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Résumé 

Ce travail contribue à développer des méthodes de résolution associées à la méthode de 

simulation MMP (Model of Manufactured Part) développée par F.Vignat et F.Villeneuve. Le 

MMP est un modèle générique 3D des défauts géométriques engendrés sur les pièces 

fabriquées par un processus de fabrication donné. Ce modèle permet de générer un ensemble 

de pièces virtuellement fabriquées incluant les incertitudes de fabrication et permet par 

conséquent de mener l’analyse de tolérances fonctionnelles. Les méthodes de résolution 

développées autour du MMP permettent aux ingénieurs de fabrication d’évaluer une gamme 

de fabrication candidate du point de vue géométrique. 

Le développement des méthodes de résolution s'est effectué selon 2 axes. Le premier 

axe consiste à développer des méthodes pour la recherche du pire des cas (WCTA). La 

première approche de cet axe utilise des méthodes d'optimisation (SQP pour Sequential 

Quadratic Programming et GA pour les algorithmes génétiques) basées sur la recherche du 

pire des cas. La recherche du pire des cas consiste en un algorithme d’optimisation 

multicouche comportant deux boucles principales. La deuxième approche de cet axe consiste 

à faire une adaptation de la méthode du torseur des petits déplacements avec intervalle 

(modèle Jacobien Torseur développé au Canada) à la méthode MMP. 

Le deuxième axe concerne les méthodes stochastiques permettant une simulation de 

production d'un ensemble de pièces et l'analyse des résultats d'un point de vue statistique. La 

méthode stochastique est basée sur une méthode de tirage aléatoire sous contraintes. 

Les différentes approches sont finalement comparées entre elles. 





  

 

Abstract 

This research contributes to developing the solution techniques associated with the 

MMP (Model of manufactured part) simulation method developed by F.Villeneuve and 

F.Vignat for modeling the different geometrical deviation impacts on the part produced (error 

stack-up) in a multi-stage machining process. The model cumulates the impacts of various 

sources of manufacturing errors hence enabling tolerance analysis. The MMP simulation 

method beside the developed solution techniques allows the manufacturing engineers to 

evaluate a candidate process plan from a geometrical point of view. The developed solution 

techniques are classified into two categories: Search for finding the worst case (worst part 

produced) and stochastic method.  

The first approach of the first category uses the optimization algorithms to search for the 

worst case. A multi-layer optimization algorithm is developed in order to search for the worst 

case. The performance of two current optimization methods for worst case identification using 

this algorithm (genetic algorithm and sequential quadratic programming) has been studied. 

The second approach of the first category uses a combined solution technique which is 

built on the Canadian Jacobian torsor model and the French MMP model for tolerance 

analysis. This method uses the interval arithmetic.  

The second category consists in stochastic method which allows simulating a very large 

sample of production and analyzing the results from a statistical point of view. This method 

uses Monte Carlo simulation with a constrained random generator. The performance of the 

developed solution techniques is compared through 3D examples.  
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1 INTRODUCTION  

oday, designers use CAD models when designing a new product in an industrial 

context. These models specify the ideal geometry for size, location and form 

[Asme Y14.5m, 1994]. Since it is impossible to manufacture a part to its exact geometry and 

dimensions, it is accepted that there will be a certain amount of variation in terms of 

manufacturing geometry and dimensions.  

It is the engineering designer’s task to specify the allowable variation limits for the 

geometry of products based on functional requirements and practical considerations with 

respect to production. To this end, designers specify tolerances. These establish the allowable 

variation limits for certain geometric dimensions or forms. Tolerances (called here functional 

tolerances) are used to control size, location and geometry of features or components to 

ensure that the part produced meets the functional requirements. In other hand, tolerances 

specify the ranges of permissible imperfections so a manufactured part will be acceptable for 

assembly and use. If the product is manufactured within the tolerance range, then it is deemed 

a good product otherwise, it is a bad product. 

Manufacturing engineers are then faced with the problem of selecting the appropriate 

process plan (machining processes and production equipment) to ensure that design 

specifications are satisfied. In the discrete part manufacturing industry, engineers develop 

process plans by selecting appropriate machining processes and production equipment to 

ensure the quality of the finished components. Developing a suitable process plan for release 

to production is complicated and time-consuming.  

Generally, a number of potential process plans are put forward. These take into account 

the part’s geometry and tolerances, the available production means and their capabilities. The 

decisions in process planning are usually made based on personal experience and some rules-

of-thumb (usually company-specific practices) which as things currently stand heavily relies 

on engineering requirements, experience, and manual calculation. The candidates should be 

evaluated from different points of view (i.g. cost, time and quality). Currently, trial runs or 

very simple simulation models (1D tolerance charts for example [Whybrew K. et al, 1990] ) 

are used to check the quality criterion. The process plan is then modified based on the results 

T 
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obtained. This approach can be called into question:  the trial runs are very costly and time 

consuming. Researchers have recognized the inefficiency of such a physical trial-and-error 

process in evaluating a process plan. 

Research efforts have been devoted to developing an efficient simulation model for 

evaluating a process plan without trial-and-error runs such as automated tolerance chart 

analysis and tolerance synthesis. The purpose of tolerance chart analysis [Wade O. R., 1983] 

is to verify how functional tolerance requirements can be met when a process plan is given 

with specified production defects (or manufacturing tolerances). Tolerance synthesis deals 

with the reverse problem, i.e. determining appropriate production tolerances (manufacturing 

tolerances) so that design tolerance requirements can be met.  

Over the past two decades, researchers have developed various computerized method 

for tolerance synthesis based on tolerance chart analysis. Some of the works are summarized 

in [Huang S. H. et al, 2004]. Although different simulation models have been developed, the 

accuracy of these models fails to meet today’s requirements. See Table 1-1. 

 

Table 1-1: Literature relevant to computerized tolerance chart analysis/synthesis [Huang S. 

H. et al, 2004] 

These problems can be overstepped by developing accurate models and methodologies 

for simulating the manufacturing process and predicting geometrical variations in the parts 

produced. More accurate models will make it possible to evaluate the process plan, determine 

the tolerance values in terms of manufacturing capabilities during the design phase, and 

define the manufacturing tolerances to be checked for each setup. 
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In the literature available on this subject, the evaluation of a process plan in terms of 

functional tolerances is called the tolerance analysis. The purpose of a tolerance analysis is to 

verify whether the design tolerance requirements can be met for a given process plan with 

specified manufacturing deviations. Actually the variation of a machined part arises from the 

accumulation of different variations all over the production process. In tolerance analysis in a 

multi-stage machining process, the cumulative effect of individual variations with respect to 

the specified functional tolerance in all machining stage is studied in order to check a 

product’s functionality compared with its design requirements. This is also referred to as error 

propagation, error stack-up and tolerance stack-up in a multi-stage machining process.  

The tolerance analysis includes:  

 The contributors, i.e. the features that caused variation in the analyzed tolerance 

like, for example, the datum features 

 The sensitivities with respect to each contributor  

 The percent contribution to variation from each contributor  

 The worst case variations, statistical distribution, and acceptance rates  

Analysis approaches can be classified from different points of view and critics.  

According to dimensionality three categories can be considered; one-dimensional (1D), two 

dimensional (2D), and three-dimensional (3D).  

According to the analysis objectives, two techniques have been used: (1) worst case 

tolerance analysis (WCTA) and (2) statistical tolerancing analysis (STA). In worst case 

tolerancing (i.e., 100% acceptance rate), the aims is to find the worst possible part, in terms of 

functional tolerance, that a multi-stage machining process might produce. If the worst part in 

a series of manufactured parts complies with the functional tolerance, it is logical to conclude 

that all of the parts manufactured will comply. The worst part might be produced when the 

contributor features are set at their extreme variation value as allowed by their variation scope 

(according to the manufacturing means capabilities or manufacturing tolerances).  Worst case 

methods give results that are overly pessimistic. 

Clearly, there is a need to take into consideration the probabilistic behavior of the 

manufacturing processes that produce each feature. In statistical tolerance analysis, it is 

assumed that variation of individual contributor features are independent and are given some 



Introduction  

 
4

probability distribution.  This in turn allows computing some cumulative probability that the 

product will meet its design tolerance requirements at the end of the manufacturing process.  

Computations are most often performed using Monte-Carlo simulations. 

Additionally, on the one hand, we found that existing methods have not sufficient 

accuracy to evaluate the tolerance stack-up. On the other hand, most of them do not take into 

account the 3D tolerance stack-up, manufacturing errors and positioning errors. In this work 

we have used the Model of Manufactured Part (the MMP) [Villeneuve F. et al, 2005a, , 2007] 

[Vignat F. et al, 2007a]; a method for modeling the different geometrical deviation impacts on 

the part produced (error stack-up or tolerance stack-up) in a multi-stage machining process. 

This method overcomes the above-mentioned drawbacks by simulating machining and 

measuring processes along with major manufacturing errors using the Small Displacement 

Torsor concept (SDT) [Bourdet P. et al, 1996]. The model cumulates the impacts of various 

sources of manufacturing errors hence enabling tolerance analysis. Previously, the same 

authors presented a generic formulation for tolerance analysis based on searching for the 

worst case using the MMP. The present work discusses about different solution techniques for 

identifying the worst case and performing stochastic tolerance analysis.  

In this thesis, firstly the existing literature regarding the tolerance analysis in machining 

will be mentioned. Secondly the simulation method which leads to the MMP will be reminded 

and with some developments and modifications in mathematical expression and notation will 

be detailed. This reminder will be followed by the developed solution techniques for the 

problem of tolerance analysis. The developed solution techniques consist in two main axes: 

1-  Search methods for finding the worst case called Worst Case based Tolerance 

Analysis (WCTA)  

2- Stochastic method named Stochastic Tolerance Analysis.  

 Two approaches are applied for performing WCTA:  

 Multi layer optimization  

 Interval method  

The first approach of this axis uses optimization algorithms and searches the worst part 

by solving a multi-layer optimization problem. The second approach of this axis is a 

combined approach called interval method built on two existing models for tolerance analysis 
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in successive machining operations: the MMP and the Jacobian-Torsor model. It should be 

pointed out that the notation of the MMP and the Jacobian-Torsor model has been 

homogenized in this work for better understanding. This technique uses interval arithmetic 

because it offers the advantage of expressing uncertainties and deviations. 

The second axis use MMP for statistical tolerance analysis using Monte Carlo 

simulation. 

Aforementioned solution techniques will be explored and followed by some examples. 

Their performances will be compared through 3D examples. Finally, a conclusion and some 

perspectives will be mentioned.  
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2 STATE OF THE ART  

In this section, firstly we will establish the tolerancing activities in the product life 

cycle. A short description of different activities will be explored. Secondly between the 

different activities we will focus on tolerance analysis (this is also referred to as error 

propagation, error stack-up, and tolerance stack-up). 

2.1 TOLERANCING IN PRODUCT LIFE CYCLE  

Generally products are designed to fulfill functionality. A product, during its lifecycle, 

passes through many stages from conceptual design to the end of life. It especially passes 

through manufacturing and assembly stages where geometrical deviations are generated and 

accumulated.  

 

Figure 2–1: Product life cycle  

Since it is impossible to manufacture a part to its exact geometry and dimensions, it is 

accepted that there will be a certain amount of variation in terms of manufacturing geometry 

and dimensions. The geometrical deviations affect the product functionality therefore they are 

important for the product life cycle actors. These actors may be the designers, the 
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manufacturers, the users (clients) … etc. To satisfy the different actors of product life cycle, it 

is necessary to manage the geometrical deviations which are produced in Manufacturing, 

Assembly and Use stages of life cycle. See Figure 2–1 [Nguyen D. S. et al, 2009]. To ensure 

the functionality of a product, designers specify the geometry of products based on functional 

requirements and practical considerations with respect to production. To this end, designers 

specify tolerances. These establish the allowable variation limits for certain geometric 

dimensions or forms [Asme Y14.5m, 1994]. Tolerances are used to control size, location and 

geometry of features or components to ensure that the part produced meets the functional 

requirements. 

Geometric Dimensioning and Tolerancing (GD&T) is a concept widely used for 

specifying dimensions and tolerances of the components and sub-assemblies of a product 

according to their functional requirements. These functional requirements arise from all life 

cycle issues, such as manufacturing, assembly and inspection [Islam M. N., 2004]. 

Dimensions and tolerances influence almost all aspects of product development.  

See Figure 2–2.  

2.1.1 Tolerancing and concurrent engineering (CE) 

Today, most of the products are developed using CAx software in Concurrent 

Engineering (CE) context. Concurrent Engineering (CE) is an engineering and management 

philosophy, which also deals with the life cycle issues of a product. CE is based on the idea of 

carrying out as many stages of product development concurrently as possible, rather than in a 

sequential order. It calls for the formation of a cross-functional product development team, 

which includes people from a wide range of departments, such as: product planning, design, 

manufacture, assembly, quality assurance, marketing, sales and finance.  

Dimensions and tolerances influence almost all aspects of product development which 

are of interest to CE team members who consider all the life cycle issues of a product during 

its design stage. Therefore, a CE approach will be ideal for the selection of dimensions and 

tolerances through applications of FD&T methodology. Furthermore, FD&T can serve as a 

common link between all members of the CE team; hence it can enhance the CE team 

performance. 

 



 State of the art  

  
9

Manufacturing 
Product with ideal

Geometry & Dimension 

Design 
Real Product with deviation in 

Geometry & Dimension 

Requirement
Product geometrical Specification   

Inspection
Product Geometrical evaluation  

Figure 2–2: Product Development  

2.1.2 Tolerance related activities  

The physical realization of any part always yields imperfect forms with respect to the 

ideal geometry specified in the engineering design. To describe and preserve functional 

requirements of design, the allowable variation is specified using modern geometrical 

tolerances. Ever since the plus/minus limits on dimensions first started to appear on 

engineering drawings in the early 1900s, tolerances have been one of the most important 

issues for every engineer involved in the product realization processes. 

 

Figure 2–3: The scope of tolerances in engineering [Srinivasan R. S., 1994] 
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In particular, with the advancement of computers and CAD/CAM techniques in the 

1970s, the tolerance-related issues have continuously drawn the attention of many researchers 

since then. As a result, a tremendous number of research articles have been published over the 

last 30 years. Tolerance is an essential part of design and manufacturing. Srinivasan mention 

that “We may consider the ubiquitous tolerances in various stages of a product life cycle. 

Since the role of tolerances in a life cycle varies from stage to stage, depending on their own 

respective objectives, it is not a trivial task to take all these different factors into account 

when a designer determines a tolerance.” [Srinivasan R. S. et al, 1996]. 

Figure 2–3 describes the flow of information and physical objects related to tolerances, 

through a series of different stages. In design, functionality is of concern. Thus, ideally, 

tolerances should be as close to zero as possible. However, manufacturing places constraints 

on the ideal [Roy U. et al, 1991]. Thus, the tolerancing decision should respect the limited 

capabilities of the required manufacturing processes as well as the functionality and/or 

assemblability constraints. The ubiquitousness of tolerances entails the various tolerance-

related problems in different stages of life cycle, characterized by their respective objectives 

and viewpoints. These individual problems are interrelated with each other, which makes the 

tolerancing research more challenging to be handled efficiently. In [Hong Y. S. et al, 2002], 

the authors have classified the tolerance-related research into seven distinct categories: (See 

Figure 2–4) 

 Tolerance schemes 

 Tolerance modeling and representation  

 Tolerance specification  

 Tolerance analysis  

 Tolerance synthesis or allocation  

 Tolerance transfer  

 Tolerance evaluation  

The above categories will be firstly presented but not in detail and then we will 

investigate on tolerance analysis.  



 State of the art  

  
11

 

Figure 2–4: Ubiquitous role of tolerances in a product life cycle[Hong Y. S. et al, 2002] 

Two types of tolerances, conventional (plus/minus) and geometrical (GD&T) are 

usually used in current drawing conventions. In more theoretical terms, there are two types of 

tolerancing schemes: parametric and geometrical. 

 Parametric tolerancing consists in identifying a set of parameters and assigning limits 

to the parameters that define a range of values [Requicha A. A. G., 1993]. A typical example 

of parametric tolerancing is the conventional plus/minus tolerancing. A tolerancing scheme 

called vectorial tolerancing [Wirtz A., 1991] also falls into this category.  

Geometrical tolerancing assigns values to certain attributes of a feature, such as forms, 

orientations, locations, run outs and profiles. Hong has classified the tolerancing schemes into 

three categories: [Hong Y. S. et al, 2002] (See Figure 2–5). 

1- Parametric tolerancing  

 Conventional (plus/minus) tolerancing  

 Statistical tolerancing  

 Vectorial tolerancing  

2- Geometrical tolerancing  

3- Next-generation tolerancing  

 Assembly tolerancing  

 Functional tolerancing  
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Tolerance specification is concerned with how to specify tolerance types and values. 

This is the area of research that has been least sought out so far. In practice, the tolerances are 

specified by the designer, mainly based on experience and/or empirical information. 

Tolerance specification is preferably carried out in conformance with the tolerancing 

standards (international: ISO 1101, ANSI Y14.5; national: NEN, DIN; or company specific). 

However, the standards do not prescribe a method of how tolerances must be specified. An 

investigation on the generative way of specifying tolerances, based on the geometrical and/or 

technological constraints is continuing. Examples include the research on the concept of 

TTRS (topologically and technologically related surfaces) [Clément A. et al, 1997] and its 

application toward tolerancing for assembly [Teissandier D. et al, 1999a, Teissandier D. et al, 

1998], tolerancing for function [Weill R., 1997] and tolerancing assistance models 

[Desrochers A., 2003, Desrochers A. et al, 1994, Desrochers A. et al, 1995].  

Although geometrical tolerancing addresses the weakness and intrinsic ambiguities of 

parametric tolerancing, it still poses its own weakness, mainly due to its informal way of 

defining the core concepts. [Hong Y. S. et al, 2002] 

 

Figure 2–5: Tolerance activities in product life cycle 

A branch of research that seeks an efficient way of defining and representing the 

tolerance information, mathematically or electronically, is called tolerance modeling and 

representation. With the advancement of solid modeling techniques, much effort has been 

made to incorporate tolerance information into the product model as an intrinsic part of 

product definition. Several different representation schemes have been proposed over the last 

two decades but, unfortunately, it is hard to find a general standard in this area. Researches 

from various perspectives are still continuing. For example “GeoSpelling”, the model 

proposed to ISO for rebuilding standards in the fields of tolerancing and metrology, allows a 
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unified description of geometrical specification.[Dantan J.-Y. et al, 2008, Mathieu L. et al, 

2005, Mathieu L. et al, 2007].  

Another important need for other tolerance representation methods comes from the 

application-specific requirements. Among those, several approaches stand out for their 

general applicability: the matrix approach , SDT (Small Displacement Torsor) [Bourdet P. et 

al, 1996], TTRS [Clément A. et al, 1997], kinematic formulation [Rivest L. et al, 1994], 

etc…. 

A representation assumes a certain tolerancing scheme, whereas a single tolerancing 

scheme can be represented in many different ways, i.e. can have multiple representations. 

Since it is not fundamental to our problem, this section is intentionally kept short. More 

detailed reviews of previously developed representation methods can be found in [Roy U. et 

al, 1991] [Juster N. P., 1992] [Yu K. M. et al, 1994] [Hong Y. S. et al, 2002] [Mathieu L. et 

al, 1997]. 

2.2 TOLERANCE ANALYSIS  

Salomons defines the main function of tolerance analysis as [Salomons O. W. et al, 

1996a]: 

Calculate with given tolerance types and tolerance values, the resulting tolerance zones 

in order to verify the mating functions of the parts constituting the assembly (feasibility of 

assembly) and calculate the clearances and orientations between the parts constituting the 

assembly (quality of assembly). 

Shan said:” The study of the aggregate behavior of given individual variations is 

referred to tolerance analysis “ [Shan A. et al, 1999]. 

Shen mention that:” The objective of tolerance analysis is to check the extent and nature 

of the variation of an analyzed dimension or geometric feature of interest for a given GD&T 

scheme. The variation of the analyzed dimension arises from the accumulation of dimensional 

and/or geometrical variations in the tolerance chain” [Shen Z. et al, 2005].  

The design is described by means of sketches, models or drawings, which convey 

essential geometrical information. Tolerances are assigned to the design, based on experience 
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or empirical information. The design description is then routed to manufacturing, where 

suitable machines and processes are selected to achieve the required geometry. It is in this 

stage that the geometrical deviations are produced and built-up.  

Normally, a manufacturing process consists of different setups; the geometrical 

deviations are produced in each setup and accumulated through the setups. The deviations 

arising from these manufacturing processes must be maintained within the tolerance range 

specified by design. 

 The manufactured parts are then assembled as per the design requirements; tolerance 

build up, i.e. the combination of tolerances on the individual parts, influences the ease and 

feasibility of the assembly process. In this stage as well as in manufacturing, the geometrical 

deviations of different components accumulate and then affect the assembly.  

Based on the above short representation of tolerance analysis, it can be found that in a 

manufacturing process as well as in an assembly, the geometrical deviation buildups. 

Calculation and investigation on geometrical deviation stack-up in each of the aforementioned 

sections require its own expertise and attention. For this reason tolerance analysis is divided 

into to tolerance analysis in manufacturing (on which we concentrate in this thesis) and 

tolerance analysis in assemblies. 

 

Figure 2–6: Main function of the tolerance analysis tool [Salomons O. W. et al, 1996a] 

The purpose of tolerance analysis in manufacturing is to verify whether the part 

functional tolerances can be met for a given process plan with specified manufacturing 

deviations. This is also referred to as error propagation, error stack-up, and tolerance stack-up 

in a multi-stage machining process. [Kamali Nejad M. et al, 2009b]  

The purpose of tolerance analysis in assembly is to check the performance of an 

assembly (or functional requirement) when different parts with deviations are placed together. 
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See Figure 2–6. In other word, it is a method used to verify the proper functionality of an 

assembly, taking into account the variability of its individual parts. 

The common issue in these two divisions is that in both cases the accumulation of 

deviations will be calculated in order to check whether the amounts of accumulated deviation 

are acceptable or not compared with functional tolerances or functional requirements. 

Actually there are three main scopes in tolerance analysis:  

1- The models for representing the geometrical deviations. Such as: matrix representation 

[Desrochers A., 1999], SDT [Bourdet P. et al, 1996], Vectorial representation [Wirtz 

A., 1991]. 

2- A mathematical relation for calculating the stack. Generally this model represents the 

effect of the individual deviations into the final stack. The aim of this mathematical 

relation is to simulate the influences of individual deviations (on the geometrical 

behavior of the mechanism in the case of an assembly and the quality of the final part 

in the case of a manufacturing process). Usually, tolerance analysis uses a relationship 

of the form as the Eq. 2-1 [Nigam S. D. et al, 1995]. See Figure 2–7. 

),...,,( 21 nXXXGY =  (2-1)  

           Where Y is the final stack and { }nXXXX ,...,, 21=  are the individual geometrical deviations. 
 
 

3- The development of the solution techniques or analysis methods. Such as worst-case 

searching and statistical analysis.  
 

