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ABSTRACT. This paper is devoted to the study of mean-field limit for systems of in-
distinguables particles undergoing collision processes. As formulated by Kac [22] this
limit is based on the chaos propagation, and we (1) prove and quantify this property
for Boltzmann collision processes with unbounded collision rates (hard spheres or long-
range interactions), (2) prove and quantify this property uniformly in time. This yields
the first chaos propagation result for the spatially homogeneous Boltzmann equation for
true (without cut-off) Maxwell molecules whose “Master equation” shares similarities
with the one of a Lévy process and the first quantitative chaos propagation result for
the spatially homogeneous Boltzmann equation for hard spheres (improvement of the
convergence result of Sznitman [40]). Moreover our chaos propagation results are the
first uniform in time ones for Boltzmann collision processes (to our knowledge), which
partly answers the important question raised by Kac of relating the long-time behavior
of a particle system with the one of its mean-field limit, and we provide as a surprising
application a new proof of the well-known result of gaussian limit of rescaled marginals
of uniform measure on the N-dimensional sphere as N goes to infinity (more applications
will be provided in a forthcoming work). Our results are based on a new method which
reduces the question of chaos propagation to the one of proving a purely functional es-
timate on some generator operators (consistency estimate) together with fine stability
estimates on the flow of the limiting non-linear equation (stability estimates).
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1. INTRODUCTION AND MAIN RESULTS

1.1. The Boltzmann equation. The Boltzmann equation (Cf. [10] and [11]) describes
the behavior of a dilute gas when the only interactions taken into account are binary
collisions. It writes

(1.1) g—]tc +o-Vof =Q(f, f)

where Q = Q(f, f) is the bilinear Boltzmann collision operator acting only on the velocity
variable.

In the case when the distribution function is assumed to be independent on the position
x, we obtain the so-called spatially homogeneous Boltzmann equation, which reads

%(t,v) —Q(f.N(tv), wveR: t>0,

where d > 2 is the dimension.
Let us now focus on the collision operator @). It is defined by the bilinear symmetrized
form

(1.2)

13 QN =5 [ Blv-vlcoso) (6.f +5F.~0.f ~gl.) dv.do

2
where we have used the shorthands f = f(v), f' = f(v'), g« = g(v«) and g, = g(v}).
Moreover, v’ and v/, are parametrized by
v+ v — vy v+ v — vy _

(1.4) v = 2*4— 2*0, v, = 2*— 2*0’, oe st
Finally, 6 € [0, 7] is the deviation angle between v' — v}, and v — v, defined by cosf = o -4,
u = v — v, & = u/|ul, and B is the Boltzmann collision kernel determined by physics
(related to the cross-section X (v — vy, o) by the formula B = [v — v,| X).

Boltzmann’s collision operator has the fundamental properties of conserving mass, mo-
mentum and energy

(1) L QU powan=o. o) =1

and satisfying the so-called Boltzmann’s H theorem
We shall consider collision kernels B = I'(|v — v.|) b(cos ) (with I', b nonnegative func-
tions). Typical physical interesting kernels are in dimension 3:

e (HS): the hard spheres collision kernel B(|v — v,|,cos ) = cst |v — vl;
e collision kernels deriving from interaction potentials V' (r) = cstr™*, s > 2: T'(z) =
|27 with v = (s — 4)/s, and b is L' apart from 6 ~ 0, where

b(cos 0) ~go Cp 0@V with v = 2/s (see [10]) including in particular:

(tMM): the true Maxwell molecules collision kernel when v =0 and v = 1/2;
e (GMM): Grad’s cutoff Maxwell molecules when B = 1.
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1.2. Deriving the Boltzmann equation from many-particle systems. The question
of deriving the Boltzmann equation from particles systems (interacting via Newton’s laws)
is a famous problem, related to the so-called 6-th Hilbert problem mentionned by Hilbert
at the International Congress of Mathematics at Paris in 1900.

At least at the formal level, the correct limiting procedure has been identified by
Grad [18] in the late fourties (see also [9] for mathematical formulation of the open ques-
tion): it is now called the Boltzmann-Grad or low density limit. However the original
question of Hilbert remains largely open, in spite of a striking breakthrough due to Lan-
ford [25], who proved the limit for short times. The tremendous difficulty underlying
this limit is the drreversibility of the Boltzmann equation, whereas the particle system
interacting via Newton’s laws is a reversible Hamiltonian system.

In 1954-1955, Kac [22] proposed a simplified problem in order to make mathematical
progress on the question: start from the Markov process corresponding to collisions only,
and try to prove the limit towards the spatially homogeneous Boltzmann equation. Going
back to the idea of Boltzmann of “stosszahlansatz” (molecular chaos), he formulated the
by now standard notion of chaos propagation.

Let us first define the key notion of chaoticity for a sequence (fV)y>1 of probabilities
on BV, where E is some given Polish space (and we will take F = R? in the applications):
roughly speaking it means that

N~ N when N — x

for some given one-particle probability f on E. It was clear since Boltzmann that in the
case when the joint probability density f of the N-particles system is tensorized into N
copies fOV of a 1-particle probability density, the latter would satisfy the limiting Boltz-
mann equation. Then Kac made the key remark that although in general coupling between
a finite number of particles prevents any possibility of propagation of the “tensorization”
property, the weaker property of chaoticity can be propagated (hopefully!) in the correct
scaling limit. The application example of [22] was a simplified one-dimensional collision
model inspired from the spatially homogeneous Boltzmann equation.

The framework set by Kac is our starting point. Let us emphasize that the limit
performed in this setting is different from the Boltzmann-Grad limit. It is in fact a mean-
field limdt. This limiting procedure is most well-known for deriving Vlasov-like equations.
In a companion paper [34] we shall develop systematically our new functional approach
for Vlasov equations, McKean-Vlasov equations, and granular gases Boltzmann collision
models.

1.3. Goals, existing results and method. Our goal in this paper is to prove (and
set up a general robust method for proving) chaos propagation with quantitative rate in
terms of the number of particles NV and of the final time of observation T". Let us explain
briefly what it means. The original formulation of Kac [22] of chaoticity is: a sequence
N e Psym(EN ) of symmetric probabilities on EV is f-chaotic, for a given probability
f € P(E), if for any £ € N* and any ¢ € Cy(E)®* there holds

Jm (e e 1) = (1%0)

which amounts to the weak convergence of any marginals (see also [6] for another stronger
notion of “entropic” chaoticity). Here we will deal with quantified chaoticity, in the sense
that we measure precisely the rate of convergence in the above limit. Namely, we say that
fN is f-chaotic with rate e(N), where e(N) — 0 when N — oo (typically e(N) = N7,
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r > 0), if for some normed space of smooth functions F C Cy(E) (to be precised) and for
any ¢ € N* there exists K, € (0,00) such that for any ¢ € F=¢ ||p|l7 < 1, there holds

(1.6) | <H£ ] - f®é7<,0> | < Kpe(N),

where I, [ N ] stands for the ¢-th marginal of f%.

Now, considering a sequence of densities of a N-particles system f¥ € C([0,00); Psym (E™))
and a l-particle density of the expected mean field limit f € C([0,00); P(F)), we say that
there is propagation of chaos on some time interval [0, T if the fo-chaoticity of the initial
family f3' implies the f;-chaoticity of the family f{¥ for any time ¢ € [0, 7).

Moreover one can roughly classify the different questions around chaos propagation into
the following layers (in parenthesis, the corresponding probabilistic interpretation for the
empirical measure, see below):

(1) Proof of propagation in time of the convergence in the chaoticity definition (prop-
agation of the law of large numbers along time).

(2) Same result with a rate £(N) as above (estimates of the rates in the law of large
numbers, estimates on the size of fluctuations around the deterministic limit along
time).

(3) Proof of propagation in time of the convergence to a “universal behavior” around
the deterministic limit (central limit theorem). See for instance [31, 38] for related
results.

(4) Proof of propagation in time of bounds of exponential type on the “rare” events
far from chaoticity (large deviation estimates).

(5) Estimations (2)—(4) can be made uniformly on intervals [0,7') with T finite or
T = +o0.

For Boltzmann collision processes, Kac [22]-[23] has proved the point (1) in the case of
his baby one-dimensional model. The key point in his analysis is a clever combinatorial
use of a semi-explicit form of the solution (Wild sums). It was generalized by McKean
[32] to the Boltzmann collision operator but only for “Maxwell molecules with cutoff”,
i.e., roughly when the collision kernel B above is constant. In this case the combinatorial
argument of Kac can be extended. Kac raised in [22] the question of proving chaos
propagation in the case of hard spheres and more generally unbounded collision kernels,
although his method seemed impossible to extend (no semi-explicit combinatorial formula
of the solution exists in this case).

In the seventies, Griinbaum [20] then proposed in a very compact and abstract paper
another method for dealing with hard spheres, based on the Trotter-Kato formula for
semigroups and a clever functional framework (partially remindful of the tools used for
mean-field limit for McKean-Vlasov equations). Unfortunately this paper was incomplete
for two reasons: (1) It was based on two “unproved assumptions on the Boltzmann flow”
(page 328): (a) existence and uniqueness for measure solutions and (b) a smoothness
assumption. Assumption (a) was indeed recently proved in [17] using Wasserstein metrics
techniques and in [14] adapting the classical DiBlasio trick [13], but concerning assumption
(b), although it was inspired by cutoff maxwell molecules (for which it is true), it fails for
hard spheres (cf. the counterexample built by Lu and Wennberg in [29]) and is somehow
“too rough” in this case. (2) A key part in the proof in this paper is the expansion of the
“Hy” function, which is an a clever idea of Griinbaum (and the starting point for our idea
of developing an abstract differential calculus in order to control fluctuations) — however
it is again too rough and is adapted for cutoff Maxwell molecules but not hard spheres.
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A completely different approach was undertaken by Sznitman in the eighties [41] (see
also Tanaka [43]). Starting from the observation that Griinbaum’s proof was incomplete,
he gave a full proof of chaos propagation for hard spheres. His work was based on: (1)
a new uniqueness result for measures for the hard spheres Boltzmann equation (based
on a probabilistic reasoning on an enlarged space of “trajectories”); (2) an idea already
present in Grinbaum’s approach: reduce by a combinatorial argument on symmetric
probabilities the question of chaos propagation to a law of large numbers on measures; (3)
a new compactness result at the level of the empirical measures; (4) the identification of
the limit by an “abstract test function” construction showing that the (infinite particle)
system has trajectories included in the chaotic ones. Hence the method of Sznitman proves
convergence but does not provide any rate for chaoticity. Let us also emphasize that
Graham and Méléard in [19] have obtained a rate of convergence (of order 1/v/N) on any
bounded finite interval of the N-particles system to the deterministic Boltzmann dynamic
in the case of Maxwell molecules under Grad’s cut-off hypothesis, and that Fournier and
Méléard in [15, 16] have obtained the convergence of the Monte-Carlo approximation (with
numerical cutoff) of the Boltzmann equation for true Maxwell molecules with a rate of
convergence (depending on the numerical cutoff and on the number N of particles).

Our starting point was Griinbaum’s paper [20]. Our original goal was to construct a
general and robust method able to deal with mixture of jump and diffusion processes, as
it occurs for granular gases (see for this point the companion paper [34]). It turns out that
it lead us to develop a new theory, inspiring from more recent tools such as the course of
Lions on “Mean-field games” at College de France, and the master courses of Méléard [33]
and Villani [45] on mean-field limits. One of the byproduct of our paper is that we make
fully rigorous the original intuition of Griinbaum in order to prove chaos propagation for
the Boltzmann velocities jump process associated to hard spheres contact interactions.

As Griinbaum [20] we shall use a duality argument. We introduce S}¥ the semigroup
associated to the flow of the N-particle system and T}V its “dual” semigroup. We also
introduce S} the (nonlinear) semigroup associated to the meanfield dynamic (the expo-
nent “NL” recalling that the limit semigroup is nonlinear in the most physics interesting
cases) as well as T7° the associated (linear) “pushforward” semigroup (see below for the
definition). Then we will prove the above kind of convergence on the linear semigroups
TN and Tp°.

The first step consists in defining a common functional framework in which the N-
particles dynamic and the limit dynamic make sense so that we can compare them. Hence
we work at the level of the “full” limit space P(P(E)) (see below). Then we shall identify
the regularity required in order to prove the “consistency estimate” between the generators
G" and G* of the dual semigroups T}¥ and T/, and then prove a corresponding “stability
estimate” at the level of the limiting semigroup S{¥*. The latter crucial step shall lead
us to introduce an abstract differential calculus for functions acting on measures endowed
with various metrics.

In terms of existing open questions, this paper solves two related problems. First it
proves quantitative rates for chaos propagation for hard spheres and for (non cutoff)
Maxwell molecules. These two results can be seen as two advances into proving chaos
propagation for collision processes with unbounded kernels (in the two physically relevant
“orthogonal” directions: unboundedness is either due to growth at large velocities, or to
grazing collisions). Second we provide the first uniform in time chaos propagation results
(moreover quantitative), which answers partly the question raised by Kac of relating the
long-time behavior of the N-particle system with the one of its mean-field limit.
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Finally the general method that we provide for solving these problems is, we hope,
interesting by itself for several reasons: (1) it is fully quantitative, (2) it is highly flexible
in terms of the functional spaces used in the proof, (3) it requires a minimal amount of
informations on the IN-particles systems but more stability information on the limiting
PDE (we intentionally presented the assumption as for the proof of the convergence of a
numerical scheme, which was our “methodological model”), (4) the “differential stability”
conditions that are required on the limiting PDE seem (to our knowledge) new, at least
at the level of Boltzmann or more generally transport equations.

1.4. Main results. Without waiting for the full abstract framework, let us give a slightly
fuzzy version of our main results, gathered in a single theorem. The full definitions of
all the objects considered shall be given in the forthcoming sections, together with fully
rigorous statements (see Theorems 3.27, 4.1 and 5.1).

Theorem 1.1. Let SN denotes the semigroup of the spatially homogeneous Boltzmann
equation (acting on P(R?)) and SYN, N > 1 denotes the semigroup of the N -particle
system satisfying a collision Markov process. Then for any (one particle) initial datum
fo € P(Rd) with compact support and the corresponding tensorized N particle initial data
f(?N, we have

(i) In the case where SN and S}V correspond to the hard spheres collision kernels
(HS), we have for any ¢ € N* and any N > 2¢:

sup sup (1o S (£57)] = S (F0)*", ) < ()

tE(0,00) SDEWLOO(Rd)@Zv Ilﬂpllwl,m(md)@)lgl

(ii) In the case where S{° and S} correspond to the true (or cutoff) Maxwell
molecules (tMM)-(GMM), we have for any ¢ € N*, any N > 2¢ and any

5 €(0,2/d):
C
sup s (TSN (£N)] = S ) < 2
t€(0,00) PEFEL, ||| ree <1 Nad

for some constant C,, € (0,00) which may blow up when n — 0 and where

Fim{e iR SR olle = [ (141811 <

@ standing for the Fourier transform of .
(iii) In the case where S{° and S} correspond to the cutoff Maxwell molecules
(GMM), we have for any ¢ € N*, any N > 2(, any s € (d/2,d/2 + 1) and any

T € (0,00):
Os,T
sup sup <Hz [Siv ( (?N)] — SiVL(fo)®€,cp> <=
tE(O,T) ‘PEHS(Rd)g)Zv ||99||HS(Rd)®£§1 N2

for some constant Cs 1 € (0,00) which may blow up when s — d/2 or s — d/2+1
or when T" — oo.

Remarks 1.2. e To be more precise the constants depend on the the initial datum
fo through polynomial moments bounds for (GMM) and (tMM), and exponential
moment bound for (HS). However some one needs also a bound on the support of
the energy of the N-particle empirical measure. When the N -particle initial data
are simply tensor products of the 1-particle initial datum, the simplest sufficient
condition is the compact support of fo. It could be relaxed at the price of an
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additional error term. This restriction can also be relaxed by considering N -particle
initial datum conditioned to the sphere SN4=Y(\/N) of constant energy as in [22]:
these extensions are considered in Section 6.

e Note that the two first estimates (i) and (ii) are global in time. This is an im-
portant qualitative improvement over previous chaos propagation results for Boltz-
mann collision processes.

e In the third estimate (iii), the rate of convergence O(1/N'/?) is optimal in the case
of Maxwellian kernels, as predicted by the law of large numbers.

