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SOME LIPSCHITZ MAPS BETW EEN HYPERBOLIC SURFACES
W ITH APPLICATIONS TO TEICHM ULLER THEORY

ATHANASE PAPADOPOULOSAND GUILLAUME THERET

Abstract. In the Teichm uller space of a hyperbolic surface of nite type, we
construct geodesic lines for T hurston’s asym m etric m etric having the property
that when they are traversed in the reverse direction, they are also geodesic
lines (up to reparam etrization). T he linesw e construct are special stretch lines
in the sense of T hurston. T hey are directed by com plete geodesic lam inations
that are not chain-recurrent, and they have a nice description in term s of
FenchelN jelsen coordinates. At the basis of the construction are certain m aps
w ith controlled L ijpschitz constants between right-angled hyperbolic hexagons
having three non-consecutive edges of the sam e size. U sing these m aps, we ob-
tain Lipschitz-m inin izing m aps betw een hyperbolic particular pairs of pants
and, m ore generally, between som e hyperbolic sufaces of nite type with ar—
bitrary genus and arbitrary num ber of boundary com ponents. T he Lipschitz-
m inin izing m aps that we contruct are distinct from T hurston’s stretch m aps.

AM S M athem atics Sub ject C lassi cation: 32G 15 ; 30F 30 ; 30F 60.

K eywords: Teichm uller space, surface w ith boundary, T hurston’s asym m etric
m etric, stretch line, stretch m ap, geodesic lam ination, m axin al m axin ally
stretched lam ination, L ipschitz m etric.

1. Introduction

In this paper, we prove som e results on T hurston’s asym m etric m etric on Te-
ichm /"uller space. T hism etric was Introduced by T hurston in his paper ?7?.

we start by constructing Lipschitz hom eom orphisn s w ith controlled Lipschitz
constant betw een sym m etric rightanglkd hyperlbolic hexagons, that is, convex right—
angled hyperbolic hexagons having three non-ad jacent edges of equal length. U sing
these L pschitz hom eom orphian s, we obtain, by doubling the hexagons, Lipschitz
hom eom orphism s between sym m etric hyperlolic pairs of pants, that is, hyperbolic
pairs of pants which have three geodesic boundary com ponents of equal lengths.
T hese Lipschitz hom eom orphisn s between symm etric pairs of pants are extrem al
n the sense that their Lipschitz constant ism inin alam ong all L ipschitz constants
of hom eom orphism s In the sam e isotopy class. But these L Ipschitz extrem alhom e-
om orphism s between pairs of pants are not stretch m aps in the sense of T hurston.
By varying the L ipschitz constants of the hom eom orphisn swe construct, we obtain
a path In the Teichm uller space of the pair of pants w hich actually coincidesw ith a
stretch line in the sense of T hurston, and we exploit the properties of such stretch
lines.

W e recall that stretch lines are geodesics w ith respect to T hurston’s asym m etric
m etric, de ned by m inin izing the Lipschitz constant between m arked hyperbolic
surfaces.

By ghiing pairs ofpants along their boundary com ponents, and by com bining the
m apsw e construct betw een pairs of pants, we obtain stretch lines in the Teichm uller
gpace of hyperbolic surfaces of nite type, of arbitrary genus and of arbitrary num —
ber ofboundary com ponents, w hich are also geodesics (up to reparam etrization), for
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T hurston’s asym m etric m etric, when they are traversed in the opposite direction.
These are the rst exam ples we know of such geodesics for thism etric.

W e also recall that by a result of Thurston, given any two points g and h in
Teichm uller space, there is a unigque m axin ally stretched chain-—recurrent geodesic
lam Ination (g;h) from gtoh which ism axin al (w ith regpect to inclusion), and that
ifg and h lie in that order on a stretch line directed by a com plete chain—recurrent
geodesic lam ination , then (g;h) = . W e obtain the follow Ing results that are
variations on this theme: W e show that if two elem ents g and h In Teichm uller
space lie (In that order) on a stretch line we construct, the lam ination (g;h) is
strictly sm aller than the lam ination that directsthat line, and that there are several
(non chain—recurrent) m axim alm axim ally stretched geodesic lam inations from g to
h. In other words, the stretch lines we construct are directed by com plete geodesic
lam inations that are not chain—recurrent, and unlike the chain-recurrent case, these
lam Inations are not uniguely de ned.

2. Thurston’s stretch maps betw een hyperbolic ideal triangles and
betw een pairs of pants

In this section, we recall the de nition ofa stretch m ap betw een hyperbolic ideal
triangles and between pairs of pants. This construction is due to T hurston (see
BD.

W e start w ith a stretch m ap from a hyperbolic deal triangle to itself.

Consider a hyperbolic ideal triangle equipped w ith the partial foliation by horo-
cyclic segm ents that are perpendicular to the boundary. Up to isom etry, there is
a unique such obgct. There is a non-foliated region at the center of the triangle,
bounded by three pieces of horocycles (see Figure 1). This horocyclic foliation is
equipped w ith a naturaltransverse m easure, w hich is characterized by the fact that
the transversem easure assigned to any arc contained in an edge of the idealtriangle
coincides w ith the Lebesgue m easure induced by the hyperbolic m etric.

T he non—-foliated region of a hyperbolic triangle Intersects each edge of the tri-
anglk at a point called the center of that edge.

horocycles
Q»))\ perpendicular
)) to the boundary

g
=

;y(f\r\
=
)3

horocyclic arc
of length one

Figure 1. The horocyclic oliation of an ideal triangle.