 

Figure 2–7: Concept of tolerance analysis and synthesis [Shan A. et al, 1999] 
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Tolerance analysis has been the topics of a tremendous number of research publications, 

especially in the field of mechanical tolerancing. The methods of tolerance analysis can be 

very different, either deterministic or statistical, the design models to be analyzed can be 1D, 

2D or 3D.  

According to the analysis objectives, two techniques are generally used:  

1- Worst Case Tolerance Analysis (WCTA)  

2- Statistical Tolerancing Analysis (STA). 

In the following sections, we will shortly describe the state of the art concerning 

tolerance analysis in assemblies and then we will investigate on tolerance analysis in 

manufacturing.  

2.3 TOLERANCE ANALYSIS IN ASSEMBLIES  

Nigam has defined tolerance and tolerance analysis as: “Tolerances define allowable 

variations in the geometry and positioning of parts’ in a mechanical assembly, so as to assure 

its proper functionality. These tolerances need to be analyzed to estimate the tolerance 

buildup in the assembly. The functionality of an assembly is determined in terms of variations 

in some critical assembly response functions” [Nigam S. D. et al, 1995]. 

Another work that describes tolerance analysis in assembly has been done by Salomons 

[Salomons O. W. et al, 1996a]. He has defined tolerance analysis as: “After tolerance 

specification [Salomons O. W. et al, 1996b], and checking the coherence and completeness of 

the specified tolerances. Tolerance analysis can be performed. Tolerance analysis is a method 

to verify the proper functioning of the assembly after tolerances have been specified. Most 

often, tolerance analysis is performed by verifying two aspects: feasibility and quality of 

assembly. In feasibility of assembly the fit is verified. In quality of assembly clearances are 

verified.” 

Another definition of tolerance analysis in assembly has been provided by Shan [Shan 

A. et al, 2003] as: “Parts are in specification if they are manufactured within their specified 

tolerances. If those tolerances were determined to ensure assembly and function, the total 

product will be acceptable. The study of the aggregate behavior of a series of individual 
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variations to determine the tolerances is referred to as tolerance analysis. In tolerance 

analysis, the cumulative effect of individual dimensional variations to the overall assembly is 

studied, the resultant assembly and function of the product is verified and checked against its 

design requirements.” 

Analysis approaches can be classified from different points of view and critics. 

According to dimensionality three categories can be considered; one-dimensional (1D), two 

dimensional (2D), and three-dimensional (3D).  

According to the analysis objectives; two techniques have been used: (1) worst case 

tolerance analysis (WCTA) and (2) statistical tolerancing analysis (STA). Forouraghi has 

mentioned in [Forouraghi B., 2002]:” In many engineering designs, several components are 

often placed together in a mechanical assembly. Due to manufacturing variations, there is a 

tolerance associated with the nominal dimension of each component in the assembly. The 

goal of worst-case tolerance analysis is to determine the effect of the smallest and largest 

assembly dimensions on the product performance. Furthermore, to achieve product quality 

and robustness, designers must ensure that the product performance variation is minimal.” In 

other word if designers base the final selection of tolerances for individual features on 

satisfying the extreme variation limits, implying 100% “in-spec”, it is called “worst case”. As 

a result, the tolerances are usually very small for manufacturing. 

In the probabilistic approach, tolerance analysis involves computing the probability of 

satisfying the functional requirement under given individual tolerances. It can be described as:  

∫ ≥Χ
=≥Χ 0)( )()0)(( G dxxfGP  (2-2) 

Where  

Χ
≥Χ

Χ

for function density y probabilit temultivaria    the          )(
tsrequiremen functionalcertain  represents       0)(

dimensions of composed vector random a is                  

xf
G  

In the past few decades, research work has been carried out in statistical tolerance 

design for problems of loop and fit, most of which are linear and 1D problem. When 

geometrical tolerances are involved, the statistical tolerance design problem becomes a much 

more complicated 3D and nonlinear one. 
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Conventionally, the analysis methods are divided into two distinct categories based on 

the type of input variations analyzed: dimensional variations and geometrical variations 

[Hong Y. S. et al, 2002]. In the following, various analysis methods are elaborated.  

2.3.1 Dimensional tolerance chain models  

One of the most widely accepted techniques in tolerance analysis is the tolerance chain 

technique. In this chapter, a more specific term “dimensional tolerance chain” is used to 

represent the chain in which a conventional (plus/minus) tolerance is assigned on each arc. 

This is to be differentiated from a set of new techniques for a chain of three-dimensional 

geometrical tolerances, which are covered later on. To avoid confusion, we will use the term 

“3D tolerance propagation” for this last case. Methods based on the dimensional tolerance 

chain are further classified into three approaches: 

  Linear/linearized tolerance accumulation models 

 Statistical tolerance analysis 

 Monte Carlo simulation methods 

Linear/linearized tolerance accumulation models trace their history back to the very 

early age of tolerancing. [Fortini E. T., 1967] is one of the first books to summarize this 

classical approach. Two most common models are used for tolerance accumulation; worst 

case and statistical (root sum square, or RSS for short): ∑
=

=
n

i
iASM TT

1
and 

∑
=

=
n

i
iASM TT

1

2 respectively.  

From the mid-1990s, people from the same research group reported similar analysis 

results for more complex 2D/3D mechanical assemblies. Chase [Chase K. W. et al, 1995, 

Chase K. W. et al, 1996, Chase K. W. et al, 1997a, Chase K. W. et al, 1997b, Gao J. et al, 

1998] defined tolerance analysis as a quantitative tool for predicting variation accumulation in 

assemblies. As shown in Figure 2–8, tolerance analysis brings the production capabilities and 

performance requirements together in a well-understood engineering model. It provides a 

common meeting ground where design and manufacturing can interact and quantitatively 
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evaluate the effects of their requirements. Thus, it promotes concurrent engineering and 

provides a tool for improving performance and reducing cost. 

In order to create an assembly model for tolerance analysis, specific geometrical 

information and assembly relationships are required. To this aim Chase proposed a Vector 

loop of assemblies. Kinematic information is added to the model by creating kinematic joints 

at mating part interfaces, the type of joint being based on the type of mating contact between 

parts. The joints are then connected by vectors and linked to form kinematic chains or vector 

loops. 

 

Figure 2–8: Tolerance analysis affects performance and cost[Chase K. W. et al, 1997a] 

Robinson and Ward [Robison R. H., 1989][[Larsen G. C., 1991, Ward K., 1992] 

modeled a set of kinematic joint types (Figure 2–9) to accommodate the possible degrees of 

freedom in a 3-D assembly. Other constraints, such as geometrical feature tolerances and 

design specifications, must also be added to the vector loops. This procedure is called the 

assembly tolerance modeling process. Larsen [Larsen G. C., 1991]further developed 

Robison's work by automating the procedure of generating the vector loops for assemblies in 

2-D space. The algorithms have subsequently been modified for generating vector loop 

models of assemblies in 3-D space. The vectors are arranged in chains or loops representing 

those dimensions which "stack" together to determine the resulting assembly dimensions. 

The other model elements include kinematic joints, datum reference frames, feature 

datums, assembly tolerance specifications, component tolerances, and geometrical feature 

tolerances. Kinematic joints describe motion constraints at the points of contact between 

mating parts. The assembly tolerance specifications are the engineering design limits on those 
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assembly feature variations which are critical to performance. Vector models can provide a 

broad spectrum of the necessary assembly functions for tolerance analysis. 

Two advantages of vector assembly models for tolerance analysis are: 1) the geometry 

is reduced to only those parameters that are required to perform the assembly tolerance 

analysis, and 2) the derivatives of the assembly function with respect to both the assembly and 

manufactured dimensions may be obtained more readily from the vector model. This greatly 

reduces the required computation time. So, assembly variation can be obtained more 

efficiently, making the system well suited for design iteration and CAD applications 

In a similar vein, [Zhang C. et al, 1993] reported an analysis result for a cam 

mechanism. Gao [Gao J. et al, 1995] compared the results of the direct linearization with 

those obtained from the Monte Carlo simulation. 

 

Figure 2–9: Vector loop model of a clutch assembly[Chase K. W. et al, 1991] 

To provide a theoretical framework for the worst-case tolerance chain analysis, Zhang 

[Zhang G., 1996] and Zhang and Porchet [Zhang G. et al, 1993] proposed a macroscopic 

framework for tolerance analysis and synthesis, which integrates the tolerancing related 

activities in both design and manufacturing under the title of “simultaneous tolerancing”. 
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Another group of tolerance analysis methods, which stems from the dimensional 

tolerance chain technique, is called the statistical tolerance analysis. This method aims to 

characterize the sum dimension Y of the design equation ),...,,( 21 nXXXfY = , in statistical 

terms, starting from an assumption of a certain distribution of Xis. It relies mostly on the 

methods of moments explained in [Evans D. H., 1974], i.e. concentrates on the estimation of 

moments of Y such as mean, variance, etc. Bjørke [Bjørke Ø., 1989] is the most representative 

works in this field. Based on the classification of chain links, he derived various cases of 

spans and gaps in detail, one by one. 

Varghese used a numerical convolution to derive an efficient method to deal with the 

finite range P.D.F. (Probability Density Function) [Varghese P. et al, 1996a]. Lin showed the 

work that uses the beta distribution, instead of the Gaussian (normal) distribution, in 

preference of its flexibility [Lin S.-S. et al, 1997]. 

Derivation of the statistical moments of a function of random variables, such as 

),...,,( 21 nXXXfY = , in an analytic manner is always a challenge, especially when the 

functional form is complicated. Thus, for the statistical analysis of real world problems of the, 

the Monte Carlo simulation method is frequently used. By generating the random variants for 

sX i  from a certain distribution, the moments for Y can be estimated statistically, once the 

design function f is given. Turner and Wozny [Turner J. U. et al, 1987] show the extensive 

use of Monte Carlo method in the development of the variational geometry system, called 

GEOTOL, which is based on the feasibility space approach. As stated above, application of 

this method requires an explicit definition of the design function. However, it is usually 

difficult to define such a function in 2D/3D mechanical assemblies, so [Gao J. et al, 1995] 

proposed a method for an application of the Monte Carlo method to the implicit assembly 

constraints. The usage of Monte Carlo simulation is quite limited, due to the lack of explicitly 

derived equations. In most simulation based analysis, it is of practical concern how to achieve 

a reasonable confidence level with fewer simulation runs. Thanks to its flexibility, the Monte 

Carlo method is adopted by most commercial software packages. One of the most popularly 

used commercial packages is Variation Simulation Analysis, or VSA, whose backbone is also 

Monte Carlo simulation. The software has been integrated into some of the most popularly 

used CAD/CAM packages including CATIA, Pro/Engineer and UniGraphics. Further 

investigations in the tolerance analysis software can be found in [Roy U. et al, 1991]. 
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Tolerance analysis based on the dimensional tolerance chain models, which is presented in 

this section, is a relatively well-established field. More thorough treatment of this topic can be 

found in [Kirschling G., 1991] and [Liggett J. V., 1992].  

2.3.2 Representation and propagation of 3D Tolerances  

As geometrical tolerances are generally accepted as industry practices, it can be noticed 

that the dimensional tolerance chain models presented in section 2.3.1 do not meet the ever-

tightening requirements of tolerance analysis in various fields. Industry and academia are in 

need of a suitable analysis scheme that can handle the three-dimensional geometrical 

tolerances and analyze how those geometrical tolerances are propagated in three-dimensional 

space, i.e. so-called “3D tolerance propagation” or “3D tolerance stack-up” or “3D tolerance 

accumulation”. The development of a 3D tolerance propagation scheme requires two essential 

elements that are closely related each other;  

1- Representation of tolerance zone. The term “tolerance zone” represents the variation 

scope for a geometrical element or its feature based on the chosen standard. (e.g. a 

plane or a cylinder axis). So, we believe that the term variation zone should be used 

instead as it is used by Shen in [Shen Z. et al, 2005]. The main step of the 3D 

tolerance propagation research usually starts with the investigation on how to model 

the variation zones. A good model of variation zones should be able to convey the full 

semantics of geometrical tolerances and, at the same time, it should be equipped with 

a general structure which can help analyze how the tolerances are propagated in the 

three-dimensional space. Many models of this kind were proposed in the 1990s, each 

from a slightly different perspective.  

2- A spatial tolerance propagation mechanism 

In the 1990s, much progress was made in this field, mainly in theoretical aspects, most 

of which are summarized in this section. The review will be classified and presented in the 

following order: 

 Preliminary work 

 Kinematic formulation of tolerances 

 Small displacement torsor (SDT) 
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 Matrix representation 

 Vectorial tolerancing 

2.3.2.1 Preliminary work 

Preliminary work, which motivated the development of the 3D tolerance propagation 

techniques, includes the works by Russian scientists, which is introduced in [Portman V. T. et 

al, 1987, Portman V. T. et al, 1995] as the spatial dimensional chain technique. Although the 

geometrical tolerances are not explicitly taken into account, they model the propagation of 

position errors in terms of an open kinematic chain where the individual error iε  for the ith 

link is represented as an infinitesimal matrix: 
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Where xiδ , yiδ , ziδ  are linear position errors and iα , iβ , iγ  are angular position errors.  

 

Another early work, which formed a fundamental basis for the 3D tolerance propagation 

methods, is presented in [Fleming A., 1988]. This article shows how a toleranced part can be 

represented as a network of zones and datums connected by arcs to which equality/inequality 

constraints are assigned. These constraints are derived by identifying one of the four types of 

relationships: from datums to zones, between datums, between zones, and from zones to 

datums. The total effects of the constraints are calculated by finding all paths between two 

nodes in a network. Contact conditions are also modeled as constraints for the analysis of the 

assembly of toleranced parts. 

2.3.2.2 Kinematic formulation of tolerances 

 One of the foremost works is called a kinematic formulation of tolerances, and was 

introduced by Rivest [Rivest L. et al, 1994]. This method exploits the kinematic character of 

the link imposed by a tolerance between its datum and its toleranced feature. The description 

of tolerance zones is encapsulated within the kinematic structure. It is reported that this 
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modeling scheme enables the fundamental tolerance analysis problem to be solved, taking 

into account the effect of modifiers and datum preference. In a similar vein, Laperriére and 

Lafond [Laperriére L. et al, 1999] proposed a kinematic chain model associating a set of six 

virtual joints, three for small translations and three for small rotations, to every pair of 

functional elements in a tolerance chain. They modeled explicitly the propagation of small 

dispersions along the tolerance chain using Jacobian transforms that provide the desired 

analysis relationship [Laperriére L. et al, 1998] [Lafond P. et al, 1999] [Laperriére L. et al, 

2000] [Laperriére L. et al, 2001] . See Figure 2–10. 

 

Figure 2–10: Adding virtual joints and coordinate frames to FE pairs (example of two planes 

of the same part) to model spatial relationships [Lafond P. et al, 1999] 

2.3.2.3 Small displacement torsor (SDT) 

A set of 3D tolerance propagation models based on the concept of the small 

displacement torsor (SDT) [Bourdet P. et al, 1996] are actively supported by many 

researchers. SDT is a mathematical object that represents the displacement of a rigid body in 

which three rotations and three translations are involved. Based on the assumption that the 

displacements are small, the linearization is used to derive the final torsor T at point O in 

coordinate basis ZYX
rrr

,, : (Eq. 2-4) 
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For example, SDT can be used to express the relative position of two planes Figure 2–

11. A perfect form plane called “associated surface” is associated to a real one using a 

minimum distance criterion such as the least square called “associated surface”. The deviation 

of the associated plane in relation to its nominal position is expressed in the local coordinate 

basis ZY,X,  at point O as indicated in Eq. 2-5. (More details in this regards are presented in 

the next chapter). 
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Figure 2–11: Deviation of a plane 

Another work trace its origin back to [Giordano M. et al, 1992] which introduces a new 

concept called clearance space. Giordano presented a theoretical representation of the notion 

of clearance between two parts connected by prismatic surfaces. As an extension of this 

theoretical work, [Giordano M. et al, 1993] another concept called deviation volume has been 

added, and the topological operations on those volumes has been investigated. Two kinds of 

associations, serial and parallel, are defined in terms of operations in the respective 

clearance/deviation spaces, which forms a fundamental basis for the development of a 3D 

tolerance chain. Although Giordano and Duret did not have a specific mathematical object in 

mind at the time of the theory building, Giordano et al then used a torsor to represent 

deviation volume [Giordano M. et al, 1999]. 

An established theory of the SDT-based 3D tolerance propagation first appeared in 

[Bourdet P. et al, 1995]. It investigates a set of limitations of the traditional tolerance chain 

models and proposes a model that uses a set of different kinds of torsors: deviation torsor, 

variation torsor, gap torsor, and small displacement torsor per part. 
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a: Tolerance Zone 

b: Tolerance Zone associated with a specification c: Resultant deviation domain  

Figure 2–12: Deviation Domain example from [Samper S. et al, 2006] 

Two operators, intersection and union, are also defined, which dictate the rules for 3D 

tolerance propagation. This tolerance propagation method is refined in [Ballot E. et al, 1998], 

where the composition and aggregation methods for deviations are formalized. The SDT-

based approach has been further advanced in [Teissandier D. et al, 1998] [Teissandier D. et 

al, 1999a], using the concept of PACV (proportioned assembly clearance volume).  

b: Definition of a tolerance zone
with reference to a cylinder

a: Definition of a tolerance zone
with reference to a plane  

Figure 2–13: The association of a PACV with a complex surface[Teissandier D. et al, 1999a] 

By modeling the toleranced surface, it is reportedly possible to compute the limits of the 

small displacements of a toleranced surface inside a tolerance zone. The values of these limits 

define a PACV. They showed how PACVs could be associated in series or in parallel between 

any two surfaces, which forms a basis for the 3D tolerance chain. Teissandier [Teissandier D. 
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et al, 1999b] shows that the calculation of PACVs can be done with two operations: the 

Minkowski sum and the intersection. Figure 2–13. 

2.3.2.4 Matrix representation 

There is another group of researchers who adopt the theory of matrices to model the 

tolerance zones, e.g. matrix representation of tolerances. Among others, [Desrochers A. et al, 

1997] is the most representative work of this kind. From a mathematical point of view, the 

position of a geometrical element with respect to a global reference frame is changed only by 

the displacement that does not leave it globally invariant, i.e. non-invariant displacement. 

Keeping this in mind, defining a tolerance (variation) zone can be done by considering only 

the parameters for non-invariant displacements. For instance, a cylindrical surface is invariant 

under a rotation and translation along its own axis. So the non-invariant displacement for a 

cylinder has four degrees of freedom left, as depicted in Figure 2–14, and they can be 

represented in the form of a homogeneous transformation matrix: 
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Figure 2–14: Cylinder tolerance zone for matrix representation [Desrochers A. et al, 1997] 

This matrix representation is completed by a set of inequalities defining the bounds of 

the tolerance zone. See Eq. 2-7.  
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In this method, the propagation of tolerances in a chain is handled by a usual coordinate 

transformation, which is also represented by a matrix. Salomons shows some applications of 

this matrix-based method to the tolerance analysis problems [Salomons O. W. et al, 1996a]. 

Other methods using the matrix representation of tolerances can also be found in [Whitney D. 

E. et al, 1994]. 

2.3.2.5 Vectorial tolerancing  

Since it is very intuitive to represent a chain of dimensions and tolerances as a link of 

vectors, some approaches have been reported that use vectorial tolerancing [Wirtz A., 1991] 

[Wirtz A. et al, 1993] for the 3D tolerance analysis. See Figure 2–15. 

 

Figure 2–15: Vectorial description [Wirtz A., 1991] 

Martinsen has mentioned this approach as a potential application area of vectorial 

tolerancing [Martinsen K., 1993]. Inspired by this work, Varghese provided a method for 

geometrical tolerance analysis by means of vectorial tolerancing [Varghese P. et al, 1996b]. 

Because the geometrical and vectorial tolerances are totally different tolerancing schemes, it 

is not an easy task to convert one to the other. Thus, most of their work is also dedicated to 
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the conversion work. Radouani [Radouani M. et al, 2000] presents a new approach for 

minimal chains in 3D tolerancing, which is based on homogeneous transformation matrix 

using vectorial tolerancing. A comparison of GD&T and VD&T tolerance analysis methods is 

also given. 

A detailed review of the literature available on tolerance analysis of assemblies can be 

found in [Hong Y. S. et al, 2002], [Mathieu L. et al, 1997], [Nigam S. D. et al, 1995] and 

[Shen Z. et al, 2005]. 

2.4 TOLERANCE ANALYSIS IN A MULTI-STAGE MACHINING 

PROCESS (MSMP) 

In the literature available on this subject, the evaluation of a process plan in terms of 

functional tolerances is called the tolerance analysis in machining. The purpose of a tolerance 

analysis is to verify whether the functional tolerances of a part can be met for a given process 

plan with specified manufacturing deviations. In tolerance analysis, the cumulative effect of 

the individual variations with respect to the specified functional tolerance in all machining 

operations is studied in order to check a product’s functionality compared with its design 

requirements. This is also referred to as error propagation, error stack-up and tolerance stack-

up in a multi-stage machining process.  

Component (part) and assembly designs are the two major tasks in any design 

department. Component design provides a single component drawing that include dimensions 

and dimensional and geometrical tolerances. Some examples of components are: shaft, gear, 

pulley, etc. However, it is unlikely to have a component functioning alone as there is a need to 

assemble it with other components. Assembly design studies the suitability of two or more 

components to meet a functional requirement. When assembling parts together, there should 

be some manufacturing variation in the part that will cause assembly tolerance stack-up. In 

preceding section we have reviewed in detail some assembly examples.  

From a “method” point of view, machining tolerance stack-up analysis simulates 

manufacturing variations whereas assembly tolerance analysis simulates component 

variations because of manufacturing variations. The two analyses are close in the sense that 

we are trying to analyze the effect of deviations accumulation on a functional requirement in 
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the case of assembly tolerance analysis and a functional tolerance in the case of machining 

tolerance analysis. Some research works have been done in assembly tolerance stack-up in the 

literature. Although this seems quite close to our work on tolerance stack-up for machining, 

there are exclusive differences between the two problems, their formulations and applications. 

A machining process consists in different setups (operations). In machining, the errors 

are produced in each setup and are propagated through different setups via datum surfaces. 

The propagation of errors through different setups does not exist in assembly process where 

all the components are assembled together usually in a same time. As a result, the main 

difference between error stack-up in machining and assembly from a formulation point of 

view is this propagation mechanism. Furthermore the positioning phenomenon of a part in a 

fixture with clamping force is sophisticated enough compared to assembling the components.  

This section shall focus on tolerance analysis relating to error propagation in a MSMP. 

Modeling the error propagation for a set of successive machining operations is surprisingly a 

less explored topic compared with assemblies. This may be due to the fact that parts and 

processes are highly complex. Most studies focus on single machine station problems, such as 

robust fixture design in order to minimize work piece errors [Cai W. et al, 1997], definition of 

the impact of fixture locator tolerance on datum errors [Choudhuri S. A. et al, 1999], or the 

study of machine tool error compensation [Chen J. S. et al, 1993]. In the following, the 

existing approaches for tolerance analysis in machining are explored.  

