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Abstract

In our paper "Uniformity and the Taylor expansion of ordinlambda-terms” (with Laurent Regnier), we studied
a translation of lambda-terms as infinite linear combinetiof resource lambda-terms, from a calculus similar to
Boudol’'s lambda-calculus with resources and based on ideasng from differential linear logic and differential
lambda-calculus. The good properties of this translatidnleta-reduction were guaranteed by a coherence relation
on resource terms: normalization is "linear and stable”tfie sense of the coherence space semantics of linear
logic) wrt. this coherence relation. Such coherence pt@seare lost when one considers non-deterministic or
algebraic extensions of the lambda-calculus (the algeliaanbda-calculus is an extension of the lambda-calculus
where terms can be linearly combined). We introduce a "fir@igs structure” on resource terms which induces
a linearly topologized vector space structure on terms apdepts the appearance of infinite coefficients during
reduction, in typed settings.

Introduction

Denotational semantics and linear logic. Denotational semantics consists in interpreting syntattibjects (pro-
grams, proofs) as points in abstract structures (typicaligered sets with various completeness properties).isn th
process, the dynamical features of programs are lost, asttchabproperties of programs, such as continuity, stgbili
or sequentiality are expressed.

A program, or a proof, is normally a finite object, and its dation is usually infinite, because it describes all the
possible behaviors of the program when applied to all péssityjuments. Semantics turns the potential infinity of
program dynamics into the actually infinite static des@ipbf all its potential behaviors.

Linear logic (LL), which arose from investigations in deatidnal semantics, sheds a new light on this picture.
Whilst being as expressive as intuitionistic logic, LL cains a purely linear fragment which is completely finite in
the sense that, during reduction, the size of proofs stritgtreases. For allowing to define and manipulate poténtial
infinite pieces of proofs/programs, LL introduces new cantives: the exponentials.

Unlike its finite multiplicative-additive fragment, the ganential fragment of LL is strongly asymmetric:

e onone side, there is@omotionrule which allows to introduce thé™connective and makes a proof duplicable
and erasable;

e and on the other side, there are the rulesaitraction weakeningandderelictionwhich allow to duplicate,
erase and access to promoted proofs. These rules introdd@dlew to perform deductions on th&™connec-
tive, which is the linear dual ofl”. Let use call these rulestructuraf-.

*This work has been partly funded by the ANR project BLAN0O78P926Curry-Howard for ConcurrencyCHOCO).
Lt is not really standard to consider dereliction as strtu
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The only infinite rule of LL is promotion. The potentially infte duplicating power of contraction is not “located”
in the contraction rule itself, but in the fact that, for bgishuplicable by contractions, a proof must be promoted first.
This fact can be observed in denotational models but is matréh the syntax because the structural rules have no
other opponents but promotitin

Differential linear logic The situation is quite different in differential LL (and, piicitly, in differential lambda-
calculus and its variants), a system that we introducechicésee [ERO03, ER06b, EL09]). In this system, tHé “
rules have exact dual rules: there isaontraction a coweakeningnd acoderelictionrules. These rules are logical
versions of standard mathematical operations used in ael@myedifferential calculus, whence the name of the system.

So in differential LL we have structural and costructurdésuand these rules interact in a completely symmetric
andfinite way, just as in the multiplicative and additive fragmentorfAption remains apart, as the only truly infinite
rule of logic. This fact, which in LL could be observed onlydenotational models, can be expressed syntactically in
differential LL by means of the Taylor expansion of promatioles.

Resource lambda-calculus. This operation is more easily understood in the lambdadtadc(see [Tra08] for the
connection between lambda-terms and nets in differential Roughly speaking, the ordinary lambda-calculus cor-
respond to the fragment of LL which contains the multiplat structural and promotion rules. But we can also
consider a lambda-calculus corresponding to the mul&filie, structural and costructural rules: the resourceubas
that we introduced in [ER08]. Similar calculi already egisin the literature, such as Boudol’s calculi with multipli
ities [Bou93] or with resources [BCL99], and also Kfouryaleuli [Kfo0Q], introduced with different motivations and
with different semantic backgrounds. The intuition behid calculus with resources is as follows.

The first thing to say is that types should be thought of aso{tgical) vector spaces and not as domains. Consider
then aterm : A = B which should be seen as a function frohto B. Then imagine that it makes sense to compute
then-the derivative of at the poin0 of the vector spacd: itis a functiont(™) (0) : A™ — A, separately linear in each
of its argument, and symmetric in the sense that(0)(s1, ..., s,) = ™ (0)(syq1), .- -, S5(n)) for any permutation
f € 6, and any tuple(ss,...,s,) € A™. In our resource calculus, we have an application construethich
represents this operation. Given a ter(of type A = B if we are in a typed setting) and a finite numbey. . . | s,, Of
terms (of typed), we can “apply’t to the multisetS = s; - - - s,, (the multiset whose elements &g . . ., s,,, taking
multiplicities into account) and we denote with) S this operation. We take benefit of the intrinsic commutétiei
multisets for implementing the symmetry of theth derivative. The other constructions of this calculus standard:
we have variables, y, ... and abstractiondz s. Redexes are terms of the shdpe s)S andx can have several free
occurrences i, whichare all linear. When reducing this redex, one does not dupli¢aténstead, one splits it into
as many pieces as there are occurrencesiofs, and since all these occurrences are linear, all theseggmaild
contain exactly one term. We do that in all possible ways akd the sum of all possible results. When the number
of free occurrences af in s and the size of do not coincide, the result of this operatiordis

For this to make sense, one must have the possibility of gdgirms, and this is compatible with the idea that
types are vector spaces.