Let T be the hyperbolic ideal triangle equipped with its horocyclic m easured
foliation, and consider a realnumber k 1. The stetch m ap of m agnitude k of T
is a hom eom orphism fy :T ! T satisfying the follow ing properties:

(1) The restriction of fy to the non-foliated region of T is the identity m ap of
that region.

(2) On each edge of T, fx sends any point at distance x from the center of that
edge to a point at distance kx.
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(3) Them ap fx preserves the horocyclic foliation of T ; that is, it sends leaves
to leaves.

(4) On each leaf of the horocyclic foliation, fi contracts linearly the length of
that leaf.

By gliing stretch m aps between ideal triangles we construct stretch m aps be-
tween hyperbolic pairs of pants.

A hyperbolic pair of pants is a gphere w ith three open disks rem oved, equipped
with a hyperbolic metric in which the three boundary com ponents are closed
geodesics (the lift of such a curve to the hyperbolic universal cover seen as a subset
of the hyperbolic plane H? is a geodesic in H?).

LetP be a hyperbolic pair ofpants. W e choose a com plete geodesic lam ination
In P . Such a com plete geodesic lam Ination necessarily consists of three dispint bi-
In nite geodesics that spiral around the boundary com ponents of P, decom posing
that surface Into two hyperbolic deal triangles. T he horocyclicm easured foliations
of the two deal triangles t together an oothly since they are both perpendicular
to the edges of the deal triangles, and therefore they form a Lipschitz line eld on
the surface. Foreach k 1, consider a stretch m ap ofm agnitude k de ned on each
of the dealtriangles com posing P . W e obtain a new hyperbolic pair ofpants Py by
gluing the idealtriangles together along their boundaries according to identi cations
that are com patible w ith the stretch m aps. Thisde nesa hom eom orphisn from P
to another hyperbolic pair of pants Py , which is called a stretch m ap (ofm agnitude
k) from P to Py.

T he above construction can be repeated on several copies of hyperbolic pairs of
pants. By gluing together these pairs of pants according to the identi cations given
by the stretch m aps, we obtain a stretch m ap of m agnitude k from a hyperbolic
surface S to another Sy . Note that the com plete geodesic lam inations giving the
decom positions into ideal triangles of the pairs of pants in S give, together w ith
the pants decom position of S, a com plete geodesic lam ination on the surface S .

Rem ark 2.1. The reader should be aw are that stretch m aps are actually de ned
In a much wider generality than the one presented here. T he underlying com plete
geodesic lam ination giving the decom position of the surface into ideal triangles
can be chosen arbitrarily am ong the com plete geodesic lam inations and it is not
necessarily the com pletion of a geodesic pants decom position as above. H ow ever,
In this paper, we shallonly need the special case of stretch m aps described above.

3. Extremal Lipschitz maps between symmetric right-angled
hexagons

G iven two m etric spaces X ;dx ) and (Y;dy ) and amap £ :X ! Y between
them , the Lipschitz constant Lip (f) of £ isde ned as

Lip()= sup MZ R [ fl g:
x6y2X dX Xy

W e shall say that them ap f is Lipschitz if its L jpschitz constant is nite.

T he stretch m aps fx betw een hyperbolic ideal triangles that we considered in the
last section are exam ples of Lipschitz hom eom orphisn s, w ith Lipschitz constant
equalto k. Note that the fact that this L ipschiz constant is at least k can be seen
from the action of these m aps on the boundary of the idealtriangles. T he fact that
the L jpschitz constant is exactly k is In plicit In T hurston’spaper P]. Tt also ollow s
from the com putations below (see Rem ark 3.4). By using these m aps as buiding
blocks, we recalled in x2 how one obtains L ipschitz hom eom orphism s of hyperbolic
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pairs of pants and, m ore generally, of hyperbolic surfaces. T hese stretch m aps have
Lipschitz constants k.

In this section, we shallde neLipschitzm apsbetween som eparticular hyperbolic
right-angled hexagons, which will also have controlled Lipschitz constants, and
which can be used to de ne Lipschitz hom eom orphisn s between special hyperbolic
pairs of pants, by gluing hyperbolic right-angled hexagons and taking the union of
Lipschiz m aps between them . By gliing together these special pairs of pants in
an appropriate m anner, this w ill eventually yield hom eom orphism sbetween special
hyperbolic surfaces of arbitrary nite type, with controlled L ipschitz constants.

A symm etric rightanglkd hexagon is a geodesic hexagon H in the hyperbolic
plane H? w ith three pairw ise non-consecutive edges having the sam e length. (N ote
that this in plies that the rem aining three edges also have the sam e length.)

W e consider a sym m etric right-angled hexagon H , and we choose three pairw ise
non-consective edges of H , which we call the Iong edges. W e denote their com m on
length by 2L . T he other three non-consecutive edges are called short, and we denote
their comm on length by 21. An easy com putation using wellknown form ulae for
right-angled hexagons gives

@) 2sinh (@) sinh L) = 1:

Foreach realnumberk 1, we et Hy be the symm etric right-angled hexagon
obtained by multiplying the lengths of the long edges of H by the factor k. W e
note that this property detemm ines the isom etry type of Hy In a unique way. W e
call the edges of H  that are the In ages of the long edges of H by this dilatation
m ap the ong edges of H and we denote their comm on length by 2Ly . W e let 21
denote the length of the other edges of H  , which we call the short ones.

In this section, all the m aps between sym m etric right-angled hexagons that we
shall consider w ill be hom eom orphisn s sending the long (respectively short) edges
to the long (respectively short) edges, and In generalwe shall not repeat this con—
dition.