2.4.1 State space approach 

2.4.1.1 Huang et al (2003) 

Huang proposes a state space model to describe part error propagation in the successive 

machining operations [Huang Q. et al, 2003]. Surface deviation is expressed in terms of 

deviation from nominal orientation, location and dimensions. The authors assumed that part 

models need only to describe features relevant deviation therefore they have used a revised 

version of vectorial surface model that was developed by [Martinsen K., 1993]. In the revised 

model, a part has n surfaces related to the error propagation. Those n surfaces include surfaces 

to be machined, design datums, machining datums and measurement datums. In a coordinate 

system, the ith surface iX  can be described by its surface orientation T
iziyixi nnn ],,[=n , 
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location T
iziyixi ppp ],,[=p , and size T

imiii ddd ],...,,[ 21=D . By stacking up in , ip  and iD , 

iX  is represented as a vector with dimension (6+m), as indicated in Eq. 2-8.  

Surface iX : [ ]T m
T
i

T
i

T
ii Dpn 1)6(,, ×+=X  (2-8)  

Where m is the number of size parameters in iD . Size parameter here has broader meaning than that for the 
dimension of size given by GD&T.  
 

With the representation for an individual part surface, the part is modeled as a vector by 

stacking up all surface vectors, as indicated in Eq. 2-9. 

Part model:  (2-9) 

Part deviation  

The authors expressed a feature deviation that is the deviation of surface iX  from the 

ideal surface by Eq. 2-10 . See Figure 2–16. 

Surface deviation from nominal: [ ]TT
i

T
i

T
ii Dpn ΔΔΔ=Δ ,,X  (2-10) 

 

Figure 2–16: Cylinder surface and surface deviation representation 

Part deviation is then calculated by using its surface deviation. If x denotes part 

deviation XΔ , x can be expressed by Eq. 2-11. 

Part deviation from nominal:  (2-11) 

In this case x(k) represents the intermediate part deviation after operation k 
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 The error sources in machining operations are classified as setup errors (fixture errors, 

datum errors) and machine tool errors. Three coordinate systems have been used as follow:  

 M-Coordinate: the machine tool coordinate 

 F-Coordinate: the fixture coordinate 

 P-Coordinate: the part coordinate 

Homogenous transformation is used by the author for modeling the part transformation 

between different coordinate system. See Eq. 2-12.  

 (2-12) 

Setup errors (position error) are calculated by considering the error of the part in the 

fixture and the fixture on the machine table as follow: 

  
Where: (2-13) 

 (2-14) 

The fixture error is represented by the deviation of its locators. The actual 

transformation from F-Coordinate to M-Coordinate is represented by the summation of a 

nominal transformation and the deviation caused by fixture errors as:  

 (2-15) 

The datum introduces the deviation as well. The actual transformation from P-

Coordinate to F-Coordinate is represented by the summation of a nominal transformation and 

the deviation caused by datum errors:  

 (2-16) 

For modeling the machine tool errors, the authors assumed that kth machining operation 

generates new part XM(k), which can be divided into the machined surfaces B(k) XM(k), and 

the uncut surfaces A(k) XM(k-1): 
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 (2-17) 

By transforming it back to the part coordinate the part deviation will be: 

 (2-18) 

Error stack-up mechanism  

A part’s deviation is expressed in terms of the deviation of its surfaces and is stored in a 

state vector )(kx . This vector is then modified by moving from operation k  to 1+k . See 

Figure 2–17. 

 

Figure 2–17: Error propagation [Huang Q. et al, 2003]  

2.4.1.2 Zhou et al (2003) 

Zhou uses the same state model but the surface deviation compared with the nominal 

state is expressed using a differential motion vector [Zhou S. Y. et al, 2003]. The authors used 

a location vector and a vector that consists of three rotating Euler angles to present a work 

piece feature, Figure 2–18. For a part, there is a Reference Coordinate System (RCS) and for 

each feature there is a local coordinate system (LCS). The deviation of the feature is described 

by the deviation of the corresponding actual LCS from the corresponding nominal LCS. The 

deviation of a LCS is represented by a differential motion vector 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

R
n

R
nR

n
d

X
θ

. In summary; a 

location vector and an orientation angular vector are used by the authors to represent a feature 

in the RCS. The relative position and orientation of a feature is described as a homogenous 

transformation matrix. The deviation of a feature from its nominal value is represented by a 

differential motion vector. 
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Figure 2–18: Illustration of feature representation [Zhou S. Y. et al, 2003] 

They have considered different coordinate systems as follow: (Figure 2–19) 

 LCS represents the features of the work piece. 

 RCS is the reference for the features of the work piece’s Coordinate: the part 

coordinate 

 Fixture Coordinate System (FCS) is determined by the actual fixture setup 

 Nominal Fixture Coordinate System (FCS). In other word “Machine Coordinate 

System 

The authors considered a state vector x(k) which is defined as a stack of differential 

motion vectors corresponding to each feature. There are three major components in x(k):  

1- Machining error, which is defined as the deviation of the cutting tool from its nominal 

path 

2- Fixturing error, which is caused by the imperfection of the locators 

3- Datum error, which is the deviation of FCS with respect to RCS. 

 

Figure 2–19: Composition of overall feature deviation[Zhou S. Y. et al, 2003] 
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Error stack-up mechanism  

For calculating the error stack, Zhou et al, proposed a linear discreet state space 

formula:  

 (2-19) 

where A(k)x(k) represents the deviations of previously machined features and the 

deviation of newly machined features that have only contributed by the datum error, B(k)u(k) 

represents the work piece deviation caused by the relative deviation between the work piece 

and the cutting tool (this deviation is caused by the fixture error and the imperfection of the 

tool path), y(k) is the measurement, w(k) is the system noise, and v(k) is the measurement 

noise. Two assumptions are implied in this formulation: 1) machining error on single stage is 

modeled as a tool path deviation from its nominal path and 2) only position and orientation 

error are considered. Profile error is not included. See Figure 2–20. 

Discussion  

 These two models require specific fixture setups (e.g., an orthogonal 3-2-1 fixture 

layout). Furthermore the authors have not explained how this model can deal with the 

statistical or worst case tolerance analysis. 

 

Figure 2–20: Steps of the derivation of the variation propagation model 

2.4.1.3 Loose et al (2007) 

More recently, Loose used the same state space model just presented before with a 

differential motion vector but including general fixture layouts [Loose J. P. et al, 2007]. The 

authors used a state vector (Xk) which is a stack of differential motion vectors to represent the 



State of the art  

 
36

part deviation. The deviation of a feature is expressed by a homogeneous transformation 

matrix (HMT). See Figure 2–21. 

The authors considered a state vector X(k) which is defined as a stack of differential 

motion vectors corresponding to each feature. There are two major components in X(k): 

1- Machining error, this is defined as the deviation of the cutting tool from its nominal 

path ( iq ) 

2- Setup errors which is caused by the imperfection of the locators and the datum errors. 

( pq ) 

The setup errors (positioning error) can be expressed as Eq. 2-20:  

)( 21
1 qFUFJqP ′⋅+⋅⋅= −  (2-20) 

Where U is the fixture error because of its m locators and q′  is the datum error. F1 and 

F2 are the contributions of the fixture errors and datums errors respectively and 1−J  is the 

Jacobian.  

The overall deviation of a realized surface in operation k, is the summation of the two 

above defined errors:  

iP qFqFq ⋅+⋅=′ 43   (2-21) 

Combining Eq. 2-20 and Eq. 2-21, the deviation of the ith newly generated feature can 

be obtained as: 

ii qFUFJFqFJFq ⋅+⋅⋅⋅+′⋅⋅⋅=′ −−
41

1
32

1
3  (2-22) 

Where qp is the setup error (because of fixture and datum) and qi is machining errors. F3 

and F4 are the contributions. The error stack-up mechanism used by the authors is the same as 

those proposed by Zhou [Zhou S. Y. et al, 2003], with the same assumptions. 
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Figure 2–21: Concept of state vector [Loose J. P. et al, 2007] 

Although a general fixture layout is considered, the error calculation of a fixture is 

based on its locator deviations (a locator is a punctual connection). Hence, positioning cases 

with Plane/Plane contact or Cylinder/Cylinder floating contact are not envisaged. 

More recently Zhong used the state space modeling for performing some sensitivity and 

diagnosability analysis in multi-station machining process. [Zhang M. et al, 2007]. Figure 2–

22. 

 

Figure 2–22: Dimensional errors flow in a multi-station manufacturing process [Zhang M. et 

al, 2007] 

2.4.1.4 Zhong et al (2000) 

Zhong proposed a general evaluation method for machining systems. One of the 

considered criteria is quality. To reveal the relationship between quality performance and 

system configurations, a general variation propagation model is developed by the authors to 

predict quality performance for different machining system configurations. [Zhong W. et al, 

2000]. See Figure 2–23. 
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The proposed method by Zhong has been used for modeling variation propagation in 

machining systems [Zhong W. et al, 2002] and diagnosis of multiple fixture faults in 

machining processes [Camelio J. et al, 2004]. 

Model for representing geometrical errors  

A work piece is represented by the dimensional and geometrical information of its 

features, with respect to the local coordinate system (LCS_P) of the part. For example, a plane 

can be defined with six parameters including coordinates of a normal and a point on it. Other 

features can be represented in a similar way.  

 

Figure 2–23: System Performance Analysis Approach[Zhong W. et al, 2000] 

A workpiece is represented by a set of points including the measurement, locating and 

clamping points. As shown in Figure 2–24, these points are extracted from the meshed 3-D 

model generated from the CAD software. It is called the point-based model for workpiece. 

Each point in the point-based model has the ideal coordinates (x,y,z) in its local coordinate 

system (LCS_P). To generate the deviations, a certain amount of variation is applied to the 

ideal coordinate value of each point with the assumption that the points are normally 

distributed within the tolerance range. All surfaces of a work piece can be represented by the 

vector X. Authors used the Homogeneous Transformation Matrix (HTM) to represent the 

deviation of a rigid body with respect to its ideal position. 

Error stack-up mechanism  

A machining station (one machining setup) is modeled as a system with an input and an 

output. See Figure 2–25. The stack-up mechanism can be summarized in three steps: 
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Figure 2–24: Point-based workpiece model[Zhong W. et al, 2002] 

 

Figure 2–25: Model of machining station  

1- Pre-machining stage: where the workpiece geometrical dimension is represented by 

Xi-1 from the previously machined workpiece or raw material. 

2- Machining stage: where the ideal interaction between the tool path and workpiece 

surface ipr′  is mapped onto the workpiece to create a new surface ipr . This operation is 

affected by variations from machine tools, fixtures, cutting tools, external cutting and 

clamping forces, pre-machining stage variation and datum errors.  

3- Post-machining stage: where the geometrical features of the workpiece are updated to 

Xi, which is input to the next operation. After the last operation, Xi represents the end-

of-line product. See Figure 2–26.  

 

Figure 2–26: Serial machining system [Zhong W. et al, 2000] 
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2.4.2 Tolerance zone approach 

Lin proposed a tolerance stack-up analysis based on tolerance zone analysis [Lin E. E. 

et al, 2001]. As it is underlined before, we believe that the term “variation zone” should be 

used. Manufacturing errors are classified according to two types of error directly related to the 

accuracy of a finished part: locating errors and machining errors. Surface deviation is 

expressed as a tolerance zone. For the aim of deviation modeling, the authors defined three 

types of tolerance zones: 1D, 2D and 3D. See Figure 2–27.  

Authors categorized the manufacturing errors as: 

1- Locating error. The variation between the position of an actual datum feature and the 

position of an ideal datum. 

2- Machining error. The variation between the position of an actual machining feature 

and the position of an ideal machining feature. 

The authors divided the stack-up mechanism into two sections, the error stack-up 

mechanism and geometrical tolerance analysis.  

(a)

(b)

(c)

(d)

 

Figure 2–27: Typical tolerance zones (a) 1D, (b) 2D and(c) 3D tolerance zones. (d) The 

projecting relation of tolerance zones[Lin E. E. et al, 2001] 

Error stack-up mechanism 

For error stack-up mechanism, the authors proposed to use the dimension chain 

(tolerance chart). For 3D parts it is necessary to use the projected chains. From these chains it 

is possible to perform the worst case or statistical analysis. They assumed that the formulation 
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of dimensional tolerance stack-up is relatively straightforward. Suppose that in a space, the 

relation of a resultant dimension d with its component dimensions is as Eq. 2-23. 

 (2-23) 

Where: 
d: resultant dimension 
xi, (i = 1,2,3,. . .,l) component dimensions in the X-coordinate 
yj, (j = 1,2,3,. . .,m): component dimensions in the Y-coordinate 
zk (k = 1,2,3,. . .,n): component dimensions in the Z-coordinate  
 

Theoretically, the worst case is found by using Eq. 2-24.  

 (2-24) 

Where: 
Δd: variation of resultant dimension 
Δxi, Δyj, Δxk: variations of component dimensions 
 

The statistical analysis use Eq. 2-25. 

 (2-25) 

Geometrical tolerance analysis  

Generally the authors assume that the variation of a machined surface is caused by the 

deviation of machining datum and the error of machining. To represent these two types of 

errors they have used tolerance zones. The relation of these errors on the realized surface is 

determined by their position in the space. Because of the complexity of 3D parts, the authors 

proposed to use the homogenous translation and rotation matrices and decomposing 3D 

tolerance stack-up into series of 2D tolerance stack-up analysis.  

For example in Figure 2–28, in 2D, suppose surface B is used as machining datum for 

machining surface C and D and the variation zone (tolerance zone) of face B is equal to the 

tolerance zone of face B. See Figure 2–28 (a). The variation zone indicates two possible 

maximum movements of the part: horizontal translation of BΔ and rotation ofθ . Figure 2–28 

(b) and (c). The error of face D used to be considered as equal to the translation of face B. The 

translation of face B has no effect on the error of face C. The effect of the error of face B on 

face C is through the rotation ofθ . See Eq. 2-26.  
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(a): Two-dimensional tolerance 
zone of face B of the part

(b): The effect of the translation 
of face B

(c):The effect of the rotation of 
face B

 

Figure 2–28: 2D tolerance stack-up analysis [Lin E. E. et al, 2001] 

Discussion  

In Lin’s work, the datum errors are considered but the fixture error and the contact 

condition between part and fixture has been neglected.  

This model can not be used for modeling a successive machining operation, because 

there is not a memory and coordinate system for keeping the variation of realized surface. In 

Lin’s work, only a primary datum face is considered for tolerance stack-up analysis. In 

practical locating and clamping, a secondary datum face and a tertiary datum face should also 

be considered. This situation is considered as an open issue in their work. 

They have not mentioned how it is possible to handle the tolerance stack-up analysis, 

when the machining datum and measuring datum are different. Furthermore they have not 

mentioned how it is possible to find a relation between datum errors and machined surface 

deviation in the case of a complex 3D part. 

2.4.3 Simulation approach  

Huang proposed a method to verify a process plan in term of machining tolerance 

prediction [Huang S. H. et al, 2004, Musa R. A. et al, 2004]. Tolerance stack analysis in this 

study is based on actual machining error synthesis and error propagation tracking through 
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multiple processes. It has been conducted by Monte Carlo simulation on sample point 

transition in process.  

Model for representing the geometrical deviations  

Each surface has been modeled by uniformly distributed sample points (point cloud) 

which is a basic technique used in CMM based inspection. Each point has an ideal coordinate 

),,( mmmm zyxp = in the work piece coordinate system (WCS). This ideal coordinate will be 

changed according to the different deviation sources. See Figure 2–29.  

 

Figure 2–29: A simple work piece represented by point could [Huang S. H. et al, 2004] 

Error stack-up mechanism  

Key issues involved in Huang’s methodology are: 

 Sample point generation 

 Manufacturing error source 

 Error synthesis and tracking 

 Virtual inspection. 

Simulation method involved in the above mentioned work consists of the following 

steps: 

1- Establish WCS (work piece coordinate system) for the work piece. Reference point is 

taken as a vertex of a prismatic part or the centre of a circle, as the origin Ow and 

establishes the WCS for the work piece. 
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2- Represent the raw work piece. Based on the WCS established in Step 1, generation of 

sample points to represent each surface of the raw work piece according to its quality 

as specified (e.g. using surface flatness). The number of points depends on the 

geometry of the surface. 

3- Locate the work piece. Generation of the points to represent each datum using the 

given flatness value, then transforming these points using error components based on 

the given fixture accuracy. The fixture accuracy is obtained by experimental tests of a 

specific fixture with a nearly perfect part. Fit a least square surface to the obtained 

points. Find the point of intersection between these surfaces. Consider the intersection 

point as the translational errors parameter. The rotational components can be obtained 

by finding the angle of each surface normal with the Cartesian axis. This permits to 

find the work holding error and calculate the transformation matrix that maps WCS to 

MCS (Machine Coordinate System).  

4- Simulate machining operation. Map all work piece sample points to the MCS. At each 

sample point, machine tool error and cutting tool error are sampled from their 

respective models and synthesized to compute the simulated cutting tool position. If 

pm=(xm,ym,zm) is a nominal point, due to manufacturing error , after machining it will 

be p΄m=(x΄m, y΄m, z΄m) instead. The resultant coordinates (in MCS) )(uPm′  (after 

machining u) replace those of the sample point (machined previously in v) )( vuPm −′ . 

See Figure 2–30. 

5- Store and propagate work piece accuracy information. The new sample point 

coordinates obtained in Step 4 are mapped back to the WCS ( )()( uPuP wm ′→′ ), see 

Eq. 2-27. At this point, the accuracy of the work piece surfaces that have been 

machined has changed. These surfaces might be used as locating datum in the 

subsequent machining operations.  

 (2-27) 



 State of the art  

  
45

 

Figure 2–30: Illustration of errors synthesis [Huang S. H. et al, 2004] 

6- Inspect the finished component based on design tolerance requirements, the 

dimensional and geometrical accuracy of the machined component are evaluated using 

CMM inspection algorithms. 

7- Perform statistical analysis. Determine the desired number of simulation runs n, and 

then we will have n values to interprete for a particular functional tolerance. 

Discussion  

This method is a good tool for the simulation of the machining using Monte Carlo 

simulation. The result of the Monte Carlo simulation is close to reality. Using the sample 

point instead of an associated surface for representing the machined surfaces is closer to 

reality.  

The main disadvantage of this work is the positioning procedure of the part. Concerning 

work holding errors, the authors have not considered part-fixture interaction and the hierarchy 

procedure of positioning. As the authors proposition, the fixture errors are established by test 

of fixture with a perfect part (gauge block). After finding the fixture errors, the errors related 

to part datum will be added to this value.  

Authors explained only the plane-plane contact, and it is not clear how this system can 

deal with a floating cylinder-cylinder contact. This simulation method, because of Monte 

Carlo and sampling point generation, needs much running time.  
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2.4.4 SDT approach 

The first approach using SDT for the aim of error stack-up analysis in machining goes 

back to [Villeneuve F. et al, 2001] in which Villeneuve adapted the SDT concept for 

analyzing error-stack-up in machining. This approach was followed up firstly by Vignat for 

the case of turning operation [Vignat F. et al, 2003] and then more globally for machining 

process by devolping the Model of Manufacture Part (MMP) [Vignat F., 2005, Vignat F. et al, 

2005, , 2007b, Vignat F. et al, 2008]. The details of these works are provided in chapter 3. 

Secondly Legoff and Tichadou followed the work of Villeneuve  by proposing a graphic 

representation of the manufacturing process [Legoff O. et al, 2004, Tichadou S. et al, 2005]. 

The graph models the successive machining setups along with the positioning surface, 

hierarchical order and machined surfaces for each setup. This graph makes it possible to 

highlight the most influential paths in terms of functional tolerance. More specifically, the 

authors propose two analysis methods. The first uses a small displacement torsor model. The 

second is based on the use of a CAD/CAM system to virtually manufacture the part while 

integrating the manufacturing errors. The authors then virtually measure the parts made and 

check their compliance with design requirements. 

Another work in this area is done by Louati [Louati J. et al, 2006] for 3D modeling of 

geometrical errors propagation in machining to optimize a manufactured part setting. This 

work is followed by Ayadi [Ayadi B. et al, 2008]. The main inconvenient of these two last 

works is the way that the positioning errors of part have been calculated. The positioning 

errors are calculated by analyzing a set of hierarchical punctual contact elements. This needs 

longtime and difficult computation.  

 

2.4.5 Conclusion 

The study of the available literature about error stack-up in machining shows that, the 

problem of process plan evaluation in term of functional tolerances still needs much more 

investigation. Although researchers have recognized the important role of manufacturing 

defects in the quality of machined parts and machining error stack-up, little research has been 

done on the stack-up of manufacturing defects and their effects on final part quality.  
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Current methods are believed to have major drawbacks that reduce the accuracy of 

tolerance stack-up evaluation. These drawbacks are: 

1- Worst-case is exaggeratedly pessimistic in calculating tolerance stack-up. 

2- Statistical analysis assumes independency between dimensions. Additionaly, statistical 

analysis assumes that the contributing links are normally distributed. 

3- Tolerance stack between features is performed in one dimension; which does not 

represent the actual three-dimensional features of interest. 3-D simulation must be the 

driving force behind the entire dimensional management process [Craig M., 1996] 

4-  Manufacturing errors are not taken into account. 

5- Geometric tolerance stack-up cannot be estimated. The stack-up of geometric 

tolerance is usually ignored [Lin E. E. et al, 2001]. 

Firstly there is not a general and accurate 3D model for the error propagation in 

machining. Moreover, for the few existing 3D models (See Figure 2–31), solution techniques 

to the problem of tolerance analysis based on searching for the worst case or stochastic 

method have not been explored and presented clearly. This is what we called “solution 

technique”. The lack of solution techniques owes to the fact that machining errors are not well 

modeled yet in term of variation range and there are many factors that produce the deviations 

(machine tool, tool wear, temperature, etc). 

In this thesis, we will investigate the development of the solution techniques to the 

problem of tolerance analysis by using the Model of Manufacture Part. Solution technique 

developing will be divided in two separate sections:  

1- Searching for the worst case  

2- Stochastic analysis 

Another part of this study will explain clearly how it is possible to simulate the variation 

range of the machining error (surface quality) for performing the simulation.  

As we have discussed before, from our point of view, using the term “tolerance zone” 

for representing the manufacturing errors is not a good choice. We propose using “variation 

zone” to this aim. 
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Figure 2–31: Existing literature about Tolerance analysis in machining  
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3 MANUFACTURING SIMULATION WHICH 
LEADS TO A MODEL OF MANUFACTURED 
PART (MMP)  

In the design phase of the manufacturing process, products are specified with nominal 

dimensions and tolerances using Computer Aided Design (CAD) tools. Tolerances mean the 

allowable variability for certain geometrical dimensions or forms. For example, a dimension 

can be specified with (X0±ΔX0/2), where X0 is the nominal dimension, and ±ΔX0/2 is the 

tolerance. If the product is manufactured and measured within the tolerance range, then it is 

deemed a good product. Otherwise, it is a bad product. Therefore, it is very important to 

understand the relationship between the design and manufacturing in terms of tolerance 

specification. Currently, the specifications heavily rely on engineering requirements, 

experience, and manual calculation. As a result, the tolerance specifications have to be revised 

from time to time in the manufacturing phase following the design phase. This type of 

changes may lead to negative impact on industrial operations. Therefore, it is very meaningful 

to research and develop scientific methodologies for determining the tolerance specifications 

during the design phase of the manufacturing process. 

