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Convergence of some random functionals of discretized

semimartingales

Assane Diop *
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Abstract

In this paper, we study the asymptotic behavior of sums of functions of the increments
of a given semimartingale, taken along a regular grid whose mesh goes to 0. The func-
tion of the ith increment may depend on the current time, and also on the past of the
semimartingale before this time. We study the convergence in probability of two types
of such sums, and we also give associated central limit theorems. This extends known
results when the summands are a function depending only on the increments, and this is
motivated mainly by statistical applications.

Keywords: Contrast functions, Power variation, Limit theorems, Semimartingale.

1 Introduction

In many practical situations, one observes a random process X at discrete times and one
wants to deduce from these observations, some properties on X. Take for example the
specific case of a 1-dimensional diffusion-type process X = X¢ depending on a real-valued
parameter 6, that is:

dXs = o(0,s)dWs + a(0,s)ds, (1.1)
where o and a are (known) predictable functions on 2 x R, and where W is a Brownian
motion. We observe the values of X at times A, i = 0,1, 2,---,nA, and the aim is to

estimate 6. There are two cases: in the first one the observation window is arbitrarily
large. In the second case (which is our concern here), the observation window is fixed,
and so A = A, goes to 0 and T' = nA,, is fixed.

Most known methods rely upon minimizing some contrast functions, like minus the
log-likelihood, and those are typically expressed as “functionals” of the form:

> on (000, = DA, Xfya, 0 X, = Xliya, )+ (1.2)
=1
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with g, possibly depending on n, see for example [5]. In other words, the asymptotic
behavior (convergence, and if possible associated central limit theorems) of functionals
like (1.2) is very important. This is why, for a function f: Q x Ry x R x R = R and a
d-dimensional semimartingale X, we study the asymptotic behavior of the following two
sequences of process

V(LX) = DU (w, (i DAL X ans Xia, — Xi-na,)

1.3

VLX) = An SR F (w6 = DA Xpya,, Z22 08 ), ()
when A,, — 0. So, providing some basic tools for statistical problems is our main aim in
this paper, although we do not study any specific statistical problem.

Another motivation for studying functionals like (1.3) is that they appear naturally
in numerical approximations of stochastic differential equations like the Euler scheme or
more sophisticated discretization schemes.

Let us now make two comments on the third argument of f in the processes in (1.3),
namely X;_1)a,:

1. The functionals (1.3) are not changed if we replace f by g(w,t,x) = f(w,t, X;—(w), x),
so apparently one could dispense with the dependency of f upon its third argument.
However, we will need some Hoélder continuity of ¢ — g(w, t, ) which is not satisfied
by g defined as just above: so it is more convenient to single out the third argument.

2. One could replace X;_1)a, by Y(i_1)a, for another semimartingale Y, say
d'-dimensional. But those apparently more general functionals are like (1.3) with
the (d + d’)-dimensional pair Z = (Y, X) instead of X.

When f(w,s,z,x) = f(z) (f is “deterministic”), (1.3) becomes:

Vn(f’ X) = Z[t/An] f (XZAn - X(i—l)An) )

. Xin, X, (1.4)
V£, X) = A, Z[t/A]f< An\/A*(n 1)An)‘

When further f(z) = |z|", the processes V"™ (f, X) are known as the realized power varia-
tions, and of course V' (f, X) = AL Vr(f, X).

The convergence of power variations is not new, see for example [10], an old paper by
Lépingle. Recently they have been the object of a large number of papers, due to their
applications in finance. Those applications are essentially the estimation of the volatility
and tests for the presence or absence of jumps.

An early paper is Barndorff-Nielsen and Shephard [1], when X is a continuous Itd’s
semimartingale. Afterwards, many authors studied these type of processes: Mancini [11]
studied the case where X is discontinuous with Lévy type jumps, in [7] Jacod studied the
general case of a Lévy process, Corcuera, Nualart and Woerner in [3] studied the case of
a fractional process, ..., the list is far from exhaustive. The results appear in their most
general form for a continuous semimartingale in [2] and a discontinuous one in [6].

To give an idea of the expected results, let us mention that when X is a 1-dimensional
It6’s semimartingale with diffusion coefficient ¢ and when f is continuous and “not too
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large near infinity” (depending on whether X is continuous or not) we have

t
Vs X), 5 /O P (f) ds,

(see for example [2]), where p, is the law of the normal variable A/(0, z2) and p.(f) is the
integral of f with respect to p,.

In [1] Barndorff-Nielsen and Shephard give a central limit theorem for V'™(f, X),
using a result of Jacod and Protter about a central limit theorem (or: CLT) for the Euler
scheme for stochastic differential equations, see [9]. This CLT has been generalized in
many papers, like [2] when X is continuous. If X is discontinuous, Jacod (in [6]) gives a
CLT when the Blumenthal-Getoor index p of X is smaller than 1, and no CLT is known
when p > 1.

Concerning V"(f, X), in the uni-dimensional case, Jacod extends some old results of
Lépingle in [10]. In particular, if f(z) ~ |z|" near the origin and is continuous and X is
an arbitrary semimartingale, then

V(f,X) — D(f,X), (1.5)

)t < f( ) > Y lf'l" e ( ) ) a d < c’ c> = 0,
ZS<1 f(A S) + <;(c,;<6>t, 1f7 = 2

where A X is the jump of X at time s, and X¢ denotes the continuous martingale part of
X. Moreover, Jacod gives a central limit theorem for V" (f, X), first for Lévy processes
in [7], second for semimartingales in [6].

The difficulty of the extended setting in the present paper is due to the fact that f is
not any more deterministic and depends on all the variables (w, s, z, z), as we have seen in
the statistical problem. We want to know to which extent the earlier results remain valid
in this setting, and especially the CLTs. Our concern is to exhibit reasonably general
conditions on the test function f which ensure that the previously known results extend.
Note also that for the CLT concerning V'(f, X), and contrary to the existing literature,
we do not always assume that f(w,t, z,z) is even in x, although most applications concern
the even case. The reader will also observe that in some cases there are additional terms
due to the parameter z in f(w,t,z,x).

The paper is organized as follows: in Sections 2 and 3 we state the Laws of large
numbers and the CLT respectively, and in Sections 4 and 5 we give the proofs.

D(f, X
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2 Laws of large numbers

2.1 General notation

The basic process X is a d-dimensional semimartingale on a fixed filtered probability space
(Q, F, (Ft)t>0,P). We denote by AX; = Xy — X, the jump of X at time s, and by I the
set

I = {r >0: ZHAXSHT < oo a.s for all t}.

s<t

Note that the set I always contains the interval [2, 00).

The optional and predictable o-fields on €2 x Ry are denoted by O and P, and if g is a
function on Q x Ry x R! we call it optional (resp. predictable) if it is O ® R'-measurable
(resp. P ® R'-measurable), where R! is the Borel o-field on R'.

The function f (unless otherwise stated) denotes a function from Q x Ry x R? x RY
into R, for some ¢ > 1. When f(w,t, z,z) admits partial derivatives in z or x, we denote
by V. f or V. f the corresponding gradients.

If M is a matrix, its transpose is M*. The set of all p x ¢ matrices is M(p, q), and
T (p,q,r) is the set of all p x ¢ x r-arrays.

For any o € M(d, m) we denote by p, the normal law N (0, oc?), and by p,(f(w, s, 2,.))
the integral of the function x — f(w, s, z,z) with respect to p,.

We denote by B the set of all functions ¢ : R — R, bounded on compact.