T he three lengths of any three non-consecutive edges of H (respectively of Hy )
satisfy the triangle inequality. T herefore, we can equip H (respectively H ) with
a partialm easured foliations F (regpectively Fy ) whose leaves are loci of equidis-
tant points from the short edges. In the hyperbolic plane, equidistant points from
geodesics are classicaly called hypercycks, and we shall use this term nology. T he
foliations of H (regpectively H ) by hypercycles are shown In Figure 2, and such
foliations have already been considered by Thurston in his com pacti cation the-
ory of Teichm uller space (see 2, expose 6]). There is a non-oliated region of F
(respectively Fy ) at the center of H (respectively Hy ).

T he intersection num ber of F (respectively, Fy ) w ith an edge ofH (respectively,
Hy ) iseither 2L or 0 (respectively, 2kL or 0) depending on w hether the edge is long
or short.

Wealsoequip H (respectively H ) w ith the partial foliation G (regpectively Gy )
whose leaves are geodesic arcs perpendicular to the leaves of F  (respectively Fy ).

In Theorem 33, we shallconstructamap, hy :H ! Hy which (leafwise) sends
F toFy,and G to Gy and whose Lipschitz constant isk. Such a m ap is Lipschitz—
extrem alin itshom otopy class relative to the boundary, since the L jpschitz constant
ofanymap £ :H ! Hy which sends long (respectively short) edges of H to long
(regpectively short) edges of H is bounded below by k. The Lipschitz-extrem al
m apswe shall construct are \canonical" in the sense that they preserve a pair ofhy—
percyclic/geodesic foliations, and they are rem iniscent of T hurston s stretch m aps
between deal triangles. In som e precise sense that we goecify below , T hurston’s
stretch m aps between ideal triangles are 1im its of the L jpschitz-extrem alm aps be-
tween sym m etric hexagons.
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Beforede ning them ap hy, wem ake a geom etrical rem ark . C onsider the fam ily
of all sym m etric right-angled hexagons H x as k varies from 1 to in nity. Each of
these hexagons has a center which is the center of the rotation that perm utes each
triple of non-consecutive edges. For each such hexagon, consider the three geodesic
rays em anating from its center and m eeting the short edges perpendicularly. P lace
all the hexagons H ; in the hyperbolic plane so that all their centers coincide and
such that all the above geodesic rays coincide as well. Now for each such hexagon
H ., consider the associated extended hexagon P, de ned as the region of In nite
area enclosed by the three geodesics in H ? extending the long edges ofH i . Tt follow s
from Equation (1) that asLy decreases, k increases, and conversely. From this, we
deduce that forany 1k k° we have E‘Pko IJPk .

W e also note that ask tends to In nity, the extended hexagon P, aswellas the
hexagon H itself converge, in the Hausdor topology associated to the Euclidean
metric (ushg as In Figure 3 the disk-m odel of the hyperbolic plane) to an ideal
triangle. Likewise,ask ! 1 ,them easured foliation Fy convergesto the horocyclic
foliation of the deal triangle (represented in Figure 1) and the non-foliated region
of Fy converges to the non-foliated region of that horocyclic foliation.

T he follow ing two Jemm as w illbe used in the proof of T heorem 3.3 below .

Lemma 3.1.Fork®> k 1, the non-foliated region of Fyo is strictly contained in
the non—foliated region of Fy .

Proof. W e work In the disk m odel of the hyperbolic plane. The statem ent will
follow from the construction of the symm etric hexagons, represented in Figure 3.
In the upper part of that gure, the hexagon H y (also w ith its edges extended) is
drawn in bold lines, and the hexagon H o (wih its edges extended) is drawn in
dashed lines. W e have chosen the hexagons to be symm etric w ith respect to the
Euclidean center O of the unit disk. In the upper gure, the point p (respectively
q) is the Euclidean center of the hypercycle that is on the boundary of non—foliated
region ofH (regpectively H yo0). The point a (regpectively b) is a vertex of the non—
foliated region of Fy (respectively Fyro). A m ore detailed view of a region drawn
in the the upper part of Figure 3 is represented in the lower part. The point a’
(respectively ) is the center of a boundary hypercycle of the non-foliated region
of Fy (respectively Fyo). The Euclidean triangles O pa and O gb are hom othetic
by a Euclidean hom othety of center O and factor < 1. This hom othety sends
the Euclidean circle arc aa’ to the Euclidean circle arc . Thus, there exists a
Euclidean hom othety of center O that sends the non—foliated region of H yo strictly
nto the non-foliated region of H ., which proves the lemm a.

Figure 2. The dliation by curves equidistant to the short edges of a
sym m etric right-angled hexagon. T he central region is not foliated, and
it is bounded by three hypercycles which m eet each other tangentially.



hal-00446542, version 1 - 12 Jan 2010

6 ATHANASE PAPADOPOULOSAND GUILLAUME THERET

Lemm a 3.2. In the upper halfplane m odel of the hyperlolic plane, consider the
gecdesic represented by the im aginary axis iR* = fir;r > 0g, and a hypercyck
m aking an angk 5 1 with this geodesic, with 0 < ;1 < =2. Let ’ ke the length
of a gecdesic arc Ppining perpendiculary the vertical geodesic and the hypercycke.
Then, we have

cos 1 = tanh “:

Proof. W e refer to Figure 4. W e param etrize the geodesic arc by them ap
L1 =21 B?
7 (cos ;sin ):

U sing the form ula for the in nitesim allength elem ent In the upper halfplanem odel,
we can write 7

a

Figure 3. The upper gure represents, in bold lines, a symm etric
right-angled hexagon H i, and in dashed lines, a sym m etric right-angled
hexagon H o with k® > k, together w ith their extensions H, and HAIS.
T he fact that the non-foliated region of the sym m etric hexagon H }f is
included in the non-foliated region of the symm etric hexagon Hy, for
k°> k,as it is represented in the upper gure, can be deduced from the
Euclidean construction in the lower gure, In which the arcs aa’ and &’
are on the boundaries of the non—foliated regions of H x and H o respec-
tively.
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and after transform ation we obtain

cos 1 = tanh “:

W e now construct themap hy :H ! Hy.

