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SUBELLIPTIC ESTIM ATES FOR OVERDETERM INED SYSTEM S
OF QUADRATIC DIFFERENTIAL OPERATORS

KAREL PRAVDA -STAROV

Abstract. W e prove global subelliptic estin ates for system s of quadratic dif-
ferential operators. Q uadratic di erential operators are operators de ned in the
W eylquantization by com plex-valued quadratic sym bols. In a previouswork, we
pointed out the existence of a particular linear subvector space in the phase space
intrinsically associated to their W eyl sym bols, called singular space, which rules
a num ber of fairly general properties of non-elliptic quadratic operators. A bout
the subelliptic properties of these operators, we established that quadratic oper—
ators w ith zero singular spaces ful 1l global subelliptic estim ates w ith a loss of
derivatives depending on certain algebraic properties of the H am ilton m aps asso—
ciated to their W eylsym bols. T he purpose of the present work is to prove sim ilar
global subelliptic estim ates for overdeterm ined system s of quadratic operators.
W e establish here a sin ple criterion for the subellipticity of these system s giv—
Ing an explicit m easure of the loss of derivatives and highlighting the non-trivial
interactions played by the di erent operators com posing those system s.

1. Introduction

1.1.M iscellaneous facts about quadratic di erential operators. In a recent
Ppint work with M . H irik, we investigated spectraland sem igroup properties of non-
elliptic quadratic operators. Q uadratic operators are pssudodi erential operators
de ned In the W eyl quantization .

1) d' (%;D)u (x) = (Zl)n . e Vg —
by some symbols gx; ), with ®; ) 2 R R"” andn 2 N , which are com plex—
valied quadratic form s. Since these sym bols are quadratic form s, the corresponding
operators in (1.1) are In fact di erential operators. Indeed, the W eyl quantization
of the quadratic symbolx ,wih ( ; )2 N?® and j + j= 2, is the di erential
operator

X+
y; u(y)dyd ;

X D, +D,x
2
O ne can also notice that quadratic di erential operators are a priori form ally non-—
selfad pint since their W eyl symbols in (1.1) are com plex-valued.

iDx = il@x:

C onsidering quadratic operators whose W eyl sym bols have real parts w ith a sign,
say here, W eyl sym bols w ith non-negative real parts

12) Reqg O0;
we pointed out In R] the existence of a particular linear subvector space S In the

phase space R; R" intrinsically associated to their W eyl symbols q(x; ), called
singular space, which seem s to play a basic r0le In the understanding of a num ber
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of fairly general properties of non-elliptic quadratic operators. M ore speci cally, we
rst proved In P] (Theorem 12.1) that when the singular space S has a sym plectic
structure then the associated heat equation
(
@u
(13) ?t(trx)+ qﬂ (XIDX)u(tIX): 0
ult; o= uo2L?R");

is sm oothing in every direction of the orthogonalcom plement S ° of S w ith respect
to the canonical sym plectic form  on R?%,

(1.4) ®; )ily;i )= v x:; &x; V2K y; )2R";
that is, that, if (x°; °) are som e Jinear sym plectic coordinates on the sym plectic space
S ? then wehave orallt> 0,N 2N andu 2 LZR"),

15 @+ %F+ 39"

W e also proved In 2] (See Section 14.1 and Theorem 12.2) that when the W eyl
sym bolqg of a quadratic operator ful s (1 2) and an assum ption of partial ellipticity
on its singular space S In the sense that

16) ®; )28;9kx; )=0) &; )=0;

w

e tq (X;Dx)uz Lz(Rn):

then this singular space always has a sym plectic structure and the spectrum of the
operator g’ (x;D ) is only com posed of a countable num ber of eigenvalues of nite
m ultiplicity, w ith a sim ilar structure as the one established by J. S pstrand for elliptic
quadratic operators in his classical work [18]. E lliptic quadratic operators are the
quadratic operators w hose sym bols satisfy the condition of global ellipticity

®; J2R™; qx; )=0) &; )=0;

on the whole phase space R?" . Let us recall here that spectralproperties of quadratic
operators are playing a basic rdle in the analysis of partialdi erential operators w ith
double characteristics. This is particularly the case In som e general results about
hypoellipticity. W e refer the reader to [4], [L8], aswellas Chapter 22 of [B] together
w ith all the references given there.

In the present paper, we are interested In studying the subelliptic properties of
overdeterm ined system s of non-selfad pint quadratic operators. This work can be
view ed asa naturalextension ofthe analysis led in [17], in which we investigated in the
scalar case the role played by the singular space w hen studying subelliptic properties
of quadratic operators. W e ain here at show ing how the analysis led in this previous
work can be pushed further when dealing w ith overdeterm ined system s of quadratic
operators. W e shall see that the techniques introduced in [17] are su ciently robust
to be extended to the system case and that they tum out to be su ciently sharp
to highlight phenom ena of non-trivial interactions between the di erent quadratic
operators com posing a system . In this paper, we shall therefore be Interested in
establishing som e global subelliptic estin ates of the type

bl

a.7) hx; )£¢ u o, - ko] (2D yx)uky2 + Kuky:;

j=1

whereh(x; )i= @1+ %3+ 3 3)'?and > 0;orsystem softheN quadratic operators
q;’ x;Dy),with 1 jJ N . The positive param eter > 0 appearing n (1.7) will
m easure the loss of derivatives w ith respect to the elliptic case (case = 0). As
In the scalar case studied In [17], we ain at giving a sinple criterion for system s
of quadratic operators ensuring that a global subelliptic estin ate of the type (1.7)
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holds together w ith an explicit characterization of the associated loss of derivatives.
T his Ioss of derivatives w illbe characterized in term s of algebraic conditions on the
Ham ilton m aps associated to the W eylsym bols of the quadratic operators com posing
the systam .

In this work, we study the subellipticity of overdeterm ined system s in the sense
given by P.Bolky, J. Camus and J. Nourrigat In [L] (Theorem 1.1). In this sem -
nalwork, these authors study the m icrolocal subellipticity of overdeterm ined system s
of pseudodi erential operators. M ore speci cally, they establish the subellipticity of
system s com posed of pseudodi erential operators w ith real principal sym bols satis—
fying the H orm anderX ohn condition. M ore generally, In the case of overdeterm ined
system s of non-selfad pint pseudodi erential operators, the greatest achievem ents up
to now were obtained by J. Nourrigat in B] and P]. In these two m ajpr works,
J.Nourrigat studies the m icrolocal subellipticity and m axin alhypoellipticity for sys—
tem s of non—-selfad pint pseudodi erential operators by the m ean of representations of
nilpotent groups. W e shallexplain in the follow ing how the algebraic condition on the
Ham itton m aps (1.18) in Theorem 1.2.1 relatesw ith these form er results. M ore specif-
ically, we shall comm ent on its link w ith the Hom anderK ohn condition appearing
In ] (Theoram 1.1).

B efore giving the precise statem ent of ourm ain result, we shallrecallm iscellaneous
notations about quadratic di erential operators and the results obtained in the scalar
case. In all the follow ing, we consider

g :Ry R" ! C
;) 7T g®&; )

wih1l J N ,N complex-valued quadratic form sw ith non-negative real parts

1.8) Reqgyx; ) 0; &; )2 R";n2 N

W eknow from [b] (p.425) that them axin alclosed realization of a quadratic operator
qd" x;D ) whose W eyl sym bol has a non-negative real part, ie. the operator on
L2 R"™) with the dom ain

D@= u2L’R") :q ®Dx)u2L*R") ;
coincides w ith the graph closure of its restriction to S R"),
qd" ®Dx):SR")! SR"):

A ssociated to a quadratic sym bolq is the num ericalrange (g) de ned as the closure
n the com plex plane of all its values

19) @=agRY% R"):

W ealsorecallfrom [lthattheHam itonmap F 2 M ,, (C) associated to the quadratic
form g is the m ap uniquely de ned by the identity

(110) g & )i )= & NF ;)i & )2RT; @y )2 R™;

where g ; stands for the polarized form associated to the quadratic form q. It
directly follow s from the de nition of the Ham ilton m ap F that is realpart and is
In aginary part

1 — 1 _
ReF =—-F+F)andIn F = — F);
2 21

are the H am ilton m aps associated to the quadratic form sRe gand In g, regpectively.
O ne can also notice from (1.10) that an H am ilton m ap is alw ays skew -sym m etricw ith



hal-00446465, version 1 - 12 Jan 2010

4 KAREL PRAVDA-STAROV

regpect to . This is jist a consequence of the properties of skew sym m etry of the
sym plectic form and sym m etry of the polarized form

(111) 8X;Y 2R™; ®K;FY)=qX;Y)=q¥;X)= (;FX)=  EX;Y):

A ssociated to the symbolqg, we de ned In 2] its singular space S as the follow ing
Intersection of kemels
Al
1.12) S = KerReF (m F)? \R?%;
=0

where the notations ReF and Im F stand respectively for the real part and the
In aginary part ofthe H am ilton m ap associated to g. N otice that the C ayley-H am ilton
theorem applied to In F show s that

(Im F)¥X 2 Vect X ;u;(Im F)*® X ;X 2R?®; k2 N;

where Vect X ;5 (Im F )2“ Ix  is the vector space spanned by the vectors X , ...,
(In F)?" !X ;and therefore the singular space is actually equalto the ollow ng nite
Intersection of the kemels

2y 1
(113) S = KerReF (In F)I \R?":

=0

C onsidering a quadratic operator ¢ (x;D ) whose W eyl sym bol

has a non-negative real part, Req 0, we established In [17] (Theorem 12.1) that
when its singular space S isreduced to £0g, the operatord” (x;D ) fiil llsthe follow ing
global subelliptic estim ate

(114) 9C > 0;8u2 D (q); hx; )£ @D "y C kg (x;Dy)uky2 + kuky2 ;

L2

where ky stands for the an allest nonnegative integer, 0 kKo 2n 1, such that
the intersection of the ollow .ng kg + 1 kernels w ith the phase space R?® is reduced
to £0g,

Xo ‘
1.15) KerReF (m F)? \ R? = f0g:
=0

Notice that the loss of derivatives = 2k=@ky + 1), appearing in the subelliptic
estin ate (1.14) directly depends on the non-negative integer ky characterized by the
algebraic condition (1.15).