1.5. Some open questions and extensions.

e What about larger classes of initial data, say with only and as few as possible
polynomial moments?

e What about optimizing the rate? Is the rate N~/2 always optimal and how to
obtain in general when no Hilbert structure seems available for the estimates (such
as for the hard spheres case (HS))?

e What about more general Boltzmann models? A work is in progress for applying
the method to inelastic hard spheres and inelastic Maxwell molecules Boltzmann
equation with thermal or stochastic baths. Another issue is the true (without cut-
off) Boltzmann equation for hard or soft potential: only assumption (A4) (see
below) remains to be proved in that case. The question of proving uniform in time
chaos propagation also remains open in this case.

e What about a central limit theorem and/or a large deviation result with the help
of our setting? A natural guess would be that a higher-order “differential stability”
(see below) is required on the limit system, and this point should be clarified.

e Finally let us mention that works are in progress to apply our method to Vlasov
and McKean-Vlasov equations.

1.6. Plan of the paper. In Section 2 we set the abstract functional framework together
with the general assumption and in Section 3 we state and prove the abstract Theo-
rem 3.27. In Section 4 we apply this method to the (true) Maxwell molecules: we show
how to choose metrics so that the general assumptions can be proved (Theorem 4.1). In
Section 5 we apply the method to hard spheres molecules and quantitative chaos propa-
gation in Theorem 5.1. Finally in Section 6 we address several important extensions and
applications: we relaxe the assumption of compactly supported initial datum by consider-
ing N-particle initial data conditioned on the energy sphere as suggested by Kac, and as a
consequence of our uniform in time chaos propagation result we study the chaoticity of the
steady state. Finally we conclude with some remarks and computations on the BBGKY
hierarchy and its link with our work.

2. THE ABSTRACT SETTING

In this section we shall state and prove the key abstract result. This will motivate the
introduction of a general functional framework.

2.1. The general functional framework of the duality approach. Let us set the
framework. Here is a diagram which sums up the duality approach (norms and duality
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brackets shall be precised in Subsections 2.3):

observables
Liouville / Kolmogorov dualit
EN /&N / 5 P (EN) i Cy(EN)
my =l TP e < > RN
Liouville / Kolmogorov duality
Pn(E) C P(E) P(P(E)) Cy (P(E))

In this diagram:

FE denotes a Polish space.

&Y denotes the N-permutation group.

Psym(EN ) denotes the set of symmetric probabilities on EV: For a given permu-
tation 0 € &V, a vector V = (vq,...,on) € EV, a function ¢ € Cy(EV) and a
probability pV € P(E™) we successively define V,, = (Vo (1) - Vo(N)) € EN ¢, €
Cy(EN) by setting ¢, (V) = ¢(V,) and py € P(EN) by setting (p, ) = (0", ¢)-
We say that a probability p» on EV is symmetric or invariant under permutations
if p = pV for any permutation o € &V.

For any V € EY the probability measure ,ug denotes the empirical measure:

N
1
N __ _
MV—NZ;(SU“ V—(Ul,...,UN)
1=

where ¢,, denotes the Dirac mass on E at point v;.

e Py(E) denotes the subset {ulY, V € EN} of P(E).
e P(P(E)) denotes the set of probabilities on the polish space P(E).
e C, (P(E)) denotes the space of continuous and bounded functions on P(E), the

latter space being endowed with the weak or strong topologies (see Subsection 2.3).
The arrow pointing from EV /& to Py(E) denotes the map 7% defined by

vV e EN/&N, al(V) =l
The arrow pointing from Cy(P(E)) to Cy(E™) denotes the following map 2y
V& e Cy(P(E)), YV e BN, (nd®) (V) :=@ (uf)).

The counter arrow pointing from Cy,(EY) to Cy(P(E)) denotes the transformation
RY defined by:

Vo e Cy(EN), Vpe P(E), RN[¢l(p) = (p®N,0).

In the sequel we shall sometimes use the shorthand notation Rf;) instead of R‘[¢)]
for any ¢ € N* and ¢ € Cy(E").
The arrow pointing from Py, (EY) to P(P(E)) denotes the following transfor-
mation: consider a symmetric probability p" € Puym(EY) on EV, we define the
probability on probability ﬁg pV € P(P(E)) by setting

Voe®e CyP(E)), (rppV,@)={p",n8®)= ("N, ® (1)),
where the first bracket means (-,-) pp(gy),c,(P(z)) and the second bracket means
() P(EN),Cy(EN)-
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e The arrows pointing from the first column to the second one denote the procedure
of the writing either of the Liouwville transport equation associated with the set of
ODEs of a particle system (as for mean-field limits for Vlasov equations), or the
writing of the Kolmogorov equation associated with a stochastic Markov process
of a particles system (e.g. jump or diffusion processes).

e Finally the dual spaces of the spaces of probabilities on the phase space can be
interpreted as the spaces of observables on the original systems. We shall discuss
this point later.

Remark 2.1. Consider a random variable V. on EN with law pV € P(EN). Then it
is often denoted by piY the random variable on P(E) with law «8 p™ € P(P(E)). Our
notation is slightly less compact and intuitive, but at the same time more accurate.

Remark 2.2. Our functional framework shall be applied to weighted probability spaces
rather than directly in P(E). More precisely, for a given weight function m : E — Ry we
shall use (subsets) of the weighted probability space

(2.1) {p € P(E); Mu(p):= (p,m) < oo}

as our core functional space. Typical examples are m(v) := m(distg(v,vg)), for some fixed

korm(z) = e“k, a,k > 0. We shall sometimes abuse notation by

k in the above example.

vo € E and m(z) = z
writing My, for M, when m(z) = z

2.2. The evolution semigroups. Let us introduce the mathematical objects living in
these spaces, for any N > 1.

Step 1. Consider a process (V}¥) on E which describes the trajectories of the particles
(Lagrangian viewpoint). The evolution can correspond to stochastic ODEs (Markov pro-
cess), or deterministic ODEs (deterministic Hamiltonian flow). We make the fundamental
assumption that this flow commutes with permutations: for any o € &, the solution at
time t starting from (Vév )J is (VtN )J. This reflects mathematically the fact that particles
are indistinguishable.

Step 2. One naturally derives from this flow on EV a corresponding semigroup S}V acting
on Py, (EN) for the presence density of particles in the phase space EV. This corresponds
to a linear evolution equation

(2.2) o fN = AN N N e Pym(EN),

which can be interpreted as the forward Kolmogorov equation on the law in case of a
Markov process at the particle level, or the Liouville equation on the probability density
in case of an Hamiltonian process at the particle level. As a consequence of the previous
assumption that the flow (V}) commutes with permutation, we have that S acts on
Py (EN). In other words, if the law f& of V)V belongs to Pywm(EY), then for any times
the law f{¥ of V}V also belongs to Py (EN).

Step 3. We then define the dual semigroup 7Y of S} acting on functions ¢ € Cy(EY) by
VN e P(EY), ¢ € Gy(BY), (Y. T(0)) = (S (F). 0)

and we denote its generator by GV, which corresponds to the following linear evolution
equation:

(2.3) o =GN(9), b Cy(EN).

This is the semigroup of the observables on the evolution system (V{¥) on E.
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Let us state precisely our assumptions on the N-particles dynamics. Here and below, for
a given l-particle weight function m : F — R, , we define the N-particle weight function

(24) VYV =(vy,...,uy5) € BV, MN(V): NZm v;) = (ul,m) = My, ().

Again, we shall sometimes abuse notation by writing M ,ﬁV and M, instead of MY and M,
with m(z) = 2% in the example of Remark 2.2. In particular, when E = R% endowed with
the euclidian structure, we have

(25) VYV =(v1,...,on) eR®V MY -NZ’W Y = My ().

(A1) On the N-particle system. Together with the fact that G and T}V
are well defined and satisfy the symmetry condition introduced in Step 2
above, we assume that the following moments conditions hold:

(i) Energy bounds: There exists a weight function m,. and a constant
€ € (0,00) such that

(2.6) supp f¥ CEy = {ve EN; MY (V) < E}.
(ii) Integral moment bound: There exists a weight function mq, a time
T € (0,00] and a constant Cgml € (0,00), possibly depending on T,
and mq, m. and £, but not on the number of particles IV, such that
(2.7) sup <ftN7 Mnjg1> < Cgml’
0<t<T

(iii) Support moment bound at initial time: There exists a weight func-
tion mg and a constant Cé\fmg € (0, +00), possibly depending on the
number of particles N and on &, such that

(2.8) supp fo' C{V € EN; M (V) < Cglpy } -

Remark 2.3. Note that these assumptions on the N -particle system are very weak, and
do not require any precise knowledge of the N -particle dynamics.

Step 4. Consider a (possibly nonlinear) semigroup S;** acting on P(F) associated with
the limit (possibly nonlinear) kinetic equation: for any p € P(E), SN (p) := f; where
fit € C(R4, P(E)) is the solution to

(2.9) Oift = Q(ft), fo=p.

Step 5. Then we consider its pushforward semigroup T7° acting on Cy(P(FE)) defined by:
Vpe P(E), € Cy(P(E)), T°[@](p) =2 (S (p))-

Note carefully that 77 is always linear as a function of ® (although of course be careful
that T°[®](p) is not linear as a function of p). We denote its generator by G*°, which
corresponds to the following linear evolution equation on Cy(P(E)):

(2.10) 8@ = G(D).
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Remark 2.4. The semigroup T° can be interpreted physically as the semigroup of the
evolution of observables of the nonlinear equation (2.9):

Given a nonlinear ODE V' = F(V) on R%, one can define (at least formally) the linear
Liowville transport PDE

op+Vy- (Fp)=0,

where p = pi(v) is a time-dependent probability density. When the trajectories (Vi(v)) of
the ODE are properly defined, the solution of the associated transport equation is given
by pe(v) = VZ*(po), that is the pullback of the initial measure py by V_y (for smooth
functions, this amounts to pi(v) = po(V_¢(v))). Now, instead of the Liouville viewpoint,
one can adopt the viewpoint of observables, that is functions depending on the position of
the system in the phase space (e.g. energy, momentum, etc.) For some observable function
®( defined on R?, the evolution of the value of this observable along the trajectory is given
by ¢r(v) = Po(Vi(v)). In other words we have ¢ = Vi ¢y = ¢oo V. Then ¢y is solution to
the following dual linear PDE

Op —F-Vyup =0,
and it satisfies
<¢t7p0> - <‘/t*¢07p0> = <¢07 Vjtp0> = <¢07/0t>-

Now let us consider a nonlinear evolution system V' = Q(V) in an asbtract space H.
Then (keeping in mind the analogy with ODE/PDE above) we see that one can formally
naturally define two linear evolution systems on the larger functional spaces P(H) and
Cy(H): first the transport equation (trajectories level)

O+ V- (Q(v)T) =0, m e P(H)

(where the second term of this equation has to be properly defined) and second the dual
equation for the evolution of observables

8P —Q(v) V& =0, & e Cy(H).

Taking H = P(FE), this provides an intuition for our functional construction, and also
for the formula of the generator G below (compare the previous equations with formula
(2.17)) and the need for developping a differential calculus in P(E). Be careful that when
H = P(E), the word “trajectories” refers to trajectories in the space of probabilites P(E)
(i-e., solutions to the nonlinear equation (2.9)), and not trajectories of a particle in E.

Another important point to notice is that for a dissipative equation at the level of H,
one cannot define reverse “characteristics” (the flow in H is not defined backwards), and
therefore for the nonlinear Boltzmann equation, only the equation for the observables can
be defined in terms of trajectories.
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Summing up we obtain the following picture for the semigroups:

PN on EV /&N observables TN on Cy(EN)
ey o | | RN

Py(E) C P(E) observables ‘Ttoo on C(P(E))‘

observables

SN on P(E)

Hence we see that the key point of our construction is that, through the evolution of
observables one can “interface” the two evolution systems (the nonlinear limit equation
and the N-particles system) via the applications Fg and RN. From now on we shall denote

N _ _N
™ =Tco-

2.3. The metric issue. P(F) is our fundamental space, where we shall compare (through
their observables) the marginals of the N-particle density f¥ and the marginals of the
chaotic co-particle dynamic ft®°°. Let us make precise the topological and metric structure
used on P(E). At the topological level there are two canonical choices (which determine
two different sets C(P(E))): (1) the strong topology (associated to the total variation
norm that we denote by || - ||a/1) and (2) the weak topology (i.e., the trace on P(FE) of
the weak topology M!(E), the space of Radon measures on F with finite mass, induced
by Cy(E).

The set Cy(P(F)) depends on the choice of the topology on P(FE). In the sequel, we
will denote Cy(P(F),w) the space of continuous and bounded functions on P(E) endowed
with the weak topology, and Cy(P(E),TV) the similar space on P(E) endowed with the
total variation norm. It is clear that Cy(P(E),w) C Cy(P(E),TV).

The supremum norm || ®||z(p(g)) does not depend on the choice of topology on P(E),
and induces a Banach topology on the space Cy,(P(E)). The transformations 7%V and RV
satisfy:

(2.11) H7TN<I>HL00(EN) <@l e (p(ryy and [|[RY [l Lo (p(ry) < 10l oo ()

The transformation 7% is well defined from Cy(P(E),w) to Cy(EY), but in general,
it does not map Cy(P(E),TV) into C,(EYN) since V € EN — uff € (P(E),TV) is not
continuous.

In the other way round, the transformation R is well defined from Cy,(E™) to Cy(P(E), w),
and therefore also from Cy(EY) to Cy(P(E),TV): for any ¢ € Cy(EY) and for any se-
quence fr — f weakly, we have f,;@N — f®N weakly, and then RN [¢](f) — RN [¢](f).

The different possible metric structures inducing the weak topology are not seen at the

level of Cy(P(E),w). However any Hélder or C*-like space will strongly depend on this
choice, as we shall see.
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Definition 2.5. For a given weight functions mg : E — Ry and some constant £ € (0, 00),
we define the subspaces of probabilities:

(2.12) Pg :={f € P(E); (f,mg) < o0, (fyme) <E),

where m is introduced in (A1). For a given constraint function mg : E — RP such that
the components mg are controlled by mg, we also define the corresponding constrained
subsets

Pg,r = {f S Pg; <f, mg> = I‘}, rec RD,

the corresponding bounded subsets for a > 0
BPga:={f € PaG); (f,mg) <a}, Fgra:={f€BPga; (f,mg)=r},
and the corresponding vectorial space of “increments”

IFg := {fg — fi1; dr e RP s.t. fi,fe e Pg’r}
and IPg , as expected. Now, we shall encounter two situations:
o Lither distg denotes a distance defined on the whole space Pg(E), and thus on Pgy
for any r € RP.
e Fither there is a vectorial space G O TPg endowed with a norm || -||g such that we
can define a distance distg on Pgy for anyr € RP by setting

Vf, g€ Py, distg(f,9) = llg — fllg-

Finally, we say that two metrics dy and di on Pg are topologically uniformly equivalent
on bounded sets if there exists k € (0,00) and for any a € (0,00) there exists Cy, € (0, 00)
such that

vf?.geBPgﬂ do(fag) SCO« [dl(.ﬁg)]’{? dl(f7g) SC@ [do(fag)]n

If dy and di are resulting from some normed spaces Gy and Gy, we abusively say that Gy
and Gy are topologically uniformly equivalent (on bounded sets).

Example 2.6. The choice mg = 1, mg := 0, || - |lg = | - |[p2 recovers Pg(E) =
P(E). More generally on can choose mg, (v) = distp(v,v9)*, mg, = 0, || - |lg. =
| - distg(v,v0)*||psr. For ki > ko ks > 0, the spaces Pg,, and Pg, are topologically
uniformly equivalent on bounded sets of ngl.

Example 2.7. There are many distances on P(E) which induce the weak topology, see for
instance [37]. In section 2.7 below, we will present some of them which have a practical
interest for us, and which are all topologically uniformly equivalent on “bounded sets” of
P(E), when the bounded sets are defined thanks to a convenient (strong enough) weight
function.

2.4. Differential calculus for functions of probability measures. We start with a
purely metric definition in the case of usual Holder regularity.

Definition 2.8. For some metric spaces Gy and Go, some weight function A : G — R%
and some n € (0,1], we denote by CR’"(C;l,Qg) the weighted space of functions from Gy
to Gy with n-Hélder reqularity, that is the functions S : Gi — Ga such that there exists a
constant C > 0 so that

(2.13) Yfi, f2€G1 distg, (S(f1),S(f2)) < C A(f1, f2) distg, (f1, f2)",

with A(f1, fa) := max{A(f1),A(f2)} and distg, denotes the metric of Gy, (the tilde sign in
the notation of the distance has been removed in order to present unified notation with the
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next definition). We define the semi-norm [-]02,7,(9:1 Gy M 0,0\’"(61,62) as the infimum of
the constants C > 0 such that (2.13) holds.

