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Spinorial Characterizations of Surfaces into
3-dimensional pseudo-Riemannian Space Forms

Marie-Amélie Lawn* and Julien Rothf

Abstract

We give a spinorial characterization of isometrically immersed surfaces
of arbitrary signature into 3-dimensional pseudo-Riemannian space forms.
For Lorentzian surfaces, this generalizes a recent work of the first author
in R%! to other Lorentzian space forms. We also characterize immersions
of Riemannian surfaces in these spaces. From this we can deduce analo-
gous results for timelike immersions of Lorentzian surfaces in space forms
of corresponding signature, as well as for spacelike and timelike immer-
sions of surfaces of signature (0,2), hence achieving a complete spinorial
description for this class of pseudo-Riemannian immersions.

keywords: Dirac Operator, Killing Spinors, Isometric Immersions, Gauss and
Codazzi Equations.

subjclass: Differential Geometry, Global Analysis, 53C27, 53C40, 53C80, 58C40.

1 Introduction

A fundamental question in the theory of submanifolds is to know whether a
(pseudo-)Riemannian manifold (M?9,g) can be isometrically immersed into a
fixed ambient manifold (MT’S,g). In this paper, we focus on the case of hyper-
surfaces, that is, codimension 1. When the ambient space is a space form, as the
pseudo-Euclidean space RP-? and the pseudo-spheres SP'¢ of positive constant
curvature, or the pseudo-hyperbolic spaces HP'? of negative constant curvature,
the answer is given by the well-known fundamental theorem of hypersurfaces:

Theorem. [9] (MP1,g) be a pseudo-Riemannian manifold with signature (p, q),
p+4q=n. Let A be a symmetric Codazzi tensor , that is, d¥ A = 0, satisying

R(X,Y)Z = 6[<A(Y)7 7Y A(X) — (A(X), Z) A(Y)} + n[(Y, ZVX —(X,2)Y

with Kk € R for allx € M and X,Y,Z € T, M.
Then, if 6 = 1 (resp. 6 = —1), there exists locally a spacelike (resp. timelike)
isometric immersion of M in MPT14(k) (resp. MP4+1(k) ).

In the Riemannian case and for small dimensions (n = 2 or 3), an other nec-
essary and sufficient condition is now well-known. This condition is expressed
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in spinorial terms, namely, by the existence of a special spinor field. This work
initiated by Friedrich [4] in the late 90’s for surfaces of R? was generalized for
surfaces of S* and H? [8] and other 3-dimensional homogeneous manifolds [10].

The first author [5] uses this approach to give a spinorial characterization
of space-like immersions of Lorentzian surfaces in the Minkowski space R%!. In
this paper, we give a generalization of this result to Lorentzian or Riemannian
surfaces into one of the three Lorentzian space forms, R%1, §%! or H?!. These
finally allows us to give a complete spinorial characterization for spacelike as
well as for timelike immersions of surfaces of arbitrary signature into pseudo-
Riemannian space forms.

We will begin by a section of recalls about extrinsic pseudo-Riemannian
spin geometry. For further details, one refers to [1, 2] for basic facts about spin
geometry and [1, 3, 7] for the extrinsic aspect.

2 Preliminaries

2.1 Pseudo-Riemannian spin geometry

Let (MP1, g), p+q = 2, be an oriented pseudo-Riemannian surface of arbitrary
signature isometrically immersed into a three-dimensional pseudo-Riemannian
spin manifold (N™* g). We introduce the parameter € as follows: ¢ = i if the
immersion is timelike and € = 1 if the immersion is spacelike. Let v be a unit
vector normal to M. The fact that M is oriented implies that M carries a
spin structure induced from the spin structure of N and we have the following
identification of the spinor bundles and Clifford multiplications:

{ YNy =XM.
X om = (EV.X.SO)IILL

where - and e are the Clifford multiplications, respectively on M and N. More-
over, we have the following well-known spinorial Gauss formula

— &
(1) Vxp=Vxp— §A(X) -,

where A is the shape operator of the immersion. Finally, we recall the Ricci
identity on M

1
(2) R(e1,e2)p = 551523122161 e -,

where eq, e5 is a local orthonormal frame of M and ¢; = g(e;, e;).
The complex volume element on the surface depends on the signature and is

defined by . »
= iq €1

p.a " €2-

Obviously wg q2 = 1 independently of the signature and the action of w® splits
Y.M into two eigenspaces £+ M of real dimension 2. Therefore, a spinor field
¢ can be written as ¢ = ¢ + ¢~ with w® - T = +p*. Finally, we denote

p=uwl-p=9¢t—p.
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2.2 Restricted Killing spinors

Let (MP4,g), p+ q = 2 be a surface of the pseudo-Riemannian space form
M"™*(k), r+s =3, p < r, ¢ < s. This space form carries a Killing spinor ¢,
that is satisfying Vx¢ = AX e ¢, with x = 4\2. From the Gauss formula (1),
the restriction of ¢ on M satisfies the equation

€
(3) VX¢:§A(X)~QO+)\XO<,0.
But we have
Xep=cveveXep=—-c?veXevep=—cX (reyp).

