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CANONICAL BASES AND AFFINE
HECKE ALGEBRAS OF TYPE B

M. VARAGNOLO, E. VASSEROT

ABSTRACT. We prove a series of conjectures of Enomoto and Kashiwara on canonical
bases and branching rules of affine Hecke algebras of type B. The main ingredient of
the proof is a new graded Ext-algebra associated with quiver with involutions that
we compute explicitely.

INTRODUCTION

A new family of graded algebras, called KLR algebras, has been recently in-
troduced in [KL1], [R]. These algebras yield a categorification of f, the negative
part of the quantized enveloping algebra of any type. In particular,one can ob-
tain a new interpretation of the canonical bases, see [VV]. In type A or AM the
KLR algebras are Morita equivalent to the affine Hecke algebras and their cyclo-
tomic quotients. Hence they give a new way to understand the categorification of
the simple highest weight modules and the categorification of the negative part of
the quantized enveloping algebra, via some Hecke algebras of type A or A(). See
[BK] for instance. One of the advantages of KLR algebras is that they are graded,
while the affine Hecke algebras are not. This explain why KLR algebras are better
adapted than affine Hecke algebras to describe canonical bases. Indeed one could
view KLR algebras as an intermediate object between the representation theory
of affine Hecke algebras and its Kazhdan-Lusztig geometric counterpart in term of
perverse sheaves. This is central in [VV], where KLR algebras are proved to be
isomorphic to the Ext-algebras of some complex of constructible sheaves.

In the other hand, the branching rules for affine Hecke algebras of type B have
been investigated quite recently, see [E], [EK1,2,3], [M]. Lusztig’s description of the
canonical basis of f in type A(Y) in [L1] implies that this basis can be naturally
identified with the set of isomorphism classes of the simple objects of a category of
modules of the affine Hecke algebras of type A. This identification was mentioned
in [G], and it was used in [A]. More precisely, there is a linear isomorphism between
f and the Grothendieck group of finite dimensional modules of the affine Hecke
algebras of type A, and it is proved in [A] that the induction/restriction functors
for affine Hecke algebras are given by the action of the Chevalley generators and
their transposed operators with respect to some symmetric bilinear form on f.
In [E], [EK1,2,3] a similar behaviour is conjectured and studied for affine Hecke
algebras of type B. Here f is replaced by an explicit module *V()) over an explicit
algebra B. First, it is conjectured that V()\) admits a canonical basis. Next, it
is conjectured that this basis is naturally identified with the set of isomorphism
classes of the simple objects of a category of modules of the affine Hecke algebras of
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type B. Further, in this identification the branching rules the affine Hecke algebras
of type B are given by the *B-action on *V()). The first conjecture has been proved
in [E] under the restrictive assumption that A = 0. Here we prove the whole set of
conjectures. Indeed, our construction is slightly more general, see the appendix.

Roughtly speaking our argument is as follows. In [E] a geometric description
of the canonical basis of “V(0) was given. This description is similar to Lusztig’s
description of the canonical basis of f via perverse sheaves on the moduli stack of
representations of some quiver. It is given in terms of perverse sheaves on the mod-
uli stack of representations of a quiver with involution. First we give a analogue
of this for “V()\) for any . This yields the existence of a canonical basis G!°%())
for V()) for arbitrary A\. Then we compute explicitely the Ext-algebras between
complexes of constructible sheaves naturally attached to quivers with involutions.
These complexes enter in a natural way in the definition of %G!°¥(\). This com-
putation yields a new family of graded algebras R, where m is a nonnegative
integer. We prove that the algebras ’R,,, are Morita equivalent to the affine Hecke
algebras of type B. Finally we describe “V(\) and the basis %G°¥()\) in terms of
the Grothendieck group of ’R,,.

The plan of the paper is the following. Section 1 contains some basic notation
for Lusztig’s theory of perverse sheaves on the moduli stack of representations of
quivers. Section 2 yields similar notation for the case of quivers with involutions.
Our setting is more general than in [E], where only the case A = 0 is considered.
In Section 3 we introduce the convolution algebra associated with a quiver with
involution. The main result of Section 4 is Theorem 4.19 where the polynomial
representation of the Ext-algebra Zf/;\,v associated with a quiver with involution is
computed. This is a faitful representation. In Section 5 we give the main properties
of the graded algebra *R(I"), .. In Section 6 we introduce the affine Hecke algebra
of type B and we prove that it is Morita equivalent to ’R,,, a specialization of
R(T),,. Section 7 is a reminder on KLR algebras and on the main result of [VV].
In Section 8 we categorify the module *V()) from [EK1] using the graded algebra
°R,,. In Section 9 we prove the isomorphism *R(T), , = Zf/;\,v- This is essential to
compare the construction from Section 8 with that in Section 10. In Section 10 we
give a categorification of V()\) “a la Lusztig” in terms of perverse sheaves on the
moduli stack of representations of quivers with involution. This is essentially the
same construction as in [E]. However, since we need a more general setting than
in loc. cit. we have briefly reproduced the main steps of the construction. One of
our initial motivations was to give a completely algebraic proof of the conjectures,
without any perverse sheaves at all. We still do not know how to do this. The main
result of the paper is Theorem 10.19.

The same technic yields similar results for affine Hecke algebras of type D, see
[SVV]. Note that the idea to use canonical bases technics to study affine Hecke
algebras in non A type is not new, see [L3], [L4]. At the moment we do not know
the precise relation between loc. cit. and our approach.

Acknowledgment. We are grateful to M. Kashiwara and G. Lusztig for some
remark on the material of this paper.
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Index of notation

0. NOTATION

0.1. Combinatorics. Given a positive integer m and a tuple m = (my, ms,...m,)
of positive integers we write &,,, for the symmetric group and &y, for the group
[1,—; Sm,- Set

[
N
3
)
3
[
2
3
!
<
[N}

r
|m| = Zmlv gm
=1

We use the following notation for v-numbers

m

) = Yoo =TT, (") = S = T

=1 =1
Given two tuples m = (mq,ma,...m,), m’ = (mf, mj,...m.,) we define the tuple

I I ! I
mm’ = (mq, ma,... My, M, Moy, ... M,.).

0.2. Graded modules over graded algebras. Let k be a field of caracteristic
0. By a graded k-algebra R = @, R; we'll always mean a Z-graded associative
k-algebra. Let R-mod be the category of finitely generated graded R-modules,
R-mod’ be the full subcategory of finite-dimensional graded modules and R-proj
be the full subcategory of projective objects. Unless specified otherwise all modules
are left modules. We’ll abbreviate

K(R) = [R-proj], G(R) = [R-mod’].

Here [C] denotes the Grothendieck group of an exact category C. Assume that the
k-vector spaces R, are finite dimensional for each ¢. Then K(R) is a free Abelian
group with a basis formed by the isomorphism classes of the indecomposable objects
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in R-proj, and G(R) is a free Abelian group with a basis formed by the isomor-
phism classes of the simple objects in R-mod’. Given an object M of R-proj or
R-mod let [M] denote its class in K (R), G(R) respectively. When there is no risk
of confusion we abbreviate M = [M]. We’ll write [M : N| for the composition mul-
tiplicity of the R-module N in the R-module N. Consider the ring A = Z[v,v™1].
If the grading of R is bounded below then the A-modules K(R), G(R) are free.
Here A acts on G(R), K(R) as follows

oM = M[1], v 'M = M[-1].
For any M, N in R-mod let

homg (M, N) = @5 Homg (M, Nd))
d

be the Z-graded k-vector space of all R-module homomorphisms. If R = k we’ll
omit the subscript R in hom’s and in tensor products. As much as possible we’ll
use the following convention : graded objects are denoted by minuscules and non-
graded ones by majuscules. In particular R-Mod will denote the category of finitely
generated (non-graded) R-modules.

0.3. Constructible sheaves. Given an action of a complex linear algebraic group
G on a quasiprojective algebraic variety X over C we write D (X) for the bounded
derived category of complexes of G-equivariant sheaves of k-vector spaces on X.
Objects of Dg(X) are referred to as complexes. If G = {e}, the trivial group, we
abbreviate D(X) = Dg(X). For each complexes £, £ we’ll abbreviate

EXtE (E, El) = EXt*DG(X) (E, E/), EXt*(E, E/) = EXtik)(X) (E, El)

if no confusion is possible. The constant sheaf k on X will be denoted k. For any
object £ of D (X) let HA(X, L) be the space of G-equivariant cohomology with
coefficients in £. Let D € Dg(X) be the G-equivariant dualizing complex, see [BL,
def. 3.5.1]. For each £ we’ll abbreviate

LY =Hom(L,D)
(the internal Hom). Recall that
(LYY =L, Exti(L,D)=HEH(X,LY), Exti(k,L)=HEX,L).
We define the space of G-equivariant homology by
HE(X,k) = H:(X,D).

Note that D = k[2d] if X is a smooth G-variety of pure dimension d. Consider the
following graded k-algebra
Sc = H¢ (e, k).

The graded k-vector space HE (X, k) has a natural structure of a graded Sg-module.
We have
H*G C k) =S¢
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as graded Sg-module. There is a canonical graded k-algebra isomorphism

Here the symbol g denotes the Lie algebra of G and a G-invariant homogeneous
polynomial over g of degree d is given the degree 2d in S¢.

Fix a morphism of quasi-projective algebraic G-varieties f : X — Y. If f is a
proper map there is a direct image homomorphism

for HO(X, k) — HZ (Y. k).

If f is a smooth map of relative dimension d there is an inverse image homomor-
phism
frHE(Y, k) — HY,,(X,k), Vi.

If X has pure dimension d there is a natural homomorphism
Hy(X, k) — Hi (X k).

It is invertible if X is smooth. The image of the unit is called the fundamental
class of X in HY(X,k). We denote it by [X]. If f : X — Y is the embedding of a
G-stable closed subset and X’ C X is the union of the irreducible components of
maximal dimension then the image of [X'] by the map f. is the fundamental class
of X in HY(Y,k). It is again denoted by [X].

1. REMINDER ON QUIVERS AND EXTENSIONS

1.1. Representations of quivers. We assume given a nonempty quiver I' such
that no arrow may join a vertex to itself. Recall that I"is a tuple (I, H,h +— h', h —
h'") where I is the set of vertices, H is the set of arrows and for each h € H the
vertices h', h" € I are the origin and the goal of h respectively. Note that the set I
may be infinite. For each i,j € I we write

Hiyj:{heH;hI:i,h//:j}.

We'll abbreviate ¢ — j for H; j # 0, ¢ /> j for H; ; =0, and h: i — j for h € H; ;.
Let h; ;j be the number of elements in H; ; and set

i-j=—hij—hj, i-i=2, i#j.

Let V be the category of finite-dimensional I-graded C-vector spaces V = @, ; V;
with morphisms being linear maps respecting the grading. For each v = )", v;i
in NI let YV, be the full subcategory of V whose objects are those V such that
dim(V;) = v; for all i. We call v the dimension vector of V. Given an object V of
V let

EV = @ Hom(Vh/, Vh//).
heH
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The algebraic group Gv = [[, GL(V;) acts on Ey by (g,z) — y where y, =
grrxngy's 9= (9:), & = (x1), and y = (yn).

Fix a nonzero element v of NI. Let Y” be the set of all pairs y = (i,a) where
i= (i1,42,...1x) is a sequence of elements of I and a = (a1, aq,...ax) is a sequence
of positive integers such that ), a;i; = v. Note that the assignment

(1.1) yt— (alil,agig,...akik)

identifies Y” with a set of sequences

k
(1.2) vh? L vF e NI Withl/:ZI/l.
1=1

For each pair y = (i,a) as above we’ll call a the multiplicity of y. Let I C Y¥
be the set of all pairs y with multiplicity (1,1,...,1). We’ll abbreviate i for a pair
y = (i,a) which lies in I”. Given a positive integer m we have | |, I = I"", where
v runs over the set of elements v of NI with |v| = m. Here, we write v = >, v;i
and |v| =), v;.