Second we define a first order differential calculus, for which we require a norm structure
on the functional spaces.

Definition 2.9. For some normed spaces Ql and Go, some metric sets Ql and QQ such
that G; — G; C G;, some weight functzon A:G [1,00) and some n € (0,1], we denote
CA’"(Ql,Ql, Go, QQ) (or simply C’A’"(Ql, Qg)) the space of continuously differentiable func-
tions from Gi to G, whose derivative satisfies some weighted n-Holder regularity. More
explicitely, these are the continuous functions S : Ql — QQ such that there exists a contin-
uous fonction DS : Q~1 — B(G1,G2) (where B(G1,G2) denotes the space of bounded linear
applications from Gy to Ga endowed with the usual norm operator), and some constants
C;>0,i=1,2,3, so that for any fi, fo € Gi:

(2.14) 1S(f2) = S(fi)llg, < CrA(f1, f2) If2 = fillg,
(2.15) I(DS[f1], f2 — fi)llg, < CaA(fr, f2) lf2 — fillg,
(2.16) IS(f2) = S(f1) = (DS[fi], fo — fi)llg, < C3A(f1, fo) llfo — fullg "

Notations 2.10. For S € C’}\’", we define C’Z‘S, 1 =1, 2, 3, as the infimum of the constants
C; > 0 such that (2.14) (resp. (2.15), (2.16)) holds. We then denote

[5]02,1 = Cf’ [S]C’/l\’o = 0597 [S](j}\”? = C:;ga HS”C}\W = Of + 059 + C«?:S’
and we will remove the subscript A when A = 1.

Remark 2.11. In the sequel, we shall apply this differential calculus with some suitable
subspaces G; C P(E). This choice of subspaces is crucial in order to make rigorous the
intuition of Grimbaum [20] (see the — unjustified — expansion of Hy in [20]). It is
worth emphasizing that our differential calculus is based on the idea of considering P(E)
(or subsets of P(E)) as “plunged sub-manifolds” of some larger normed spaces G;. Our
approach thus differs from the approach of P.-L. Lions recently developed in his course
at Collége de France [26] or the one developed by L. Ambrosio et al in order to deal with
gradient flows in probability measures spaces, see for instance [2]. In the sequel we develop
a differential calculus in probability measures spaces into a simple and robust framework,
well suited to deal with the different objects we have to manipulate (1-particle semigroup,
polynomial, generators, ...). And the main innovation from our work is the use of this
differential calculus to state some subtle “differential” stability conditions on the limiting
semigroup. Roughly speaking the latter estimates measure how this limiting semigroup
handles fluctuations departing from chaoticity. They are the corner stone of our analysis.
Surprisingly they seem new, at least for Boltzmann type equations.

This differential calculus behaves well for composition in the sense that for any given
U e Cig(él,QQ) and V € C}\fj(ég,ég) there holds S := Vol € C}\ﬁ(él,dg) for some
appropriate weight function As. We conclude the section by stating a precise result well
adapted to our applications. The proof is straightforward by writing and compounding
the expansions of &/ and V provided by Definition 2.9 and we then skip it.

Lemma 2.12. For any given U € C}x’"(gl,g}) and V € Clm(g},g},) there holds S :=
Vol e C}\ﬁn(g],g}) and DS[f] = DV[U(f)] o DU[f]. More precisely, there holds

[Sleor < Vicor Ulgor,  [S]ero < [V]ewo Ulgro
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and

[8]01”7

Al+n

< Vlero [u]cjl\n + [V]cim [L{]1+n

cpt
When further V € C*'(Ga, Gs), we also have S :=V old € C}\g?(g}, Gs3) with
[5]011\»271 < [V]gro [U]c}\»n + [V]e1a [U]zcg,(un)/z-

2.5. The pushforward generator. As a first example of application of this differential
calculus, let us compute the generator of the pushforward limiting semigroup. Assume
the following:

(A2) Existence of the generator of the pushforward semigroup. For
some normed space G; and some probability space Pg, (E) (defined as
above) associated to a weight function m; and constraint function mjy,
and endowed with the metric induced from G, for some ¢ € (0,1] and
some a € (0,00) we have for any a € (a, c0):

(i) For any t € [0,+00), SN : BPg, o — BPg, o is continuous (for the
metric distg, ), uniformly in time.
(ii) The application @ is d-Hélder continuous from BPg, 4 into G;.
(iii) For any f € BPg, 4, for some 7 > 0 the application [0,7) — BPg, 4,
trs SYE(F) is CLO([0,7); BPg, ), with S(f)'(0) = Q(f).

Lemma 2.13. Under assumption (A2) the generator G of the pushforward semigroup
T7° exists as an unbounded linear operator on C(BPg, o(E);R) for any a € (a,o0) with
domain including C*°(BPg, o(E);R), and on this domain it is defined by the formula

(217) V&€ CY(BPg o(E);R), V f € BPg o(E), (GZ®)(f) = (DP[f],Q(f))-

Proof of Lemma 2.13. We split the proof in several steps.

Step 1. First (1°) is a continuous semigroup on C'(BPFg, o(E);R): consider ® € C(BFg, o(E);R)

and some sequence (f,) of BPg, o(E) such that distg, (fn, f) — 0, then thanks to (A2)-(i)
we deduce (T°®)(f,) = ®(SME(fn) — ®(SME(f)) = (T7°®)(f), and by composition
T0 € C(BPg, o(E)iR).

Next, we have

IT7°| = sup [T7°@] = sup sup [®(S(f)I <1, [[@] = sup [D(g)].
[EES! @[ <1 f€BPg, q 9€BPg, 4

Now, from (A2)-(iii) there exists a modulus of continuity w such that [|SNf — fllg, <
w(t) = 0ast— 0 forany f € BFg, 4 (e.g. w(t)=1t* a € (0,1)), which implies

V& € C(BPg o(E)R),  |T7°0 —@| = S |(SPH(f)) = @(f)] = 0.

Pgl,a

We therefore deduce from Hille-Yosida’s Theorem that (7;°) has a closed generator G
with dense domain included in C(BFg, (E);R).

Step 2. Let us define G®® by
Ve € CY(BPg, 0;R), V f € BPg 0, (G®®)(f) := (DP[f],Q(f))

The right-hand side quantity is well defined since D®(f) € B(G1,R) = G} and Q(f) €
G1. Moreover, since both f — D®[f] and f — Q(f) are continuous we have G*® €
C(BFPg,a;R).
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Step 3. Consider ® € C19(BPg, 4;R). By the composition rule of Lemma 2.12, for any
fixed f € Pg, (E), t = Tpo®(f) = ® o S (f) is C1([0,7); R) and

d (oo _ 4
dt(Tt q> )|t:0 T dt(q>o‘9(f)(t))‘t:0

= (DOSUD] 25D o)

= (D2[f],Q(f)) = (G=®) (),
which precisely means that any such ® belongs to domain(G*°) and that (2.17) holds. O

2.6. Compatibility of the 7%V and R’ transformations. Our transformations 7V and
R’ behave nicely for the sup norm on Cy(P(E), TV ), see (2.11). More generally we shall
consider “duality pairs” of metric spaces:

Definition 2.14. We say that a pair (F,G) of normed vectorial spaces are “in duality” if
(2.18) Vieg voeF  [(f,0)] <|flgllollr

where || - |7 denotes the norm on F and || - ||g denotes the norm on G.

The “compatibility” of the transformation R’ for any such pair follows from the mul-
tilinearity: if F and G are in duality, 7 C C,(E) and Py is endowed with the metric
associated to || - ||g, then for any ¢ = @1 x --- x ¢y € F®¢, the polynomial function Rf; is
of class C1(Pg,R) for any 1 € (0,1]. Indeed, defining for f, € Pg,, a = 1,2,

1
G—R, hw DRLA)(R) = H/ df1 | (i, h),

i=1 \ j#i

we have

¢
RU(f2) = RL(f1) = Z H /sﬁkdfz (@i, fo = f1) H /sﬁkdfl ,

=1 \1<k<i i<k<l

and

RL(f2) = RL(f1) = DRL[f](f2 — f1) =

= 11 /‘Pkdf2 (i = 1) | T1 /ﬁpkdfl (@i, fo—f1) H /sﬁkdfl

1<]<2<£ 1<k<j j<k<i 1<kl

We deduce then for instance Rf; € CHY(G;R) since
|RG(f2) = Ry(f)| < Lllellpeqmey 1f2 = fillg,  IDRGIAIR] < L]l pe oyt hllg,

(2.19) |RL(f2) — RL(F1) — DRULAI(fa — )] < 42

where we have defined

el F2ep(oeye-2 1 f2 = f1lIE,

el Frepoey—r = max lewllz - llealz  TT  lesllioeqm:
1,..,0g distincts in [|1,£]] . .
,775(7417"'7”6)
Remarks 2.15. o [t is easily seen in this computation that the tensorial structure

of ¢ is not necessary. In fact it is likely that this assumption could be relaxed all
along our proof. We do not pursue this line of research.
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e The assumption F C Cy(E) could also be relaxed. For instance, when F :=
Lipo(E) is the space of Lipschitz function which vanishes in some fized point
xg € E, G is its dual space, and Pg := {f € Pi(E); (f,distg(-,z0)) < a} for
some fized a > 0, we have Rf; € CHY(P(E);R) with

0 —1)

2
. 1,1 . —
or equivalently Ri € Cy (Pi(E);R) with A(f) := || f] f‘Jlll

[Roloor < €aHlgllper,  [RGleua < "l Fer,

In the other way round, for the projection 7% it is clear that if the empirical measure
V 5 1Y belongs to C*(ENG) for some norm space G € M'(E), then by composition
one has

(2:20) 17 (@) | ey < Cr 19ty

However the regularity of the empirical measure depends on the metric G.

Example 2.16. In the case F = (Cy(E),L>®) and G = (M'(E),TV), (2.20) is trivial
with k =n =0.

Example 2.17. When F = Lipy(E) (Lipschitz function vanishing at some given point
vo) endowed with the norm ||¢||Lip and Pg(E) (constructed in Example 2.19) is endowed
with the Wasserstein distance W1 with linear cost, one has (2.20) with k=0, n = 1:

@ (1) = @ ()] < [1@]lcon(pg) Wi (X, i) < [[®llcopg) I1X = Yller,
where we use (2.22), which proves that
17 (@)l cor vy < [@llcoa(py),
when EVN is endowed with the (' distance defined in (2.22).

2.7. Examples of distances on measures. Let us list some well-known distances on
P(R%) (or on subsets of P(R)) useful for the sequel. These distances are all topologically
equivalent to the weak topology o(P(E),Cy(E)) (on the sets BP;, ,(E) for k large enough
and for any a € (0,00)) and they are all uniformly topologically equivalent (see [44, 8] and
section 2.8).

Example 2.18 (Dual-Holder (or Zolotarev’s) distances). Denote by distg a distance on
E and let us fitr vg € E (e.g. vg = 0 when E = R? in the sequel). Denote by Cg’S(E),

€ (0,1) (resp. Lipy(E)) the set of s-Holder functions (resp. Lipschitz functions) on E
vanishing at one arbitrary point vg € E endowed with the norm

|o(y) = ¢()]
T, yel diStE(‘Tay)S ’
We then define the dual norm: take mg := 1, mg := 0 and Pg(E) endowed with

(2.21) Vf,g€ Fg, lg— fls:==sup 919,
0eC™*(E) [¢]s

[‘P]s = s € (07 1]7 [(P]Lip = [90]1'

Example 2.19 (Wasserstein distances). For ¢ € (0,00), define W, on
Pg(E) = Py(E) :={f € P(E); (f, dist(-,v9)?) < oo}
by

VIgER(E). Wifig) = nt | distp(a,) Mo, dy).
’ X
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where TI(f, g) denote the set of probability measures Il € P(E x E) with marginals f and
g (II(A,E) = f(A), II(E, A) = g(A) for any Borel set A C E). Note that for V,Y € EN
and any q € [1,00), one has

N 1/q
. 1 .
(2.22) W, (,u{}f,,ug) = dpa(pn /g,y (V,Y) == min (N Z dzstE(vi,yU(i))q> ,
i=1

ceG N
and that

(2.23) Vi geP(E), Wi(f,g)=I[f-gli= sup (f—-9g,9).
@€ Lipy(E)

We refer to [46] and the references therein for more details on the Wasserstein distances.

Example 2.20 (Fourier-based norms). For E = R%, mg, := |[v|, mg, := 0, let us define

VIe TP Il = flei=sup T e 0,1,

£eRd ’f‘

Similarly, for E =R%, mg, := |v|?, mg, := v, we define
VIE TP, Nl = Il = sup L& e 19

£eRd ’f‘s ’
Example 2.21 (More Fourielf—based norms). More generally, for E = R?, k € N*,‘we
define mg := |v|¥, mg := (v7) jend, |j|<k—1 where for j = (j1,...,ja) € N¢ we set v/ =
(v{l,...,véd) and |j| = j1 + ... + ja, and

VfeTPFg, \\f\\g:\f\szzsup@, s € (0,k].
£eRd ‘5’

In fact, we may extend the above norm to M,i(]Rd) in the following way. We first define
for f € Mg_l(Rd) and j € N¢, |j| <k —1,

Ml = [ o s,

For a fized (once for all) function x in the Schwartz space S(RY) such that x = 1 on the
set {v € RY, |v| <1}, so that in particular [pa F~(x)(v) dv = x(0) = 1, we define My][f]
be its Fourier transform

MA© = x© | X i

il <k-1 J

which is some smooth version of the Taylor expansion off at £ =0. Then we may define
the seminorms

Fli = sup (&7 | 7€) = Malf1(©)))

£eRd

and

AN = 1Fle+ D IMlf]L

JENT, |j|<k—1
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Example 2.22 (Negative Sobolev norms). For any s € (d/2,d/2 + 1/2) take E = RY,
mg, = |v|, mg, :==0 and

£
€]*

Similarly, for any s € [d/2+1/2,d/2 + 1) take E = R, mg, := |v|?>, mg, := v and

VieTPs, |fllg,= ||f||H75(Rd) = H

L2

f(€
VEET o Il = Il oo = |22
& |,
2.8. Comparison of distances when E = R%,
Lemma 2.23. Let f,g € P(R?), then
(2.24) Va, ke (1,00) Wi(f,g9) < W(f.9) < M T Wi(f,9)%,
with a :=1— (¢ —1)/k,
(2.25) Vs € (0,1], [f —gls <Ws(f,9) <Wi(f,9),
(226)  Vse(@2d2+1), |f—gly. <Clf—gf ™t C=0Cds) >0,
(2.27) Vs> 0, k>0 [f—gi <CMEIf gl C=Cld,s.k)>0,
with
a Pp— d Pp— k
LT Akt kdrs—1) T Akt k(dts—1)
(2.28) Vs>1, k>0, [f-gli <CMZf-9ll; ., C=Cdsk) >0,
with
o ap o
2T A2kt k(s—1) T A2+ k+k(s—1)
and

M= max{ [ @ lalf) fan)s [ @ lal)gtan |

Proof of Lemma 2.23. We split the proof in several steps. For the proof of (2.24) we refer
to [44, 8].

Proof of (2.25). Let m € II(f,g). We write

1£(€) =9l =

/ (7€ — T8 1(dw, dw)‘
Rex R4
< / le=tv¢ — e | 1(dv, dw)
R xR4
< 0ol (e, du),
RIXxR4

which yields (2.25) by taking the supremum in & € R? and the infimum in 7 € II(f, g).
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Proof of (2.26). Consider R > 0 and the ball B = {z € R? ; |z| < R}, and write

e 1£(&) — (&) 1£(&) — (&)
If gl —/B - d“/g;-? e

2 dg 4 dg
|f—gl1 /BR €6 - /B% €[2s

Cd) RT2CV|f — gt + 4R,

Then (2.26) follows by choosing (the optimal) R := |f — g|;*.