Moreover, the complex volume element wgs = —i%¢; e eg @ v of M"™*(k) over M
acts as the identity on XM"*(x)|5; = X M. Thus, we have

C

S
vep = w i ep=—i"veecjeecyorep

= ivecievecyep

i*e?(eveey) o (cvey o @)

= is€261 s €9 - Q.
Hence a simple case by case computation shows that we have
Xocp:7i8€3X~el'eg'goziX~w£q~cp:iX'¢.

in the six possible cases (for the three possible signatures (2,0), (1,1), (0,2) of
the surface with respectively € = 1 or 7).

We will call a spinor solution of equation (3) a real special Killing spinor (RSK)-
spinor if € € R, and an imaginary special Killing spinor (ISK)-spinor if € € iR.

2.3 Norm assumptions

In this section, we precise the norm assumptions useful for the statement of the
main result. Let (MP? g) be a pseudo-Riemannian surface and ¢ spinor field
on M. Let ¢ = 1oriand A € R or iR. We say that ¢ satisfies the norm
assumption Nz (p, g, A, ) if the following holds:

1. Forp=2,q=00rp=0,9g=2:

o If e =1, then X|p1]? = £2Re (inX - 3, ¢) .
e If £ =4, then X (¢, p) = £2Re (inX - p1,¢1) .

2. For p=1,q = 1: ¢ is non-isotropic

3 The main result

We now state the main result of the present paper.

Theorem 1. Let (MP9,g), p+ q = 2 be an oriented pseudo-Riemannian man-
ifold. Let H be a real-valued function. Then, the three following statements are
equivalent:
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1. There exist two nowhere vanishing spinor fields o1 and @9 satisfying the
norm assumptions Ny (p,q, A\, &) and N_(p, q, \,€) respectively and

Dpy =2eHps +2i0p1 and Dypy = —2eHpgy — 2000;.
2. There exist two spinor fields @1 and po satisfying
5 . _ € ) _
Vxpr = §A(X)~cp1—z)\X~g01, and chpgz—iA(X)-gol-i-z)\prQ,

where A is a g-symmetric endomorphism and H = f%tr (4).

3. There exists a local isometric immersion from M into the (pseudo)-Riemannian
space form MPTL(4\2) (resp. MP9TL(402)) if ¢ = 1 (resp. € = i) with
mean curvature H and shape operator A.

Remark 1. Note that, in this result, two spinor fields are needed to get an
isometric immersion. Nevertheless, for the case of Riemannian surfaces in Rie-
mannian space forms (Friedrich [4] and Morel [8]) only one spinor solution
of one of the two equations is sufficient. This is also the case for surfaces of
signature (0,2) in space forms of signature (0, 3).

In order to prove this theorem, we give two technical lemmas.

Lemma 3.1. Let (MP?9,g) be an oriented (pseudo)-Riemannian surface and
1, A two complex numbers. If M carries a spinor field satisfying

Vxp=nA(X) ¢+idX -7,
then, we have
(5152R1212 + 4n2det (A) — )\2) e1-e3-p= 27}dvA(61, €2) - .
Proof : An easy computation yields

VxVyp = nVxAY)-p+n?A(Y) - AX) - p+inrA(Y) - X w® ¢

+iAVxY - wC o4+ in\Y - W€ AX) o — XY - wC - X wC.
Hence (the other terms vanish by symmetry)

R(elv 62)(,0 = Velvezgp - V€2V€190 - v[eheg]@
= 7(Ve,Alea) — Ve, Aler) — Afer, e2])) o + 1*(A(e2) Aler) — Aer) Alea))g

—)\2(62 cwCewC — e - WC- egwc)go.

Since we have

A(eg)A(er) — A(er)A(es) = —2det(A)
and
€92 'w(c«elwcfel ~w(c~62 ~w(c = €1-°€2" (wC)Q—eg €1 ((‘()(C)2 :261 + €2,

by the Ricci identity (2), we get

1
56162R12216162 Cp = ndvA(el, es) — 2772 det(A)e; - eap — 222%e; - ey - ©,
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and finally
(4) (—E1€2R1212 + 4772 det(A) + 4/\2)61 ceg = QWdVA(el, 62) - .

|
Now, we give this second lemma

Lemma 3.2. Let (MP9,g) be an oriented (pseudo)-Riemannian surface and A
a complex number. If M carries a spinor field solution of the equation

(5) Dy == (eHp + 2iXp)
and satisfying the norm assumption N4 (p,q, \,€), then this spinor satisfies

Vo =+ (gA(X)-<p—iAX-¢).