1.2. Flags. Let v € NI, v # 0, and assume that V lies in V,. For each sequence

y =, v? ... vF) asin (1.1), (1.2), a flag of type y in V is a sequence

p=(V=V'oVis...oVvF=0)

of I-graded subspace of V such that for any I the I-graded subspace V!=1/V!
belongs to V,:. Let Fy y be the variety of all flags of type y in V. The group
Gv acts transitively on Fyv , in the obvious way, yielding a smooth projective
G -variety structure on Fy 4.

If x € Ev we say that the flag ¢ is a-stable if z,(V},) € V., for all h, . Let
Fy y be the variety of all pairs (2, ¢) such that ¢ is 2z-stable. Set dy = dim(Fy ).
The group Gv acts on ﬁv_,y by g : (z,¢) — (gz,9¢). The first projection gives a
G'v-equivariant proper morphism

Ty Iy — By

1.3. Ext-algebras. Let v € NI, v # 0, and assume that V € V,. We abbreviate
Sv = Sq. - For each sequence y € Y we have the following semisimple complex
in DGV (Ev)

Ly = (my)i(k), L;/ = Ly[2dy], Ly = Ly[dy].

y

For y,y’ in Y we consider the graded Sy-module
Iy yy = EXtEv (ﬁ;,/, L;,//)

For y,y’,y” in Y” the Yoneda composition is a homogeneous Svy-bilinear map of
degree zero x : Zv y v X vy yr — Zv y y. The map x equips the graded k-vector

space
Zy = @ VAVERY

iierv
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with the structure of an associative graded Sv/-algebra with 1. If there is no ambi-
guity we’ll omit the symbol x. We set

Fvyy = EXtZ‘v (‘C;c/a D)v Fv = @ FV,i-
ierv

For each y,y’ in Y the Yoneda product gives a graded Sy-bilinear map Zv x x/ X
Fv x — Fv x. This yields a left graded representation of Zv on Fy. For each
ie IV let 1v; € Zv,;; denote the identity of £;. The elements 1y ; form a
complete set of orthogonal idempotents of Zy such that

Zyiy =lvixZvxlvy, Fvi=I1lvixFv.

We’ll change the grading of Zv; in the following way. Put

5 5 8 5 5
Zrip = Bxto, (L9, L7), 2% = @ VARRE

iirerv
The graded k-algebra ZQ, depends only on the dimension vector of V. We’ll write
R(I), = Z3,.

This graded k-algebra has been computed explicitely in [VV]. The same result has
also been anounced by R. Rouquier. See Section 7 for more details. We set also
I° = {0}, £5 = k (the constant sheaf over {0})

R(I)o = Z{y, = k.

2. QUIVERS WITH INVOLUTIONS

In this section we introduce an analogue of the Ext-algebra R(I'"), which is
associated with quiver with involutions.

2.1. Representations of quivers with involution. Fix a nonempty quiver I'
such that no arrow may join a vertex to itself. An involution 6 on I' is a pair of
involutions on I and H, both denoted by #, such that the following properties hold
for each h in H

(a) (h) =60(h") and O(h)" = 6(L),
(b) O(h') = h" iff O(h) = h.
We’ll always assume that 6 has no fized points in I, i.e., there is no ¢ € I such that
6(i) = i. To simplify we’ll say that 6 has no fixed points.
Let 9V be the category of finite-dimensional I-graded C-vector spaces V with

a non-degenerate symmetric bilinear form w such that V;, V; are orthogonal if
j # 0(i). To simplify we’ll say that V belongs to ?V if there is a bilinear form w
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such that the pair (V,w) lies in V. The morphisms in ?V are the linear maps
which respect the grading and the bilinear form. Let

NI = {v =3, v; € NL;vyy = v3,Vi}.

For each v in ?NI let °V, be the full subcategory of ?V consisting of the pairs
(V,w) such that V lies in V,,. Note that |v| is an even integer. We’'ll usually write
lv| = 2m with m € N. Given V in Y and A in V we let

By = {2z = (xn) € Ev;xgpny = —'xn, Yh € HY,
‘Gv = {9 € Gvigeu ="g; Vi € I},
Bav =%Fv x Loy, Lav = Homy(A,V).
The algebraic groups ‘G, Ga act on ’Ey, La v in the obvious way.

2.2. Generalities on isotropic flags. Given a finite dimensional C-vector space
W with a non-degenerate symmetric bilinear form w, an isotropic flag in W is a
sequence of subspaces

p=W=WF oW F5...5Wr=0)
such that (W!)* = W= for any [ = —k,1 —k,...,k — 1, k. In particular WY is a
Lagrangian subspace of W. Let F(W) be the variety of all complete flags in W,
and F(W,w) be the subvariety of all complete isotropic flags, i.e., we require that

¢ = (W) is an isotropic flag such that W' has the dimension m — [. If W has
dimension 2m then F'(W,w) has dimension 24, = m(m — 1).

2.3. Sequences. Fix a nonzero dimension vector v in °NI. Let ?Y" be the set of
all pairs y = (i,a) in Y” such that

i= (ilfk;"')ikflvik); a= (alfkv"'va/kflva/k)v 9(”) :ilflv ap = a1—y.
As in (1.1) we can identify a pair y as above with a sequence

itk PR eNT 00 =0t g V=
1

Let IV € %Y be the set of all pairs y of multiplicity (1,1,...,1). We'll abbreviate
i = (i,a) for each pair in /I”. Note that a sequence in 1" contains |v| = 2m terms.
Unless specified otherwise the entries of a sequence i in I will always denoted by

i= (ilfmv ce 7im71; Zm)

Finally, we set
‘=, veNI, |y =2m,

and we define Y™ in the same way.
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2.4. Definition of the map 07TA7y. Fix v € NI, v # 0, and A € NI. Fix an
object V in ?V,, and an object A in V. For y in °Y" an isotropic flag of type y in

V is an isotropic flag

p=(V=V"oVviFs5...oVF=)

such that V!=1/V! lies in V. for each I. We define “Fy y to be the variety of all
isotropic flags of type y in V. Next, we define F, A, v,y to be the variety of all tuples

(z,y, ¢) satisfying the following conditions :
e € By and ¢ € °Fy y is stable by w, i.e., z(V') C V! for each [,
e y€Lav,and y(A) C VO
We set
dyy = dim(%Fp v y).
We have the following formulas.

2.5. Proposition. Fori € %I we have
(a) dim(eFvyi) = 61,/2,

(b) dxi = 0o /24 D et ppagen M /2 + D1<i M-

Proof : Fix a subset J C I such that I = JU6(J). Set V; = P, V;. The

assignment (V¥) — (V¥ NV ) takes ?Fy; isomorphically onto

[TFV)).

jeJ
Thus we have
dim("Fy ;) => 6, =Y 4,,/2.
jeJ iel

Next, fix a sequence i as above and fix a flag ¢ = (V¥) in ?Fy ;. Then we have

dyi = £,/2 4 dim{z € °Ey; 2(V®) € V¥ Vk} +dim{y € Ly v; y(A) € VOL.

Finally the discussion in Section 4.9 yields

dim{z € "Ev; 2(VF) C VF, Vk} = > hi /2,
k<l; k+1#£1

dim{y € Lav; y(A) C VOh = > A

1<Ii<m

0O

The group %Gy acts transitively on °Fy . It acts also on 9}~7'A7V)y. The first

projection gives a ’Gv-equivariant proper morphism
0 .01 0
TAy A vy = EAv.
For a future use we introduce also the obvious projection

D: GﬁA,v — ry, GﬁA,V = H eﬁA,v,i, ‘Fy = H Fy ;.

iefrv iefrv
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2.6. Ext-algebras. Let )\, v, A, V be as above. We abbreviate /Sy = Soq,, - For
y € %" we define the following semisimple complexes in Dog,, (*Ea v)

H‘Cy = (GWAyy)!(k)u 9‘C¥ = G‘Cy[2d/\,y]u eﬁi = H‘Cy [dy].
For i,i" in I we consider the graded %Sv-module
"Za~viy = Ethcv(eﬁivaeﬁiv/)-

For i,i’,i” in I” the Yoneda composition is a homogeneous ?Svy-bilinear map of
degree zero HZAﬁvyiﬁi/ X HZA,V,i’,i” — QZAyvﬁiyiu. It equips the k-vector space

6 0
Zav= P "Zavir
i,i’efrv

with the structure of a unital associative graded ?Sv-algebra. For each i € " we
have the graded ?Sy-modules

0 0,V 0 0
Favi = Extig, (“Lyv;, D), “Fav = @ Favi.
iefrv

For each i, i’ in ’I” the Yoneda product gives a graded Sy -bilinear map GZAyvﬁiyi/ X
0FA,v,i/ — 9FA7V)i. This yields a left graded representation ofGZAy on (’FA)V. Our
first goal is to compute the graded algebra 9ZA7V and the graded representation
(’FA)V. For each i in 1" let 1a,v.i be the identity of OC;, regarded as an element
of QZA)VM. The elements 14 v ; form a complete set of orthogonal idempotents of
(’ZA,V such that

9 o 0 9
Zaviyv =1avi ZavIiavy, "Favi=Ilavi Fav.

2.7. Remark. Fix a pair y in ?Y”. Let i be the sequence of °I¥ obtained by
expanding y. We have an isomorphism of complexes in the derived category

L] = P Llen - 2(w)).

wEGH
Here b = (b1, ...,by) is a sequence such that the multiplicity of y is
()b := (b, ..., b2,b1,b1,ba,...by).
We'll abbreviate L) = (b)! GL‘;.

2.8. Shift of the grading. Let A\, v, A, V be as above. We define a new grading
on GZAN and GFAyv by

Orzé 0,5 0,6 0
ZA,V,i,i’ = EXt:GV( Ei’ Ei’) = ZA,V,i,i’ [d)\7i - d)\)i/],

0rps 0r7s
ZA,V: @ ZA,V,i,i'a

i,irefrv

‘v =P %L, v =P L

iefrv iefrv
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We set also I = {0}, °L) = k, and GZK{O} = k as a graded k-algebra. Here k is
regarded as the constant sheaf over {0}.

3. THE CONVOLUTION ALGEBRA

Fix a quiver I' with set of vertices I and set of arrows H. Fix an involution 6 on
T". Assume that T" has no 1-loops and that 6 has no fixed points. Fix a dimension
vector v # 0 in ?NI and a dimension vector A in NI. Fix an object (V, ) in ?V,
and an object A in Vy. For each sequences i, i’ in I we set

0 07 07 0 0
ZAVii = FaviXog,y FAvVy, ZAv = H ZAV i
i,i’efr
the reduced fiber product relative to the maps 97TA)i, 97TA)i/. Next we set
0 0 0 0
ZAV = @ ZANV LY, FAV = @ FANV s
i,i’efrv icorv

where
0 _ 7% 10 k 0 _ 17%Gv 0 k
Zaviy = HV(Z v k), "Favi=HV(Fpv k).

We have
2] o * 2] _ * 2] 2] e 01
FA,V,i = EXter (k, El) = HQGV( Ev, El) = H"Gv( FA,V,iak)-
We have also
(3.1) Hig,, CFavi k) = Hig,, ("Fa v, D)[~2dxi] = " Fa v i[—2dx ).
This yields a graded ?Sv-module isomorphism
(3.2) "Favi="Favil-2dxri.

Next, we equip the Sy-module (’ZA)V with the convolution product relative to the
closed embedding of Y Z, v into GﬁAyv X GﬁAyv. See [CG, sec. 8.6] for details. We
obtain an associative graded ?Sy-algebra YZ; v with 1 which acts on the graded
?S+v-module 9-7:A,v- The unit is the fundamental class of the closed subvariety
(’ZKV of (’ZAyv. See Section 4.6 below for the notation. The following is standard,
see e.g., [VV].