From the inclusion of the non-foliatied region of H y Into the non-foliated region
ofH forallk 1 Lemma3l),itwillfollow thatthem ap hy we shallconstruct can
be chosen to be contracting from the non-foliated region of H to the non—-foliated
region of H .

To de ne themap hy, it su ces to do it In a com ponent of the foliated region
of H . Consider such a com ponent. It is isom etric to the region C In the upper
halfplane m odel of the hyperbolic plane de ned in polar coordinates by

C=fz=Re' :1 R eZl; 1 =29;
where 1 is chosen so that the geodesic param eterized by 7 Re, ; =2,
has length L.
From Lemma 32, we have

cos 1 = tanhL:

Likew ise, the In age by hy of the com ponent C of the complment in H of the
non-foliated region is isom etric to the region Cy in the upper halfplane m odel of
H? given by
Ck=fz=Rei :1 R e2]*‘; k =29;
w here
cos( ) = tanh (kL ):

In these descriptions, the foliations F and Fy, are given by the hypercycles de ned
by = cst, while the foliations G and Gy, are given by the geodesics de ned by
R = cst. The short sides of C and Cy corresoond to = =2.Ourmap hx maps
apoint A 2 C which is at distance d from the short side of C to a point which is
at distance kd from the short side of Cy . If the point A lies on the leafof G which
cuts the short side of C at distance h, then the inage of A by hy belongs to the
leaf that cuts the short side of C at distance hl =1.

W e need to have an explicit form ula for hy In order to com pute the nom of its
derivative.

LetA beapoint in C given In polar coordinatesby (R ; ). D enotethe coordinates
of the point hy ) 2 Cy by R% 9. W e alwo descrbe the points A and hy @) by
their distances from the short sides, nam ely d and kd, and by their distances from
the low est geodesic boundary of C and Cy, as above.

4

RN

Figure 4. ‘ is the length of a segm ent  pining perpendicularly the
vertical geodesic and the hypercycle m aking an angle ; wih the hori-
zontal. W e have cos 1 = tanh ‘.
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Let us rst compute R ". The logarithm ofR and ofR © are the distances of the
points A and hy @) from the lowest geodesic boundary ofC and Cy, respectively.
By what has been previously said, we have

]ogR0: %]ogR:

T herefore,
RO= R*7h:
Let us now compute °. The same computation as for the ormula givihg ;
establishes
sih = ——; or cos = tanhd:
coshd
T herefore,
1
d= argocosh ——
sin
Now,

= arcoos(tanh kd)):

Thuswe get the follow ing form ula for hy, viewed asamap from C to Cy,
=1 1
hy R; )= R* “;arccos(tanh kargcosh —— )
sin

Now thatthehom eom orphisn hy isde ned, weproceed to show that itsLipschitz
constant equals k. For this, we com pute the nom of its derivative.
W e easily have

@R’ ko ooy @RY_ €0
@R 1 e " @R
1
Since arccod (x) = pﬁ,weget
X

Qo 1 @ 1
— = = — tanh kargcosh ——
@ sin

1 tanhz(kargcosh 1 )

s

1 @ 1
= cosh (k argcosh —— )@— tanh kargcosh ——

sin sin
1
Now , sihce tanho(x) = ————,wehave
cosh” (x)
@ 1 k @ 1
@— tanh kargcosh —— = . @—argcosh —
sin 1 sin
cosh® (k argcosh — )
Hence, since arqcoshO x) = PX:ZL—l ’
Qo k
— = —argcosh ——
e cosh (k argcosh ——— ) e sn
k 1 @ 1
= T & 7@— 5
cosh (k argcosh = ) Sm+ 1 s
k sin cos
= 2
cos cosh (k argcosh Sl.i ) ST
F inally, we have )
@ o K 0 1 11
— = —— cosh kargcosh —— ) :
@ sin sin
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T he last partial derivative can also be written as
e’ coshd
— =k

@ coshkd)’
W e now proceed to com pute the nom of the di erentialdhy . Recall that the
square of the nom of a vector (dx;dy) in the tangent plane T, H?) of the upper

halfplane m odel of the hyperbolic plane is given by

dx® + dy*
v
where z = x + iy. In polar coordinates, this is w ritten as
dr?+ R?d ?
R2sh?
LetV = (Vg ;V ) be a non—zero tangent vector at the point R; ). W e com pute
the nom of the di erentialdhy at the point (R; ). W e have
.. ) .., @hy @hy ..
Jdh ) g;) VIH = F——dR + —d ) V3
@R @
1 @R @R » _,@° I
= ——— —Vg+—V "+R® —Vz+—V
R 2 sin @R @ @R @
1 @RO 2 2 @ 0 2
= — Vg ~+R% —V
R2 sh @R @
N ote that
1
i if = W(VR2+ RV ?):
sin
. . . Jj@hx)w; ) VI
T herefore, since fjdhy ) g ; )Ti= SUPyeo —— 55— we get
er’ 2 2 e’ 2
R v, “+R? L v
7jdh .7 = su R <
jj( k)(R, )I]2 Vg% VR2+ R2V2
@@iovR 2y @@—ORV :
= Sup 2 2
V60 Vi+ RV
@ROV 2, @ ORV 2
= sap —Vr —
VZ+ RV )?=1 @R ¢
Boero 2 @0 2°
= max —— ; — :
@R @
W e have
1 R &L