A sequence (Z]") of processes is said to converge u.c.p. (for: uniformly on compact sets
and in probability) to Z;, and written Z" 5" Z or Zp 5" 7, if P (sup,<, || 20 — Zs|| > £)
— 0 for all £, > 0. -

(s) (s)

L— L—
We write 2" "= Z or AL =’ Zy, if the process Z™ converge stably in law to Z, as
processes (see [8] for details on the stable convergence).
We gather some important properties of f in the following definition.

Definition 2.1 a) We say that f is of (random) polynomial growth if there exist a lo-
cally bounded process I (meaning: sups<r, I's < n for a sequence T,, of stopping times
increasing a.s. to 00), a function ¢ € B, and a real p > 0 such that

1f(w; s, 2, 2)[] < Ts(w)p(2)(1 +[|2[["). (2.1)

If we want to specify p, we say that f is at most of p-polynomial growth.

b) we say that f is locally equicontinuous in z (resp. (z,x)) if for all w, all T > 0,
and all compacts IC, K" in R, the family of functions (x f(w,s,2,2))s<r 2k (TESD.
((z,2) = f(w,s,z,x))s<T) 15 equicontinuous on K (resp. I x K').

2.2 Assumptions

Let us start with the assumptions on X. For V"(f, X) we only need X to be an arbitrary
semimartingale. For V'"(f) we need X to be an Itd semimartingale and a little more.
Recall first that the property of X to be an It0 semimartingale is equivalent to the
following: there are, possibly on an extension of the original probability space, an m-
dimensional Brownian motion W (we may always take m = d) and a Poisson random

4
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measure u on Ry x R with intensity measure v(ds,dy) = F(dy)ds with F is a o-finite
measure on R, such that X can be written as

X, = Xo+/bds+/tas aw, +// 5(5,)) (s — v)(ds, dy)

/ / 1 (5(s,y)) p(ds, dy), (2.2)

for suitable ”coefficients” b (predictable d-dimensional), o (optional d x m-dimensional),
0 (predictable d-dimensional function on 2 x Ry x R) and A is a truncation function from
R¢ into itself (continuous with compact support, equal to the identity on a neighborhood
of 0), and h/(z) := x — h(z).

Then we set:

Hypothesis (Ny): The process X is an It0’s semimartingale, and its coefficients in (2.2)
satisfy the following: b and [p(1 A ||6(w,s,y)||?) F(dy) are locally bounded, and o is
cadlag. O

For the test function f we introduce the following, where A is an arbitrary subset of
R

Hypothesis (K[A]): f(w,t,z x) is continuous in (z,z) on R% x A and if (t,, zn, zn) —
(t,z,x) with z € A and t,, < t, then f(w,tn,2n,2,) converges to a limit depending on
(w,t, z,z) only, and denoted by f(w,t—,z, ). O

2.3 Results

The first two theorems concern the processes V" (f).

Theorem 2.2 Let X be an arbitrary semimartingale, and let f satisfy K(R?). Suppose
there exist a neighborhood V of 0 on R%, a real p > 2, and for any K > 0, a locally
bounded process T such that:

l2l <K, €V = [|f(w,s,22)[ < T w)z]”. (2.3)

Then V"'(f) converge a.s. for the Skorokhod topology to the process

> fls— Xe, AX,). (2.4)

s<t

Remark 2.3 This is one of the rare situations where one has almost sure convergence;
see Section 3.1 of [4] for some other ones.

Theorem 2.4 Let X be an arbitrary semimartingale, and let f be optional, satisfy (K (R))
and f(w,s,2,0) =0, and be C? in x on some neighborhood V of 0, and assume also
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e For any j,k € {1,---,d}, the functions %(w,s,x,z) and afja];k (w,s,x,z) defined
on Q xRy x R x V satisfy (K[V]).
o There exist ¢ € B and a locally bounded process I' such that

d

5 (Jie=o] + & (e

_]:1 zeV

0% f
31‘j31‘k

(s,2,x)

>> < Tug(2).

Then V™(f) converge in probability, in the Skorokhod sense, to the process

d t
af . .
D(f)e = D [ (5= Xeo 0)dX, + 5 §j/ T (%k —, X5, 0) d(X7¢, X7
J J

d
+ > | fs—, Xeo, AX) Z a—fs—,Xs,,O), (2.5)

where X¢ is the continuous martingale part of X.

The two versions (2.4) and (2.5) of D(f) agree when f satisfies the hypotheses of
Theorem 2.2, so Theorem 2.4 extends Theorem 2.2 and gives the results in a more complete
form. This result was not known even in the case when f only depends on x.

Remark 2.5 Both theorems remain valid if the discretization grid is not reqular, provided
the successive discretization times are stopping times and the mesh goes to 0 (see Sections
3.5 and 4.5 of [4] for results of this type).

Now we state the result about V'"(f).

Theorem 2.6 Let f be optional, satisfy (K(R?)), be locally equicontinuous in x and with

p-polynomial growth. Assume further that one of the following two conditions is satisfied:

1. X satisfies (Ng) and p < 2.
2. X satisfies (Ng) and is continuous.
Then
VI (f) =R / po. (f(s— X,_,.)) ds. (2.6)

Remark 2.7 Comparing with [2] or [6], we see that there is no additional term due to
the third argument z in f(w,s,z,x).

In the discontinuous case (Hypothesis 1), the condition p < 2 simplifies the compu-
tations but is not optimal. The result remains true valid if there ewist ¢, ¢’ € B such
that:

¢'(z) = 0, when |lz|| = oo, and ||f(w,s,2,2)|| < Ts(w)e(2)llz[]*¢ ().
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3 Central limit theorems

In the framework of the CLT, one needs some additional assumptions both on X and on
f, which depend on the problem at hand.

3.1 Assumptions on X

Hypothesis (N1): (Ng) is satisfied, and there exist a sequence (Sj) of stopping times
increasing to oo and deterministic Borel functions (7) such that:

[16(w,s,9)]] < Y(y) if s < Skp(w) and /(1 Ave(y)?) F(dy) < oc. O
R
The next assumption depends on a real s € [0, 2]:

Hypothesis (Na(s)): (N1) is satisfied, the mapping s — 6(w, s,y) is caglad, and [ (1 A
Y (y)?) F(dy) < oco. Moreover, the process o in (2.2) satisfies:

t t
o = 00—|—/ budu—|—/ 5uqu+Mt—{—ZAdul{HAUuHZl}, (37)
0 0 <t

where

bis predictable and locally bounded.

o is cadlag, adapted with values in T (d,m,m).

M is an M(d, m)-valued local martingale, orthogonal to W and satisfying ||AM,|| <
1 for all t. Its predictable quadratic covariation is (M, M), = fot aq, du,, where a is
locally bounded.

The predictable compensator of Zugt iAoy =1} 18 f(f a, du, where a is locally
bounded. O

Clearly (Na(s)) = (Na(s')),if s < .

Remark 3.1 [t is well known that the assumptions on o in (Na(s)) may be replaced by
the following one (up to modifying the Poisson measure ji):

o = Uo—l—/tb ds—i—/otaudW —i—/otvudV +// u,y)) * (p — v)(du, dy)
/ / K (3(u,y)) * u(du, dy), (3.8)

where b and & are like in (Na(s)) and
e V is a l-dimensional Brownian motion independent of W .

e U takes its values in T (d,m,1), is progressively measurable and locally bounded.
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o k(x) is a truncation function on R x R™ and k' (z) := = — k(z).

e 0: QxR xR — M(d,m) is predictable and is such that: Jr(@A 116 (w, y)|[2) F(dy)
1s locally bounded.