Taylor expansion. Taylor expansion consists in replacing the ordinary apgilim of lambda-calculus with this
differential application of the resource calculusMf: A = B andN : A are terms, then the standard Taylor formula
should be

n

(M)N = i %M(”)(O)(N, ...,N)
n=0

This leads to the idea of writing any terid as an infinite linear combination of resource terms (withoret! coeffi-
cients): if M* and N* are such sums, we should have
= 1

(M) (N™)" 1)

n!

2This picture is not completely faithful because promotias halso to be considered as? tule.
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where the powefN*)™ has to be understood in the sense of multiset concatenatitented to linear combinations
of multisets by linearity. Using the fact that all the constions of the resource calculus should be linear (that is,
should distribute over arbitrary linear combinationsynfiala (1) leads to a definition gf/* as a linear combination

of resource termsM™* = 3 __ . M;s where each\/; is a positive rational numberYis the set of resource terms):
this is the Taylor expansion a#/ .

Taylor expansion looks like denotational semantics: weshieansformed a finite program with a rich, poten-
tially infinite, dynamics into an infinite set (linear comhiion to be more precise) of more elementary things, the
resource terms. The difference wrt. denotational semaistithat these terms have still a dynamics, but this dynamics
is completely finite because they belong to the promotiee-fragment of differential linear logic: all terms of our
resource calculus, even the non typeable ones, are tyigatngly normalizing. But of course there is no uniform
bound on the length of the reductions of the resource terpsag in the Taylor expansion of a term.

Content. The present article is a contribution to a programme whiaksists in considering infinite linear combi-
nations of resource terms as generalized lambda-termsfirBh@oint to understand is how beta-reduction can be
applied to such infinite linear combinations without intwethg infinite coefficients. We initiated this programme
in [ERO8], defining a binary symmetric, but not reflexive, eadnce relation on resource terms (such a coherence
relation has also been defined for differential interactiets in [PT09a]) and showing that, if two term&nd¢ are
coherent and distinct, then their normal forms are disjntd hence can be summed). So a first idea is to consider
cligues as generalized lambda-terms, and this is soundibethe resource terms appearing in the Taylor expansion
of a lambda-term are pairwise coherent.

But if we allow linear combinations in the lambda-calculas {n the differential lambda-calculus for instance,
and we speak then of algebraic lambda-calc))|utien we cannot expect Taylor expansions to be cliqueshtatr t
coherence relation. Instead, we equip the set of resounces t&ith a finiteness structure (in the sense of [Ehr05])
which is defined in such a way that for any “finitary” linear doimation_ «a,s of resource lambda-terms, the
sum ) asas always makes sense, whatever be the choices auch thats beta-reduces ta, in the resource
lambda-calculus. We prove a soundness theorem, showihghiéadaylor expansion of an algebraic lambda-terms
is always finitary. This cannot hold however for the untypé&gkehraic lambda-calculus because we know that this
calculus leads to unbounded coefficients during beta-textu¢think of (©) Az (z + x) wherez # x and© is the
Turing fixpoint combinator). So we prove our soundness tégukecond-order typeable algebraic lambda-terms, by
a method similar to Girard’s proof of strong normalizatidrsgstem F in Krivine’'s very elegant presentation [Kri93].
The method consists in associating with any type a finitespase (and hence a linearly topologized vector space)
whose underlying set (web) is a set of resource terms.

1 The resource lambda-calculus

1.1 The calculus

The syntax of our resource calculus is defined as follows. d@fi@es first the seh of simple terms and the sét' of
simple poly-terms.

e If 2 is a variable them € A;
e if s € A andz is a variable thenz s € A;
e if s€ AandS € A' then(s)S € A;

e if s1,...,5, € A then the multiset which consists of thgs, denoted in a multiplicative way &g - - s,,, is an
element ofA'. The empty simple poly-term is accordingly denoted as

We define the siz8(s) of a simple terms and the siz&(.S) of a simple poly-term by induction as follows:

3There are other algebraizations of the lambda-calculughink in particular of the calculus considered by ArrighdBowek [AD08] which
is quite different from ours because application is righér in their setting
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1.1.1 Extended syntax.

Given arig (semi-ringR and a sefz, we denote byR(E) the set of all formal finite linear combinations of elements
of E with coefficients inR: it is the freeR-module generated b¥. If « € R(E) ands € E, a; € R denotes the
coefficient ofs in a. We also defind?(E) ., as the set of all (not necessarily finite) linear combinatiohelements of
E with coefficients inR; we use the same notations as for the elements(éf) and we use?(E) .. to denote both
modules, to deal with constructions which are applicableoth settings.

The semi-rings that we consider are

e S={0,1}with1+1 =1, sothatlS(E) = Pg,(E) andS(E) = P(E);

e N, and therN(FE) is the set of all finite multisets of elementsBf Givena € N(F) ands € FE we writes € a
whenag # 0;

o afieldk, and therk(E) is thek-vector space generated Byandk(FE) ., is also a vector space.

Leta € R(A)(), We sethza = Y pasAzs € R(A)(). Given moreoverd € R(A')(., we set
(@A = 37 cn sen asAs(s)S € R(A) (). Last, givena(l),...,a(n) € R(A) (), We definea(l)---a(n) as
2os(1),smen ¢(1)sy - a(n)smy(s(1) -+~ s(n)) € R(A") (o). In that formula, remember thaf1) - - - s(n) is the
multiset made of(1), ..., s(n). This formula expresses that we consider multiset conesitenas a product, and so,
when extended to linear combinations, a distributivity fawst hold.

In particular, givena € R(A) ) andn € N, we seta” = T oae R(A")(»). WhenR = k, we seta' =
> nen oa” € k(A" (this sum always makes sense, and we regliire k to give a meaning ta/n!). Fore C A
(thatise € S(A).), we sete! = Mg, (e) C A

So all the constructions of the syntax can be applied toraryitinear combinations of simple terms, giving rise
to combinations of simple terms.