M ore generally, considering a quadratic operator " (x;D x) whose W eyl sym bol
has a non-negative real part w ith a singular space S which m ay di er from f£0g, but
does have a sym plectic structure in the sense that the restriction of the canonical
symplectic form  to S isnon-degenerate, we proved In [L7] (Theorem 12 2) that the
operator ¢ (x;D ) is subelliptic in any direction of the orthogonalcom plem ent S °
ofthe sigular space w ith respect to the sym plectic form  in the sense that, if &% ©)
are som e linear sym plectic coordinateson S ° then we have

9C > 0;8u2 D (q); hx% 9iF~@er) "y C kq" (x;D x)uky2 + kuky: ;

1,2
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with hx% %9i= @+ ®°F + §°F)'7?, where kg stands for the an allest non-negative
Integer, 0 ky 2n 1, such that

o ,
(1.16) S = KerReF (Im F)? \R
j=0

2n ,

Finally, we end these few recalls by underlining that the assum ption about the sym —
plectic structure of the singular space is always fiil lled by any quadratic sym bol g
which satis es the assum ption of partial ellipticity on its singular space S,

x; )28;9kx; )=0) &; )= 0:

W e refer the reader to Section 1.4.1 in 2] for a proof of this fact.

12. Statem ent ofthem ain result. Consideringa system ofN quadratic operators
q;.’ x;Dx),1 j N ,whoseW eylsymbolsg; have allnon-negative realparts

1.17) Regjx; ) 0; x; Y2 R;n2N ;

and denoting by F 5 their associated H am ilton m aps, them ain result contained in this
article is the follow ing:

Theorem 1.2.1.Consider a system of N quadratic opexatorscfg’ x;Dy), 1 J N,
satdsfying (1.17). If there exists kg 2 N such that

\ \
(118) KerReF;Im Fy :dm Fy ) \ R* = £0g;

then this overdeterm ined system of quadratic operators is sukelliptic with a loss of
= 2k=(2ky + 1) derivatives, that is, that there exists C > 0 such that for all
u2D (@)\ :\'D (& ),

b
C ko (x;D x)ukp2 + kukpe ;
j=1

119) hix; )f~ @kt "y

L2

with h(x; )i= Q@+ &3+ 3 3)2.

Rem ark. Let usm ake clear that the intersection of kemels
KerReF; In Fy :iIm Fy )5
k

(I ;e )2£f1;:N g

is to be understood as

when k = 0.
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13. Exam ple of a subelliptic system of quadratic operators. The follow ing
exam ple of subelliptic system of quadratic operators show s that Theorem 121 re-
ally highIights new non-trivialinteraction phenom ena between the di erent operators
com posing a system , which cannot be derived from the result of subellipticity know n
n the scalar case (Theorem 121 in [17]). Indeed, de ne the quadratic form s
G =X+ T+ T+ x Dandegk; V=K + T+ AT+ 501 1)

forl 3 n land (x; )2 R™,withn 2. A direct com putation using (1.10)
and (1.13) show s that the singular space of the quadratic form

¢ 1
(3% + 75%)i
=1
for som e realnumbers ;75 verifying
¢ 1
( j+ Nj)> OI
j=1
is given by
n x 1 )
S= &; J)2R® ix1= .= (%501 + 75 3410 =0 ;

which is always a non-zero subvector space. It then follow s that one cannot deduce
any resul about the subellipticity of the scalar operator

X 1
(3 &®iDx)+ T3¢ X;Dx));
j=1

n order to get the subellipticity of the overdeterm ined system com posed by the2n 2
operators @j’ (%;D ) and qg’ (x;Dy), or 1 3 n 1. Neverthelss, by denoting
respectively F§ and Fj the Ham ilton m aps of the quadratic form s g and g;, another
direct com putation using (1.10) show s that

KerReF;\ KerReF Im F5)\ R = f(x; )2 R™ :x;= ;= x51=0g
and
KerReFj\ KerRe FyIn ]:'"j)\R2n =fx; J)2R™ ix;= |= j+1 = 0g:

One can then deduce from Theorem 12.1 the follow ing global subelliptic estin ate
w ith a loss of 2=3 derivatives

¢ 1

hix; )22 "u ki (27D x)ukpe + ke (x;D x)ukyz + kuky::

L2 -

=1
O foourse, Theorem 1.2.1 can highlight m ore com plex interactions between the di er—
ent operators com posing the system when we consider operators w ith di erent real
parts.
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14.Comm ents on the condition for subellipticity. Theorem 1.2.1 gives a very
explicit and sin ple algebraic condition on the Ham itton m aps of quadratic opera-
tors ensuring the subellipticity of the system . Let us notice that this condition is
very easy to handle and allow s to directly m easure the associated loss of derivatives
by a straightforward com putation. W e shall now explain how this is related to the
H orm anderK ohn condition. Recallfrom [L] (T heorem 1.1) that the H omm anderX ohn
condition form icrolocal subellipticity of overdeterm ined system s ofpseudodi erential
operators w ith real principal sym bols; reads as the existence of an elliptic iterated
com m utator of the operators com posing the system . In the case of a system of
non-selfad pint quadratic operators @j’ )1 § n, ifwe assume in addition that this
system ism axin alhypoelliptic', the natural condition becom es to ask the ellipticity
of an iterated comm utator of the real parts (Re ;)" )1 5 n and imagihary parts
(@ )" )1 5 w ofthe operators com posing the system . C om ing back to our speci ¢
condition for subellipticity (1.18), we rst notice that in the scalar case, it reads as
the existence of a non-negative integer ko such that
Ko
KerReF (Im F )] \ R® = f0g;
j=0
with F standing for the Ham ilton m ap of the unigue operator g’ (x;D ) com posing
the system . Asrecalled In [L7] (Section 1.2), this condition in plies that, for any non-
zero point in the phase space Xy 2 R?®, we can nd a non-negative integer k such
that
80 j 2k 1;H; Reqio)= OandH i ,Reqo)6 0;
where H , 4 stands for the Ham ilton vector eld of Im g,

@m g @ @Im g @.

@ @x @x @
T his show s that the 2k™ iterated com m utator

o ' ;lm gl ' jRed = (DX H X Req)”;
w ith exactly 2k term s In ' In left-hand-side of the above form ula; is elliptic at X g ;
and underlines the intin ate link between (1.18) and the H orm anderK ohn condition
In the scalar case. In the system case, the situation ism ore com plicated and this link

is Jess obvious to highlight explicitly. M ore speci cally, we shall see In this case that
the algebraic condition (1.18) in plies that the quadratic form

o X

Img —

Reg;(Im Fy :im Fq, X );

is positive de nite. T his property in plies that for any non-zero point X ¢ 2 R?", one
can ndk2N,j2 fl;uyNgand (L;u5k) 2 £1; 05N gk such that

Regy(Im Fy ::Im Fy X o) > O:

By considering the m inim al non-negative integer k w ith this property and using the
sam e argum ents as the ones developed In 2] (p.820-822), one can actually check that
any iterated com m utator of order less or equalto 2k 1, that is,

Pi1;P2;P3; [ PriPry 1 12011

W e refer to B8] and [9] for conditions and general results of m axin al hypoellipticity for overde-
term ined system s of non-selfad pint pseudodi erential operators.
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withr 2k 1,P;= Red] orP;= Im ¢ ;and where at least one P, isequalto
Recfg’B,ﬁ)rl S1;%;3 N ; are not elliptic at X o. One can also check that the
non-zero term

Reqj (Im Fll :iddm FlkXO) > O;
actually appears when expanding the W eyl symbolat X o of the 2k™ iterated com —
m utator

o g ;M o ;M g ;En g ;LM of ;M o jRedf 1]

= (1) (lemqlk =H

2

ImqllReqj)w:

H owever, contrary to the scalar case, there m ay be also other non-zero term s in this
expansion; and it is not really clear if this naturalcom m utator associated to the tem
Regy(Im Fy ::im Fy Xo);

is actually elliptic at X ¢,
2 2 :
HImqlk :::HlmqllReqj Xo)& 0:

Though itm ay bedi cul to determ ine exactly at each point which speci ¢ com m uta—

tor is elliptic, it is very lkely that condition (1.18) ensures that the H orm anderK ohn

condition is fi1l Iled at any non-zero point of the phase space; and that these associ-

ated elliptic com m utators are all of order less or equalto 2k . It is actually what the

loss of derivatives appearing in the estim ate (1.19) suggests; and this In agreem ent

w ith the optin alloss of derivatives obtained in [1] (T heorem 1.1) for 2k, com m utators
1 2k

2ko+ 1 2kg+ 17

since we m easure the loss of derivatives w ith respect to the elliptic case as

bl

kq;-’ (x;D y)uky 2 + kukgz2;
j=1
with 2 = h; )f, because quadratic operators have their W eyl sym bols in the
sym bolclass S ( 2;  2dx ?) whose gain is 2.

Because of the sim plicity of its assum ptions, T heorem 1.2 .1 provides a neat setting
for proving global subelliptic estin ates for system s of quadratic operators. Tt is possi-
ble that som e of these global subelliptic estim ates for system s of quadratic operators
m ay also be derived from the resuls ofm icrolocal subellipticity and m axin alhypoel-
lipticity proved in [1], B] and PB]. However, given a particular system of quadratic
operators, one can notice that only checking the H omm anderK ohn condition in every
non-zero point tums out to be quite di cult to do In practice. The sam e comm ent
app lies for checking the m axin alhypoellipticity of the system . A nother interest ofthe
approach we are developing here com es from the fact that the proofof Theorem 12.1
is purely analytic and does not require any technigques of representations of nilbotent
groups as in [B] or P]. M oreover, despite its length, the proof provided here only
nhvolves fairly elem entary argum ents whose com plexity has no degree of com parison
w ith the analysis led In [8] and P].

Finally, ket us end this introduction by m entioning that this result of subellipticity
for system s ofquadratic operatorsm ay broaden new perspectives In the understanding
of overdeterm Ined system s ofpseudodi erential operatorsw ith double characteristics;
and that the construction ofthe w eight finctions in P roposition 2.0 .1 m ay be of further
Interest and direct use in future analysis of doubly characteristic problem s. In the
scalar case, this construction of the weight function speci ¢ to the structure of the
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double characteristicsobtained in [17] (P roposition 2.0.1) hasalready allow ed to derive
In (3] the precise asym ptotics for the resolvent nom of certain class of sem iclassical
pseudodi erential operators In a neighborhood of the doubly characteristic set. On
the other hand, this deeper understanding of non-trivial interactions between the
di erent quadratic operators com posing overdeterm ined system sm ay also give hints
on how to analyze the m ore com plex case of N by N system s of quadratic operators,
which is a topic of current Interest. On that subEct, we refer the reader to the
series of recent works on non-com m utative ham onic oscillators by A . Pam eggiani
and M .W akayam a in [10], 1], 2], 3], L4] and [L5].