Since k=1 1,weqget

that is,
@R
@R
N ow , since
@ °  coshd)
@ ocoshkd)’
weget, orall R; ),
Q 0
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and the equality %O = k is realized at the pointsd = 0, that is, on the short side
of C . T herefore, we obtain
sup  Jjldhy )R ; )jj= k:
®; )2C
T he suprem um of the nom ofdhy bounds from above the Lipschitz constant of
hy : If x;y are two points of C and if is the geodesic path from x to y, we get

Z Qi)

dhy x)ihk (v)) 1k ()= Jchy) o ‘@©Ft  sup Fidhy ), F&y):
0 z

T herefore, ifL (hy ) denotes the Lipschitz constant ofhy , we get from what precedes,

L thx) k:
Since the long edges are dilated by the factork, we have L (hy) k. Finally,
L (hy) = k:

Putting all pieces together, the m ap we constructed from H to Hy has Lipschitz
constant k.
W e sum m arize the preceding construction in the follow ing:

Theorem 3.3.Themaphy :H ! Hy isk-Lipschitz. Furthem ore for any k< k,
there is no k%L ipschitzmap from H to Hy .

Proof. The rst part follows from the construction. Since, by de nition, a m ap
hy :H ! Hy sends the long edges of H to the long edges of H, we Inm ediately
get Lip (hy) k. Thisproves the second part of the theorem .

Rem ark 3.4. W e already observed that, reasoning In the disk m odel of the hy—
perbolic plane and using the notion of Hausdor convergence on bounded closed
subsets of that disk w ith respect to the underlying Euclidean m etric, we can m ake
a sequence of symm etric right-angled hexagons converge to an hyperbolic ideal
triangle, in such a way that the follow ing three properties hold:

(1) The partialm easured foliation of the hexagons by hypercycles converges to
the partialm easured foliation of the hyperbolic ideal triangle by horocycles.

(2) The partial foliation of the hexagons by geodesics perpendicular to the fo—
liation by hypercycles converges to the partial foliation of the ideal triangle by
geodesics perpendicular to the horocycles.

(3) The non—foliated regions of the hexagons converge to the non-foliated region
of the deal triangle.

Furthem ore, forallk 1, we can m ake the convergence of hexagons to the ideal
triangle in such a way that kLipschitzmaps fy :H ! Hy converge uniform ly on
com pact sets to the stretch maps fx : T ! T between hyperbolic ideal triangles.
T his show s iIn particular that the stretch m aps £y have Lipschitz constant k.

W e note that Lipschitz m aps betw een pairs of pants are also considered by O tal
n hispaper [4], in relation w ith the W eil-P etersson m etric of Teichm uller space.

4. A symmetric metrics on Teichmuller spaces of surfaces w ith or
w ithout boundary

In this section, S is a surface of nite type (g;b), which m ay have em pty or
nonem pty boundary (g denotes the genus of S and b the num ber ofboundary com -
ponents). W e assum e that the Euler characteristic of S is negative. T he hyperbolic
structures we construct on S are such that all the boundary com ponents are closed
sm ooth geodesics. W e denote by T (S) or by Tg; the Teichm uller space of S, that
is, the space of hom otopy classes of hyperbolic m etrics on that surface.
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G ven two hyperbolic structures X and Y on S, wede ne

@) LX;Y)= logjlgijp(f)

where the In mum is taken over the set of Lipschiz hom eom orphism s f :X ! Y
that are hom otopic to the dentity.

Lemm a 4.l (Thurston). For any two hyperlolicm etrics X and¥Y on S, ifL X ;Y )
0, then X and Y are isom etric by a hom eom orphism that is hom otopic to the iden-
tity .

Proof. W e follow T hurston’s proof of the corresponding result n the case of sur—
faces w ithout boundary, cf. B, Proposition 2.1]. Since L, X ;Y ) 0, there exists a
sequence of hom eom orphisms £, :X ! Y ,n = 0;1;:::; wih Lipschitz constants
Lip(f,) convergingto a realnumber,. 1. The sequence (£, ) isuniform ly equicon—
tinuous, therefore up to taking a subsequence, we can assum e that (£f,) converges
uniformly toamap £ :X ! Y.WehavelLp(f)=L 0.Wenow prove that £ is
surgctive. Takeapointy In Y, and foralln 0, ket x, = fn:L (y). Up to taking a
subsequence of (f,), we can assum g, by com pactness, that x, ! x2 X . W e show
that £ x) = y.Letus xsome > 0.W ehave

&) yi= f®) fn ) &) fn ®)J+ fn &) fr %n) 3t

Since £, ! f unifom ly, there exists N 0 such that for alln N , we have
I x) £, &)J =2. Since the fam ily (f,) is equicontinuous, there exists > 0
such that for x; and x, satisfying k1 x,j< ,wehave I, x1) fin x2)J =2
for allm 0.

Since x, ! x,there existsN ° such that oralln N % we have k  x, j<

Forn maxfN ;N Og, we have, orallm , f, ®) fn ®u)j =2. In particular,
form = n, £, ®) £ Xy)J =2. This shows that for every > 0, we have
I x) vj . Thus, £ (x) = y. This show s that £ is surjctive.

