof would be much simpler). In the proof of Theorem 1.2 the difficulties are different:
first we have to handle the oscillations generated by the subprincipal part and furthermore
we have to prove very large time asymptotics (|s| < ¢/¢|'/?) in the high frequency regime
|¢€] — +oo. Notice that, even for initial data with arbitrarily large smoothness, the analysis
would be non trivial. Finally, once the parametrix is constructed, the dispersion estimate
is obtained by using non classical stationary phase lemmas involving precise controls on
the remainder terms.

2. Preliminaries

In this section we recall some notations and results from [2] which will be used in the
sequel.

2.1. Paradifferential calculus. — In this paragraph we review classical facts about
Bony’s paradifferential calculus.

For p € N, according to the usual definition, we denote by W#>°(R) the Sobolev
spaces of L functions whose derivatives of order < p are in L. For p €]0,4o00[\N,
we denote by W”*>°(R) the space of bounded functions whose derivatives of order [p] are
uniformly Holder continuous with exponent p — [p].

Definition 2.1. — Given p > 0 and m € R, I''(R) denotes the space of functions
a(z,§) on R x (R\0), which are C* with respect to & and such that, for all « € N and
all £ # 0, the function x — 9¢'a(z, &) belongs to WP>°(R) and there exists a constant Cq
such that,

(2.1) VI 50 (1080 )y < Call+ D™
Definition 2.2. — X7'(R) denotes the space of symbols a(x,§) such that
a= Y dm™I  (jeN),
0<j<p
where a7 I’;n:jj (R) is homogeneous of degree m — j with respect to &.
Given a symbol a, we define the paradifferential operator T, by

—_

(2.2) Tou(e) = (2m)~ / \(€ = 7)A€ — m,myp(ma(n) di,

where @(0,¢) = [ e @%(z,¢)dr is the Fourier transform of a with respect to the first
variable, y, ¥ are two fixed C*° functions such that

P(n) =0 for [n| <1,  (n)=1 for |y =2,

x(0,n) is homogeneous of degree 0 and satisfies, for 0 < £; < &9 small enough,
x(@m) =1 if O] <eifn], x(@n)=0 if [0]>e2n|.
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We shall use quantitative results from Métivier [18] about operator norms estimates
in symbolic calculus. To do so we introduce the following semi-norms.

Definition 2.3. — Form € R, p >0 and a € I''(R), we set

(2.3) M) = s sup (14 kg ogal 6|

la|<S414p 1€>1/2 wee(R)

The main features of symbolic calculus for paradifferential operators are given by the
following theorems.

Definition 2.4. — Let m € R. An operator T is said of order < m if, for all u € R, it
is bounded from H*(R) to H*~™(R).

Theorem 2.5. — Let m € R. If a € I'J'(R), then T, is of order < m. Moreover, for all
1 € R there exists a constant K such that

(2.4) 1 Tall pru s pru—m < K Mg (a).

Theorem 2.6 (Composition). — Letm € R and p > 0. Ifa € T}H(R) and b € F;”/(R)
then T, Ty — Ty is of order < m + m' — p, where

1 o o
lal<p

Moreover, for all p € R there exists a constant K such that

(2.5) 17Ty = Tagvll gy pru—m-m+p < KM (a) M (D).
If a = a(x) is a function of = only, the paradifferential operator T is a called a

paraproduct. Paraproducts can also be defined using the Littlewood-Paley decomposition
of the frequency space. Indeed, let ¢: R — R be a smooth even function with ¢(¢) = 1
for [t| <1 and ¢(t) =0 for |t| > 2. For k € N, we introduce the symbol

£

or(€) = ¢(57).

and then the operators Sy and Aj defined by
Sef(©) = k(). Arf(€) = (@) — dr-1(6) F(©)
For all f € S'(R), the spectrum of A.f satisfies spec Ay f C {& : 2F=1 < |¢] < 2k+1Y,
Hence A;A, =0 if |[j — k| > 2. Moreover we have the Littlewood-Paley decomposition:
f=5f+ > Aif.
keN*
With this decompositon, paraproducts can be defined by
T.f = Se—s(a)Arf.

k>4
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Notice that the difference between paraproducts defined in these two ways is a smoothing
operator. Namely, if a € W»*°(R) for some p > 0 then the difference is of order —p.

Theorem 2.7. — Let o, 3 € R be such that o+ 8 > 0. If a € H*(R) and b € H?(R)
then ab — Tob — Tha € HO‘+57%(R) and

l|ab — T,b — TbaHHaw_%(R) < Kllal ga@) 16l g5 )

for some positive constant K independent of a, b.

We use the following result which is a consequence of (2.5) with m =m' =0,p = 1.

Lemma 2.8. — Let s > 2+ 1 and a € WY°(R). Then for all 0 € R there exists a
constant C > 0 such that for all j € N,

1[Aj, Talull gor1w) < Cllallwrcemyllull mo®)-
2.2. The Dirichlet-Neumann operator. —

Lemma 2.9. — Let s > 2+ % and 1 < o < s. Then there exists an increasing function
C :RT — RT such that for all (n,) € HH%(R) x H*(R)

1G04y < CUll ey ) )

Furthermore, if (n,) € L*(I; HH%(R) x H*(R)) is a solution of (1.4). Then

(2.6) (G () = G(n) (0 — Bdyn) — div(Vdym)
where

00 + G(n)y . B
(2.7) B(t,z) := T omE V(t,x) := 0ptp — B

2.3. Symmetrization. — We consider a solution (7,1) of (1.4) on the time interval
I =1[0,7] with 0 < T < +o0, satisfying the assumption (1.2) for all ¢ € I and such that

(n,9) € CO(I, H*"3(R) x H*(R)),
for some s > % Then we set
(2.8) U =1 — Tn.

where B has been defined in (2.7). It follows from the analysis in [2] that we have the
following symmetrization of the equations.

Lemma 2.10 (|2, Corollary 4.9]). — Let ¢, ¢ be defined by

c=(1+ (39677)2)_% , oa=(1+ (83&77)2)

_1
2

There exists an elliptic symbol p € Eié 21 such that the complex-valued unknown
(2.9) ¢ =T,n+ 11U
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satisfies a scalar equation of the form
(2.10) 0® + Ty 8,® + i |Dy|1 T, |Dy|T® = F,
where V' has been defined in (2.7) and F € L*>*(I, H*(R)).

3. Reductions

3.1. Change of variables. — Our aim in this section is to simplify the equation (2.10)
by a change of variable. To compute the effect of a change of variable we shall use Alinhac’s
paracomposition operators and we refer to [5] for the general theory .

Let s be a C! diffeomorphism from R to R. We define the operator x* by,
(3.1) K'u=uok —Tg,uork-

One of the main properties of k* is that there is a symbolic calculus theorem which allows
to compute the equation satisfied by x*u in terms of the equation satisfied by u (in analogy
with the paradifferential calculus).

Theorem 3.1. — Letd>1,m e R, r> 1, p >0 and set o := inf{p,r — 1}. Consider a
C™(RY)-diffeomorphism x and set k = x~ . Let a be symbol in E?(Rd). Then there exists
a* € ¥™(RY) such that

KT, — Tox™ is order < m — 0.

Moreover one can give an explicit formula for a*. If a = aym_k, then

(3.2) @) 1) = 3 s s Y @) (O,

2|04‘
«

where the sum is taken over all o € N such that the summand is well defined, x'(z) is
the differential of x, t denotes transpose and

(3.3) U, (y) = x(y) — x(x) = X' (x)(y — z).

We note that it is easy to obtain regularity results on u given results on x*u. Namely,
we have the following lemma.

Lemma 3.2. — Let p > 0,k € WP®(R) and u € WH®(R). If k*u € WP>®(R) then
u e WP™(R).

Proof. — This follows from the fact that u = (k*u) o x + (T(9,u)or)#) © X Where x = ke
WP (R). 0

We are now ready to simplify (2.10). Define x by

(3.4 wta) = [ettn Ty = [T\ @),

so that

Dux(t, ) = /1 + (Opn(t,z))2 c(t,x)*g.
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Then for each t € [0,T], z — x(t,z) is a diffeomorphism from R to R. Introduce its
inverse

(3.5) k=L
3.1.1. Notations:— We shall set I = [0,7] and we shall denote

where C' : R™ — RT is an increasing function which may change from line to line.
Moreover we shall denote by f o k the function

(3.7) (for)(t,z) = f(t,k(t,x)).

3.1.2. Estimates of x and k.— From (3.4), the equation d;n = G(n)1, the Lemma 2.9,
the Holder inequality and the fact that s > 2 + % we deduce,

(3.8) 10X (| oo (1xr) < A
Now since
Iox(t,x) =14 f(0m), [ e CP(R), f(0)=0,
we deduce from the assumption s > 2 + % and the Sobolev embedding that,

(3.9) 10ex(t, 2) =1

Let us consider the function k.

L‘X’(I,HS*%(R)) + ”axXHLw(IxR) < A.
Since Ok = —g;—’;( o k we have, using (3.8),
(3.10) 100]| oo (1) < A

On the other hand we have 0,k = 1 + f(9,n) where f € C*°(R), f(0) = 0. It follows
that,

(3.11) 10, — 1| < A

Leo(ILH "3 (R)) =
It is clear from the definition that we have,

(3.12) |06t )| <1, V(t,z) €I xR.

It follows then by induction that for every p € N we have,

(3.13) 6]l Lo (. wr e )y < C ([0l Lo (1 wrem)))-

To go further we shall need the following elementary lemma.

Lemma 3.8. — Let p € N* and k : R — R be a diffeomorphism such that O,k €
WP~L(R). Setx = k=L, Then for all F € H*(R) with 0 < pu < p we have Forx € H*(R)
and

(3.14) IF o k|l mur) < IIX Il oo m)C (102 llwe—1.00 ) 11 F L 1o ()

where C' is an increasing function from R to RT.
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Now in our case for (almost all) fixed ¢ and all € > 0 we have,
(3.15) 10wt lwr-1.0ory < CUInCE Miwree ) < CUNE N o e -
We deduce then from Lemma 3.3 that for 0 <y < s—1and F € L*>®(I, H*(R)) we have,
(3.16) [ 0 Kl oo (1,0 (R)) < AllF || £oo (1,511(R)) -
Coming back to the regularity of x we deduce from (3.4) that,
(0@
A T 1-
(1+ (0xm)?)?
It follows from (3.16) that,

On the other hand we have,
(92m) 9 (G (n)
(14 (92m)?)

So using Lemma 2.9 and (3.16) we obtain,

amatX = ) .