2.Proof of Theorem 1.2.1

In the ©llow ng, we shalluse the notation S m (X )';m X ) *°dX ? ,where is
an open set N R?",r;s2 R andm 2 C! ( ;R , ), to stand for the class of sym bols a
verifying

a2Ct ();8 2N™;9C > 0; f,aX)j C m x) 93;x 2

In the casewhere = R %", we shalldrop the index for sin plicity. W e shallalso use
the notationsf . gand £ g,on , for regpectively the estimates9C > 0, f Cgqg
and,f . gandg. f,on

The proofof Theorem 12.1 willrely on the follow ing key proposition. C onsidering
forl §J N,

S5} :R] R"” ! C

X

;) 7T g®& )
withn2 N ,N complex-valued quadratic form s w ith non-negative real parts
@1 Regq(; ) 0; (x; J2R*; 1 J N;

we assum e that there exist a positive ntegerm 2 N and an open set ( n R?" such
that the follow Ing sum of non-negative quadratic form s satis es

X X
22) 9cy > 0;8X 2 o Regy(m FyIm Fp X ) oX jz;

k=0 J=1;:005N ;

(L ;::54)2 £15:0 gF

w here the notation Im Fy stands for the in aghary part of the Ham ilton m ap F'y as-
sociated to the quadratic form g;. Under this assum ption, one can then extend the
construction of the bounded weight function done in the scalar case In [17] (P roposi-
tion 2.0.1) to the system case as follow s:

Proposition 2.0.1. If (g;); § v areN com plx-valied quadratic form s on R?" ver-
ifying (2.1) and (2.2) then there exist N realwvalued weight fiinctions

925, L;Ximadx? ;1 3§ N;
such that

>y
23) 9cjo ;g > 0;8X 20 o5 1+ ReqyX )+ cjHmq g3X) chXi2m2+1;
j=1
where the notation H o, stands for the Ham ilton vector el of the im aginary part
ofgj.
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A sin [17], the construction of these weight finctions w ill be really the core of this
work. T his construction w illbe an adaptation to the system case ofthe one perform ed
in the scalar case.

To check that we can actually deduce Theorem 12.1 from Proposition 2.0.1, we
begin by noticing, as in [L7], that the assum ptions of Theorem 12.1 inply that the
follow ing sum of non-negative quadratic form s

ko X
24) 9> 0;rX)= Reqj(Im Fy :m Fy X ) oK F;
k=0 J=1;u5N
(L ;e )2 £15::N gk

is actually a positive de nite quadratic form . Let us indeed consider X ¢ 2 R" such
that rX o) = 0. Then, the non-negativity of quadratic form s Re g; induces that for
all0 k  ko,j= 1;:u5N and (h;:uuk) 2 £1;:5N g5,

(2.5) Regy(Im Fy :Im Fy X o) = 0:

By denoting Re g; X ;Y ) the polar form associated to Re gj, we deduce from the
C auchy-Schw arz nequality, (1.10) and (2.5) that for allY 2 R?",
Req (Y ;In Fy zfm Fy X o)F = § (Y;ReFyIm Fy, = Fy X )7

Reg(¥ )Reqgj(In Fy ::Im Fy Xg)= 0:

Tt ollow s that for allY 2 R??,
(Y;ReFyIm Fy, :iIm Fy, Xo)= 05
which Inpliesthat rall0 k kg, = 1;:5N and (L;u5k) 2 £1; 05N o5,
(26) ReFyIm Fy xdm Fy  Xo= 0;
sihce  isnon-degenerate. W e nally deduce (2.4) from the assum ption (1.18).
In the case where ky = 0, we notice that the quadratic form
g= q + i+ o ;

has a positive de nite realpart. This in plies in particular that q is elliptic on R?" .
O ne can therefore directly deduce from classical results about elliptic quadratic dif-
ferential operators proved in [18] (See Theorem 3.5 in [18] or comm ents about the
elliptic case in Theorem 12.1 in [L7]), the natural elliptic a prioriestin ate

9C > 0;8u2D (@) \ ::\ D (& ); hx; )f "y C kq" ;D x)uky2 + kukpz2);

1,2

which easily inplies (1.19).
W e can therefore assum e in the follow ing that ko 1 and nd from Proposi-
tion 2.0.1 som e realvalued weight functions

2.7) G525 1;Ki Forax? ;1§ N;
such that

X 2
(28) 9cjcp ;g > 0;8X 2 R2“; 1+ ReqyX )+ cHmg g5 &) chX i%kor 1

=1

ForO< " 1,weconsiderthem ultipliersde ned in theW ick quantization by sym bols
1 "cyg;5. W e recall that the de nition of the W ick quantization and som e elem ents
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of W ick calculus are recalled In Section 4.1. It ©llows from (2.7), (4 .4), (4.7), (4.8)
and the C auchy-Schw arz inequality that

29) Re d “u; (1 "gygy)" Fu = Re (I "gygy)" “df ** u;u
j=1 j=1
R , R , R
k1 "oygykpr kg ukg-kuky: . k! ukf .+ kuk? s . kef] uk; »+ kuk; » ;
j=1 j=1 =1
w here
(2.10) A& V=G XK

2

because the operators (1  "cyg5) whose W ick sym bol are realvalued, are for—
m ally selfadpint. Indeed, symbolsr(g;) de ned in (4.8) are here just som e constants
since g; are quadratic forms. The factor 2 1in (2.10) comes from the di erence of
nom alizations chosen between (1.1) and (4.9) (See ram ark in Section 4.1). Since from
(4.10),

W ick

W oick Ji ick " " " h s
(1 "ggy)" G = @ "oygy)g + 7 OTHTY 5 Gei%g + S5i
w ith kSsky, 2 ®rn)) - 1, weobtain from the fact that realH am iltonians get quantized
n the W ick quantization by form ally selfadpint operators that

Re (1 "cjgj)w iCkcf;v“Ck = Re S

X h " " lW ick
+ 1 "ggjReqgy+ 4—cjrgj:rReqj+ 4—chImqj g5 ;
=1
because g are realvalued symbols. SinceReqg; 0Oand gj 2 L' R"™),we can choose
the positive param eter " su ciently sm all such that
: 2n " 1
81 j N;;8X 2R"; 1 "ggjX) 57
in order to deduce from (2.8), (2.9) and (4 .3) that
_2 R X ,
(211) (KX i2ko+! )W leu;u . kukfz + kq;.’ uki2 + (rgjr Req; )W leu;u ;
j=1 ]
because from (4.1) and (42), 1" ** = M:

O ne can then com plete the proof of Theoram 12.1 by follow ing exactly the sam e
reasoning as the one used In [17]. W e recall this reasoning here for the sake of
com pleteness of this work.

By denoting X = x; =2 ) and Op" S (1;dX ?) the operators obtained by the
W eyl quantization of sym bols in the class S (1;dX 2y, it ollow s from (4.7), (4.8) and
usual results of sym bolic calculus that

Il
—

212) 17T " weimeT Y 2 0pY S (10X 2)
and
2.13) it Y e iTerT Y meiTerT Y 2 0p” S (1;dX 2) ;

sihce kg 0. By using that

1w JE S JE S 2
R i2ko+ 1 EXTiert uju o= KTt u g
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w e therefore deduce from (2.11) and the C alderon-V aillancourt theorem that

(2.14) B izkor 1 T u Lz - kuk; . + kq;’ukLz + rggyrReq) uu
j=1 j=1

Then, we get from (2.7) and (4 .3) that

(2.15) cgyrReq) “u;u . T Reg ¥ Fuju

Recalling now the wellknown nequality

(2.16) o) F  2f @kE%%kps @);

ful Tled by any non-negative sm ooth function with bounded second deriwvative, we
deduce from another use of (4 3) that

217) ereqjjq iCku;u . ((Reqj)%)W iCku;u .+ Reqj)W iCku;u ;
since Re gj is a non-negative quadratic form and that
2(Reqj)% 1+ Regqg;:
By using the sam e argum ents as in (2.9), we obtain that
1+ Req)" ™u;u = Req)" “u;u + kukl, = Re(d;vq Hupu) + kuk?,
k| ukg-kuky . + kukf. . kdf ukl. + kuk. . ke uki. + kuk;.:
It therefore follow s from (2.14), (2.15) and (2.17) that

(2.18) BT a7 ks b ke ull
. u . kukp + & ukyo
=1
In order to In prove the estin ate (2.18), we carefully resum e our previous analysis
and notice that our previous reasoning has in fact established that

1
R i T "y 2

LZ
. kukﬁz + Re d;q leu; 1 "oy )W e+ (rgyr Re qj)W leu;u
J=1 J=1
. kuk?, + Re d “u; (1 "gygy)" Fu + Red “uju)j
=1 =1
® .
. kukfz + Re o u; (1 "oigy)" Fu o+ Rel@ u;u)F
j=1 =1

because (I "cjg;)" ** is a bounded operator on L? R"),
(2.19) K@ "eigy)” Pk ooy kL "eigike: e

1
By applying this estin ate to hX 1?0+ 1 " u, wededuce from (2.13) and the C alderon—
Vaillancourt theorem that

bl

2w 2 1y 1y
(2.20) X i%xo+1 " u Re q? X i%xo+1 " u; X i%o+T T u

Lz °
j=1

1 w : 1 w . 2
: . W ick . . 2 .
+ Re qlgl i T "u; (L "cigy) BCiZFo 1T "y 4+ KW i%FerT 1 L2+kukL2_
j=1
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T hen, by noticing that the com m utator
221 ¢ neiTeT Y 20pY S X AT K i ZdX 2
(221) oy ; MK 1% Op" S ot X 1 i

because ¢; is a quadratic form , and that

222) i 7T Y i T " W2 0pY SEX i 2K i 2dX %) ;

we deduce from standard results of sym bolic calculus and the C alderon-Vaillancourt
theorem that

1 w 1 w . 1 w 1 w
g ; BCiZort T ou qf ; P iFort i et T WXiTor T T u o, + kukge

Lz ° L2

2 23) . i "u o+ kuky::

L 2
By introducing this com m utator, we get from the Cauchy-Schwarz inequality and
(2.23) that