3.1. Proposition. (a) The left GZAyv—module 9-7:A,v 18 faithful.

(b) There is a canonical GSV-algebm isomorphism 9ZA1V = GZA1V such that (3.2)
indentifies the 9ZA7V—action on HFA,V and the QZA)V—action on 9-7:A,V~
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4. THE POLYNOMIAL REPRESENTATION OF THE GRADED ALGEBRA °Z3

Fix a quiver I' with set of vertices I and set of arrows H. Fix an involution 6 on
I". Assume that T" has no 1-loops and that 6 has no fixed points. Fix a dimension
vector v # 0 in NI and a dimension vector \ in NI. Set |v| = 2m. Fix an object
(V,@) in ?V, and an object A in V). The main result of this section is Theorem
4.19 which yields an explicit faithful representation of the graded k-algebra GZg_v.

4.1. Notations. Let G = O(V,w) be the orthogonal group, and F = F(V,w) be
the isotropic flag manifold. We can regard F' as the (non connected) flag manifold
of the (non connected) group G. Next, the group Gy is canonically identified
with a Lévi subgroup of G, i.e., with the subgroup of elements which preserve the
decomposition V. = @, V;. Then 9Fy is canonically identified with the closed
subvariety of F' consisting of all flags which are fixed under the action of the center
of °G+. Fix once for all a maximal torus T of °G~;. Let W~ and W be the Weyl
groups of the pairs (%G, T) and (G, T). The canonical inclusion ‘Gy C G yields a
canonical inclusion Wy C W.

4.2. The root systems. Fix once for all a T-fixed flag ¢v in °Fy;. Let B be
the stabilizer of the flag ¢v in G. Let A be the set of roots of (G,T) and let A™
be the subset of positive roots relative to the Borel subgroup B. We abbreviate
A~ = —AT. Let II be the set of simple roots in A*. We fix once for all one-
dimensional T-submodules Dq1_,,,...,D,,_1,D,, of V such that

v = (Vl)a vi= D1 @ -@Dy—1 @Dy,
Let x; € t* be the weight of D;. We have
At =ty 1<l<k<m},
H:{Xl-i—l_Xla X2+x1;l=1,2,...,m—1},

Let < and ¢ denote the Bruhat order and the length function on W. Note that W
is an extended Weyl group of type D,,. In particular we have

lw) =0 <= w=e¢,¢q,
where €1is as below, and the set S of simple reflections is given by
S ={s0,81,-,Sm—1},
with sg, £ =0,1,...,m — 1 the reflection with respect to
ap=X2+ X1, 01=X2—X1, --- Om—-1=Xm — Xm—1-

Now we consider the root system of the subgroup %Gy of G. Let Ay C A be
the set of roots of (%Gv,T) and let (’A{r, be the subset of positive roots relative to
the Borel subgroup By = BNYGy. We have °A{, = ATN%Ay. Note that changing
the flag v takes %Ay to w(?Av) for some w in W. Note also that Gy is a product
of general linear groups (this is due to the fact that  has no fixed points). Thus
we can (and we will) assume that

‘Av c{xi—xm 1 #k Lk=1,2,...,m}.
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4.3. The wreath product. Let &,, be the symmetric group, and Zy = {—1,1}.
Consider the wreath product W,,, = &,,1Zy. For each I =1,2,...m let g, € (Z2)™
be —1 placed at the I-th position. We'll regard ¢; as in element of W, in the
obvious way. There is a unique action of W,,, on the set {1 —m,...,m—1,m} such
that &,, permutes 1,2,...m and such that ¢; fixes k if k # [,1 — | and switches [
and 1 — [. The group W,, acts also on I”. Indeed, view a sequence i as the map

{1-m,....m—=1,m} -1, Il 1.

Then we set w(i) = iow™! for w € W,,. Thus we get a group isomorphism
W = W, such that w(D;) = D,,(;) (as T-modules) for each w, .

4.4. The W-action on T-fixed flags. The sets F'7 and (°Fy)” consisting of
the flags which are fixed by the T-action are equal. Thus the group W acts freely
transitively on (?Fy/)T. We'll write e for the unit in W. Put

¢V,w = w(¢V)a Yw e W.

Thus we have FT = {¢v ,;w € W}. Let ’By 4, be the stabilizer of the flag ¢y 4
under the ’Gy-action. It is a Borel subgroup of Gy containing T'. Let evaw be
the unipotent radical of ?By ,,. Finally, let i, be the unique sequence in °I* such
that ¢v , lies in QFVM. Write

(4.1) Lo = (1 ms- s ity im)-
We have
D, C Vi“ w_l(ie) =iy = (iw(l—m)a cee 7iw(m—1)a Z'uu(7n))

Let W, be the image of the group W~ by the isomorphism W — W,,. It is the
parabolic subgroup given by

Wy, ={w € Wi w(ic) = i}
Note that the choices made in Section 4.4 imply that W,, C &,,,. There is a bijection
Wy, \ Wy — 1Y, Wyw — i,.
For each i in °I” we have
CFvi) ~ OFvs)" = {ov.u;weWst, Wi={weW;i, =i}.
We’ll abbreviate
Pvw="Fvi,, Ww=W, “mrw="mai,.

We'll also omit the symbol w if w = e. For instance we write By = ‘9BV)e and
Ny = (’Nv,e. Note that W,, = Wy w and that we have an isomorphism of Gy -
varieties

BGV/GBVKUU - GFV,wa g g¢V,w-

Note also that By ., = 'By . if £(u) = 0.
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4.5. The stratification of °Fy; x ’Fy;. The group G acts diagonally on F' x F.
The action of the subgroup %G+ preserves the subset ?Fy x °Fy,. For each w in W
let 903} be the set of all pairs of flags in °Fy, x °Fy, which are in relative position
w. More precisely, we write

90‘71;/ = (eFv X eFv) N (G¢V,e,w)7 (bV,ac,y = (¢V,m7 ¢V7y)a Vx,y eWw.
Let 9@{", be the Zariski closure of 90{“,. For any w,z,y in W we write also
0y .., =09 N Fve x Fyy), 0%, ="0yN(Fy. xFy,).

We define (’Pv,w,ws, s € S, as the smallest parabolic subgroup of Gy containing
(’vaw and GBVVM. The following lemma is standard.

4.6. Lemma. Let w,z,y,s,u € W.

(a) The set of T-fized elements in 90{”, is { PV wowa; W € W

(b) Assume that £(u) = 0. We have 0% = %0%. It is a smooth Gy -variety
isomorphic to °Fyy,. We have 907{,)1)1/ = () unless y = zu.

(c) Assume that £(s) = 1. Set s = s'u with s’ € S and £(u) = 0. We have
005, = %03, V0% It is a smooth variety. We have 90@)1)1/ =0 if y # xs,zu.
Further,

o cither xs ¢ W, and

[ [ 6 % 6u 6 s
FV,zs 7£ FV,mua BV,zs = BV,Iv OV@@s = OV,gg,ggu = @,

e or xs € Wy, and

0 0 0 0 0s 0s
FV,acs = FV,mua BV,zs 7£ BV,Iv OV,m,ms = OV,ac,acua

OGV X0By (BPV,E,IS/GBV,m)lGOi/,z,zuv (ga h) = (9¢V,zvgh¢v,zu)-

For a future use let us introduce the following notation. Let ¢ be the obvious
projection QZAVV — 90y xFy, and, for each z € W, let GZX v be the Zariski closure

in 97 v of the locally closed subset ¢~1(%0%).

4.7. Euler classes in S. Consider the graded k-algebra S = Sp. The weights
X1, X2 - - - Xm are algebraically independent generators of S and they are homoge-
neous of degree 2. The reflection representation on t yields a W-action on S. We
have
w(x1) = Xw@), VI, w.

Now, let M be a finite dimensional representation of t and fix a linear form A € t*.
Let M[A] C M be the weight subspace associated with A\. The character of M is
the linear form ch(M) = >, dim(M[A]) A. Let eu(M) be the determinant of M,
viewed as an element of degree 2dim(M) of S. We'll call eu(M) the Euler class of
M. If M is a finite dimensional representation of T let eu(M) be the Euler class of
the differential of M, a module over t. Now, assume that X is a quasi-projective T-
variety and that € X7 is a smooth point of X. The cotangent space T X at x is
equipped with a natural representation of T. We’ll abbreviate eu(X, z) = eu(T; X).
We’ll be particularly interested by the following elements

Ap=eu’Fav, dv.), AL =euZF v, évww) !

where ¢(z) = 0,1. Note that A, lies in S and has the degree 2d) .
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4.8. Given w € W we let %y, t, envﬂu be the Lie algebras of G+, T, *Nv .
respectively. We’ll denote the flag ¢v , by

tvw=(V=V,"D...O5VIlo5Vnr=0).
The %G -action on GEAyv yields a representation of QBVM on the space
e v ={(z,y) € "Eav; z(VL,) C VL, y(A) C V).

There is an isomorphism of ‘G -varieties

‘G xopy , Yenviw = "FAv.w,  (9,2,9) = (96,0, 92, gY).
Under this isomorphism the map ewAﬁw is identified with the map

‘CGv xopy , Yeavw — "Eav,  (9,2,9) = (g2, 9y).

For each w, w’ we write

0, [3 0,
CA.V,w,w’ = €A V,w N €AV, w s
0 [% 0,
DA,V,w,w’ = eA,V,w/ AV, w,w’ s
[?) ) )
nwW,w,w = W N nv,w,

[ 0, 0,
mv, w,w’ = nV,w/ v w,w’-

We have the following T-module isomorphisms

0 0 0
nww = W,w,uw 3 mv, w,w,

0 0 0

CAV,w = €A V,w,w’ 3 oA,V,w,w’u
6, [ *

mv, w,w = ( mV,w’,w) .

4.9. Character formulas. As a T-module we have

(4.2) by = @g[a], a € w(AT) N Ay.

Recall that V = @, D; as I-graded T-modules, where l = 1—m,...,m—1,m. We'll
use the notation in (4.1). Thus ¢;, x; are the dimension vector and the character of
D;. Note that

hipi, =h
Set H® ={h € H; i/ =0(h")}, H' = H\ H°, and A = }_, \;i. A short computa-
tion yields the following formulas

ch(’Byv) = Z higir (Xt — X&),

Xi—XkEA

dim QEV Z Vh’Vh”/2+ Z Vh’ Upr — 1 27
heH?! heHO

h(Lav) Z iy Xi1-

e Xt = —X1-1, Di_;=Dj.
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Here the first sum runs over o € A, and for each o we choose one pair ([, k) such
that a = x; — x%- Recall also that VO = @l21 D;. Thus for each w we have also

(4.3) ch®eav.) = D hii,Oa —xe) + DN,
X1~ Xk l

where the first sum runs over all roots in w(A™) and the second one over all [ in
{w(1),w(2),...,w(m)}. Note that (4.3) can be rewriten in the following way

Ch(ee/LV,w) = Z h’iw(k)viw(l)w(xl = Xk) + Z )‘iw(Z)w(Xl)-

Xi—xkE€EAT 1<I<m

4.10. By (4.2) the Euler class eu(%ny ) is the product of all roots in Ay Nw(AT).
Therefore, for each [ =0,1,...,m — 1 the following hold

(a) either ws; ¢ W,, and we have
eu(env,wsl) = eu(eﬂv,w),
0 _ 0 —
eu("mv,wws,) = €u( My ws,w) = 0,
(b) or ws; € Wy, and we have
eu(GnV,wSL) = —eu(env,w),

eu(GmV,w,wSL) = _eu(emV,wSz,w) = w(o).