1.1.2 Differential substitution

Givens € A andS € A', and given a variable, we define the differential substitutid, (s, S) as0 if the number
of free occurrences of in s is different fromn, and as)_ ;. s[sfq)/@1,- - -, 8(n)/2n] Otherwise, wheres' =
$1+++Sn, x1,..., %, are then occurrences af in s andG,, is the group of permutations dn, ..., n}.

Givens € A andS,, ..., S, € A' and pairwise distinct variables , . . ., ,, which do not occur free in ths,’s,
we define more generally the parallel differential sub8otud,, .., (s, S1,...,S,): the definition is similar (the
sum is indexed by tuples, . .., f,) wheref; is a permutation on the free occurrences pin s).

This operation must be extended by linearity. Givea R(A) () andA € R(A') (., we set

0z(a,A) = > asAs0x(s,5) € R(A)(o0)

SEA,SEA!

defined in the infinite case. This results from Lemma 6 (seavel

and we define similarly),., . .. (a,A1,...,A,) € R{A) ). Itis not obvious at first sight that this sum is well
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1.1.3 The reduction relations

Given two setdZ and I’ and a relation C E x N(F'), we define a relatiof(p) C N(E) x N(F') as follows: we say
that(a,b) € N(p) if there are(s1,a1), ..., (sn,an) € psuchthatsy +--- + s, =aandby +--- + b, =b.
The one step reduction relatiof§ C A x N(A) andB}, € A' x N(A') are defined as follows.

e z 34 bnever holds;

Az s BL bif b= Az awiths B} q;

o s1---sn S5 Bif, forsomei, s; B b andB = s1---b; - - sy;

(s)S BA bin one of the following situations

— s BA aandb = (a)S;
- S B Aandb = (s)A;
— s=JXzxtandb = 0,(t,5).

Lemmal Lets € A andb € N(A). If s 3% b, then, for anyt;, 5 € b, one hasS(t;) = S(t2) < S(s).

The proof is straightforward (simple case inspection).

Let X' = N({(s,s) | s € A}UBL) and B = N({(S,S) | s € A'}UBL,). These are reflexive reduction
relations orN(A) andN(A') respectively. More explicitly, we have X" b if one can writea = s, + - - + s, + @’
andb = by + -+ + b, +a’ with s; B} b; fori =1,...,n, and similarly for3Y;.

Finally we denote withBA andSa: respectively the transitive closures of these relations.

Lemma 2 Lets,t € A andz is a variable which occurs free exactly oncesinif s 34 a thens[t/z] 3% a[t/z] and
if £ 8L bthens[t/z] X s[b/x].

Lemma 3 If s B} athend,(s,S) N(BL) 0.(a,S). If S BL Athend.(s,S) N(BL) 0. (s, A).

These two lemmas are proved by straightforward inductions.
The reduction relatiofsa onN(A) has good properties: it is strongly normalizing, confluseg([ER03, Vau05,
PTO9b]). Givens € A, we denote bNF(s) the unique normal form of, which is an element dff(A).

1.1.4 Examples of reduction

Of course(\z z)y Ba y, butif the identity is applied to a multiset of sizé 1, the result is): (Azz)1 Sa 0 and
(Axx)y?® Ba 0 (wherey? is the multiset which contains twice the variabfethis notation is compatible with the
distributivity laws of 1.1.1).

Similarly, the term(z)z? contains3 occurrences ofr (it is sensible to say that it is of degréein z). So
Az (x)x?)S Ba 0 if the size ofS is # 3. And we haveg Az (x)x?)(y%2) Ba 0. ((z)x?,y%2) = 4{y)yz + 2(2)y%. As
a last example we hav@\z ((z)x)z)(y?z) Ba 0x(()2?,y%2) = 2((y)2)y + 2((n)y)= + 2((2)y)y.

1.1.5 An order relation on simple terms and poly-terms.

Let us define an order relation on simple terms. Givene A, we writet < s if there existsa € N(A) such that
s Ba aandt € a. Givens € A, weusels = {t € A |t < s}andts = {t € A |t > s}. We define similarly an
order relation on poly-terms and introduce similar notagid” < .S, 15 and/|S.

Lemma 4 Foranys € A, the set|s is finite.

Proof. By Lemma 1 and Knig's lemma. ]
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1.2 Two technical lemmas

Lemma 5 Lety be avariable andy, . .., S, € A' which do not contain free the variabjeand letv = (- - - ((y)S1)Sa - - -) Sn.

Lets € A, S € A', z be a variable. Let € A be such that < v [(\zs)S/y]. Then one of the the two following
cases arises:

e eithert = v’ [(Ax s')S" [yl withv' < wv, s’ <sandS' < S

e ort <wlu/y] for someu € 9,(s,5).
Proof. By induction onS(v) + S(s) 4+ S(5). Letb € N(A) be such that [(Az s)S/y] Ba bandt € b. Consider the
first reduction step of this reduction. Four cases are plesdiecause of the particular shape of

First case: the reduction occursdn That iss 8} a for somea € N(A) and the reductiom [(A\z s)S/y] Ba b

splits inv [(Az s)S/y] B v[(Aza)S/y] Ba b. Sincet € b, one can find some € A with v € a such that
t <wv[{(Azxu)S/y]. SinceS(u) < S(s), the inductive hypothesis applies and so there are two cases

e Either we have = o' [(Azx u/)S"/y] with o' < v, 4 <wandS” < S and we conclude because< s.

e Ort < vlw/y] with w € A such thatw € 9,(u, S). Sinceu € a andw € 9,(u, S), we havew € 9,(a, S).
But 9. (s, S) N(BL) 0.(a, S) by Lemma 3 and hence there exisig € 9.(s, S) such thatv < w,. Hence we
havev [w/y] < v [w/y] by Lemma 2 and we conclude by transitivity.

The second case, where the reduction occussigsimilar.