 The development and application of manufacturing simulation which leads to a Model 

of Manufactured Part (MMP) is chosen as the research topic by F.Villeneuve and F.Vignat. 

Though the developed simulation method is applied to different manufacturing processes 

[Vignat F. et al, 2009], in this thesis the machining process (a typical type of manufacturing 

process) is chosen and related simulation method will be explored.  

In this chapter, this simulation method, which leads to MMP for the case of machining 

process, will be reminded. We performed some modifications in terms of notation and we 

improved the mathematical expressions of this mehod. 

To better explain the simulation method which leads to MMP, the following sections 

present: first, the literature survey of the machining process and different deviation produced 

in a machining process and second, the simulation method which leads to MMP (a 

geometrical 3D stack-up model) for error propagation in a multi-stage machining process.  
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3.1 MACHINING PROCESS 

Machining (or cutting) refers to a material removal process from a workpiece to form a 

new surface using various cutting tools shape and path. Generally, in a machining operation, 

the part is fixed by a positioning tool called “fixture” and a cutting tool with relative 

movement to the fixed part removes the material in different passes. During the machining 

operation, the workpiece is located and fixed on a fixture. The fixture is located on the 

machine, which has a relative movement (together with the workpiece) relative to the cutting 

tool. The movement of the table and those of the cutting tool are performed by electrical 

motors on the machine. The speed, the depth and the direction of the movement and rotation 

can be controlled through manual operations or automation (e.g., computer numerical control 

or CNC). 

The movement of the cutting tool relative to the fixed part varies from one operation to 

other (e.g. in turning or milling). Most frequent machining operation types consist of milling 

and turning (lathe). In this thesis we concentrate on these two types of machining operation.  

A fixture is a device used in machining, inspecting, assembly and other manufacturing 

operations to locate and hold a workpiece firmly in position so that the required 

manufacturing processes can be carried out according to design specifications [Gao J. et al, 

1998]. 

Machining fixture is a precision device meant for locating and constraining the 

workpiece during machining. Fixture mainly consists of locators, clamps, and support pads 

[Prabhaharan G. et al, 2007]. The functions of these elements are to position the workpiece 

correctly with respect to the machine tool, hold the workpiece rigidly in position, and support 

the workpiece during the machining operation. An important consideration in the fixture 

design process is to design the fixture layout. The fixture layout is the process of positioning 

the fixturing elements and the design of fixture layout is to decide on the type, number, 

material, and position of the fixturing elements. Fixture design plays an important role at the 

planning phase before shop floor production. Proper fixture design is crucial to product 

quality in terms of precision, accuracy and surface finish of the machined parts. 
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3.1.1 Case of a turning operation  

 The lathe is used for producing revolution cylindrical work. The workpiece is rotated 

while the cutting tool movement is controlled (in 2D) by the machine. The lathe may be used 

for: boring, drilling, tapping, turning, facing, threading, polishing, grooving, knurling and 

trepanning. Turning is a lathe operation in which the cutting tool removes metal from the 

outside diameter of a workpiece. This operation can produce revolution cylinders, planes, 

cones and etc... See Figure 3–1. The most frequent fixtures in turning operation are: chuck 

jaws, chuck jaws and center, between two centers etc. See Figure 3–2. 

 

Figure 3–1: Different possible operation on a lathe  

 

Figure 3–2: Most frequent fixtures in turning operation 

3.1.2 Case of a milling operation 

Milling generates flat, angular, or curved surfaces by cutting away material through the 

relative movement (called feeding) between a workpiece and a rotating multiple-tooth cutting 

tool. Milling is generally conducted on a milling machine which holds the workpiece, rotates 
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the cutter, and feeds the cutter relative to the workpiece. Figure 3–3 shows a milling machine 

and some milling operations. Figure 3–4 shows traditional and modular fixtures used in 

milling operation. 

 

Figure 3–3: Milling operations 

 

Figure 3–4: Traditional and modular fixture used in milling operation 

3.2 GENERATED DEVIATION IN A MACHINING OPERATION  

Due to the manufacturing imperfection, any of the aforementioned components, such as 

the workpiece, the fixture, the machine and the cutting tool, can have geometrical errors (also 

control units error). These geometrical errors affect the relative position between the cutting 

tool and the workpiece and therefore affect the geometrical dimensions of the newly 

generated surface. 
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The MMP consider two types of errors in a machining operation:  

 Positioning errors  

 Machining errors  

The positioning errors accumulate the errors caused by the workpiece called “datum 

errors” and the errors caused by the fixture (Figure 3–5). The machining errors cumulate the 

errors caused by machine tool e.g. tool deformation, tool wear, machine tool precision, etc.  

3.2.1 Positioning errors  

The impact of workpiece errors (datum error) and fixture locating component’s errors 

on the final manufactured part can be illustrated by a simple machining process as shown in 

Figure 3–5. Workpiece is represented as a metal cube (the front view is shown in Figure 3–5). 

Perpendicularity between the drilled hole and surface represents the workpiece quality and is 

defined by a geometric tolerance as shown in Figure 3–5. In Case 1, the deviation is caused by 

a datum error, which is produced at the previous phase when the metal cube is prepared.  

In case 2, the workpiece is located on the fixture locators. Ideally the hole is designed to 

be perpendicular to the top surface. Due to the fixture locator error, the workpiece deviates 

from its ideal position. As a result, the hole generated will not be perpendicular to the top 

surface. This means that errors from the fixture are transferred into the newly generated hole.  

The contact condition between workpiece and fixture plays an important role 

concerning the deviation of the newly generated surface. We will explain this role in section 

3.3.2.  

3.2.2 Machining errors  

The machine tool, itself (See Figure 3–5, case 3) can be subject to deviations resulting 

from many key factors like cutting tools and machining condition, tool wear, temperature 

(thermal expansions), cutting-force, control etc. A comprehensive review of the literature 

available on this subject is given in [Ramesh R. et al, 2000a, , 2000b]. 
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Case1

Setup 1

Case2

Setup 2 Result

Case 3

Setup 1 Setup 2 Result

Setup 1 Setup 2 Result

Datum Error 

Fixture Error 

Machining Error 

 

Figure 3–5: Errors in a machining operation [Loose J. P. et al, 2007] 

3.2.3 Error stack-up 

Manufacturing of a part consists of one or several successive machining operations 

called setup. Each setup consists of two operations: positioning and machining. The deviation 

produced in each setup depends on the positioning and machining deviations. We consider 

that the produced deviation in each setup is the summation of positioning deviation and 

machining deviation. See Eq. 3-1. 

Deviation produced in a set up = Positioning deviation + Machining deviation   (3-1) 

The produced deviations (in each setup) are accumulated over the successive setups. 

The total deviation of a manufactured part will be the summation of the deviation produced in 

each setup. See Eq. 3-2.  

This summation is not just a simple operation. As reviewed in chapter 2, the researchers 

have invested in this area for decades. In 1D, this accumulation could be considered as the 
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linear summation of defects but in 2D and especially in 3D, geometrical models are needed to 

calculate the defects in each setup and their accumulation over the successive setups.  

∑Deviation produced in setupi

Number of setups

i =1  (3-2) 

Villeneuve and Vignat [Vignat F. et al, 2003, Vignat F. et al, 2005, , 2007b, Villeneuve 

F. et al, 2001, Villeneuve F. et al, 2005a, , 2007] propose a method for modeling multi-stage 

machining processes that takes into account the geometrical and dimensional deviations 

produced in each machining setup and the influence of these deviations on further setups. The 

aim of the model called Model of Manufactured Part (MMP) is to support the simulation of 

the manufacturing process and to accumulate generated deviations for tolerance analysis and 

synthesis. In the MMP, the errors generated by a manufacturing process are considered to be 

the result of two independent phenomena: positioning and machining. 

3.3 THE SIMULATION METHOD LEADS TO MMP 

In this section, the simulation method and related geometrical model used to describe 

the deviations will be explored.  

3.3.1 Small Displacement Torsor (SDT)  

The geometrical model used to describe the deviations of the surfaces of the MMP is 

based on the Small Displacement Torsor (SDT) concept proposed by Bourdet et al [Bourdet 

P. et al, 1996] for assembly simulation. This concept is equivalent to screw theory for 

application in kinematics and statics of mechanisms. 

A SDT consists of two vectors representing the values of three small rotations rx, ry, rz 

denoted by R  and three small translations tx, ty, tz denoted by L concerning a surface. The 

SDT concept has been extended to manufacturing process simulation by Villeneuve et al 

[Villeneuve F. et al, 2001]. It is based on an ideal part made up of ideal (perfect form) 

surfaces. This ideal part can be associated with a real part, surface by surface, using a 

minimum distance criterion such as the least square. The surfaces of the ideal part are 
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deviated and these deviations are measured in relation to their nominal position. For each 

surface, the deviations are expressed by a SDT whose structure depends on the surface type. 

In Figure 3–6 , SDT that expresses the position of the associated plane relative to the nominal 

one in a local coordinate system LCS (with origin O) is presented in Eq. 3-3. The variation of 

an intrinsic element of a surface should be added to SDT (e.g. radius variation of a circle or 

cylinder).  

 

Figure 3–6: Deviation of a plane and cylinder 
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This SDT can be expressed at any point Vi of the plane by Eq. 3-4. 
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SDT which expresses the relative position of the associated cylinder and the nominal 

one (See Figure 3–6) in a local coordinate system (with origin O and z along the cylinder 

axis) is presented in Eq. 3-5:  
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3.3.2 Positioning deviation in a machining setup 

As mentioned before, due to the manufacturing imperfection, the workpiece or the 

fixture can have geometrical errors. These geometrical errors affect the relative position 

between the cutting tool and the workpiece therefore affecting the geometrical position of the 

newly generated surface. 

During the machining operation, the workpiece is located and fixed on a fixture while 

cutting tool makes the new surfaces by removing the material. The surfaces of the fixture 

which take part in positioning process are called “positioning surface”. The positioning 

surface of the fixture in setup j will be denoted as kSj for surface k of fixture. The SDT which 

represents the deviation of this surface k related to its nominal position will be denoted by 

TSj,Hk .See Table 3-1. Parameters of these torsors (DH) are saved in the MMP and are limited 

by constraints (CH) representing the fixture quality. These constraints limit either one or a set 

of parameters. 

In the simulation method which leads to MMP the intermediate part in setup j is called 

“MWP(j)” (Model of Work Piece at the end of setup j ) [Vignat F. et al, 2007b]. In each setup 

a MWP will be positioned in a fixture and some new surfaces will be generated in it by the 

cutting tool. The surfaces of MWP which take part in a positioning process are called “datum” 

surfaces. This datum surface could be a rough surface made by casting or rolling operation or 

could be a surface generated by the previous machining setup. The deviation of this surface 

will be expressed by a SDT TP,Pi for surface i of the MWP. See Table 3-1. 

The geometrical errors of positioning surfaces of fixture and datum surfaces of parts 

influence the relative position of the part relative to the machine tool. For setup j the 

positioning deviation is expressed by a small displacement torsor TSj,P. This deviation is a 

function of the MWP datum, the fixture surface deviations and the MWP/Fixture assembly 

condition. The two first error sources have already been presented, hence we will now discuss 

the assembly condition. 

The MWP/Fixture assembly is determined by elementary connections treated on a 

hierarchical basis (primary, secondary, etc.). Each elementary connection (planar, centering, 

punctual, etc.) links a surface of the MWP and a surface of the fixture. The links between 
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these surfaces are of two types: floating or slipping [Dantan J.-Y., 2000, Villeneuve F. et al, 

2007]. 

Deviations SDT Torsor parameters Constraints 
Machined surface 

deviation relative to the 
machine-tool 
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Function of DM, DH and LHP 

i= Surface number (machined one)                        P= Nominal surface 
k= Surface number (positioning one)                     H= Fixture surface 
j= Setup number 

Table 3-1: MMP parameters notation  

 

Figure 3–7: Positioning deviation  

An elementary connection is defined by the type of link and is expressed by a link torsor 

THkSj,Pi for surface k of the fixture and surface i of the MWP in setup j. The components of 

these link torsors are called link parameters. The undetermined components are denoted by 

“U”. The undetermined link parameters are related to the degrees of freedom (DOF) of the 
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elementary connection. The most frequent elementary connections are Punctual, Plane/Plane 

and Cylinder/Cylinder links. These links and their associated link torsor are illustrated in 

Table 3-2. It should be mentioned that each elementary connection has its own local 

coordinate system (LLCS). Combination of these elementary connections covers more than 

95% of positioning cases in manufacturing operations. 

The positioning deviation for setup j will be the summation of the MWP datum SDT, 

the fixture surface SDT and the link SDT for the MWP/Fixture assembly as indicated in     

Eq. 3-6. 

PiHkSjHkSjPiPPSj TTTT ,,,, ++−=

MWP datum error

Fixture error  

Links  

Positioning  deviation

 (3-6) 

The set of elementary connections are combined to describe the complete MWP/Fixture 

assembly. This procedure gives the position of the MWP in the fixture as a function of the 

driving link parameters (those acting upon the global positioning of the MWP) established 

according to the connection hierarchy.  

This consists in a “unification” of the elementary connections treated on a hierarchical 

basis (primary, secondary…). The resolution of the problem (“unification” following the rules 

of assembly) describes the components of the workpiece position in the assembly space. 

These components are dependent on the connected surfaces deviation and the contact 

condition between these surfaces. 

The goal of the unification procedure is to determine TSj,P that is the torsor modeling the 

positioning deviation of the workpiece relative to the nominal machine tool in setup Sj (Figure 

3–7). Each positioning surface HkSj of the fixture (surface k of fixture in setup Sj) connected 

to a surface Pi of the MWP contributes to this position. All elementary connections contribute 

to make a position of the MWP. Therefore TSj,P calculated by the way of elementary 

connection n is the same as the TSj,P calculated by the way of elementary connection m. 

Calculating TSj,P by the way of each elementary connections gives a system of equation. 

Solving this system of equations with Gauss's method (Gauss's elimination) gives the unique 
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position of MWP in fixture. An automatic algorithm has been developed for this purpose. For 

further discussion of this algorithm, readers should refer to [Villeneuve F. et al, 2007]. 

3.3.2.1 Calculating link parameters value  

According to the type of connection (floating or slipping), the link parameter values 

(LHP) are determined by a specific algorithm (CHP) including constraints and, in certain 

cases, a positioning function.  

Floating link parameters  

The floating links parameters (LHPf) need only to comply with the Non-Penetration 

Condition (NPC) between the MWP and the fixture. In other word MWP should not penetrate 

to the fixture material. The non-penetration conditions (NPC) are checked at all potential 

contact points at the boundary of the contact zone, See Figure 3–8. 

We consider 3 different cases:  

1- If the contact zone boundary is circular, we check all around the boundary line using a 

non-linear inequality equation. 

2- If the contact zone boundary is a polygon, we check the vertices  

3- If the contact zone boundary is a freeform, we have to discretize the boundary and 

check in the distretized contour vertices   

 

Figure 3–8: Contact zone boundary and verification points  
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Non-penetration equations for the case of plane-plane elementary connection 

For the case of plane-plane elementary connection (See Figure 3–9), for obtaining the 

non-penetration equations at verification point Vnp, related link torsor THkSj,Pi should be 

expressed at point Vnp in its own local coordinate system (LLCS which is in the barycentre of 

the contact zone) and then projected along the verification directions +n̂  as indicated in Eq. 3-

7. 

 

Figure 3–9: Plane-Plane elementary connection  
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 (3-7)  

Non-penetration equations for the case of a cylindrical elementary connection 

For the case of a cylindrical link, the distances between the end points of the two 

concerned cylinders’ axis are calculated by means of non linear equations (See Figure 3–10). 

In this case, the distance MWP cylinder’s axis and fixture’s axis is measured in two points, 

the first point in the upper circle and the other one in the lower circle. To this aim, the related 

link torsor THkSj,Pi should be expressed at point Vnp in its own local coordinate system (LLCS 

is at the middle point of the cylinder axis ). The distance vector on a plane perpendicular to n̂  

is found with a double cross product. ( n̂  is a normal vector representing the cylinder axis). 

See Eq. 3-8.  
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Figure 3–10: Cylinder-Cylinder elementary connection 

Slipping link parameters 

Concerning the positioning algorithm (CHP) for the slipping links parameters (LHPs), a 

positioning function in line with non penetration conditions has to be applied. This function 

expresses the displacement of two surfaces that have to be in slipping contact (the function 

value increases when the surfaces move closer together). In the case of a Plane/Plane 

connection, this positioning function expresses the displacement of an MWP point along a 

direction that is normal to the plane and in a direction that brings the two planes closer 

together. This function will be applied in the barycenter of the contact zone (See Figure 3–9). 

In the case of two cylinders, the positioning function is the radius of the smaller cylinder and 

its maximization leads to its expansion. (See Table 5-3)  

This displacement function has to be maximized, in line with the non-penetration 

conditions (NPC) between the MWP and the fixture. These non-penetration conditions (NPC) 

apply to all potential contact points at the boundary of the contact zone (See Figure 3–8). In 

some cases, this implies discretizing the edges of the contact zone. 
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Elementary 
connection Coordinate  system Link Torsor 

Positioning function 

(in case of slipping connection)  
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(Diameter of interior cylinder) 

Table 3-2: Elementary connections and related link torsor with their LLCS 

Example 

For the example in Figure 3–11, the process plan consists in two machining setups. The 

part is supposed thin enough to be considered as a 2D part. In the first setup (S1) the square 

block is cut by a sawing operation. In setup 2, the prepared block is put in a fixture for 

machining surface 3. The MWP/Fixture assembly procedure involves two elementary 

connections: a primary and a secondary link. In the primary link, surface 1 (datum P1) of the 

MWP and surface 1S2 of the fixture are connected (Figure 3–12). 

The secondary link is formed of the connection between surface 2 (datum P2) and 

surface 2S2. Given that 2 degrees of freedom have already been blocked by the primary link, 

there will be one driving link parameter for this secondary link and the problem is over 

constrained. As previously underlined, an automatic algorithm has been developed to find the 

driving link parameters. This link is a slipping link, meaning that the positioning algorithm 

consists in maximizing the positioning function under non-penetration conditions. The non-

penetration conditions are checked at two boundary points. See Table 3-3. 
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Figure 3–11: 2D example, functional tolerance  

The SDT parameters which express the deviation of the two datum surfaces (P1 and P2) 

and those for the two positioning surfaces of fixture are mentioned in the upper side of Table 

3-3. The torsors parameters are all expressed in the corresponding surface LCS. For each set 

of values allocated to the surface defects parameters mentioned in the upper side of Table 3-3 

the links parameters are calculated.  

 

 

Figure 3–12: 2D example MWP/Fixture assembly illustration  
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Setup 2 
Fixture MWP 

Surface 
Surface defects 

 (DH) 
Constraints (CH) Surface 

Surface defects 
 (DM) 

Constraints 
(CM) 

Plane 1S2 rx1S2, tz1S2 cf. 1 Plane 1 rx1, tz1 cf.  
Plane 2S2 rx2S2, tz2S2 cf.  Plane 2 rx2, tz2 cf.  
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Non-penetration conditions  
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-ltz1S2 
-30 lrx1S2+ltz1S2 ≥ 0 
30 lrx1S2+ltz1S2 ≥ 0 
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-ltz2S2 
20 lrx1S2+ltz2S2-20 (rx1-rx1S2-rx2+rx2S2) ≥ 0 

-20 lrx1S2+ltz2S2+20 (rx1-rx1S2-rx2+rx2S2) ≥ 0 

Table 3-3: MWP/Fixture Assembly (NPC and positioning functions) based on the example in 

Figure 3–11 

3.3.3 Machining (cutting) deviation in a machining setup 

The machine tool itself can be subject to some deviations (see Figure 3–13) because of 

many key factors like cutting tools and machining condition, tool wear, temperature (thermal 

expansions), cutting-force (machine deformation), control, etc… 

The machined surface deviation is expressed in relation to the nominal machine tool as 

TSj,Pi for surface i machined in setup j. This SDT includes the deviation of the surface swept 

by the cutting tool compared with its nominal position in the machine tool and local 

deformations due to the cutting process. Thus it represents the deviation of the realized 

surface relative to the nominal machine. This does not involve the produced deviation because 

of the fixture errors. The parameters of this torsor are called machining deviation parameters 

(DM). They are limited by constraints (CM) representing machine and tool capabilities. 

                                                 
1cf. refers to the chosen quality constraints over the surface defects parameters. See 5.3.2 
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Research has been done on modeling and analyzing individual error effects with 

emphasis on improving machine tool accuracy. A comprehensive review of the literature 

available on this subject is given in [Ramesh R. et al, 2000a, , 2000b]. Since machining error 

sources are not the main topics of this manuscript, there shall be no further discussion of these 

here. 

Fixture

Machining error

FixtureFixture

Machining error

 

Figure 3–13: Machining errors  

3.3.4 Actual surface deviations relative to the nominal part  

For each MWP(j) surface made in setup j, the positioning and machining deviations are 

added. The deviation relative to the nominal part is determined and expressed as TP,Pi for 

surface i of the MWP See Eq. 3-9. This Torsor will be kept in the MWP data for possible 

further use in another setup for an assembly procedure or for the purposes of tolerance 

analysis. 

PiSjPSjPiP TTT ,,, +−=
Positioning  deviation

Machining  deviation

 (3-9) 

3.3.5 Error stack-up mechanism associated with MMP 

As underlined before in the simulation method lead to MMP, the errors generated by a 

manufacturing process are considered to be the result of two independent phenomena: 

positioning and machining. These deviations are accumulated over the successive setups (See 

Figure 3–14). The result is expressed in terms of deviation of the actual surfaces compared 

with those of the nominal part. This nominal part that goes from one setup to another is the 

key of the error stack-up calculation. This nominal part is assigned to the workpiece at the 
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beginning of the calculation. The position of the nominal part is an arbitrary choice but it must 

not be changed for the successive setups. In order to capture the error stacks, an intermediate 

virtual part (MWP) and the nominal part are put through the different setups. See Figure 3–15. 

At the end of the modeling process, a virtual manufactured part (MMP) is created. This 

MMP stores data about the deviations generated (combination of parameters and range of 

variation) during the full machining process. See Figure 3–16. 

The geometrical description of the MMP is based on the nominal part model that could 

be produced by CAD. This nominal model is composed of: 

 A nominal global coordinate system (GCS)  

 A set of nominal surfaces with, for each surface: 

 The type of surface 

 A local coordinate system (LCS) 

 The boundaries (edges and vertices) 

The MMP does not only represent a model of one manufactured part containing a 

description of the process in terms of geometrical deviations and accumulated defects. In fact, 

because it indicates the variation range of the generated defects (by the way of constraints), it 

represents the series of parts produced. The MMP describes the defects, classifies them and 

indicates their variation range. 