1w 1 w 1w Ll W
Re q? B izkor T " u; X i "u . Re %u; X izko+ 1 B izkor T Ty

—L W 2
+ 0 et a4 kukfzz

A notheruse ofthe C auchy-Schw arz inequality and the C alderon-V aillancourt theorem
with (2.13) gives that

—r  w —L W —2 W
Re f u; WXi#Fo+? BCi%ort Tu . kefukye IXCiTeT u o+ kel ukgokukge

W e then deduce from (2.18) and the previous estin ate that

X\I 1 1

W 1 w 1w
Re qj }]}{"le0+1 u; }]}{"le0+1 u

j=1

b by
kefj uky> + ke ukfz + kukfzz

j=1 j=1

2 _w
12k 1
hX"i2ko* u o

By using again the C auchy-Schw arz inequality, (2.18), (2.19), (220) and (223), this
estim ate In plies that

(2.24)
2 _w 2 K L _w W oick Ll _w
WX i2%0+ L u L2 e Re %; WX i2%k0+ L U;(l "ngj) K Y {2k L u
j=1
R ) X
i W W ick  rrena 2 2
+ Re gju; iXi%o T (1 "cyg3) i T "u o+ kef; uky . + kuk;.
j=1 =1
b 1 w W ick W S 2 2
Re gfu; iCiFo s = (1 "gygy)' °F mCiforr Tu o+ kef; uky . + kuk;.
j=1 =1
X 1 _w W oick 1 W & 2 2
kefj uky> M i%o T T (1 "cygy) Ciert Tu o, 4 kefj uky. + kuk;:;
j=1 =1
because we get from (2.19) and (223) that
1 ; Jp— i 2
Re q;?; B izko+ ¢ W u; @ "ngj)w ick B i2ko+ ¢ Wu A B i2ko+ ¢ Wu L

1 w
+ Kitert tu S kukpe:
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N otice now that (2.7), 4.5) and (46) mply that
T M " W ick w % 2y .
it (1 "ggs) 20p" S(1;dx?) ;

since (1 "cjgy)" ¥ = ¢f ,with g5 2 S (1;dX *) and ko 0. By introducing this new
com m utator, we deduce from the C alderon-Vaillancourt theorem , (2.13), (2.18) and
(2.19) that

RCITT L o) ReimT Mu

Ll W . L w 1w
HK iz T Ty + 1 "ggy) RS G T hX iZer T Ty

L2 L2

Ll W Ll W J S
B izt a4 BT EXTifert Su o,

2w 1w
Risort w4+ BXTitort a4 kuky e

R

—2 W

BCi%orT Tu o, 4+ kefj ukyz + kukg: :

j=1
Recalling (2.24), we can then use this last estin ate to obtain that

2k2—1 w 2 X\] 2 2
(2.25) hX %o+ u o, . kefj uky . + kukg::
=1
By nally noticing from the hom ogeneity of degree 2 of g5 that we have

1
& T)&; )=2—qj(x; )i

if T stands for the real linear sym plectic transform ation
Ty )= @) Tx;2 )7 ;
we deduce from the sym plectic invariance of the W eyl quantization (T heorem 18.5.9

in B]) that

2 A 2 2
L2 e ko uky. + kukg:;
=1

X i T Ty
which proves Theorem 12.1.

3.Proof of Proposition 2.0.1

W e prove Proposition 2.0.1 by induction on the positive integer m 1 appearing
n 22). Letm 1, we shall assum e that Proposition 2.0.1 is ful lled for any open
set o ofR?", when the positive integer In (2 2) is strictly sm aller than m .

In the Hllow ing, wedenoteby , andw someC?! (R;[0;1]) fiinctions respectively
satisfying

B = 1lon [ 1;1]; supp [ 2;2];

32) =lonfx2R :1 ¥kj 2g; supp fx 2 R :1=2 ¥kj 3g;
and

(33) w=1lonfx2R :kj 2g;suppw £fx2R :kj 1g:

M ore generically, we shalldenote by 5, jandw;, j2 N, some other C R;0;1))
flinctions satisfying sin ilar properties as respectively , and w w ith possibly di er—
ent choices for the positive num erical values w hich de ne their support localizations.



hal-00446465, version 1 - 12 Jan 2010

SUBELLIPTIC ESTIMATES FOR SYSTEM S OF QUADRATIC OPERATORS 15

Let o bean open set of R°" such that (22) is fiul lked. C onsidering the quadratic
form s

X
(3.4) Py X)= Reg X ;jIm FpX );
=1
X
B3) mpX)= Regy(Im Fy xdm Fy (X ;I Fy oim Fy,  Im FpX );
J=1;::0N
(Lol 1)2F17N oo !
foranyl p N,2 k m;
R X
(36) X )= Req X ); X )= Regy(Im Fy :im Fy X );
j=1 J= 10N
(g ik )2 £1 ;0N gk
forany 1 k m;andde ning
, 2(2m 1) . 4m
3.7) OnpX )= I 1X)XI1 el BXIoTmiTrg X))

where isthe function de ned n 31)and 1l p N ,weget from Lenma 42.1
that
(3.8)

X ) o
22n 1) Re (In Fq :2xIm F Im F.X )
Hmg Gnp®)= 2 Ty | KKi 5 EAu. SRR

4m
J=1;:24N hX iZn =1
Moyl 1)2f1mN gn !
202m 1) Re (In Fy, :ifm F X ;Im Fy sidIm F (Im F,)*X )
+2 1, (X)Ki vl 85 I h 1 ’ - L h 1 P
=1 hX iZm +1
Ll 1)2f1;mN g" *
2(2m 1) r X
+ Hing I 1(X)Ki ne1 np &)
hX i2n + 1
,o2m 1) . 4m
+ Iy 11X )X i 2met HlmqphX1 ol By e (X)
W e st check that
2(2m 1)
39) Gnp2 S L;iKi et dx?
In order to verify this, we notice from Lemm a 42 6 that the quadratic form s
(3.10) Regy(Im Fy xdm Fy X ;In Fy xIm Fy  In FpX )
and
(3.11) Regy(Im Fy :x:Im Fy, X ;Im Fy iIm Fy | (Im Fp)ZX )i
belong to the sym bolclass
,_4m , 2(2m 1) 2
3.12) S Wim+1;/,Xi 2m+1T dX “° ;

2(2m 1)

for any open set NR? wherer, ;(X). HXim-1 . To check this, we just use
in addition to Lemm a 42 6 the obvious estin ates

N

Reqy(m Fy s Fp ,Bn FpX )z . KX i

and

NI

Regq(In Fy s Fp , (Tn Fp)?X )2 . IX i

1

M oreover, since

313) X i #5728 i Z T;Ki2dx 2 ;
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we obtain (3.9) from (3.1), 3.5), 36), 3.7), 3.10), 312) and Lemma 422.

D enoting respectively A+1,,, Ay, Azyp and Ay, the four temm s appearing in the
righthand sideof (3.8),we rstnotice rom (3.1), 3.10), 3.12), B3.13)andLemmad22
that

, 2(2m 1) 2
(3.14) Rop2S LK i "on+1 dX
N ext, by using that
g 2S i idx? ;
since In g, is a quadratic form , we get from (3.1), (3.5), 36), (3.10), 3.12), (3.13)
and Lemm a 422 that

2(2m 1)

(3.15) RA3p2 8 HXim i;mKi #ni1 dX 2 ;

smnece
2(2m 1) 2@2m 1)

2
Hmg T, 1 X)X i et 28 WX im T i vt dX

By using now that
Hig 17T 28 HKi 7 T;mi2dx?;
we nally obtain from anotheruseof (3.1), 3.5), 36), 3.10), 3.12)andLemmad22
that
, 2(2m 1) 2
(3.16) Agp2S 1;iX 1 w1 dX
Since the tem A3y is supported In

0 . 2(2m 1)
supp Iy 1@ )X i zmer
we deduce from (3.8), (3.14), (3.15) and (3.16) that there exists o aCt ®R;[D;1))
function satisfying sim ilar properties as in (3.2), w ith possibly di erent positive nu—
m erical values for its support localization, such that, 9¢ ;¢ > 0, 8X 2 R2",
2(2m 1) 2 >€\]
3.17) G+ S o In 1(X)th 2m + 1 X i+ T + HImqp qm,p(x)
p=1

o o2em 1) Iy X))
2 r, (X)X i Tl mim:
hX iz T

Recalling (2.2), one can nd som e positive constants c;;cs > 0 such that

154 1
(3.18) n®) oXT;

k=0
on the open set
(3.19) 1= X 2R i, K)<aXF \ o:

W hen m 2, one can nd according to our induction hypothesis som e realvalied
finctions

3 20) Gnp2S ., L;Xizm tdx®;1 p N;
such that
>{\T 2
(321) 9c,> 0;8X 2 4; 1+ Reqp X )+ CGpHmg, Onp®) & X i T:
p=1

For convenience, we set in the following g1, = 0 when m = 1. By choosing suitably
oand wy someC! R; ;1)) functions satisfying sim ilar properties as the functions
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regpectively de ned iIn (3.1) and (3.3), w ith possibly di erent positive num ericalvalues
for their support localizations, such that

(322) SIpp o X)KFEPwo®) X 2R ip X)< oK T ;
and setting
(323) Cnp®)=Gnp®)+ o KI)KIZWo® )G p® )X 2 of

we deduce from a straightforward adaptation of the Lemma 422 by recalling (3.1)
and (3.3) that

(3 24) 0 m K)KF2wo®)2S 1;HK 1 2ax?
A ccording to (3.9) and (320), this In plies that
(325) G1p25 , 1;iXi dX? andGp 2S5 , ;X1 7 1dX? ;
when m 2. Since from (3 .24),
Hmg o0 ®X)KFZwoX) 28 L;iKi%dx? ;
because In ¢, is a quadratic form , we rstnotice from (3.19), (3.20) and (3.22) that

0 0

. L2
Himg o0Tn ®)KF wo) gup®)2S , 1;i1i 7 1dx? ;

and then deduce from (3.17), (3.19), 321), 322) and (323) that there exist som e
positive contants cs,;c7 > 0 such that forallX 2 o,