Of course, a, a, v and S5 are related, for example if k(x) = zly||z|<1}, one has 2+

Stz 0w y) Fldy) = ai and @y =[50, 51 F(@)-

3.2 Assumptions on the test function f

Hypothesis (M;): f is optional and there exists a neighborhood V' of 0 such that
flw,s,z,x)is C!in (2,2), the functions V. f, V.f are C! in 2 on V, and

flw,s,2,0) =V, f(w,s,2,0)=0.

Moreover there are a locally bounded process I', a real a > %, and some functions ¢, €
and 6 belonging to B, with (z) — 0 as ||z|| — 0 and (x) < ||z||? in the neighborhood of

0, such that:

d 02 02
Y (|t + | g 5.0 ) < i@l leleto)
J,3'=1
and for all T'> 0 and s,t € [0,T7,
[f(w,t,2,2) = f(w,s,2,2)|| < Tr(w)d(z) [t —s|* 0(x). (3.9)

a

Hypothesis (Ms): f(w,t,z,z) is optional, C! in (z, ), with V., f and V., f of (random)
polynomial growth and locally equicontinuous in (z,z), and there are I', ¢, « as in (M)
and some p > 0 such that for all 7' > 0 and s,t € [0, 7],

1f(w,s,2,2) = fw,t,2,2)[ < Tr(w)e(2)[t —s[*(1+ [|lz|"), (3.10)
O

Hypothesis (MJ}): (M) is satisfied and moreover

1f(w; s, 2,2)[ + IVaf(w, s, 2,2)[ < ¢(2)0s(w). O

The previous hypotheses are fulfilled by most of the test functions used in statistics.

3.3 The results

In order to define the limiting processes, we need to expand the original space (2, F, ()0, P),

what we do as follows:
Consider an auxiliary space (', F',P’), which supports a g-dimensional Brownian

/

motion W and some sequences {(U§)1§k§m§ (Upk)lgkgm; (Kp)}p>1 of random variables,
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where the Uz]f and Uz/,k are normal A (0,1) and the (x,) are uniform on (0,1). We suppose
all these variables and processes mutually independent.

Now set:

Q=0xQ, F=FoF, P=PaP.
We then extend the variables and processes defined on  or € on the space ?2, in the
usual way.

Let (T},) be an arbitrary sequence of stopping times exhausting the jumps of X (mean-
ing: they are stopping times such that for all (w, s) with AX,(w) # 0, there exists a unique
p such that T),(w) = s). We define on Q the filtration (F;) which is the smallest one sat-
isfying the following conditions:

° (]f"t) is right continuous, and F; C .7?,5,
e W is adapted on (F;),
e the variables Uz]f, Uz/,k and &, are }V'Tp measurable.

Now we are ready to give the results. We start with V" (f):

Theorem 3.2 Suppose that X satisfies (N1) and f satisfies (M), then

L v () - DNyas,) L F

B

where the process F' is

d m
Fo= ) ZZ((\/@U%C_U;“%— 1= ryojU, )385 (T,—, X1, , AX7)
J

p: Tp<t j=1 k=1

Remark 3.3 The last term in (3.11) is due to the third argument of f, and does not
appear in [6]. One could show that the theorem remains valid if, in the formula (3.9),
0(z) < ||z||P near the origin for some p € [0,2] N I.

— /Ry o J’f Uk=L of (Tp—,XTp,AXTp)>. (3.11)

It is useful to give some properties of the process F' above. For this, under (M;) and
(N1), one defines an M(q, g)-valued process C(f) as follows:

Z Z Z{(O’T O’T +O’TO'§:I€>

p Tp<t j,j'=1 k=1

of of \!
* <6—$J> (8%/) © (Tp_’XTp*’AXTp)
k -/ af 8f t 8f af "
O-%p O-%p ((&q) <aZ]/> * (8—2]> <a$]/> ) ° (Tp_’XTp*,AXTp)

ik gk (OF\ [ OF !
—i—aijfa%ﬂpf <3—zj 02’] o(Tp—, X1,—,AXT) ¢, (3.12)

9
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The following lemma is given without proof, since it is an immediate generalization of
lemma 5.10 of [6].

Lemma 3.4 If (M;) and (N1) are satisfied, then C(f) is well defined and F is a semi-
martingale on the extended space (ﬁ,}:, IF)) If further C(f) is locally integrable, then F
1s a locally square-integrable martingale.

Conditionally on F, the process I' is a square integrable centered martingale with in-
dependent increments, its conditional variance is C(f); = E{F2?|F}, its law is completely
characterized by X and oo’ and does not depend on the choice of the sequence (T},).

Now we turn to V'™*(f). Under (Ms) or (Ms(r)), one defines a process a taking its
value in M(q, q) and satisfying for any j, k € {1,---,q}:

> ol a™ = po (P10 X0)) = poc (P X00) po (740 X00) - (33)
=1

The process a, which may be chosen (F;)-adapted, is the square-root of the symmetric
semi-definite positive element of M(m,m) whose components are given by the right side
of (3.13).

Theorem 3.5 Suppose f(w,s,z,x) even in z, and assume that one of the following hy-
pothesis is satisfied:

e X is continuous and satisfies (N2(2)) and f satisfies (Ms).

e one has (Na(s)) for some s <1 and (M}).

Then
1

VA,

t
(vm(f)t -/ posﬂs,Xs,.)ds) =) L(f),,
where

L(f); = /Oades. (3.14)

Remark 3.6 Some times, one wants to apply the theorem for functions of the type
flw,s,z,2) = g(w,s,2)||z||", which are not any more C* in x on R? when r € (0,1].
Specifically, consider the following hypothesis:

Hypothesis (Ms3(r)): f(w, s,z x) is optional and there is a closed subset B of R? with
Lebesgue measure 0 such that the application v — f(w,t,z,z) is C' on B¢. Moreover
there are p > 0 and o, ¢ and T’ as in (My) such that for all T > 0 and s,t € [0,T],

Hf(wvs7z7x1 + .%'2) - f(w7svsz1)H < FT(W)(MZ) (1 + ”xlup) ”xZHT } (3 15)
If (w;s,2,2) = f (w,t,2,2) | Lp(w)o(z)[t — s|* (1 + [[=]|P) . '

Moreover,

IN

o ifr =1 then V.f defined on Q x Ry x R x B€ is locally equicontinuous in (z,x)
with at most polynomial growth.

10
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o if r £ 1, then for any element C € M(d,d) and any N (0,C)-random vector U, the

distance from U to B has a density Yo on Ry, satisfying sup,er || c||+|c—1 | <K Yo(x) <

oo for all K < oo. For any x1 € B¢,

Ls(@)o(2) (1 + [l [P)

< 1
Hv$f(was7z7x1)” = d(th)l—r ’ (3 6)
and if ||z2|| < L), then
[s(W)o(2)(A + [z [P) ][22l
vaf(was7z7x1 +1‘2) - fo(%sazaxl)u < d(ml,B)Q_r : (317)
a

Then one can show that the results of theorem 3.5 remain valid if f satisfies (Ms(r)) for
some r € (0,1] and X satisfies No(2) with oo' everywhere invertible, if further one of the
following condition is satisfied:

o [ satisfies (M3(r)) and X is continuous,

o [ satisfies (Ms(r)) and the real p in (3.15), (5’ 16) and (3.17) is always equal 0,
while X satisfies (N3(s)) and either s € [0,%) and r € (0,1) or s € (2,1) and
re (17\/3232783+5, 1).