Proof of (2.27).  We introduce a truncation function xgr(z) = x(z/R), R > 0, where
x € C®RY), [x]1 <1,0< x <1, x=1o0n B(0,1), suppx C B(0,2), and a mollifer
function w, () = e %w(x/e), € > 0 where for instance w(z) = (21)~%? exp(—|z|?/2) (and
thus @, (€) = &(e€) = exp(—e2|€|%/2)). Fix p € W(R?) such that [¢]; < 1, ¢(0) = 0,
define g 1= Y XR, YR = ¥R * w. and write

/ o (df — dg) = / e (df —dg) + / (or — pre) (df — dg) + / (o — pr) (df — dg).

For the last term, we have

IN

(2.20) ' /wR—@)(df—dg)' < [a-xner+dg

k+1 M f+
< [ b S g < M

c
R

where Mj1[f + g] denotes the (k + 1)-th moment of f + ¢g. In order to deal with the
second term, we observe that

2]
R
so that for any ¢ € [1,00] there holds ||Ver|z« < C R¥9, for some constant depending
only on x, d. Next, using that

IVor| < x(z/R) + ¢l [V(xr)| < x(z/R) + — |VX|(z/R),

lor = orell < [Verlo [ welo)lelds < Ce.
R

we find

(2:30) [ orone) @t - a)| <
For the first term, using Parseval’s identity,

‘/soR,e(f—g)‘ = % ‘/sﬁRwsmd&‘

+- - [ 1617 exp(- ¢ 2y de

crt (([asbhway) 17— gl ([t o)

CRd E—(d-}—s—l) ‘f _ g‘s.

f—g
€]

IN

Vgl

IN

(2.31)

IN
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Gathering (2.29), (2.30) and (2.31), we get

My [f + 9]

[f—g] <C <€ + T 4 Rle—(@+s=1) |5 _ g|s> )

This yields (2.27) by optimizing the parameters ¢ and R.
Step 4. Proof of (2.28). We start with the same decomposition as before:

/ o (df — dg) = / ore (df —dg) + / (or — ome) (df — dg) + / (0 — or) (df — dg).

The first term is controled by

‘/chva (df—dg)‘ _ '/cﬁR,a €l (f—9)

< llerellgs 1f = all -

T
with
1/2
lorelly = ( [ i i e \wayzds)
< IVGoxm)le el e (el
(2.32) < IVGxr)lle el o2 1 < C RY2e=(D),

The second term and the last term are controled as before by C'e and My R~F respec-
tively. Summing we obtain

N M + (s—
[f—gli<C <5+%+Rd/zg ( 1)|f—9|Hs>-

This yields (2.28) by optimizing the parameters ¢ and R. O
2.9. On the law of large numbers for measures.

2.9.1. Remark on the meaning of the W function. For a given function D : P(E)x P(E) —
R4 continuous for the weak topology, and such that D(f,g) = 0 if and only f = g (D
stands for a distance on P(FE) or a function of a distance), we define

W)= [ Dt f) £ av),
On the one hand, from the definition of Wg f®N in section 2.1, we have
WE(f) = Wi (£ f) = Wi (nB 19V 1) .
with
Vi e Py WGNin = [ D riay)

vme P(P(E))  Wp(mf):= P(E)D(p, f)m(dp).
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2.9.2. Comparison of Wg functions for different distances D. Let us begin with an ele-
mentary result.

Lemma 2.24. If D; < C Dj for some constants C > 0 and r < 1, we have for some
constant C' = C'(C,r) and for any f € P(E)

(2.33) WH (f) <" (WH,(H)"

Proof of Lemma 2.24. For any € > 0, we have from Young’s inequality

WE() < ¢ [ Da(disn) £oVay)

IN

IN

o [ [@=nel0= 4 2Dy (i p)] 2N @v)

RNd
N
< C(?") €T/(1_T) + WDz(f)] )
g

This yields (2.33) by optimizing € > 0. O
Lemma 2.25. We have the following rates for the W function:
e For any f € Py(RY), any s € (d/2,d/2 + 1) and any N > 1 there holds

2 _
(2:34) Wiz (f) = /]R i = Flles £ (@V) < Cst(d, Ma) N
e For any 1 > 0 there exists k > 1 such that for any f € Py(R?) and any N > 1
there holds
(2.35) WV, (f) < Cst(n, k, M) N~/ @),
e For any 1 > 0 there exists k > 2 such that for any f € Py(R?) and any N > 1
there holds
(2.36) Wiva(f) < Cst(n, k, My) N~/

Remark 2.26. Estimate (2.36) has to be compared with the following classical estimate
established in [37): for any f € Pyi5(RY) and any N > 1 there holds

(2.37) Wil (f) < Cst(d, Mass) N @,

It is worth mentioning that (2.36) improve (2.37) when d < 3 and k is large enough (so
that n < 2 —d/2).

Proof of Lemma 2.25. We split the proof into two steps.

Proof of (2.34). Let us fix f € P»(R?). First, writing

(W~ ) © = i (et = ).

J=1

we have
2

A
A~

iy — f
W|]|\'[||§Ifs (f) - /RNd /Rd W dt f®N(dV)

—iv; € _ iUy E _ F(e)
- % i /R(NH)d <e f(g)’2\2(se f(g)) dg N (dV).

Ji,g2=1
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We use
/Rd(e—”jf — f(O) f(dvj) =0, j=1,....d,
and
. “ 2 . - . ~ ~
[leme-q©f s = [ [1-e i - v fie) + 17OP] slav)
R4 Rd A
= 1- 7P,
to deduce
, .2
1 & (e‘”jf—f(ﬁ)‘
N L &N
Wi, () = 73 ; /R s e SN@)
, .2
1 [emive — f(g)
1 1-1/©%
N Jpa €|2s .

Finally, observing that f(ﬁ) =144 (f,v)- &+ O(Ms|€[?), and therefore
FOP = (1+ilf0)-€+00L ) (1-i(f.0) & +O0L &)
= 1+0(M¢]?),

we obtain

v 1 (1—1f©P) (1 1f©R)
Wik, () = N</|§|<1 e [ df)

1 Mo 1
= — ——d —d
N </|§|<1 ‘512(5—1) §+/|§|>1 |€]2 5) )

from which (2.34) follows.

Proof of (2.35) and (2.36). By gathering (2.34), (2.28) in Lemma 2.24 and Lemma 2.23,
we straightforwardly deduce

—~

W = [ =Y ay)

IN

2/
CooalMis) [ (Il =11, ) ™ ¥ (av)

RNd

< Croa(Myyr) N72/2,

from which we deduce (2.35) because in the limit case k = oo we have v2/2 = 1/(2s) and
we may choose s as close from d/2 as we wish.

Proof of (2.36). Estimate (2.36) follows from (2.35) with the help of Lemma 2.23 and
(2.24). 0
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3. THE ABSTRACT THEOREM

3.1. Assumptions for the abstract theorem. Assume that

e (A1) and (A2) hold, so that in particular the semigroups S{¥, T}V, SN and T
are well defined as well as the generators G and G*°.

(A3) Convergence of the generators. In the probability metrized set Pg, intro-
duced in (A2) (associated to the weight function mg, and constraint function
myg, ) we define

Rg, := {r e RY; 3f € Py, s.t. mg, (f) =r}.

Then for the weight function Aq(f) = (f,m1) and for some function e9(N)
going to 0 as N goes to infinity, we assume that the generators GV and G

satisfy
Vo e ﬂ C}XT(PQMMR)
reRg,
. MYV YEN a1y — 7y G <1>H < &y(N ®
(3.38) H( m1) (G ™ NG ) L>(En) < el )rglfligl[ ]C/l\}n(Pgl’r)’

where MY was defined in (2.4).

mi

(A4) Differential stability of the limiting semigroup. We assume that the
flow SV is C}X;"(Pglm,PgQ) for any r € Rg, in the sense that there exists
C2° > 0 such that

T
339 su SNLY 1[N 1+77'” > dt < CF,
(3.39) rGRlzl/O <[ t ]ckQW(Pgl,r,sz) & ]CR’; (Pgy r:Pg,) -7

where n € (0,1) is the same as in (A3), (0',n") = (n,1) or (v/,7n") = (1,(1 +

n)/2), Ay = A}/(Hnl) and Pg, = {p, p € Pg, } but it is endowed with the norm
associated to a normed space Go D G.

(A5) Weak stability of the limiting semigroup. We assume that, for some
probabilistic space Pg,(E) (associated to a weight function mg,, a constraint
function mg, and some metric structure distg,) and that for any a,7 > 0
there exists a concave and continuous function ©,7 : Ry — R, such that
©,,7(0) = 0, we have

V f1, fa € BPg,.qo(E)

(3.40) s distg, (S (f1), 5" (f2)) < Oar (dist, (f1, f2)).-

3.2. Statement of the result.

Theorem 3.27 (Fluctuation estimate). Consider a family of N -particle initial conditions
fév € Psym(EN), N > 1, and the associated solution f} = S{Vfév. Consider a 1-particle
initial condition fo € P(E) and the associated solution f; = SN fo. Assume that (A1)-
(A2)-(A3)-(A4)-(Ab) hold for some spaces Pg, , G, and Fi,, k = 1,2,3 with Fj, C Cy(E),
and where Fi and Gy are in duality.

Then there is an explicit absolute constant C € (0,00) such that for any N,{ € N*, with
N > 2L, and for any

P=pP1RP2® @ @ € (F1 NFpN F3)®*
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we have

(3.41) sup [( (SN () = (S (0) ™) 1)

0,7

Plloo o0
<C [52 % + O, OF £2(N) £ el 2@ Loy

el m@ey— Ocy,, 1 <Wdistg3(77gfév,5fo)> ] ;

where Wdistg3 stands for the Monge-Kantorovich distance in P(Pg,(E)), see example 2.19,
which means for such particular probabilities

(3.2 Wty (e £57250) = [ distes ' fo) (V).

Remark 3.28. 1) Our goal here is to treat the N -particles system as a perturbation (in
a very degenerated sense) of the limiting problem, and to minimize assumptions on the
many-particle systems in order to avoid complications of many dimensions dynamics.
2) In the applications the worst decay rate in the right-hand side of (3.41) is always the
last one, which deals with the chaoticity of the initial data.
3) It is worth mentioning that in the case when fév = 6®N

N N N
Wdistg:,)(ﬂ-P fO 75f0) = WdistQS(fO)
and the decay rate is obtained thanks to the law of large numbers for measures presented
in section 2.9. For more general initial datum we refer to section 6.
3.3. Proof of Theorems 3.27. For a given function ¢ € (F; N Fy N F3)%, we break up

the term to be estimated into four parts:

(SN = (52(a)®) 198 <

we have

< (MUY e 212V = (SN, Ry o )| (=T)
(T @B o)) (5, @Ry o)) (= T)
+| (R @Ry o ) = ((S2()) ¥, 0))| (= Ts).

We deal separately with each part step by step:

e 7; is controled by a purely combinatorial arguments introduced in [20]. In some
sense it is the price we have to pay when we use the injection 7;

e 75 is controled thanks to the consistency estimate (A3) on the generators, the
differential stability assumption (A4) on the limiting semigroup and the moments
propagation (A1);

e 73 is controled in terms of the chaoticity of the initial data thanks to the weak
stability assumption (A5) on the limiting semigroup and (A1)-(iii).

Step 1: Estimate of the first term 7;. Let us prove that for any ¢t > 0 and any N > 2/
there holds

_ 202 ||ip|| oo (2
(343)  Ti= (SN e 019V — (SN UY) Ry o i )| <
Since SN (fY) is a symmetric probability measure, estimate (3.43) is a direct consequence

of the following lemma
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Lemma 3.29. For any ¢ € Cy(E*) we have

2 o
i) wNz2 [(pere)  -myrs| < ISR
sym

where for a function ¢ € Cy(E™N), we define its symmetrized version Gsym S:

1
(3.45) Pom = G > ¢

ceEGN

As a consequence for any symmetric measure f~ € P(EN) we have
202 ||l oo (¢
(3.46) YR ) = (Y, < =
Proof of Lemma 3.29. For a given ¢ < N/2 we introduce

Anygi= {(il,...,@) LN : YE£K, iy £ i } and By = A%y

Since there are N(N —1)...(N — £+ 1) ways of choosing ¢ distinct indices among [|1, V||

we get
/-1 .
|Bnyel 1 -1\ i
I = 1 1 N/ 1 N =1—exp ZEzoln 1 N
-1
i 0
< l-ep (‘222,:0 N) SN

where we have used

Verel0,1/2], In(l-—2x)> -2z and VeeR, e*>1-—ux.

Then we compute

N
1
Rf)(u%:w Z ©(Viy, ..o, v5,)

11 5eenytp=1

1 1
=5 2 Pliu)tag D @)
(ilr"’if)eAN,Z (il,...,ig)GBN’g
1 1 02
~ NE(N —0)! > @) Va(e) + O <N HSDHLC”)
’ ceGN

1 202
= Ni > oVt Vae) + O - lellze

ceGN

and the proof of (3.44) is complete. Next for any f~ € P(EY) we have

(N, 0) = <fN, (90 ® 1®N‘Z)8ym> :

and (3.46) trivially follows from (3.44). O
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Step 2: Estimate of the second term 75. Let us prove that for any ¢ € [0,7") and
any N > 2/ there holds

b e | (o)) - (5 (1) o)
< OFmy OF 0llos, 2 (p0ye—2 €2 (V).

We start from the following identity

td t
TtNWN—WNTtOOZ—/O E(I}]\_ISWNTSOO) ds:/o TN, [GNTFN—TFNGOO] T ds.

From assumptions (A1) and (A3), we have for any ¢t € [0,T)
(0 (o))~ - () o)
< [ (s ) 03) 7 [0V - v G] (TR s

< < sup <ftN7M7]X1>> </0T H(Mr]r\[l)_l [GNWN — NG (TS"ORi)HLm(EN) ds)

0<t<T

T
(3.48) <e(N)CY,, sup / [TS‘X’RQ ) ds.
’ reRg, JO cy
Now, let us fix r € Rg,. Since Tfo(Ri) = Rf; o SN with SN ¢ C}\’:(Pgl,r; Pg,) thanks
to assumption (A4), and Rf; € OV (Pg,;R) because ¢ € F5* (see subsection 2.6), we
obtain with the help of Lemma 2.12 that ﬂoo(Rf;) € C’j\"7 (Pg, r;R) with

1+6/
2

Cl)"(sz)

[T‘;)o <Ri>}cl'" (Pgy x) = <[S£VL] O (Poy v Pay) + [SiVL} lcjigl(Pgl,nPgJ) HRé‘

1+6/
Ay

With the help of Ay = A}/(Hel), (2.19) and assumption (A4), we hence deduce

T
(3.49) /0 T2 Bl etnir, 1 45 < OF £ (el oo + el rouey)

Then we go back to the computation (3.48), and plugging (3.49) we deduce (3.47).