X 2(2m 1)
Re%O()+C6;5)HIrnqp Gm;p(x) +1+C7 0 Im l(x)th 2m + 1 h}(j_2m2+1

p=1
Czem 1) X)) . 2
& Iy 1X)XKI T ————+ I X)X JT wo X)X i T
hX imm -7
when m 2. Since
n
hxiﬁ&miﬁandmi(}fm)& jgjﬁ;
hX i2m +1

when r, X ) & X F, we deduce from the previous estin ate by distinguishing the
regions in ¢ where
Iy X)) . %fandrm X)& :Kf;
according to the support of the function
0t X)KIZ;
thatone can nd a C! (R;D;1]) function w; with the sam e kind of support as the
function de ned n (3.3) such that

X
(326) Y9xpixm > 0;8X 2 g5 Reg X )+ ;pH mq, G p®)

p=1
2(2m 1) 2 2
+ oWy Iy X)X i el BXiwmeT 4+ 1& X it
when m 2.W henm = 1, wenotice from (2.2) that
327 rn (X )& X i%;

on any set where

328) i coandr®)= Reg () IXi;
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if the positive constant ¢y is chosen su ciently large. M oreover, since In this case
Gip = g1p and thatRe g, 0, one can deduce from (3.1), 33), 3.17), 327) and
(328), by distinguishing the regions in ¢ where

o). i and rp (X ) & KX i7;
according to the support of the fiinction
rp X K i G ;

that the estim ate (326) is also ful lled In the casem = 1. Continuing our study of
the caseswherem = 1,wenotice from (33) and Req, 0, that one can estin ate

bl
Wi T )X i K1 . pX)= Req(X);
p=1
ralX 2 R?. It therefore ollows that one can nd Ciip > 0 such that for all
X 2 o
}{\I 2
Regp X )+ q1pHmgGip®) +1& X i5;
p=1
w hich provesP roposition 2.0.1 in the caseswherem = 1, and our induction hypothesis
n the basis case.
A ssum Ing in the ollow ing that m 2, we shallnow work on the term

.o2em 1) 2
Wi Iy 1 X)X i "1 hX it

appearing In (326).By considering socmeconstants ; 1,for0 j m 2,whose
valies w il be successively chosen in the follow ing, we shall prove that one can write

that forallXx 2 R?",
|

X
329) w, M WoX) oX)
WX im+1
m 2 Y3 my 1
+ WoX) WiX) JX)+WoX) WiX) ;
j=1 =1 =1
w ith |
iIm 5 2 X)) ,
(3.30) JX) = i J 2 ;0 3 o m 2

2§ 3
Im 51X )7 T

j 1tm 5 1 X)) .
(3 31) WiK)=w, ———2J 220 1§ m 1

T j(X )2m 23+ 1

ke X))
(332) WoX)=wq = 2(12m 1) i
hX 1 2m+1

where istheC' [®R; ;1)) functionde ned ;n 3.1),andw, isaC’ [®R;[D;1]) function
satisfying sin ilar properties as the function de ned in (33), with possibly di erent
positive num erical values for its support localization, in order to have that

(3.33) supp 0 wy, =1 and supp wg =1

In order to check (329), we begin by noticing from (3.3), (331) and (332) that for
0 j m 1,

1 1 2
B34) m 5 1) T T &I X)) T & &G X)W T & X imeT;
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on the support of the fiinction
v3
supp Wo Wi ;i1 J m 1;or supp Wyp; ifj= 0:
=1
N otice that the constants in the estim ates (334) only depend on the values of the
param eters o,.., j 1 butnoton j,whenl j.This shows that the functions

3 my 1
07 Wi 4;,forl j m 2; and W5
=1 =1
are wellde ned on the support of the function W,. Now, by noticing from 3.1),
(33), 330), 331) and (3.33) that

on the support of the fiinction

v3
supp Wo Wy ;ifl J m 2;or,supp Wo; ifj= 0;
=1

we deduce the estin ate (329) from a nite iteration by using the follow ing estin ates
Wo Wo o+ WoW,
and
vl 3 ¥
Wo W1 Wo Wi 5+ Wy Wi ;
=1 =1 =1
foranyl j m  2.0ne can also notice that (3.35) in plies that

w2 Y* my 1
(3.36) 1 it Wi x+ W1
k=3+1 1=3+1 =5+ 1
on the support of the fiinction
v3
supp Wo Wi, ;i1 J m 2;or suppWyp; ifj= 0:
=1

SinceReq, 0, wethen get from (3.34) that

" . 2
337) 8X 2R2n;W0(X) WX ) X izm+T 8 o Reqg (X );
=1 o1
wherea ,;..; , , isa positive constant whose valie depends on the param eters
(1o 1m 2t
Wedeneforl p N,
v T 5 X))
(3.38) Pip X )= WoX) WiK) 5(X) m 1;pzm )
=1 m 5 1 X ) 231

forl J m 2,and

(339) Pop®)=WoX) X )Mﬁ)z;

Iy 1 (X )2 1
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w here the quadratic form s 1, are de ned in (3.4) and (3.5). We get from (3.1),
33), B330), 331), B332), 334), Lanma 422, Lemma 424, Leanma 425 and
Lemma 42.7 that

22m 25 3)

(3.40) Pip2S ;i ~ e dx?o:

forany 0 j m 2.
W e shall now study the Poisson brackets H g ¢, Pyp. In doing so, we begin by
w riting that

v Tn § 10 X))
(3.41) HmgPipX )= HmqgWo &) W) &) ITRRCER
=1 T jl(X )2m 23 1
3 .
1p X))
FWoX)  WilK) Hmgq 5 K)——2 2
1 T jl(X)Zm 23 1
Yj 2m 25 2
+ Wo®X) WiX) & )Hmg Wm 51 &) @ 277 13 5 1,X)
=1
Y Himg S 5 1p®)
FWoX) O WiK) K )— e R
=1 T jl(X )2m 25 1
X3 v Bn 5 1 )
FOWoE) Humg Wy ®)  Wix®) &)—— B

2m 23
Im 4§ 1 (X )& 231

forl j m 2. W edenote by respectively B1;50/, B2;5;pr B3jjppr Bajp and Bs;5p
the ve temm s appearing in the right hand side of (3.41). W e also write In the case
where j= 0,

I l;p(x)
(3.42) HinqPop® )= HumgWo X) oK )——2 1
Iy 1 (X )z 1
T X))
+ WoX)Hmg o ® ) ——E

Iy 1 (X )2 1
2m 2

+WO(X) O(X)Hlmqp I 1(X) Ty l;p(X)

Hig® 1 X)
P W) X )— T P

Iy 1 (X)) 1

and denote as before by respectively B1;0;5, B2;0;ps B30 and B0 the four tem s
appearing in the right hand side of (3.42).

Since the constants in the estim ates (3.34) only depend on the values of the param —
eters g¢,.., j 1;butnoton ;,whenl j;wenotice from (329), (3.34)and (3.37)
that there exist ag > 0 and som e positive constants a;; ,;..;; ; ,,forl j m 1,
whose valuesw ith respect to theparameters ( 1)g 1 n 2 Onlydependon g,.., 5§ 17
but noton 1, when 1 j; such that for any constants ( )1 5 m 2, wih 1;
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and X 2 R%",

Im 1(X) 2 1
(343) Wi — o WXITmT o agWoX) oX)mm 1 X)) oT
W i m 1
Y 2 \e .
+ 3855 o g Wo X)) W) j(X )T j 1 (X )z e
j=1 =1
X
T am 1 oy 2 Reqg X ):
p=1

T hepositive constant ag is ndependent ofany oftheparameters ( 1) 1 n 2. Setting

1% 2

(3.44) Po = a0Po;p + 385; osun 5 1 Pimpi
J=1

we know from (3.40) that

(3.45) P25 1;Ki wmTdx? :

Forany " > 0, we shallprove that after a proper choice for theconstants ( )0 5 o 2
and ( 5)1 5 m 2,with 5 1, 5 1, whose values w ill depend on "; one can nd
a positive constant ¢z > 0 such that orallX 2 R?",

A o i 5, 1 (X) 2
(3.406) Cio;m Recb(X)+HImqppp(X) + "X izm+ 1 Wi T o hX izm+ 71 :
p=1 hX 1 2m+1

O nce this estin ate proved, P roposition 2.0.1 w ill directly follow from (325), (326),
(3.45) and (3.46), fwe choose the positive param eter " su ciently sm alland consider
the weight functions

O = C3;Gnpt Clappp;l P Ny

after a suitable choice for the positive constants c;3;» and cjg;n.

Let " > 0, it therefore ram ains to choose properly these constants ( )0 5 n 2
and ( 5)1 5 m 2,with 5 1, 3 1,1 oxderto satisfy (3.46).

Recalling from (422) thatforalll p N and0 s m 2,

X
(3.47) HImqpfm s 1,-p(X ): 2 Reqj (Bn Fll :idm Flm s zﬁn pr)
J= L1issN
(1 ;225 s 2)2flpN gt S 2
X 2
+ 2 Regy(Im Fy :iIm Fy | ,X ;In Fy i Fy |, , (Im Fp)°X);
J= 1N
(1g ;22 s 2)2fljN g™ S 2

one can notice by expanding the term

by by
2am 1; 05:% o 2 Re%+ HImqppp;
p=1 p=1

by using (3.41), 3.42) and (3.44) that the tertm s in
h 2 R

ao Buop + 385 oinn o4 1 Buyp 7
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produced by the term s associated to

X
Regy(Im Fy m Fy | ,Im FpX);
J=1;::5N
(L ez s 2)2fl;uN gt S 2

while using (3.47), give exactly two tin es the term

1
(3.48) aWo®) o®)m 1 &)= 1
w2 \e .
+ 383 o g 1W0(X ) Wi) j(X )T jo1 X )z 231
=1 =1
X
+ anm 1; 07325 m 2 Req:;(x );
p=1

for which we have the estim ate (3.43). To prove the estin ate (3.46), it w ill therefore
be su cient to check that all the other term s appearing in (3.41) and (3.42) can also

be allabsorbed in the term (3.48) after a proper choice for the constants ( )0 5 n 2
and ( j)1 5 m 27at the exception of a rem ainder term in

2
"X iTm T s

W e shall choose these constants in the follow ing order ¢, 1, 1, 27 eeer m 2 and
m 2.