Our next objective is to generalize the CLT for V*(f) in the case where f is not even.
For this, we need some additional notation.

Let U be an N (0, Id,,) random vector, where Id,, is the identity matrix of order m
(recall that m is the dimension of the Brownian motion W in (Na(s))). We then denote
by o, the law of U and by p'(g1(.)) the integral of any function g; : R™ — RY with respect
to o' if it exists. If now go : R? — R? and 2 € M(d,m), we set: p'(g2(z.)) = E{ga2(zU)}.

For any j € {1,---,m}, we define the projection P; on R™ by:

Pj(u) :=wu; if w=(ui, -, um).

Under (Ms) we define w(1) and w(2), two adapted processes taking their values respec-
tively in the spaces M(q,m) and M(q,q), and such that for all j,k € {1,---,¢} and
j e {1,---,m} we have

w(1)2 = o (f(s, Xs,05)Ppr())),

Z? lw( )j’lw lk — f]fk (s, Xy, 0. )) (3.18)
(P o X)) (145 X)) = Sy w0 D™

The process w(2) is the square-root of the matrix whose components are given by the
right side of the second equality in (3.18). Finally, under (N2(2)) set

Vo= b— /R h(8(s,y)) F(dy). (3.19)

11
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Theorem 3.7 Assume either one of the following two assumptions:
e X satisfies (N2(2)) and is continuous and f satisfies (Ms).
e We have (Na(s)) for some s <1 and f satisfies (MY).

If further ¥ =0 and o = 0, we have

1 (V/n(f)t _ /Ot p/f(S,Xs,as.)ds> — L),

VA,

where

L(f); = /Ow(l)SdWS—l—/O w(2)s dWs. (3.20)

Remark 3.8 Clearly, when f is even in x, the two versions of the process L(f) in The-
orems 3.5 and 3.7, agree. If X satisfies (No(s)) with s < 1, the hypotheses b’ = 0 and
o =0 yield that X has the form:

t
X, = X+ / o5 AW, + Z AX,. (3.21)
0

s<t

4 Proof of the laws of large numbers

4.1 Theorems 2.2 and 2.4

We start by stating two important lemmas, without proof. The first one is a (trivial)
extension of what is done in Subsection 3.1 of [6], and the hypothesis (K (R)) plays a
crucial role there. The second one is a generalization of It&’s formula, and its proof can
be found for example in [4] (see lemma 3.4.2).

Lemma 4.1 Let X be an arbitrary semimartingale, and f be a function satisfying (K[R])
and such that f(s,z,x) =0 if ||z|| < e for some e > 0. Then

Vn(f)t - Z f(s_a XS*, AXS)
s<[t/An]An
converges in variation to 0 when n — oo, for each w € €.

Lemma 4.2 Let X be a semimartingale and f(w,u,z,x) be an optional function, C? in
x. Then for any u, for almost all w and for any t > u, one has:

d
S XX = X X)+ 3 [ S x.xoax,
j=17uF
bt 92 o
_ J,¢ J,C
+’Z u+axjaxj/(“’X“’X5‘)d<X , X7,
Jy'=1

d
+ > <f(u,Xu,Xs) — fuy Xy X Z a_f (u XU,X#))-

u<s<t

12
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Now we are ready to prove the two theorems about V" (f).

Proof of Theorem 2.2: Since for any cadlag process Y, the processes Y[;a,|a, converge
pathwise to Y for the Skorokhod topology, it is sufficient to prove that the processes

V™ (f)e = D(f)it/ana, converge u.c.p. to 0.
We suppose first that || X;|| < C identically for some constant C. Let ¢ > 0, and
" ={0 =t} <t < --- <t} = t} be a sequence of partitions of [0,¢] such that
sup; |t? —tI" ;| — 0, when n — oco. According to Théoreme 4 of [10], one has:

kn
> X = X P — S IAXIP as,
=1

s<t

for any j € {1,---,d}, and where X7 is the jth component of X.
Since the mappings ¢ — > ., IAX?| and t — ZWA |ATXI|P are increasing, we
deduce that for almost all w and for any real ¢ > 0,

[t/An

hmsup Z |ATX|P < dPT IZZ]AX]]” (4.1)

J=1 s<t

Let now ¢ : R — R be a C function such that 1j_;1j(y) < ¥(y) < 1j_99(y). We
then put for y € R and z € R% and ¢ > 0:

Ve(y) = { Tib(g) EZ i z, U, (z) = H?:ﬂ/}a(xj)- (4'2)

Note that el
1 ifllzl] <e
U = -
(@) { 0 if ||z]| > 2de,

and set, with the notation (2.4):
Z" (e = V(e = D), (4.3)

Then
ZMf)=2"(f9e) + Z"(f(1 = ¥y)), (4.4)
limsupsup [|[Z"(f)¢]| < limsupsup || Z"(fV:)¢|| + limsupsup || Z"(f(1 — o))l
t<T t<T I<T

for any T > 0. By Lemma 4.1, one has

hm limsup sup || Z"(f(1—¥.))| = 0. (4.6)
n t<T
On the other hand, if ¢ € (2,p) we have by (2.3) and || X|| < C and (4.1):
[t/An]

ow 17w < @y (X IArXI+ T IAK)
s< = s<t

< 2dPY(2de)P1TC Z > jaxge.

7=1 s<t

13
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Since ) ., |IAXI|9 < 00, by letting € — 0 we conclude

limsup sup |Z"(f¥:)s| =0,
n s<t

which ends the proof in the case where X is bounded.
The general case is deduced by a classical method of ”localization”, for which we refer
to Section 3 of [2] for details. O

Proof of Theorem 2.4: We use the previous notation, with Z"(f) is as in (4.3) and
D(f) as in (2.5). Recalling that (2.4) and (2.5) give the same process D(f(1 — ¥.)), we
still have (4.6), and it is thus enough to prove that:

ZM(fU,) —%eP 0, (4.7)

Set f. := fU.. By the hypotheses on f, the function f. is C? in z if € is small
enough. We then apply lemma 4.2 to each f.((i — 1)Ap, X(i_1)a,, AP X), which gives
Z"(fe)r = Z?Zl Z"(fe, 1)t where, with the notation Y* = X — X(;_1)a, and ¢"(s) :=
(1t —1)A, for s € ((i — 1)A,,iAy], we have

n AnAn € n n € j
Z(fe 0 = gy U (8567 (5), Xy, Vi) = S5 (s5—, X, 0)) dxd,

n A n n
Z (f672)t = zzjk 1f0t/ (ayaa;k ((b ( )7X¢"(s)7Ys)
92 fe (s—,Zs,,o)> d(X T, Xk

"~ Ozl OxF
ZL3) = Seet (J(67(), Ko Y) = fo(s—, Xy, AKX
o(0™(5), X (s Vi) = 2y AXE (55 (67(5), Xgn(s), YIL)

~55 (5= X,-,0))).

Observe now that gf (@"(5), Zyn(s), Yor) — gfj (s—,Zs—,0). Since gﬁj is dominated by a

locally bounded processes, Lebesgue’s theorem gives:

ZM(fey1) ="CP 0.

The proof of Z"(fe,7) =P~ 0 for j = 2,3 is similar, and we thus have (4.7).