Step 3: Estimate of the third term 73. Let us prove that for any t > 0, N >/

(350) 5= '<fév (1oRL) o ) - <(S§°<fo>)®f,so>‘ <
< [Roloos Ocy, 1 (Wl,ng (73 fo =5fo)) :

We shall proceed as in Step 2, using that:

o suppd f&V C K := {f € Pgy; Mp,(f) < Cé\’fms} thanks to assumption (A1),

o SN satisfies some Holder like estimate uniformly on K and [0,7) thanks to as-
sumption (A5),

o Rf; € C%(Pg,,R) because ¢ € F5*.
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We deduce thanks to the Jensen inequality (for a concave function)

T = (AR (SM))) = (1 R (SN () )|
[ AT B A <fo>>>1

< [Rgo] COL(P, <f0 ; distg, (S (fO) (,u ))>
< [R ]001 <f0 ) aT(dlStgs an/‘V )>
< [Rgo]co,l(pg3) (<f0 ,dlSth fOan >)

Now, by definition of the optimal transport Wasserstein distance we have

YV, pa € P(Pgy), Wipg, (p1,p2) = inf / distg, (u, ') w(dps, dpt’),
WEH(/J'LHQ) PgBXPg3

where II(11, 12) denotes the probabilty measures on the product space Pg, x Pg, with first
and second marginals pu1, 12. In the case when po = dy, then II(p1,d4,) = {11 ® 0.} has
only one element, and therefore

w NN 6,) = inf / distg, (f, df,d
1,Pg, (ﬂ-PfO fo) wGH(wljélféV,cho) Py x Py 18 gs(f g)ﬂ'(f g)

_ / / distg, (f, 9) 72 2¥ (dg) b, (df)
Pg3><Pg3

— / distg, (fo, ) 7 fo' (dg)
Pg

3
= [ dista, (el f0) £ (aV).
EN
We then easily conclude. O

4. (TRUE) MAXWELLIAN MOLECULES

4.1. The model. Let us consider E = R? d > 2, and a N-particles system undergoing
space homogeneous random Boltzmann type collisions according to a collision kernel B =
I'(z) b(cos 0) (see Subsection 1.1). More precisely, given a pre-collisional system of velocity
variables V' = (vy, ... ?)N) € BN = (RN, the stochastic process is:

(i) for any i" # j', draw a random time TF(‘UZ_,_UJ_,D of collision accordingly to an
exponential law of parameter I'(jvy — v;/]), and then choose the collision time T}
and the colliding couple (v;,v;) (which is a.s. well-defined) in such a way that

= Tr(ui—oyl) = | g8 Ty

(ii) then draw o € S9! according to the law b(cos 0;;), where cos 0;; = o-(vj —v;)/|vj —
vil;

(iii) the new state after collision at time T} becomes

Vii=(v1,...,v],...,v},...,0N),
where only velocities labelled ¢ and j have changed, according to the rotation
f_ Vit i—vlo o vty |vi—vjlo
(4.1) Vi = + 5 , V=g 5 .
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The associated Markov process (V;) on the velocity variables on (R%)Y is then built by
iterating the above construction. After scaling the time (changing ¢ — ¢/N in order that
the number of interactions is of order O(1) on finite time interval, see [39]) we denote
by f the law of V,, S}V the associated semigroup, G and T}V respectively the dual
generator and dual semigroup, as in the previous abstract construction. The so-called
Master equation on the law f{¥ is given in dual form by

(42) at<ftN7(p> = <ftN7GN(p>
with
(4.3) (GN N ;1 (|Jv; — /Sdl b(cos 6;;) [(p% — (,0] do

where of; = (V;5) and ¢ = ¢(V) € Cp(RNY).
This collision process is invariant under velocities permutations and satisfies the micro-

scopic conservations of momentum and energy at any collision time

N N N
Dovi=D v and V= ZW >_lul* =V
j=1 j=1 j=1

As a consequence, for any symmetric initial law f0 € Psym(]RN 4) the law f} at later times
is also a symmetric probability, and it conserves momentum and energy:

N
Va=1,...,d, N (dV o | V@),
o yee /RdN ZUJ ft )= /RdN JZ:;U]’ fo (dV)
where (v 4)1<a<d denote the components of v; € R?, and

@ VorRe R [ GVE @) = [ e(VE) V)

(equality between possibly infinite non-negative quantities).

The (expected) limiting nonlinear homogeneous Boltzmann equation is defined by (1.2),
(1.3), (1.4). The equation generates a nonlinear semigroup SH(fo) := f; for any fo €
P»(R?) (probabilities with bounded second moment): for the Maxwell case we refer to
[42, 44], for the hard spheres case we refer to [35] in a L! setting, and for the generalization
of these L' solutions to Py(R?) we refer to [14], [17] and [28]. For these solutions, one has
the conservation of momentum and energy

vizo, [ oftd) = [ ondo, [ P st = [ 1P falao)

Without restriction, by using the change of variable o — —o, from now on we restrict
the angular domain to 6 € [—m/2,7/2] for the limiting equation as well as the N-particle
system. Therefore we assume supp b C [0, 1]. We still denote by b the symmetrized version
of b by a slight abuse of notation.

4.2. Statement of the result. In this section we consider the case of the Maxwell
molecules kernel. More precisely we shall assume

(45) I'=1, beL;.(0,1), Vn>1/2, Cyb):= / b(cos 0) |1—cos 072 do < oo.
Sd-1
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Indeed for any positive real function ) and any given vector u € R% we have

(i -o)do = |ST72 / ¥ (cos ) sin?"2 0 db
Sd—1 0

and the true Maxwell angular collision kernel (tMM) defined in Subsection 1.1 satisfies
(in dimension d = 3) b(z) ~ K (1 — 2)~%/* as z — 1, which hence fulfills (4.5). These as-
sumptions also trivially include the Grad’s cutoff Maxwell molecules (GMM) introduced
in Subsection 1.1.

Our fluctuations estimate result then states as follows:

Theorem 4.1 (Boltzmann equation for Grad’s cut-off/true Maxwell molecules). Let us
consider an initial distribution fo € P(R?) with compact support. Let us consider a hi-
erarchy of N-particle distributions f¥ = SN(f&™) issued from the tensorized initial data
= fggN. Then for any

P=pP1R® P @ ® gy € F&

with
Fim{es RIS R olle = [ (14189101 <
we have
QN
(4.6) sup [( (SN () = (8 (f0)) ™) s0)|
t>0
llso Criso
<C | N + CCJFVA N’{_n & el P2 (oo ye-2
+L [l w00 g ooy WVA[;g(fO)] )
C
< 2 n
< S el

for some constants C3%,, Cy, € (0,00) which may blow up when n — 0 (and depend on b
and &£ = Mg(fo))

In order to prove Theorem 4.1, we have to establish the assumptions (A1)-(A2)-(A3)-
(A4)-(A5) of Theorem 3.27 with T' = occ.

4.3. Proof of (A1). The operators S{¥, T}V and GV are well defined on L?(S™V=1(\/€))
for any £ > 0 thanks to the facts

T
<GN‘;0y (’D>L2(SdN*1(\/§)) = N Z I (Jo; — Uj|) /Sdl b(cos 02]) [902}' - (10]2 do
ij=1
and (SN)* = SN = T} on this space, for any & > 0 (see for instance [24, Chapter 9,
section 2]).

Then G is well defined on the domain C}(RY), and it is closable on this space by
using the fact that for any ¢, € Dom(G"), ¢, — 0, GNp, — 1, one has for any £ > 0
that the restrictions of ¢,, GV ¢, to the sphere of energy £ belongs to L? on this compact
space, and then, using the preceeding discussion, we deduce that 1) = 0 on this subspace.
Since we can argue in this way for any £ > 0, we deduce that 1) = 0, which is the definition
of being closable.
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Then it remains to prove bounds on the polynomial moments of the N-particles system.
We shall prove the following more general lemma:

Lemma 4.2. Consider the collision kernel B = |v — vi|[7b(0) with v = 0 or 1 and b €
L'([0,1), (1 — 2)?). This covers the three cases (HS), (tMM) and (GMM).
Assume that the initial datum of the N -particle system satisfies:

N
1
supp f' < {V e RN MY (v) < M = 3 oyl

and
N

1

N 14N N k

(fo'. ML) < Copy < 00, Mj =¥ E 1|’Uj| . k>2.
]:

Then we have

sup (FN, MYy < max {Cou; ar}

where ay, € (0,00) depends on k and E.
Proof of Lemma 4.2. From (2.6) we have

(4.7) supp fN C {V e RY MM (V) < 5} ,

by taking ¢(z) := 1,-n¢ in (4.4).
Next, we write the differential equality on k-th moment

d 1 & 1
- th_ Z‘Uj‘k =73 Z <ftNa‘Uj1 _szl’y K(Ujlvvj2)>7
dt N ¢4 N#
J=1 Nn#j2
with )
K (0, 0) = 5 /S b0 [l 0 o | = [ ] o

From the so-called Povner’s Lemma proved in [35, Lemma 2.2] (valid for singular collision
kernel as in our case), we have
K(vjr,v32) < O (Jujy [ ugal + vz, Huga 1) = C1 (o, [* + vz )

for some constants C1,Cs € (0,00) depending only on &k and b.

By using the inequalities |vj, — vj,| > |vj, | — |vj,| and |vj, — vj,| > |vj,| — |vj, | in order
to estimate the last term when v = 1, we then deduce

‘U]i - sz’ K(Ujlvvjz) <
<C 1 k-1 1 L2 1 12 1 k-1 —-C LA k4
= 3[( +|UJ1| )( +|UJ2| )+( +|UJ1| )( +|UJ2| )] 1(|UJ1| +|UJ2| )7

for a constant C3 depending on C; and Cs.
Using (symmetry hypothesis) that

Vk 2 07 <ftN7 ’rul‘k> = <ftN7MI£V>7
and (4.7) we get

d
= (N o) < 2Cs (Y, 0+ M, ) (L4 M) = 2G5 (£, M)

dt
<O (1+8) (14 (Nl 7)) =20 (Y o).
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Using finally Holder’s inequality
(A e+t < (£, ol

we conclude that y(t) = (f{, |v1|F) satisfies a differential inequality of the following kind
y < —Ki1y" 4+ Ky y? 4+ Ky
with 61 > 1 and 6y < 61, which concludes the proof of the lemma. O

Lemma 4.2 proves (A1)-(i) with m.(v) = |v|?, (A1)-(ii) with m1(v) = |v|* (and we do
not need (A1)-(iii) in this particular case: we may take ms = 0).

4.4. Proof of (A2). Let us define

>(k—7+1)/(k+v)

Pg, = {f e Py(RY); (f,me) < 5} endowed with the distance induced by | - |o.
Let us prove (A2)-(i)-(ii) and (A2)-(iii) with:
(48) vaGng Vte(ovl] |S£VLf0_f0_tQ(f07f0)|2§0t27
(one can prove more generally that the application S(fy) : [0,7) — Pg,, t — S(fo)(t) :==
SNE(fo) is CHH([0,7); Pg, ), with S(f0)'(0) = Q(fo, fo) and 7 > 0).

Let us recall the following result proved in [44]. We provide its proof for the the sake
of completeness and because we will need to modify it in order to obtain similar results in
the next sections.

Lemma 4.3. For any fo, go € Po(R?), the associated solutions f; and g; to the Boltzmann
equation for Mazwellian collision kernel satisfy

(4.9) sup | fi — gely < |fo — gol, -
>0
Proof of Lemma 4.3. We recall Bobylev’s identity for Maxwellian collision kernel (cf. [4])
A 1 A _ _
FQ(1.9)©=Q"F&©O =5 [ b(e-€) G+ F G,

with F = f, G = g, F* = F(¢Y), G* = G(¢Y), £ = ¢/|¢] and
1 1
f+:§(f+|5|0)a 3 :g(f—|f|0')-

Denoting by D = § — f, S = g + f, the following equation holds

A N [DYS™ DSt
(4.10) 8D = Q(S, D) = / b (0 : 5) [ +

52 2 2

We perform the following cutoff on the angular collision kernel:

/Sdl bx <0 : g) do =K, bi=bligssx)

for some well-chosen §(K), and we shall relax this assumption in the end (using uniqueness
of measure solutions of [44]). Using that ||S|« < 2, we deduce in distributional sense

g (o ) (m oo (] e ) o)

with ) 12
:ﬁ <1—0’-£) .

- D} do.

R
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By using |72 + |€72 = 1, we deduce

d |D| D] 2
—— + K — < K | sup —5
dt €[> €17 gera [€]?

D(&) Do(¢)|
(555 G >§<§5§ G )

for any value of the cutoff parameter K. Therefore by relaxing the cutoff K — oo, we
deduce (4.9). O

Hence we deduce that SN is C%1(Pg,, Pg,) and (A2)-(i) is proved.

from which we deduce

Lemma 4.4. For any f,g € P> with same momentum and finite second moment, we have

2
(111) au.nh=e ([ a+phaw)

2
(112) @u.ne < ([ asinao)

2
(4.13) Q(f: Nl <€ < /[R (1) df(v)>
and
(4.14)

QU +a.f -l =C ([ 0+l @) +agon) (1 =ah+ [ 0+ blar - dolw))
(41) Q07 + 9.8 ~g)oh < ([ 1o @)+ dgto)) (17 =l +1(F = a)el,).

(410) 1@+ 9.5 =)l < C [+ bl) (@) +dg(o) ) (1f =g+ |7 = 9)ol,).

Proof of Lemma 4.3. We prove the second inequalities (4.14)-(4.16). The first inequalities
(4.11)-(4.13) are then a trivial consequence by using

QU ) =Q(f. f) —QM, M) =Q(f — M, f+ M)
where M is the maxwellian distribution with same momentum and energy as f, and then
applying (4.14) or (4.16) with f — M and f + M.
We write in Fourier:

F(QU+9.f=9) =QD.S) =5 [ ba-€) (S(E)DE)+5() DN ~2D(6)
where Q is the Fourier form the symmetrized collision operator @), which yields
Qw.s)|
TR <Ti+T2+Ts
with - >
ni< [ e lsien] EN o < oo,
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and

B IDENlIsE) 2 e, o o) 4ol
m< [ e BENECIAE Ly < cpiy ([ 0 bl @) + o)
and

T <2 /S bo-d !D<s+>|£—| D@,

e [MIVD6E £ (1— 0)¢")
S/sdlb(”'f) & Jo et (10

which concludes the proof of (4.14). The proof of (4.15) and (4.16) are similar. O

The proof of (A2)-(ii) is a consequence of (4.16), while the proof of (A2)-(iii) can be
done by repeated use of Lemma 4.4. Indeed, we start from

df do < C|(f —g)vh

t
fi—fo= /0 QU f)ds

from which we deduce thanks to (4.11), (4.12), (4.13)
|fe = foly +[(fe = fo) vl + | fe = fola < C't.

Then write

t t
fo— fo—tQfor fo) = /0 (Qfur £2) — Qfo. fo)) ds = /0 QU — foo fo + fo) ds,

from which we deduce thanks to (4.12), (4.13)
t t
fi=fo= QU il < [ (f= Rl o (= foll) ds<C [sds< e

4.5. Proof of (A3) with G;. Define A1(p) := (p, 1+ |v[*)}~" for any p € Pg, and some
n € (0,1). Let us prove that for any ® € 011\177 (Pg,r;R), r € Rg,,
Ci €

< —— (9]

(4.17) [ (V) (G AN = 2N G @ ey <

C}\}n(Pgl,r?R)’
for some constant C; and where Ey = {V € (RHN | |[V]2 < &}
First, consider velocities v, v,, w, wy € R% such that

v v — vy v v — vy d—1
= O, Wy = — o, oeS"
2 2 7 2 2
Then 6, + dy, — 0y — 0w, € TPg,. Performing a Taylor expansion up to order two and one,
we have

QIVE L piveE _ iwE _ giwef
= i(w—v)Ee” + O(jw — v [€*) + i (ws — v )€™ + O(|wy — v [€]?)
= i(w—0) e+ O(jw = v |E) + i (we — v.) (€5 + O(Jv = v [€]) + O(|ws — va* [¢])
= O(¢* [v — vs|* cos 6)
thanks to the impulsion conservation and the fact that

lw — | + |wy — .| < V2]V —v,| (1 — cosh).
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We then deduce

‘eiv{ + eiv*f _ eiw-{ _ eiw*f

|0y + Oy, — 0y — Oy, |y = sup 5 < C'lv — v (1 — cosb).
£eRd ‘f’
Consider V € Ey and define
ry = ((u), 21), - (uy 2a), (13, 121%)) € Re.

Then for a given ® € C’};"(Pghrv;R), we set ¢ := D®[udY], u;; = (v; —v;) and we compute:

GV (@ o pll) = — i / [‘P (u%) — (W)} b(0;5) do
2N G2 s Y

1 N

1,j=
(@]

N
Cy" (Pgy ) [ ( N N)T_n N N[TT
+ 2N igz'::1 Sd—1 My \ v + 1y © ‘NV% Mv‘z do

For the first term I (V'), thanks to Lemma 2.13, we have

1,j=

N
W)= g3z 3 L, 406) 607 + 6(V7) = 6(1) = 6(17)] dor

= v [ [ 00 60+ 6%) = 600) = o)) o) )

= Q. 1)), 9) = (G=®) (y)).
For the second term I»(V'), using that

M, (M%) < C’MiV(V),
we deduce

N
C . .
|IQ(V)| < W [MiV(V)]l n [<1>]C'11\’n(Pg1,rv) Z @) {/Sd1 b(COS 92]) (1 + |’L)i|2 + |Uj|2) (1 — 0 - uij) dO'}

i,j=1

1 1+&),

< CIMY I @lran, )7

which concludes the proof.