 

Figure 3–14: Tolerance (error) stack-up model 



Manufacturing simulation which leads to the MMP  

 
68

The SDT describes the MMP surface deviations, i.e. the MMP parameters, which can be 

classified according to four categories:  

 Machining deviations ( iii tzryrx ,, …)  

 Fixture surface deviations ( iSjiSjiSj txryrx ,, ,…)  

 Link parameters ( iGjiSj ltxlrx , …) 

 Actual surface deviations relative to the nominal part ( PiPrx , , PiPry , ,…) 

The surface made in a previous setup (e.g. setup j-1) might be used in setup j for 

positioning procedure. The diagram in Figure 3–15 shows the successive movement of 

MWP(i) through the different setups.  

....................., +=PiPT

........................................ ++=

Setup j-1

Datum error Fixture error  

Links
Positioning  deviation

Machining  deviation

Setup j

Machining  deviationTotal deviation

PiHkSjHkSjPiPPSj TTTT ,,,, ++−=
Datum error Fixture error  

Links

PiSjPSjPiP TTT ,,, +−=

Positioning  deviation

Total deviation

 

Figure 3–15: Stack- up of formulation  

3.3.6 Conclusion  

The deviation relative to the nominal part is determined and expressed by TP,Pi for 

surface i of the MMP . See Eq. 3-9. This Torsor will be kept in the MMP data for possible 

further use in an assembly procedure or for the purpose of tolerance analysis. For the example 

of Figure 3–14, the surface deviations relative to the nominal part regarding surface 3 are 

expressed in Figure 3–16. As it can be found from this figure, each machined surface of the 

part has its local coordinate system and a TP,Pi which represents its deviation related to the 

nominal part.  
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In the following chapter, we show how the MMP obtained can be used for performing 

tolerance analysis and then we develop some different solution techniques for the problem of 

tolerance analysis. 

 

Figure 3–16: The MMP  
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4 TOLERANCE ANALYSIS WITH THE MMP 

The evaluation of a process plan in terms of functional tolerances is called tolerance 

analysis. The purpose of tolerance analysis is to verify whether the design tolerance 

requirements can be met for a given process plan with specified manufacturing deviations. 

Actually the variation of a machined part arises from the accumulation of different variations 

all over the production process. In tolerance analysis in a multi-stage machining process, the 

cumulative effect of individual variations with respect to the specified functional tolerance in 

all machining stage is studied in order to check a product’s conformity compared with its 

functional tolerance. 

As outlined before, one of the MMP applications is tolerance analysis. In the present 

work, functional tolerance compliance is checked by using a virtual gauge. Each tolerance is 

modeled by a virtual gauge according to the standard concerned. A virtual gauge is a nominal 

part made up of positioning surfaces and tolerance zones [Pairel E., 2007, Pairel E. et al, 

2007]. This gauge is assembled with the MMP according to the chosen standard rules (usually 

ISO or ASME). 

4.1 VIRTUAL GAUGE 

Design requirements for a part are usually expressed as functional tolerances that have 

to be interpreted according to a standard such as ISO or ASME. See Figure 4–1.  

A virtual gauge G (See Figure 4–2) is a nominal part made up of positioning surfaces 

denoted as Gi (in red) and tolerance zones denoted as TZj (in green). This gauge is assembled 

with the MMP according to the chosen standard rules (usually ISO or ASME). 

The definition of the virtual gauge is done following the indications on the technical 

drawing provided by the designers and based on the chosen standard (usually ISO or ASME) 

which describe how to verify the compliance condition of a part against the functional 

tolerance. In the verification method by virtual gauge, the part is compliant if the real or 

associated toleranced element can be found within the tolerance zone (TZ). This tolerance 

zone is free, partially or completely related to a reference system. The design specifications, 
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allow identifying the datum system and the toleranced surfaces. The datum system or the 

toleranced surfaced could be associated with maximum or minimum material condition. From 

these conditions and the standard interpretations we build for each functional tolerance a 

virtual gauge [Pairel E., 2007, Pairel E. et al, 2007]. 

In Figure 4–1 , case 1, TZ is completely free with three degrees of freedom (two 

rotations and one translation). TZ can freely move in order to check the toleranced surface. In 

this study we do not analyze this type of tolerance because our model considers associated 

surfaces without form defects (e.g. planarity).  

In case 2, TZ is partially related to a datum surface. This imposes blocking two degrees 

of freedom of the TZ. In this case TZ can have only one translation. The virtual gauge has 

then an internal mobility. This means that TZ can move (one translation is allowed) related to 

the datum system. 

In case 3, TZ is completely fixed related to a datum surface and it can not have any 

degree of freedom. This rule is imposed by the chosen standard.  
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Figure 4–1: Virtual gauge, case-2 with internal mobility  

The two main elements of a virtual gauge are positioning surfaces and tolerance zone. 

The positioning surfaces of a virtual gauge depend on the datum system of the part  for a 

considered functional tolerance. The most frequent tolerance zones are planar, cylindrical and 

conic. 

 The datum surface can be a plane, a cylinder or two cylinders.  
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 Tolerance zone can be planar, cylindrical (for the case of an axis), cylindrical (for 

the case of a toleranced cylinder with maximum material condition)  

The virtual gauge assembly is not always complete and some limited relative 

displacements remain possible due to the material condition modifiers, incomplete datum 

frames or the type of tolerance (e.g. orientation tolerance). This gives to the virtual gauge 

some degrees of freedom and internal mobility [Dantan J.-Y. et al, 2002]. For example, in 

Figure 4–2:  

1- Case 1: virtual gauge assembly consists in one slipping plane-plane and one slipping 

cylinder/cylinder connection. This gives one degree of freedom to the virtual gauge. 

The gauge can freely rotate around the cylinder G4 (or cylinder 4) axis.  

2- Case 2: virtual gauge assembly consists in one slipping plane-plane and one floating 

cylinder-cylinder connection. This gives to the gauge one degree of freedom in 

rotation (the same as case 1) and two translations (perpendicular to cylinder G4 axis) 

because of the existing clearance in floating cylinder-cylinder connection.  

In this thesis, we treat the position and orientation tolerances. Based on the fact that we 

not consider the form defects, the form tolerances are not treated in this study.  

4.2 GapGP MEASUREMENT  

This gauge is assembled with the MMP according to the chosen standard rules (usually 

ISO or ASME). The Gauge and MMP assembly process is based on a set of hierarchically 

organized elementary connections. The Gauge/MMP assembly link parameter values (LGP) 

are determined by a specific algorithm (CGP) similar to the CHP algorithm used to calculate 

the MWP/Fixture assembly link parameters. This algorithm is composed of constraints and, in 

some cases, positioning functions to be maximized. The algorithm and the elementary 

connections presented in section 3.3.2 are applicable to the Gauge/MMP assembly. 
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Figure 4–2: Virtual gauge with DOF 

Once the gauge and MMP assembly is finished, functional tolerance compliance is 

verified by a GapGPk signed distance measured between the Tolerance Zone (TZ) of the 

virtual gauge and the concerned surfaces of the MMP. 

In order to calculate the GapGPk signed distances, first it is necessary to calculate the 

positioning deviation of the virtual gauge related to MMP. The positioning deviation torsor 

TP,G  (which expresses the deviation and the DOF) for the case of a Gauge/MMP assembly is 

calculated using Eq. 4-1 which is similar to Eq. 3-6 used in the case of the MWP/fixture 

assembly. 

The GapGPk distance is measured at the necessary points Vv (v is the Vertex index) 

along the boundary of the toleranced surface (Figure 4–4). These points are the vertices of the 

convex contour of the surface. In case of continuous contour, an appropriate discretization has 

to be performed. 
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Each GapGPk is expressed as a function of the MMP parameters (DM, DH, LHP), and 

Gauge/MMP link parameters (LGP). For calculating the GapGPk distance, first the deviation 

between the tolerance zone TZi (i is the zone number) and the MMP toleranced surface i has 

to be calculated. This deviation is expressed with TTZi,Pi . Two different cases could be 

considered: case of planar tolerance zone and case of a cylindrical tolerance zone.  

 

Figure 4–3: “Bolt” example, Gauge/MMP assembly  

GiPiPiPGiGGP TTTT ,,,, ++−=

Gauge datum error = 0

MMP datum error 

Links  
 (4-1)  

Where: 
Gi are the positioning surfaces (datums) of the virtual gauge G 
Pi are the positioning surfaces (datums) of the MMP according to the chosen standard (ISO or ASME)  

4.2.1 Case of a planar tolerance zone 

In the case of a planar tolerance zone (Figure 4–4) TZi and a toleranced plane i, TTzi,Pi 

represents the deviation between the real plane i and the median plane of the corresponding 

tolerance zone i. TTzi,Pi is obtained by Eq. 4-2. 

Positioning  deviation

   ,,,, TZiGPiPGPPiTZi TTTT −+−=

MMP toleranced surface error 

Gauge TZ  internal mobility  (4-2) 
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To calculate GapGPk at the point Vv, first TTzi,Pi should be expressed at point Vv and 

then projected along the verification directions +n̂ and −n̂ as indicated in Eq. 4-3. It should be 

mentioned that two GapGP are generated at each point Vv. 
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In the example given in Figure 4–3, the GapGP1 and GapGP2 are expressed by Eq. 4-4. 
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Figure 4–4: GapGP measurement in the case of planar TZ, case of “Bolt” example 

Eq. 4-4 shows the influence of each parameter on the measured GapGPk. It is important 

to note that certain parameters are hidden by the link parameters because the value of these 

link parameters depends on the other parameters. The verification point Vv is inside the 

tolerance zone if GapGPk is positive or null. If all GapGPk values for a specific tolerance are 

positive or null, the tolerance is thus verified. 
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4.2.2 Case of a cylindrical tolerance zone 

For the case of a cylindrical zone (tolerance zone for an axis), the distances between the 

end points of the axis of the toleranced part and the cylindrical TZ are calculated by the means 

of non linear equations (See Figure 4–5). In this case, the distance between tolerance zone 

axis and part axis is measured in two points, the first point in the upper circle and the next one 

in lower circle.  

 
Figure 4–5: GapGP measurement in the case of cylindrical TZ 

To find the equation which expresses the GapGPk in this case, as underlined before, we 

have to first calculate TTzi,Pi using Eq. 4-2. The second step consists in evaluating the deviation 

TTzi,Pi onto a plane perpendicular to the tolerance zone axis ( n̂ ) at the end points Vv. To 

calculate this, TTzi,Pi is expressed at point Vv and then by using a double cross product DisGP 

is calculated as indicated in Eq. 4-5. (See Figure 4–5) 
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 (4-5) 

For the case of a tolerance zone for a cylinder with maximum material condition, we 

measure the distance of the toleranced cylinder boundary and the tolerance zone boundary in 

two circles. In this case the clearance is the subtraction of the radius of the tolerance zone and 

the radius of the toleranced cylinder as indicated in Eq. 4-6. See Figure 4–6. 
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 (4-6) 

 

Figure 4–6: GapGP measurement in the case of a cylindrical tolerance zone with maximum 

material condition 

As previously underlined, for all above mentioned tolerance zones, functional tolerance 

compliance is verified by the signed distance GapGPk. For a given problem, the critical 

distance is the minimum distance denoted by GapGPmin as developed in Eq. 4-7. 

)(min
,...2,1

min k
k

GapGPGapGp
=

=  (4-7) 

If for a given part (MMP with certain values of defects or, in other hand one instance of 

the produced parts) the obtained GapGPmin value is positive or null, the part is conform 

relative to the functional tolerance.  

4.3 VIRTUAL GAUGE BEST POSITION  

As previously mentioned, the Gauge/MMP assembly is not always complete and some 

relative displacements remain possible due to the material condition modifiers, incomplete 

datum frames or internal mobility due to the type of tolerance (e.g. orientation tolerance). See 

the example of Figure 4–2. These displacements may correspond to degrees of freedom 

(LGPDOF) of the Gauge/MMP assembly or to the parameters of a floating contact (LGPf) 

(internal mobility is not studied here). In the first case there is no limit for a DOF but, in the 

second case, the displacements are described by the link parameters LGP and their limits by 

the positioning algorithm CGP (generally non-penetration condition) complying with the 
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chosen tolerancing standard (ISO, ASME). Within the DOF and the limits of the LGPf 

displacements, the most favorable position for the virtual gauge relative to the MMP has to be 

found.  

In this position, the GapGPmin has a maximum value. In other words, the virtual gauge 

will be displaced by an optimization algorithm that explores possible displacements until the 

best position relative to the MMP is found. In this position, all the GapGPk will be measured 

for the functional tolerance verification. This procedure is expressed by Eq. 4-8. 

)( minmax GapGp
CGP

LGP
  (4-8) 

4.4 WORST CASE SEARCHING  

The GapGP* solution provided by Eq. 4-8 is also interpreted as a virtual measurement 

of an individual part. As previously stated, the method presented in this study for analyzing 

functional tolerance consists in finding the worst case (minimum value of the GapGP*) in 

order to guarantee that all the parts produced (even the worst) are in line with the functional 

tolerance. 

A generic formulation of the problem, as proposed by Villeneuve et al [Villeneuve F. et 

al, 2005b], consists in solving the following objective functions: 

))(( min
,,

,,
maxmin GapGP
CGP

LGP

CHPCHCM

LHPDHDM
 (4-9) 

These functions express the search for the worst case in terms of the functional 

tolerance under analysis. A process plan is considered able to satisfy the functional tolerance 

if the value determined in Eq. 4-9 remains positive or null while the MMP parameters vary in 

their limited variation domain. The search for the worst case is an optimization task that can 

be expressed as shown in Eq. 4-9. The objective function in this optimization is the GapGP*. 

The variables are the CM, CH, and LHP. The limits of these variables are expressed by 

constraints (CM and CH) and the positioning algorithm (CHP). 
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4.5  CONCLUSION 

This chapter showed how the MMP can be measured by the way of a virtual gauge 

(tolerance analysis). The different types of virtual gauge with or without DOF and internal 

mobility are reviewed. The mathematical expression of GapGP and especially the way that 

the best position of the virtual gauge is defined, are improved relative to the work of Vignat 

[Vignat F., 2005]. 

 Worst case based toleranced analysis is based on searching for the worst part by using 

Eq. 4-9 which is a multi-layer optimization problem. This equation is not easy to solve and 

needs a multi-layer solution technique. In the next chapter the developed multi-layer solution 

technique will be explored. [Kamali Nejad M. et al, 2009b] 
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5 WORST CASE BASED TOLERANCE 
ANALYSIS (WCTA) USING OPTIMIZATION 
ALGORITHMS  

This chapter presents firstly the reformulation of the worst case search problem and 

secondly proposes a comprehensive multi-layer optimization solution technique for solving 

the worst case search problem. At the end, the principal aspects of two optimization 

algorithms (Sequential quadratic method SQP and genetic algorithm GA) for finding the 

worst case will be explored.  

5.1 REFORMULATION  

Eq. 4-9 is a multi-layer constrained optimization problem. It checks whether a process 

plan is able to satisfy functional tolerance requirements. In order to provide a clearer 

mathematical representation of Eq. 4-9, a new formulation for worst case identification shall 

be put forward in this section. Secondly, a technique for solving the worst case search issue 

shall be discussed.  

To simplify the technique adopted, the problem is broken down into two sub problems, 

(Eqs. 5-3 and 5-2) and variable substitution is applied, Eq. 5-1.  

f: functions expressing the GapGPk (k =1,2,…) equations  
g: positioning functions for MWP/fixture assemblies 
h: positioning functions for Gauge/MMP assemblies  
m: number of elementary MWP/fixture assemblies connection  (5-1) 
n: number of elementary Gauge/MMP assemblies connection  

{ }DOFf LHPLHPDHDMx ,,,=  

sLHPy =  
{ }DOFf LGPLGPz ,=  

sLGPw =   Where: 

 LHPDOF, LHPs and LHPf represent respectively the degrees of freedom, the slipping 

link parameters and the floating link parameters for the case of a MWP/fixture 

assembly.  
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 LGPDOF, LGPs and LGPf represent respectively the degrees of freedom, the slipping 

link parameters and the floating link parameters for the case of a Gauge/MMP 

assembly.  

The sub problems are expressed as: 

Sub I:  
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Sub II:  
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The task in Sub І is to find the worst possible part produced in a multi-stage machining 

process in relation to the tolerance being analyzed. The task in Sub II is to perform a virtual 

measurement of one individual part. In Sub II, the value of ),( yxF  is calculated and supplied 

to Sub І. The overall structure of the solution procedure is shown in Figure 5–1. The details 

regarding each sub problem will be provided in the corresponding sections. As shown in 

Figure 5–1, the solution consists of two loops: an inner loop and an outer loop. The inner loop 

corresponds to Sub II (virtual measurement of one individual part) while the outer loop 

represents Sub І (worst case search).  

To be able to solve the positioning algorithms (CHP and CGP), each sub problem is 

broken down into different layers. Each sub problem and the layers concerned will be 

explained in detail. 
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Set initial values for DM,DH, LHPf & LHPDOF for MWP/Fixture assembly
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Figure 5–1: solution for worst case identification 

5.2 SUB II (VIRTUAL MEASUREMENT OF ONE PART) 

Sub II consists in measuring a part (MMP with certain values of defects or in other hand 

one instance of produced parts) produced in order to check its compliance with the functional 

tolerance. To do this, the gauge modeling the tolerance is first created and assembled with the 

given MMP (MMP with certain values for defects or one instance of the set of produced 

parts) as described in Chapter 4. The assembly process consists in making different 

hierarchical elementary connections. First of all, the slipping links parameters (LGPs) are 

calculated.  

Once the assembly is ready, a signed distance (GapGPk) between the virtual gauge 

tolerance zone and the related MMP surface is calculated at the adequate number of 

verification points. The critical point, i.e. the smallest distance, is chosen (GapGPmin). The 

number of verification points depends on the surface boundary geometry. In the case of a 
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convex polygonal surface boundary, the vertices are the verification points. In the case of a 

non polygonal surface boundary, the boundary has to be discretized in order to find the 

verification points.  

The next step consists in finding a position of the virtual gauge (as described in section 

4.3) where the GapGPmin reaches its maximum value, taking advantage of the possible DOF 

or floating link parameters (LGPDOf or LGPf) of the Gauge/MMP assembly. 

Solving sub II in its general form is not easy. A hierarchical solution needs to be 

developed. To do this, the iterative algorithm illustrated in Figure 5–1 can be used. It consists 

of the following steps:  

Step 1: Calculate the slipping link parameters (LGPs). (With the assumption that the 

slipping link parameters are not dependent on the floating link parameters) 

We treat the Gauge/MMP assembly (as well as the case of MWP/Fixture assembly) on 

the basis of elementary connections hierarchy. Due to the interpretations from the tolerance 

standard (ISO or ASME) for creating a virtual gauge, it is impossible to have a floating 

elementary connection before a slipping one. For example, in the example of “bolt” in Figure 

4–2 (case 2) with maximum material condition, it is impossible to consider the floating 

cylinder-cylinder connection as the primary connection.  

Step 2: Set the initial value for Gauge/MMP floating and DOF link parameters (LGPf 

and LGPDOF) 

Step 3: Calculate GapGPmin 

Step 4: If stopping rules are not reached, update the floating and DOF link parameter 

values according to the search algorithm (i.e. GA or SQP) and go back to step 3 

With this algorithm, the output will be a signed scalar that demonstrates whether 

compliance with the functional tolerance of the part being measured has been achieved or not. 

A positive or null value represents the achievement of compliance with the functional 

tolerance and a negative value means that the part does not comply with the functional 

tolerance.  
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5.2.1 Example  

For illustration purposes, the virtual measuring process is applied to the “bolt” example 

defined in Figure 4–2 (case 1) and Figure 5–2. In order to check the localization functional 

tolerance without maximum material condition, a virtual gauge is created.  

The Gauge and MMP assembly procedure consists in making two elementary 

connections according to ISO standard. The primary link connects plane G3 of the Gauge and 

plane 3 of the MMP. The secondary link is formed of a connection between cylinder G4 and 

cylinder 4. The primary link is a slipping link. The positioning function related to this link is 

the displacement of plane G3 in its normal direction. This can be expressed as the opposite 

(negative sign) of the following Gauge/MMP link parameter: -ltz3G1
2. The non-penetration 

conditions are verified at four boundary points. See Table 5-1.  

 

Figure 5–2: “Bolt” example, Virtual gauge and verification points  

The secondary link is also a slipping link. The positioning function related to this link 

can be expressed as the diameter of cylinder G4: RN4G1. In other words, cylinder G4 will 

expand until it reaches cylinder 4 (according to ISO). The non-penetration conditions are 

checked in the boundary circles (up and down) of the potential contact area. The driving link 

parameters, positioning functions and non-penetration conditions for this assembly are listed 

in Table 5-1. The values of the driving link parameters are calculated by applying an 

optimization algorithm for each elementary connection.  

                                                 
2 ltz3G1 corresponds to surface number 3 of the gauge number 1 
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One DOF remains for the gauge in this assembly (rotation around Z axis: Ulrz4G1). 

According to ISO standards, this rotation is used to establish the best position for the virtual 

gauge. In other words, in order to center the toleranced surfaces inside the tolerance zone, in 

the best possible manner, the optimum LGPDOF value has to be found. In this position, 

GapGPmin is at its maximum value. 

The GapGP must be calculated for each of the three planes measured at 4 verification 

points. The contours of these planes are modified to this aim. The red point in Figure 5–2 is 

the middle point of the arc of the machined plane. Because of the geometry of the machined 

plane, this point is very important to verify. This point is replaced by two black points in 

Figure 5–2 for simplifying the GapGP equations. This means that there will be twelve 

verification points (3 planes × 4 verification points by each plane), resulting in twelve GapGP 

equations.  

The output of Sub II for this example will be scalar),( =yxF  which denotes the value 

of GapGPmin for the measured part represented by the x and y vectors. 

)lryUrz- tz-txry-ryrxltxlry (- tGapGp sGssGG 2314524523514131 525255255
2

×+×+××+×++×+=

)lry-Urz-tz-txryry-rx ltxlry - (tGapGp sGssGG 2314524523514137 402120402140
2

××+×+××++×=

…
…

 (5-4) 

5.2.2 Summary of sub II 

To summarize, the input of Sub II is a manufactured part with deviations. This part 

denotes an instance of the set of parts produced represented by an instance of the MMP 

parameters. The part is input into Sub II as the x and y vectors that contain the deviations 

(DM, DH, and LHP). In Sub II, a virtual gauge is created and assembled with the MMP input. 

Through the assembling process, the slipping link parameter values are first calculated using 

the positioning algorithm (CGP). If there are still some DOF or floating link parameters, an 

optimization algorithm determines their values, which correspond to the most favorable 
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position of the virtual gauge relative to the MMP. Consequently, the maximum value of 

GapGPmin is calculated. The output of Sub II is therefore a scalar. If this scalar is positive or 

null, the part is compliant and, if not, the value of the tolerance violation is obtained. If the 

functional tolerance is violated, this algorithm can be used to identify the extent of the 

violation together with its root cause. 