Third case: the reduction occursin Thatisv 84 ¢ € N(A) and the reductiom [(A\z s)S/y] Ba b splits in
v[(Azs)S/y] BA c[(\xs)S/y] Ba b. Sincet € b, one can find some € ¢ such that < w [(Azs)S/y]. Since
S(w) < S(v), the inductive hypothesis applies and so there are two cases

e Eithert = w' [(Az s')S’/y] with v’ < w, s’ < sandS’ < S and we conclude because< v.
e Ort < wlu/y] for someu € ds(s,x). We conclude by Lemma 2 because< v.
Last case: the reduction[(A\z s)S/y] Ba b splits inv [(Azs)S/y] BA v[0:(s,5)/y] Ba b and we conclude

immediately that there existse€ 9,.(s, S) such that < v [u/z]. O

Lemma 6 Lets € A. There are only finitely many pairs, 7') € A x A' such thats € 9,.(t, T).

Proof. (Sketch) The intuition is clear and can easily be formaliZeat building(t, T'), one must choose somec N,
and them pairwise disjoint sub-termsg, ..., ¢, of s. Thent is obtained by replacing these sub-termscig s, and
T =t;---t,. There are only finitely many ways of choosing such a tuplé, ..., t,). O

2 Finiteness spaces
We recall some basic material on finiteness spaces. Given/aasel a collectionF of subsets of, we define
Ft ={e CI|Vee Fence isfinite}.

A finiteness space is a pa¥ = (|X|,F(X)) where|X]| is a set (the web o) andF(X) C P(|X]) satisfies
F(X)LL C F(X) (the other inclusion being always true). The following pedges follow immediately from this
definition: if e C |X| is finite thene € F(X); if e € F(X) andf C ethenf € F(X); if e1,e2 € F(X) then

et Ues € F(X)

4None of these terms can be a sub-term of another one.
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Vector space. Letk be a field. Giveru € kX!, let Supp(a) = {s € |X| | as # 0} (the support ofz). We set
k(X) = {a € kIXI'| Supp(a) € F(X)}. This set is &-vector space, addition and scalar multiplication beinfineel
pointwise.

Topology. Givene’ € F(X)™", let Vo(e') = {a € k(X) | Supp(a) N e’ = 0}: this is a linear subspace &fX).
A subsetV of k(X) is open if, for alla € V there exists’ € F(X)" such thata + Vo(e/) € V. This defines a
topology for which one checks easily that addition and scalaltiplication are continuousk(being equipped with
the discrete topology). Actuallit(X) is a linearly topologized vector space in the sense of [Lef#® topology
is generated by neighborhoods®fvhich are linear subspaces (for instance, thée’) we introduced above). This
topology is Hausdorff: for any € k(X), if a # 0 one cant find a (linear) neighborhood®ivhich does not contain
a. In particular, the specialization ordering is discreleqis not a topology “a la Scott”).

Convergence and completeness.A net of k(X) if a family (a(v))er of elementsk(X) indexed by a directed
setl". Such a net converges to € k(X) if, for any open linear subspade of k(X) there isy € T such that
V6 eT' 6 > v = a(d) —a € V. Ifthis holds,a is unique k(X) is Hausdorff). A ne{a(y)),er is Cauchy if for any
open linear subspadéof k(X), there existsy € I" such that/o € T' 6 > v = a(d) — a(y) € V. Using crucially the
fact thatF(X) = F(X)™", one can prove that any Cauchy net converg¢x( is complete).

3 The basic finiteness structure
We set

M {ts|se A}*"

= {eCA|VseA entsisfinite}.

One defines similar;' € P(A') asNy' = {E C A' | VS € A En*Sisfinite}. This defines finiteness
structures om\ andA'. We consider therefore\, A7) as a finiteness space that we simply denot&/asTo get a
better grasp of the topology of the vector sp&¢d/; ), we must make a first observation. We express everything for
A for notational convenience, but obviously what we do carrésesposed ta\' without any difficulty.

Lemma 7 A subset’ of A belongs taV;* iff there are finitely many elements, . .., s, € A such that
e CrsyU---Utspy =1Ms1,..-,8n}-

Proof. The “if” part is trivial, let us check the “only if” part. Therdy property of the order relation on simple terms
that we need is the fact that each efs finite (Lemma 4).

Assume that there existé € N7+ such that’ C 1{s,...,s,} never holds. The set cannot be empty, so let
uy € €’. Sinceluy is finite, we cannot have’ C 1]u;. So letus € €'\ Tlu;. Again,us being finite, we cannot
havee’ C tlu; U Tlus. In that way, we construct an infinite sequenmgeus . .. of elements ot’ such that for each
1, uir1 € €\ (Mur U---UTlu,); in particular, theu;'s are pairwise distinct, but we can say better:ilet j and
assume thaju,; N lu; # 0. Thenu; € tlu; and this is impossible. Let us set= {uq,us,...}. Foranys € A, it
follows from the disjointness of the sets; thate N 1s has at most one element and is therefore finite, saetikatV;.
But e has an infinite intersection wittf (namelye), and this contradicts our hypothesis thae A7 . O

Therefore the topology ok(\;) is generated by the basic neighborhodfsy,...,s,) = {u € k{N7) |
Supp(u) N ts; = --- = Supp(u) N ts, = 0}, wheresy,...,s, is an arbitrary finite family of elements k.
Observe that thesg’s can be assumed to be minimalAn An elements of A is minimal for the order relation we
have defined iffs is normal, or reduces only @ A typical non-normal minimal term ié\x y)z, wherey andz are
distinct variables.

The main purpose of these definitions is to give meaning tormalization function on vectors. Consider indeed

an arbitrary linear combinations of resource lambda-teams | - ass € k(A)o.. We would like to seNF(a) =



hal-00448431, version 1 - 19 Jan 2010

> sea @s NF(s). But there could perfectly exist normal elemergsc A such that, for infinitely many € A,
so € NF(s) anda, # 0. If this is the case, we cannot normalizéecause infinite sums are not allowedimwhich is
an arbitrary field. As a typical example of this situation, consides= x + (\z z)x + +{\v z)((A\z z)z) + --- All
the terms of this sum reduce to the same terand hencélF(a) is not defined.