NI g

(3.18) [(020:x) © Kllpoo (1,52 (m)) < A

Now we would like to estimate 7. Since 9y = G(n)y we have,

_ Pt - [ RCWOE [ G

. == [ Pl
010.0(G0)0)

. L

Since s > 2 + %, the Holder inequality and Lemma 2.9 show that the first two terms are
pointwise bounded by A. By the Holder inequality the last term can be pointwise bounded
by
102n| oo (1,22 (R)) 10206 (G (1)) | oo (1,22 (R)) -
Using (2.6) and the equation satisfied by (n,) we find, if s > 3 4+ %,
10200 (G(MV) || Lo (1,22(m)) < A
Therefore if s > 3 + % we obtain,
(3.21) HatZX”LC’O(IXR) <A

Finally let us estimate the term 9,07x. Using again (2.6) and the equation satisfied by
(n,%) we find, if s > 4, that,

(3.22) 102081 g et ey < A

10
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3.1.3. Reduction of the equation. — With V defined in (2.7) and ® defined in (2.9) let us
set (see (3.7)),

(3.23) W =V ok(dzx oK)+ dex ok,
(3.24) D" = K0 = Dok —T(p,p)0nk-

Then we have the following result.
Proposition 3.4. — Let s > 2+ % and I =[0,T). There exists a real valued function g
such that 0,g € Eg_% and the function u =T, ®* satisfies the equation
(3.25) (9 + Ty +i|Dy|2)u = F,
with F € LI, H*(R%)) and W is defined by (3.23).
Proof. — We apply the operator x* to the equation (2.10). We first show that

K (O + Ty 0,)® = (0r + Tw0,) @™ + R(P)

B2 R@) i e < CUD D, e gy 1Bl 11580

We begin by showing that

(327) K* (6t<I>) = (8,5 — T(atx)o,@)q)* + Rl(q))
where R; satisfies the estimate in (3.26).
We have

K (O®) = (01®) o k — T(p,0,0)0rk
= 0P o k) — (Ork) (0P 0 k) — T(9,8,8)0x
therefore,
K*(0y®) = 0,(k*®) + By + Ba,
(3.28) B = T 0200r)0,x5
By = T(9,8)or Otk — (O1k) (0P 0 k)
Let us consider the term Bj in (3.28) and let us set a = 9;k(92® o k). We have,
Tor =3 S-3(a)Aj(r) = 327785 5(a)0(277D)(@ur) = 3 g5

Jj=4 j=4 j=4

where ¢ € C*°(R),supp ¢ C {1 < |¢g <2} Since 9,k = 1+ f(9ym) with £(0) = 0, we

have A;j(0.k) = Aj(f(0xm)) so,
laslz2m) < 27 all o270 DesCllal vy ) (1) €2
On the other hand using (3.8), (3.9) we can write,

lall zoo(rxr) < 1@ poor,ms () 106X (0 X)) ™ | oo (1xR)
S |’¢HLOO(I’HS(R))C(H(777w)”LOO(I,HS+%(R)><H5(R))

11
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It follows that,

Let us consider the term Bs.

We have, ik = ab where a = d;x € I'Y,b = 9,5 € I'{. It follows from Theorem 2.6
that a#b = ab and Ty, — T, T} is of order —1. Let us set

(3.30) Byt = (T — TaTy) (02 ® 0 k)| Lo (1,11+(R)) -
Using (2.5) we obtain,
Bo1 < |[0ex|| oo (1,100 ) 102Kl oo (1,100 ) | (O P 0 K) || oo (1,151 (R))-
Since s — 2 > 1, using (3.16) with 1 = s — 1 we obtain,
(3.31) By < C(||77\|LOO(LH5+%(R)))H‘1>||Loo(1,Hs(R))-
Therefore using (3.28), (3.29), (3.31) we obtain,
(3.32) K (0y®) = Ok™ @ + Tp,0 T, 0. P © k + Ra(P),
where Ry satisfies (3.26).
Now let us set
a = 0yk € L™(I, Hs*%(R)),b =0, D0k € L™, H* ' (R)).
It follows from (2.7) that
(3.33) llab = Tab — Tyall oo (1, mr2e-2r)) < llall oo ) ot gy WPl zoe (1,21 () -
Therefore we obtain
(3.34) K5 (0,®) = By (K" ®) — T, O (® 0 1) + Topy Tp, donOut + R,
where R3 satisfies (3.26). Using (3.1) we obtain
K (k@) = (01 — To,x 0 ) (K" @) — T\ Ou (T, @0r) + Topx T, 00n 0k + R,
where R3 satisfies (3.26).
It follows that
K (04 ®) = (O — Tox02) (K" ®) — T{p2d0k)0, s + Rs.

Now the term T(p2qox), % can be estimated exactly by the same method as the term By,
therefore we obtain

m*(@tq)) = (825 — T@txax)(ﬁ*q)) + R4,
where Ry satisfies (3.26). This is precisely (3.27).
Now we claim that
(335) K" (TV8$<I>) = T(Vazx)o,ﬁxn*@ + R5(q)),
where Rj satisfies (3.26). But this is precisely a consequence of Theorem 3.1. Indeed we
have for (almost all) fixed t, a(x,&) = iV (t,x)¢é € B, and the diffeomorphism & is in

W3 (R), so 0 = s—3 and the remainder term is of order less than 1—(s—2) = 2 —s < 0.
Then (3.26) follows from (3.27) and (3.35).

12
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Let us consider now the principal part. Applying again Theorem 3.1 we find that,

K5 (| Dy |1 To| Dy| 1) = | Dy|25*® + Tor*®,
where a is of order %

Finally, it remains to reduce to the case where a = 0. Indeed, let g be a real-valued
symbol such that 9,9 € T? , ,(R) and

{|£|3/25 g} = —a,

—3/2

then if we set
(3.36) u =Ty ®*,
we obtain by symbolic calculus that u satisfies
(9 + Ty 0y + i |Dy|2 + T, + Ty)u = F,
with F e L®(I, H*(R%)) and b = i{|¢[*/2,g}. This completes the proof of Proposition
3.4. ]

3.1.4. Regularity of W. — The following result gives some informations on the function

W defined in (3.23).
Lemma 3.5. — Let [ =[0,T], E = L®(I x R), F = L®(I, H*"2(R)).
1. If s > 2+%, we have W € E, 0, W € F, and
Wl + 10 L < OO0, ) b ey
2. If s > 4, we have O,W,02W,0,0,W € E and

0V 15 + 102 I + 100 Wl < CUU DN 1 yevd oy srrocy

Proof. — Let us recall that we have set,
(337) A: C(H(n7w)HLoo(I,H&F%(R)XHs(R))

where C : RT — R is an increasing function which may change from place to place.
Since s > 2 + % using (2.7) we obtain,

(3.38) IVIle <10z oo 1,152y + Bl Loe (1,552 1020 oo (1, 52 (m)) < A-
Then the estimate |[W ||z < A follows fom (3.8) and (3.9) .
Now we have

(3.39) OuW = 0,V ok +V 0 k(9%x 0 K)Opk + (001X © K)Opk.
Using (3.16) we see that,

(3.40) IV okllr +10:V o rlp < AVl ,m0-1(m)) < A

Now using (3.11), (3.17) and the fact that H5~2(R) is an algebra we deduce,
(3.41) |V o k(02X 0 K)DukllF < A.

Then the estimate ||0,W||r < A follows from (3.18) and (3.11).

13
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Let us now prove 2. We have
OW =0V o k(Opx 0 k) + 0;V 0 k(Opx 0 k)0 + V 0 k(0D X © K)

(3.42) ) ) :
+ Vor(0;x 0 k)Ok — Of x 0 k — 040z © K(OxK) =: Z B;.
i=1

It follows from (3.16),(3.9),(3.10),(3.17),(3.18), and the Sobolev embedding that
(3.43) |Ba| 4 |Bs| + | By| + | Bs| < A.

Now we have 0,V = 0,041 — (0;8)0.n — B0, 9. So using the equations satisfied by (n, ),
the Sobolev embedding and Lemma 2.9 we obtain

(3.44) 18,V]| < A

Loo(IL,H~3 (R)) —
It follows that

(3.45) |By| < A.
The term Bjs is estimated by A using (3.21). Therefore using (3.43) and (3.45) we deduce
that ||OW ] g < A.

The claim on 92W follows from the first part of the Lemma and the Sobolev embedding
since s > 3 + % It remains to consider the quantity 9;0,W. We go back to (3.42). The
term 0,V o k(9yx © k) is bounded by A in L*(1, HS_%(R)). The third term V o k(9,05 x ©
k) is bounded by A in L°°(I, H*~2(R)). The term 0,0, o x(0,x) is bounded by A in
L>(I, H*"2(R)). Therefore the 9, derivative of these three terms are bounded by A in
L*>(1, H“’*%(R)). By (3.8) we have,

102V 0 k(9rx o ’f)at’fHLOO(IxR) < Al[0,V o K(0zx 0 ’f)HLOO(IxR)
< Al|0:V 0 k(Oxx © k)| poo 1,52y < A.

We can apply the same argument for the term V ox(92xox)9;x. Finally we bound the term
V 0 k(0,0%x o k) in the space L>(I, Hsfg(R)) by using (3.16) and (3.22).This completes
the proof of our Lemma.

O

3.2. Symbol Smoothing. — In this section we follow an idea of Smith [23] (see also
Bahouri-Chemin [8]), and we are going to smooth out the coefficients of the function W
with respect to x. As already mentioned, here is the main place where the idea of allowing
loss in remainder terms enters. We define for 0 < § <1,

T =Y Spi-sn(W)A;,

j>a
The key difference between Ty and T{,sv is made clear below.

Lemma 3.6. — The operator Ty, — T}y, is of order —5(s — 3).