4.11. Formula (4.3) has the following consequences.
(a) First, we have
s
eu(%A,V,w,wsl) = w(Xl) v,

(b) Next, assume that [ =1,2,...,m — 1. We have

eu(%A,V,w,wsl) = w(al)hiw(l)’iw(l+1) .

(c) Finally, we have

(A v wwsa) = w(1) O wxz) e wlag) o e,

4.12. Reduction to the torus. The restriction of functions from % to t gives
an isomorphism of graded k-algebras

Sv = k[x1, X2 -5 xm]""
The group %G is a product of several copies of the general linear group. Hence it
is connected with a simply connected derived subgroup. If X is a quasi-projective
9G~s-variety then the S-module H! (X, k) is equipped with a canonical S-skewlinear
action of the group Wy. The forgetful map gives a ?Sy-module isomorphism

H.%V (X, k) — HT (X, k)"V.
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4.13. The W-action and the ?Sy-action on eFAﬁv. Fix a tuple i in 97" and an
integer [ = 1,2,...,m. We define Op v i(l) to be the °Gy-equivariant line bundle
over ?Fj v ; whose fiber at the flag ¢ is equal to V!/V!=1. Assigning to a formal
variable x;(l) of degree 2 the first equivariant Chern class of O v i(l)~" we get a
graded k-algebra isomorphism

k[zi(1),21(2), ... 21(m)] = Hig, ("Fa v, k).
So (3.1), (3.2) yield canonical isomorphisms of graded k-vector spaces
(44) k[xl(l), xi(2), oo xl(m)] = efA,V,i[_2d)\.,i] = HFA)V7i.
For a future use we set also

() =—x(1-10), l=1-m,2—m,...,0.
For each w in W,,, we set

wf(zi(1),...,2i(m)) = f(Twa(w(1)),. .., 2w (w(m))).
This yields a W,,-action on GFAyv such that the element w takes GFAyvﬁi to
"Fav,uwi-
The multiplication of polynomials equip both 9FA7v1i and (’FA1V with an obvious
structure of graded k-algebra. For each w in W; the pull-back by the inclusion
{¢pv.w} C eﬁmv)i yields a graded k-algebra isomorphism

(45) OFA,V,i - 87 f(—l'i(l), AR —I'i(m)) = f(Xw(l)a s Xw(m))
We'll write w(f) for the right hand side. This isomorphism is not canonical, because
it depends on the choice of w.

Now, consider the canonical ?Sy-action on F A, v coming from the %G -equivariant
cohomology. It can be regarded as a ?Sy-action on @ k[zi(1),x:(2),...xi(m)]
which is described in the following way. The composition of the obvious projection
QFA1V — eFAﬁvyi with the map (4.5) identifies the graded k-algebra of the W,,-
invariant polynomials in the z;()’s, with SWV = ¢Sy,. This isomorphism does not
depend on the choice of i,w. The ?Sy-action on QFA1V is the composition of this
isomorphism and of the multiplication by W,,-invariant polynomials.

4.14. Localization. Let K be the fraction field of S. Write
*Fav =H!IFrv, k),

0-7://(,v = OFA,V ®s K,
QZA,V = H;T(GZA,Va k)7

Z v =2\ v ®s K.
For each w,w’ in W let 1, be the fundamental class of the singleton {¢v .} in
ng)V, and let 1y ., be the fundamental class of {¢v w0} in (’ZA)V. Let )y,
Yy, denote also the corresponding elements in 9.7:/’(1\,, GZX,V' We consider also

the convolution product
0=/ 0=/ 0=/
ZAV X ZAv = 2Av

relative to the inclusion of GZAﬁv in eﬁAﬁv X GﬁAyv and the convolution product
Zhv < "Fav = " Fp vy
Both may be denoted by the symbol x. We’ll use the notation in (4.1).
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4.15. Proposition. (a) The S-modules elex,v and GZAV are free. The Ww-action
on the T -equivariant homology spaces efxlx,v’ OZI/\,V defined in Section 4.12 is given
by w(W¥y) = Ywe and W(Wey) = Ywzwy- The inclusions QZA)V C QZA)V and
0—7:A,V C 9_7:&\, commute with the convolution product.

(b) The elements ¥y, Yo u yield K-bases ofef}(yv, QZKV respectively. For each
i the map (4.4) yields an inclusion of k[x;(1),...,zi(m)] into efl/(,v,i such that

F=za(1), o =zi(m) = Y w()AG Y.
weW;
(c) We have ¥y w * Py = Ny Yo and sy * Yoyt o = Ny Yuprr ap-
(d) If £(s) = 0,1 then [°Z3 1 = 0 v Al Ywwr 0 °Z) .
(e) We have Ay, = eu(eexvyw @ v ).

(f) If £(u) = 0 then Ay, ,, =0 if w' # wu, and

e — i — Ai —
Aw’w - Awl’ Ai’lxwal = (Xw(O)) w(l)Awl = (Xw(l)) w(0) Aw;f
(9) If k=0,1,...,m —1 then
o cither wsy ¢ Wy, and

Sk _ ASE 6 x 0, —1
Aw,wsk - Aw,w - eu( eA,V,w,ws;C D anUU) ’

e or wsk € Wy, and

s 0 [ 6, —1
Awk,w = eu( eA,V,w,wsk D nv,w D mV,w,wsk) )

Sk 0 0 0 -1
Aw,ws;c - eu( eA,V,'uu,ws;C S nv,w D mV,wsk,w)

Proof : Parts (a) to (d) are left to the reader. The fiber at ¢v 4, of the vector bundle
p: 9}~7'A)V — 9Fy is isomorphic to eeA)VﬂU as a T-module. Thus the cotangent space
to 9}~7'A7V at the point ¢v 4, is isomorphic to ee}kx,v,w P 9nvyw as a T-module. This
yields (e). Now, observe that the variety %7 A,v is smooth if £(s) < 1. First, assume

that £(u) = 0. The fiber at ¢v 4 of the vector bundle
q: GZKV — Py x Ry

is isomorphic to GeAﬁvywywu as a T-module if w' = wu and it is zero else. Thus we
have 6 0 1,..(6 1
u _ * * — —
Aw,wu - eu( oA,V,w,wu)eu( eA,V,w) eu( FV7 ¢V,’w) )

0 _
= eu( DX,V,w,wu)Awl

Therefore, we have

A At if u=e,
T ) A = e,
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This yields (f). Finally, let us concentrate on part (g). The fiber at ¢v . of the
vector bundle
q: 73 — Py x Fy

is isomorphic to (’emv)w)ws,c as a T-module if w' = w,ws; and it is zero else.
Therefore, we have

k= { eu(GeX,V,w,wsk)_leu(eéi}c7¢V7w7w’)_1 if w'=w,wsy,

w,w’ T

0 else.

Next, if wsy ¢ W, the cotangent spaces to the variety 903 at the points ¢v i ws,
and @v ., are both isomorphic to env,w as T-modules. Finally, if wsy € W,, the
cotangent spaces to the variety (’Oi}e at the points ¢v w.wsy; PV,w,w are isomorphic
to envﬂu @ GmV,wsk,wu envﬂu @ ‘9mv,u,,u,s,c respectively as T-modules.

O

4.16. Description of the QZAﬁv-action on 9_7:A1V. Foreach k=0,1,...,m—1
let oa,v(k) be the fundamental class of °Z3" in GZES\’;, and let ma v(1) be the
fundamental class of °Z3'y, in “Z3',. Next, for each [ = 1,2,...,m the pull-back of

the first equivariant Chern class of the line bundle @); Oa v i(I)~! by the obvious
map N
"Ziv = "Fav

belongs to Hg, (0ZKV7 k). So it yields an element s v(I) in QZKV. We write
oav,iri(k) =1a vy xoav(k)x1avi
A v,ii(1) = 1A vy *mav(1) x1av i,

saviill) =1avy *sav(l) *1a v

Now, recall that (’Zfl\”, embeds into (’ZA)V for each w and that (’ZA)V acts on HFA)V.

For any sequence i = (i1—m,...,%m—1,%m) and any [ = 1 —m,...,m — 1, m and
k=1,...,m—1,m, we set
MUOERT
-1 if SkiZi,

hi(k) = ¢ hiy iy, if ski#1i, k#0,
hio,ig if Soi 7é i, k=0.
4.17. Proposition. Given i,i',i" in °I" and f in * Fp v ;i the following hold :
(o) Invi*f=fifi=1 and Ia vy *f =0 else.
(b) seav i) * f =0 unlessi”" =1 =1 and sea v(1) *x f = z: (D) f.

(c) iav,iniw(1)*x f =0 unlessi’ =1, i" =e1i and

mav (1) * f =z, (1) i Wey (f).
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(d) ov,iry(k)* f =0 unless i’ =1 and 1" = sii or i, and we have
o if spi=1 and k # 0 then

ov (k) * f = (zi(k) —ai(k + 1) (si(f) = ),
o if soi =1 then
ov(0)* f = (2:(0) — 2:(2))" V()N Vaz ()P (s0(f) — f),

o if spi# i and k # 0 then

oV, (k) % f = (25(k) = i (k + 1)) st Psi (f),

ovii(k) * f = (zi(k) — ai(k + 1) ¥ f
o if soi £ 1 then

0V,01,4(0) % = (251 (0) = 203 (2))" 01 O3 (1) 20 Doz (2) 201 s ),

ov5,1(0) * f = (23(0) — 25(2))" Oz (1) Wy (294 1.

Proof : Parts (a), (b) are left to the reader. Proposition 4.15(b), or, equivalently,
the map (4.5), yields

f(_xl(l)v SRR _Il(m)) U)w = f(Xw(l)a s 7X'w(m)) Z/}wv Vw € Wi.
Further we have £1(iy) = iwe,. Therefore, part (c¢) follows from the following
computation

s
[GZA/E\tv] * Py = Afulal,wAw@[’wal = (X’UJEl(O)) a1 e

where i, () is the I-th component of the sequence i,¢,. Let us concentrate on (d).
The first claim is obvious, because eru’jw/ = () unless w' = w, wsy, and iys, = Skiy-
Now, given i’ =i or sxi we must compute the linear operator

(4.6) "Fvi—Fvy, froviilk)*f.
By (4.4) we have a k-vector space isomorphism
efvyi = k[ZEl(l), :Ei(2), .. .xi(m)],

and Proposition 4.15(b) yields an embedding

"Fvi— B K, fl=ai(1),.o—zs(m)) = D w(f)AL Y.

weW; weW;

Under this inclusion the map (4.6) is of the following form

Z w(f)A;lww = Z G Vw's  Gu' = Z ’w(f)Aff,’w.

weW; w'eWy weW;
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We claim that the rhs is the image of a polynomial g in 9.7-'V7i/ that we’ll compute
explicitly. The polynomial g is completely determined by the following relations

(4.7) guw =w'(g)A,}, Vw' € Wi,
In the rest of the proof we’ll fix w,w’ in the following way
weW;, weWy, w =uworwsy.

In particular we have i = iy, i’ = iy, and i’ =i or sgi.