W e cover S by a set of geom etric disks w ith disjpint interior whose totalarea is
equalto thearea ofX . ThemetricsX and Y havethesamearea. ShceLip(f) 1
and since £ is surpctive, the In age by £ of a disk of radiuisR isa disk ofradiusR .
Furthem ore, £ sends the boundary of any such disk to the boundary of the in age
disk. W e deduce that any geom etric disk is sent by f isom etrically to a geom etric
disk of the sam e radius. Furthem ore, it is easy to see that the center of such a
disk is sent to the center of the In age disk.

From this, we deduce that £ is locally distancepreserving. T his in plies that £
is an isom etry.

W e callan asymm etric m etric on a set X a function that satis es the axiom s of
a m etric except the sym m etry axiom , and that does not satisfy this axiom .

P roposition 4.2. The function L de ned in (2) is an asymm etric m etric on the
Teichm uller space T (S).

Proof. By Lemma 4.1, L isnonnegative and separatespoints. T he triangle inequal-
ity is obviously satis ed. The fact that the m etric does not satisfy the symm etry
axiom can be seen using an exam ple analogousto the one show ing the corregponding
result for surfaces w ithout boundary, given by T hurston in P].

W e ket S be the set of isotopy classes of sim ple closed curveson S which are not
hom otopic to a point (the boundary com ponents of S are ncluded).

The asymm etric metric L is an analogue, for surfaces w ith boundary, of the
asym m etric m etric de ned by Thurston in P] for surfaces w ithout boundary. In
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the sam e paper, T hurston de ned the follow Ing function on the Teichm uller space
T (S) ofa surface S w ithout boundary:

C
3) K x;y) = JogsupM:

c2s k(C)

T hurston proved that we obtain the sam e function K if instead of taking the
In mum over the elementsof S in (3) we take the In mum over all (not necessarily
sin ple) closed curves (see 9], Proposition 3.5).

In the case where the surface S has nonem pty boundary, Form ula (3) does not
de ne an asym m etricm etric on the Teichm uller space of S . T his can easily be seen
In the case where the surface is a pair ofpantsP . D enoting by C;;C,;C3 the three
boundary com ponents of the pair of pants, the function K de nedon T®) T @)
takes the form

K x;y)= log sup by Gy :
=123 & C1)
Thisfunction K on T (P ) satis esthe triangle Inequality, but it isnot an asym m etric
m etric, since it can take negative values. Furthem ore, it does not separate points;
that is, thereexistdistinct x and y in T P ) with K (x;y) = 0 (take x and y satisfying
L(C1)=1C1),and L (Ci)> L (Cy) Pri= 2;3).

In fact, forany surface S w ith nonem pty boundary, there exist hyperbolicm etrics
X and Y such thatK (x;y) < 0 (see [7]).

W e have K L . Indeed, for any k-Lipschitz hom eom orphisn from a hyperbolic
metric x on S to a hyperbolicm etric y on S, we easily see that we have, for every
sinpl closed curve on S, L (E( )) kk( ),which mpliesK (x;y) L X;y).

T here isam odi cation ofthe function K de ned in Form ula (3) which isadapted
to the case of surfaces w ith or w ithout boundary, which we studied In B]and which
we now recall. The de nition nvolves considering essentialarcs in S together w ith
essential sin ple closed curves. W e call an essential arc In S an embedding of a
closed interval, the arc having its endpoints on the boundary of S and its interior
n the Interior of S, and such that this arc is not hom otopic relative endpoints to
an arc contained In @S . In what follows, a hom otopy of essential arcs is always
relative endpoints.

If S is a surface wih boundary, we ket B = B (S) be the union of the set of
hom otopy classes of essential arcs in S w ith the set of hom otopy classes of sin ple
closed curves that are hom otopic to boundary com ponents. IfS isa surface w ithout
boundary, the set B is assum ed to be em pty.

For any surface S w ith or w ithout boundary, we consider the function J de ned
onT() T(S) by

TKY)= by sp
2cre & ()
forall X ;Y 2 T(S). If the surface S has no boundary, we recover T hurston’s

asymm etric m etric K de ned above.

Proposition 4.3. The function J :T(S) T(S)! R isan asymm etric m etric on
T(@S).

Proof. T he proof follow s from [B], Propositions 2.10 and 2.13.

Tt is shown in [B], Proposition 2.12, that when S has nonem pty boundary, the
asymm etric m etric J can be expressed as the logarithm of the suprem um over the
=t B solkly.

In the sam e way as for the function K ,we easily seethatJ L.
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5. Surfaces of finite type

W enow construct L pschitz-extrem alhom eom orphism sbetween som e hyperbolic
pairs of pants, using the hom eom orphisn shy between sym m etric hyperbolic right-
angled hexagons that we constructed In Section 3. W e shall then com bine these
hom eom orphism sto get L jpschitz-extrem alhom eom orphisn s of hyperbolic surfaces
of arbitrary topological nite type.

W e shall call a hyperbolic pair of pants symm etric if it is obtained by gluing
along three non-consecutive boundary com ponents two isom etric sym m etric right—
angled hexagons, and we shall alw ays assum e that these hexagons are glued along
their Jong edges. T hus, the boundary com ponents of our pairs of pants are \short".

W e et P be a symm etric pair of pants obtained by ghiing two sym m etric right—
angld hexagons H , and for every k' 0, we ket Py be a symm etric pair of pants
obtained by gliing two right-angled hexagons H , . Taking the double of the m ap
hy :H ! Hy producesamap px :P ! Py.

Theorem 5.0.Thelnet? P. (£t2 R) isa stetch line, and it is a geodesic for
these wometrics J and L on Ty;3 . Furthemn ore, up to reparam etrization, this line
is also a geodesic for both m etrics when it is traversed in the opposite direction.