14
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Proof. — Since for almost all fixed t we have, d,W (t,-) € H*"2(R) we have,

|85 (W) — 5[6j}(W)HLoo Z [An (W)l oo (r)
n=[d5]

J
<K S 2ed < Kaoied),

n=[d4]
O
In the sequel we shall set
h=277 jeN,
(3.46) Wit = Sis(j-1 (W),

a(8) = xo(9)lEl%,
where xo € C§°(R),supp xo C {% <l <4},xo=1in {% < €| <2}

Lemma 3.7. — Let s > 2+ 5. There exist § < 3, € > 0 and f, € L>(I, HS'“_%(R))
such that

(TP <l  [CR5] TR— B
supp(fn) C {ih_l < ¢l <2n 1)

and the functions up, = Aju satz’sfy

(3.47)

(3.48) (O + = (W Oy + 0 W) +ia(Dy))up, = fu

Proof. — First of all we remark that we have \DJC\% up, = a(Dg)up. Now, applying the
operator A; to (3.25), we obtain

3
(3.49) (O + Twdy + 1| D2 )up = A f — [Aj, Tw]dpu == g}
Since by Lemma 3.5 we have 9,W € L>(I, H*"*(R)), it follows from Lemma 2.8 that g}
satisfies (3.47) (for any 0 < e < %) Then we can replace Ty by T{,SV, which gives
3
(350) Qe+ D Spsy(W) Ay +1i|Dol2)up, = gi + (T — Tw)dpup, == g + g7
|k—j|<1

where, according to Lemma 3.6, g7 satisfies (3.47) with e = (s —3) =2 > 0if 0 <  is
chosen close enough to % Now, we have

Sis(i-3) W)0etn = > Sis(j—a) (W) AxDatip.

|k—jl<1

15
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Consequently, we obtain
3
(3.51) (815 + S[(;(j_g)] (VV)(?m +1 |Dm| 2 )uh

=gh+tan+ > (Sug-snW) = Sz (W) Ardsun = g} + gi + i
|k—j|<1

and using that for |k — j| <1,
is(s_2
S50 (W) = Sistg-a) (W) o < C2777C73),
we obtain that g; satisfies (3.47). Finally, we obtain

1 2
(0 + 5 (W30 + 0 W) + | Dal?)un = g + 9, + 95 + G,

where g} = %S[(S(j_g)] (0 W )uy, satisfies (3.47) (for any 0 < € < 3). O
Lemma 3.8. — Let s > % and set
1 1
0 =——= €]0, -

Then there ezists fr, € L>=°(I, H*(R)) such that
Il ey < C (IO o ) yosd o)

supp(fi) € (5h~" <16l < 207

and the functions up, = Aju satisfy

(3.52)

1
(3.53) (0 + 5 W30z + 0. W) + ia( Dy )un = fi
Proof. — The proof is identical to that of Lemma 3.7, the only difference beeing that now
we take § such that 6(s — 3) = 1. O

4. Semi-classical parametrix

Following [12] we shall reduce the analysis to establishing semi-classical estimates.

Recall that 277 = h and W} = S5(;_3(W) = y(h° D)W, v € C§°(R).

Theorem 4.1. — Let x € CSO(R) with supp x C {£ : % < [¢] €2} and tg € R. For any
initial data ugp, = x(hDy)uo, where ug € LY(R), let Uy, := S(t,to, h)ugp be the solution of

1 .
(4.1) U, + 5(W,fam + 0 WUy +ia(D)Uy, =0, Up |i—to= o p-
Then there exists € > 0 such that for any 0 < h <1 and any |t — to] < h2~e,

C
(4.2) 1S(t, to, h)uo,pll Lo (r) < WH”%HU(R)-

16
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To prove this result, we shall follow a very classical trend and construct a parametrix.
Notice that our assumptions being time-translation invariant we can assume tg = 0. The
parametrix will take the following form,

(43) Uh(t7 .%') = ﬂ // ez(q)(t’x’&h)_zg)B(ta Tz, 57 h)uo,h(z)d2d§7
i

where ® will satisfy the eikonal equation and

(4.4) B(t,@,2,¢ h) = B(t.z,& h)(a — 2 — th™2d/(€)),

where B will satisfy the transport equations and ¢ € C°(R), ((s) =11if [s| <1, {(s) =0
if [s| > 2.
In addition to x we shall use two more cut-off functions x; € C3°(R),j = 1,2, such

that
1
suppx1 C {&: 3 < [€f <3}, xa=Tonsuppyx,
(4.5) 1
suppxo C {€: 7 < €[ <4}, xo = Lon suppxi-
4.1. The eikonal and transport equations. — We introduce some space of symbols

in which we shall solve our equations.

Definition 4.2. — For small €, hgy to be fixed, we introduce the sets
Q. = {(t,x,g,h) ER* : he(0,h),ft| <hz 1< ¢] < 3},
O. = {(0,2,§,h) € R* : h € (0,hg),|o] <h 5,1 <[] <3}.

If m € R and ¢ € R, we denote by Sy'.(Q.) (resp.Sy(Oc)) the set of all functions f on
Q. which are C* with respect to (t,x,&) (resp.(o,x,§)) and satisfy the estimate
(4.6) |07 f(t, 2,8, h)| (resp. |07 f (o, 2,8, h)|) < Cah™ %,

for all (t,x,&,h) € Q. (resp.(o,2,§,h) € Og).

Remark 4.8. — (i) If f € ST, g € STV then fg € STH™. if f € S™ (m > 0) and

0,e’ 0,€ 0,8’
F € C*(C) then F(f) € Sy.; if f € Sy, (m <0) and F € C;°(C) then F(f) € Sg,m,s .

0,7

Let f € Sye, then 0, f € Spe°. Moreover Sy’ C Sy ifo>d

(i1) Let W be such that 0,W € H*?(R) with s > 2+ § and set W? = y(h¢D,)W
where v € S(R). Then 9, W) € S9_.

Let § € (0,3). We fix

(4.7) 1o = % <1 - 5> . ee (0,20

17
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Until the end of this section, for the simplicity of notations we shall drop the index ¢
and denote by S;'(§2) the space S (€2). Finally we set,

Lo= 0+ = (W,fa + 0, W}) +ixo(hDy) | Dy |z

a(€) = xo(€) ]2

The main result of this section is the following.

(4.8)

Proposition 4.4. — There exist a phase ® of the form
O(t,z,6,h) = o€ — h™7ta(€) + h2W(t,x, &, h)
with 0,V € S;°() and an amplitude B € S, 4.(Q) such that, with B defined in (4.4),
(4.9) Lo <e%¢§> = eh®Ry,.
and for all N € N we have,

1(¢(t7m7§7h)—z§) N
(4.10) H//eh Ry(t, 2, 2,& h)ugp(2) dZd§HH1(RI) < ONh luonllzrwy)

for all t in |0, h%_a].
Proof. — We set,
t:héa, o(o,z,& h) :<I>(0h%,x,£,h),
(4.11) b(o,x,&,h) = E(Uh%,x,f, h), Vi(o,z,h) = Wg(ah%,x,h),

L= hd, + %h% (Vi (hOy) + hdy Vi) + ia(hDy).

Multiplying (4.9) by h3 we see that it is equivalent to,
(4.12) L <e%“f5) = e%“"r(a,x, z,&,h),

and (4.10) becomes,

@) | [ferelaen 0o 0 n une dsag], < O ol

In the proof of (4.12), z,&, h will be considered as parameters.
We shall take ¢ of the form

(4.14) (0, 2,6, h) = 2t — ga(€) + h3 (o, , &, h),

where v is the solution of the problem

(4.15) Iotp + a'(§)0x = —EVh,
¢’0:0 =0.

18
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Differentiating (4.15) with respect to z and &, using an induction on k and the fact that
0, Vi, € S2(0), we see easily that,

(4.16) |0F 950 (0, 2, &, h)| < Cpalo|hFep 0Tk,
for every (0,z,&,h) € O, where a™ = sup(a, 0). It follows in particular that 9,1 € S5 (O),
05 € S5°(0) .

Now, since b = b( we have,
3

i 72 (hdy + — h 5 (Vide + 0: Vi) (e 59) = i[h2EVh — a(€) + h28,1 + hVids]b

+ h[&,b + h2V;,0,b + §h5 (s Vi)IC + h[—d/ (&) + h2Vi]b (.

On the other hand recall that we have for all M € N* (see the appendix),

(4.18) e~ H¢a(hD,) (e%“"g> = A4+,
where
M—1 hk
(4.19) 2 5 {(0Fa) (o)) b(w) | ‘y:x
with
1 890
(4.20) p(z,y) = /0 (A + (1= Ay, &, h) dA

and the remainder rq,ry are given by,

1 . ~
(4.21) = chM! / / /0 R E D0 () (1 — NN 00D (X + p((a, )b () dAdydr

and
(422) 1= chMhM+k / / Mg (2)(1 = NM LMK (0)0)],—p—an-dAdz,

where ¢y, e € C, ko € C§°(R), ko = 1 in a neighborhood of the origin. Now since

b0, 2, 2,6, h) = blo,z,& h)((z — 2 = 0d/(£)),
writing for simplicity b(y) = b(c,y,&, h) and ¢ = ((z — z — 0d’(£)) we have,

M-1
= (Z Ag)C + 13,
(4.23) Ay, = M.aﬁ: {(0ta) (o, 9)) ) } [y
M-1 k
ro= Y 3 eht0f T {(0Fa) (o, y))b(y) =o€
k=1 j=1

19



hal-00452071, version 1 - 1 Feb 2010

The term Ap in (4.23) is equal to a(§ + h%(?xl/})b. Then

(4.24) 5

2 1
Z )(h20,0) + (h20,4)” / 1(1 — N)28%a(€ + A7 9,0)) d)\] b.
0
Jj=
(4.2

The term A; in 3) can be written as

A = ﬁ[ /(€ + h20,0) Db + = h2( %w)a"(§+h%3x¢)b}

7

Therefore
1
= % H )+ h%axw/ (€ + A\h28,1b) dA} b

(4.25)
B (G2)a" (€ + Wb 0,0) ]

e
2
Since hfd,1p € S9, hEH924) € S9 and 5e < p, we deduce from (4.24) and (4.25) that
h h
(420) Ao+ A = [al9) + hE (0.0 + 5o (00| b+ T (00

+ hh* e (e1b + coh*700,b)

for some ¢; € S3.
Now, consider the term A with & > 2. We have

hk k k
Ay = oy Z <k1> 651 {(Bfa)(p(x,y))] |y xaglgc kg,
k1=0

Since h%&,ﬂ/) € S, we obtain,

ey = WO (O a)(plw,y))] |, € S5
It follows that the generic term in Ay can be written as
hhk—lh—kléck & h—ah—(5+38)(k‘—k‘1)h6(h(5+383x)k—k1b
sl N
We have, since 3¢ < pg and k > 2,

(4.27)
k—1—kid—e—(0+3)(k—ki)>k(1—0—-3)—1—-e>2(1-6—-3¢) —1—¢
1 1
22(5—5—36)—625—5—62u0

so that
k

A = BRFORE Y " ep(hT%0,), ¢ € 5.
=0
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We deduce from (4.26) that

M-1 2 M-1
e 1 j h € 6+3e ¢
(4.28) k§0 Ay = !;0 ﬂa<ﬂ>(5)(hzaz¢y] b+ ?a’(f)azb+hh“0h ;Oj dp(R2+30,)

with dy € S§.
Then it follows from (4.12),(4.17),(4.18) and (4.28) that

r =i (~a(€) + hEEVL + W20, + WV3Da) bC
+ Bsb + B Vidub + %h%(axvh)b]g

i al©) + M (00 + Ja"(©0u | 0+ ' ©0.0¢

M-1 3
+hRPORE D dg(h3E0,) b+ .
=0 j=1

Gathering the terms in powers of h, noting that the coefficient of h" vanishes and using
1
the eikonal equation to see that the coefficient in A2 vanishes, we are left with

M—1 4
(4.29) r=nh <aab +a'(£)0,b+ ifb+ h*Oh® Z ez(h“?’sax)gb) C+i Z T

where f = V0,0 4 a”(€)(0,¢)? is real-valued, e, € SJ and

(4.30) ry = %h[—a’(é) +h2V]b (.