(i) First, assume that spi =1i. Then i’ =i, w'sy € W, and we have
Gur = W' ([)A o+ W sk (AL 4,
Note that Section 4.10 and Proposition 4.15 yield
Ay = eu(ee};)vw B v ),

s 6 x [ [ —1
Aujc/,w/ = eu( CAV w s, D WV w D MV wse) s

s 0, 0 0 -1
AJ’,w’sk = eu( eA,V,w’,w’sk D v, w’ @ mV,w’sk,w’) ;

eu(emv,w/,w’sk) = _eu(emv,w/sk,w/) = w/(ak)-
In particular, we have

Afuk/yw/ = eu(%z,v,w/,w/sk)w/(ak)flAfl Ak

w! T w’ w’ sk "
Therefore we obtain
Gu' = w/(f - Sk(f)) eu(%z,v,w/,w/sk)w/(ak)ilA;}'
Now, assume that k # 0. There is no arrow joining i, x) and 4,/(x41), because
iw’(k) = iw’(k+l)' Thus 4.11 ylelds
eu(%x,v,w/,w/sk) =1

Hence
o = W' (f = sk (F)w' (ax) 1AL

=w'(9)A,),
9="(f—sr(f))ay"

Next, assume that & = 0. There is no arrow joining é,,(g) and 4,r). Thus 4.11
yields

* Ai ’ Ai ’
eu(%A,V,w/,w/so) = (_X'w’(l)) w' (1) (_X'w’(2)) w'(@),

Therefore we have
Ai i, _ _
G =W (f = 50(f))(=Xw 1)) ™ O (=Xuw(2)) ' @w (a0) AL

=w'(g)A,),

9= (f = s0(f))(=x1) " (=x2) M@ ap L.
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(7¢) Finally, assume that sii # i, i.e., that wsy ¢ W,,. First, note that Section
4.10 and Proposition 4.15 yield

eu(enV,wSk) = eu(enV,w)a
Ay = eu(ee};)vﬁw & eﬂv,w%
_ 0, x 0,
Awsk - eu( €AV, ws D nv,w)a

Sk __ 0, x 0, —1 __ ASk
Aw,w - eu( eA,V,'uu,ws;C D nV,w) - Awsk,w'
In particular, we have

A% AU}Sk = eu(%X,V,wsk,w)7

WS, W

A'lsliwAw = eu(%X,V,w,wsk)'
Next, one of the two following alternatives holds :
e cither i’ = sii, w' = wsy and

GJu' = wlsk(f)Afi’,w’sk

= w'sp(f) (A% o Awsy )AL

WS, W

= wlsk(f) eu(%X,V,w’,w’sk) A;/l
e ori’ =i, w =w and
Gu' = w/(f)Aff/7w/

=0/ (f)(A%,Aw) AL

= w'(f) ea(0} v ur s, ) AL

Now we consider the cases k # 0 and k = 0. First, assume that k£ # 0. By 4.11 we
have

(A V wwrsy) = w'(ak)hiw“k)’iw/(“l) .
Thus (4.7) holds with

9= si(f)(—an)" v iy
in the first case and with
g= f(_ak)hiw'm’iwwmn
in the second one. Next, assume that £k = 0. By 4.11 we have
U(0n v wrrs) = 0 (1) O () @ ! () o o)

Thus (4.7) holds with

i Xi g hi oy vingr
9= s0/)(=31) ™' (—xa) ) (—axg) ety

in the first case and with
9= F(=x2) "0 () @ (mag) o e

in the second one.
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4.18. From GZAyv to 9ZA1V. The action of
Iavi, 2av(l), oav(k), mav(l),

yields linear operators in End(?Fa v). Recall that Fp v is a faithful left °Z5 v-
module and that there are canonical isomorphisms

0 6 6 0
Zav ="Zav, "Fav="Fav.

Thus the graded left GZAyv—module QFA1V is also faithful. Recall also that
Fav = @ Favi “Favi=Xkzi(1),2:(2),...,z:(m)).
iefrv
We obtain the following.
4.19. Theorem. The graded k-algebra °Zy v is isomorphic to a graded k-subalgebra
of End(°Fp v) which contains the linear operators
v, aavil), oavi(k), mavil),
ie’r", k=0,1,....m—-1, 1=1,2,...,m,
defined as follows :
(a) 1a,v.i 1s the projection to eFAﬁvyi relatively to @i,# GFAyvﬁi/,
(b) seavi(l) =0 on "Fpavy if  # i, and it acts by multiplication by z;(1) on

"Favi,
(¢) oav.i(k) =0 onFpavy if i’ #1, and it takes a polynomial f in °Fp v ; to

(zi(k) — zi(k + 1)"®) (s1.(f) = f) if sgi=1,k#0,
(i(0) — 2:(2))" Oa; ()M M (2)4P) (s0(f) — f) if spi=1,k=0,
(251 (k) — zpi(k + 1)t ® s () if spi#i,k+#0,
(2501(0) — 2405(2)) 01O 5 (1) s0i Wy 1 (2)X01P s (f) if spi # 1, k=0,

(d) Tavi(1) =0 on "Fp vy if i’ #1, and it takes a polynomial f in °Fp v ; to
e (D) Wey (f).

The degrees of these operators are given by the following formulas

deg(lA,V,i) = 07
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4.20. Shift of the grading. We have
Gziyv,ski,i = VZA N spiilda spi — dail-
Recall that hg(;) ; = hg(j),: for each i, j. Hence, an easy computation yields
d)\ Skl d)\ i—
hsoi(0) — hi(0) + Aspi(2) + Aspi(1) — Mi(2) — Mi(1)  if k=0,
daeri — dag = Aepi(1) — Ni(1).

Therefore the grading of (’Zi v is given by the following rules :

)
) = —io - iz + Ai(—1) + X (0) + N (1) + Ni(2),
)

= —ip g if k0.

5. THE GRADED k-ALGEBRA ‘R(T), .,

Fix a quiver I' with set of vertices I and set of arrows H. Fix an involution # on
T". Assume that T" has no 1-loops and that 6 has no fixed points. Fix a dimension
vector v # 0 in NI and a dimension vector A in NI. Set |v| = 2m.

5.1. Definition of the graded k-algebra ‘R(I'),,. Assume that m > 0. We
define a graded k-algebra *R(T"),, with 1 generated by 1;, s, o, m with i € 17,

k=1,...,m—1,1=1,2,...,m, modulo the following defining relations’
(@) i1y = 0w li, orli =1g40%, 2ali = lizg, mli=1gm,
(b) sy = sqp3a, T = . ()T,
(¢) 0213 = Q;,, iner (g1, 20) 14, 2l = Ai(0) )‘ (1)1
(d) opor =opop itk £k £1, mox=orm if k#1,
(€) (o1m)*1i = (mo1)?Li+
Aip A AipAs 2 2
i,z (— 1) %o %Z : zz - o11i = Bigi 0y in (—1)2 %h,

TWe thank M. Kashiwara who indicate us an error in a previous version of the relations
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(f) (Ok410kOk41 — OkOR410k) 15 =

Qi i Pt 15 2%) — Qi i (P41, Hk12)

= 0ipi 1,
kstk+2 %k _ %k+2 1
1 if L=k, i = i,
(9) (ks — s yor)li=< i i l=k+1, ik =g,
0 else.
Here §; ; is the Kronecker symbol, s = —5¢, and
(=) (u—v)=7if i #
(5.1) Qij(u,v) =
0 else.

We'll abbreviate o3, = ox1i, 24, = 2415, and 731 = m11;. The grading on 9R(I‘))\,V
is given by the following rules :

If v = 0 we set GR(I‘),\W = k as a graded k-algebra. Let w be the unique anti-
involution of the graded k-algebra GR(P))\,V which fixes 1;, >, ok, 7.

5.2. Remarks. (a) We may set g = mo17m. We have
deg(ooli) = —1g9 -2+ )\soi(l) + /\soi(2) + )\i(l) + )\1(2).
(b) We may also set m; = 0y—1 ...0201m10102...0;—1. We have

deg(mli) = —(ir +ia+ -+ +i—1) - (i +91-0) + M(l) + Mi(1 = 1).

5.3. The polynomial representation and the PBW theorem. Given any
objects V in %V, and A in V) we abbreviate

6 6 6 0 o 0
F,="Fav, "Fi="Favi “S,="Sv.

5.4. Proposition. There is an unique graded k-algebra morphism GR(I‘),\W —
End(’F,) such that, for eachi€ IV, k=0,1,....m—1,1=1,2,...,m, we have

Lim1avi, s 2avi(l), oix—oavi(k), m1—mavi(l).

Proof : The defining relations of *R(T")y,, are checked by a direct computation.
Let us (only) give a few indications concerning the relation 5.1(e). We have

o i
o1li = (sa1 — se2) 201 (51 — 04y 1) 1i, T1Li = 36, 01 1
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This yields

o i
o1mili = (30 — s9)Pi2000 (59 — 0io,iz) 711 €11y,

Xi_y hin
moili = » le1(sa — ) 20 (51 — 0y iy ) i
Therefore we have

o Xi_ o i
(0'17T1)21i = (%1 — %2)h12,11 (81 — 51'111'2)%11 161(%1 — %2)]%2,10 (51 — 51'0’1'2)%110 Elli,

)\7; P )\i7 P
(m101)% 15 = 56, 01 (501 — 202)"210 (51 = 8i4,) 56, €1(31 — 502)"211 (51 — B4y iy) i
Hence we have

(o171)215 = (301 — 200) M2 11 (309 — 329) 210 A,

(m101)%1;5 = (321 — 262) 1211 (309 — 209)Pi200 B,

where
>\i7 )\7;
A= (s1—0iy0,)5  €1(51 = i ip) 7 *e1li,

>\¢71

>\.
B =3"¢c1(s1 = 8ip,iy)7  €1(51 — iy in) 1ic

If 4o # iq it is easy to see that A = B. If iy = i a direct computation yields

B— A= (5" (—s) = (—a) )51,

The rest of the computation is left to the reader.
O

The k-algebra *R(T) ., is a left graded °F,-module such that z;(l) acts by the
left multiplication with the element »4; for each [ = 1,2,...,m. To unburden the
notation we may write s5; = x;(I). The following convention is important.

From now on we’ll regard W, as a Weyl group of type B,,, rather than an
extended Weyl group of type Dy, as in Section 4.2.

For each w in W,,, we choose a reduced decomposition w of w. By the observation
above w is a decomposition of the following form

W = Sk, Sky ** " Sk,, O0<ki,ka,...;kr<m, sy, =-c1.
We define an element o, in ‘R(T) A,v by the following formula
1; ifr=0
(5.2) oi =Y Loy, lioy=
i

1i0k1 Oky * " Ok, else,

where we have set o, = m;. Observe that o, may depend on the choice of the
reduced decomposition w.
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5.5. Proposition. The k-algebra °R(T')y ., is a free (left or right) °F, -module with
basis {ow; w € Wy, }. Its rank is 2™m!. The operator 1oy is homogeneous and its
degree is independent of the choice of the reduced decomposition w.

Proof : The algebra GR(F)A7V is filtered with 13, »¢; in degree 0 and oy, 7,1 in
degree 1. The Nil Hecke algebra of type B,, is the k-algebra NH,, generated by
7Tr17 5’1, 5'2, ey Om—1 with relations

Grow = Opop if [k —K'|>1, mop=cem if k#1, (T161)° = (5171)7,
— = = = = — =2 _ =2 _ 0
Ok+10kO0OKk+1 — OkOk+4+10k, T =0 = U.

We can form the semidirect product °F, x °NH,,, which is generated by 1;, 37,
71,0 with the relations above and

Okx = X5, (1)0k, T2 = X ()T1 , Ay = Hp .
We have a surjective k-algebra morphism
%, x '“NH,, — ngR(F)A,V, li—1;, 3, T T, Ok Ok

Thus the elements o, with w € W, generate °R(T)), as a °F,-module. We
must prove that they yield indeed a basis of R(I"), . This is rather clear, since
the images of these elements in End(°F,) under the polynomial representation are
independent over ’F, (by Galois theory).

O

Let °F), = @, "F}, where °F} is the localization of the ring ’F; with respect to
the multiplicative system generated by

{%i,l T, 1< # U< m}U{%iJ; = 1,2,...,m}.

5.6. Corollary. The polynomial representation of ‘R(T')x, on °F, is faithful.
The inclusion of °R(T'), into End(?F,) yields an isomorphism of °F! -algebras
from °F., @op, *R(D)A, to PF!, x W,,, such that for eachi and eachl =1,2,...,m,
k=1,2,...,m—1 we have

1; — 1,
7y, ol
(5.3) Toerl
. i,1 2t el
71 . . .
(%k — %kJrl) (Sk — l)li if U = Tk+1,
Oik —

hi i e ;
(ot — stpq1) "o s 1y i dg # dgga.