4.2 Proof of Theorem 2.6
Let us start by strengthening the hypothesis (Ny) :

Hypothesis (LNp): (Np) is satisfied, and the processes bs, o, [p(1A||6(w, s,y)[|?) F(dy)
and X, are bounded by a constant. O

14
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We also suppose that the process I' which intervenes in (2.1) is uniformly bounded.
Below, we denote all constants by K. Set

AW
O(i—1)An N

Lemma 4.3 Suppose (LNy) satisfied and f optional, satisfying (K(R)) and at most with
polynomial growth. Then

5 =

(4.8)

[t/An]
An DY E{f (= D)An X-1ya, B7) [Fa-na, b = / H,_ds, (4.9)
i=1
when n — 0o, where Hy = [ po, (f(s,Xs,.)) ds.

Proof: The left side of (4.9) is almost surely equal to A, ZEIZlA"] Hi_1)a,- Thisis a

Riemann sum which therefore converges to fg H,_ ds locally uniformly in ¢, because H is
a cadlag process. O

Lemma 4.4 Let f be optional, locally equicontinuous in x and with at most p-polynomial
growth. Assume further that X satisfies (LNy) and either is continuous or p < 2. Then

[t/AR] AT X
JA Z <Hf i—1)An, Xi—1)a Z—\/A—> - f<(Z - 1)An,X(i71)An,5?) H) — 0.

Proof: We reproduce the proof of Lemma 4.4 (2) of [4] with some relevant changes. For
any A, T, € > 0, we define the variables

GT(EaA) = sup Hf(s,z,m—i—y)—f(s,z,x)”

s<T ||| [ <42 <K |yl <e

IND' , .
Hf < DA X—1)a, Z—\/A—> — f((i = DA, Xi-1ya,: 5i")

1G] < Gie(e, A) + (1G]] (1{||5ZL||>A} + 1{||A;LX/\/A—F/3;L||>€}> : (4.10)

Let ¢ be a real such that ¢ > p if X is continuous and ¢ = 2 if not. Then (2.1) with T'
a constant yields for all B > 1:

Then

1w, s,2,2)] < Ko(z)(B" o] + B).
Also under (LNy) one knows that:

E{|arx/va, - s

q
+ 1871}
Hence by (4.10):
IG < Gile, A) + KBP <1{||BZL|I>A}+1{HAX1."/\/A_,L—BZ”H>6})
q
+K B (171 + | arx/ VAL - sr])

15
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It follows that

[t/An] o
An STE{ICNY < t<E{Gt(5,A)} L BB KBM>
=1

[t/An]

P EBeA, Y E{1A]|ArX/ VA, - 8 g3 (4.11)
=1

Next by lemma 4-1 of ([6])

[t/An]

A Y E{1n[Arx/ VA, - 87

2
}—>O.

Then coming back to (4.11) and letting successively n — oo, ¢ — 0, A — 0o and B — oo,
we obtain the result. O

Proof of Theorem 2.6: We first prove the theorem under the stronger assumptions
(LNp) and T'; in (2.1) bounded. Set

[t/An]

ArX t
U= A, f<i—1An,Xl- n,l—> — / Po. (f(s—, Xs,.)) ds.
‘ > 1 (6080 Ko o) = [ e (e e

Then U™ = 2?21 U/™(j), where

[t/An]

AT
U = Ay (f((z‘—l)An,X(i_manX) — F (= 1D)An X s, B7) ),
i=1 "

[t/An]
U@ = A 3 (6= 1DAm Xona, B7)
=1

—E{f((i—1D)An Xi—1)a,B7) | Fi-1)a, } >,

[t/ An] ¢
Ut/n(3) = An Z E {f ((Z - 1)An7X(i—1)An7ﬂzn) ’f(z—l)An} - A Pos (f (8_7X87 )) ds.

i=1

Observe first that U{™(2) is a martingale with respect to the filtration (Fy/a,ja, )0
and its predictable quadratic variation is given by:
[t/An]
U@ = A2 Y (B{F(l = DAn Xy, B Fana, |
i=1

~(B{(G = D)AWL X-1)a, B7) |f(i—1>An})2)’
wep.

which satisfies (U"(2)); < KtA,. It follows by Doob’s inequality, that U/™(2) = 0.
We have the same results for U™ (1) and U/"(3), respectively by lemma 4.4 and 4.3.

16
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At this stage the theorem is proved under the stronger assumptions announced at the
beginning of the proof, and as said in Theorem 2.2, the general case is obtained by a
classical localization method.

5 Proof of the central limit theorems

5.1 Proof of theorem 3.2

We start again by strengthening our hypotheses:

Hypothesis (LN7): (V1) is satisfied, and the processes b, 0 and X are bounded. The
functions v; = v do not depend on k and are bounded. O

Hypothése (LM;): We have (M;) and the process I' is bounded. O

Under (LN7), we have:

t t t
X =Xo+ / v, ds + / osdWs + / / 8(s,y) (1 — v)(ds, dy), (5.12)
0 0 0o JR

where
b, := by —i—/Rh/(é(s,y)) F(dy). (5.13)
For € > 0, set:
E={yeR, v(y)>¢c} and Ny=1pxp, (5.14)
and let T7,---,Ty,- -+ be the successive jump times of N.

We state two important lemmas, the first of which is due to Jacod and Protter (Lemma
5.6 of [9]), and the second one is Lemma 5.9 of [6].

Lemma 5.1 Suppose (LNy) satisfied, and for each Tzﬁ, denote by ig the integer such that
(iy — DA, < T, <ipgA,. Then the sequence of random variables
1
VA,

converges stably in law to

<0(¢g_1)An(WT,; ~Win-1a,) » ony(Wina, — WT,;))

p>1

<,/IipO'TZ/77Up, ‘/1_“P0TgﬁUz/>)p ,

>1
where Uy, is such that Ul = (Uy,--- , U™) and U} = (UL, -, U™).
Lemma 5.2 Under the assumptions of lemma 5.1, on has:
1
VA,
1 P

A <XT;r = Xag-na, = op-na,(Wry — W(ig—l)An)) — 0.

P
<(Xi;;An = Xy — oy (Wina, — WT;,)) — 0,

17
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We are now ready to give the proof of the theorem.
The processes

Wn(f) = Vn(f) - f(s—, Xy AXS) (5'15)
VAn t Sg[t%]An

satisfy W™ (f) = W"(f,1) + W"(f,2), where

WAL = e (VI = S F(67(s), X, AX,)

s<[t/An]An

R

Wn(f’ 2)25 = Z (f((;Sn(S),XS,,AXS) _f(s_’XS*’AXS))’
" s<[t/An]An

u.c.p.

(¢™(s) is like in the previous section). (3.9) yields W"(f,2) — 0, and for all € > 0 we
have

WD) = WH(F(1 = W), 1) + W[, 1), (5.16)
where U, is as in (4.2). Then the rest of the proof of Theorem 3.2 is divided in three
steps.

Step 1: Here we study the convergence of the process W™ (f(1 — U.),1). By subsection
3.1 of [6], for n large enough one has:

WNIA-v) = o= Y (FU- ) - DA X, ATX)
" TY<[t/ An] A
— FO= )i = DAL Xy AXy) )
phe 3] y
= S (ALXI - AXT,
Bn . 1<t AA, \i=1 !
of(1—w " i —n
X%((’LP — 1)An7X; ,Xp)

d
i i af(l - \I’g) . <'n n
+ Z; (nggfl)An B X%é—) 82] ((ZZ - 1)An7Xp ) p) )
.]:
where (7;”,7;) is between (X(in_1)a,, A7 X) and (X7, AX7y). Then by lemma 5.2
and 5.1, W™(f(1 — ¥,) converge stably in law to the process

d m
Fra-w) = Y SN ((VAodf Uk + VT rmogiu))
p: Ty<t j=1 k=1
1-w
IOV xyy Ay
Lj

7.k kaf(l - \IIE) /
_\/%UTIQ*UPT(TP_’XTZ;_’AXTZQ) 5

18
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which has the same F-conditional law than the process F'(f(1 — W.)) associated with the
function f(1 — ¥,) by (3.11).
Step 2: Here we show that

F(f1—-w.)) ““X F(f) ase— 0. (5.17)

Recall the process C(f) defined in (3.12), and set f¥. = f.. Under (LN;) there exists a
process A such that:

VT >0, C(fE)T < Ap, and E(At) < Q.