It follows from (4.16) that

(4.31) |020F f(0,2,&,h)| < Chaoh™=hkep=00th),

for every (o,x,¢,h) € O. In particular f € S~2(0).
Now we shall seek b under the form

J—1
(4.32) b= hHb;.
=0

where the b;-,s are the solutions of the following problems

dbg . Oby ..
(4.33) g0 T &G, Tilb=0,
bolo=0 = x1(§),
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where x1 € Cg°(R) has been introduced in (4.5) and

ab; M-1

+ a'(f)% + Zfbj = —h* Z e[(h5+3€aa:)gbj—17
{=0

ob;
(4.34) 0o
bj’o‘:O = 0.
It is easy to see that for all j we have,
(435) bj(O',,I,g,h) = Xl(é)cj(o-axaéah)'
For the estimates we shall use the following elementary lemma.
Lemma 4.5. — Ifu is a solution of the problem
Optu + a' (€)Opu +ifu = g, Ulo—o = 2z € C,

where f be real-valued, then it satisfies the estimate
(o &) < 2]+ [ lo(o', + (0" = o)l (€), Wl
0

for every (o, x,&,h) € O.

Proof. — Indeed, the solution is given by

u(o', x, 5, h) — eil fOU f(0'/71'+(0'/70')a/(£)7£7h) do’ X

: {” e [ e DN (o (o~ ) (€),6, ) da'}‘
0

O

Using this lemma we deduce the following.

Lemma 4.6. — The problems (4.33), (4.34) have unique solutions b; = x1(§)c; where
the c; satisfy the estimates

(4.36) |020F cj(0,2,&,h)| < Copjh~Feh~(@TRIEF)

for all (o,x2,&,h) € O, all a,k € N, and all j =0, ..., M.
In particular ¢ = Zj]\/io ¢; belongs to SY, 5.(O).

Proof. — Let us look to the case j = 0. Then ¢y satisfies the same equation and cy|y,—¢ = 1.
We show first (4.36) for £ = 0 and all o. By Lemma 4.5 we have |¢y| < Ch™¢. So assume
that (4.36) is true (for £ = 0) up to the order o — 1 and let us differentiate the equation
(4.33) a time with respect to . It follows that U = 0%¢ satisfies the equation

B_U ’ B_U . . = aral o—l
(4.37) ot d ()5 +ifU= z;q (05.1)05 " co.
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Using (4.31), Lemma 4.5 and the induction we deduce that

< —€ = —2ep, —1(0+3¢) p —(a=1)(0+3¢) —a(d+3¢)
U| < Ch h%h h < Ch .
=1

This proves (4.36) for £k = 0 and all a. Then using an induction on k we differentiate the
equation (4.37) k times wit respect to £ we use again (4.31), Lemma 4.5 and the induction
to prove (4.36) for all k¥ and a. The proof of (4.36) for j > 1 is similar. O

It follows from (4.29), (4.33), (4.34) that

5
r = E Tj.
j=1

where
(4.38) rs = hJMObJ_lc.

4.1.1. End of the proof of Proposition 4.4. — We are left with the proof of (4.13). For
rj,j =1,2,5 defined in (4.21), (4.22) and (4.38) we have for all N € N,

(4.39) (@ =2 —0d(©))|rj(0.2,2,6 )| < ONBY X1 (€)].

To prove (4.39) we write in the integral giving ry (resp.ry) , x — z —od'(§) = (z —y) +
(y — 2z —0d(§)), (resp. = (x — 2z — Ahz — 0d/(§)) + Ahz) we integrate by parts using the
fact that %ane%(:”*y)" = 1@~ and we use the fact that

(4.40) by) = x1(§)elo.y. & h)(y — 2 — o0d'(€))
with ¢ € 5§, 5. and § + 3¢ < 1. Then (4.13) follows from (4.39) and Young’s inequality.
The terms corresponding to rs and 74 defined in (4.23) and (4.30) will be treated in
the same manner and will use the fact that on the support of a derivative of the function
1 1 1
¢ one has |v — z — 0d’(§)| > 1. Since by (4.16) we have h2|0¢p| < Ch2|o| < Ch2™° we
deduce from (4.14) that |9¢(p(o, 2, &, h) — 2€)| > 1 if h is small enough. Therefore we can
integrate N times by parts using the vector field
h
L = - 0.
i@ (plor e, €.h) = 26)
Finally the estimate for the term r5 follows easily from the fact that the convolution of
L'(R) with L?(R) is contained in L?(R).
The proof of Proposition 4.4 is complete.

O

4.2. Refined Van der Corput estimate. — Let us recall that we have set (see (4.3))

(4.41) Up(t,z) = / K(t,z, 2z, h)uon(2) dz
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where

~ 1

(4.42) K(ta,2h) = 5+ en@EEEN 2By o 5 € h)dE.

In the variable o = thfé we have

K(t,z,z,h) = K(o,x,2,h)
where

K(o,x,z,h) = 57
T

where ¢ and b have been determined in (4.14), (4.33) and (4.34).

4 /ei(ap(a,m,fvh)25)5(07x7z7§7 h) df,

Proposition 4.7. — There exists C > 0 such that
1
C (h)\?2

(4.43) |K(o,z,2,h)| < <—> )

for all (o,x,z,h) in ]0, A~ [xR x Rx]0, hol.

Proof. — Since b € Sg is bounded with compact support in &, the estimate (4.43) is trivial
for |o| < Ch. Let us assume that |o| > Ch. We have by (4.11),

L= (h@o +haWP (h2o, ) (hdy)=h3 (9, W) +z’|hD$|3>

DO | —

By a scaling argument we can assume without loss of generality that ¢ > 1. Indeed,
otherwise, setting
c - x ~ h
T=—, T=—, h=—,
o 00 o

we see that in the new variables, the operator reads
L = ho, + hY2Woho, + h2 (0:W)) + i|hDz /2
where
W,f(T, z) = Ué/QWg(UoT, o0)
and consequently we have
W) e L°(H*Y),  o;W) e S?

with bounds uniform with respect to og.
Assume now that the dispersion estimate has been proved for the kernel of the operator
L and o = 1. Since we have
o._. T x

Sn(o)uo(z) = (S5 (—)an)(—),  uo(—) = uo(z),

a0 a0 a0
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we can write
(4.44)  [|Sh(o0)uollLom) = HS~( O)UOHLOO R)

<% @l < Do ) ¢
Gz ol @ = s il ey = o

which is the dispersion estimate for the kernel of the operator L and o = oy.
Let us set

(4.45) 0z, y.&,h) = oo, 6.h) = 26 = (¢ = 2)& +a(E)o +hat(o.z.,h).
Then
020(x,y,€,h) = B2a(€)o + h2 (0,2, h).
Now by (4.5) and (4.8), on the support of x; we have a(§) = |£|% Therefore aga(g) =
%|£|_% > ¢o > 0. On the other hand from (4.16) we have |(9£2¢| < Coh™972¢ which implies

h%|8g¢| < Coh2—0-2 < Cohto. Tt follows that on the support of y; one can find a
constant ¢; > 0 such that

1
(4.46) 0<co< Bge(x,y,f, h) < aa,
if hg is small enough.

In the sequel we shall omit to note (z, z, h) which are fixed taking care of the fact that
all the constants are independent of (z,z,h) € R x Rx]0, hg|.

Let us denote by [a, 8] C [%,3] the support of x1.We deduce from (4.46) that the
function & — 0¢0(§) is increasing on [a, 3]. Therefore one can find p € [o, ] such that

9e0(§) <0 for £ € [a,p], 0c0(E) >0 for £ € [p,B].
Noting b(o, z,£, h) = b(§) and assuming that |p, 5[ is non empty, we shall estimate

Ki(0,0,6,h) = —/ ROOB(e)C (x — = — a(€))de,
the estimate corresponding to the intervall [, p] being similar. We write for small h,
( K ! L+
- ?( 1+ 1),
p(2)2 ‘g
(447 h= [T O - 2 - d ()
p
/3 T
b= [ el - - (@)
pH(2)2

We have obviously,

(4.48) 1| < C(
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In the integral Iy using (4.46) and the Taylor formula we see that,

W=

(4.49) 0:0(6) > o (M) = (o)}, veelp (D

g

, B

Let us estimate the integral Is. We introduce the following notation. We shall write A x B

1
if [ A-B| < C (g) 2 where C is a constant depending only ¢q. Then we can state the following
lemma which is a refined version of the well known Van der Corput Lemma.

Lemma 4.8. — For all k € N we have
k h 1
(4.50) I (~1)F (1) / O ke
P

where q(§) = b(§)¢(z — z — a/(£).

Proof. — Let us denote by Jj, the term in the right hand side of (4.50). The Lemma is true
for £ = 0. Assume it is true up to the order k. Using the fact that w&%@ge#(g) = en?)
and integrating by parts in J; we obtain,

B h
e (_1)k+1(2)k+1/ 670(5)35(;)3@(5)&
o

i +(ky3 (9e0(8))k+1
N h 1
Ve TR 20(8) k+1
MG [ g e
hyk+1, & 1
)kl 20(¢) k B _ 7l 2 3
+(-1) (Z) [e <(359(5))k+1)OEQ(g)]er(%)% T+ i+ Ji
First of all we have J? = Ji11. Now using (4.36) and (4.49) we can write,
—k(0+4¢)
g < ontn s C(g)%hk(%f‘%“) < C(g)%,

o) 2

since o > 1. Now using again (4.36) we obtain,
’J]%’ < Chk+17k(5+4e) /6

pH(L)

Since by (4.46) the function 0¢6 is increasing we have

)

1
2

o ()|~ ()

Therefore we can write,

_ 1
41 < OO (e )

We deduce exactly as for J,‘;S that,

)

lJh < Cf

9>
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It follows that Ji x J,? which proves our induction. O

Now using Lemma 4.8, (4.36) and (4.49) we can write,

il < Ch’f(%h’“%) < o(MyG--1 < ol o piteose)

0)2 g

Q

1
2

so taking k such that kuo > 3 and using (4.7) we deduce that |J| < C(g) . It follows

1 1
the from Lemma 4.8 that [I5| < C'(£)? and from (4.48), (4.47) that |K | < %(%)5 which
completes the proof of Proposition 4.7. U

4.3. End of the proof of Theorem 4.1. — Let us set J. = [0, h%_a]. It follows from
(4.3) and Proposition 4.4 that

(4.51) OUy, + = (W O + O WUy, +ia(Dy)U, = Fy,  Upli—o = Un(0, 2),
with
(4.52) S‘l}) [ Fn (s, ) my < CNhN”UO,hHLl(R)

s€EJe

We claim that,
(4.53) Un(0,) = uop +von, |lvonlm ®) < OnAN ugpll i (w)
Indeed using (4.3),(4.11),(4.14),(4.33),(4. 34) and (4.35) we see that,

(450)  von(e) = (2nh)" // R = (o — ) (E)uo ().