Restricting the OF -action on (’R(I‘),\W to the subalgebra S, of 'F, we get a
structure of graded ¢S, -algebra on ‘R(I"), .
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5.7. Proposition. (a)?S, is isomorphic to the center of "R(T)y,, .
(b) R(T') ., is a free graded module over %S, of rank (2™m!)?2.

Proof : First we prove (a). Recall that

W
QSV = k[x17X27' "7XW]W’/ = (@k[%17%27"'7%m]1i)
i

Given a sequence i in °T” the assignment = — x1; embeds S, as a central subalge-
bra of R(T") .. We must check that this map surjects onto the center of “R(I") .
This follows from Corollary 5.6. Part (b) follows from (a) and Proposition 5.5.

O

In Section 9 we’ll prove the following theorem.

5.8. Theorem. For any v € °NI, \ € NI there is an unique graded °Sv -algebra
isomorphism
T 'R(D)y, — HZ};\)V

which intertwines the representations of R(T)x,, and (’ZXV on 'F,,.

5.9. Examples. (a) If m = 0 then °R(T"),, = k by definition.

(b) Assume that m = 1. Fix a vertex i in I and set v = i + 6(i). We have
o1v = {i,0(i)} with i = i6(i) and (i) = 6(i)i. We have

"R(D)ar = (k[sa] ® mk[a])1i @ (k[sa] ® m1k[]) o),
mixli = —samly,  mialen) = —ramileg),
iAo NP WSy
77%190) _ (_1)&%1 +Ao( )19(i)7 F%li _ (_1))\9(1)%1 +Ao( )1i'

The inclusion /S, C (’R(F)A,U is given by

k[x] = "R(D)r, x+— (31,0, =114, 0).

6. AFFINE HECKE ALGEBRAS OF TYPE B

6.1. Affine Hecke algebras of type B. Fix p,q in k*. For any integer m > 0
we define the extended affine Hecke algebra H,,, of type B,, as follows (we use the
same convention as in [Mc]). If m > 0 then H,, is the k-algebra generated by

Ty, X' k=0,1,....m—1, 1=1,2,....m

satisfying the following defining relations :

(a) Xle/ = Xl/Xl,
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(b) (T0T1)2 = (T1T0)2, Tka_lTk = Tk—lTka—l if k& 75 0, 1, and Tka/ = Tk/Tk if
|k — K| #1,
(C) TonlTo = Xl, TkaTk = XkJrl if k& 75 0, and Tle = XlTk if [ # k, k + 1,
(d) (T —p) (T +p~ 1) =0if k #0, and (To — q)(To + ¢~ ') = 0.

If m = 0 then Hy = k, the trivial k-algebra. Note that H; is the k-algebra
generated by Ty, X fd with the defining relations

To Xy 'To=X1, (To—q)(To+q ') =0.

6.2. Intertwiners and blocks of H,,. We define
A=k[XI X XE), A'=AX7Y, H, =A'®asH,,
where ¥ is the multiplicative set generated by
1- XX, 1-p?XoXEY, 1- X7, 1-¢2XP 1#1.

For k =0,...,m — 1 the intertwiner ¢, in H/ is given by the following formulas
X — X1 .
—-1l=—(T), — if k#£0,
o pXi —p~ ' Xia T —#) #
(6.1) L
1= 2L ()
7 ¢X; % =g

The group W, acts on A’ as follows
(ska)(Xl,...,Xm) :a(Xl,...,Xk_;,_l,Xk,...,Xm),

(e10)( X1y, Xom) = a(X7H, Xa, .0, X)),
There is an isomorphism of A’-algebras
A" xW,, - H,,, sp— o, ¢e1+ 9o, k#O.

The semi-direct product group ZxZy = Zx{—1,1} acts on k* by (n, ) : z — 2p*".
Given a Z X Zso-invariant subset I of k* we denote by H,,,-Mod; the category of
all finitely generated H,,-modules such that the action of X;, Xo,..., X,, is locally
finite and all the eigenvalues belong to I. We associate to the set I the quiver I'
with set of vertices I and with one arrow i — p?i whenever i, p%i lie in I. We equip
" with an involution # such that 6(i) = i~! for each vertex i and such that 6 takes
the arrow i — p2i to the arrow p~2i~! — i~1. We’ll assume that the set I does
not contain 1 nor —1 and that p # 1, —1. Thus the involution 6 has no fixed points
and no arrow may join a vertex of I' to itself.

6.3. Remark. We may assume that either I is a Z-orbit or I contains at least one
of +q, see the discussion in [EK1]. Thus, we can assume that one of the following
two cases holds :

(a) I is a Z-orbit which does not contain 1, —1, ¢, —¢q. So either I = {p™; n €
Zoaa} or I = {—p™; n € Zoaa}- Then T is of type A if p has infinite order

and T is of type Agl) if p? is a primitive r-th root of unity.

(b) q € I (the case —q € I is similar) and —1,1 ¢ I. Then we have I = {gp®"; n €
7Y U {q~'p®>"; n € Z} with ¢* # p*" for all n € Z. Thus T is of type A,

b

A x A, A or AL 5 AW,
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6.4. H,,-modules versus ’R,,-modules. Given an element A of NI we define
the graded k-algebra

Rixm = @91:{1,)\,1/7 "Riny ="R(M)ny, I™ = HHIV’

where v runs over the set of all dimension vectors in NI such that |v| = 2m. When
there is no risk of confusion we abbreviate °R,,, = GRL A,m- Note that the k-algebra
%R,, may not have 1, because the set I may be infinite, and that Ry = k as a
graded k-algebra. From now on, unless specified otherwise we’ll set

(6.2) A= Zz ieIn{qg—q}.

Given sequences
i= (l1—my- s lm—1,0m), i = (Z/l, ey Z.;n'—la Z';n,),
we define a sequence 6(i')ii’ in as follows
OG)iT = (0(i)), ... 0(8), i1y sy @y eyl )).
Let v, v/ be dimension vectors in ?NI and NI respectively such that |v| = 2m,
|| =m', and m +m’ = m/”. We define an idempotent in °R,,,» by
Low =3 Lo, 1€, i el”.
Y
Given v, vh,...,v. in NI we define 1y, in the same way. Finally, for any
graded “R,,,»-module M we set
(63) 1m71,/M = @ 10(i’)ii'M7 ie ij, i€ IV/.
i,i/
If M is a right graded °R,,,»-module se define M1,, . in the same way.

We define ’R,,-Modg as the category of all finitely generated ’R,,-modules
such that the elements s, 59, . .., 20, act locally nilpotently. Let GRm-Modg and
Hm—Mod{ be the full subcategories of finite dimensional modules in ’R,,-Mod,
and H,,,-Mod; respectively.

6.5. Theorem. We have an equivalence of categories
'R,,-Mody — H,,-Mod;, M — M
which is given by
(a) X; acts on 1;M by i;le”l for each 1 =1,2,...,m,
(b) Tk acts on 1;M as follows for each k =1,2,...,m — 1,

(per — p~le” 1) (5g, — %k+1)0,

if 1, =1
pe——— k+D k= k41,
K _ pXk+1 2 M1
1 € € Ok — (11? 1)6 if ik = p2ik+1,
(p~terr — perk+1)(sa, — sep11) pTlerr — periti
1 —1; o%k+1
Pigy1€”* —p~Tige e - . 9.
(or —1)+p if i # k1, P2 lkt1,

T41€%F — jpe*h+l
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(¢) To acts on 1;M as follows

1_62%1 q2_1e2%1 o B
~1 252 7T1_(71 )2;( if iy = g7,
(¢! — qe*)sn g ! —ger

—1,—2 21
q—q "1y € P _
W(T(l—l)"'q 1fll¢:|:q 1.

1

Proof : First, recall that +1 ¢ I and that p # £1. Observe also that (6.2) yields
i1 =4q ' = ig=+q <= N\, =1,
il;é:I:q71 < g # £q <= N\, =0.

The functor above is well defined by formulas (5.3) and (6.1). A quasi-inverse

functor H,,-Mod; — ’R,,,-Mod, such that M — M is given by the following
rules

(@) M ={me M; (4X;—1)"m=0,r> 0},
(b) s acts on 1;M by log(i;X;) for I =1,2,...,m,

(¢) o acts on 1;5M as follows for each k =1,2,...,m —1,
X — Xir1 e .
T f =
(p Xk _p_le-l-l)lOg(Xk/Xk-i'l)( k+2) BT
log(p? X1/ X _ e .
X — Xp1

m(Tk _p) 1 if ik # 7;]C‘F17p27;k+15

(d) m acts on 1;M as follows

(1 - X7?)log(q—*X7}) (1—g %) log(g2X?)

T, X7 if iy =£q7!

20— Xy ' 2d-gexp ST

|- x2 o
m(z—b_q)'i‘l lfll?é:tq .

6.6. Corollary. There is an equivalence of categories

v :R,,-Mod} — H,,-Mod}, M — M.

6.7. Example. Let m = 1. Using Example 5.9(b) it is easy to check that the
1-dimensional ’R,,,-modules are labelled by {i € I; \; + Ao@iy # 0}, and that the
irreducible 2-dimensional “R,,-modules are labelled by {i € I; A; + Ag(;y = 0}/6.
Now, observe that \; + Ag(;y # 0 iff i = ¢,—¢,q" ', or —¢~—'. Finally, the 1-
dimensional objects in H,,-Mod; are given by

(a) X1 =Tp=i"' withi e In{—qq '},
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(b) Xl = _TO = i_l with 7€ 1IN {Q7 _q_1}7

and the irreducible 2-dimensional objects in H,,,-Mod; are given by

(i 0 ([ —i%a/b a®—b?/i? : B 1. 2
(C) Xl_(o ,L'—l>7T0_<_,L'2/b2 (I/b Wltha’_q_q 7b_1_la
and i # q,—q,q" ", —q" "

6.8. Induction and restriction of H,,-modules. For i € I we define functors
E;: Hm_Mod{ — Hm,l—MOd{,

(6.4)
F; : H,,-Mod/} — H,,,1-Mod/,

where E;M C M is the generalized 6(i)-eigenspace of the X,,-action, and where

Hpp1
F,M =1Ind ™
v H,,®k[XE!,

](M®ki).

Here k; is the 1-dimensional representation of k[Xni%lH] defined by X411 — 6(3).

7. GLOBAL BASES OF f AND PROJECTIVE
GRADED MODULES OF KLR ALGEBRAS

This section is a reminder on KLR algebras. Most of the results here are due to
[KL1]. Although we are essentially concerned by KLR algebras of type A, every-
thing here holds true in any type.

7.1. Definition of the graded k-algebra R,,. Fix a Z X Zs-invariant subset
I C k* as in Section 6.2. Let I" be the corresponding quiver. For each integer
m > 0 we put

R()m =EPRU)y, R(I),=R(I),,

where v runs over the set of all dimension vectors in NI such that |v| = m. When
there is no risk of confusion we abbreviate R, = R(I)y,. The graded k-algebra
R, is generated by elements 1;, s, oj withi € I™, 1 =1,2,...,m and k =
1,2,...,m — 1 satisfying the following defining relations

(@) 11y = 6wy, oik = Lleaoikls, 260 = lisg 1,
(b) = Mmp A,
(¢) 0715 = Qip gy (Gthg1, 20) 14,
(d) OO = OO if |k — k/| > 1,
(€) (Ok+10k0k+1 — OkOR410%)1; =

Qik,ik+1 (%/H-lv %k) - Qik7ik+l (%/H-l? %k-l-?)
= Al — k42

1i if ip = tpqo,

0 else,
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—1; itk =k, ix = ige1,
(f) (Uk%k’ — %sk(k’)ok)li = 1; ifk =k+1, = Th+1,
0 else.
Here Q; ;(u,v) is as in (5.1). The grading on R,, is given by the following rules :
1; has the degree 0, 24, has the degree 2, and o; ;, has the degree —iy, - t41. Given
any element a in 1;R,, 1y we write sz,a for 54 ra, etc. Note that the k-algebra R,
may not have 1, because the set I may be infinite. If m = 0 we have R,,, =k as a

graded k-algebra.
Let w be the unique anti-involution of the graded k-algebra R, given by

w: 1y, 2, o) = 15, 51, 0.

