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ABSTRACT

Weinvestigatetheanalysisof Mojettetransformprojec-
tions in an imagecodingcontext. A strategy for choosing
projectionselements(denotedasbins) is introducedin or-
der to obtaincompactbin-streams.In a first part the Mo-
jette transformis presentedwith its direct and inverseal-
gorithms. In a secondpart thesebasisalgorithmsareup-
graded,to selectthe usefulbins for imagereconstruction,
andto getwell-definedstreamsfor projectioncoding. The
rules for this selectionaredetailed. Resultsof real world
imagecodingwill bepresented.

1. INTRODUCTION

TheMojettetransformhasalreadybeenusedin thecontext
of transmissionandstorageof multimediacontents.Briefly
speaking,this transformis basedon the projectionof dig-
ital dataon redundantdiscretehyperplanes. This allows
formultiple description[1][2], joint source-channelcoding
techniquesandstorageareanetwork. Our studyaimsat op-
timizing thestreamsissuedfrom theMojettetransformof a
digital image. Theproposedschemeis a control tool, pre-
sentingsomedecisionruleson the elementsof the projec-
tions (denotedas bins). The purposeof theserules is to
limit the amountof datato be transmitted,andto find the
bestlayoutof thebinsinsidetheprojections:compactbins-
streamsareexpectedsuchas the statisticaldistribution of
the remainingbins permitsan efficient entropiccodingof
their values.

2. THE MOJETTE TRANSFORM

2.1. Principles of the Mojette transform

TheMojettetransformhasbeendescribedandusedfor the
last tenyears[3][4]. It correspondsto a lineardiscreteex-
act Radontransform[5], i.e. a set of � discreteprojec-
tionsdescribingthediscreteimage � . Projectionanglesare
chosenamongdiscretedirections�����
	��
	���������������� where��� � and suchas ��� and ��� are integersprime together

��� �"!#�$�%�'&'�(�)���
*+� . Thus,theequationdefiningthetrans-
form is givenin 2D (seealsofig. 4) by:, �-��./&'0��1�32546���-��./&'0��1�6�%7�8:9%�;�%�<&<���=&<>?�:@ ��� �BAC& (1)

with, � �-��./&<0��1�EDGFHDBIJ�-��./&'0��=KL��>NML� �
O .QPR� �=O 0��:& (2)

where KL�S>T� is thediscreteKronecker function. Thetrans-
form is thuslinearboth in thenumberof projections� and
in the numberof pixels denotedby U . The numberof
binsontoaprojectionof direction �$� � &'� � � dependsuponthe
shapeof the support. A major differencewith the Radon
transformis that the bins spacingonto the projectionde-
pendson theprojectionsdirections,i.e. is differentfor each�$� � &'� � � pair value.Thesamplingstepon the

�
-th projection

is V%�W� XY Z([\<]_^
[\ . Theconsequenceof thisspecificsampling

is that the numberof bins onto the projectiondependsof
the �$���=&'�(�)� valuesandon theshapeof theregion to bepro-
jected.In thecaseof arectangular̀RaQb shape,thenumber
of binsof the

�
-th projectionis givenby:ced � �Wf��g�h��`iMj*+� Olk �(� k PJ��bEMm*5� Olk ��� k PJ*G& (3)

Thetotal numberof binsis then:

ced � �Wfn� oD �qp X
ced � �Wf��
& (4)

This linear transformgeneratesa redundancy usuallycom-
putedwith thefollowing index: 7�r5se�ut1v �qwGxy Mj* .

In the previous rectangularshapecase,a conditionfor
allowing the reconstructionof the imageis the Katz crite-
rion [6], for which theimagecanbereconstructedif:

oD �qp X �%�-z{` or oD �|p X ���1z{b}& (5)
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2.2. Algorithms for dir ect and inverse Mojette trans-
form

The direct and inversetransformalgorithmsare now pre-
sented.They bothhaveacomplexity orderof ~����CU�� .
DIRECT ALGORITHM

Algorithme 1 Algorithm for directMojettetransform

for
� �gsCr+� �%7�8:9Cr5��� � 85�#� ���%� 1 � do

for
� �gs�r+� � � ��r50g� 0 O `�Pm. �%� 1 U dod � � �
O 0/M�� �=O .d � ���;� � &'� � & d � � P � >?	C��r���./&<0�� ( � )

end for
end for

INVERSE ALGORITHM

Theinversetransformationcanbeimplementedwith an
algorithmthathasthesamecomplexity thanthedirecttrans-
form, i.e. ~�����U#� with only (integeror modulo,see2.4)ad-
ditions/ subtractionsoperatorsinsteadof findinganinverse
matrix formulation.

Algorithme 2 Algorithm for theinverseMojettetransform
Require:

� >?	C��r � -1 //Resetof theimagemap
for
� �gsCr+� � � �%r50W� 0 O `{Pm. �%� 1 U do�S�1& d � � Step1��./&'0�� � Step2 ���1& d �� >?	C��r���./&<0�� � d � ���$�%�=&<���
& d �

Step3
end for

Step 1: List of one-to-onecorrespondencesbetweenbins
andpixels.

d
and � representrespectively thebin index and

the pixel index, andthe � d &<�W� pair symbolisestheir corre-
spondencein thelist.
Step2: Linking informationbetweenbinsandpixelsallows
to easilyretrievepixel coordinates.
Step3: Updatingthebinsvaluesonprojections(subtracting
thepixel valuefrom thematchingbinsoneachprojection).