Tolerance analysis 

MMP Gauge 1 
Surface Surface defects Constraints Surface Surface defects Constraints  
Plane 3 rxP,P3,  ry P,P3,  tz P,P3 cf.3 Plane G4 - - 

Cylinder 4 rxP,P4,  ryP,P4  
txP,P4,  tyP,P4 

cf. Cylinder G4 - - 
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Table 5-1:”Bolt” example, Gauge/MMP assembly  

This process permits to verify both dimensional and geometrical tolerance. As we do 

not consider the form deviation in our simulation method, form tolerances cannot be verified. 

See Table 5-2. 

 

 

 

 

                                                 
3 cf. correspond to the chosen quality constraint over the surface defects parameters. See 5.3.2 
4 RN= Nominal radius, r= radius deviation , H= contact length  
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Tolerance 
type 

Material 
condition 

Complete 
assembly5 

Incomplete 
assembly 

Without  max 
material 

condition   
Figure 4–1, Case 2 Orientation  

 
With  max 
material 

condition   

Without  max 
material 

condition 

 
Figure 4–1, Case 3 

Figure 7–7 
 

Figure 4–2, Case 1 
Localization 

 
With  max 
material 

condition   
Figure 4–2, Case 2 

Table 5-2: Different type of tolerance that can be handled by the proposed solution technique  

5.3 SUB І (VIRTUAL MANUFACTURING) 

The task in Sub І is to find the worst possible part, in terms of tolerance, that a multi-

stage machining process might produce. If the worst part in a series of manufactured parts 

complies with the functional tolerance, it is logical to conclude that all of the manufactured 

parts will comply. The measuring procedure for one manufactured part has already been 

described.  

Sub І concerns the manufacturing process and hence deals with machining deviations 

(DM), fixture surface deviations (DH) and link parameters between MWP and the fixture 

(LHP). These are the target variables of the optimization task in Sub I. The target function in 

Sub I is the output value of Sub II. 

There are different layers in Sub І and different constraints. The following paragraphs 

discuss firstly about the different possible layouts handled by CHP positioning algorithm and 

secondly about the algorithm used to identify the worst case and the strategies adopted to 

express the machining and fixtures constraints.  

                                                 
5 Complete assembly refers to a virtual gauge without a DOF or with some limited DOF because of the material 
condition. 
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5.3.1 The fixture layouts handled by the CHP positioning 

algorithm 

The CHP positioning algorithm is able to consider the common fixture layouts in 

turning and milling. The elementary connections which are presented in Table 3-2 can be used 

to this aim. These common elementary connections are extended in Table 5-3. 

Elementary connection Coordinate system Blocking 
DOF 

Punctual 

 

1 

Straight 
Linear 

orientation  
Ring shape O YX

Z

 

2 

Plane-Plane 

 

3 

Jaws  5 
Location  2 

Short alignment 2 
Cylinder-
Cylinder 

Long alignment  4 

Table 5-3: Elementary connection, local coordinate system (LLCS) and blocking DOF  

In a turning or milling operation, one or a set of elementary connection will be used to 

put the part (MWP) in the fixture. As mentioned in [Paris H., 1992, Paris H. et al, 2005, Zirmi 

S. et al, 2007], the common positioning layout are as follows:  

 Lay out 3-2-1c, this layout consists in: one plane-plane, one straight linear 

orientation and one punctual elementary connections  

Different combination of the above mentioned elements are possible: Figure 5–3 

 1 × Plane-Plane + 3 × Punctual  

 6 × Punctual  
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Case (1) Case (2) Case (3)

Case (4) Case (5) Case (6)  

Figure 5–3: Positioning layout 3-2-1c 

 Lay out 3-2-1r, this layout consists in: one plane-plane, one ring-shape linear 

orientation and one punctual elementary connection. Figure 5–4. 
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Case (1) Case (2) Case (3)  

Figure 5–4: Positioning lay out 3-2-1r 

 Lay out 4-1-1, this lay out consists in: one alignment (cylindrical) and two punctual 

elementary connections. Figure 5–5. 
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Case (1) Case (2)  

Figure 5–5: Positioning lay out 4-1-1 

With this short introduction of fixture layouts in turning and milling, it can be found 

that CHP positioning algorithm nearly covers 95% of common layouts. CHP can solve the 

over-constraint assemblies with the plane/plane or cylinder/cylinder elementary connections 

where the contact points between two surfaces are specified. This is one of the key point of 

this positioning algorithm. In the case of a sophisticated fixture layout, some simplifications 

should be applied in order to apply the CHP positioning algorithm.  

5.3.2 Quality constraints  

The machined surface deviation torsor parameters, known as machining deviation 

parameters (DM), are limited by constraints (CM) stemming from the machine tool’s 

capabilities. The parameters of the fixture surface deviation torsor (DH) are also limited by 

constraints (CH) arising from the fixture quality. These constraints limit either one or a set of 

parameters. There are 3 main strategies for defining these constraints. 

5.3.2.1 Using the Measurement Results (dependent parameters) 

In this strategy, a sufficient number of parts have to be produced and measured. The 

manufacturing conditions (temperature, machine tool, etc.) should be the same as for the 

simulation. The machined surface or positioning surface deviation ranges are obtained from 

the measurement data. Readers can refer to [Tichadou S. et al, 2007] for more details about 

how the measurements are performed. In this strategy, the measurement results will be 

modeled, assuming that the deviation parameters are not independent. Based on the 

measurement results obtained, the co-relation between the parameters is then sought (See 
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Figure 5–6). This strategy is very close to reality, but it is complicated to express the co-

relation between the parameters. 

rx ×10-4 (rad)

ry ×10-4 (rad)

 

Figure 5–6: Co-relation between deviations parameters (rx, ry) 

With this strategy, the constraints obtained for the deviation parameters can be 

expressed as Eq. 5-5 for the example of Figure 5–6. 

dryrxcrybrxa ≤⋅⋅+⋅+⋅ 22  (5-5) 

5.3.2.2 Using the Measurement Results (independent parameters) 

As explained for the previous strategy, the parameter deviation ranges are obtained by 

measurements. As opposed to the previous strategy, the parameters here are assumed to be 

independent variables (for the purposes of simplification) with a distribution (that varies for 

the case of a normal distribution in the interval defined by [-3σ   +3σ]). With this strategy, the 

constraints obtained will be as in Eq. 5-6 in the case of a plane SDT. The deviation variation 

range obtained is close to reality but considering independent parameters implies that these 

can simultaneously attain their extreme limits. This is highly improbable in reality.  

tztztz

ryryry

rxrxrxrxrxrx

≤≤

≤≤

≤≤ lyrespective  of boundsupper  andlower   theare  and  re       Whe

 (5-6) 

5.3.2.3 Considering a variation Zone with dependent parameters 

In this strategy, a standard (complying with ISO or ASME standard) variation zone is 

used to represent the deviation range of a surface or its feature (axis, center, etc.). Desrochers 
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proposes a 3-D representation of the variation zones [Desrochers A. et al, 1997]. A variation 

zone can be used in its generic form to present the potential variations along and about all the 

three Cartesian axes. The proposed representation comprises all standard variation zones, 

along with their corresponding SDT representation and geometrical constraints. The SDT 

parameter variations must be bound by the limits of the 3-D variation zones they represent. 

These boundary areas are hyper-surfaces of the space spanned by the six small displacement 

variables (rx, ry, rz, tx, ty, tz). Illustrated below is the case of a planar variation zone showing 

how such constraints can be handled. In Figure 5–7, the variation zone is defined as the 

volume ranging between two parallel planes with a distance e  between them. The ideal 

associated plane (shaded in Figure 5–7) must therefore lie inside this zone. The boundary 

points will be used to ensure that the associated surface remains within the variation zone. If 

four boundary points (A, B, C and D) are used on the associated plane with reference point O 

at the barycenter, it is possible to express their distances to the limiting planes, yielding to the 

linear set of inequalities in Eq. 5-7 , where a, b and e  are known. 

e

Y

X

Z
tz

rx
ry

A B

CD

2b

2a

e

Y

X

Z
tz

rx
ry Y

X

Z
tz

rx
ry

X

Z
tz

rx
ry

A B

CD

2b

2a  

Figure 5–7: Planar variation zone 
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 (5-7) 

In some works [Desrochers A., 2007, Desrochers A. et al, 2003a, Ghie W. et al, 2003] 

the standard variation zone described just before is used, but the variation range of each 

parameter is calculated when the others are set to zero (in other word, they are considered as 

the independent parameters). For example, if the SDT parameters of the plane illustrated in 

Figure 5–7 are considered as independent parameters, they can reach their maximum values 
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simultaneously. The associated surface therefore exceeds the variation zone. Because of this 

reason we do not use this type of constraint in our study. The constraints obtained with this 

strategy for plane SDT parameters variation limit can be expressed as Eq. 5-8.  

22
etze
b
ery

b
e

a
erx

a
e

≤≤
−

≤≤
−

≤≤
−

 (5-8) 

5.3.3 Solution strategy  

The search for the worst case in Sub І uses an iterative optimization algorithm. The 

algorithm illustrated in Figure 5–1 is applied to this end. The algorithm consists of the 

following steps:  

Step 1: Set the initial value for DM, DH, floating and DOF link parameters (LHPf and 

LHPDOF)  

Step 2: Calculate the MWP/Fixture slipping link parameters (LHPs) (with the 

assumption that the slipping link parameters are not dependent on the floating link parameters 

from previous setups)  

Step 3: Calculate the GapGPmin with Sub II 

Step 4: If the stopping rules are not reached, update DM, DH, LHPf and LHPDOF 

parameter values according to the search algorithm (i.e. SQP or GA) and go back to step 2 

Based on the constraints associated with DM and DH, the proper optimization algorithm 

should be applied to step 4. Each Sub І iteration follows with many iterations in Sub II and its 

layers. If the gradient optimization method is used for step 4 in Sub І, the initial guess plays a 

very important role. If the wrong guess is chosen, there is a high risk of reaching a local 

minimum (instead of a global minimum).  

Stochastic methods such as genetic algorithms can be applied to step 4 as well. The 

advantage of this kind of algorithm is that, by creating a big enough population, the 

probability of finding the global minimum point is higher. The drawback is the time needed to 

run such an algorithm. 
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5.4 OPTIMIZATION TECHNIQUES  

This section discusses current global optimization algorithms. A specific optimization 

algorithm was not developed as part of this research work since the aim was to adopt current 

algorithms to solve the worst case search problem. 

5.4.1 Sequential quadratic programming (SQP) 

This method concerns the following problem: 

iii uxlxC
xf

≤≤ ≤ , 0)( :Subject to
)(min

 (5-9) 

Where ℜ→ℜnf :  is a nonlinear function, mnc ℜ→ℜ:  represents a set of nonlinear 

constraints and it is assumed that ∞≤≤≤∞− ii ul , for i = 1,…, n. Algorithms based on the 

sequential quadratic programming (SQP) approach are some of the most effective methods for 

solving the problem illustrated in Eq. 5-9. Some interesting algorithms belonging to this class 

are given in [Byrd R. H. et al, 2000, Byrd R. H. et al, 1999, Gomes F. A. M. et al, 1999, 

Plantenga T., 1998]. A complete coverage of such methods can be found in [Nocedal J. et al, 

1999]. 

Since SQP algorithms do not require iterations to be feasible, they have to take two 

conflicting objectives into account for each iteration: reducing infeasibility and reducing 

function f . Both objectives must be considered when deciding if the new iterate is to be 

accepted or rejected. To help with this choice, most algorithms combine optimality and 

feasibility into one single merit function. Filter methods, on the other hand, usually require 

only one of these two goals to be satisfied, avoiding the need to define their weighted sum. 

Both approaches have advantages and drawbacks. The Matlab [2007]optimization tool box 

was used in this research work. The tool box provides a mixture of these different approaches 

with the aim of attenuating their drawbacks and capitalizing on their best features. 

In constrained optimization, the general aim is to transform the problem into an easier 

sub problem that can then be solved and used as the basis of an iterative process. A 

characteristic of a large class of early methods is the translation of the constrained problem to 

a basic unconstrained problem by using a penalty function for constraints that are near or 
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beyond the constraint boundary. In this way the constrained problem is solved using a 

sequence of parameterized unconstrained optimizations, which in the limit (of the sequence) 

converge to the constrained problem. These methods are now considered relatively inefficient 

and have been replaced by methods that have focused on the solution of the Kuhn-Tucker 

(KT) equations. The KT equations are necessary conditions for optimality of a constrained 

optimization problem. If the problem is a so-called convex programming problem, which 

means )(xf  and mixCi ,...,1),( =  are convex functions, then the KT equations are both 

necessary and sufficient condition for a global solution point. For more details refer to Annex. 

5.4.2 Genetic Algorithms  

In the genetic algorithm, an initial population is created. It is possible to summarize this 

method as follows: 

1- The algorithm begins by creating a random initial population.  

2- The algorithm then creates a sequence of new populations, or generations. At each 

step, the algorithm uses the individuals in the current generation to create the next 

generation. To create the new generation, the algorithm performs the following steps:  

 Scores each member of the current population by computing its fitness value.  

 Scales the raw fitness scores to convert them into a more usable range of values.  

 Selects parents based on their fitness. 

  Produces children from the parents.  

 Children are produced either by making random changes to a single parent 

(mutation) or by combining the vector entries of a pair of parents (crossover).  

 Replaces the current population with the children to form the next generation. 

3- The algorithm stops when one of the stopping criteria is met.  

The Matlab GA tool box was used for optimization based on the GA method in this 

work. The GA uses the mutation and crossover functions to produce new individuals with 

each generation. The GA satisfies the linear and boundary constraints using mutation and 

crossover functions that only generate feasible points. The genetic algorithm uses the 

Augmented Lagrangian Genetic Algorithm (ALGA) to solve nonlinear constraint problems 

[Conn A. R. et al, 1991, Lewis R. M. et al, 2002]. 
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The optimization problem solved by the ALGA algorithm is: 

UBLB ≤≤

=
≤

+==
=≤

x

bxA
bAx

mtmixC
mixC

xf

eqeq
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i

x

...1,0)(
...1,0)(

 :Subject to          

)(min

 (5-10) 

Where C(x) represents the nonlinear inequality and equality constraints, m is the number of nonlinear inequality 
constraints, and mt is the total number of nonlinear constraints. 

 

The Augmented Lagrangian Genetic Algorithm (ALGA) [Conn A. R. et al, 1991, Lewis 

R. M. et al, 2002] attempts to solve a nonlinear optimization problem with nonlinear 

constraints, linear constraints, and bounds. In this approach, bounds and linear constraints are 

handled separately from nonlinear constraints. A sub problem is formulated by combining the 

fitness function and nonlinear constraint function using the Lagrangian and the penalty 

parameters. A sequence of such optimization problems are approximately minimized using 

the genetic algorithm such that the linear constraints and bounds are satisfied.  

A sub problem formulation is defined as:  

 (5-11) 

Where the components iλ of the vector λ  are nonnegative and are known as Lagrange 

multiplier estimates. The elements is of the vector s  are nonnegative shifts and ρ  is the 

positive penalty parameter. The algorithm begins by using an initial value for the penalty 

parameter. 

The genetic algorithm minimizes a sequence of the sub problem, which is an 

approximation of the original problem. When the sub problem is minimized to a required 

accuracy and satisfies feasibility conditions, the Lagrangian estimates are updated. Otherwise, 

the penalty parameter is increased by a penalty factor. This results in a new sub problem 
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formulation and minimization problem. These steps are repeated until the stopping criteria are 

met. 

5.5 CONCLUSION  

In this chapter the worst case search problem is reformulated and is expressed with a 

comprehensive mathematical expression. For the purpose of developing a multi-layer 

optimization technique, the worst case search is broken down into two sub problems.  

Furthermore three main strategies for defining the variation scope of surface defects 

parameters are proposed. Finally two current optimization techniques (SQP and GA) for 

solving each of the sub problems are introduced.  

In chapter 7, the performance of these two optimization techniques for solving the worst 

case search problem when dealing with different quality constraints will be explored.  

In the next chapter, another worst case search method for the purpose of tolerance 

analysis using the MMP will be explained.  
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6 WORST CASE BASED TOLERANCE 
ANALYSIS (WCTA) USING INTERVAL 
METHOD  

The multi-layer optimization algorithm presented in chapter 5 needs long calculation 

that takes a lot of time. To overcome this problem, this chapter will present a combined 

approach (called interval method) built on two existing models for tolerance analysis: the 

MMP and the Jacobian-Torsor model. It should be pointed out that the notation of the MMP 

and the Jacobian-Torsor model has been homogenized in this section for better understanding. 

6.1 MATRIX REPRESENTATION OF GapGPk  

As it is described in the previous chapter each GapGPk is expressed as a function of the 

MMP parameters (DM, DH, LHP), and Gauge/MMP link parameters (LGP).  

3,PPT

3

2

1
3

2

1

Design drawing Setup 1: Raw 
part preparation

Setup 2: Milling 
of Plane 3

MMP

Z

YGCS

Z
Y

LCS 3

 

Figure 6–1: Manufacturing simulation, the MMP (nominal part in blue and actual part in 

red) 

In this section we use the measurable distance “DisGPk” (See section 4.2) to be 

consistent with the Jacobian-Torsor approach. In the case of a planar tolerance zone, DisGPk 

is a signed distance measured between the median plane of the virtual gauge tolerance zone 

and the MMP surface concerned. This distance is measured at the verification points along the 

boundary of the toleranced surface (Figure 6–2). These points are the vertices of the convex 

contour of the surface. In the case of a continuous contour, an appropriate discretization has to 

be performed.  
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Figure 6–2: Virtual gauge, MMP and DisGP 

Each DisGPk is expressed as a function of the MMP parameters (DM, DH, LHP), and 

Gauge/MMP link parameters (LGP). For the example given in Figure 6–1, the DisGP1 

equation is expressed by Eq. 6-1. 

DisGP1 =  21.21 (-lrx1G1+ lrx1S2)+0.7 (ltz1R1- ltz1S2- ltz2R1+ ltz2S2)+
21.21 rx1S2-14.14 rx3- 0.7( tz1S2-0.7 tz2S2)+ tz3  (6-1) 

Eq. 6-1 shows the influence of each parameter on the measured DisGPk. It is important 

to note that certain parameters are hidden by the link parameters because the value of these 

link parameters depends on other parameters. Using DisGPk equations it is thus possible to 

write a coefficient matrix for each active surface (machined or positioning surfaces) as well as 

for the links. In the current example, the coefficient matrix for the machined surface 3 is given 

in Eq. 6-2. The first line of this matrix expresses the geometrical relation between surface 3 

and the DisGP1 measured. The second line concerns DisGP2. 
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It is possible to calculate GapGPk from DisGPk in each verification point (See section 

4.2). For the case of a planar tolerance zone GapGPk can be obtained from DisGPk value 

according to Eq. 6-3  

kk

kk

DisGPtGapGP

DisGPtGapGP

+=

−=

+′

′

2

2

1

  (For k=1 to number of verification point)  (6-3) 

6.2 THE JACOBIAN-TORSOR MODEL 

Ghie et al [Ghie W. et al, 2007] propose a unified Jacobian-torsor model for computer-

aided tolerancing to perform tolerance analysis and tolerance synthesis in either deterministic 

or statistical situations [Desrochers A. et al, 2003b, Laperriére L. et al, 2002]. This model 

combines the benefits of both the Jacobian [Laperriére L. et al, 1999] and the torsor 

approaches developed for tolerancing. The proposed unified model is formulated using 

interval-based arithmetic. This model can be represented as: 

[FR]= [J] [FEs] (6-4) 

Where: 
[FR]    : Functional requirements ( gap, clearance) 
[FEs]   : Functional Element uncertainties (tolerance, contacts, etc.) 
[J]        : Jacobian matrix expressing a geometrical relation between [FR] and [FEs]. 
 

The methodology associated with tolerance analysis comprises four basic steps. The 

first step identifies the kinematic tolerance chain, which passes through each functional 

element known to affect the functional requirement under study. Functional elements (FE) can 

be points, curves or surfaces belonging to a part in the assembly, or kinematic contacts 

between two surfaces belonging to two different parts between which there is physical or 

potential contact. The second step associates torsors (or screw parameters) with each 

functional element in the kinematic chain. These torsors express the degree of freedom and 

the small displacements (deviations) that the elements are allowed to have in relation to the 

bounds. The third step uses Jacobian matrices to reflect the relative position and orientation of 

the various FEs within the chosen kinematic chain. Finally, the fourth step combines the 

torsor model with the Jacobian model to form a matrix equation whose solution, using interval 

algebra, provides the bounds of the functional requirements (FR) being analyzed.  
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 Interval analysis was introduced in R.E Moore’s book “interval analysis” in 1966 as a 

tool for automatically controlling the errors in a computed result. Such errors may be input 

errors, rounding errors occurring during computation, and truncation errors from using a 

numerical approximation to the mathematical problem. Nowadays, interval arithmetic is used 

in the theory of graphs, robotics and the theory of control. In this work, interval arithmetic 

will be used to associate bounds on the components of small displacement torsors. It is used to 

determine two terminal limits: a lower limit and an upper limit between which the actual 

surfaces must lie. The advantage of the interval method lies in the fact that all the results are 

guaranteed and given in the form of a closed interval taking into account possible numerical 

errors. A real interval A is a bounded, closed subset of the real numbers defined as: 

[ ] { }aaaaaaA ≤≤ℜ∈== /    Where   ℜ∈aa,  and aa ≤  (6-5) 

Consider [ ]aaA =  and [ ]bbB = . It is possible to define four basic operators as: 

[ ]babaBA ++=+  
[ ]babaBA −−=−  
[ ]),,,max(),,,min( babababababababaBA =∗  

⎥
⎦

⎤
⎢
⎣

⎡
∗=

bb
A

B
A 11  

An interval vector is defined as a vector with interval components and the space of all n 

dimensional interval vectors is denoted byℜ . Similarly, an interval matrix is a matrix with 

interval components and the space of all m × n matrices is denoted by nm×ℜ . A point matrix 

or point vector has components whose radius is zero, otherwise it is said to be a thick matrix 

or thick vector. Interval arithmetic is also applied to matrix operations (multiplication, 

subtraction, etc.) such that the above rules are followed. [Hansen E. et al, 2004] 

Eq. 6-4 can be expressed using an SDT with intervals where ),,,,,( tztytxrzryrx  and 

),,,,,( tztytxrzryrx signify the lower and upper limits of the small displacements rx, ry, rz, tx, 

ty and tz accordingly.  
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  (6-6) 

6.3 INTERVAL METHOD FOR TOLERANCE ANALYSIS 

This section presents a new formulation for error stack-up mechanism in a multi-stage 

machining operation and worst-case based functional tolerance analysis. This formulation 

combines the MMP and the Jacobian-Torsor model. The functional elements will first be 

introduced and then the formulation presented. 

6.3.1 The functional elements(FE) of the interval method  

Basically, three types of uncertainties are considered as functional element (FE) 

deviations: machined surface deviations, fixture surface deviations and links. In other words, 

each active surface involved in the machining operation and the links are the functional 

elements. The possible deviations of the functional elements are expressed by small 

displacement torsors with intervals. All the functional element torsor parameters are the 

combined approach parameters. According to the type of functional element and its geometry, 

some of the small displacement torsor parameters may be null. 