Proposition 8 The mapNF given byNF(a) = > . A as NF(s) is well defined, linear and continuous from the topo-
logical vector spac&(\;) to itself.

Proof. Givens € A, we haveSupp(NF(s)) C |s. So, since&Supp(a) € N7, foranysy € Ay, there are only finitely
manys € Supp(a) such thatsy € Supp(NF(s)). So the sum above makes sense, it can be written

NF(a) = Z( Z asNF(s)SO)so.

s0€Ao s€Supp(a)
sp€ls

All the elements oSupp(NF(a)) being minimal, this set obviously belongsAq .

The mapNF defined in that way is obviously linear, we must just check thia continuous ab but this is easy;
indeed, ifV = V(s1,...,s,) is a basic neighborhood 6fthen, by definition ol (sy,...,s,), if t € A satisfies
t € V, this means that ¢ 1s; for eachi, and hence for nowe can have; € NF(t). ThereforeNF(¢) € V. O

We can also extend th@&1 reduction relation td (A7) in a completely “fre€ way. Indeed leta € k(N7). If
one writesa = ZieN a;s; with s; € A and with the sole restriction (for this sum to make senselpttelt for each
s € A there are only finitely’s such thats; = s and if, for each € N, one chooses arbitrariby(i) € N(A) such that
s; A%" a(i), then the sunb = > ien ia(i) always makes sense, and belongk d/1) (these facts result from the

very definition ofA/}). In that case we write X" b, and we denote by the transitive closure gfX".

Proposition 9 The relationS, is confluent ork (\7).

Proof. (Sketch) Use the confluence 8f onN(A) and the following observation: given two finite familigs; ) ;<
and(B;);es of elements ok such tha " «; = > ;, one can find a familyy; ;):cr ;e Of elements ok such that

Vi = Zj Yi,j andVj ﬁj = 21 Yi,j- a

One has to be aware that this “reduction” relation has sgamngperties and can hardly be expected to normalize in
astandard sense. Forinstance ff a; ands S} as wherea;,az € N(A) are distinct, the® = s—s a a1 —az # 0
and the reduction can go on after that. See [Vau07, VauO8héoe explanations. It makes sense nevertheless to define
the associated equivalence relation (the symmetric abosif A ) that we denote asa.

Proposition 10 Leta, b € k(A) be such thatt =A b. ThenNF(a) = NF(b).

Proof. It suffices to show that SX" b = NF(a) = NF(b) and this is easy becausedy ¢ = NF(s) = NF(c). O

The converse implication does not hold because reducindeameata € k<AO> to NF(a) can require an infinite
number of5X" steps. But one can always exhibit sequencesa(1) %" a(2) AY" a(3)--- with lim,, o a(n) =
NF(a) (in the sense of the topology &I )).

Remark It is not difficult to see that, given a finiteness spd€ethe topological spack(X) is metrizable (ie. its
topology can be defined by a distance) iff there exists areasing sequende’(n)),cx of elements of (X)* such
thatve’ € F(X)" 3n e N ¢ C ¢/(n). Itis also interesting to observe that, when interpretinedr logic in finiteness
spaces (see [Ehr05]), one builds quite easily spaces whiah ot this property: for instance the interpretatiot? of
(the formulal being interpreted by the finiteness sp&fe}, {0, {x}})) is not metrizable.

50f course, one could also consider infinite sums if the cdeffts were real or complex numbers but this will be the obpéétirther studies.
6In the sense that each summand can be reduced independentlyhe others.
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So the spacé(\N;) is metrizable: choose an enumerations,,... of A and, givena,a’ € k(N}), define
d(a,a’) = 0if a = o/, andd(a,a’) = 27" wheren is the least integer such thé#, N Supp(a — a’) # 0. This
distance generates the topology we have defined, but piegehts space as a metric space would be unnatural,
because there is (apparently) no canonical choice of suidtande (it depends on a completely arbitrary enumeration
of A).

A last interesting observation is that the subspac&(@{;) spanned by the normal resource term is linearly
compact, so thatNF can be seen as a projection onto a linearly compact subspace.

3.1 Dealing with free variables

The finiteness spac¥; allows to give meaning to normalization as shown by Propmos8, but we would also like to
deal with elements aof/; (or of k(\7)) as if they were lambda-terms. However, nothing prevensl@ment of A/
of containing infinitely many free variables. The §&f(e) can even be the set of all variables: takeddhne set of all
variables itself! It would be hard to defifereduction if we have to deal with such objects.

Fortunately the solution to this problem is quite easy. £6f A be the set of all subsets of A such that, for
each finite sef of variables, there are only finitely many elemesntsf ¢’ such that'V(s) C €.

Lemma 11 S+ = {e C A | FV(e) is finite}.

Proof. The inclusion ‘©” is straightforward. So let € S*. Towards a contradiction, assume tRat(e) is infinite
and letxy, zo ... be a repetition-free enumeration of this set of variablest7l; = 1. Chooses; € e such that
z1 € FV(s1). SinceFV(sy) is finite, we can findwy such thattV(sy) N {z; | ¢« > na} = 0. Chooses; € e
such thatz,, € FV(s2), choosens such thattV(sy) N {z; | i > n3} = 0... Inthat way we define a sequence
s1, $2,... of element ofe and a sequencg , yo, ... of variables such thay; € FV(s;) iff i = j (takey;, = zy,).
Thene’ = {s; | i = 1,2,...} is an element 0of. Indeed, if¢ is a finite set of variableg, contains only a finite
number ofy;'s and hence there can be only finitely marsysuch thatV(s;) C £. Bute N ¢’ is infinite sincee’ C e,
whence the contradiction. O

This is another instance of a general proof scheme usedadewees in [Ehr05] and generalized by Tasson and
Vaux (see [Tas09]).