Since on the support of 1 — ((z — z) we have |z — z| > 1 we can integrate by parts as much
as we want to obtain that for all N > 1,

von(z) = enhN ™ 1//eh(x o Ry )](35 X1)(&)uo,p(2)dzdE.

(x —2)N

Using the Holder inequality we deduce that,

2
lvo,p(@)]* < CNhN_1</ 1-Clr—2)

(x —2)N
from which we deduce that,

o0 (2)1d2) 1o ull 2 )

lvo.nll 2y < CnhYHluonll o wy-
Differentiating (4.54) with respect to x and using the same trick we obtain the estimate
n (4.53).
Now by (4.51), the Duhamel formula and the definition in Proposition 4.1 we can
write,
S(t,0,h)ugp, = D1 + Da+ D3 where Dy = ﬁh(t,x),

(4.55) t
Dy = —5(t,0,h)vo p(z), D3 = —/0 S(t, s, h)[Fy(s,x)]ds.
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First of all the estimate
C
(1.56) DOl < Fr7agavonlm)

follows from Proposition 4.7 and (4.41).
Let us estimate Dy. We have by Sobolev inequality,

[D2(t)]| Lo (ry < C1llD2() 11 (r) < Collvopll i (wy,
therefore by (4.53),
(4.57) 1D2(t) | o (ry < OB [luopllpr(w)-
Let us look now to the term D3. We have,

[1Ds ()| ) < C g 1S, 8, h) Fn(s, )l 1 ryds < C'/J 1E0 (s, )|t ryds,

from which we deduce,
(4.58) 1D3(8) | o ry < OB [Juopllri(w)-
Then Theorem 4.1 follows from (4.55), (4.56), (4.57), and (4.58).

4.4. The TT* argument. — Having proved the dispersion estimate the Strichartz
estimates for the solution of (4.1) follow very classically.

Proposition 4.9. — There exist ¢ > 0, C > 0 such that for any 0 < h < 1 and any
initial data ugp, = x(hDy)ug, we have

(459) ||S(t50’ h)uo,hH < CHUO,hHH%(R

L4((0,h2%),L>(R)) )

Proof. — Indeed, applying the usual TT* argument, it suffices to prove that the operator

1
h3—
/ S(t,0,h)S(s,0,h)" f(s)ds
0
maps continuously L3 ((0, h%%), LY(R)) to L*((0, héfe), L>*(R)). But a direct calculation
shows that since £(W?9, + 9,W}) is self adjoint, one has
S(s,0,h)* = S(0,s,h),

and consequently, Proposition 4.9 follows from the classical Hardy-Littlewood-Sobolev
inequality and the dispersion estimate (4.2). O

Corollary 4.10. — Let u be a solution of the problem
1
dyu + §(W,fa$ + W) u+ia(Dy)u = f, uli—g =0

with supp f C {371 <|¢| < 2h71}. Then we have,

< Kh= V3 £

[l

4 1oy 1 1 L-ey 12 :
L2((0,h277),L>(R)) L1((0,h277),L*(R))
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Proof. — Indeed we have,
¢
u(t:) = [ S0.0S (5,001 (s.") ds.
0

Let us set J. = [0, héf‘g]. It follows from Proposition 4.9 that,

h3~®
Hu”L‘l(JE,L‘X’(R)) < C/O |S(s,0, h)*f(s,-)HH%(R)ds

h3—e
< C’/ -
<o [0 eI
since f is supported in {in~1t < ¢l <2n71Y) O

ds < C"h Y\ fll e 2y »

4.5. Gluying the estimates. — It remains to glue the estimates which up to now have
1
been proved on small time intervals of size h2~°. Recall that from Lemma 3.7 we have

(%Uh‘i‘ (W,f@ —l—@ Wh)Uh—i-Z’D ‘2 up = fh c LOO((O T) H5+5__)

Let ¢ € C§°(0,2), equal to 1 on (3, 3). For —1 <k < h*™ 2, define

t— k:hﬁ’€
Uh k. = @(T)Um
h

53¢

which satisfies

(4.60) Owupi + = (Wha u+ WP )up g, + 4| Dy |2 Uk

:@(775 _hlth >fh+h€7l '<—_hlié—€)uh, Un.kl,

3¢

175 = 0?
=kh?2

As a consequence, using Corollary 4.10 we obtain,

(461) Munkll s o3 praynd—). Lom))

(R g et (Y,

hae

1
<h™s

LY((khZ~,(k+2)h2 %), L2(R))
1.1 _1 o1
§Ch2€8<WthMﬂJ%mY+m ﬂWﬂuﬁ@ﬂJ%meECh :

where in the last inequality we used the assumption v € L*((0,7), H*(R)) and (3.47).
Eventually, noticing that,
he—%

lunlzs o.r), v ) < kzl i thL4 (KhT ™% (k+2)hZ %), L(R))’

we obtain ) )
lunllLa o), ooy < ChE2H1CTS)
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which implies

e/4
anll La 0.0y, wo-toeqmy < €1

and consequently, since h = 277,

(462) ”uHL4( ),WS-F%—%,OO(R))

© 00
E E : —je/4

‘ ”u2 —=J HL4 (OT Ws+§—z oo(R)) S C o 2 < +OO
j= j=

5. Classical time parametrix

In this section we take s > % and we prove the usual Strichartz estimates. The main
step is, as before, the dispersion estimate. To do so, we seek a parametrix. The main
difference with respect to the previous section is that (in the semi-classical framework),
we are looking for a large (O(h~1/2)) time parametrix. As a consequence, the lower order
term Ty 0, induces oscillations. This is reflected in the fact that the new eikonal equation
will be quasi-linear.

We begin by an analogue of Theorem 4.1.

Theorem 5.1. — Let x € CSO(R) with supp x C {¢ : % < [£| <2} and ty € R. For any
initial data ugp, = X(hDg)ug where ug € L*(R) let us denote by S(t,to, h)ugp := Uy, the
solution of

(5.1) U, + = (W;fa + WUy 4+ ia(D)Up =0, Up, |imty= Uo.p-
Then there exists 7o > 0 such that for any 0 < h <1 and any |t — to| < 70,
(5.2 IS¢ t0. kol < 77— P s
According to Lemma 3.8, Theorem 5.1, the Duhamel formula and the same TT*
argument as in Section 4, we deduce
Corollary 5.2. — With the notations of Lemma 3.8, we have
(5.3) ln | o), p Ry = 1850l a0,y e (ryy < C2G e, ¢ € £2.

In the remaining of this section, we shall prove Theorem 5.1. We need first to refine the
constructions in Section 4 to handle large times. An important point in the construction
of the phase function is that handling large times leads us to non linear geometric optics.

Our parametrixe will be of the form (4.3),(4.4) that is,

(5.4) Onlta) = g [ [ H @m0 Bt 2., huon (2) e,
where @ will satisfy the elkonal equation and
(55) E(ta z,z, 57 h) = B(t7 z, 57 h)C(I' -k thiéal(g))a
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where B will satisfy the transport equations and ¢ € C°(R), ¢(s) =11if [s| <1, {(s) =0
if [s| > 2.

5.1. Notations. — In this section we fix

11 1
s>7and5:

<

\[J%)
ANy

S —

As before we shall set 277 = h, where j € N and we shall work with the semiclassical
time o = th™ 3.

In addition to the function x introduced in Theorem 5.1, we shall use two more cut-off
functions x; € C§°(R), j = 1,2, such that,

1
suppx1 C{€ 15 < [¢] <3}, x1 = lon the support of ,
(5.6)
1
suppxo C {§: 7 < [€] <4}, xo = Lon the support of x1.
Recall that we have
(i) W e L>([0,T], W*>®(R)), ;W € L>=([0,T], W"*(R)) (Lemma 3.5),

(ii) W = Sis(j—3) (W) satisfies

oW (

S Call W

b
(i) al®) = xo(§)I¢]7,
Definition 5.3. — For small hg, 19 to be fized, we introduce the sets

Q= {(t,z,&,h) e R* : h € (0,ho),|t| <70,1<[{] <3}

o= {(M,g,h) R : he(0,ho), o] <moh™3,1 < [¢] < 3}.

If m € R and 0 € R, we denote by SpH(Q) (resp.S;1(0)) the set of all functions f on Q
(resp.Q) which are C°° with respect to (t,x,&) (resp.(o,z,§) and satisfy the estimate

(5.7) 0 £ (¢, 2, €, )| (resp. |02 f (o, 2,6, h)]) < Cah™ o,
for all (t,2,6,h) € Q (resp.(o,2.€,h) € O).

5.2. The eikonal and transport equations. — In all this section we keep the nota-
tions of (4.11),(4.12), and (4.17) to (4.23).

The main result is the following.
Proposition 5.4. — There exist a phase ® of the form
O(t, 2,6, h) = € — h™2ta(€) + h2U(t, x, £, h)
with 0,V € SY(Q) and an amplitude B € SIN) such that, with B defined in (5.5),

(5.8) Lo <e%¢§> = en®R),
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and for all N € N we have,
(D (t,x,&,h)—z N

(5.9) H //eh( G &M =2 Ry (t, 2, 2, &, h)ug ,(2) dz dg“Hl(Rx) < OnR luo Ly
for all t in [0, 10].
Proof. — According to (4.23) we have,

Ao = alw,€ + h20,0)b,

h 1 h% 2 ’ 1

A1 = Zalw, €+ hE0,0)0,b + " (020)a! (0,6 + B 0,0

We deduce that Eo(e%‘pg) = en?r with
r=i{h¥0,0 — a(€) + (e, & + h10,0) + RSO0 + WEEW] b

1 1 4 1 1 5
(5.10) + h{ao'b +a(z,§ + h20,9)0:b + h2Wj0,b + 2h2 (0. W)b

. M-1 4
+ 13 (O29)a (w,€ + h30,0)b + % 3 Ak}( +iS 0,
k=2 j=1

where 71,79 are defined in (4.21), (4.22), r3 in (4.23) and

h
(5.11) ry == {—a'(g) + h%W,f} b,
i
5.2.1. The eikonal equation. — As already mentioned, an important point in the construc-

tion of the phase function is that handling large times leads us to non linear geometric
optics. Namely, we determine 1) by solving the following nonlinear problem,

a(€ +h20,9) — a(€)
(5.12) Oct + 5
zp(O,x,g, h) =0.

In this system, £ and h are seen as parameters. We begin by establishing that the solutions

+hEWS (hEo,2)0p) = — W) (hio, 2)E,

. . . _1 . . .
exist for a time interval of size h™ 2 and satisfy some uniform estimates.