W e successively study the rem aining term sin (3.41) and (3.42), by increasing value
ofthe integer 0 Jj m 2.We rstnotice rom (3.1), 33), (330), 332), 342),
Lemma 42.8 and Lenm a 42.12 that one can choose the rst constant ¢ 1 such
that orallX 2 R?",

b 1 5 " 2
(3.49) ag Brop®)j. o MK imeT lhx {7 .
p=1 "
By noticing from (3.34) that the estin ates
(3.50) G )P L n )T

are fi1l lled on the support of the function Wy, we deduce from (3.1), (3.30) and (3.42)
that the m odulus of the term s B 3,0, can be estin ated as

>€\I . >{\T 2m 2 2m 2
ag Bz X )= ao Im 1X )7 THmg T 1&) 2 1
p=1 p=1

2m

Lo 100) Um0, ) WolK) oK)

GIWo ) o) 1 (X)F T

rallX 2 R?"; shee from Lemma 42.8 and Lemm a 42.10, we have for any p in
f1; 5N g that

2m 2 2m 2 1

Iy 1 (X )2m 1Hlmqp Iy 1X) 2o 1 LI X )E

and

2m 2 1
2

Im 1 X)) 0 Txy 1,,X) . o 7

on the support of the function Wy X ) o X ):By possibly ncreasing su ciently the
valie of the constant ( which is of course possble whike keeping (3.49), one can
controlthis term w ith the \good" term (3.48).
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Next, we deduce from (3.1), 3.30), (342), 3.50) and Lemma 429 that them od-
ulus of the second temm s in B 4,0, associated to

X
2 Regy(Im Fy iiIm Fy, ,X ;Im Fy :iIm Fy , (Im Fp)2X );
J=1;:2:4N
Lyl 2)2flpN gt 2
w hile using (3.47), denoted here B4,
h
BaopX)=WoX) ¢X)
-1
° 0 1
X BHmgm 1pX) ) X Reg(m Fy:ln Fy T FpX )&
@ w2 om_ 2 A7
p=1 Ly 1 X )7 T J= 1N Ly 1 X )2 T
sl 2)2f1:uN gt 2 \
A Hpgm 1p®) '
Im m 1l 1
= WoX) o) —F = P 2 1X)F T
p=1 I 1(X )Zm N
can be estin ated as
X . L )
ap Paop®)i. ("WoeX) oK) 1K )= T;
p=1

for allX 2 R?". By possbly hcreasing su ciently the value of the constant ¢
which is of course possible whik kesping (3.49), one can also control this term w ith
the \good" term (3.48). The value of the constant g is now de nitively xed. In
(3.42), it only rem ains to study the tem s B ;0 -
About these term s, we deduce from (3.1), 3.30), 3.42), 350), Lemma 42.8 and

Lemma 4211 that orallX 2 R??,

X\T 1
(3.51) ao BoopX)j. WoXIW 1 X ), 1 X )2 T

p=1

By using now (3.34) and (336) with j= 1, we obtain that forallX 2 R2",

X my 1 X
ao :,BZ;O,'p(X )j Gan  1; 055 om ZWO X)) WiX) Re%(x )
p=1 =1 p=1
w2 be R
+ Ci; oy 1WO(X ) W) j(X )T b .S EEIEE B
=1 =1

which in plies that

b b
(352) ao :BZ;O,'p(X )j Cn 1; 0535 n 2 Re%(x )
p=1 p=1
w2 Y .,
+ Cj; 07 5 1W0 (X ) W l(X ) j(X )rm j 1 (X )2"‘ 31y
j=1 =1

w here the quantities c¢;; ;:::; stand for positive constants whose valies depend
on g 4§ 1,0utnoton (k)5 x m 2and (x)1 x n 27according to the rem ark
done after (3.34). O ne can therefore choose the constant ; 1 in 344) su ciently

large In order to absorb the term of the index j= 1 in the sum appearing in the right
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hand side of the estin ate (3.52) by the term of sam e index In the \good" term (3.48).
T his is possible since the constants a;; , and ¢;; , arenow xed after our choice of
the param eter 4.

This ends our step Index j = 0 in which we have chosen the values for the two
constants gand 1 1.W eshallnow explain how to choose the rem aining constants
( j)l im 2 and ( j)2 im 2 n (344) in order to saUs@ (3.46) T his choice will
also determ Ine the values of the constants @y; ;0 5 1)1 § m 2 @ppearing in (3.44).
A fter this step Index j = 0, we have m anaged to absorb all the term s appearing in
(3.42) in the \good" term (3.48) at the exception of a rem ainder com ing from (3.49)
and (3.52),

0 0

K 2 Y . " ,
Cj; 07 5 1WO(X ) Wl(x ) j(X )rm 3j l(X )2m 231+ th i2m+l;
j=2 =1 m
where one recall that the positive constants ¢j; ,;::;; ; , only depend on  g,eey § 1,4

butnoton ( )y x m 2and ( x)1 xk n 2:

W e proceed in the follow Ing by nite induction and assum e that, at the beginning
ofthe step index k, with 1 k m 2, we have already chosen the values for the
constants ( )0 5 x 1 and ( §)1 5 x In (3.44); and that these choices have allowed
to absorb all the termm s appearing In the right hand side of (3.42) and (3.41), when
1 j k 1,in the \good" term (3.48) at the exception of a rem ainder term

k 2
353) — "X i1+
m 1

X 2 3 .
Ci; o5 1 15t x 1WO X)) W) j(X )T j o1 X )z 23T
j=k+ 1 =1

where the quantities e;j; ;..; 4 ,; ;55 . . Stand for positive constants w hose values
only depend on  g,eeey § 1/ 1. k 17butnoton ( 1)y 1n 2and ( 1)k 1w 2-

W e shallnow explain how to choose the constants  and; x;1,whenk m 3;
In this step index k In order to absorb the term s appearing in the right hand side of
(341),when j= k, at the exception of a rem ainder term of the type (3.53) where k
w illbe replaced by k + 1; In the \good" tem (3.48). Since the constants ( 5)o 5 x 1
and ( 5)1 j x have already been chosen, we shallonly underline in the follow ing the
dependence of our estin ates w ith respect to the other param eters ( {)x § n 2 and
( 5)k+1 5 m 2, whose valies rem ain to be chosen.

W enotice from (3.1), (330), 331), 332), 334), B4l),Lanmad2.8and Lemma
4212 that one can assum e by choosing the constant 1 su ciently large that
forallx 2 R?",

A . 3 2
(3:54) kK o5k 1 Praxp®)J. K IEmT
p=1

2
h}(i2m+1;
m 1

since the constants x, g,... x 1 have already been xed.



hal-00446465, version 1 - 12 Jan 2010

SUBELLIPTIC ESTIMATES FOR SYSTEM S OF QUADRATIC OPERATORS 25

N ext, wededuce from (3.1), (330), (334) and (3.41) that them odulus ofthe term s
B3x;p can be estim ated as

b
kak;o;:::'k 1 :B3;k,'p(x )j
p=1
2m 2k 2 2m 2k 2
= x3; oy ok o Tm x 1 X )" % THpg Inm x 1 &) 20 251
p=1
2m 2k 2 ~ Yk
Iy x 1 X ) " FIr g 1p,X)WoX) WiX) &)
=1
1 Yk 1
K W X)) WiX) «x&)m x 1 X)om v 1;
=1

forallX 2 R?®; since from Lemma 42.8 and Lemma 42.10, we have for any p in
f1; 5N g that

2m 2k 2 2m 2k 2 1
Im x 1 &) 2% THpg In x 1&) 2n 21 oy g (X)) 261

and
2m 2k 2
Im x 1 &) 2 2 irmy ox o 1p&) o 7

on the support of the fiinction

¥*
WoX) WiX) x®):
=1
By possibly increasing su ciently the value of the constant  which is of course
possible while keeping (3.54), one can controlthis term w ith the \good" term (3.48).
Next, we deduce from (3.1), 330), 334), 341l) and Lemma 429 that them od-
ulus of the second temm s In B 4, associated to

2 Regy(Im Fy :iIm Fy, |, ,X ;Im Fy dm By , (Im Fp)ZX );

k

w hile using (3.47), denoted here By,

bl ¥*
BuaxpX)=WoX) WiX) &)
-1 =1
° 0 1
® BHImqpf'm k 1 X)) X Regy(Im Fy =xIm Fy , ,Im Fp X )8
]é) n 7k 2 2 2m 2k 2 A
=1 T &k l(X )Zm 2k 1 5= 1 m l(X )Zm 2k 1
(1 ;222  2)2flpN gt K2
|
* - '
megt k 1 &) 1
=WoX)  WiK) xX) o 2n o X)E
=1 p=1Tm kx 1 X )2 1

. 1
k3k; o ok 1 :BV4;krp(X )J- k Wo®X) W) Kk X x 1 X )z 2k 1y

4
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rallX 2 R?". By possbl increasing su ciently the value of the constant
which is of course possible whik keeping (3.54), one can also control this term w ith
the \good" term (3.48).

Forl 1 kandl p N ,weshallnow study the term

Yk it
k 10 X))
Bsjpn®)=WoX)Hmg W1 X) WikK) X)—— Pl
j=1 Iy x 1X )2 7% 1T

appearing in the tetm Bsx, in (3.41). By noticing that

1 2m 21 3
Im 1 2&X) 1 Im 11X )Ty

on the support of the function H g ¢, W 1+ 1, &£ ©low s from  (3.1), 33), (330), (331),
332), 334), 350), Lemma 428 and Lemma 4213 that forallX 2 R2“,

X\I 1 1
kSk; ook 1 Boxpn ®)j. (TWoX) oK) 1K) T
p=1
and
R . y 1 1
k3k; o5 k1 :BE;k;p;l(X )j k W (X)) W b X)) 11X ) X ) 2Ty
p=1 j=1

when 1 2. By possbly increasing again the value of the constant , one can
therefore control the term

p=1
w ith the \good" term (3.48). T he value of the constant  isnow de nitively xed.
About the tetm s B 2%, we deduce from (3.1), (3.30), (334), 341),Lemma 42.8

and Lemma 42.11 that orallX 2 R?"?,

X e 1 :
(355) k3k; ¢;i x 1 :BZ;k;p(X )j- WVO(X ) W l(X ) m «x 1(X )zm 2k 13

p=1 =1
By distinguishing two cases, we rst assum e in the follow ing thatk m 3. In this
case, by using (3.34) and 336) with j= k+ 1, we obtaln that forallX 2 R0,

X
k3k; oiiy ok 1 :BZ;k,'p(X )]
p=1
0 my 1 X
Go 15 osm o a; agum W0 &) WailX) Reg X))
=1 p=1
K 2 v3
+ C;),o;:::;j 1;1;:::'kW0(X) W) ) 5 X ) oEny;
J=k+ 1 =1
which in plies that
K R
(356)  xak; o . . Boxp X )] @ 1: o 0 ap o1t Reqg, (X )
p=1 p=1
R 2 v3
+ O i 1 L WoK)  WiK) $&)m 5 1®)7 57;
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where the quantities cg,. oo . . ... Stand for positive constants whose values

only depend on  gyey § 1/ 1y ksPUtnoton (1) 1m 2a8nd ( 1k+1 1w 2-
Indeed, we recall that the constants appearing In the estin ates (3.34) only depend on
the values of the param eters  ¢,..., 5 1;butnoton ( 1)5 1 n» 2and ( 1)1 1 2-

O ne can therefore choose the constant 1 1 1n 3.44) su ciently large in order to
absorb the term of index j= k+ 1 in the sum (3.53);and the term of index j= k+ 1
n the sum appearing In the right hand side of the estim ate (3.56), by the term of
sam e index in the \good" term (3.48).