Since C(f:)r — 0 when € — 0, by Lebesgue’s convergence theorem we have E(C(f.)r) —
0. Furthermore by lemma 3.4, the process F(f:); is a locally square integrable martingale
and Doob’s inequality yields that:

[ |

P (?3? |F(f)| > n) < - E(F(f.)F) = %E(C(fe)T)

ucp

hence F(f¥.) —
(5.17).

0 when € — 0. Since F(f) = F(f(1 — ¥.)) + F(f¥,), this implies

Step 3: In this last step we show that

lim hmsup {supHW"(f\Ifs,l)H > 77} =0, Vn, T >0. (5.18)
t<T

e—0

Using [t0’s formula of lemma 4.2, in a similar way than in the proof of theorem 2.4,

we have W"(f.,1) = S20_ W"(f-,1,1), where

n _ 1 d [t/A ]An 2] af& ()
wn(f,1,1) = \/A_n;/o b (¢()X¢ns), ") ds,
[t/An]An o2 f
Wn(f.,1,2); = olkglk e Xyn(s), Y1) ds,
(£a1.2), HZM 1/ 5 () X, V2
[t/An]
Wn(f€7273)t = Z / k fe ((ﬁn( ) X(b"(s) ) de
=1 k=1
[t/An]An
W"(fe,1,4), = \/—Z/ / 5] ¢"( ),X¢n(s),Y;,"_) (n —v)(ds,dy),
[t/An]An
Wn(fea 1)5)25 = \/— A <f€ (¢n(8)?X¢"(s),}/tgn_ +6(Say))
— [ (9" (s), Xgn(s), Y. 25] (0™(s5), Xgn(s), Y )

—f€<¢ <s>,Xs*,6<s,y>>) u(ds, dy),
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with Y and ¢"(s) as before.
Under (LN7) and (LM;), we have:

E([| X — X[P) < Klt—sP/?, Vpel0,2].
S [|8E G zm) < ac(llell A (2de))?,
. (5.19)
S || < aclall A 2de)),
ki1+k

S Sy | S (0| < acllell A de=ta),

where o — 0 when € — 0, k1 + ko € {0, 1, = f.. We also have
a y Apn(s)r Ls— et 5— 8.%']({91']/ y Apn(s)r L s )

where ?Z belongs to the segment joining Y,* and 0, thus
/[t/A”}A"E b Y2 O (X n ) ds
0 \/A_n 31‘j31‘j ()
0 [

42 1/2 2 1/2
< [{25E) " (o)) ]
t 2 2 1/2
< K/ (E{‘ 0" Je ( }) ds. (5.20)
0

31‘j31‘j/
Since %(w s,2,0) =0, and ama g; (w, s, z,x) satisfies (K (V)), one deduces by Lebesgue’s
theorem that (5.20) converge to 0, and thus

¢n(3)7 Z(b"(s)??Z)

W"(fs,2,1) — 0.

Similarly we show that
W"(fe,2,2) — 0.

Next, the processes

[t/An]An 8f5

are martingale with respect to the filtration (f[t /A A, ), hence by Doob’s inequality and
(5.19) one has:
. n}

t/An]An
P {sup (9f€
t<T

(¢n( )7 Xd)”(s)a }/;11) ngdWs{g

=)
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IN

T
0 E{Hafe 0" (s), Xon(s) VL) 0"

772 A,
and

lim lim sup P{SupHW"(fg,l,?))tH >77} = 0.
e—0 n t<T

Similarly, we have:
lim limsup P<sup |[|[W"(f:,1,4)¢]| >np = 0.
e—0 n t<T
Now under (L M), separating the cases where ||z|| < ||2/|| and ||2|| < ||z||, one shows

that:

d

af.
/ / YJe N
‘ fe(w, s, 21,2+ ") — fo(s,z21,2') — jz;xj—axj (w,s,21,2") fe(w,S,Z2,x)H

< Kaellz|* (e = 22l + ll2/Il') -
Then P (supy<p [W"(f-, 1,5)¢| > n) is smaller than

%E{/“M"M 167 6), X Y2 +85,9)

- f€(¢n( ) X¢n(5),5(5,y)) - f€(¢n(8)’X¢"(s)’Y:sn—)
— 305D (67 (5), X, V) s, ) )

Y2 || 4 | Zgn oy — Zis—
SK&g(/E{HSH 1Zgn(s) H}ds) < Kot
0 \/An

lim lim sup P{SupHW"(fg,l,B)tH >77} = 0.
e—0 n t<T

and thus

This ends the proof under the reinforced assumptions (LN7) and (LM;). One finishes the
proof by a classical localization procedure.

5.2 Proof of theorem 3.5 and 3.7.

As for the previous proofs, we first strengthen the hypotheses, and thanks to Remark 3.1,
we adopt the form (3.8) for o.

Hypothesis (LNy(s)): We have (Ny(s)) and the processes by, b, Gs, U5, Aos, Jr(1 A
[[6(s,y)||?) F(dy) are bounded. The functions v, = v do not depend on k and are also
bounded. |
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We denote (LMy) (resp. (LMY)) the hypothesis (Ma) (resp. (MJ)) with the additional
condition that the process I' is bounded.
Under (LNa(s)) with s <1, X can be write as:

¢
X: = Xo—l—/ v, ds—{—/ osdWy —|—// (5,y) p(ds, dy), (5.21)
0

where b, = by — [p h(6(s,y)) F(dy), and under (L2(2)) the process o is writen:

t_ t t top
o = 00—1—/ b;ds—i—/ GSdWS—i—/ T)d‘/;—i—/ d(s,y) (ds,dy), (5.22)
0 0 0 0o JR

with b, = b, + Jz ¥ <g(s, y)) F(dy).

Let us now give some useful lemmas.

Lemma 5.3 Suppose (LN3(2)) satisfied and assume that f is optional, locally equicon-
tinuous in x and at most with p-polynomial growth. If further, either X is continuous or
p <1, then:

e ATX 2
A, Z (Hf ( DAL, X-1)a W) — (i = 1)An, Xi—1)a, B ) — 0.
(5.23)
Proof: The proof of this lemma is the same as for Lemma 4.4, the condition p < 1 come
in because of the the square in (5.23). |
Set

[t/An] .
oS SR (IR

—f (G- 1)An7X(i—1)Ana/8in)> ’f(i—l)An} (5.24)

Lemma 5.4 Suppose (LN2(2)) and (M) satisfied and X continuous. Assume further
that one of the following two conditions is satisfied:

A. The application x — f(w,s,z,x) is even in x.
B. We have b’ =0 and ¢ = 0.
Then U™ ““% 0.

Proof: A) Set

APX
VA,

L=y ((z‘ 1A Xa,. ) Pl - DAL X e B . (5.25)
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Then L} = L;" + L;/", where

d
0 , n 0 . n
Lgn = Z (a—f ((1 - 1)AmX(i—1)An,%‘ ) - 3—5] ((1 - 1)AmX(i—1)An,5z‘ )>

— \ Oz;

A?Xj n,J
. ( VA, P ) ’

I d Aan 6

j=1

for some random variable 7' between A X and Bi. For any ¢, A >0, set

VAR

GMw,e) = sup i H%(w,s,z,x—i—y) gf(w $,2,) H

s<t; |yl <e; zeK; ||lz]| <A
A'X  on
(s, |96 -2
A €

Next, under the assumption (N2(s)) (in particular the properties of o), one shows that
for all ¢ > 2:

Then:

- B

A"X
el < K(Gf‘(m <1+||5" |p+H

A"X
H “ .