Note that Q; ;(u,v) = Qji(v,u). Hence there is an unique involution 7 of the
graded k-algebra R, such that

T 13, 50, 0k — Lug(i)s Zmt1—1s —Om—ks

where wy is the longest element in &,,,. Finally, we have Q; j(u,v) = Qg(),0¢;)(—u, —v).
Hence there is an unique involution

v 1y, 04, o — gy, —2a, —0%.
We define

(7.1) K=10T=ToOL

7.2. The Grothendieck groups of R,,. The graded k-algebra R,, is finite
dimensional over its center, a commutative graded k-subalgebra. Therefore any
simple object of R,,-mod is finite-dimensional and there is a finite number of simple
modules in R,,-mod. The Abelian group G(R,,) is free with a basis formed by
the classes of the simple objects of Ry,-mod. The Abelian group K(R,,) is free
with a basis formed by the classes of the indecomposable projective objects. Both
are free A-modules where v shifts the grading by 1. We define

K/ =@ Kim Kim=KRny),

m>=0

Gr = Grm, Grm=GCRyp).

m=0
The Cartan pairing is the perfect A-bilinear form
K;xGr— A, (P:M)=gdimhomg(P,M).

Now, fix integers m, m’, m” > 0 with m"” = m+m’. Given sequences i € I and
Y Y ) q

. ! . . . .

i’ € I'™ we write i” = ii’. We abbreviate

Rm,m’ =R, @R,.
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There is an unique inclusion of graded k-algebras
Rom — R,
1;® 1y = 1j,
#i,1 ® Ly = s g,
1; ® s 1 = 360 iy,
gik @ 1y — oy,
1 ® ov k= OV mtk-
We have a triple of adjoint functors (¢, ¢*, ¢.) where
¢* : R,,»-mod — R,,-mod x R,,,,-mod
is the restriction and ¢y, ¢, are given by
R,,-mod x R,,»-mod — R,,,»-mod,
. { (M, M) — R OR,, (M oM,
R,,-mod x R,,»-mod — R,,,»-mod,
o { (M, M') = homgr, (R, M & M).

The functor ¢* is exact, it commutes with the shift of the grading, and it takes finite
dimensional modules to finite dimensional modules. Thus ¢, takes projectives to
projectives and it commutes with the shift of the grading. By [KL1, prop. 2.16] the
right graded R, ;n/-module R, is free of finite rank. Thus ¢ is exact and it takes
finite dimensional modules to finite dimensional ones. For the same reason the left
graded R, ,,-module Ry, is free of finite rank. Thus ¢, is exact and ¢* takes
projective modules to projective ones. To summarize, the functors ¢, ¢*, ¢. are
exact, they commute with the shift of the grading, they take projective modules to
projective ones and finite dimensional modules to finite dimensional ones. Taking
the sum over all m, m’ we get an A-bilinear map

¢ K x Ky — Kj.
In the same way we define also an A-linear map
gf)* : K]—>K]®_AK].

From now on, to unburden the notation we may abbreviate R = R,,, hopping
it will not create any confusion. Recall the anti-automorphism w from the previous
section. Consider the duality

R-proj — R-proj, P — P%=homg(P,’R),
with the action and the grading given by

(@f)(p) = f(p)w(x), (P*); =hom(P;k).
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The duality on R-mod yields an A-antilinear map
K, > K;, Pw~— Pt
The A-module K; comes equipped with a symmetric bilinear form
K;xK;— A, (P:Q)=gdim(P’®rQ).

Finally, we equip K; ® 4 K; with the algebra structure such that

(POQ:P' Q) —v " g(P:P)oa@:Q),
and with the A-antilinear map such that

PRQ— (PQ) =P oQh

7.3. Proposition. The map ¢ turns K; into an associative A-algebra with 1,
and it commutes with the duality §. The map ¢* turns K into a coassociative
A-coalgebra with 1, and it is an algebra homomorphism K; — K; ® 4 Kj.

Proof : See [KL1]. The last claim follows from a version of the Mackey’s induction-
restriction theorem.
O

7.4. The projective graded R,,-module R,. Fix an element v in NI with
|v| = m. For y = (i,a) in Y we define an object Ry in R,,-proj as follows.
(@) fi =14, ¢ € I, and a = m then we set Ry, = F,[(,,]. As a left graded
R,-modules we have a canonical isomorphism R, = ,,cs, Ry[20(w) —{].
We choose once for all an idempotent 1, in R,, such that Ry = (R, 1y)[¢n].
(b) If i = (41,...,i) and a = (a1,...ar) we define the idempotent 1, as the
image of the element ®f:1 1(i;),q, by the inclusion of graded k-algebras
®_; RuiiyC Ry, in (7.2). Then we set Ry = (R, 1y)[la).

The graded module Ry satisfies the following properties.

(c) Let i’ € I" be the sequence obtained by expanding the pair y = (i,a). We
have the following formula in R,,-proj

Ry =Rly = P Ry[20(w) — la] =: (a)! Ry.
weGq

(d) Giveny = (i,a) €Y, and y’ = (I',a’) € Y, we set yy’ = (ii’,aa’). We have
an isomorphism of graded R,»-modules ¢1(Ry ® Ry/) = Ry.

(e) We have Ry[d]* = Ry[—d] in R,,-proj for each integer d. This follows from
part (¢) because the graded module Ry is selfdual, i.e., it is fixed by the
duality functor.
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7.5. Examples. (a) The graded k-algebra R; is generated by elements 1;, s,
i € 1, satisfying the defining relations 1; 1;; = §; 1, and s = 1;3¢;1,. We have

Ri = 11'R1 = Rlli, tOp(Ri) = Rz/(%z) = Ll

(b) Let B = Z((v)) and let BI™ be the free B-module with basis I"™. The
character of any finitely generated graded R,,-module M is the element of BI™
given by

ch(M) = gdim(1;M)1.
1

Let L,,; = top(Ri), where R,,,; is regarded as a graded R,,-module. We have
ch(Ropni) € v Z[[W?]]i™,  ch(Lpi) = (m)!i™.

Further the graded R,,,—1 ® Rj-module L,,; has a filtration by graded submodules
such that the associated graded is isomorphic to [m] L(,,—1); ® L;, and the socle of
Ly, as a graded Ry, —p ® Ry,-module is equal to Ly, —p); @ Lin; for eachm >n > 0.
7.6. Categorification of the global bases of f. Set £ = Q(v). Let f be the
K-algebra generated by elements 6;, ¢ € I, with the defining relations

(7.3) S =00 =0, i#j, 0 =02/(), a0
at+b=1—i-j

We have a weight decomposition f = @, y; f,. We equip the tensor square of f
with the [C-algebra structure such that

oy @ @y)=v "z’ @y, zecf, 2’ €ty ye f., vy efy,.
Consider the K-algebra homomorphism such that
r:f-fef, 0,—-0,1+1x60;, Vi

The K-algebra f comes equipped with a bilinear form (e : o) which is uniquely
determined by the following conditions

(@ (1) =1,
(b) (91 : 9J) = 51’,]’(1 — ’1}2)_1 for all i, €1,
() (x:yy)=(r(z):y®y) forall z,y, v/,
(d) (z2' 1 y) = (z @2’ :r(y)) for all x,2',y.

This bilinear form is symmetric and non-degenerate. Let 4f be the A-submodule
of f generated by all products of the elements 91@ with @ € Z>p and ¢ € I. We
set 4f, equal to 4f Nf,. The element 6; lies in 4f; for each i € I. Let 08¢ € 4f;
be the element dual to ;. For each pair y = (i,a) in Y” with i = (i1,...,ix),
a=(ai,...ax) we write 6y = 95?1)91(;12) e Hl(gk).

Let G!°V be the canonical basis (=the lower global basis) of f. It is a A-basis
of 4f. The upper global basis of f is the K-basis G"P which is dual to G!°V with
respect to the inner product (e : o). We may regard G"P as a K-basis of f*.
Similarly, we may regard 4f* as an A-submodule of f via (e : ®). Let B(co) be the
set of irreducible (non graded) R-modules such that the elements s, 5, ..., 3,
act nilpotently.
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7.7. Theorem. (a) There is an unique A-algebra isomorphism v : of — K which
intertwines v and ¢*, and such that y(0y) = Ry for eachy.

(b) We have G = {G"Y(b); b € B(00)}, where v(G'¥(b)) is the unique self-
dual indecomposable projective graded module whose top s isomorphic to b. The
map ~y takes the bilinear form (e : @) and the involution & on 4f to the bilinear
form (e : @) and the involution ¢ on K;.

(¢) The transpose map Gy — Af* takes the A-basis of G of the selfdual simple
objects to G'P. We have y(L;) = 0 for alli € I, and G*"* = {G"P(b); b € B(c0)}
with G (b) = tytopy G°¥(b).

Proof : Claim (a), and the second part of (b) are due to [KL1, prop. 3.4]. The first
part of (b) is due to [VV] (the same result has also been anounced by R. Rouquier).

Part (c) follows form (b). For instance, the last claim in (c¢) is as proved as follows.
Let (o : @) denote both the Cartan pairing and the canonical pairing

Af X Af* — A.

Then we have
(b": 'y topy(b)) = (v(b') : topy(b)) = db,b-

8. GLOBAL BASES OF V(\) AND PROJECTIVE GRADED YR-MODULES

Given an integer m > 0 we consider the graded k-algebra ’R,, introduced in
Section 6.4.

8.1. The Grothendieck groups of ’R,,,. The graded k-algebra ’R,, is free of fi-
nite rank over its center, a commutative graded k-subalgebra. Therefore any simple
object of ’R,,,-mod is finite-dimensional and there is a finite number of isomor-
phism classes of simple modules in ’R,,,-mod. The Abelian group G(°R,,) is free
with a basis formed by the classes of the simple objects of *R,,-mod. The Abelian
group K (’R,,) is free with a basis formed by the classes of the indecomposable
projective objects. Both are free A-modules where v shifts the grading by 1. We
consider the following A-modules

Ki =P "Kim "Kim=K(Ry),
m>=0
‘Gr =P Grm, "Grm=G(Ry).

m=0

From now on, to unburden the notation we may abbreviate R = R,,,, hopping it
will not create any confusion. For any M, N in R-mod we set

(M : N) =gdim(M* ®g N), (M :N)=gdimhomeg(M,N).



hal-00435938, version 2 - 3 Dec 2009

38 M. VARAGNOLO, E. VASSEROT

The Cartan pairing is the perfect A-bilinear form
'K; xGr — A, (P : M) = gdimhomeg (P, M).
First, we concentrate on the A-module °G;. Consider the duality
'R-mod’ — ‘R-mod’, M — M’ = hom(M, k),
with the action and the grading given by
(¢f)(m) = f(w(@)m), (M’); =hom(M_; k).
This duality functor yields an A-antilinear map

G — %G, Mw— M.

Let ?B()\) denote the set of irreducible (non graded) YR-modules in QR—Modg .
We can now define the upper global basis of G} as follows. The proof is given in

Section 8.25.