Proposition 5.5. — There exists 19 > 0 such that the problem (5.12) has a unique
C> solution 1 in the set O such that Oy and 0% are uniformly bounded on O by
C(||(17,¢) where C is an increasing function from R to itself.

Proof. — Let us differentiate the equation (5.12) with respect to  and let us set 1 = 0,v.
Then 1 is solution of the quasi-linear equation

(513) aowl + A(O’,,I, ha£a¢1)amwl = B(O-’x’ h,fﬂ/)l), 7/)1(0,33, h’g) =0.

where

I (I,H**3 (R) st(R)))

(5.14) { Ao,z h, & 2) = d (€ + h%z) + h%W,‘f(h%U,x),

B(o,3,h,€,2) = —h2 (0. W) (h20,x)z — (0, W}) (h20, z).
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We shall solve (5.13) by the method of characteristics.
The characteristics are given by the system

o(s)=1, o(0)=0,
(5.15) X(s) = A(s, X(s),h, &, Z(s)), X(0) =z,
Z(s) = B(s, X(s),h, &, Z(s)), Z(0)=0.

Since A is uniformly bounded and |B| < C; + C3|z|, the above system has a unique global

solution (i.e defined for s € [0, +00]).
5.2.2. Properties of the flow.— (i) We have,

(5.16) 375> 0,61 > 0,c0 >0:¢1 < |X(5)] <ep, 0<s< Toh_%.
We show first that
(5.17) h2|Z(s)| < Crol|@W || oo exp (70]|0: W[z ), 0 < s < 7oh~ 2.

To see this we integrate the equation satisfied by Z and use (5.14). We obtain
S
(5.18) 1Z(5)] < Cl0W ||ee,|s] + h%”axwuwx/ |Z(0)|do, 0<s<mh 3,
’ “Jo

Then (5.17) follows from the Gronwall inequality.
On the other hand, setting m(s) = (s, X(s),h,&, Z(s)), we have

1
A(m(s)) = d'(&) + h2 Z(s) /0 a’(€ + Ah2Z(s))dN + h2 WP (h2o, X (s))do
=d () +R

where

1
[R| < 10C (70, [0:W [l g2, )la” || oo + h2[[W | 5s, )
Since for 1/2 < |¢| < 3 we have |d/(§)| > 2¢; > 0 we obtain
’A(S,X(S)7h7§7Z(S))‘ 2 C1
when 0 < s < 7oh ™2, (10 and h small enough). This proves (5.16).
(73) We have,

(5.19) K()| < h2C(10:Wllage, + 10W[l1ge, ), 0 <5 < moh™ .

Indeed let us set m(s) = (s, X(s),h,&, Z(s)). Then we have,
X(s) = (9s4)(m(s)) + (0, 4) (m(5)) X () + (8- A) (m(s)) Z (s)-
Moreover we have,
(9:4)(m(s)) = h(@W)(oh?,2),  (B:A)(m(s)) = h2 (9 W})(oh? )
(0:4)(m(s)) = a(€ +h3 Z(s)).

Then (5.19) follows from the expressions of X (s), Z(s) and (5.17).
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(73i) We improve now (5.17). We have,

(5.20) 1Z(s) < c( 3 ||aaW\|Lg3), 8= (9;,0,).

lal<1

Indeed we can write
(5.21)  Z(s) = —¢ /Os(axW,f)(ah%,X(U))da — h? /Os(axW,f)(ah%,X(J))Z(U)da

Now, using (5.16) we have,

(5.22) (0. W)(chz, X (o)) = . -

After an integration by parts we obtain,

Wi(sh?, X (s))
X(s) X(0)
1

T X ysont X(ondo —nb [ - @) ok}, X (0))do
v [ 2 witont x(e)ir —nt [ @midont X (e)in

Using (5.16),(5.19) we deduce that for 0 < s < Toh™ 2 we have,

= ’ o ag % ag ag =
1= /0 (0, W) (oh*, X (0))d

<D 10" Wllig ) 0= (9,02):

lo|<1
It follows from (5.21) that,
2] < O( X 10 Wlsze) + 10zt [ |Z(a)ae
la]<1

which using Gronwall inequality proves (5.20).
We are going now to give some estimates on the x-derivative of the flow.
We claim that,

0X 0Z 1

(5.23) SO+ 15 < O(10W e + Wy ) 0< s < 70h75
0X 1 _1
(524) 8—33(8)_1’ Sg, OSSgTOh é,

if Toc( 10, [[ 1. + HW”WQ,OO)) is small enough.
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Indeed using (5.15) we can write,

OX (o) = W@ W) o2 XN D () + o+ 1205 2 s,
02 (5) = —€(@RW) (o1 X () 25 ()~ HE@EWR) sk, X () 2 (5) 2o

VA
ox’

From the first equation we deduce

— hE (0, W) (sh?, X(s))

X 1 5 s X L, / YA
. — < oo — oo - .
625) 15 <1 RHOWD iz, [ 15 @lde + 13 o [ 15 @l

From the second equation we deduce,

g—i(s) =1, = Ir+ I3 where,
0X
1= ¢ [ @Wont, X(0) 2 (0)do,
(5.26) 0 0
82Wh oh?, X (o)) = Z(c)do,
0 ox
0z
h, X (o)) ==d
; (0. W) (o (o ))Bm o.
We have easily,
¢ 07
(5.27) Bl < B3 0W iz, [ 15 (@)ldo
£l 0 x
Moreover using (5.20) we get,
(5.2 B < e ( 10 Wl )18 Wiz, [ 15 @)l
o<1

We are left with the estimate of I;. We use (5.22) applied to amw;j .We obtain

o [P 0[O Wi ek X ()] OX
(5.29) I = 5/0 X) 5 (0)d
(5.30) _nde /0 (afaswfi);(o;’;Q’X(")) %—f(a)da _ A+ B

We see easily that

50X
(5.31) B < ChH 0.0, Wiz, [ 15 (o)ldo
’ 0
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Let us consider the term A. After an integration by parts one can write,

L (0W)(sh, X (5) 9X (0, W?)(0, )
A= _5( h X(S) or (5) - Xh(O)

@)}, x(0) 2K (5) 97
w6 [ @ens X)) 5 05T

5 5 1 X(0) 0X
— X - —_— .
¢ | 0wiiont X(o) 2 B 0o
Using (5.24), (5.16), (5.19) and the equation satisfied by %—)x( we obtain
170X 07z
(5.2) A1< (10 Wiz ) (140 [ (5 )] + 52 (@)de).
Using (5.26) to (5.32) we obtain
0z
I CHS C(10:W 1L, )
S 10X 0Z
+c(\|atW\|L?oW;,w+\|W||L?OW5,0<,)/0 (‘%(0)‘ + |5, () )da

so using (5.25) and the Gronwall inequality we obtain (5.23).
Then coming back to the equation satisfied by %—if we deduce

0X 1
29 1] £ € (10 o + W1 ey2) 3l

for 0 < s < toh~2. Therefore taking 7y small enough we obtain (5.24).

5.2.83. Resolution of the eikonal equation.— We claim now that for all s in [O,Tohfé] the
map x — X (s,z) is a global diffeomorphism from R to R. Indeed we have for such fixed
S’

X(s,z) =z + /08 Ao, X (0),h,&, Z(s))do.

Since A is bounded by ||a’||z~ + h2 [W{lLee we have lim|,_, 4 [X (s, z)| = +00. Moreover

by (5.24) we have, %—f(s, ) #0forall 0 <s< 7oh~2 and all # € R. Therefore our claim

follows from a well known result by Hadamard. Then
(5.33) X(s,z) =y r=Y(s,x), zyecR,

and the function (s,y) — Y (s,y) is C* by the implicit function theorem. Let us consider
then the set

S ={(s,X(s,2),Z(s,x), 0 < s < Toh*%,x € R}.
It follows from (5.33) that S is a submanifold of R3 of dimension two to which the vector

field L = % + A(o,z, h, &, z)a—i + B(o,z,h, &, z)a—az is tangent. It follows then from (5.33)
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that the function ¥4 (s, y, h,§) = Z(s,Y (s,y)) is the solution of our eikonal equation (5.13).
Then v € L*. Moreover we have

o 0Z )4 o4 0X 1

IO _ 02 (6 Vs, y)) L (s,y) = Z2(s,Y 92 (s, Y

9y 0z (5,9)) 3y (5,9) = 5-(s:Y(s,9) (5~ (s, Y(s,9)

so, since g—i is bounded and from (5.24) we deduce,

I

1%y | < CUI s + W lhyace ).

It follows that the solution 1) of our eikonal equation (5.12) is such that
oY 0%
or S t,x ({91'2 € t,x

uniformly in h, &. O

5.2.4. Properties of the solution.— We investigate in this section futher regularity of the
solution 1.

Proposition 5.6. — Let ¢ be the solution of (5.12) given by Proposition 5.5 Then we
have 1 € L>®(0), 0,9 € L>=(0), 0%y € S(O).

Proof. — The first two claims have been proved in Proposition 5.5, let us consider the
third one. We shall prove that ;%1 € SY(0O) where 1)1 = ;1. Let us set for % <€ <2,
(5.34) 0(0,2, €, 1) = Duth1 (0,2, €, h) — —— D, W (oh, ).

a'(€)

Then according to (5.13) the function v is solution of the equation,

Oyv + (a' (€ + h2by)+h2 WP)yv + h2a (€ + h21p, v
(5.35)

(€ + ) e 0+ 200 W = 1.

where,

f= = g 0u0W + WA (€ + ) — ' (€)

1 € SIS 1
(5.36) — h? e W22W} + h2 (a,@ 120" (€ + h31hy ) (9, WP)?
1 ¢ N2 _ plioa2rie

Let us set A = h%d,.We shall prove by induction on k € N that,
(5.37) Nov e L®(0), 0<j<k.

This will imply our claim since 9, W} € SY(O).
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Notice that (5.37) is true for £ = 0 by Proposition 5.5. Assume it is true up to the
order k — 1. It follows then, using the Faa-di Bruno formula that,
(5.38) Alb(hzyy)] € R2HOL®(0), 1<1<k,
for any C'*°-bounded function b from R to R.

Applying the operator A* to both sides of (5.35) and using (5.38) and the fact that
WP € SY(0) for 0 = (04,0,),]a| < 2,a # (2,0) we find that AFv is solution of the
problem
(5.39) (0 + d'(€ + h29p1), + h2WP8, + h2d(o, z, €, h))AFv € h2 L®(0),
where d € L*(0;).

Let us set ¥, = (A*v)(0, 2 + a’(€)o). Then @y, is solution of the problem,

1
(aa T h3 / (€ + ANh2y) dNn Oy + hEWP O, + h2d(o, €, h))f}k € h2L>(0),
0
Then the desired conclusion follows from the following Lemma.