Consideringa N pixelsshapeandI projections,theor-
derof complexity of thedirectalgorithmis quiteobviously~�����U#� asshown above. Lessobviously, theorderof com-
plexity of theinversealgorithmis also ~�����U#� . To reachthis
low complexity, threedifferentkindsof informationmustbe
used: thesetof projectionscontainingthebins,thesizeof
the image,anarraymanaginga relationshipbetweenpixel
coordinates��.�&<0�� andbin indexes � d � . This directly gives
for a bin thepositionof thematchingpixel in orderto back
projectit ontotheimage.

ThecomparisonbetweentheMojettealgorithmandthe
FFT(samecomplexity order)showsthatonly additionsand
substractionsarecomputedin thefirst case.Moreover, the

reconstructiondoesnot needthe information to be sorted
or orderedin the Mojette case;i.e. any one-to-onecorre-
spondencecanbe usedat any time without modifying the
complexity of thealgorithm.

Theinversealgorithmis iterative: at eachloop, the im-
ageis progressively reconstructedby usingan one-to-one
bin (a bin in one-to-onecorrespondencewith a pixel). If
severalone-to-onebinsarecandidates,achoiceis randomly
made.In this studywe aimat updatingtheclassicalinverse
Mojettetransformfor anefficient codingscheme,by prior-
itizing this one-to-onecorrespondencechoice.

2.3. Mojette transform and correlation

Let ��� bethe2D autocorrelationof theimage � , and ��� \ �
be the 1D autocorrelationof the Mojette projection

, ���
(seeeq.2).It canbeshownthat[7]: � � \ � � d ��� , �S� � ��.�&<0�� .

This result highlights the fact that the correlationbe-
tweenimagepixelsremainsbetweenconsecutive binsonto
theprojection.This resultwill beexploitedfor binsvalues
codingpurposes.

2.4. Classof Mojette transform

Mojettetransformcanbeconsideredasaclassof transform.
Variousversionsof this transformcanbe stateddepending
on variationsof the algorithm or on the modelsof pixels
used(seefig. 5). For instancein theprojectionalgorithm,
classicaladditions(seealgo.1( � )) canbereplacedby mod-
ulo additionssothatbinsvaluescanstill becodedwith the
samenumberof bits. If binaryis considered(mappingof a
binarystreamontoanimage),additionscanbereplacedby
XOR operationsbetweenbit pixel valueson theprojection
line.

3. SELECTION OF PROJECTIONS

Thefirst stepfor thereductionof amountof datato transmit
is the selectionof a setof projections,so that the overall
numberof binsis minimal.

To minimizethenumberof binswe proceedasfollows,� � valuesarefixed to 1, so equations3 and4 become:If� o�|p X k ��� k ��` , theKatz criterion(seeequation5) is satis-
fiedandthenumberof binsis limited. Finally, the �%� values
arechoosensuchas k ��� k ���:� o

� PL� where� is anincrement,�e��2+�B&(*G&���&��(�(�'A . The setof projectiondirectionswill be
thefollowing:

�
o ��� �
*G&'�C�:&����

` � � PR�+&�*+��&+�
M¡� ` � � P¢�+&(*5� (6)

�£�¤�32+��&�*G&��(�(�/&�� � � � Mm*GA�¥
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As a consequenceof this specificchoiceof the direc-
tions �$���=&'�(��� , theprojectionanglesarecloseto eachothers
andtheresultingprojectionsarestronglyinter-correlated.

4. SELECTION OF BINS

TheMojettetransformintroducessomeinter-projectionsre-
dundancy. The whole computedsetof projectionsis nec-
essaryto reconstructthe original image,neverthelessafter
imagereconstructionsomenon-usedbinswill remain.Our
goal is to setsomerulesaiming at choosingpreciselythe
usefulbins for the reconstruction.Globally speaking,the
purposeis not to suppresstheinter-projectionsredundancy,
but to be able to chooseprogressively the bins so that the
projectionencodingis minimal.

Thebinsselectionis achievedby theencoder. Justafter
the projectionscomputation,an upgradedinverseMojette
transformis used. A new stepis addedin order to select,
at eachloop of thepixelsreconstructionprocess,theuseful
bin amongthesetof candidatesbins.

At theendof theprocesswewantto getasetof compact
projectionsis obtained,i.e. for eachprojection,oneor two
usefulbins-streamswithout holesandlocatedat projection
extremities. Sucha compactprojectionis well-configured
for thecodingbecauseconsecutivebinsaremorecorrelated,
andbinspositionsdo not have to besupplied.