Whenk=m 2andtaking , =1, tPolowsfrom (334),usedwih j=m 1,
and (3.55) that orallX 2 R?",

o ny 1 :
(357) m 29n 2; 0% on 3 :B2;m 2,'p(X)j~ WO(X) Wl(X) rl(x )§
p=1 =1
X
Reg X ):
p=1

T his process allow s us to achieve the construction of the weight functions p,, 1
p N, satisfying (3.46), which ends the proof of (3.46). This also ends the proof of
P roposition 2.0.1.

4. A ppendix

41.W ick calculus. The purpose of this section is to recall the de nition and basic
properties of the W ick quantization that we need for the proofofTheorem 12.1.W e
follow here the presentation of the W ick quantization given by N . Lemer in [7] and
refer the reader to his work for the proofs of the results recalled below .

Them ain property of the W ick quantization is its property of positivity, ie., that
non-negative H am iltonians de ne non-negative operators

a 0) a"*¥* o

W e recall that this is not the case for the W eyl quantization and refer to [/] for
an explicit exam ple of non-negative H am ittonian de ning an operator which is not
non-negative.

Beforede ning properly theW ick quantization,we rstneed to recallthede nition

of the w ave packets transform of a function u 2 S R"),
Z

Wuly; )= @'y he@H = 2" ukle
an

(x y)ze 21 (x y): dX,' (y; )2 R2n:
w here
_ 2 5 .
Iy; x) = 2n—4e (x y) ezl (x y): ;X2 RH;
and x? = x§+ it xﬁ.w ith thisde nition, one can check (seeLemma 2.1 in [7]) that
themappihgu 7 W u is conthuous from S R™) to S R?"), isom etric from L% R™) to

L? (R2n ) and that we have the reconstruction form ula
Z

4.1) 8u2 SR");8x 2 R"; uXx) = Wufy; )'y; x)dyd

R2n

By denoting vy the operator de ned in the W eyl quantization by the sym bol
pr )= 2"e 2% YT,y = ;)2 R®;
which is a rank-one orthogonal pro jfction

yu X)=Wul¥)'y )= @'y )zee)’ v ®);
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we de ne the W ick quantization ofany L' ®R?") symbola as
Z

42) a = a(y) ydy:
RZn

M ore generally, one can extend this de nition when the sym bola belongs to SR ?")
by de ning the operator a" “* forany u and v in S R") by

< a" iCku;\7> soRr s @)=< aly ); ( vy U;Vipze®n) > s0®r2n )8 ®27)7
where< ; gwvgre)s re) denotes the duality bracket between the spaces S°R™) and
S R"). TheW ik quantization is a positive quantization
43) a 0) a"*™ o:
In particular, real H am iltonians get quantized In this quantization by form ally self-
ad pint operatorsand onehas (see Proposition 32 i [7]) thatL! ®?") sym bolsde ne
bounded operators on L? R") such that
4.4 ka" ko @meyy  kakp: gon s

A ccording to Proposition 3.3 In [7], the W ick and W eyl quantizations of a sym bola
are linked by the follow ing identities

45) al =g ;

w ith 7

(4 6) a®)= a® +Y)e’ ¥Ioray; x 2 RPY;
R2n

and

4.7 a' = gy r@)";

where r(a) stands for the sym bol
z .7

48) r@) X )= 1 )P + Y)vZe 2 ¥Frgyq ;X 2 R™;
0 RZn

if we use here the nom alization chosen In [7] for the W eyl quantization

Z
(4.9) @ u) (x) = e g XY oaud
R2n 2

which di ers from the one chosen in this paper. Because of this di erence in nor-
m alizations, certain constant factors w ill naturally appear In the core of the proof
of Theorem 12.1 whik using certain form ulas of Section 4.1, but these are m inor
adaptations. W e also recall the follow Ing com position form ula obtained in the proof
of Proposition 3.4 in [7],

) . h 1 1 Ly s
(4.10) QBRI = gy —a® B —fajkg +S;
4 4i
with kSky 12 ®n ) dnkaky: ,@©);when a 2 L' ®R?") and b is a an ooth sym bol
satisfying
20)=  sp PP EITIi< 41

X 2 R2D;
T2R2D 5T =1
The term d, appearing in the previous estin ate stands for a positive constant de—
pending only on the din ension n, and the notation fa;bg denotes the P oisson bracket

b b
fa;bg=% @b ea @b

@x @x @
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42. 3om e technical lem m as. This second part of the appendix is devoted to the
proofs of several technical lemm as.

Lemma 4.2.1. For any 1 3 N, 1 o) N, L;uyk) 2 fl;:::;NQ}k and
s1;S, 2 N, we have

(411) Hmg Regy In Fy:m Fy (In Fp)® X ;In Fy :n By (Im Fp)™X
= 2Req; In Fy :fn Fy (In Fp)® ' 'X ;In Fy, :fm Fy (In Fp)®X
+ 2Req In Fy :fm Fy (In Fp)®X ;I Fy dm Fy (In Fp)® 7 'X ;

where Re q; X ;Y ) stands for the polrized form associated to the quadratic form
Regj.

Proof of Lemma 4.2.1. W e begin by notichg from (1.10) and the skew symm etry
property of Ham ilton m aps (1.11) that the H am ilton m ap of the quadratic form

X )=Reqy In Fy il Fy, (In Fp)™ X ;In Fy, 2ln Fy (In Fp)¥X

is given by
1 k+ s s s.
4.12) F = 5( 1) ‘(Im Fp)™In Fy iIm FyReFyIn Fy :Im Fy (Im Fp)™
1 k+ sz S2 ves .o s1 .
50D (In Fp)¥In Fy :n FyReFyIn Fy cfn Fy (In Fp)™;
since
(413) (1) X ;@ Fg)¥In Fy Im FyReFyIn Fy, uIm Fy (In Fp)%X

= In Fp, ilm Fy (In Fp)* X j;ReFyIm Fy, Im Fy, (In Fp)%X

= Reqgy In Fy, ttin Fy, (Im Fp)® X ;In Fy, Im Fy (In Fp)¥X

= Reg In Fy,:Im Fy (In Fp)®X ;In Fyp :lm Fy (In Fp)¥X

= Im Fy:xIn Fy (In Fp)¥X ;ReFyIn Fy oim Fy, (Im Fp)™' X

= () X ;(@m Fp)®Im Fy ::fm FyReF;In Fy s Fy (Im Fp)¥'X

Then, a direct com putation (see Lemma 2 in [16]) show s that the Ham ilton m ap of
the quadratic form

14

Im Im
Hmgr= Im gir = ¢ qp'@f ¢ %:2_19

@ ex @x
is given by the commutator 2[m F;F], that is,

Hmgr® )= 2 X;[Mn Fg;FK
A com putation as in (4.13) then allow s to directly get (4.11).

Lemma 4.2.2. Consider aC! ®R) function £ such that

£2 L1 R) and 9¢ ;¢ > 05 suppf0 x2R ®x] <o
and r a non-negative quadratic form then for all 0 < 1,
414 frX)Xi? 2s@;mi? dx?):
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Proofof Lemma 4.2.2. It is su cient to check that
(4.15) r rX)Xi? 28 mi ;HKi?dx?;

where is a small open neighborhood of supp £ r(X )iX 1 > :W e deduce from
(2.16) and the fact that r X ) is a non-negative quadratic form that

r®) X i
and
Fr®)j. r® )} ? . mwi;

on . By noticing that 0 < 1, X i 2 S (X i;HK 1 ?dX ?), brany r 2 R; and
that the function r X ) is just a quadratic form , we directly deduce (4.15) from the
previous estin ates and the Leibniz’s rule, since

rX)2S mi ;ii? dx? :

In all the follow ing lem m as, we shall denote by ry the quadratic form s de ned in
36)for0 k m.

Lemma4.23.Foralls2Rand0 j m 2, we have
n 3 1®)°28 mm o5 1K)mm 5 1K) Tdx?;
if is any open set where

2(2m 23 1)

I jl(x)&hXi am o+l

Proof of Lemma 4.2.3. Recalling from (3.6) that the symbolxy, 5 1 X ) is a non-
negative quadratic form and that we have from (2.16) that

. . L
(4.16) Fom 5 1 &X)j. m o5 1 X)F;
which mpliesthat oralls2 R,

r Iy 5 1&)° ro, 5 1)
Tn o5 1) mo5 1)

1
c o5 1 X)) Z;

4.17)

on , we notice that the result of Lemm a 4.2 3 is therefore a straightforw ard conse—
quence of the Leibniz’s rule.

Lemm a 4.2.4. Consider the function ;de nedin (3.30) then orany0 Jj m 2,

2m__ 25 3

jZS l;rmjl(X)Zm 2j1dX2;

if is any open set where
I2(2m 23 1)
Im § 1&)& X1 =71
which In plies in particular that

2@2m 23 3

)
;28 1L;pKi T merodx? o
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Proofof Lemma 4.2.4. W e rst notice rom (3.1) and (3.30) that

om 25 3
Inm § 2®) m 5 1&)xm 2315

on \ supp g.sjnceﬁ:om (2.16),

o=

(4.18) T 5 2X)j. 5 2X)
2m 25 3
C T 5 )T T
on \ supp g,wededuoethatthequadraﬁcsymbolrm 5 2 X ) belongs to the class

2
2m 25 3 adXx
(4.19) s o L s 1 (X)E DI :
\ supp 3 m j 1 ’ 2m_ 23 3
P Sk

It ollows from Lemma 423 that

2
Im 4 2®X) dx
2m_ 23 3 2s \Suppg l; 23 3
A Sk g1 )F

which in plies that
2m 25 3

528 1imm 4 1K) 7o rdx?