We arrive to the final definition of our basic finiteness spage:set\” = M, NSE = ({s| s € A} US)" and
therefore we havd/+ = A/ so thatV is actually a finiteness space.

4 Interpreting types

With any type (of system F, see Section 5.1), we want to agsoaifiniteness space whose web will be a subsat of
The construction is based on the definitiorsafurated seti [Kri93], so we shall call our finiteness spaces saturated
as well.

Let Ny be the collection of all subsets df which are of the shapg(z)e,')- - -)e,,' wherez is a variable and
€1,...,6n €EN.

4.1 Saturated finiteness space

A A-finiteness spaces a finiteness spac& such that|X| C A. One says that such a spa&eis saturatedif
No C F(X) C NN and, wheneveg, e, e1, ..., e, € N, one has (using the notations introduced in 1.1.1 and 1tHe?)
implication

(((0s(g.€'))er’) - Yen' € F(X)
= ((((Axg)el)er’) en’ € F(X). )

"This notion is defined in [Lef42]; it is a notion of compactaeslapted to this setting.
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Then one simply says thaf is asaturated finiteness space
Given twoA-finiteness space¥ andY’, we construct a new one, denoted¥s= Y.
The web|X = Y| is the collection of alt € A such that

Ve € F(X) (t)e' e F(Y).
Then we definé (X = Y') as the collection of al§ C | X = Y| such that
Ve € F(X) (g)e' € F(Y),

that is
Ve € F(X),Vf' e F(Y)"  (g)e' N f is finite.

Givene € F(X)andf’ € F(Y)", letee f/ ={t € A | (t)e' N f' # 0}.
Proposition 12 If X andY are A-finiteness spaces, then
FX = Y) = {ee f'| e € F(X), /' € F(Y)'} ®)

so thatX = Y is a A-finiteness space. If moreovEris saturated, thetk’ = Y is saturated as well.

Proof. Let us check equation (3), so letC | X = Y.

Assume first thay € F(X = Y). Lete € F(X) andf’ € F(Y)". We know that(g)e' N f is finite. Let
t € gn (e e f'). This means that there exis$s < ¢' such thatt)S; € f’, thatis,(¢)S; € (g)e' N f’. But this latter
set is finite, and the map— (¢).S; is injective, so the setN (e o f') is finite as well.

Assume thay € {ee f' | e € F(X)andf’ € F(Y)L}L and let us show that € F(X = Y). So lete € F(X)
andf’ € F(Y)", we must show thafg)e' N f is finite. By definition ofe e f/, we have

@e'nf' = | enf)

tegn(eef’)

1

and we conclude singgn (e o ') is finite, and, fort € g, the set(t)e' N ' is finite sinceg C | X = Y| (remember
the definition above of that set).

SoX =Y = (| X=Y,F(X =Y))is a finiteness space. Assume thats saturated and let us show that
X=Yis.

We haveN, C F(X = Y): this results immediately fronVy C F(Y) andF(X) C V.

We haveF(X = Y) C N: letg € F(X = Y) and lett € A. We must show thag N 1t is finite, so assume
towards a contradiction that there digt,, - - - € g, pairwise distinct, and such that € 1¢ for eachi. This means
that there are terms,, as, - - - € N(A) such that; Sa a; andt € q, for eachi. Letx be an arbitrary variable, then
(t;)x Ba {(a;)x and(t)x € Supp({a;)x) for eachi, therefore(g)x N 1(t)x is infinite, which is impossible because
{z} € F(X) (sinceN, C |X|)andF(Y) C V.

It remains to check thdt(X = Y') satisfies condition (2), and this is straightforward. O

4.2 The ground space

Lemma 13 The finiteness spage\, V) is saturated.

10
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Proof. The only condition which is not obviously satisfied is (2). Bbg,e,e1,...,e, € N and assume that
(({(0:(g,€Y))er')-- Ve, € N. Lets € A, we must show that the intersectidn N ((((Az g)e')er')- - Ve, ' is finite.
Let (si, Si, S1.is - - - Sn.i)icr e a repetition free enumeration of all the elementg efe' x e;' x - - - x e,,' such that

t;, = <<<<)\:L' 51>Sz>S11> : '>Sn,i
e tsn{(({(Azg)e)er’) - Jen’

Observe that all the free variables of the tetrappear free is and hence there are only finitely many such variables.
So we can choose a variablevhich is free in none of these terms. For eaeh!, we set; = ({((y)S1,;)+ -)Sni € A,

so thatt, = v; [(Az s;)S;/y]. We can also assume thabccurs free or bound in none of the teris.S; ;, ..., Sn;
(forall i € I). We apply Lemma 5, considering two cases.

e Eitherx appears bound is, and in that case we have= v’ [(\z s')S’/y] for somev’, s’ € A andS’ € A'
such that' < v;, s’ < s; andS’ < S, for eachi € I. We havey’ = (({y)S})---)S!, for S;,...,S! € A' such
thats’ < S;; foreachj € {1,...,n} andi € I. By the assumption that e, e1,... e, € N we see that the
sets{s; |i € I},{Si|i €I}, {S1i|i€I},...{Sn:|ic I}arefiniteandsdsn (({(A\xg)eer') - )e,'is
finite.

e Or z does not appear bound in Then for each € I there existsu; € A such thatu; € 9.(s;, S;) and
s < w; [u;/y]. In other words

Viel wilui/yl € 1sn{((0:(g,e))er’) - )en’

and hence by our assumption thatd,. (g, e'))e1')- - Je,' € N, the set{v; [u;/y] | i € I} is finite. Coming

back to the definition of;,, this means thatthe sefs; | i € I}, {S1,:|i € I},...{Sn: |7 € I} are finite. But

for eachi € I, we know that there are only finitely many pafis, W) € A x A' such thatu; € 9, (w, W) by

Lemma 6 and hence, sineg € 9,(s;,S;), the sets(s; | i € I} and{S, | i € I'} must be finite as well since

{si | i € I} isfinite. O

4.3 Inclusions and intersections of saturated finiteness apes

Let X andY be saturated finiteness spaces. We wkite&« Y when|X| C |Y]| andF(X) C F(Y). This defines an
order relation on saturated finiteness spaces.