E(lg ) < K, B {|arx/v/a, -

Thus by a repeated use of Holder inequality:

[t/An] <E{(Gf(6))2})1/2 N Ai/4 N %

VB X B < Kt

Letting Successwely n — oo, then ¢ — 0 and then A — oo, we obtain
[t/ An]

VB X B o (5.28)

Let us now turn to L?™. Under (LN3(s)) we have: \/% - B = 52" + f;n, where

—~ 1 ZAn , , ZAn S -
& = / b, — by, ds + / / v, du
VA, (¢71)An( (-1)0) (11)An( (i—1)An

+ / (5u - 5(@'71)An) qu) dWs) )
(

i—1)A,

EZ” = /A b’@ A _n (5(¢71)An(Ws—W(ifl)An)

/ / u,y)(p — v)(du, dy) + / i7u qu) dWs.
(i—1)A (i-=1)A

23

q} < KA, (5.26)

(5.27)
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1) Here we show that for any j € {1,---,d},

i 0
E{S@ ’]8—!}0 ((Z - 1)A7L7Xl DA n?B ) ’f(ll)A”} = 0.
L

Since the function z — aaf (w, s,z,x) is odd, one clearly has:

of
/]
{b(z 1A, a 7 (

and for any k, k' € {1,---,m}:

iAn ’ ’
E {~€Zk f)An < /(‘1)A (WE — W(§_1)An) de) X

(’L — 1)AnaXl 1 n?ﬁl) |]:(11)An} = 0’

0
8f ((Z_l)AnaX(z 1)An’5 ) |‘7:(i—1)An} = 0.
L

Next consider the o-field:

‘F(/ifl)An - f(ifl)An \/O’(WS — W(i*l)An : (Z — 1)An § S § ZAn)

Since W is independent of y and of V, for any j, k as above one has:

E{(/(;A;An </( » /W w,y) (1 — v)(d, dy)> de>

Xﬁ(( )AnaXl HA n75) ’f(ll)An} :O’

and for any j' € {1,---,1

oz
}:
iAn, s e )
’ { (/(i—l)An (/(1—1)An o v ) W ) x
of
0x;

(= 1A, XA, Bi") !f(z‘—l)An} =0.

From (5.30), (5.31), (5.32) and (5.33) we deduce (5.29).

2) In this step, we show that for all j € {1,---,d},

/ n,g ~J
b2 E{ |

By Holder and Doob inequalities we have:

1Ay
E{IE 7} < K<A2+ / o 1 = ¥y 1P+ 15 = G |7) s

(i—-1

24
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2
Since E {H % ((z - 1A, X(z‘fl)An,@n) H } < K, it follows from a repeated use of Holdér
inequality that

[t/An]

VALY E{ |85l

Ox;

12 [t/An]An ,
82 (B[ (1 =ty a, B+ 115 =Bl g, ) ds

Since b’ and o have some continuity properties in s, we deduce by Lebesgue theorem
that the last quantity tends to 0 when n — oo, hence (5.34).

B) The proof is the same than for (A), except for the fact that we have (5.30) and (5.31)
because O/ = 7 = 0. O

(1 — 1)An,X(,~_1)Anaﬂin)

| |-7:(i—1)An} < KtA, +

1/2

We give now another version of Lemma 5.4, in the case where X is discontinuous:

Lemma 5.5 Suppose X satisfies (LN2(s)) with s < 1 and f satisfies (LM.). Assume
further that either f(w,s,z,x) is even in x or b =& = 0. Then

u.c.
yn Lok 0, when n — co.

Proof: Recall that under (LNa(s)) with s <1, X is written as in (5.21). Set

t t
X, = Xo + /b’sds + /anWS.
0 0

Let (g,,) be a sequence such that: ¢, €]0,1] and ¢, — 0 when n — oo, and set E, =
{z € R, y(x) > e,}. Then

AX A"X’ /
L = 0(s,x) u(ds, dx).
VA, (i-1)An J B )i )

1Ay
/ (s,2) p(ds,dz).

(i—1)An

Set

. B 1 1Ap
% (1) T \/—/Z DA B, 5(873/) H(ds7dy)7
") = F/ / (s5,) lds, dy).

Then using the notation (5.25), one has L} = 22:1 L?(j), where
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L0 = £ (0= DA Xy, S52) = 1(( = DA Xooya, S5 = (D),
A”X’) 7

ATX
L1(@) = £(( = DA X, S = G0) = (6= DA Xa,

£®) = £(( = D8 Xoa Sae) = 1 (= D80 X, 1)

The hypothesis (LMJ) gives the existence of a sequence of reals (K™) such that

”ZH <m = ”f(w7svsz1) - f(wﬂgvzvxl + xQ)H < Km(l A Hl'Q”)

Hence

[t/An] [t/An]

JAn Z E{ 1L Ficna, } < KVA, Z E{ (1A 1MW) 1Fi-pa, }-

By the inequality (5.9) of lemma 5.3 of [6], we deduce:
[t/An]
VA, Z E{|LF1)|} < KtAY 2, (5.35)
Next, set 0(y f{\’v <y} |7(z)| F(dz), which goes to 0 as y — 0. One has

[t/An] [t/An]

VAL Y E{ILF@)I} < KVA, Z E{IG" I} < Ktb(en). (5.36)
i=1

Finally, lemma 5.5 implies:

[t/An]

VA, Z HIE{L" | F(i— 1)An}H —"¢P 0, when n — oo. (5.37)

By (5.35), (5.36) and (5.37) we have:

/0]
VALY E{LE 1 Fina, < K (A2 +0c)
i=1

[t/An]

+VA Z B {Z7(3) [Fi-na, ] -
Choosing &, = (1 A A%/A‘), we conclude:
(t/An]

v Z [EALY [ Fa-pya | —"< 0,
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and this ends the proof. O

Set now
[t/An]
e > B = D0 X, 8708, } - [ o556 s).
(5.38)

Lemma 5.6 If X satisfies (LN3(2)) and f satisfies (LMs), we have U™ “=5 0.