Proof. Foreach t 0, the action of the hom eom orphism P ! P, on each bound—
ary com ponent of P is linear (it multiplies arc length by e%). The fact that the
IInet7 P (t2 R) colncides with a stretch line follow s from the fact that for all
t 0, the surface P+ isobtained from P by m ultiplying the lengths of the bound-—
ary geodesics by the constant factor e, and this factor com pletely determ ines the
resulting hyperbolic surface P.: . This also inplies that we have J (P;P.:) = t. On
the other hand, since the m ap we construct is e*Lipschitz, we have L P ;Po:)  t.
T his, together w ith the lnequality I L, givesJ (P;P.) = L (P;P.:) orallt 0.
Thus, the Iinet7 P, isa geodesic for J and for L.

For the proof of the second statem ent, we rst consider the case of hexagons.
Let H be a symm etric hexagon. Choose three non-consecutive edges as the long
edges of H . For each k 1, wehaveamap hy :H ! Hy, asde ned In Section
3 above, whose Lipschitz constant is k and which expands the long edges ofH by
the factor k. By exchanging the roles of the long and short edges, we get a m ap
gx :Hy ! H which expands the new long edges by a factor dy, and contracts the
new short edges by the factor k.

From Fomula (1), we deduce that the dilatation factor dy of gy is given by

. 1
1 argsinh (———)
4) dy = i _ 2sinh L
argsinh (————
o (2 sinh kL )

T he hom eom orphism gy hasLipschitz constant dy and it expands the long edges
of the hyperbolic hexagon H i by the factor dy (see F igure 5), therefore we have

JHyx;H )= logdy = L Hx;H);

JH;Hy)= logk=LH ;Hy):

D oubling the hexagons, we obtain the sam e result for the sym m etric pair of pants,
show ing that, up to param etrization, the Iinet 7 P.: isa geodesic in both directions
for them etrics J and L.

Rem ark 5.2. By Theorem 5.1, we have J (x;y) = L (x;y) if the points x and y
are situated on the stretch line that we construct. W e do not know whether the
metrics J and L are equalon Teichm /"uller space.
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A particular hyperbolic surface S of arbitrary nite type (g;b) can be obtained
by gluing a collection of sym m etric pairs of pants in such a way that the feet ofthe
seam s of ad pcent pairs of pants coincide. In such a situation, we shall say that the
gliing has been done without torsion. For such a surface, we have the follow Ing:

Theorem 5.3.Thelinet? S. (£2 R) isa stretch line in Ty, and it is a geocdesic
for both asymm etric metrics J and L on Tyy,. Up to reparam etrization, this line is
also a geodesic for the sam e m etrics when it is traversed in the opposite direction.
A long that line, the metrics J and L. coincide. Furthemm ore, this stretch line has
the follow ing nice description in the FenchelN ielsen coordinates associated to the
underlying pair of pants decom position of S : at tim e t from the origin, allthe kength
param eters are m ultiplied by the constant factor e, and all the tw ist param eters are
unchanged and rem ain equalto zero.

Proof. W e start w ith a sym m etric hyperbolic pair of pantsP equipped w ith a com —
plete geodesic lam ination, and we then consider the hyperbolic surface S, hom eo—
m orphicto Sy;4, cbtained by gluing tw o copies of P along one boundary com ponent,
n such a way that the follow ing hold:
T he union of the com plete geodesic lam inations of both pairs of pants is a
non chain-recurrent com plete geodesic lam ination of S .
The feet of the seam s abutting on the com ponent along which we glue
coincide; that is, we glue without torsion. Here, the origin of Fenchel-
N ielsen tw ist coordinates ism easured as a signed distance between feets of
seam s (In the universal cover). W e refer to [10, Theorem 4.6 23] for the
convention on FenchelN ifelsen coordinates.
Letusdenoteby thecurvein S that corregoondsto the glued com ponents. T here
is an orientation—reversing order-two symm etry exchanging the copies of P In S.
The surface S isequipped w ith a com plete geodesic lam nation , and the order+two
symm etry leaves the lam nation invariant.

Tt is now useflil to describe the situation in the universal covering & of S. The
order-two symm etry lifts to the universal cover, and the preinage of in & is
kft invariant by this symm etry. The deform ation of the hyperbolic plane by the
stretch map can be seen In § as preserving a basgpoint O on a lift e of and
the horocycle passsing through O and centerd at the endpoint of e. T he stretch
deform ation is then described in a neighborhood of e by replacing the horocycle

kL
fx

Hyx

Yk kL

Figure 5. The actions of them aps fx and gx on sym m etric hexagons.
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arcs that are contained In the spikes of each ideal triangle spiralling around e
by smaller arcs whose length has been raised to the power e°. (Recall that the
lengths of the horocycle pieces are all < 1.) See Figure 6) for a representation
o this stretch deform ation. This shows that the stretch deform ation com m utes
w ith the order-wo symm etry. Hence, the feet of the seam s coincide all along the
deform ation of S by the stretch directed by . In other words, stretching along
does not induce FenchelN ielsen torsion. T he last statem ent of the theorem is thus
established. This also shows that the lne t 7 S_: is a geodesic for both m etrics
L and J, yielding the equality L = J on that lne. W e now proceed to show that
our line traversed in opposite direction is a geodesic for both asym m etricm etrics J
and L and that these two m etrics coincide along that line. T he hom eom orphian s
get de ned on each pair of pants given by the pants decom position of S piece
together nto a hom eom orphisn we also denote by g.r from Se: to S. T he reason
why these localhom eom orphian s piece together correctly is the absence of torsion
along the com ponents of the pants decom position. The Lipschitz constant of the
hom eom orphisn g.: thus obtained is d.: . T he seam s of the pairs of pants coalesce
nto (am ooth) geodesic sin ple closed curves and essential geodesic arcs that are
stretched by the factor d.: from S.: to S. This show s that the hom eom orphisn ge:
is Lipschitz-m inin izing and that L = J on the line. T he proof is com plete.