4.6. Proof of (A4) in Fourier-based norms |- |, and |- |4. For fo,go € Py(R?), let us
define the associated solutions f; and ¢; to the nonlinear Boltzmann equation as well as
he == LN fo](go — fo) the solution to the linearized Boltzmann equation around f;. More
precisely, we define

8tft:Q(ft7ft)7 f\t:OZfO
Orge = Q(gt, gt), 9jt=0 = 9o
Othy = Q(ft, he) + Q(hy, ft), hji=0 = ho = go — fo-
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Lemma 4.5. There exists A € (0,00) and for any n € (0,1) there exists C,, such that for
any fo,g0 € Pg,r, r € Rg,, we have

(4.18) | fi — gely < Cpe” A max(My(fo), Ma(g0)) 72 | fo — gol2,
and
(4.19) hely < Cype” MDA max(My(fo), Ma(90)) 272 | fo — gol3 -

As a consequence, the operator LN defined by LN*[fol(ho) := hy is such that LN[fo] €
Ml(gl,ra gl,r)-

Proof of Lemma 4.5. Step 1. Estimate in |- |4. We proceed in the spirit of [42, 7]. With
the notation M = My, M = My, introduced in Example 2.21, let us define d := f — g,
s:=f+gand d:=d— M|d], and then D := F(d), S := F(s) and

D := F(d) = D — M[d].

The equation satisfies by D is

(4.20) oD = Q(D,S)— d:M][d]
= Q(D,S)+{QM[d],S) - M[Q(d, 5)]}.

We infer from [42] that for any j € N¢, there exists some absolute coefficients (@i ;)
depending on the collision kernel b such that

/Sdl b(cos 0) [(v") + ('), — () = (V)] do = Y as; (v7) (v'7), .
7, 131<1d]
We deduce that

vIil <3, VEMIQU:9))|_, = MilQ(d: )] = 3 aig M;ld] Miy[s]

I 7114l

together with
vIil <3, ViQMd),5)),_, = MlQ(M[d], 5)

= > iy MIMUI My ls] = D7 ai Mild] Mijs]
3131l 3,131
since M;[M|d]] = M;[d] for any [|i] < 3 by construction. As a consequence, we get
(121) VeeR,  |MQUs)] - QML S)| < Clel* (D Ml - gill)-

li]<3

On the other hand, from [42, Theorem 8.1] and its corollary, we know that there exists
some constants C, A € (0,00) such that

(422)  vez0 (Y IMlfi—gll) <Ce (Y IMilfo - goll)-

li|<3 li]<3
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Gathering (4.20), (4.21) and (4.22) and performing the same cutoff on the angular collision
kernel as in the proof of Lemma 4.3, we have

L1001 oy 09 (e | (o) (14T )

+Ce MY IM[fo - 9ol

li]<3

Let us compute (the supremum has been droped by the spherical invariance)

A\ 2
wom [ el (] e o= f o) (25T )

so that

A — K = — / bK(a-g
Sd—l

. N\ 2
_>_/b<g.£) ﬁ do == —\ € (—0,0).
gd—1

K—o0

Thanks to Gronwall lemma, we get

sup |Dt(£)| S e()\K_K)t sup |D0(£)|
gere  [¢[1 cerd  [€]*

oAt Pk —K)t
M;[fo — - .

Therefore, passing to the limit K — oo and choosing (without any restriction) A € (0, \),
we obtain

aup UL ¢ ne (g 1PN LS e g

1 = 4
£eRd ‘5’ £eRd ’f‘ li[<3
or equivalently (and with the notations of Example 2.21),
Y
[lldel[la < C e l[do]l]a-

Step 2. From the preceding step and a trivial interpolation argument, we have

f=gly <f—g—Mlf—glly +C | Y IMi[f - g]]

lil<3

<|f—g-MIF =gl 1f —g—MIF =gl +0 [ Y IMilf - gl

[4]<3
< O (14 My(fo) + Ma(go)) e~ M2 L,
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We conclude by writing
f=gly <If—gl 1f—gl3",

using Lemma 4.9 for the first term and the previous decay estimates for the second term.
Step 3. The same computations imply at least formally the same estimate on h; as stated
in Lemma 4.5. Now, we proceed to the rigorous statement. We consider a truncated
(cut-off) model associated to b, = bleosp<i—e € L'(S%1) and an initial datum hg €
L3(R3) such that (h§,1) = 0. By standard argument there exists a unique solution h§ €
C(]0,00); L3(R3)) to the associated linearized Boltzmann equation arround f;, and this
one fulfills (4.19). Letting € goes to 0, we get that for some h; € C([0,00); S’ (R?)—w) there
holds hf — hy in S'(R?) and hy is a weak solution to the linearized Boltzmann equation
(corresponding now to b) and which satisfies again (4.19). In other words, we have built
a linear flow £N[fo] : G1 — Gy si that for any hg € Gy the distribution £N[fo](ho) := hs
is the solution to linearized Boltzmann equation. O

Lemma 4.6. There exists A € (0,00) and for any n € (0,1) there exists Cy, such that for
any fo, 90 € Pg, v, v € Rg,, we have

jwely < Cem M g — £l
with
we =g — fr —hy = SngL(QO) - SngL(fO) - ﬁiVL[fO](go — fo)

(as proved below, wy always has vanishing moments up to order 3).

Proof of Lemma 4.6. The following arguments can be fully justified as in [44] by truncating
b and passing to the limit. Consider the error term

w:=g9g—f—h, Q:=w.

Again we perform the angular cutoff of Lemma 4.3 with cutoff parameter K, then the
evolution equation (in the Fourier side) satisfied by €2 is

(4.23) 202 =Q(Q,8) + Q1 (H,D).
Let us prove that

V]| <3, Vt >0, M;w] ::/ v' dws(v) = 0.
Rd

Consider the equation on wy:

8tWt = Q(w7 (f + g)) + Q(h7 (f - g))

and the fact that, for maxwell molecules, the i-th moment of Q(f1, f2) is a sum of terms
given by product of moments of f; and fo whose orders sum to |i|. Hence using that for
some absolute coefficients (a; ;) we have

/gdl bleos §) [(v') + (v). = (v)) = (V)] do = Y aiy (vF) (o),

gy 131<i
we deduce
. d
Vi <3, %Mi[wt] = Zai,j Milwi] Mi—;[ft + g¢] + Zai,j M;[he] Mi—;[fi — 4]
J<i Jj<i
and since

Vi <1, Mh] = M[ft—g]=0



hal-00447988, version 1 - 18 Jan 2010

ON CHAOS PROPAGATION OF BOLTZMANN COLLISION PROCESSES 39

we deduce

Vil < 3, —t =" ai; Mjlw] Mi_j[f; + gi]

71<i

and from the initial data wg = 0 this concludes the proof.
We now consider the equation in Fourier form

20 =Q(Q,9) + Q1 (H,D)

and we deduce in distributional sense

1190 | . 16)
<E e T e )“”2’

where

T 5“15/ 15\4 (‘Q@ﬂ;(é—)‘*'%_)f(m>d“

QD) 16" 0] \5—\4)
< + d
= §§Rp3/ ( T et e gt )
2 ot A 4> J
<56R3 ’5’ ) <§6R3 §d-1 (U 5) <‘€ U)
< ( _f‘)
£€R3 ’

where A\ was defined in Lemma 4.3, and

IN

_ 1 b(()—é) + - - +
7= g [ g HEDE) + HE) DED)] do
1 A (HED IDE] [P | IDEN HE)P r&-r?>
: 2§§Rps/gdlb(" 5>< EE e e T e er )

< & —0-&
< huly |l /Sd1b<a &) (1-0-&) do
= Ce UM ng|y doly < C eI A |37

by using the estimates of Lemma 4.3.
Hence we obtain

d |2(9)| |ﬂ<£>|> ()] (-mat g 4
— K A C n d .
<dt gt N g )= (;ﬁ%’ g[* >+ ‘ ik

We then from the Gronwall inequality and relaxing the cutoff parameter K as in Lemma
4.5 (assuming without restriction (1 —n)A < A

Q
sup | t(§)| < Cem A g0 — foly ™
cers €]
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4.7. Proof of (A5) in Wasserstein distance. We know from [42] that

Sup Wa(SM fo, S 90) < Wa(fo, g0)-
As a consequence, from Wy < Wy < Cy Wf(k) and W, = [-]], we deduce that (A5) holds
with ©(z) = 2"®), F3 = Lip and Pg, = P; endowed with || - ||g, = []}.

4.8. Proof of (A5) in negative Sobolev norms. It is also possible to prove easily, in
the cutoff case, that the weak stability holds in Sobolev space on finite time:

Lemma 4.7. For anyT > 0 and f;, g; solutions of the Boltzmann equation with maxwellian
kernel and initial data fo and go, that there exists s € (d/2,d/2 + 1) and a constant Cj,
such that

sup ||ft - QtHHfs < C'T,s Hfo - 90||Hfs .
(0,17

Remark that this proves (A5) with Gz = P(R%), endowed with the H~* norm. This is
useful in order to obtain the optimal rate 1/ V/N of the law of large numbers.
Let us only sketch the proof. We integrate (4.10) against D/(1 + |£]?)*:

d o 1 N [D™StD+ D*S™ D —2|DJ?]
P = 5 L/Sdlb(a.§> TRy do d¢
and we use Young’s inequality together with the bounds
15 e s 157 Ml < I1f + gllarn <2

to conclude.

5. HARD SPHERES

5.1. The model. The limit equation was introduced in Subsection 1.1 and the stochastic
model has discussed Subsection 4.1. We consider here the case of the Master equation
(4.2), (4.3) and the limit nonlinear homogeneous Boltzmann equation (1.2), (1.3), (1.4)
with I'(z) = |z|.

5.2. Statement of the result. We have the following theorem:

Theorem 5.1 (Hard spheres homogeneous Boltzmann equation). Let us consider fy €
P(]Rd) with compact support. We denote by £ and A two positive constants such that

Ms(fo) <& and supp fo C {v € Rd, lv| < A}.

Let us also consider the hierarchy of N-particle distributions f{¥ = va(fév) issued from
the tensorial initial datum f3¥ = (?N, N > 1. Let us finally fiz some ¢ € (0,1).

Then there are some constants k1 > 2, C > 0, only depending on § and £, some constant
(), depending on n, and some constants a > 0 depending on the collision kernel such that
for any

(eN', o= ®p®---® @ € WHO (R,
we have
. YN z26 sup (SN - () T) o)
0,T
follag Wollagz
N N1-9

< Cllellwree mayee [
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and the dominant error is the last term given by

- [log( T
Eg(N) =e nd~"
for any n > 0 small (the constant C,, blows up when n — 0). As a consequence we deduce

propagation of chaos with explicit rate.

In order to prove Theorem 5.1, we shall prove each assumption (A1)-(A2)-(A3)-(A4)-
(A5) of Theorem 3.27 step by step. Its application then exactly gives Theorem 5.1. We
fix fl = fg = Cb(Rd) and ./."3 = Lip(Rd).

5.3. Proof of (A1l). In the proof of Lemma 4.2 we have already proved that
Vt>0, suppf CEy:= {V e RV MNV) < 5},

which is precisely (A1)-(i) with mz(v) := |v|?, as well as that for any k > 2,

sup (f¥, M) <
t>0

where C,iv depends on k, &£, on the collision kernel and on the initial value ( fév ,M,ﬁv )
which is uniformly bounded in N (in function of k and A for instance). That is precisely
(A1)-(ii) with mq(v) := |v|** where k1 > 2 will be chosen (large enough) in section 5.7.
As for (A1)-(iii), we remark that for a given N-particle velocity V = (V4, ..., Viy) € R,
we have

Ve Suppfgsz <~ Vi=1,...,N, Viesuppfo = Vi=1,...,N, m3(V;) < ms(A),
with ms(v) := e?1*l. We conclude that
suppfggN C {V e R, anVS(V) < mg(A)} ,
and (A1)-(iii) holds.
5.4. Proof of (A2). We define
Py, = {f € Py (RY); Ma(f) < &}

that we endow with the total variation norm || - |lg, == || - | as1-

e The proof of assertion (i), that is for any a > ax, > 0 and for any ¢ > 0, the application
fo > SN fo maps BPg, o == {f € Pg,, My, (f) < a} continuously into itself, is postponed
to section 5.6 where it is proved in (5.4) a Holder continuity of the flow.

e For any f,g € P, we have
1Q(g:9) = Q(f, Hllar = Qg = frg+ llan

/// 0) [ — vl |f — gl |+ + gs] dor du, dv
]Rd ]Rd Sd—

2L+ &) bl 1Cf = 9) -

IN

(5.2)
We deduce that

IN

1Q(9,9) — QUf, Pllar < 2(1+E¥2 b1 I — gll s
which yields Q € COY2(Pg,;Gy).
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e Finally, we have for any fy € Fg,

t
Ife = folla = H/O Q(fs, fs)ds

t
< / 1Q(fs, f)llpr ds < Bt[lbllr (1 + €)%,
M} 0

and then, using (5.2),

1= fo— £ QU0 )| 1 = H [ @t~ QU s as

M1

< /t HQ(fS)fS) - Q(f()?fo)HMl ds
0

< [ 2080l 17~ folg ds < 32 b1 (1 7%,

which precisely means that t +— S{F(fg) is C5! at ¢ = 0 in the space Pg,. A similar
argument would yield the C*1([0, 7], Pg, ) regularity on a small time interval [0, 7].

5.5. Proof of (A3). For any k € N*, any energy bound £ (which has been fixed once for
all in the statement of the main result), any energy r4.1 € [0,€] and any mean velocity
(r1,...,7q) € Bra(0,7441) we define

Pgl,r = {f € Pk(Rd)7 <f7 UJ> =Ty, J = 17"'7d7 M2(f) = Td-i—l} , Ti= (rlv -.-,T‘d+1).

We also denote by Rg the set of all admissible vectors r € R4! constructed as above. We
claim that there exists C' = C}, ¢ such that for any n € (0,1) and any function

e [ CV"(Pg,xiR),
recRe

with A(f) :== Mg, (f), we have

. ME(W)
(6:3) VVEEy [@V@ou)- (@ <1>><va“‘§0(i%fj‘l’]cm(pgl,g) .

which is precisely assumption (A3) with e(N) = C/N".
Consider V € En and define

vy = (0 21) s (it 2a), (s [27)) € Re.

Then for a given ® € C’}\’"(Pghrv;R), we set ¢ := D®[ui] and we compute:

N
GN(@ou)) = % Z-JZ::1 Vi = Vi /Sdl [‘I’ (“%) - (N]\y)} b(0i;) do

= % ”Z]i:l Vi = Vjl /Sdl <,UV;; M%¢> b(0i;) do
() Sy [ e o (13) 30 0} 0 — 1) o
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For the first term I;(V'), thanks to Lemma 2.13, we have

A NzZW Vil [ b0 [V + 6(77) = 6(V) = (V3)] do

i,j=1
1
= / / o=l [ 0) [6(7) + 6(w) = 6(0) = 6(w) 1 (dv) ) (dw) do
=(Q(ud, 1)), 6) = (G=®) (u})).
For the second term I5(V'), using that

1

n#i.j

N ((Z vn’“) 2 (Vi + W)’“”)
n#i,j

21+k1/2

< <Z|V|k1> C My (V),

IN

we deduce
N 1 Y 40\ 7
|12(V)| = OMkl(V) [q)]cfl\’n(PQLrv) W Z |V;’ _VH <N>
ij=1
N 1 1 N
ij=1
N 1
< OMe (V) [®loinp,, ) 7 (LHE)-

We conclude that (5.3) holds by gathering these two estimate.