Proof: We can assume without loss of generality that f is 1-dimensional. We also
write the proof when the dimensions of X and o are 1, since the multidimensional case is
more cumbersome but similar to prove. We have U/™ = U/"(1) 4+ U/"(2) + U;"(3), where

L A i,
U = e X /(i_mn (Prccsysn (PG = DA X 1ya,)

~ po (f((i = DA, X,.)) ) ds,

L A i,
e = gx ) (P (=080 X0 ) = 0, (5 X)) s
@) = : | o7 X s

VAR Jit/An)
Since f is at most with polynomial growth,

1 t

\/— /A |pos(f(5,Xs,-))| ds < K\/A_na

u.c.p.

hence U/™(3) —> 0. Otherwise Hypothesis (Ms), and in particular (3.10), implies

[t/An]

Z/ o, 1P 0= D X)) = o, (F (5, K, D) ds < KEATT2,

u.c.p.

hence U/"(2) — 0.
It remains to show that:

U1 =X o. (5.39)

The function (z,z) — f(w, s, z,2) being C!, so is the application (w, z) + pw(f(s z,.)).
Set F i(w,w, 2) = py(f(w, (i —1)A,,2,.)) and X = X; — fot bsds and o} = oy — fo b’ ds.
Then we have U;"(1) = — Z?:l U™(1,7), where

1 [t/Ad

A
n s OF,. i
Un(1,1) = S / / (bu SN o
t ( ) \/A_n — Ji 1, ( (i—1)An ow ( (i—-1)An ( 1)An)
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+bla§2’i (J(il)AnaX(il)An)> du) ds
/A0 i
Ur(1,2) = \/1A_n ; /(i_l)An ((Ug_UE;—l)An)%(U(i—l)AWX(i—l)An)
+(X, - X{;_1)An)%(0(iI)An,X(il)An)> ds
, A ia,
Ui"(1,3) = N ZZ1 /(i_l)An <Fn,i(as,Xs)_Fn,i(a(i—l)AnaX(i—l)An)
—(Xs — X(i—l)An)agZi (O-1)an X(i—1)A,)

—(0s — 0i—n)A,) S0 (J(i—l)AnaX(i—l)An)) ds.

u.c.p.

Since b/, b’ are bounded we have sup,; |U/"(1,1)] < KtA,llp, hence U/"(1,1) — 0.
Next, the process U™ (1,2) is a martingale with respect to the filtration (Flt/ana,) and
the expectation of its predictable bracket is smaller than KtA,,. Hence Doob’s inequality
yields UP(1,2) “=5 0.
Finally, if (['(s) denotes the integrand in the definition of U{"(1, 3), we have

n aFn,z /. ~ /- aFn,z
Cz‘ (S) = (Js - O-(i—l)An) < ow (O'(Z,’I’L, S),X(Z,’I’L, S)) - w (U(i—l)An’X(i—l)An)>
+ (Xs = X(i-na,) < 5, (lin,5), X(i;n, 5)) — == (U(i—l)AwX(i—l)An)) , (5.40)

with (5(i,n,s), X (i,n, s)) in between (O(i—D)Ans X(i—1)A,) and (05, Xs). For A, e > 0, set:

Gi(e, A) = Sup{ %(s,zl,xl) — %(8,22,232)‘ :

%(S’Zl’xl) - %(8,22,232)‘ +

s<t; x|, |x2] < A; |x1 — 22| <e |2, |22 < K; \zl—ZQ\SE},

then by the properties of f, we have G¢(¢, A) — 0 when ¢ — 0. Therefore it follows from
(5.40) that

N 0s = 0(i—1)A,| t|Xs - X(i—l)An|+

G'(s)l = K ((1 + A)Gy(Ae, K A)
+ (U] > A/K))?) x (los = o, |+ 1Xs = X pa,l),

where U is a N'(0,1) Gaussian variable.
Since under (LN»(2)), E{|oy — 0s|* + |Z; — Zs|*} < K|t — s|, we deduce:

LA,
VA, ) /( A E{|¢'(s)[}ds < Kt((l+A)(E{Gt(Ae,KA)2})1/2+
no=1 YU=DAn
+B(U| > A/K)2 4 Vo),
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Letting n — oo, then & — 0, and A — co, we obtain U}(1,3) ““%" 0, hence (5.39). O

The next lemmas are very important because they deal with the part of the processes
having a non-trivial limit. We use the notation of Subsection 3. The first one is about
the "even case” for f. Set

[t/An]

U? -V Ay, Z (f((’L - 1)An7X(i71)An7ﬂi ) E{f((Z - 1)AnaX (i—1)A n75 ) ‘f(zfl)An}>
i=1
(5.41)

Lemma 5.7 Suppose (LN2(2)) satisfied and f(w, s, z,x) even in x with at most polyno-

mial growth. Then U, gy L(f):, where L(f)y = fg as dW 4 is given by (5.14).

Proof: Set
é.ln -V Ay <f((Z B 1)An7X(i*1)An75?) - E{f((Z - ]‘)AnﬁX(i*l)An7B?)’f(l'*1)An })7
then
E{& | Fi—ya,t = 0. (5.42)
For any j,k € {1,---,q}, we have:
E{é.lnh]glyhk‘f(l_l)An} = An <pU(i—1)An ((fjfk)((Z - 1)An7 X(i—l)Ana ))

~Poi—nan (f]((l - 1)AmX(z‘71)An, ) %

XPoi—1)An (fk((Z - 1A, X(ifl)An’ )))>

Then as in lemma 4.3, one shows that:

Z[t/A {( ’jff’k) \f(i,l)An} converges u.c.p. to the process

| (5.43)
fo (pUs f fk)(s’ XS’ )) - pUs (fj (Sa XS’ '))pos (fk(sa XS’ ))) dS
Next for any € > 0, we have:
[t/An] 1 [t/An] Kt
> EB{IEF P Ler)>e) Fi-nan < = > BN Fi-nant < = An (544)
i=1 i=1
Since f is even in z: Vj € {1,---,m},
E{er AW |Fyna,} = 0. (5.45)

If now N is a martingale orthogonal to W, by the proof of Proposition 4.1 (see (4.13)) of

2],

E{&" A N|Fi-1a, } = 0. (5.46)
By (5.42), (5.43), (5.44), (5.45) and (5.46) we can apply theorem IX-7-28 of [6] which
gives our lemma. O
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Remark 5.8 In the previous lemma, the hypothesis on f is more than what we need,
having f(w,s,z,x) to be optional even in x and satisfying (K(R?)) and with at most
polynomial growth would be enough.

Now we deal with the case where f(w, s, z,x) is not even in z.

Lemma 5.9 Suppose that X and f satisfy respectively (LN2(2)) and (LMs), then U? E;(s>)
L(f):, where L(f) is given by (3.20).

Proof: The proof goes as for lemma 5.7, except that (5.45) fails here, since f(w, s, z, z)
is not even in x. However we have

E{ﬁf’jA?Wk\f(H)An} = AnE{fj((i —1)A,, X(ifl)Arn5?)A?Wk)’]:(ifl)An}7
and (as in the proof of lemma 4.3) one has:

/0] | .
> B{gIAWE Fus, } = F [ w(aitds (5.47)
i=1 0

Then taking account (5.47), and using once more theorem IX-7-28 of [6], we get this time
Lemma 5.9. O

5.2.1 Proof of theorems 3.5 and 3.7:

We first prove the theorems under the strong hypotheses stated at the beginning of the
Subsection 5.2. Set

W= /A, <W"— / t ,oas<f<s,Xs,.>>ds)-

Then, using the notation (5.24), (5.25), (5.38) and (5.41), we have:

[t/An]
Wi = VA Y0 (L = B Fona, }) + UF + U+ U
i=1

The process VA, ZEZ?"}(L? — E{L"i[Fi-1)a,}) is a martingale with respect to the
filtration (Fj;/a,]a,), Whose predictable bracket is smaller than A,E{||L}(1?[F;_1)a, }-
Hence Lemma 5.3 and Doob’s inequality yield that

t/An

[ ]
VAL DY (L} = B{L}|Fi-1)a,}) = 0.
i=1

Moreover U™ <% by Lemmas 5.4 or 5.5, depending on the case. Next, Lemma 5.6

yields U™ 8. Finally Lemma 5.7 for Theorem 3.5 and Lemma 5.9 for Theorem 3.7
give that U converges stably in law to the process L(f) given respectively by (3.14) and
(3.20).

At this stage, we have proved the theorems under the strong assumptions mentioned
above. The general case is deduced by a "localization” procedure.
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