Lemma 5.7. — Let c1,cy be two real valued functions such that ci,0yc1,co belong to
L>(0) and P = 9, + h%cl(a,m,f,h)ax + h%CQ(U,x,g, h). Then for any F € L*>(O), the
problem

Pu:F, u‘o—:0:07
has a unique solution u which satisfies the estimate

o, & D) < C [P (&) s,
for all (o,x,&,h) in O, uniformly in h.

Proof of Lemma 5.7. — Let us set t = oh? and ¢j(t,x) = cj(h_%t,x), j =1,2. Then we
are led to the problem

Pi=hiF, @l,_0=0 (te[0,7),z€R),
where P = 0, + ¢1(t,z)0y + C2(t,z). Recall that ¢; € L™, 0,¢q7 € L™, ¢a € L. Then

the claim of the lemma follows from the classical method of characteristics. Indeed, the
characteristics are given by t(s) = s and

X(s,x) =ci(s,X(s,z)), X(0,z)=u=z.

Then z — X (¢, ) is globally invertible for each ¢t € [0, 7] i.e. X(t,z) =y < x =Y (t,y)
with Y € C° N L>. Then
d

7 [u(t, X (t,x))] = ca(t, X (t,z))u(t, X (t,x)) + F(t, X (t,)).

Therefore u given by

u(t,y) = exp <— /Oté’g(t’,X(t’,Y(t,y))dt’) /OtF(t’,X(t’,Y(t,y))dt’

is our solution. O
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Corollary 5.8. — Let 1 be defined by Proposition 5.5 and L be the operator
(5.40) L =08, +d(€+h20,1)0y + h2d18, + h2ds,

where dy,0xdy,ds are real valued and belong to Sg((’)).
Then for any F such that HA‘jFHLoo(O) is finite for every j € N, the problem

Lu = F, u‘gzo = O,

has a unique solution which satisfies the estimate,

k
(541) \Aku(a,x,f, h)’ < Cyo Z ”AJF”LDO(O)a
j=0

for all (o,2,&,h) € O, where A = h°9,.
Proof. — Since by Proposition 5.6 we have 921 € S9(O) one can write,
L =0, +d (€0, +h2dsdp) + h2dy.

where d3, 0,d3, dy belong to Sg((?). Setting

U=u(o,x+0d (£),6h), c =ds(o,x+0d (£),Eh),

ey = do(o,z + 0d'(€),&, h),
we see that ¢1,0,c¢1, co belong to Sg((?) and U is a solution of the equation
(5.42) LU = (8, + h2c180,1 + h2en)U = Fy.

We shall prove by induction on k that U satisfies the estimate (5.41). The case k = 0
follows immediately from Lemma 5.7. Assume now that (5.41) is true up to the order
k— 1,k > 1. By the Leibniz formula we have

(k=2)*
LAPU + kh2(8pe)A"U = —hz Y (’“) (A*ie ) A0, U

l
i=0

k—1
— h? > <k> (AP i) AU + AR Fy = Gy

?
1=0
The sum in the first line can be written, —h2 Zf;ll (2 ]j 1> (A*=0,c1)A'U. According to

our assumptions on ¢y, co,we can apply the Lemma 5.7 to the operator L + kh? (0zc1).We
obtain, using the induction and the fact that hio < 719,

k—1
AU (0,2,6,h)] < ol|A*F| L (0) + Co Y [N F| e (o),
=0
which completes the induction. O
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Proposition 5.9. — Let A = h°0,. The solution of (5.12) given by Proposition 5.5
satisfies the estimates,

IA*Oc) (0, 2, &, h)| + |AR8,0et (0, x, €, h)| < Cyo,
[AFGRib(o.x., )| < Cymoh ™20,
for all (o,x,&,h) € O, where C' depends only on ||(n,v)||

(5.43)

Lo (I,H”% (R)xH*(R))"

Proof. — Differentiating (5.12) with respect to £ we find that U = 0gtp satisfies the
equation

1
(5.44) 05U + (d/ (€ + h20ptp) + h2WP)0,U = —(0pt)) / a’ (€ + h2Adp)d\ — W,
0

Then the estimate of the first term in the first line of (5.43) follows from Corollary 5.8.
To estimate the second term we differentiate with respect to £ the equation (5.13). We
find that the fuction Uy = 0¢g1)1 = 0,04 satisfies the equation

ol + (a/ (€ + han) + hEWD), UL + h2a" (€ + W2 9p1) Dyt Uy = —0, W5
The second estimate in the first line of (5.43) follows from Corollary 5.8. Finally to
estimate Uy = 3521/1 we differentiate (5.44) with respect to & and we find that Us satisfies
the equation
Oy Uz + (d' (€ + h20y1)) + h2 WD), Uy = F
where
F = —h% (0,0¢0)%a" (€ + h30,0) + (0.0¢0)a" (€ + h30,0)
0" (& + h20,) — a(€)
+ 1 .
h2

So using the estimate on 0,1 and 0,0¢% obtained before, we deduce from Corollary 5.8
the last estimate of (5.43). O

5.2.5. The symbol equations. — According to the formulas (4.18)—(4.23), since the phase
1 now satisfies the eikonal equation (5.12), we are lead to solve the following transport
equation

Oyb + a' (€ + h20y1))0pb + hEW] Db — B2 (920)d" (€ + h20y1))b

(5.45) 1 1 i N
+5h (D, Wb = -5 > Ay,
k=2
with
(5.46) blo=o = x1(§),

where x; € C§°(R) is equal to one on the support of the function x given in Theorem 5.1.

Let 1
Ho = 5 - 26’
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where we recall that § < 1/4.

Let us set
(5.47) A = hod,.
Then according to (4.23) and the Leibniz formula one can write
k
1 &) _
(548) A= KON o (100,00 [(0ka) (@) |, AR,
ke1=0

where ¢ 1, € C.
We shall take b of the form

(5.49) b=x18)e’, 6= 6, 0 =n"0;
=0
Then A¥1b is a finite linear combination of terms of the form
<Aa0600> <A04M€91VI) . ag+--- oy =k
Let
w={ae Nt |a| =k},
and, for 0 <p < M,
wp={acw, a=(ag - ,0p,0,---,0) with o, # 0} .

Then w is the disjoint union of the w,. It follows that

(5.50) AFrp = % Z dp <AO‘0650) <AO‘1’69~") exp % §J , dap€C.

p=0 a€wp j=p+1
Now by the Faa-di Bruno formula we have for 0 < ¢ < M,

_ o
(5.51) Al = b ZESg
s=1

where Ej ¢ is a finite linear combintation of terms of the form

S S S
~\ qi
H <Am9£) where 1 < E ¢ < ayp, E Pigi = Q.
=1

i=1 =1
Since >°7 ;¢; > 1 and p(p+1)/2 > p, it follows from (5.50) and (5.49) that

M
(5.52) Ay =N pr 3T G (h,Aﬁoeo,...,Aﬁpap) ,
p=0 |8 <k1

where G) g(h, (o, . ..,(p) are bounded in h and polynomial in (. Coming back to (5.48)
we remark first that since k£ > 2 and pg = % — 24 > 0 we have

(5.53) B1—6) = 12200~ 1= + o
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Let us note that this is the only point where we use the fact that § < %.
On the other hand we have,

(5.54) (129, | @ka) (o, )] |-, € SB.
It follows then from (5.48), (5.52), (5.53), (5.54) that for k > 2
Mk
1 ~
(5.55) S A= B35S ST ReOee g H (h,Aﬁoao, o ,Aﬁpep) e,

p=0k1=0 |B8|<k1

where frx, € S3, Hy (R, (o, ..., (p) are bounded in h and polynomial in (.
Let us denote by L the linear operator appearing in (5.45),

(5.56) L =0, +d(€+h20,1)9, + hiW 0,

Since b = ¢’ with § = Z;];Vio hPHo§, we have Lb = ’L. Tt follows from (5.55) that the
transport equation (5.45) can be written, modulo a remainder,

1
Lbo — ha{(93¢) - 5 (2.W})}
M-1 N
+ 37 ptim <L0p+1 — hz2Gp(6bo, - - ﬁp)) =0,
p=0

where G; (6o, ...,0p,) are polynomials in AP@, for |3| < N. Therefore we shall take for
0,,0 <p < M — 1, the solutions of the problems

— % 2 " % _1 s B
(5.57) Lo = 12 {(95¢)a" (€ + h70,0) = (%W}, bolo—o =0,

LOpi1 = h2Gp(f0,....0,), Oprilo—o=0 (0<p<M—1).
We have the following result.
Proposition 5.10. — Let A = h2d,. Then (5.57) has a unique solution (01, ...,0xr) such
that for 0 < p < M and all integers k € N,
[N 0y (0, 2,6, 1) < Cr, [N Ocby(0,2, ¢, h)| < Cxh~ 00,

5.58
(5:58) A 020, (0,2, €, h)| < Cyh~ 7o,

Proof. — We proceed by induction on p. If p = 0, the estimate of the first term in the
first line of (5.58) follows immediately from Proposition 5.6 and Corollary 5.8. Now 06y
is solution of the equation

Logbo = h2 {(9:020)a" (€ + h2 0,00) + (029) (1 + h20,0¢v)a” (€ + h20,10) }
— (1 + h20e0,00)a" (€ + h20,1)) 0,0 == Fp.

It follows from (5.43) and the first estimate that |A7Fy|l 1o (o) < C;h~9. Using Corollary
5.8 we obtain the estimate of the second term in the first line of (5.58). To estimate (95290
we differentiate one more time the equation (5.59) and we find using the same arguments

(5.59)
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that L3§290 = F| where F} satisfies, [|A7F1 || 100y < th,%,%. The estimate of the term
in the second line of (5.58) follows the from Corollary 5.8. Assuming that (5.58) is true
up to the order p the estimate 6,1, follows from the second equation in (5.57) and the
induction. O

It follows then from (5.10),(5.12), (5.45) and (5.57) that

5
(5.60) r=> 1
j=1

where 71,712,753, 74 are defined in (4.21),(4.22),(4.23),(5.11) and

Ty = h%h(M“)“OGM(Go, s 00r)x1(6)elC.

5.2.6. End of the proof of Proposition 5.4. — Since we have
b= X1(5)0(07 x7§7 h)(C(.%' —Z = O-al(g))
with ¢ = f = Xm0 h""00 ¢ S9(€2) the same arguments as those used in section 4.1.1 give

the proof of (5.9).

5.3. The stationary phase lemma. — In the sequel we will use the following ele-
mentary version of the stationary phase inequality where we allow complex valued phase
functions.

Lemma 5.11. — For any real numbers o, B, h, p such that
a<pB, 0<h<1l, p>0
and for any functions ¢ € C*(|a, 8], C), p € C(|a, B], C) such that

vee ), [mo©<h |me"(©)<p L <Re(d(©) <p,

/j e Op(¢) dé“‘ < <8HpHLoo +2/j ()] d§> (%)%.