5.6. Proof of (A4) on a finite time interval [0, 7.

Lemma 5.2. For any given energy € > 0 and any d > 0 there exists some constants k1 > 2
(depending on € and §) and C (depending on &), such that for any fo,g0 € Pg, (R?), we
have

(54) || (g0) = SN (fo)|| . < €C0FD \/maX { My, (fo), M, (90)} Il fo — goll 37t

(5.5) H»CS [fol (o — g0) | 1 < €04/ My, (fo) 1.fo — gollr?
(5.6) IS (g0) — SN (fo) — LS fol (g0 — fo)|| y
< €050y max (Mg, (fo), Miy (90)} |1 fo — g0l -

Proof of Lemma 5.2. We proceed in several steps. Let us define

VEEMU®Y. g = [ WF 1A, g, = [ (0 0+ log) I7I(0)
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Step 1. The strategy. Let us define
ofe=Q(ft: ), fl=o=fo
Orgr = Q9t,9t),  gi=o0 = 9o

Othy = Q(fi, he) + Q(hy, f1), hji—o = ho = go — fo-
Existence and uniqueness for f;, g; and h; is a consequence of the following important
stability argument that we use several times. This estimate is due to DiBlasio [13] in a
L' framework, and it has been recently extended to a measure framework in [14, Lemma
3.2]. Let us recall the argument for h. We first write

1) 5 [P @) < [[ [ ind@) fdo) 1ub) [0+ 002 (02~ (0] do
+2 / / Byl () fodvs) u] b(8) (02 do dv du,

(this formal computation can be justified by a regularization proceedure, we refer to [14]
for instance). Because the first term vanishes, we conclude with

d
(5.8) Slallagg < C NS lagg Woellagy

When || f¢|| M € L'(0,T), we may integrate this differential inequality and we deduce that
h is unique.
More precisely, we have established

T
59) sup [y < o~ follg 50 ([ 17l ).
and similar arguments imply

T
510 sl < oo~ hllug esp (€[ Ut ol o)

It is worth mentioning that one cannot prove || f¢|| M} € L'(0,T) under the sole assumption
Il foll m} < 00 because since it would contradict the non-uniqueness result of [30]. However,
thanks to Povzner’s inequality, one may show that || f¢[[y € LY(0,T) whenever || fol| M3,
is finite, with the definition

follag, == [ )" 1og () o) < +o¢

(see (5.13) below or [35, 27]), which will be the key step for establishing (5.4) and (5.5).
Now, our goal is to estimate (in terms of ||go — follas1) the M norm of

Gt = fi —

The measure (; satisfies the following evolution equation:

0 Gt = Q(ftaft) - Q(gmgt) - Q(htaft) - Q(ft,ht), Go = 0.

We can rewrite this equation as

NG = Qs fi + gt) + Qhus fr — gt).-
The same arguments as in (5.7)-(5.8) yield the following differential inequality

d ~
i 1llgg < C UGl 1+ ol + Qs fe= 0], colagy =0
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We deduce
T, T
510 sw ol < ([0 s—a], as) e (€ [ 1+alg ds).
te[0,7) 2 0 M, 0 3
Since

512 [ @90

T
d < h s Ys d
s s C(ﬁ)ujlg]ll tuM;> (/0 1 = 0sllan )

)

T
e <sup lgi — ftuM;> ( / sl ds),
(0,7 0

T
o il < oo = follg ( /0 A ||gs||M31)

T T T T
L 0= ) o (o) + ([ 1l ) 0 ([ 15 + ol ) -

Hence the problem is reduced to time integral controls over || f¢]] M} ||9t||M§, 1fe — gt”M:,}

we deduce from (5.9) and (5.10)

and ”ht”Mgl-
Step 2. Time integral control of f and g in M31 In this step we prove

T
(5.13) | il de < CeT+C lally, €=1.2,
0 IR £}

for f, where Cg is some energy dependent constant, and C” is a numerical constant. The
same estimate obviously holds for g. These estimates are a consequence of the accurate
version of the Povzner inequality as one can find in [35, 27]. Indeed it has been proved in
[35, Lemma 2.2] that for any convex function ¥ : R? — R, ¥(v) = 1(|v|?), the solution f;
to the hard spheres Boltzmann equation satisfies

d
& | v fa) - /R d /R o) fudv) o — vl K (v,0.)

with Ky = Gy — Hy, where the term Gg “behaves mildly” and the term Hy is given by
(see [35, formula (2.7)])

w/2
Hy(v,v,) =27 / [¢(|v|2 cos? 0 + |v,|? sin? 0) — cos? A1 (|v|?) — sin? 0¢(|v*|2)] e,
0

(note that Hy > 0 since its integrand is nonnegative from the convexity of ). More
precisely, in the cases that we are interested with, namely W(v) = 19 ¢(|v|?) with vy o(r) =
/2 (log )¢ and ¢ = 1,2, it has been established that (with obvious notations)

(5.14)  Vo,u. €RY |Gy, (v,00)] < Cp (v) (log(1+ (0)*)" (vs) (log(1 + (v:)?))".

On the other hand, in the case £ = 1 we easily compute (with the notation x := cos?#
and u = |v.|/[v])

Ve, ueR, ze[l/4,3/4], ue|0,1/2],
o1 (]v[2 cos® 0 + \v*]2 sin? 0) — cos® 0121 (]v]Q) — sin? 011 (\v*\Q) =

= |v|? [(1 —x) P21 (uz) +zpa1(1) — 2 ((1 —z)u+ x) } > ko |v]?,
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for some numerical constant kg > 0 (note that this lower bound only depends on the
strict convexity of the real function v 1). We straightforwardly deduce that there exists
a numerical constant x; > 0 such that

Ho 1 (v,v,) > k1 o] 1y>2 0,

Similarly, in the case £ = 2, we have
Ve, ueR, ze[l/4,3/4], ue|0,1/2],

(o (]vlz cos® 0 + \U*lz sin® 0) — cos? )22 (]v]z) — sin? 0122 (\U*\2) =

= 2|v|? log |v|? {(1—2) o (uz) +z1(1) — o1 (1 — ) u? + z)}
1o [ (1= ) vz (2) + 2 v2(1) = oz (1= @) u? +2) | = 260 o log o,
and then
HQQ(U,’U*) > 2/4,1 ”U’Q log ”U’Q 1‘1)‘22‘”*‘.

Putting together the estimates obtained on Gg, and Hj, we deduce the Povzner in-
equality

(5.15) [0 — vi| Ko p < C () + (v)%) = s ]o]? (log (v)) 7,
and we finally obtain the differential inequality

d
%HftHlel <20(1+&8)—kMsy 1,

from which (5.13) follows.

Step 3. Exponential time integral control of f and g in M3 (proof of (5.4) and (5.5)). Let
us first prove that

T T
JC I sl ds C I sl s

(5.16) <V M(fo).

for any k > kg, with ke big enough.

This is a straightforward consequence of the previous step and the following interpola-
tion argument. For any given probability measure f € Py(RY) with My(f) < &, we have
for any a > 2

g, = [0 (4 108(0) (Lpca+ Loza) S(d0)

< v/ My(g0)

< (14+&) (1 +1oga) +2 /Rd<v>4 (14 log({v)?)) f(dv)

1
< (1+8) (1 +loga) + — | fllag-

By choosing a := ||p||M51, we get

(5.17) IPllagg, <2(1+&) (1+1oglpllygy ) -
On the other hand, the following elementary Holder inequality holds

—K /k i/k
(5.18) VK €N, K <k Ve ML 1l < I Ipl

Then estimate (5.16) follows from (5.13), (5.17) and (5.18) with ¥’ =2 and k = ke > 5
large enough in such a way that

C'21+&) =<

1
<_7
2

e
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where C” is the constant which appears in (5.13). We then deduce (5.4) from (5.10), and
(similarly) (5.5) from (5.9).

Step 4. Time integral control on d and h. Let us prove

T
519 [ (Idillag + el

% (Ilfoll + Higoll 1 )
<% ()¢ Mo R (HfoHMz{2 + HgOHM%j) 190 = follazg + llgo = follasy, -

for some energy dependent constant Cg and some numerical constant C’. Performing
similar computations to those leading to (5.7), we obtain

d
G, < [ [Inl(@) o)l Kaao,0)

e ///]ht (o) fo(dos) [u] () (1 + log(v.)?).

Thanks to the Povzner inequality (5.15), we deduce for some numerical constants C, s > 0

d
EMaallagy, < C Whallagy Willagy, = 5 Wl

Integrating that differential inequality yields

T T
ey, +5 [ Wil dt < © <supuhtuM21> ([ 1, ) + D,
: 0 0.7] 0 ’ :

)

Using the previous pointwise control on |[h¢[[p;; and (5.13) (with £ = 2) we deduce

Ch ||f0||Ml

T
6200 [ Illgy at < e 0D o= follg -+l = follg, -

Arguing similarly for d;, we deduce (5.19).
Step 5. Conclusion. By gathering the estimates (5.11)-(5.12)-(5.16)-(5.19), we obtain

c’ (||f0|| 1 Fllgoll 11 )
C, 1+T M. M.
sup ”CtHle < e (14T ¢ 2,1 2.1
(0,7

(ollasg, + gollasz, ) llgo = follagg llgo = Follasy,

for some energy dependent constant C¢ and some numerical constant C’. Then arguing
as in the end of step 3, using (5.17) and (5.18) with k large enough, we get

sup 1l agy < € 0 \/max (M (fo), Mic(g0)} [l fo — g0l 37"

from which estimate (5.6) follows. O

5.7. Proof of (A4) uniformly in time. Let us start from an auxiliary result. It was
proved in [36] that the nonlinear and linearized Boltzmann semigroups for hard spheres
satisfy

(5.21) S8 oty € G, [ pugnery < Coe™

where m,(v) == eIl 2 > 0, X\ = A(&) is the optimal rate, given by the first non-zero
eigenvalue of the linearized operator £ in the smaller space L*(M~1) where M is the
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maxwellian equilibrium (see [36, Theorem 1.2]), and C is some constant depending on z
and the energy £.

Lemma 5.3. For any given energy € > 0, there exists some constants ki > 2 (depending
on & and §) and C (depending on £) and n € (0,1), such that for any fo,g0 € Pg, (R?)
satisfying

Vi= 17 o 7d7 <f07vi> = <907vi> and <f07 ‘U‘2> - <907 ‘U‘2> S 57

we have

(52) [} (00) = S0y = €3 yfmax (M, (o), Mo a0)) Lo — ol

5:23) (L5 ol = o)y < €73 /My (o) low = foll -
(5:24) || (90) = S (fo) = LS [fol(g0 = fo) |y
< €973 fmax (M, (fo), Mi, (90)} llgo — foll 55"

Note that (5.24) implies (A4) with T'= oo, Pg, = Pg,.
From [1], there exists some constants z, Z (only depending on the collision kernel) such
that

mo,

suplfet g+ helly,, <2 mef) = 71
t2

We also know from (5.21) that (possibly increasing Z)
Vi1 fe = Ml +Illge = Mllpy, <2Ze M,

mo,

where M := My, = Mg, stands for the normalized Maxwellian associated to fo and go and
(5.25) |5t <Ce™, Lhi=2Q(h,M).

We write

O(fi—agt) = Q(ft — gt, fr +9¢0) = L(fr — 9¢) + QUft — 9¢, fr — M) + Q(ft — 91,90 — M)
and we deduce for
u(t) = (11t = gellasy,

the following differential inequality (starting at some time 7Tj)

t
U(t) < e_)\(t_TO) U(TO)+C e_)\(t_s) ||Q(fs — Gs, fs — M) + Q(fs —0sy9s — M)HMl(mz) ds
To

(this formal inequality and next ones can easily be justified rigorously by a regularizing
proceedure and using a uniqueness result for measure solutions such as [17, 14]). Therefore
we obtain

t
U(t) < e_A(t_TO) U(TO)+C . e_)\(t_s) ||(fs - M) + (gs - M)HMl((v) mz) ||fs - QSHMl((v) mz) ds.
0

By using the control of M!({v)m.) by M'(ms.), the decay control (5.21) and the trivial

estimate
e~ (t=To) < 6_% (t—To) 6_% (s=To)

we get

t
U(t) < e—)\(t—T()) U(TO) + Ce—% (t—To) /T 6_% (s—=To) ||fs — gsHMl((v) ms) ds.
0
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We then use the following control for any a > 0:
I£ =gl = [1£ =gl ) el
<af Af-gletiese [ (gl
[v|[<a |v[>a

<agu-+e**Z.
Hence we get

ut+e*Z<(1+Z)u when wu>1, (choosinga:=1)
If =l <

and we deduce

2|log ulu+uZ when u<1 (choosing — Za:=log u)

2
”f—QHMgUM < Ku(1+ (logu)-), K2=1+;+Z.

Then for any § > 0 small, we conclude, by choosing Ty large enough, with the following
integral inequality

t
(5.26) u(t) < e 1) (1) + §e~1 (t-T) / e=3 (=1 us (1+ (logus)_) ds.
To

Let us prove that this integral inequality implies
(5.27) Vi>1, w(t) < Ce thu(Th).
Consider the case of equality in (5.26). Then we have u(t) > e~ 4(1) and therefore
(1+ (logus)_) < (14 (logu(Tp))_ + A(s — Tp)) -

We then have

t t
Ut)i= [ 36 u, (14 (o)) ds < [ e T u, (14 (ogu(T)_ + A(s ~ T) ds

T() TO

t
< (14 (log u(Tp))_) /T e~ (5=T0) o ds
0

and we conlude the proof of the claimed inequality (5.27) by a Gronwall-like argument.
Then estimate (5.22) follows by choosing § small enough (in relation to 7) and then
connecting the last estimate (5.27) from time T on together with the previous finite time
estimate (5.4) from time 0 until time Tj.
Then estimates (5.23) and (5.24) are proved in the same way by using the equations

Othy = L(ft — gt) + Q(hy, fr — M)

(which is even simpler than the equation for f; — ¢;) and

0iG = 2 L(he) + Q(Cty fr — M) + Q(Cts 9t — M) + Q(hy, dy).
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5.8. Proof of (A5) uniformly in time. Let us prove that for any z, Mz € (0,00)
there exists some continuous function © : Ry — Ry, ©(0) = 0, such that for any fy,
90 € P (RY), with mz defined in the previous section, such that

Wollars, <Mz lgollasy, < M.
there holds

(5.28) sup Wi < ©(Wp),
t>0

where W; stands for the Kantorovich-Rubinstein distance
Wy = Wi (SN (fo), SN (90)) -

As we shall see, we may choose
(5.29) O(w) := ©min {1, e—(log(w/eo>>£/2} 7

for some constants ©, 6y > 0 (only depending on z and M3).
We start with

(5.30) VE>0 Wi < ||(fi —g0)lvlllyn < % | (fe + ge) )| p =1+ E =: 0.

Let us improve this inequality for small value of Wy. On the one hand, it has been
proved in [17, Theorem 2.2 and Corollary 2.3] that

t
(5.31) W< Wot K / W, (1+ (log W,)_) ds,
0

for some constant K. Whenever W; < 1/2, the integral inequality (5.31) implies (possibly
increasing the constant K)

t
Wy < Wy + K / W (log W) _ ds.
0

From the Gronwall lemma we deduce
(5.32) W, < (Wo)*PEY whenever W, < 1/2.
On the other hand, from [5] and [36], there exists A2, Z > 0, z € (0, Z) such that

Vi>0  lfe = Myl + llge — Mggllzy, < Ze M,
where My, and My, stand again for the normalized Maxwellian associated to fo and go.
Denoting by wuy, and ug, the mean velocity of fy and go, by 0y, and 6,, the temperature
associated to fo and go, and by £, and &y, the energy associated to fy and go, there also
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holds

Wl(Mfongo) < Cs (”Mfo _ngo”%aﬁsy7

e_efo g_i Ufg /050§ _ 6_090 ET_“LQO V90 f
< ¢, / d
g GE ¢
|0fo — 0o 161" + Jugo /Fpo — g0 VI P 1P\
< G 5 3
d (€)%
< Cs (|9f0_90| +|uf0_ugo| 77)
< Cs (‘5f0 590‘ + ‘ufo - ugo‘ 77)
< Cs (Wal(fo,90)*" + Wi(fo, 90)*")
< G (Wl(fo,go)"/ + Wi(fo,90) ")

(see also [12] for more general estimates of the Wasserstein distance between two gaus-
sians). Gathering these two estimates, we deduce

(5.33) VE>0 W< Zye M Zo Wi

Let us (implicitly) define T, W, € (0, 42%) by

)exp(—KT) _ 1
5"

Zie AT = i and next (WO
Then, for any Wy € (0, W) we have
VE>0 W, < min{(WO)CXp(_Kt) L 7 e—“} + Zo W2,
Let us search for t* such that the two functions involved in the minus function are equal:
o(t*) = |log Wy| exp(—K t*) = At* —log Z =: (t").

The time t* is unique because ¢ is decreasing while 1 is increasing (and it exists for
log Wy <log Z). Choosing

1
t._ 1/2
t:= 2= log <\10g Wo )
we find

A
B(t) = llog Wo|"/* > 2 log (Jlog Wa|'/*) — log Z = w(#),

at least whenever Wy € (0, Wg], with Wg € (0, Wp] small enough. As a consequence, for
any Wy € (0, Wg] we have

1/2

VE>0, W, <24(t") =2e leWol

This concludes the proof.
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6. EXTENSIONS AND COMPLEMENTS

In this section first we generalize the chaos propagation results on the Boltzmann
(maxwellian or hard spheres molecules) to the case where the limit 1-particle distribu-
tion is not compactly supported. This shall rely on a construction due to Kac of the
N-particle initial data together with careful study of the dependency of the constants in
terms of moments of the data. Second, as a corollary, we use our global in time results to
give a new method for studying chaotic convergence of the N-particle equilibria towards
the limit 1-particle equilibrium. The old question of connecting the long-time behavior was
raised by Kac and it motivated its whole study of chaos propagation for particle systems.
In the case of classical gas dynamics, we thus recover a well-known computational results
(namely the marginals of the constant probabilities on v NSN4~! converges to products of
gaussians) without any explicit computations, only using the properties of the Boltzmann
semigroups. This new method shall prove highly useful in the context of granular gases
where the steady states or homogeneous cooling states are not explicitly known.