Proof : We give the proof for the sign +. The other case is strictly the same .
Case of signature (1,1): We define the endomorphism B, by

(By); = g(By(ei),¢j) = Bolei, ¢j) = (eVe,p, €5 - ).

Obviously Using % as a normalized dual frame of ¥¥M and the same
proof as in [5] we can show that

1
) = {eVxpieei - ¢F) = — o (Bo(X) - g e 7).

v L.
Wxpiei-o 2e(pt, ™)

and hence Vxp = *Wl,@f)Bs@ (X) - ¢. Moreover

64,0(613 62) = <v€1 Y, €2 <P> = _<€v€1 ®, 6% c €2 <)0>

= —(ee1-Ve,p, e1-ex- ) = —(eDp+eex- Ve, e1-€2-9)
= —H{p, e1-ez-p) — (2iedC - ¢, €1 €2+ ¢) + Bo(ea, e1)
= 7<2iz—:)\wc “p, e1-ea- @)+ Bu(ea, e1),

since for any ¢, € T'(XM)

(g, er-ea-1) =(ea-e1-p, ) =—(e1-e2-p, V) =—(p, e1-e2-19) =0.
Let now consider the decomposition 5,(X,Y) = S,(X,Y) + T,(X,Y) in the
symmetric part S, and antisymmetric part T,,. Hence, we see easily that if

A/e € iR, then (, is symmetric, i.e., T, = 0. and if A/e € R, then T,(X) =
2i\/ew® - X. In the two cases, we have

Vxp=SAX) - p—idX -,
by setting A = 2S5,. We verify easily that tr(A) = 2tr(S,) = 2tr(B,) = —2H.

Case of signature (2,0) or (0,2): The proof is fairly standard following
the technique used in [4], [8] and [10]. We consider the tensors Q7 defined by

Qi(X, V) =Re(eVxp™, Y - 7).
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Then, we have

(Qi) —Re <€D90 L > = —Re <s(5H + 2i)\g0¢,<p$> = —¢2 (H + 2§Re(/\))\<p:F|2.

Moreover, we have the following defect of symmetry of Qi,

Qi(el,eg) = Re <5Velg0 ,€2 P > = Re <z—:el . Valcpi el -eg- 30¢>
= Re(eDyp*,er-es- <p3F> Re (eVe 05 €1 €2 0T)
= Re(( 2Hj:225>\ 1-€2-p >+§R€<€V82(pi,€1~§0q:>
= 2Re(eN)|pT > + Qi(ez, e1).
) + (p:I:
Then, using the fact that ey - W and ees - W form a local orthonormal

frame of ¥F M for the real scalar product Re (-, -), we see easily that

(X S(X
t = gL‘pE 2) ¢~ and Vx¢ = EQ‘PS 2) ot
o ol *]

Vxp
. _
We set W = If%lg — ‘f%‘?. From the above computations, we have immediately

that W + Re (iA/e)Id is symmetric and trace-free. Now, we will show that
W + Re (iA/e)Id is of rank at most 1. First, we have

X|ot]? +e2X|p |2 = 2Re <5W(X) v <p+> )
Moreover, from the norm assuption N (p, g, A, €), we have
X2 +2 X[ |2 = 2Re (iAX -, p) = 4Re (iIAX - o7, 7).

We deduce immediately that W + 2Re (iA/e) Id is of rank at most 1 and hence
vanishes identically since it is symmetric and trace-free. Thus, we have the
following relation

0T 1PQE — o™ PQ; = —2Re(iM /)l Pl [Py.

From now on, we will distinguish two cases.

o Case 1: iN/e € R.

Then we are in one of these two possible situations: e =i and A € Rore =1
and A € iR. The second situation was studied by Morel [8].

So we define the following tensor F := QF — Q; + 2ieA(Jot > — [¢™[|*)g. We
have then

. QFX) Qo(X)
Vxe = Vxpt+Vxp =e—2—— 0T 4220
o~ o~ |
F(X _ ) _
= 5|;|2)-(<p++<p ) —iAX -7 —iAX - T
= SA(X)-p—iAX
where we have set A = %. We conclude by noticing that A is a symmetric

tensor with tr (4) = —2H.
o Case 2: i\/e € iR.
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Then we are in one of these two possible situations: e =7 and A € iRore =1
and A € R. The second situation was studied by Morel [8].

In this case, we have from the previous computations that W vanishes identi-
cally. So we set

Qf Q5

=2 et

and then we have Vx¢ = F(X) - ¢, where F(X) is defined by g(F(X),Y) =
F(X,Y). Nevertheless, F is not symmetric. We define the following symmetric
tensor A(X,Y) = ﬁ(F(X, Y)+ F(Y,X)). We compute immediately

A(617€1) = 2F(617€1)/\<P|2 , A(627€2) = 2F(€27€2)/\<P|2,

Aler,ez) = 2F (e1,e1)/|¢|* — 20\ /e and  A(eg,ez) = 2F (e2,e2)/|¢|* + 2)/e.