Remark 5.4. The dualmetric of an asymmetric metric M on a set X is the
asym m etricm etric de ned by M_(x;y) =M (y;x) orevery x and y In X . Equation
(4) show s that the asymm etricm etric J and itsdualm etricon T (S) are not quasi-
isom etric, even restricted to our geodesics S.: . Indeed, we have seen that fort 0,

Figure 6. The action of a stretch m ap on the universal cover.
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we have J (S;Se) = tand E(S;Set) = logd.: . But

1
t 1 a. S]nh e — a. S]nh R —
det w1 am9 2sinhl = 2snhEt L)
| argsihh ——— eetL;
R 2sinhl

that is, J(S;Sec) 2 O (€") ast! 1 .

A ctually, we already noticed in B] and in [B] that T hurston’s asym m etricm etric
for surfacesw ithout boundary, ofwhich J isan analogue for surfacesw ith orw ithout
boundary, are not quasi-som etric to their dualm etrics, In restriction to som e special
stretch lines. T hese observations naturally lead to the follow ing:

Q uestion 5.5. Characterize the geodesic lines for T hurston’s asym m etric m etric
and for its analogue J for surfaces w ith boundary, such that the restriction on that
line of such a m etric and its dual are quasi-isom etric ?

W e note In this respect that Choiand Ra showed In [1] that in the thick part
of Teichm uller space, T hurston’s asym m etric m etric and its dualm etric are both
quasiHsom etric to Teichm uller’s m etric. On the other hand, there exist stretch
lines that are com pletely contained In the thick part (take a pseudo-Anosov m ap
whose stable and unstable lam inations are com plete, and consider the stretch line
directed by one of these two lam nations and passing by a point whose horocyclic
foliation is the other lam ination); therefore, there exist stretch lines for T hurston’s
asym m etric m etric such that the restriction on that line of thism etric and its dual
are quasi-isom etric.

W e now recall that by a result of T hurston, given any two points x and y in
Teichm uller space, there is a unigque m axin ally stretched chain-—recurrent geodesic
lam Ination (x;y) from x to y which ism axim alw ith respect to inclusion, and that
ifx and y lie .n that order on a stretch line directed by a com plete chain—recurrent
geodesic lam nation , then (x;y)= . The next theorem identi es this geodesic
lam ination for two points x and y on the sam e stretch lines we construct, and it
says In particular that this lam ination is not com plete.

Theorem 5.6. For the stretch lines that we constructed alove, the m axim alm axi-
m ally stretched lam ination (S;S.:) is the pair of pants decom position that under—
Iines the construction.

Proof. Lett> 0. Them axim alm axin ally stretched chain-recurrent geodesic lam i-
nation (S;Se) from S to Se: contains the underlying pair of pants decom position,
since each curve in this decom position ism axin ally stretched. A ssum e for contra-—
diction that (5;Se) contains a larger lam nation. Tt then contains a bidn nite
geodesic that spirals around som e closed geodesic C in that decom position. Since

(S;Set) is chain—recurrent, it contains another geodesic that spirals along the op-
posite side of C in the sam e direction (com pare Figure 7). By a result in [],
if we perform a Thurston stretch along a compltion of (S;Se:), then we nec—
essarily introduce a FenchelN jelsen torsion about the closed geodesic C . Now
T hurston proved In P] that we can pin S to S.: by a concatenation of T hurston
stretches w hich are directed by com plete geodesic lam inations, allof them contain—
Ing (S;Set). The torsions introduced about the geodesic C are all In the same
direction. Thus, there necessarily is a nonzero torsion. This contradicts T heo—
rem 53. Thus, (5;S.) does not contain any geodesic lam ination larger than
the geodesics of the pair of pants decom position. Thus, the m axin alm axin ally
stretched lam ination (S;S.:) is the pair of pants decom position.
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Tt also follow s from the reasoning In the proof of Theorem 5.6 that the set of
m axin alm axin ally stretched lam Inations from S to S.: is the set ofallcom pletions
of the pants decom position that are nowhere chain-recurrent, which m eans that
the geodesics spiralling around each com ponent of the pants decom position w rap
n opposite directions, as illustrated in F igure 7.

Figure 7. A non chain—recurrent geodesic lam ination. The spirals
wrap around the closed curve In opposite directions.

Rem ark 5.7. G ven two points x;v in Teichm uller space and know ing them axin al
m axin ally stretched lam ination (x;y) from x to y, it is in general quite di cult

to nd the lam lnation (y;x). For allt > 0, the m axin alm axin ally stretched
"lam Ination" from S.: to S is the union of the seam s. A s already m entioned in
the proof of Theorem 5.3, by our choice of the tw ist param eters (in which the feet
of the seam s coincide), In the case of closed surfaces, the union of the seam s is a
union of disjpint closed geodesics (a m ulti-curve), see F igure 8. Thism ulticurve is
m axin ally stretched by the stretch that we de ned from S. to S and therefore it
is contained in the lam nation (Se:;S). In the case of a closed surface of genus 2,
the preceding argum ent show s that (Se:;S) is a union of seam s, since this union
is a pants decom position.

Figure 8. In bold lines is represented a pants decom postion of the
closed surface of genus 2. The union of the seam s is a m ulti-curve and
a pants decom position as well for the genus 2 surface.
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