This ends the proofof Lemma 4.2 4.

Lemm a 4.2.5. Consider the function W ; de ned in (3.31) then for any 1 3
m 1,

szs l;rm jl(X)ld)(z;
if is any open set where

2(2m 23 1)

I jl(X)&hXi am o+l 7
which In plies in particular that

2(2m 23 1)

Wji2S L;Xi~ =it dx?:

Proof of Lemma 4.2.5. By noticing from (33) and (3.31) that

om 25 1
m 4 1X) 1 &)z zed

and
2(2m 23+ 1)

T j(X)&hXi 2m + 1 ;

on \ supp W [, and that the two derivatives °and w) of the functions appearing

n 330) and (331) have sin ilar types of support as the function de ned n 32),we
notice that we are exactly In the setting studied In Lemma 42 .4 w ith j replaced by
j 1. W e therefore deduce the result of Lemma 42.5 from our analysis led in the
proofofLemma 424.

Lemma4.2.6.Ifs,52N,1 Jp N, (L;u5k)2 £f1; 25N ¢ then we have
Regj(In Fy um Fy (In Fp)® X ;In Fy, :Im Fy (In Fp)®X)

1

2

Regj(In Fy, i:lm Fy (Im Fp)™ X )%Reqj (In Fy :fn Fy, (Im Fp)%X)

Tt s, X))

1

Tiss, X )2

o=
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and
r Regy( Fy um Fy (In Fp)¥X ;In Fy, :in Fy (In Fp)™¥X )

1
2

Reqj(In Fy, um Fy (In Fp)™ X )% + Reqgy(Im Fy ::Im Fy, (In Fp)¥X)

NI

i+ max (s15s2) (X )

Proof of Lemma 4.2.6. By reason of symm etry, we can assum e in the follow ing that
Ss1  S;.Recalling that the quadratic form Re gj is non-negative, the rstestin ate is
a direct consequence of (3.6) and the Cauchy-Schw arz Inequality. A bout the second
estin ate, we recall from (4.12) that the Ham itton m ap of the quadratic form

Regj(In Fy in Fy (Inm Fp)® X ;In Fy im Fy (Inm Fp)*X );

( DS (M Fg)®In Fy Im FyReFyIn Fy, Im Fy, (In Fp)®

1
+ 5( 1) (In Fp)¥ I Fy ::fm FyReFyIm Fyp dm Fy (In Fp)* :

A direct com putation as in (3.18) of [16] show s that

N

(420) r Reg(@m Fy zlm Fy (Inm Fp)¥X ;In Fy, :In Fy (In Fp)*X)
= ( )" (Im Fp)¥ I Fy :n FyReF I Fy, i Fy (In Fp)®
+ (DY (I Fp)¥Mm Fy sfn FyReF;Im Fy :im Fy (Tm Fp)

w here

T he notation I, stands here for the n by n dentity m atrix. W e deduce from (2.16)
and (420) that forany s2 N,
(4.21) j@n Fp)°In Fy, :fn FyReF5In Fy :ln Fy, (In Fp)°X J

r Regy(@m Fy zm Fy (In Fp)°X )

Req (In Fy m Fy (T Fp)°X )7 :

By using tw ice the estin ate (4.21) w ith respectively X and (Im F)%? °'X , and the
Index s= s;,wededuce from (3.6) and (4.20) the second estinate in Lemma 426.

Lemm a 4.2.7. Consider the quadratic form 1, 5 1, de nedin (3.4) and (3.5) then
forany0 j m 2andl p N,

Tn 5 10 &) Zm 23 3 2
5 2S5 Limm 5 1X) o IdX T
SR SEEE

if is any open set where

and

o
Im 5 2®X ). Iy 5 1 X)) 2315
which Im plies in particular that

Tn 5 10 X)) o o2m 25 3 5
o 2S5 LiXdi TEmeT o dX
Loy &) ST
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Proofof Lemma 4.2.7. Since from Lemma 426,

F g e ® ). I g LK)
and
¥ 5 1pX)]e I jl(x)%Jrrm S )
m 51X )75

on ,we get that the quadratic form r, 5 1, belongs to the symbolclass

2m 25 3

om 25 2 5
S rmjl(x)zm 2jl;rmjl(x)z"‘ 23 1dX

One can then deduce the result of Lemma 42.7 from Lemma 42 3.

W hen adding a large param eter 1 in the description of the open st , a
straightforw ard adaptation of the proof of the previous lemm a gives the follow ing
L' () estin ate w ith respect to this param eter.

Lemm a 4.2.8. Consider the quadratic form 1, 5 1, de nedin (3.4) and (3.5) then
forany0 j m 2andl p N,

2m_ 2j 2
I jl(X)zm 23 1Ty jl;p(X)

N

Lt () ° i
if is any open set where

2(2m 25 1)

T jl(X)& X i a1
and
1 2]:3
Im 5 2& ). 'm o5 1 X)m 21y

with 3 1.

In the follow ing lemm as, we shall carefully study the dependence of the estin ates
w ith respect to the large param eter 4 1.

Lemma4.29.Forany0 j m 2,wehave forallX 2 ,

A Hmg % 5 1p &) —1 T 1
om 2] 2 j .
p=1tm § 1&X)zm 231

if is any open set where

with 3 1.
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Proof of Lemma 4.2.9. W e beghh by writing from (3.4), 3.5) and Lemma 421 that

422)
X
Himg® § 1p&)=2 Reg (Im Fy, ::m Fy . ,Im FpX)
s=1;::4N
il 5 2)2fl;N gt T2
% 2
+ 2 Reg (Im Fy :zxIm Foq ; X Im By ondm By (Im Fp)*X ):
s=1;::5N

(L ;e 5 2)2f1;:N g" 2

Lemma 429 is then a consequence of the follow Ing estin ate

Reg(Im Fy wdm Fy X ;In Fy ocim By , (Im Fp)2X )

3

NI

1
Reg (In Fy, :dm Fy, ;X )2Re g (In Fy, :im Fq ; . (Im Fp)ZX)

NI

Lno 5 2 )7m )

NI

5 Im 51X );

ful Iled on  that we obtain from the C auchy-Schw arz inequality.

Lemma 4.2.10.Forany0 Jj m 2andl p N ,wehavwe orallX 2 ,
2m 25 2 2m 25 2 1
Im 51X )™ 29 THpg I 5 1&X) 2 231 1 o4 X)) 21
if is any open set where
2(2m 25 1)

I § 1 ®)&WXi 2w

1 2m 25 3

rij(X)- jrmjl(x)zm a1y
2m 24+ 1

Im X ). m 51X )= 2515

w ith 5 1.

Proof of Lemma 4.2.10. W e begin by writing from (3.6) and Lemma 42.1 that

(423) Hm%’{rm 5 1 &)

=4 Reg(Im Fp wdIm Fy |, X ;In Fydm Fy o In FpX ):

2m 25 2 2m 25 2
I jl(X)zm 23 lHlmqp Im jl(x) mo23 1

2m 2] ZHImqprm j 1(X).
2m 23 1 m o5 1X) ]

Lemma 42.10 is then a consequence of the follow Ing estin ate

(4.24) Re g (Im Fy ::m Fy (X yIm FyoiIm By o, T FpX)

j
Req (I Fp zm Fy | X )7Req (In Fy s Fy | T FX )7

j 1

NI

1
m 51X )2 X))
Im 4 1&X) 7 2Ty

ful Iled on  that we obtain from the C auchy-Schw arz inequality.
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Lemm a 4.2.11. Consider the functions 5 and W j,; de ned in (3.30) and (3.31)
then orany0 j m 2andl p N ,wehave orallX 2 ,
1 1
:Hlmqp j(X)j jz'rm jl(X)zm 211Wj+l(x)/'
if is any open set where
2(2m 23 1)
Tm 51X )& i =T ;
1 2m 2]: 3
Im 4 1 &)™ 7315
2m 29+ 1
I j(x)-rm jl(X)zm a1

In 5 2&K) .

w ith 5 1.

Proof of Lemma 4.2.11. W e begin by noticing from (331) and (3.33) that
|

iTm § 2&X)
(4.25) 0 I LW X);

Im 4 1) 231

and by writing from Lemma 42.1 that

(4-26) Hﬁn%rm j 2(X)

=4 Reg(Im Fp wIm Fy | X ;In Fy dm By o ,In FpX ):

It follow s from the C auchy-Schw arz inequality that forallX 2 ,
4.27) Reg (Im Fy m Fy X ;I Fy owiin By ., In FpX)

1
2

1
Reg(m Fp=dm Fy , ,X)?Reqg(Im Fy iilm Fy , ,Im FpX )

o=

Im 5 2 )%rm 51 X))

1 2m 23 2
Y S EE

]
T hen, by writing that

i 5 2&) i mgtm 2 &)
Hmg Zm_23 3 Zn 23 3
Tm 5 1 &) 271 Im 4§ 1& )2 1

2m 2] 3 ¥m jZ(X)HImqprm jl(X)_

an 23 1 . ) E e '

Lemma 4211 isa consequence of (3.30), (423), (424), (426), (427) and (428), since

1 2m 25 3
rij(X) jrmjl(X)zm a1y

0

on the support of .

Lemma 4.2.12. Form 2, consider the function Wy de ned in (3.32) then for all
X 2R andl1 p N,

. 2
HmgWo®)Jj. WX imet:

ProofofLemma 4.2.12. Since ¥ In ¢, X )j. X i, because In g, isa quadratic form ,
Lemma 4212 is then a consequence of (3.3), 36), 332) and Lemma 422.
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Lemm a 4.2.13. Consider the function W 5, ; de ned in (331) then forany 0 J
m 2andl p N ,wehave forallX 2 ,

j—IIrnquj+l(X )j

if is any open set where

uN.H
£
u
"
R
-
°
2
.
B
u
R
-
3

2
I § 1 ®)&WXi 2w

1 2m 25 3
rij(X)- jrmjl(x)zm a1y

m &) . m 5 1 X)) 2515

with j 1.

Proof of Leamma 4.2.13. One can notice from (3.1), 33), (330), 331) and (3.33)

that \

: C o, X
(4.28) 80 J m 2; w) o3 28 ) LS

3
L5 1 ®)F T
and that the dervatives of ; and W 5, 1 are exactly the sam e types of functions. It
follow s that Lemm a 4.2.13 is jast a straightforw ard consequence of Lemma 42 .11.
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