Finally, we conclude that

VX<p:gA(X)wp—!—)\qu'(p:%A(X)-gp—i)\X-E.

O

Now, we can give the proof of Theorem 1. We have already proven that 3.
implies 2. which implies 1. Moreover, Lemma 3.2 shows that 1. implies 2. Now,
we will prove that 2. implies 3. For this, we use Lemma 3.1, but we need to
distinguish the three cases for the different signatures. Let ¢ =t + ™.

Case of signature (2,0): Here, w® = iejeq, hence ey e3¢ = —iw® - = —i.
Hence formula (4) becomes

—1 (7R1212 + 62 det(A) + 4)\2) (,5 =£ dVA(el, 62) Q.

G20 Ca0

or equivalently eCaq - F = +iGoopT. Applying two times this relation we
have finally
e?[|Ca0l[Pp™ = =G5 o™

Again we have two cases.

o Spacelike immersion: € = 1, M?0 — M3,

We refer to [4] for the immersion in R3? and to [8] for S* and H3. Only one
(RSK)-spinor is needed.

o Timelike immersion: € =i, M?>0 — M?1.

Two (ISK)-spinors are needed. We deduce from the above relations between cpli
and ﬁ that (Ca,0 - 1, p2) = 0. Moreover, in this case we have (@1, p2) = 0.
Thus, since the spinor bundle XM is of complex rank 2, we have Cs - ¢1 = fo1
where f is a complex-valued function over M. By taking the inner product by
1, we see immediately that f only takes imaginary values, that is f = ih with
h real-valued. Thus, we have +Gq 0pf = ihpi. Since T do not vanish simul-
taneously, we deduce that h and G vanish identically. Thus C vanishes too
and the Gauss and Codazzi equation are satisfied. Then, we get the conclusion
by the fundamental theorem of hypersurfaces given above.
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C —

Case of signature (1,1): w® = —ejey, hence ey ey -9 = —wt - p = —¢@.

Hence formula (4) becomes

— (R1212 —+ 52 det(A) + 4)\2) @ =& dVA(el, 62) Q.

Glyl Cl,l

or equivalently eC1 ; - <pi = G1,1¢7. Applying two times this relation we have
finally
&2||C1 a0 = GY 9™

e Spacelike immersion: € = 1, MY — M?1,

We refer to [5] for the immersion in R%!. Let us consider the other space forms.
Here again, we need two (RSK)-spinors. Since gof do not vanish at the same
point, we have clearly that ||C} || = G3 ; > 0. Moreover, we have

_||Cl,1||2 (p1,02) = <Cl,1 ~01,Ch 1 ©v2)
= *G%,l (e1 - eap1,€1 - €2 a)
= G%,l <<)01a ()02> .

Since (p1,¢2) never vanishes, we deduce that ||C11|| = —GF; < 0. Conse-
quently, |[|C11]] = G1,1 = 0. Moreover, C;; is not isotropic. Indeed, since
G131 =0, we have C; 1 - ¢1 = 0 and thus C,; automatically vanishes as proved
in [5].

o Timelike immersion: ¢ = i, M\ — M2, It is easy to see that computations
similar to the one for the previous case give the result.

Two (ISK)-spinors are needed.

Case of signature (0,2) w® = —iejey, hence e - €5 - ¢ = iwW®
Hence formula (4) becomes

S = 1.

) (—R1212 + g2 det(A) + 4)\2) Y= 5dvA(el, 62) .

Go,2 Co,2

or equivalently £Cp o - ¥ = +iGo2pT. Applying two times this relation we
have finally
&|Co 2l Pe™ = =G} 207

o Spacelike immersion: € = 1, M%?% — M2,

Similar computations to the case M?? — M?! give the result. Two (ISK)-
spinors are needed.

o Timelike immersion: € =i, M%2 — M3,

We get ||Co2||*¢* = G} o0%, hence Cp2 = G§, = 0 as the norm of Cp s is
negative definite. This is a similar computation to the case M?%? — M3, Only
one (ISK)-spinor is needed. O

Let us summarize these results. In the tabular below we give the number of
(RSK)-(resp. (ISK)-)spinors on the surface M?>? solutions of the special Killing
equation (3), or equivalently of the Dirac equation (5), which is sufficient for
the surface to be immersed, depending on the signature (p,q) and on the type
¢ of the immersion.
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2 RSK-spinors | 2 ISK-spinors
1 RSK-spinor | 2 ISK-spinors

(p.9)
(0,2) 2 RSK-spinor | 1 ISK-spinor
(L,1)
(2,0)

Table 1: Number of spinors needed
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