6.3.1.1 Surface deviation representation using an SDT with intervals 

The SDT parameter range can be represented by intervals. As outlined before, this SDT 

with interval will be used for representing the fixture surface deviation, datum surface 

deviation and machined surface deviation. Eq. 6-7 shows the SDT with intervals for the ith 
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functional element. It should be underlined that all components of [ ]iFE  are assumed as 

independent variables. 
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 (6-7) 

6.3.1.2 Link representation using an SDT with intervals 

The range of variation of the driving link parameters can be expressed using intervals. 

To obtain the variation interval of the driving link parameters, it is necessary to identify the 

different possible contacts for a link. For that we used the method described in 3.3.2. This 

expresses the variation interval of the driving link parameters using an optimization problem. 

If the driving link parameters are considered as independent variables, their extreme bounds 

can be defined as shown in Eq. 6-8  

Case of MWP/Fixture: 

 
)(

,,

,,
∗=∗ l

CHPCMCH

LHPDMDH
Maxl

, 

 
)(

,,

,,
∗=∗ lMinl

CHPCMCH

LHPDMDH  (6-8) 

Where ∗l is the link parameter considered and { }kSjkSjkSjkSjkSjkSj tztytxrzryrx ,,,,,∈∗  

k = surface number and j = setup number  
 

Case of Gauge/MMP: 

 
)(

,

,
∗=∗ lMaxl

CGPCM

LGPDM , 

 
)(

,

,
∗=∗ lMinl

CGPCM

LGPDM  (6-9) 

Where ∗l  is the link parameter considered and  { }kGjkGjkGjkGjkGjkGj tztytxrzryrx ,,,,,∈∗  

k = surface number and j = gauge number  
 

The driving link lower limit and upper limit values obtained will then be replaced in the 

link torsor as shown in Eq. 6-10. 
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6 (6-10) 

As previously outlined, according to the type of connection (floating or slipping), the 

link parameter values (LHP) are determined by a specific algorithm (CHP) that takes into 

account the constraints and, in certain cases, a positioning function.  

 This method for obtaining the link parameter variation intervals can be applied to the 

case of the MWP/Fixture or Gauge/MMP. To illustrate this, two examples (2D and 3D) of the 

MWP/Fixture assembly are given. 

6.3.1.3 Example 

In the example in Figure 6–1, the MWP/Fixture assembly procedure involves two 

elementary connections: a primary and a secondary link. In the primary link, surface 1 of the 

MWP and surface 1S2 of the fixture are connected. This link is a slipping link, meaning that 

the positioning algorithm consists in maximizing the positioning function under non-

penetration conditions. The non-penetration conditions are checked at two boundary points. 

See Table 6-1. 

The secondary link is formed of the connection between surface 2 and surface 2S2. 

Given that two degrees of freedom have already been blocked by the primary link, there will 

be one driving link parameter for this secondary link. As previously underlined, an automatic 

algorithm has been developed to find the driving link parameters. See Table 6-1 

The variation intervals of these link parameters (that are obtained by Eq. 6-8) are 

indicated in Table 6-1. These values are obtained considering the surface defects indicated in 

the last row of this table for the fixture and datum surface deviations. The nominal connection 

happens when all the related surfaces are perfect (without any deviations). The worst 

connection happens when all the related surfaces have maximum deviations.  

                                                 
6 The indices are eliminated for simplification. 
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Setup 2 
Fixture MWP 

Surface 
Surface defects 

 (DH) 
Constraints (CH) Surface 

Surface defects 
 (DM) 

Constraints 
(CM) 

Plane 1S2 rx1S2, tz1S2 cf. last row Plane1 rx1, tz1 cf. last row 
Plane 2S2 rx2S2, tz2S2 cf. last row Plane2 rx2, tz2 cf. last row 
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Table 6-1: MWP/Fixture Assembly based on the example in Figure 6–1 

The MWP/Fixture assembly illustrated in Figure 6–3 will be used in a 4-axis milling 

machine for machining planes 5, 6 and 7. The positioning procedure involves making two 

elementary connections. The primary link is formed of a connection between plane 3 of MWP 

and 3S2 of the fixture. In the secondary link, cylinder 4 and cylinder 4S2 will be used for a 

short alignment of MWP. The primary link is a slipping link and the secondary link is a 

floating link. Any type of adjustment can be considered for the secondary link (e.g. H7/g6 

referring to ISO standard for hole and shaft assembly). The link parameters and non-

penetration condition for this assembly are given in Table 6-2. One degree of freedom (DOF) 

remains for the MWP in this assembly (rotation around the Z axis). The variation interval of 

the link parameters when considering an H7g6 adjustment for the secondary link is given in 
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Table 6-2. The fixture and datum surface deviations considered for this example are indicated 

in the last row of this table. 

3S23S2

4S2

33
55

66

44

77GCS

 

Figure 6–3: MWP/Fixture assembly with a floating link, “Bolt” example 

6.4 TOLERANCE ANALYSIS  

The new method for manufactured part tolerance analysis developed in this chapter is 

based on a modified version of the Jacobian-Torsor model, which is then combined with the 

MMP. The manufacturing simulation method used in this combined approach is the MMP 

method as described in chapter 3. Focusing on a specific process plan, the MMP collects the 

errors propagated in successive machining operations. For measuring the MMP, a virtual 

gauge is created using the functional tolerance (based on ISO or ASME standards). This is 

then assembled with the MMP. The accumulated defects on the final manufactured part can 

be modeled by the signed distance between the virtual gauge and the MMP (DisGPk) and 

calculated according to Eq. 6-11. 

[DisGP]= [A] [FEs] (6-11) 

Where: 
[DisGP]    : signed distance between virtual gauge and MMP 
[FEs]         : Functional Element SDT or link torsor    
[A]             : Coefficient matrix expressing a geometrical relation between [DisGP] and [FEs] 

The idea consists in considering the worst possible case for each functional element and 

studying the error stack-up on the final manufactured part. The contribution of each functional 

element will be established using the (Ai) coefficient matrix. Machined surface and fixture 

surface (FE) uncertainties are expressed using the SDT with intervals. Each torsor component 
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will be considered independently of the others. The links will be expressed using the link 

torsor with intervals. Eq. 6-11 can be extended by replacing the functional element torsors.  
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Table 6-2: Assembly procedure for the “Bolt” example in Figure 6–3 

 

                                                 
7 RN= Nominal radius, r= radius deviation , H= contact length 
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 (6-12) 

Where:  
np is the number of verification points 
n is the  number of functional elements  
 

In Eq. 6-12, matrix A is obtained from the DisGPk equations described in section 6.1. 

These matrices express the contribution of FE deviation to the final manufactured part 

deviation. Concerning the FE column on the right-hand side of Eq. 6-12, the machined surface 

deviation (machining errors) and the fixture surface deviation can be obtained for the specific 

machines and fixtures. These values should be kept in a data base for use in the combined 

approach. The variation intervals of link parameters are calculated using Eq. 6-8. 

The build-up of manufacturing errors during a multi-stage machining process is verified 

using the DisGPk intervals in Eq. 6-12. This can then be used for tolerance analysis. By 

comparing the variation intervals obtained for DisGPk with a functional tolerance value (t), it 

is possible to check the compliance of the parts and process plan with respect to the functional 

tolerances. The process compliance condition for manufacturing good parts can be expressed 

as: 

⎥⎦
⎤

⎢⎣
⎡−⊆

22
ttDisGPk    For k=1 to number of verification points (np)  (6-13) 

The GapGPk’ variation intervals can be calculated from the intervals obtained for 

DisGPk. For example in the case of a planar toleranced surface, for each verification point, 

there will be two GapGP intervals according to Eq. 6-14.  
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For k=1 to number of verification points 
 
 

The process compliance condition can be expressed by using GapGP interval as 

indicated in Eq. 6-15.  

 distances  ofnumber   to1kFor           GapGPGapGPk =ℜ⊆ +  (6-15)  

6.5 VIRTUAL GAUGE BEST POSITION  

As described in section 4.3, based on the type of tolerance, datum system and material 

condition, DOF or internal mobility or limited displacement for the virtual gauge related to 

MMP sometimes remain. In section 4.3, it is described how the best position of a virtual 

gauge is found related to MMP by the way of optimization methods.  In this section, the 

method for finding the best position of virtual gauge, when using interval method for the 

purpose of tolerance analysis, is described.  

Actually, Eq. 6-11 can be decomposed as indicated in Eq. 6-16.  

[ ] [ ] [ ] [ ]4342143421
variableFixed

DOFAFEADisGP ⋅′′+⋅′=  (6-16) 

The first term on the right-hand side of Eq. 6-16 is fixed and it represents the 

contribution of all the functional element uncertainties in DisGPk values. The second term 

represents the contribution of the DOF and the limited displacements of the gauge in DisGPk 

values. By using the algorithm proposed in Figure 6–4, the optimal value of the DOF and the 

limited displacements of the gauge are calculated. In this algorithm the aim is to minimize the 

objective function which is the radius of DisGPmax interval. Optimization techniques, like 

SQP, work well to this aim. 
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Update the DOF& displacement
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Set the initial value for DOF and displacement

No

Yes

 

Figure 6–4: Proposed algorithm for finding the best position of virtual gauge  

6.6 CONCLUSION 

This chapter presented the interval method for the worst case based tolerance analysis 

using the MMP in a multi-stage machining process. This method blends the benefits of the 

Model of Manufactured Part and the Jacobian-Torsor model. This method additionally, allows 

performing the calculation very rapidly compared to the optimization methods. 

In this method, interval arithmetic is used to associate bounds on the components of the 

small displacement torsors. It is used to determine two terminal limits: a lower limit and an 

upper limit. The advantage of the interval method lies in the fact that all the results are 

guaranteed and given in the form of a closed interval taking into account possible numerical 

errors. Furthermore it is more rapid than the optimization approach. 

If a process is found to be nonconform, it is possible to find the root cause of the errors 

leading to tolerance violation. Based on Eq. 6-12, the contribution of each functional element 

is known; hence it is easy to find out which FE leads to process nonconformity, e.g. the 

fixture tools. It is possible to summarize the tolerance analysis based on this combined 

approach in four basic steps. The first step involves collecting information about machine tool 

and fixture quality. The second step involves creating the MMP, writing the MWP/Fixture 

positioning algorithm (CHP), creating the virtual gauge and its positioning algorithm (CGP), 
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and then finding the coefficient matrices. In the third step, the extreme bounds of the 

MWP/Fixture and Gauge /MMP link parameters are calculated using Eq. 6-8. Finally, the 

fourth step uses Eq. 6-12 to calculate the DisGPk variation intervals at the verification points. 

The results obtained are then compared with the functional tolerance as part of the tolerance 

analysis. 
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7 STOCHASTIC TOLERANCE ANALYSIS AND 
CASE STUDY  

In this chapter the performance of the two aforementioned worst case search methods 

(Multi layer optimization and interval approach) will be compared with each other and with a 

stochastic approach. As it is outlined in chapter 2, worst case tolerance analysis is 

exaggeratedly pessimist. The worst part might never been produced therefore, clearly, there is 

a need to take into consideration the probabilistic behavior of the manufacturing processes.  

In stochastic methods, a large number of parts are randomly (due to the manufacturing 

errors) created and then the compliance of each generated part is verified with the functional 

tolerance.  Firstly the stochastic approach for tolerance analysis using the MMP will be 

explored and secondly the three approaches will be applied to two 3D examples.  

7.1 STOCHASTIC APPROACH FOR TOLERANCE ANALYSIS 

USING THE MMP  

The stochastic method for tolerance analysis using the MMP uses Monte Carlo (MC) 

simulation. The method associated with MC consists in producing enough number of parts to 

check whether they all comply with the functional tolerance [Vignat F. et al, 2008]. The 

various parameters occurring in the analysis equation are randomly generated. The objective 

is to generate a distribution for the significant characteristics of the considered surfaces inside 

a domain limited by constraints. For example, the machined surface deviations related to 

nominal machine tool (DM) are limited by constraints (CM) stemming from the machine tool 

capabilities and fixture surface deviations (DH) are limited by constraints (CH) stemming 

from fixture precision. These constraints limit either one or a set of parameters. The parts are 

virtually produced according to the defects generation procedure. The defects generation 

procedure should be compatible with the chosen quality constraints described in 5.3.2. 

The generated parts are put forward to Sub II (see section 5.2) where each part will be 

verified in term of functional tolerance.  
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Figure 7–1: Monte Carlo simulation 

7.1.1 Defect generation procedure 

In stochastic method, worst case searching procedure (Sub I) is replaced with a MC 

simulation .See Figure 7–1. In MC simulation, virtual parts (which represent different 

instances of production time) are produced by the defects generation procedure according to 

the chosen quality constraints. In this section, the defects generation procedure is described to 

show how it is possible to handle 3 different strategies described in section 5.3.2. Depending 

on the type of chosen strategy, the defects should be generated with a compatible defect 

generation method. 

7.1.1.1 Using Measurement Results (independent variables) 

As described in section 5.3.2.1, the parameters can be considered as independent or 

dependent. For the case with independent parameters, each parameter is generated within its 

range using a classical generator like extended cellular automata generator [Kier L. B. et al, 

2005]. 

7.1.1.2 Using Measurement Results (dependent variables) and Variation zone 

Concerning the two above mentioned strategies, the parameters are dependent. For 

generating the most uniform distributed defect parameters, two cases are distinguished:  

Case one:  

 When it is possible to make a non-correlated variable substitution, the classical 

generator described in section 7.1.1.1 is applied to the substituted variables and the reverse 
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substitution is applied. Each set of generated defects should be verified as to whether they 

respect the quality constraints imposed by the chosen strategy.  

For example, in a cylindrical variation zone, a variable substitution is made so that 4 

variables are generated without correlation according to Eq. 7-1. The 4 defect parameters 

describing the cylinder “real” position are then calculated using Eq. 7-2. 

Variation Zone 

Lower circle 

rh

θh

rl

θl

Upper circle 

 

Figure 7–2: Defect generation for the case of a cylindrical variation zone (dependent 

parameters) 
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Case two:  

In this case the parameters are still dependent and it is not possible to make a non-

correlated variable substitution because of the complexity of the correlations (e.g. ellipse). A 

new larger variation zone is created that circumscribes the previous one (e.g. a rectangle). 

This allows using the classical random described in section 7.1.1.1 or those of case 1. 

Consequently each set of generated defects will be kept if it meets the constraint of principle 

domain. This procedure should be repeated until reaching the needed number of defects sets.  

For the example illustrated in Figure 7–3, the constraints obtained for the measurement 

results for deviation parameters can be expressed as Eq. 7-3 which represents the blue ellipse. 

dryrxcrybrxa ≤⋅⋅+⋅+⋅ 22  (7-3) 

For random generation of defects we replace the blue ellipse with a larger domain which 

is represented by the red rectangle in Figure 7–3.  

rx ×10-4 (rad)

ry ×10-4 (rad)

 

Figure 7–3: random generation of defects-Case two 

The defects are generated with respect to the constraints imposed by the new domain, 

Eq.7-4, by a classical random generator and for each set of generated defects, it will be kept if 

it meets the d constraints imposed by the principle domain (the blue ellipse in this case).  
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Regarding a planar variation zone, each nominal vertex of the convex boundary of the 

plane is randomly generated along the normal of the nominal plane. The values are randomly 

generated between 
2
e−  and 

2
e  with a uniform density. See Figure 7–4. A plane is then 

positioned from the generated vertices using a mean square root criteria. The 3 parameters rx, 

ry and tz are then calculated from the plane characteristics. After the generation of the set of 

parameters, a verification of the constraints is performed. If one of the constraints is not 

verified, the set is rejected. The procedure is repeated until the required number of valid sets 

is reached. 

e

Y

X

Z
tz

rx
ry

A B

CD

2b

2a

e

Y

X

Z
tz

rx
ry Y

X

Z
tz

rx
ry

X

Z
tz

rx
ry

A B

CD

2b

2a
 

Figure 7–4: Planar variation zone 

7.1.2 Floating link values generation 

Among the link values (LHP), as it is outlined before, there are two types of link 

parameters: slipping (LHPs) and floating (LHPf). The LHPs link values are determined by 

CHP algorithms (positioning function in line with NPC) thus for each instance of the defects 

parameters value, a unique set of LHPs can be calculated. LHPf have to be generated with 

respect to CHP which is just the NPC for the case of a floating connection. In other word, 

there is a range of variation for LHPf parameters which satisfies these NPC. 

For determining the floating link parameters LHPf, it should be considered that they 

have to respect the positioning algorithm (CHP). The second requirement, for the 

determination of the link values, is that their density has to be controlled (uniform or other 

distribution) in the variation scope allowed by CHP.  

For example, in Figure 7–5, the primary link is formed of a connection between plane 3 

of MWP and 3S2 of the fixture. In the secondary link, cylinder 4 and cylinder 4S2 will be 

used for a short alignment of MWP relative to the fixture with H7g6 adjustment according to 
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ISO standard. The primary link is a slipping link and the secondary link is a floating link. See 

section 6.3.1.3 for more details.  

3S23S2

4S2

33
55

66

44

77GCS

 

Figure 7–5: MWP/Fixture assembly with a floating link 

The primary link parameter values are calculated by maximization of positioning 

function with respect to NPC. The secondary link parameters (ltx4S2, lty4S2) have to be 

generated by the defect generation procedure that respect the limits imposed by NPC between 

the MWP and the fixture. In order to fulfill these requirements, the generation of these 

parameters is made according to the following algorithm. [Vignat F. et al, 2008] 

 Calculate the maximum centering clearance rc (based on H7g6 adjustment) 

 Randomly generate: 

  θ between 0 and 2π and r between 0 and rc as in Eq. 7-1 

 Calculate ltx4S2, lty4S2 according to Eq. 7-5 

 Verify the non-penetration between the MWP and the fixture 

 If verified, keep the link values  

 Otherwise reduce rc and redo the generation 

)sin(
)cos(

24

24
θ
θ

rlty
rltx

S

S
=
=

 (7-5) 

 This generation procedure complies with both of the requirements; all of the generated 

links satisfies the CHP algorithm and Figure 7–6 shows that the distribution uniformly fills 

the allowed domain.  
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Figure 7–6: Distribution of link parameters in the allowed domain 

7.2 EXAMPLES AND COMPARISON  

In this section, the three aforementioned techniques for tolerance analysis with the 

MMP will be applied to two 3D examples and their characteristics will be explored.  

7.2.1 “Double inclined plane” example  

The part illustrated in Figure 7–7 will be used to perform a tolerance analysis of the 

double inclined machined plane with the before mentioned techniques.  

 

Figure 7–7: Definition of “Double inclined plane” example 
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Setup 1 of the process plan consists in preparing the raw blocks through a sawing 

operation. This results in the MWP that will go through setup 2. Concerning the MWP/Fixture 

assembly in setup 2, the positioning surfaces of the MWP are plane 1, plane 2 and plane 3 and 

the positioning surfaces of the fixture are plane 1S2, plane 2S2 and plane 3S2. The assembly 

procedure for MWP/Fixture assembly comprises three hierarchical slipping connections 

whose link parameters (LHP) and positioning algorithm (CHP) are given in Table 7-1. In 

setup 2, plane 4 is machined on a milling machine. 

In the first section, the quality constraints with independent parameters will be studied 

and in the second section the quality constraints with dependent parameters will be treated. 

Actually, quality constraints with independent parameters can be treated by all three 

aforementioned solution methods, but the quality constraints with dependent parameters can 

only be treated by optimization technique and MC simulation. 

7.2.1.1 First section-independent parameters-interval approach  

The approach is limited by the fact that it considers the parameters independently. The 

example will be dealt with using the four tolerance analysis steps described in 6.4. 

Step 1:  

 In this section the quality constraints “Using the Measurement Results (independent 

parameters)” are considered and the MWP positioning surface deviation range, the machining 

errors and the fixture surface deviation range are obtained from a database created over the 

measurement results (the ranges are available in Table 7-3 ). This section will not describe 

how to create the database (details about database creation can be found in [Tichadou S. et al, 

2007]). 

Step 2:  

For each elementary connection, the link parameters (LHP) and the positioning 

algorithm (CHP) are given in Table 7-1. The MMP will be obtained following the simulation 

of the manufacturing process by using the simulation method described in chapter 3. 

Step 3:  

In this step the extreme bounds of the link parameters related to the MWP/Fixture and 

Gauge/MMP assembly are calculated using Eq. 6-8. The results are given in Table 7-3. 
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Table 7-1: Fixture/MWP assembly for the “Double inclined plane” 

Step4 

In the last step, the DisGPk variation intervals are calculated using Eq 6-11. There are 3 

verification points for machined plane 4. There will therefore be three DisGPk. See Table 7-2. 

Results and discussion  

The results given in Table 7-2 are obtained using the Matlab INTLAB (interval 

laboratory) [Rump S. M., 2007] toolbox. As seen in this table, the critical points are DisGP2 

and DisGP3. To be able to validate this process plan in terms of functional tolerance 

compliance, the variation interval obtained for DisGPi must be compared with the localization 

tolerance value (t =0.4). This proves that the process plan and fixture tools applied are able to 

satisfy the functional tolerance. 
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These results can be expressed with GapGP intervals as well: 

 

Table 7-2: Interval approach results for “Double inclined plane” example with DisGP and 

GapGP expression 

7.2.1.2 First Section-independent parameters-optimization approach 

The ranges of variables are those expressed previously in Table 7-3 and used for the 

interval approach. The assembly process of MWP/fixture and the one of Gauge/MMP are 

explained just before. 

To be able to validate the process plan for satisfying the localization tolerance of plane 

4, the worst case is sought. In Sub II, there is no degree of freedom or floating link for the 

Gauge/MMP assembly.  

The MATLAB software was used for programming with a Pentium®, 3.2 GHz. Both 

optimization algorithms (GA and SQP) were applied to minimize Sub I. Figure 7–8 represents 

the results obtained using the SQP and Figure 7–9 represents those obtained using GA. 

7.2.1.3 First section-independent parameters-MC simulation 

By using the defect generation method explained in 7.1.1.1 (independent parameters), 

100000 parts are virtually created within the ranges mentioned in Table 7-3. The created parts 

are then put forward to sub II for measurement. The distribution of GapGPmin and the worst 

part found by MC are mentioned in Figure 7–10. 
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Table 7-3: “Double inclined plane” example, range of defect parameters, Coefficient 

matrices and functional elements torsor with intervals  
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Figure 7–8 : Optimization by SQP, First section, with GapGP expression  

0 100 200 300 400 500
0

0.05

0.1

0.15

0.2

Time(s)

Fi
tn

es
s 

va
lu

e

Best: 0.023947 Mean: 0.024106

 

 
Best
Mean

0 5 10 15 20 25
0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

Generation

Fi
tn

es
s 

va
lu

e

Best: 0.023  Mean: 0.024

 

 
Best
Mean

(b)(a)

 

Figure 7–9 : Optimization by GA, First section, with GapGP expression 
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Figure 7–10: Mc results for first-section  

Discussion  

The GA is very sensitive to parameter settings such as crossover rate, mutation rate and 

population size (in this example, we used a population size of 200, a crossover rate of 0.8 and 

a Gaussian mutation rate). If these parameters are correctly adjusted, enough population is 

created and random phenomena are used, the point obtained is almost sure to be a global 

minimum. 