4.1. Metrics

4.1.1. Definitionsandmetrics

Somecostfunctionshaveto besettled.For agiveniteration
of thereconstructionalgorithm,we call (seefig. 1):
CandidateBin (CB): one-to-onebin thatcandidatesfor re-
construction;
UsedBin (UB): usefulbin thathasalreadybeenchosenfor
reconstruction;
Non UsedBin (NUB): unusablebin for reconstruction(all
the pixel on its projection line have alreadybeenrecon-
structed);
Gap: blankspacebetween2 bins(UB and/orNUB), or be-
tween1 bin (UB or NUB), andanextremity of theprojec-
tion.

?

GAP

UB (Used Bin) NUB (Non Used Bin) ? CB (Candidate Bin)

Figure1: Binsdefinitions.

Let’salsodefinethedifferentmetrics,weuse:
Distancebetweentwo bins: s � f��:��¦ � � X &'¦ � �g§(�¨� number
of possiblebinsbetweenthem P©* ;
Distance betweenone bin and a projection extremity:s � f��:��¦ � �1&<ªQ«#¬n­"ª®43� � numberofpossiblebinsbetween
them P©* .

4.1.2. Scorecomputation

Wedetailnow thecomputationcostexecutedfor eachchoice
amongtheCB set.
Primary distance: if the CB is inside a gap, then we
computes � f(�:���"¦¯&'¦¯*+� , where ¦¯* is the closestbin (UB
or NUB) or theclosestextremity of theprojection.If there
is no UB or NUB on theprojection,we computes � f��:���"¦¡&ªQ«°¬±­²ª©4�*+� whereªQ«°¬±­²ª©4�* is theclosestextremity
on theprojection.Indeed,choosingtheCB minimizing the
primarydistanceaimsat filling a gapfrom its edges.
Gap score: we compute ��³-�£s � f��:���"¦¡&<¦e�G�=� whereB2 is
the bin (UB or NUB) on the otheredgeof the gapor the
otherextremity of the projection(casewith no gap); and
where ³ is thenumberof binsontotheprojection.
Theseconddistanceof thecostaimsatfilling in priority the
smallestgap(becausequicker to fill). Thehigher s � f��:���"¦¡&¦©�C� , thebiggerthegap.

Finally, theselectedCB minimizestheglobalscore:

f+�:857�r����"¦©�´�6�%7 � >?	�75µ"s � f��
	C�g�(r����"¦©�WM?��	+�©f+�:857�r����"¦e�
(7)

4.2. Refinements

In theprevioussection,rulesusedfor selectingthebestCB
wereexplained. Still somerefinementson theserulesare
necessaryin orderto improvethebinstransmissionandbe-
causesomeCB have identicalscores.
Tolerance to NUB: SomeNUB that split the bin-stream
into two partsarekept in orderto completeit andto avoid
coding and sendingstart and stop positionsfor two bin-
streams.
Priority to the largestprojection: For higher � � , thepro-
jection lines countslesspixels. As a consequence,the re-
sultingprojectionsoffer moreCB. Nonetheless,if many CB
areselectedontothisprojection,moreNUBswill appearon
theotherprojections.
Pixels cluster: Clusteringof imagepixels during recon-
structionis favored, so that the selectedCB remainclose
to eachother. This allows to promotelargerbin-streams.

5. EXPERIMENT AL RESULTS

Let � bea *+�ea�*+� image.Suchanexamplegivesa typical
andeasilyunderstandingrepresentationof theprocess.The
selectedsetof projectionsis

� �¶2��=*®�C�:& �=*¡*5��&-�
MQ*¯*5��&
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���¡*+�:&g�
Mn�¡*+��&���·¸*5��&��
M�·¸*+��A , which gives
ced � �WfL����*�¹

and 7�r5s��N� O»º . After selection144 bins have to be trans-
mitted (smallestamountof bins possible). Figure2 gives
the layoutof theprojections.Thecolouredbinshave to be
transmitted.We observe that, except in the last projection
of the set, bins aregroupedinto bins-streams.In the last
projection �=M�·�&�*+� , the selectedbins arespaced.This pro-
jectionalwayscontainsgapsbecausecandidatebinsof the
shortprojectionsarefavoredin caseof ex aequoscores.In
practice,this lastprojectionwill betransmittedwithin asin-
glebin-stream.

(2,1)

(−2,1)

(1,0)(1,1)

(−1,1)

(−3,1)

(3,1)

Figure2: Projectionsandselectedbins.

Figure3 showstheimageatdifferentstepsof therecon-
structionprocess.We clearlyseethatfrom imagescorners,
apixelsclusteris growing,up to thecompleteimagerecon-
struction.

25 50 80

100 144120

1 5 12

Figure3: Differentstepsof thereconstructionalgorithm.

6. CONCLUSION

In thispaper, aspecificimplementationof theMojettetrans-
form waspresentedfor a codingschemeapplication. The
methodis basedonaniterativeprocessfor theimagerecon-
struction,associatedwith a bin selectionaccordingto cod-
ing criteria. A metric,with classificationof bins (CB, UB,
NUB), andsomerulesaimingat reducinggapsbetweense-
lectedbins,have beenintroduced.An examplewasgiven,

representingtheprojectionslayoutandthereconstructionof
animage,in a typical case.
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Figure4: Exampleof projectionssetfor a4 a 4 image.
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