Lemma 14 Let (X;);c; be a family of saturated finiteness spaces. Thegp; Xi = (N;c; 1Xil, N (F(Xs) N
P(]X]:))) is a saturated finiteness space, and it is le glb of the fa(ily);c;.

Proof. LetX = (,c; X:. Lete C |X| = ,;|Xi|- We assume that € F(X)"" and we prove that € F(X).
Leti € I, we must show that € F(X;) = F(X;)"". So lete’ C |X;| and let us show thatN ¢’ is finite. Since
e € F(X)™*, it will be sufficient to show that’ € F(X)*. So letf C |X| be such thaf € F(X). In particular we
havef € F(X;) and hence’ N f is finite as required. SA is aA-finiteness space.
SinceNy C F(X;) € N holds for alli € I, and since is non empty, it is clear that’, C F(X) C V.
Letg,e,e1,...,e, € N'besuchthat((.(g,e'))er')---)e,' € F(X). Then foreactiwe have/((0,(g,€'))er')- - e, €
F(X;) and hencé({(\z g)e')er')- - Ve, € F(X;) and thereforé({(\z g)e')ei')-- Ve, € F(X). O

5 Taylor expansion in an algebraic system F

5.1 Syntax of the algebraic system F

The types are defined as usual: one has type variahlés. ., and if A and B are types, so ard = B andVyp A.

We adopt the Curry style for presenting system F, so thatenmg are ordinary lambda-terms, with the additional
possibility of linearly combining terms, with coefficieritek. More precisely, we define the s&f, of lambda-terms
with coefficients ink as follows:

11
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e if zis avariable them € Ay;
e if M € Ay andzx is a variable, thenz M € Ay;
o if M € Ay and@ € k(Ak) then(M) Q € Ax.

For@, R € k(Ax), we set\x Q = >y ,cx, QuAz M and(Q) R = 3,05, Qum (M) R. Observe that these two
sums are finite becausggis a finite linear combination of terms. In other word, abdin is linear and application
is left-linear (but not right-linear). We give now the tyginules for terms belonging tdy. A typing contextl is as
usual a finite partial function from variables to types.

I''x:A-M:B
Dw:AbFe: A T A= B

''rM:A=1B 'EN;:A ... TEN,:A
r-(M)(eaNy+---+a,N,): B

'EM:VpA 'EM:A
'EM:A[B/y PEM:VpA

with, for the last rule, the usual side condition theshould not occur free in the typing contéxt

5.2 Taylor expansion

Given a termM € Ay (resp.Q € k(Ax)), we define a generally infinite linear combinatioh&* (resp.Q*) of
elements ofA, with coefficients ink, as follows:

Az M)* ; Az (M)
ONQ) = 3 ()@Y
neN
Q= > Qu
MEAy

where we use the conventions of 1.1.1 for infinite linear ciorations of terms. Let us be more explicit. With any
termM € Ay, we associate a linear combinatidfi* of elements ofA which can be written

M* =" M;s
sEA

whereM; € k for eachs, and similarly we defing? < k for each@ € k(Ax). Then these numbers are given
inductively by:

. 1 ifs==x
X, = .

8 0 otherwise
B My ifs= Azt
B 0 otherwise

Qi = D QuM;

MeAyx

12
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Last, (M) Q); = 0if s is not an application, and otherwise

(M) Qyr = <ZE<M*><@*>">

neN
M,
= > (@)
neN
My )
neN u€A T
My (@*)"
T!

NS

whereT! = [[,ca T(w)! and (Q*)T = [[,ca (@)™ (see [ER08] for more details on this kind of algebraic
computations); remember thatis a finite multiset of elements & and thatl'(uv) € N is the multiplicity ofw in T'.
GivenM € Ax, we define a sef (M) C A as follows:

T()={z}, TOaM)={ zs|seT(M)}

T((M) (a1N1 + -+ anNn))
={(s)(t1---tp) [ s € T(M)
andtq,...,t, € T(N1)U---UT(Np)}.

The following property follows readily from these definiti.

Lemma 15 Let M € Ax ands € A. If M* # 0thens € T(M).

5.3 The standard case: coherence

When the algebraic lambda-ted is a standard lambda-term, that is an elemenit,pfvhere all the linear combina-
tionsa; N1 + - - - + oy, N, are trivial in the sense that all;’s are equal td) but one which is equal td, we showed
in [ERO8] that the Taylor expansion can be writteft = ZseT(M) ﬁs wherem(s) € N\ {0} is an integer which
depends only or (in other wordsM* depends o/ in a very simple way:M* = 0 if s ¢ 7 (M), and otherwise
M? = 1/m(s)). Moreover the various elements Bf{ M) cannot overlap during their reduction, in the sense that if
s,t € T(M) are distinct themF(s) N NF(¢) = . This is proven by introducing a binary symmetric but notexifte
coherence relation, observing that each’B&t/) is a clique for this coherence relation and proving t&tcan be
seen as a stable and linear function on this coherence spabe gense of [Gir86]).

These properties are lost in the present setting and sugiggms can occur and even lead to infinite sums, as in
the Taylor expansion (that we do not compute here) of the ferm (0©) Az (z + z) wherez is a variableZ x and©
is the Turing fixpoint combinator (reducing leads to terms of the shape + M for all n € N). This superposition
of elementary normal forms is controlled by the finitenesscttires, but this is possible only in a typed setting (here,
second order types).