6.1. Construction of chaotic initial data fév with prescribed energy. For the sake
of completeness, let us recall, following [22], how to construct a fy-chaotic sequence of
initial data fON (i.e., which has the “Boltzmann’s property” in the words of Kac).

Lemma 6.4. Consider fo € P(RY) with finite energy My, (fo) := Ma(fo) = € € (0,00)
and which fulfills the following moments conditions My, (fo) = MON,% < o0, =013,
for some radially symmetric and increasing weight functions m;, i = 1,3, and mo(z) =
exp(a|z|?), a > 0. Then for any given increasing sequence (ay)n>1 (which increases as
slow as we wish in general and may be chosen constant when fo has compact support),
there exists a sequence f& € P(R¥™), N > 1, such that

(1) The sequence (f&¥)n>1 is fo-chaotic.

(ii) Its support satisfies

supp f&¥ c sVt (\/Ng) = {V eRWN, MNWV) = 8} C En.
(iii) It satisfies the following integral moment bound based on my:
VN eN, (f&,MN) < Cst (ML)

0,ms3

(iv) It satisfies the following moment bound on the support involving ms:
suppfON CKy:= {V e RYY, Mﬁg(V) < aN} .

Sketch of the proof of Lemma 6.4. We essentially recall briefly the key arguments presented
in [22, Section 5 “Distributions having Boltzmann’s property”] and check that the moment
conditions required in the sequel of our paper can be satisfied. For the sake of simplicity,
we assume with no loss of generality that the energy & = 1. We restrict to the case when
fo € P(RY) N C(RY) and we refer to [6] for the relaxation of this condition.

Since fy € C(R?), we can define

H;'V=1 fo(vj)

V) = (/)

N
with  Fy(r) := / Hfo(vj)dw,
SNd=1(\/N) SNd=1(r) j=1
so that (ii) holds.
From the gaussian moment bound M,,,(fo) < oo, we obtain from [22] that there exists

some constants C > 0 such that

Fn(VN) ~ CN,
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and for ¢(vy,...,vp), £ < N:

N
(p(’Ul, ce ,’Ug) H fo(’l)j) dS(V) ]V—>—oo> CN (,D(Ul, e ,Ug) df()(’ul) ce dfo(?)g)

/SNdl(\/N) Rd

j=1
which proves the chaos.

We then deduce (i) thanks to [41, Proposition 2.2]. Point (iii) is just a consequence
of the above asymptotic with the choice ¢ = mq, ¥ = 1. When we assume furthermore
that fo is compactly supported, say supp fo C [—A4, A]?, we deduce supp f&¥ C {V €
RN MN (V) < m3(A)} and (iv) holds.

In the non compactly supported case, for any k& € N* and for any constant A we
define for := fo1ljy<a,- It is clear that for any k € N*, there exists foj\fk such that fé\,[k is
fo x-chaotic such that (ii) and (iii) hold and supp fé\,[k c{V e R™W; MY (V) < mg(Ag)}.
For any given sequence (apy) which tends to infinity, we define ky in such a way that
m3(Agy) = an so that ky — co when N — co. We then easily verify that fév = foj\,[kN
satisfies the properties (i)—(iv). O

6.2. Chaos propagation without compact support for the Boltzmann equation.
We may relax the compactly support condition in Theorem 4.1 and Theorem 5.1 thanks
to Lemma 6.4. We assume that

M, (fo) 32/ e fo(dv) < oo
Rd
for some a € (0,00) and we define fV as in Lemma 6.4. Instead of (3.41) in Theorem 3.27
we have the following bound. For any increasing sequence any — oo, for any ¢ € (F1 N
Fo N F3)®, there exists a constant Cy, (independent of N) such that for any N € N*,
with N > 2/,
QN
(6.34) sup | { (S22 = (7™ (f0) ") 1))

[0,T)

< Crp

1
e Cl, O 220+ O Wa () |

By choosing (V) appropriately, we will deduce from (6.34) that SY (f2) is again SNE(fo)-
chaotic uniformly in time.

In the case of the Boltzmann model for Hard Spheres or true Maxwell Molecules, we
can take distg, = W the usual Monge-Kantorovich-Wasserstein distance in P(R?). We
claim that

(6.35) W75 £ 050) 0

First, thanks to [41, Proposition 2.2] and the fact that fév is fo-chaotic from Lemma 6.4,
we deduce that 75 f¥ converges to &y, in the weak sense in P(P(R%)) (that means taking
duality product with functions of C'(P(R%))). Next, thanks to [46, Theorem 7.12], (6.35)
boils down to prove that

(6.36) jim_sup | Wa(p, fo) v £ () = 0,
R—00 NeN* JWi(p, fo)>R

which will be a straightforward consequence of the following bound

(6.37) sup / Wi (Y. fo)]2 £ (dV) < oc.
NeN* JEN
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Finally, in order to get (6.37), we infer that from [46, Theorem 7.10]
(Wi (i fo))?

IN

et = foll3ss
N
2||MV||?\/111 +2 ||f0||?\/111

< 2N VP 42 foll3y < 2 (V) + 21 ol

IN

That implies
LW 0 5@ < 20503+ 25, M

which, together with (ii) in Lemma 6.4, ends the proof of (6.37) and then of (6.35).

From the fact that the ©7 4 functions exhibited in Theorem 4.1 and Theorem 5.1 are
independent of T and satisfy O 4(x) = ©4(z) — 0 when z — 0 for any fixed A € (0, 00)
we may build (thanks to a diagonal process) a sequence (o!V) such that

O Wini(m £.64)) =2 0
Coming back to (6.34) we obtain that S{¥ (fd') is SV (fo)-chaotic uniformly in time.
6.3. Chaoticity of the sequence of steady states.

Theorem 6.5 (Abstract fluctuation estimate in the infinite time). Consider a sequence
of initial datum fév which satisfies (A1) (with CéYmS = o may depend on N) and is fo-
chaotic with fo € Pg, N Pg,. Assume moreover that the assumptions of theorem 3.27 hold
with T = oo. Assume finally that f¥ — N when t — oo in the weak sense of measures in
P(EN) as well as f; — v when t — 0o in the weak sense of measures in P(E). For any
teN and p e (FinFa2N ]-"3)®Z, there exists a constant Cy , such that for any N € N*,
with N > 20, we have

(6.38) [(Tey™ =%, )| <

1

<t |+ O €0+ 0, (Wasa (¥ 50) |

As a consequence, YN is y-chaotic.

The proof of that result is trivial: we just have to apply Theorem 3.27 and to pass to
the limit in the left hand side of the inequality (3.41) in order to gat (6.38). Arguing as
in section 6.2 we deduce vV is y-chaotic (whenever C’é\fm . = a® grows slowly enough).

The application to the Boltzmann equation is the following. Consider a sequence of
initial data f& such that supp f C SV¥"1(v/N), and such that fIV is fo-chaotic with
[v*fo=1, [vifo=0for any i =1,...,d. On the one hand, we know (see [22, 6]) that
f converges in the large time asymptotic to 4"V, the uniform distribution on the sphere
SNd=1(\/N) (that holds in L?(y") with rate exp(—Ay t) whenever fI¥ € L2(yV)). We also
know (see [36] and the references therein for the hard sphere case and [42, 7] or section 4.1
for the (true) Maxwell Molecules case) that f; converges in the large time asymptotic to
7, the normalized Gaussian. As a consequence, we get (6.38). That result may seem to be
trivial, and it is in some sense, because an explicit computation (which go back at least to
Mehler in 1866) yields the same result. However, our proof it is not based on an explicit
computation nor a variationnal/entropy optimization principle. The consequence is that
it applies to many more situations, in particular in the case of some dissipative Boltzmann
equation (linked to the Granular media), see [34].
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6.4. On statistical solutions and the non uniqueness of its steady states. Let us
consider the N-particles system associated to the Boltzmann collision process that we do
not write in dual for as we have done before, it writes

6.39) oY = %Z/SMB(W vl cost) [V )~ f] do
i<y

We want to describe how the BBGKY (Bogoliubov, Born, Green, Kirkwood and Yvon)
method introduced to derive Boltzmann’s equation from Liouville’s equation applies in
our simpler space homogeneous context. Let us thus also introduce the k-th marginal:

N N
fo (v1,...,vp) ::/ (1, ey Vo, Wt 1y vy WN) dwpyq ..dwpy
RAN—k)

Integrating the master equation (6.39) leads to

s = Y2 = O(&/N)

i,j<t

1 N
IR
1<l<j

1 N
i,j>L
with

zZN = /RM“) /SN1B[fN(...,v£,...,v;-,...)—fN] do dvgy ...dvy.

Only the second term does not vanish in the limit N — oo, so that assuming that fév —
me, we find that () is a solution to the infinite dimensional system of linear equation
(the Boltzmann equation for a system of an infinite number of particles or the statistical
Boltzmann equation)

(6.40) Afe = Avr1(mes1)
with mp = Fg(t,?)l, ...,’Ug) > 0 and

¢
VeRY = A (men) (V) = Z/ {WH(V]) - 7Tz+1(V)} b(o - (vj = ve11)) dvgrado,
D1 Jsa-1xma

: / / / / / / /
with V] = (v1,..., 0}, ..., 00,0, 1), U7 = v'(vj, 0041, 0), vy = Vi(vj,ve11,0) where vectors
v" and v), are defined by (1.4).

Lemma 6.6. There exists a non chaotic stationary solution to the statistical Boltzmann
equation. In other words, there exists m € P(P(RY)) such that  # 6, for some p € P(R%)
and Agi1(mer1) = 0 for any £ € N.

Proof of Lemma 6.6. It is clear that any function on the form
Ve R oy 1 (V) = 6(IV)

is a stationary solution got equation (6.40), that is Cpi1(mpr1) = 0. Now we define, with
d =1 for the sake of simplicity, the sequence
VeR s (V) = o

(14 |V]2)mti/2
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with ¢; such that 71 is a probability measure and ¢y = ¢; ao with as chosen in the following
way:

/ (6% d a9 / 1 d
Vy — Vx
r (1 + 02 4 v2)mtl (40 Jg (14 11%)2 ymt1

a9 / 1 d 1
= Wy — ————————.,
(L4022 Jg L+ w?)? 7 (14 02)ml/?
By an iterative process we may chose the constants ¢y in such a way that 7y is a solution to
Ay(mp) = 0 (because it is a function of the energy) and satisfies the compatibility condition:

(V) :/Rmﬂ(V,v*)dv*.

We have exhibit a solution which is not chaotic. O
We come back to the abstract setting. We start with the N-particles system equation,

0 fN = AN fY,
that we write in dual form
(f, ) = (N o1V
= (M.GV(p@1"7) = (£, Gl (9)-

Lemma 6.7. Assume that
(A6) (fY) is tight in P(E®) for any € > N (or equivalently, f~ is tight in P(P(E)));
(A7) G%rlgp — Gyl when N — oo, for any fized ¢ € Cy(EY).
Then, up to extraction a subsequence, (V) converges (in the sense of any £-th marginals)
to a solution m = (my) € P(P(FE)) to the infinite Hierachy

o = A®n in P(P(ER)),
which simply means
81‘/(77(7 (70> = <7T€+17 G??i-l(10> fO’f’ any ¢ e N,

6.5. Uniqueness of statistical solutions and chaos. Assuming (A2i) and

(A2iii’) [0,00) = Pg,, t — SN f uniform continuously for any f € Pg,,

which is a weak version of (A2iii), we have that (S'F) is a cp-semigroup. As it has proved
in step 1 of Lemma 2.13, for any ® € Cy(Pg,,R) we may define T7°® by
(T>®)(f) = ®(S{ ),

and we build in that way a cp-semigroup (7;7°) on Cy(Pg,,R). The Hille-Yosida theory
imply that there exists an closed operator G* with dense domain dom(G*) in Cy(Pg,,R)
so that (77°) is the semigroup associated to the generator G°.

Now, on the one hand, for any my € P(Pg,) we may define the semigroup (S) on P(FPg,)
and the flow (7;) by setting 7 = Sp°my and (duality formula)

V& e Cy(Pg,;R) (S¢mo, @) = (mo, TL°P).

Remark (see [3]) that SP°my € (Cy(P(V)). # P(P(FE)). Under the additional as-
sumption that Pg, , is compact for any a (that is true in our application cases when
| - [|g, metrizes the weak measures topology) that relation defined a unique probability
SPomy € P(Pg, ), and again (S;°) is a ¢p-semigroup on P(Fg, ).

On the other hand, we say that m € C'(Ry; P(Pg,)) is a solution to the equation
(6.41) Oymy = A my,
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if for any ® € dom(G*°) there holds

d 00 -y
7m0 @) = (1, G®) - in D([0,00)).

Theorem 6.8. Assume that (A2) and (A4) hold, as well as that C'(Pg,;R) is dense
in Cp(Pg,;R). For any initial datum my € P(Pg,) the flow 7 is the unique solution in
C([0,00); P(Pg,)) to (6.41) starting from my. Moreover, if mg is fo-chaotic, then m; is
SNL fo-chaotic for any t > 0.

Proof of Theorem 6.8. Step 1: Chaos propagation. From Hewitt-Savage’s theorem [21],
for any 7 € P(P(E)) there exists a unique sequence (7¢) € P(E*) such that the identities

(o p) = /P AT
_ CORY r(df) = (. R
- /P R = (R

hold for any ¢ € Cy(E)®¢. As a consequence, if 7y is fo-chaotic,

(7{,0) = (7, RY) = (w0, T{°RE) = (TP RL) (fo)
= RL(SM fo) = (ST fo, 1) - (SPE fo, 0),

which means that 7_rf = ft®z, or equivalently 7; = dy,, and the statistical solution 7; is
ft-chaotic.

Step 2: Uniqueness. For any t > 0 and n € N* owe define ¢ := ¢/n and t; = ¢k,
sy =t —ty. Then for any ® € C}(Pg,;R) we define ®; := T°®. The very fundamental
point is that thanks to Lemma 2.13 we have ®; € C}(Pg,;R) C dom(G*) for any ¢ > 0.
We write

<7Tt7 cp> - <ﬁ-t7 (E> - <7Tt7q)> - <7T07 cpt>
n—1
= { [<7Ttk+1’ q)3k+1> B <7Ttk+1’(1)5k>] + [<7Ttk+17 (I)Sk> - <7Ttk7 (I)Sk>]}
k=0
n—1
=Ti+Ta=) {Tix+Tox}-
k=0
On the one hand, we have
¢ d
ﬂ,k = <7Ttk+17(1)8k+1 _Taooq)sk+1> = _<7Ttk+17/0 %[TsooéskJrJ d8>

5 Sk
= _<7rtk+17/0 [Goo(I)Sk+1+S] d8> = _/ <7rt—[s+1,a}7Goo<I>s> d37

Sk+1

where [s,¢] = [s/e]e. Passing to the limit n — oo, we get

n—oo

t t
T = _/ <7Tt—[s+1,€]’ G ®5)ds — _/ (Ti—s, G D) ds.
0 0
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On the other hand, we have

¢ d
B,k = /OE<7rtk+T’(I)Sk>dT

IS5
_ / (i, GXBy, ) dr
0

th+1

= / (77, GOO(I)t—[T,e}> dr.
t

k

Passing to the limit n — oo, we get

As

t t
T = / (10, GX0 ) dr —s [ (7, GX®,_) dr.

a conclusion, for any ® € C'(Pg,;R), we have proved
<7Tt, <I>> = <77't, <I>>

From a density argument we conclude that m = 7. O

Gathering Lemma 6.7 and Theorem 6.8 we obtain a propagation to the chaos result.

Corollary 6.9 (Abstract chaos propagation). Assume (A2), (A4), (A6), (A7) and the

fol

lowing compatibility between G*° and the sequence G7°:

Vie N Voe F¥  (GN R,) o (G*.Ry).
—00

Assume furthermore that fON is fo-chaotic. Then f is SN fo-chaotic.
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