Proof. — Notice that we can assume that p > h (otherwise, the conclusion is straightfor-
ward). Notice now that, using the monotonicity assumption of the real part of the phase
¢, we can decompose the interval (a, 3) into the disjoint union of at most three intervals

(,8) =L ULUI;,
where I, Is or I3 are possibly empty and satisfy
Y€ n, Re(d'(€) < —(ph)"?,
VEe D, —(ph)"/? <Re(¢/(€)) < (ph)'/?,
V&€ I3, Re(d'(€) = (ph)'/2.

we have
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Let us first study the contribution of I3. Either I3 = () or I3 is an interval contained in
[0, 8] for some 0 € [«, B[. Then, using that

h i i
N g (49O — 39O
@)

and integrating by parts, we obtain

o0 [ etopee = [t ope)) - [ o (hope) ae

p i (©° i (€)
[ h i () s B () h B () he"(€)
- [t el - [ oo+ | o

Clearly, the contributions of the two first terms are easily handled by means of the lower
bound on Re(¢'(€)) on I3, and to conclude, it suffices to bound the last term. But according
to the assumption on the phase, we now have

Re(¢/(9)) = (ph)'/2 = Re(¢/(€)) = (ph)"/2 + £ - 9),
and consequently, the last term is bounded by

Pl |5 @) 2 + ple - 0))2 (hp)1/2

where the last inequality is obtained by a straightforward computation.

dg <

Now, of course, the contribution of I; is dealt with similarly, and consequently we can
focus on the contribution of I5. Now remark that according to the assumptions on ¢”, the
length of I is smaller that 4(h/p)*/?, which implies

i hy1/2
[ O] <ol (2)"
I P
This completes the proof. O
5.4. End of the proof of Theorem 5.1. — As in the preceding section we have

S(t,0,h)ugp, = D1 + Dy + D3 where Dy = ﬁh(t,x),
(5.62) t
Dy = —S5(t,0,h)vg (), D3 = —/ S(t, s, h)[Fn(s,x)]ds.
0

The terms Dy and D3 are estimated exactly as in section 4.3 while D; will be estimated
differently using Lemma 5.11 instead of Van der Corput Lemma. Indeed recall that ac-
cording to (5.5) and (5.49) our amplitude in the parametrix (5.4) is given by

(o, @, 2,6, h) = x1(©) PPN (@ — 2 — 0d (€)).

The new fact here is that we shall glue the term ¢? with the phase and apply the
Lemma 5.11 with the new phase ¢ — 2§ + %9. Using (5.4) we can write in the variable
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Uzthfé,

Dy :/K(a,x,z,g,h)u()h(z)dz,

1 Z o,T —Z ﬁ~0'1'
— 5 [ eHemen ey (o - 2 - 0d/(©) .

Therefore we shall apply the Lemma 5.11 with,

h~ .
¢=¢(0,ﬂf,£,h)—Z€+;9(0,$,£,h), o =z +oa(§) + h2y(o,z,§,h),
p=x18)¢(x — z — 0d(€)),
p=Co, C>0.

Let us show that all the hypotheses in this lemma are satisfied. For this we shall use (5.43)
and (5.58). First of all, since § €]0, 1[ we have,

|Im | = h|Tmf| < Ch, |83 Ime| < h|020] < Chh™ 2 X5 < 0.
Moreover,
02 Re @] < [a" ()]0 + h7 |03 + h|0Z6] < Co.
Finally,
|Red| > |a"(€)|o — h2|024| — h|d26] > |a"(€)|o — Cioo — Cah2 =20 > Cyo,

if 79 and h are small enough.
It follows the from Lemma (5.11) that,

Kison (M [ol@iic - = - oa(@lac)

Since the last integral is bounded by C” [ |¢'(¢)|dt, we deduce that the term D; satisfies
the estimate (5.2) which completes the proof of Theorem 5.1.

6. Back to estimates for (n,))

Notice that up to now, we only proved estimates for the dyadically localized functions
Aju. In this section, we shall show how we can recover estimates for (n,1), the solutions
of the water-wave system (1.4). Recall that the Besov space BZ, 5 is defined by

u€ Bl o(R) & > 277 | Ajul . < +o0.
JEN
We will use the following elementary lemma
Lemma 6.1. — If the symbol a € I'y?, then the operator Ty is bounded from B, o(R) to
B 3 (R).

We have the slightly stronger result (compared to Theorems 1.1, 1.2)
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Proposition 6.2. — Let [ = [0,T]. Under the assumptions of Theorem 1.1, there exists
e > 0 such that

1 1 1
Z+§+E S—Z+€

(6.1) (n:9) € LY, By s T (R) x B, § " (R)).
Under the assumptions of Theorem 1.2, we have

1.1 o1
,» “(R) x B ;5 (R)).

00,2 R

(6.2) (n,1) € L*(I,B

Notice that Theorem 1.1 follows from the first part in Proposition 6.2, using that,
BZf5(R) € WP(R).

On the other hand, using complex interpolation theory (see [9, Theorem 6.4.5 (6)]), we
have, with ¢ > 2, (since H?2 = 35722)’

[BZ 2 H]

2 2
2 =B, c W o= (1--)o1+ —02.
T q q
Taking 01 = s — % and o9 = s we obtain o = s — % + 4—1q. It follows that

1—-2
oy < CIEEDN

oo,

2
£
N CRIF

N opfps
—

It follows that, with (p,q) satisfying % + % = %, 2 < q < 400, we have

P <Oyl nd :
”W‘LP(LWS,%ﬁq(R)) = Hw”L“(I,Bz;Q%(R))Hw”LOO(I’HS(R))

which implies Theorem 1.2 (the estimate for 1 being similar).

Let us now turn to the proof of Proposition 6.2. For conciseness, we will only
prove (6.2), the proof of (6.1) being similar (easier). Recall that the function u is ob-
tained from (7, ) through the following steps:

1. u = T,ig®*, where the function g is real and satisfies 0,9 € FS, 3 (which implies
2
‘ 0
e € Psf%) .
2. ®* = k*® where (see (3.12)) k € L>=(I,W>**(R)).

3. ®=T,n+ 1T, U, with p € Eig is an elliptic symbol and ¢; = (1 + (53577)2)_ .
4. U =1 — Twgn, where B € L>(1, Hs_l(R)) is defined in (2.7).

=

Step 1: Starting from Corollary 5.2, we have

[l < 400

_1
LA(I1,B.. 5)
According to the symbolic calculus, since €9 € I', we have

u = Teigé* = (b* == Te—igu + R_l((b*)
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where R_1 is of order —1 (i.e. bounded from H*(R) to H**!(R)) . Since HS‘L%(R) C
B3, 5(R) it follows from Lemma 6.1, the boundedness of ®* in L>°(I, H*(R)) that
| "] < +o0.

s—

LB S (R))

Step 2: We have
Q" =KD Pok ="+ Ty goxk

Notice that 0,® ok € L>®(I x R) and 0k € LOO(I,HS_%). As a consequence, Ty poxk €
LOO(I,HS*‘%) C L*(I, B3, 5)- We deduce from Step 1

[@owl oy <Aoo

L4(1,Boo,2% (R))

We conclude that

Y —
LY(I,B,, 5 (R))

l,r:s—%andr<a<s).

by using the following lemma (with x = k™
Lemma 6.3. — Let 0 > 1. Consider x such that O,x € W2~L°(R). Then, for any
0<r <o, the map u > uox is continuous on By 5.

Indeed, a simple calculation shows that for any p < ¢, the map u — wo is continuous
on WP and we conclude by choosing r1 < r < ro < o with r; ¢ N (notice that this
implies W7 = BT ) and using the real interpolation result (see [9, Theorem 6.4.5 (1)])

[BE o0s BE oclo,2 = B

00,007

r=(1—0)r +0rg.

T
00,27
Step 3: Separating real and imaginary parts, we obtain

FITLUL 1 < oo

T 1
17 ”L4< 3m)) L4(I,B § (R))

1B,
_1

and the same proof as in Step 1 (using that p is elliptic, s — % >1=pltel,? and for

fixed t, c; *(t,.) € WHe(R) C ) gives

Il ey ULy < oo
L (I’Boo,Q (R)) L4(I7Boo728 (R))

Step 4: We have 1p = U + Tyn. So using the boundedness of 1 in L*°(I, HH%(R)),
of B in L°°(I, H*"1(R)) ¢ L>(I x R) and Sobolev injections, we obtain,

< )
I, +o0

N ool
N

1,B

s—
oo,

which completes the proof of Proposition 6.2 and consequently of Theorems 1.1 and 1.2.
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7. Appendix

In this section we give a proof of (4.18) to (4.22).
Let a € C§°(R) with suppa C {|{] < Cp},b € Cg°(R) and ¢ € C*°(R) real valued
such that sup ]g—i(@’ < Cp. Let us set

(7.1) [ = e #9@g(hD) (be%v’) (x).
We have
I=(2rh)~} //e%((w—y)ﬁﬂo(y)—so(x))a(g)b(y)dydg_

Moreover we can write

1
o) —y) = (r —y)p(z,y), plr,y) = /O g—i(m + (1 = A)y)dA.

We have |p| < Cp so, setting n = & — p(z,y) we obtain,

1= (mh)™ // en o ()a(n + p((2,y))b(y) dydn

where kg € C§°(R) is such that xo(n) =1 if |n| < 2C).
Using the Taylor expansion of the function a at the point 6(z,y) we obtain I = I} + R;
where,
M-1 _
b=y Y g [ [ e a0, )by
k=0

and,

) 1

_ i(z—y) _

Ry = earh™! //nMe o nﬂo(ﬁ)/ (1= NM M (A + p((2, y))b(y)dAdydn.
0

Now we have nke%(x_y)” = (—%By)ke%(gﬁ_y)", so integrating by parts in the integrals [y
and R; we obtain,

k )
b= Y / / e o ()9 [a™ (0, ) bly) | dyd
k=0

k —
b= )Y g [0k 6 )b,

1 . —y)n
Ri= ¢ [ [ om0 = 010 O -+ ol )bl Ay

Let us set

Fla,y) = 0E[a® (0(z,y))b(y)).
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Now we set in the integral, x —y = hz and we write,

M-1 .
Jlww=ha) =3 (_?f)] CANCED
§=0
_haYM 1
" %/0 (1= NM7H3y" ) (@, @ — Ahz)dA.

Then we use the following equality, which reflects the fact that g is equal to one near the
origin. For 7 € N we have,

/zjl%o(z)dz = 276 0,

where ¢; o is the Kronecker symbol. It follows that,

M-1 hk
I = ;;) W@g[a(k)(a(x,y))b(y)] | o+ R,
where Ry = 2{‘1 cphFt My with
Tk = // Mio(2)(1 = M) R 0D (0 (2, y))b(y)] |y=:vf)\hzd)\dz'

Thus we obtain (4.18) to (4.22).
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