5.4 Finiteness of the Taylor expansions in system F
5.4.1 Interpreting types

A type valuation is a ma@ which associates a saturated finiteness spége with any type variableo. By induction
on type A we define, for all valuatiof, a saturated finiteness spdcg” in a fairly standard way{p]? = Z(yp),
(A= B)]* = [AF = [B)* and[(Vp A)]* = NxcsrslA]*P~X) whereSFS is the class of all saturated finiteness
spaces (remember that the intersection of saturated fasisespaces is defined in Section 4.3).

13
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5.4.2 The fundamental property

Our goal is to prove that, if - M : A, thenT (M) € F([A}F) for any valuatior. Of course this property cannot be
proven in that form and a more general statement is needed.

Proposition 16 LetI’ = (z7 : 44,...,2, : A,) be a typing context. Assume tHat- M : B, whereM € Ax and
B and theA;’s are second order types. L&tbe a valuation. Let; € F([41]%),... e, € F([A,]F) be sets of simple
terms and letf = 7(M). Thend,, .. .. (f,e1',...,en') € F([B]?).

Proof. Adaptation from the proof of strong normalization of systenm [Kri93], see the Appendix. O

By Lemma 15, this shows in particular thatlif € Ay is typeable in system F, thew* € k(\') so that we can
reduce the infinitely many resource terms appearing in ttpamesion without creating any infinite superimposition of
terms, whatever be the choices we make in this process. @$eoone can also prove tHaf (M *) = My* where
My is the normal form of\/, but this is not straightforward.

Conclusion

Following the line of ideas initiated in [ER03, ER08, ERO6ak considered the resource lambda-calculus as an
algebraic setting where various (algebraic, differentigl extensions of the lambda-calculus can be interpreted.
this setting, the elementary points of the interpretatiba §imple resource terms) are considered as base vecthrs an
in sharp contrast with denotational semantics, have thvair @ompletely finite dynamics. We introduced topologies
for controlling their global behavior during reduction aadoiding the appearance of infinite coefficients: linear
combinations of resource terms are organized as HausduatfEamplete topological vector spaces associated with
types. By a rather standard reducibility argument, we pidbat the Taylor expansion of any term of an algebraic
extension of system F belongs to the vector space intetjmetaf its type, but of course these vector spaces contain
many elements which are not Taylor expansions of such terms.

For instance, given € k(X = Y), itis not difficult to define’ € k(X = (X = Y)), the derivative of; (which
is linear in its first parameter of typ¥). Saying that' is linear means tha')a™ = 0 for n # 1, wherex is an
arbitrary variable. One can show that this operation careldersed (under a necessary and sufficient condition), so
that it makes sense to compute “primitives” of resource seamd it is certainly a fascinating challenge to understand
the operational meaning of this operation.
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Appendix: proof of proposition 16

We adopt the following notational convention: gf € F([C]%) for some typeC then we usegy’ to denote the set
89317,...,171 (ga el!a ey Gn!)-

The proof is by induction on the typing derivationof : Ay,...,x, : A, b M : B (the statement that we prove
by induction is universally quantified i and in thee;’s).

Assume first thafl/ = x; and that the derivation consists of the axiom

F}_LCZ'ZAZ'
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We havef = {z;} and hence

awl,...,zn(f7el!7 .. -7671!)
= U{sy o (22,51, Sn) | V5 S € e;'}
=e; € F([A)]F).

Assume that\/ = (N) (a1L1 +--- + a,L,) WhereN, Ly, ..., L, € Ay and that the derivation ends with

IFN:A=B T+L:A..T+L,:A
TF(N)(arLy + -+ apLy) : B

We setQ = a1 L1 + - - + oLy, € k(Ak) andh = T(Q).

Letg = T(N) and leth; = T(L;) fori = 1,...,p. By inductive hypothesis, we havé € F([4 = B]*) and
n; e F([A]*)forj =1,...,p. Sinceh C hy U---U hy, and hencé/ C b U--- Uk, € F([A]*) (remember from
Section 2 thajA]Z is closed under finite unions).

By definition of[A = BJZ, we have thereforéy’)(h/)" € F([B]Z). Sincef = T((N)Q) = (g)h', we have
1" = (¢)(h')" and we conclude for that case.

Assume thafMl = Az N whereN € Ay and that the derivation ends with

I''zx:BEN:C
I'XMN:B=C

so thatd = (B = C). Letg = T(N), we havef = A\x g and hencef’ = Az ¢’ (as usual we assume thatis
different from all thez;'s and does not occur free in thg's; this is possible becausg € A and henc&'V(e;)
is finite for eachi, see Section 3.1) and we must prove thaty € F([B = C|*). Lete € F([BJ*), we must
prove that(\z ¢’)e' € F([C]*). Since[C]? is a saturated finiteness space, it suffices to provedhat,e') =
Opy....anz(g,e1’s ... ent ') € F([C]F) and this results from the inductive hypothesis.

Assume that the derivation ends with

I'EM:VpA
I'EM:A[B/¢]

By inductive hypothesis we have

freF(vp ARy = () [AFX) C (Ao 1B
X€SFS

and we conclude because this finiteness spaice|[iB/y]]* (straightforward proof by induction on types).
Last assume that the proof ends with

I'-M:A
TFM:VpA

and remember that cannot occur free if". Given a saturated finiteness spacewve setZx = Z[p — X]. Our
assumption on the;’s is thate; € F([B;]?) for eachi. Let X be a saturated finiteness space. Sina®es not occur
free inT, we havee; € F([B;]**) and hence by the inductive hypothesis we have F([A]Zx). Since this holds for
eachX, we havef’ € F([Vp A]7).
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