The advantage of the GA is that it does not need an initial point to start the optimization 

process. A little change in GA parameter setting may change the final solution obtained. The 

disadvantage of GA is that it needs a lot of time to converge.   

SQP does not always converge towards a global minimum. The end result depends 

highly on the initial guess point. If the initial point is correctly defined, the SQP is able to 

reach the minimum quickly.  Figure 7–11 shows the performance of SQP with different initial 

guess points.  

To over step this problem, SQP should be executed with different initial points. Some 

hybrid algorithms exist in which a population containing a large number of initial points is 

created to be use to start up the SQP.  

In the case of the “double inclined plane”, the results obtained confirm that the process 

plan is valid in terms of satisfying the functional tolerance. There is a small difference 

between the results obtained from GA and SQP. In both algorithms, there is no proof that the 

point obtained is the global minimum. The time required for the GA to find this point is 

nearly 30 times greater than that required using SQP.  
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Figure 7–11: Performance of SQP with different initial guess points,  with GapGP expression  

The interval method converges to the global minimum if all the defects parameters (DM 

and DH) and the links (LHP and LGP) are assumed as independent variables. As it could be 

found from Table 7-4, the value obtained from combined approach and optimization 

techniques are the same in the case of such quality constraints. When using the quality 

constraints type “Using the Measurement Results (independent parameters)” it is more 
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meaningful to use interval method because it is more rapid compared with optimization 

techniques (in the case of the current example the elapsed time is less than 1 seconds). It can 

quickly give the process planner an initial idea about the quality of the manufactured parts 

with the chosen process plan. 

 

Table 7-4: GapGPmin and DisGPmin obtained for first section  

As it could be found from Table 7-4 and Table 7-5, the difference between MC 

simulation and other approaches is more significant. This difference can be explained. 

Considering a simple example (Figure 7–12) in which the dimension c is the result of the 

dimensions a and b, the worst case of dimension c is calculated from Δc obtained by Eq. 7-7 

(as it is mentioned in section 2.3.1)  

bac Δ+Δ=Δ  (7-7) 

In statistical analysis, we assumed a distribution to each of a and b dimensions and then 

the variance of dimension c is calculated by Eq. 7-8. (With the assumption that a and b are 

independent) 

bac
222 σσσ +=  (7-8) 

In MC simulation, we use uniform distribution. The variance of a uniformly distributed 

variable a is found from Eq. 7-9.  

12

2
2 aa

Δ
=σ  (7-9) 

By replacing Eq. 7-9 in Eq. 7-8 , and considering the fact that the sum of two uniform 

distributed variables is approximately normaly distributed8, it is possible to find cΔ :  

                                                 
8 In fact by increasing the number of variables, the sum of uniform distributed variables get closer to normal 
distribution  
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In the case of n times dimension a with a same distribution and variance Eq. 7-7 and Eq. 

7-10 become as Eq. 7-11.  

analysis lStatistica      3

 caseWorst           

ac

ac

n

n

Δ×=Δ

Δ×=Δ
 (7-11) 

Eq. 7-11 shows that the worst values calculated for resulting dimension c by using worst 

case approach and statistical approach will get far from each other by increasing the number 

of participant dimensions. In the case of the “double inclined plane” example, there are nearly 

21 participant parameters in DisGP so the worst value obtained by MC simulation is different 

from the one obtained by worst case approach.  

aΔ bΔ

c

a
b

 

Figure 7–12: A part with two machined surfaces  

7.2.1.4 Second section with dependent variables (Variation zone)  

In this section, the MC simulation and optimization techniques are compared when 

dealing with dependent quality constraints. Interval approach doesn’t cover this type of 

quality constraint. In this section the same process plan will be treated but the variation range 

of DM and DH parameters are defined by the variation zones as indicated in Table 7-6.  



Stochastic tolerance analysis and case study 

 
128

The defects parameters variations, as mentioned in chapter 5.3.2.3, must be bound by 

the limits of the 3-D variation zones they represent. The MATLAB software was used for 

programming with a Pentium®, 3.2 GHz. 

7.2.1.5 Second section-dependent variables-optimization approach  

Both optimization algorithms (GA and SQP) were applied to minimize Sub I. Figure 7–

13 represents the results obtained using SQP and Figure 7–14 represents those obtained using 

GA.  

7.2.1.6 Second section-dependent variables- MC simulation  

For MC simulation, 100000 parts are produced virtually according to the quality 

constrains described in Table 7-6 by the defect generation procedure described in section 

7.1.1.2. The next step is to check the proportion of them that meet the functional tolerance. 

The GapGP are virtually measured between the part and the tolerance zone by using Sub II. 

The GapGPmin is then selected and will be retained as a result of the control. The distribution 

of the GapGPmin values obtained for the 100000 parts is represented by the histogram Figure 

7–15. 
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Figure 7–13: Optimization by SQP, Second section, with GapGP expression 
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Figure 7–14: Optimization by GA, Second section, with GapGP expression  
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Table 7-5: Final points obtained for first section  

 

Table 7-6: Second section-Deviation range for “Double inclined plane” manufacturing 

process 
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Figure 7–15: MC simulation results, Second section 

 

Table 7-7: GapGPmin and DisGPmax obtained for second section 

Discussion  

The first point is that the values obtained in the second section by means of optimization 

techniques are higher than those obtained in the first section. This is because of the fact that in 

the first section all the defects parameters of a plane could have their extreme values 

simultaneously whereas in the case of the second section, in fact they are limited by the 

bounds of 3D variation zone of similar size and they can not reach their extreme value 

simultaneously. 

Actually the 3D bounded variation zone is closer to tolerance standard. The value 

obtained by MC, reflects accurately the real production. From Table 7-7 it can be found that 

the worst value obtained for GapGPmin is a little far from those obtained by optimization 

techniques. This raised from the fact that in real production the worst part might never been 

produced. In other word, when using the optimization technique, the worst part is searched 

but with MC simulation, the defects are generated randomly so the probability to find the 

worst part is very low.   
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Table 7-8: Final points obtained for second section 

On the other hand, the difference between the MC result and those of optimization (See 

Table 7-7) depends on the number of GapGP equation parameters. This difference increases 

with the number of parameters. See section 7.2.1.3. 

The problem of converging optimization techniques to a local minimum point exists in 

second section as well. The technique used in this example for finding a good initial guess 

point for SQP algorithms consists of running a MC simulation with a small number of parts ( 

in this example 10000) then choosing the worst part of this small population as the start point 

for SQP. This method is called “hybrid optimization method”. Another combination of two 

approaches to make a hybrid technique can be for example SQP and GA. In this case a GA 

algorithm with a small number of populations will be used to find a start point for SQP. See 

Table 7-8 for final points.  
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7.2.2 “Bolt” example  

In this section, we treat another 3D example with a floating cylinder-cylinder 

connection in MWP/Fixture assembly. In this example, the parameters are considered as 

independent variables. Figure 7–16 shows the functional tolerance for the “bolt” example. In 

the first setup, plane 3 and cylinder 4 are machined using a turning operation. The surfaces 

obtained are then used for positioning in setup 2. Setup 2 consists of a milling operation with 

a 4-axis milling machine. The machined surfaces are Planes 5, 6 and 7. See Table 7-9.  
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Figure 7–16: “Bolt” example: functional tolerance 

7.2.2.1 MWP/Fixture assembly 

The MWP/Fixture assembly illustrated in Figure 7–5 will be used in a 4-axis milling 

machine for machining planes 5, 6 and 7. The positioning procedure of MWP and fixture 

involves making two elementary connections. The primary link is formed of a connection 

between plane 3 of MWP and 3S2 of the fixture. In the secondary link, cylinder 4 and 

cylinder 4S2 will be used for a short alignment of MWP relative to fixture. The primary link 

is a slipping link and the secondary link is a floating link. Any type of adjustment can be 

considered for the secondary link (e.g. H7/g6 referring to ISO standard for hole and shaft 

assembly). See Figure 7–17 
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Table 7-9: Proposed process plan for the “Bolt”  
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Figure 7–17: “Bolt” example, MWP/Fixture secondary link adjustment  

The link parameters and non-penetration condition for this assembly are given in Table 

6-2. One degree of freedom (DOF) remains for the MWP in this assembly (rotation around 

the Z axis).  

7.2.2.2 Parameters variation range  

The fixture surface deviation, the positioning surface deviation of the MWP in setup 2 

and the machined surface deviation ranges are based on the result of measurements and the 

parameters are considered to be independent. The parameter variation ranges are shown in 

Table 7-10.  

7.2.2.3 Gauge/MMP assembly 

In order to inspect the location functional tolerance, a virtual gauge is created. See 

Figure 5–2. The assembly procedure of gauge and MMP consists in making two elementary 

connections according to ISO standards. The primary link connects plane G3 of the Gauge 

and plane 3 of the MMP. The secondary link is formed of a connection between cylinder G4 
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and cylinder 4. The primary link is a slipping link. The positioning function related to this link 

is the displacement of plane G3 in its normal direction. This can be expressed as the opposite 

(negative sign) of the following Gauge/MMP link parameter: -ltz3G1
9. The non-penetration 

conditions are verified at four boundary points. See Table 7-12.  

The secondary link is also a slipping link. The positioning function related to this link 

can be expressed as the diameter of cylinder G4: RN4G1. In other words, cylinder G4 will 

expand until it reaches in contact with the cylinder 4 (according to ISO).The non-penetration 

conditions are checked along the boundary circles (up and down) of the potential contact area 

which is cylindrical. The driving link parameters, positioning functions and non-penetration 

conditions for this assembly are listed in Table 5-1. 

One DOF remains for the gauge in this assembly (rotation around Z axis: Ulrz4G1). 

According to ISO standards, this rotation is used to establish the best position for the virtual 

gauge. In other words, in order to center the toleranced surfaces inside the tolerance zone, in 

the best possible manner, the optimum DOF value has to be found. In this position, GapGPmin 

is at its maximum value. The GapGP is for each of the three planes measured at 4 verification 

points. This means that there will be twelve verification points in all, resulting in twelve 

GapGP equations. See section 5.2.1 

7.2.2.4 Optimization approach  

Matlab software is used for programming the search for the worst case with a 

Pentium®, 3.2 GHz. the SQP algorithm is applied for the optimization task in Sub II. Both 

algorithms (SQP and GA) are used for the optimization task in Sub Ι. The results are 

illustrated in Figure 7–18 and Figure 7–19 respectively. In these figures the values of quality 

constraints violation are mentioned. As it could be found from these values, the solution 

obtained respects the quality constraints (the range of defects parameters). 

7.2.2.5 Interval approach  

The interval of the fixture surface deviation, the positioning surface deviation of the 

MWP in setup 2, the machined surface deviation and the link parameters (when considering a 

                                                 
9  ltz3G1 refers to the surface number 3 and gauge number 1   
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H7g6 adjustment for the secondary link) are given in Table 7-11. In this table the coefficient 

matrix concerning each of the aforementioned parameters are presented. 
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Figure 7–18: Optimization with SQP, with GapGP expression  
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Figure 7–19: Optimization with GA, with GapGP expression 

As outlined before, one DOF remains for the gauge in this assembly (rotation around Z 

axis: Ulrz4G1). The best position of the virtual gauge related to the MMP will be established 

by this DOF. (See section 4.3). The results obtained are mentioned in Table 7-12 by the 

GapGP and DisGP expression.  
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Table 7-10: Deviation range for “bolt” manufacturing process 
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Figure 7–20: MC simulation for “bolt” example  
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Table 7-11: “Bolt” example-Coefficient matrices and functional elements torsor with 

intervals  
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Table 7-12: Interval approach results for “Bolt” example with DisGP and GapGP expression 

7.2.2.6 MC simulation  

To perform MC simulation concerning with example, 150000 parts are virtually 

produced by using the independent parameters strategy withine the ranges mentioned in Table 

7-10. The defect generation procedure uses a simple random generator for producing surface 

deviations. Concerning the secondary floating link parameters of MWP/Fixture in setup 2, the 

algorithm presented in section 7.1.1.2 is used to generate the link value with respect to the 

NPC between MWP and fixture. Figure 7–20(a) shows that the generated parameters respect 

the NPC and their distribution uniformly fills the allowed domain. 
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The virtual generated parts are put forward to Sub II in order to verify their conformity. 

Figure 7–20(b) shows the distribution of GapGPmin values obtained over 150000 parts.  

 

Table 7-13: Worst GapGPmin and DisGPmax obtained for “Bolt” example 

7.2.2.7 Discussion  

This example shows a MMP/Fixture assembly with a floating link and a virtual gauge 

with one DOF. Through this example, the performance of our three solution techniques 

developed for tolerance analysis when dealing with floating link and virtual gauge with DOF 

is explored.  

Table 7-13 shows the result obtained by each of the solution technique. The worst 

GapGPmin value obtained is positive. This proves that the applied process plan and fixture 

tools are able to satisfy the functional tolerance.  

Comparing SQP and GA, it is worth mentioning that the initial point is very important 

for optimization with SQP. The algorithms are run with the same initial point. This point has 

to be feasible and be close to the global solution. This means that an algorithm able to find a 

suitable initial point needs to be developed. This research used the GA with a small 

population size to obtain an initial point.  

With the same initial point, the GA running time is 40 times greater than that of SQP 

but (as it can be found from the results) the probability that the point obtained by GA to be a 

global minimum is higher than those obtained by SQP. The GA parameters (mutation rate, 

crossover rate, etc) play a very important role in reaching the global optimum point.  

The minimum value for GapGPmin is obtained by interval method. Normally when using 

the independent parameters (as it is outlined in previous example) the value obtained by 

interval approach and optimization approach should be the same. This is not the case in this 

example.  
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The fact is that, in interval approach, when there is a floating elementary connection, the 

floating link parameters are considered as independent variables for calculating their extreme 

bounds; therefore they all can take the maximum possible value allowed by the variation 

range. See Figure 7–21. This not the cases when using the optimization approach. In the “Bolt 

example”, there is a floating connection with two driving link parameters between cylinder 4 

(MWP) and cylinder 4S2. As it can be found from Figure 7–21, the variation interval for each 

driving link parameter when the other parameters are set to zero is [-0.023   0.023]. This is the 

link parameter variation interval that will be used in the interval approach. In the optimization 

approach, these two driving link parameters are not considered independent. In other word, 

they can not have their maximum value simultaneously. This is why the result obtained by the 

optimization approach is greater than that obtained by the interval approach.  
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lty4S2

0.023

35.02+ 0.02

34.995- 0.001
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Cylinder 4
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Variation scope for two driving link 
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Figure 7–21: “Bolt”, Clearance for MWP/Fixture secondary link  
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8 CONCLUSION AND PERSPECTIVES 

This manuscript contributes to developing the solution techniques associated with the 

Model of manufactured Part (MMP) developed by Villeneuve and Vignat  [Vignat F. et al, 

2007b, Villeneuve F. et al, 2005a] for modeling the different geometrical deviation impacts 

on the part produced (error stack-up) in a multi-stage machining process. The MMP 

cumulates the impacts of various sources of manufacturing errors hence enabling tolerance 

analysis. The MMP, beside the developed solution techniques, allows the manufacturing 

engineers to evaluate a candidate process plan from a geometrical point of view.  

The solution techniques developed are classified into two categories: Search for finding 

the worst-case (worst part produced) and stochastic method. See Figure 8–1. 

 

Figure 8–1: The developed solution techniques for tolerance analysis by using the MMP 

In this manuscript, in chapter 2, a comprehensive review of the available literature about 

tolerance analysis especially in multi-stage machining operation is given. The advantages and 

drawbacks of existing methods are discussed.  

In Chapter 3, the simulation method leading to MMP (Model of Manufactured Part) 

proposed by [Vignat F. et al, 2007b, Villeneuve F. et al, 2005a] for the case of machining 

process is reminded. Some modifications have been applied to this method in terms of 

notation. The mathematical expression of the method has been improved as well.  

In chapter 4, the application of MMP for the purpose of tolerance analysis in machining 

is explored. The virtual gauge and the measurement procedure of the MMP by it are explained 

in detail by means of two measurable distances (GapGP and DisGP). The initial formulation 
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of the worst case search problem which had been proposed by Vignat and Villeneuve for the 

first time is reminded [Vignat F. et al, 2005].  

In chapter 5, the initial worst case searching formula proposed in chapter 4 is deeply 

reformulated and it is broken down into two sub problems. A multi-layer solution technique 

based on the optimization algorithms is then developed. Three different strategies for defining 

the variation scope of surface defects parameters are proposed. The developed solution 

technique nearly covers 95% of the current fixture layouts. Two current optimization 

techniques (SQP and GA) are applied for solving each of the proposed sub problems  [Kamali 

Nejad M. et al, 2008a, Kamali Nejad M. et al, 2009b]. 

In chapter 6 the interval method is presented. This method is built on two existing 

models (the MMP and the Jacobian-Torsor). It is then showed how it can be applied to worst-

case based functional tolerance analysis in multi-stage machining operations [Kamali Nejad 

M. et al, 2009a, Kamali Nejad M. et al, 2008b]. 

The approach is nonetheless limited by the fact that it considers the parameters 

independently. This means that they can reach their extreme values simultaneously, which is 

why the method cannot be applied to dependent parameters. Although yet unsolved, this limit 

could be overstepped by modifying the coefficient matrix. Use of the optimization problem 

for calculating the link parameter variation intervals should also be underlined. This tells us 

the worst link value for the assemblies. The link parameter variation intervals can be 

calculated for each elementary link in a hierarchical assembly by considering the general 

fixture layouts with different positioning links (Punctual, Plane/Plane and Cylinder/Cylinder). 

In chapter 7, a stochastic approach for functional tolerance analysis by using the MMP 

is proposed. This approach uses Monte Carlo (MC) simulation. The defect generation 

procedure in MC simulation is adjusted by the strategies explained for defining the variation 

scope of the surface defects parameters.  

The performance of the aforementioned tolerance analysis approaches are explored and 

compared with each other through two 3D examples with different strategies for defining the 

variation scope of surface defects parameters. The advantages and disadvantages of each 

approach is discussed. For example, SQP needs an initial point for start-up. Finding a good 

initial point is not always easy. Interval method is very fast but it can not handle the 
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dependent parameters. MC simulation is closer to reality but it needs a long computation time 

and in can not be used for WCTA. 

8.1 PERSPECTIVES 

Three main perspectives axis can be envisaged: 

The first axis consists in developing an automatic data exchange interface between CAD 

software (used for defining the geometry of a part), Mathematica® (used for calculating the 

GapGP equations) and Matlab® (used for solution techniques). As things currently stand, the 

data exchange between these software is done manually for performing the computations 

which is time consuming. This interface could cover the automatic generation of Matlab® 

codes for multi-layer optimization techniques or eventually the coefficient matrices in the 

interval method. A whole integrated box could give to the process planner a very good 

evaluation tool with different solution techniques and quality strategies. 

The second axis would be testing the performance of global optimization or hybrid 

optimization techniques dealing with the worst case search problem to be sure of obtaining 

the global solution. The possible methods can be optimization by using intervals analysis, ant 

colony optimization algorithm (ACO) or simulated annealing. The performance of the hybrid 

optimization techniques (e.g. GA in line with SQP) is also an interesting research subject. 

The third axis would be performing some measurements to find the variation range of 

the defect parameters and establishing the correlation that exists between these parameters. 

This measurement is not easy and needs to evaluate very small values as the defects. 

Sometimes the defects values are smaller than the precision of the measuring machines. This 

work is started by Tichadou and Kamli Nejad [Tichadou S. et al, 2007, Tichadou S. et al, 

2005] and currently is being followed by Bui Minh in Annecy. 
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10 ANNEX 

The Kuhn-Tucker equations for a general problem (GP) can be stated as:  

 (10-1) 

 (10-2) 

SQP methods represent the state of the art in nonlinear programming methods 

[Schittkowski K., 1985], for example, has implemented and tested a version that outperforms 

every other tested method in terms of efficiency, accuracy, and percentage of successful 

solutions, over a large number of test problems. 

Based on the work of and Powel [Powell M., 1978a, , 1979], the SQP allows Newton's 

method for constrained optimization just as is done for unconstrained optimization. At each 

major iteration, an approximation is made of the Hessian of the Lagrangian function using a 

quasi-Newton updating method. This is then used to generate a QP sub problem whose 

solution is used to form a search direction for a line search procedure.  

Given the problem description in Eq. 5-9 the principal idea is the formulation of a QP 

sub problem based on a quadratic approximation of the Lagrangian function. 

 (10-3) 

Eq. 5-9 is simplified by assuming that bound constraints have been expressed as 

inequality constraints. This leads to obtain the QP sub problem by linearizing the nonlinear 

constraints. 
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10.1 QUADRATIC PROGRAMMING (QP) SUB PROBLEM 

 (10-4) 

This sub problem can be solved using any QP algorithm. The solution is used to form a 

new iterate: 

 (10-5) 

10.1.1 SQP Implementation 

The SQP implementation consists of three main stages, which are discussed in the 

following subsections: 

 Updating the Hessian Matrix 

 Quadratic Programming Solution 

 Line Search and Merit Function 

10.1.1.1 Updating the Hessian Matrix 

At each major iteration a positive definite quasi-Newton approximation of the Hessian 

of the Lagrangian function H , is calculated using the Broyden [Broyden C. G., 1970], 

Fletcher [Fletcher R., 1970], Goldfarb [Goldfarb D., 1970], and Shanno [Shanno D. F., 1970] 

(BFGS) method, where ),...,1( mii =λ  is an estimate of the Lagrange multipliers. 

 (10-6) 
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10.1.1.2 Quadratic Programming Solution 

At each major iteration of the SQP method, a QP problem of the following form is 

solved, where refers to the ith row of the m-by-n matrix. 

 (10-7) 

The solution procedure involves two phases. The first phase involves the calculation of 

a feasible point (if one exists). The second phase involves the generation of an iterative 

sequence of feasible points that converge to the solution. In this method an active set, kA  is 

maintained that is an estimate of the active constraints (i.e., those that are on the constraint 

boundaries) at the solution point. Virtually all QP algorithms are active set methods. This 

point is emphasized because there are many different methods that are very similar in 

structure but that are described in widely different terms. 

Line Search and Merit Function 

The solution to the QP sub problem produces a vector kd , which is used to form a new 

iteration: 

 (10-8) 

The step length parameter kα is determined in order to produce a sufficient decrease in 

a merit function. The merit function used by Powell [Powell M., 1978b] of the following form 

is used in this implementation. 

 (10-9) 

Powell recommends setting the penalty parameter: 

 (10-10) 
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This allows positive contribution from constraints that are inactive in the QP solution 

but were recently active. In this implementation, the penalty parameter ir  is initially set to:  

 (10-11) 

This ensures larger contributions to the penalty parameter from constraints with smaller 

gradients, which would be the case for active constraints at the solution point. 
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