8.2. Proposition/Definition. For each b € °B()\) there is a unique selfdual ir-
reducible graded *R-module %G™P(b) which is isomorphic to b as a (non graded)
"R-module. We set %G'"P(0) = 0 and G'"P(\) = {%G"P(b); b € °B(\)}. Hence

%GuP(N) is a A-basis of °Gy.

Now, we concentrate on the A-module °K;. We equip K; with the symmetric

A-bilinear form
(8.1) 'K; x 'Ky — A, (M,N)— (M :N).
Consider the duality
'R-proj — “R-proj, P+ P*=homsg(P,°R),
with the action and the grading given by
(@f)(p) = f(P)w(z), (PF); =hom(P; k).
This duality functor yields an A-antilinear map
'K; —» °K;, P+~ P~

Let K — K, f — f be the unique involution such that & = v~1.

8.3. Definition. For each b in °B(\) let %G (b) be the unique indecomposable
graded module in “R-proj whose top is isomorphic to °G"P(b). We set °G'*%(0) = 0

and %G1°%(\) = {%G™¥ (b); b € °B(\)}, a A-basis of K.
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8.4. Proposition. (a) We have (%G'"(b) : %G (b)) = 8y for each b,b' in °B()).

(b) We have (P*: M) = (P : M®) for each P, M.
(c) We have ‘QGIOW(b)‘i =G (b) for each b in °B(\).
Proof : Part (a) is obvious because we have
(%G"Y (b) : °G™P (1)) = gdim homog (%G'™ (D), top °G1% (V') = 64
Part (c) is a consequence of (b). Finally (b) is proved as follows
(P*: M) = gdimhomsg (homoeg (P, “R)“, M),

= gdim (P* Qg M),

= gdim hom(P¥ Qg M, k),

= gdim homog (P, M?),

=(P: M").

Here, the second equality holds because P is a projective graded module and the
fourth one is adjointness of ® and Hom, see e.g., [CuR,(2.19)].
O

8.5. Example. Set v = i + 0(i) and i = i0(i). Set “L; = top(’R;). We have
Ry = k. The global bases are given by the following. First, the weight zero parts
are given by GV ()\) = %G{P(A\) = {k}. Next, let us consider the weight v parts.

o If \; + )\g(i) # 0 then OGIVOW(/\) = {eRi, GRg(i)} and GGBP()\) = {eLi, eLg(i)}.

o If \; + Mgy = 0 then Glov () = {PR;}, %GUP(\) = {?L;}, ‘R; = 'Ry(;), and
(%) v v (1)
GLi = eLg(i).

8.6. Definition of the operators e;, f;, e}, f/. First, let us introduce the following
notation for a future use. Given integers m,m’,n,n’ > 0 such that

m+m’ :n—l—n':m",
let Dy, be the set of minimal representative in W,,,» of the cosets in
Wm,m/ \Wm”v Wm,m’ = Wm X Gm’-

Write also
Dm,m’;n,n’ = Dm,m’ N (Dn,n’)_l'

For each element w of Dy, ym/in,ns We set
W(w) = Winm: D w(W, p)w ™t

We abbreviate
GRmﬂn’ = GRm @ Ry
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More generally, for any positive integers m/, ..., m/. we define the graded k-algebra
R, m/ m/ .. ms in the same way. There is an unique inclusion of graded k-algebras
[ SRS RAR N S

eRm,m’ - eRm”u
1i ® i = 1y,
1i @ s 1 = 5600 i

(8.2) i ® ov k — O ks

s, & Ly — a5,

i1 @ 1y = i,

oik ® Ly — oy g,
where, given i € °I™ and i’ € I, we have set i = 6(i")ii’, a sequence in om”
8.7. Lemma. The graded °R,, ,,,-module R, is free of rank 2"“(“;:).

Proof : Set v = (V') + v + v/, where v, V' are vector dimensions in NI, NI
respectively, such that |v| = 2m and || = m’. For each w in Dy, s we have the
element oy, in °R,,,» defined in (5.2). Using filtered/graded arguments it is easy to
see that

GRmN = @ eRm_’m/Uu',.

wEDm,m/

Now, we consider the triple of adjoint functors (¢, ¥*,1,) where
¥* : °R,»-mod — ’R,,,-mod x R,,-mod
is the restriction and v, 1, are given by
R,,-mod x R,,-mod — R, -mod,
| { (M, M") = "Ry @og, (M & M),
’R,,-mod x R,,,-mod — R, -mod,
: { (M, M) — homeRm’m,((’Rmn,M@)M’).

The same discussion as for the triple (¢, ¢*, ¢.) implies that ), ¢¥*, ¥, are exact,
they commute with the shift of the grading, they take projective modules to projec-
tive ones and finite dimensional modules to finite dimensional ones. The functors
1, ¥, yield A-bilinear maps

K!xK; - K;, G;xG;—'G;.
The functor 1* yields maps in the inverse direction. For any graded ’R,,-module
M we write
(8.3) FiM = "Rypi1ly; @og, M, €M = 1,,_1,;M.

Here the symbol 1,,; is as in (6.3). Note that f;M is a graded GRmH—module,
while e/ M is a graded ’R.,_1-module.
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8.8. Definition. Let ¢!, f; be the A-linear operators on °Ky given by the formula
(8.3). Let e;, f! be the A-linear operators on °Gy which are the transpose of fi,
el with respect to the Cartan pairing. We will also write e; = (1 — v?)e. and

fi= (@ =v*)fi.
8.9. Lemma. (a) For each M € °R,,-mod’ we have

eiM =1p,_1,;M, f{M =homg,  (‘Ryi1, M ®R;).
(b) For each M, M" € °R-mod and M’ € R-mod we have
(WM, M) : M) = (M @ M": *(M")),  (e;M : M") = (M : f;M").
(¢c) We have fi(P)* = fi(P*) for each P € *R-proj.
(d) We have e;(M)" = e;(M") for each M € *R-mod’.
Proof : For each M in R-mod’ and each P in 9R-proj we have
homeg (fi P, M) = homeg (¢Y1(P, R;), M)
= homoggr (P ® Ry, " M)
= homog (P, 1;—1,M),
homeg (¢; P, M) = homog (1,,—1,:P, M)
= homoggr (V" P, M ® R;)
— homog (P, ¢ (M, Ry)).
This proves part (a). Part (b) follows from the following identities
(),

m,m/

(W (M, M) : M) = gdim((M° © M) @on
= (M e M 4" (M")).
Part (c) follows from the following identities
fi(P)! = homog ("R ®ogr,, ,, (P®R;), ‘Rpn),

=honog, ,,(P®R;, ‘Ry),

='R,, QoR,,_,, homer, (P® R, "Rip11),

=R, ®og,, ,, (homog, (P, *Rim_1) @ R;),

= [i(P?).
Here the second equality is Frobenius reciprocity and the third one follows from

Lemma 8.7, see e.g., [CuR, (2.29)]. Part (d) follows from (¢) and Proposition 8.4(b).
O
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8.10. Shuffles, projectives, and characters. For each sequence i in I"™ we
define a projective graded module in ’R,,-proj by setting ‘R; = R, 1;. More
generally, for y € °Y™ we define an object 9Ry of °R,,-proj as follows. Write
y =(0(4)j,0(b)b), jelI™, beZ™
Define the idempotent 1y as the image of the idempotent 1(;p) by the inclusion
R,, C ’R,, given by setting m, m’, m” equal to 0,m,m in (8.2). Then set
Ry = ("Ruly)[lo].

The graded module eRy satisfies the same properties as the projective graded R,,-
modules introduced in Section 7.4. In particular eRy is selfdual, and if the sequence
iin %I is the expansion of the pair y then we have

(8.4) 'R; = (b)! 'R,
Further, for each y = (i,a) in Y™ and y’ = (i,a’) in Y™ we have
U(Ry @ Ry/) = "Ry, y" = (0(1)if, 0(a’)aa’).

8.11. Definition. A shuffle of a pair of sequences (i,i') in I™ x I™ s a sequence
i in I together with a subsequence of i’ isomorphic to i and such that the
complementary subsequence is equal to 8(i")i" modulo 6.

Let Sh(i,i’) be the set of shuffles of i, i’. The assignment w — w=1(0(i')ii’) gives
a bijection from D, ., to Sh(i,i’). To a shuffle i” in Sh(i,i’) associated with an
element w of D,, ,,» we assign the following degree

deg(i, i/; i”) = deg(awliu).
This degree does not depend of the choice of the reduced decomposition w of w.
Let 9BI™ be the free B-module with basis ™.
8.12. Definition. For any finitely generated graded 'R.,-module M we define the
character of M as the element of BI™ given by ch(M) =Y, gdim(1;M) i.
For any f in %BI™ we write f =3, f(i)i. Then, we define
(f®g) (") =Y vt pGh)g(ir), Vf e BI™, Vg BI™.
Y
The sum is over all ways to represent i’ as a shuffle of i and i’.

8.13. Proposition. For any M € °R,,-mod and any M’ € R,,,-mod we have
ch(yp (M, M")) = ch(M) ® ch(M’).

Proof : We have ch(M) = Y";(°Ry, M) i. Thus the proposition follows from Lemma
8.9(b) and the following formula

V" (“Riv) = (D “Ri ® Ry [deg(i, i;1")],
i,if
where the sum runs over all sequences i’ such that i” lies in Sh(i,i’), which is a
consequence of the Mackey’s induction-restriction theorem. The details are left to

the reader, see e.g., the proof of Theorem 8.30 below.
O
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8.14. Proposition. We have

fi"Rs) = Roysi,  €i("Ry) = (1 =07 @9 [deg(i’, i; ).

The sum runs over all sequences in °I"™~' such that i lies in Sh(i’,i), and (1 —
2)-1 _ 2r
vh) T =250 v

Proof : Left to the reader.
O

8.15. Example. Set v =i+ 0(i) and i = i6(i). We compute e;, f;, €}, f;, and ch.
We have

(1 —02)~ritrem kif j =i,
filk) ="Rogy,  €j("Ri) =4 (1—v?)7'k if j =6(1),
0 else.
We have “Rg 1 = Rq, and the inclusion in (8.2) yields Ry = Ry @ Rym. We get
¥, (k, R;) = homg, ("R1, Ri) = "Ri[\; + Ay,
ik, Ri) = ‘R, ®r, Ri = eRe(i)-

In particular, we have

o If X 4+ Ag(sy # 0 then e;(°Lg)) = k if j = i and 0 else, and f](k) = (1 —
v?) " oM TR0 L 4+ OLg ;). Further ch(?Lyg)) = 6(i) and ch(“L;) =i+ 6(i).

o If i + gy = 0 then e;(“Lgg;)) = k if j = 4,60(i) and 0 else, and f/(k) =
(1 —v2)~1L;. Further ch(’L;) =i

8.16. Induction of H,,-modules versus induction of ’R,,-modules. Recall
the functors E;, F; on H- Modj defined in (6.4). We have also the functors

v :R,,-Mod} — H,,-Mod}, for : °R,,-mod’ — ’R,,-Mod,
where for is the forgetting of the grading. Finally we define functors
E; :°R,,-Mod} — °R,,_1;-Mod{, E;M =1,,_1;M,
(5 F; : 'R,,-Mod{ — °R,,11-Mod{,, F,M = (M, Ly;).

8.17. Proposition. There are canonical isomorphisms of functors

EioW=VokF;, FoV=VolF; FE;ofor=foroe; Fjofor=foro fyg,).

Proof: Recall that k; is the 1-dimensional k[Xnil}H]—module such that X, 1 — 6(7),
that L; is the 1-dimensional R;-module such that 1, — 1 and s; — 0, and that
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U identifies X,,,11 and the element 1 ® 6(i)e* in eRmJ. The first two isomor-
phisms are obvious consequences of (6.4), (8.5), because E; M is the generalized
6(i)-eigenspace of M with respect to the action of X,,11, and F; M is induced from
the H,,, ® k[Xﬁﬂrl]—module M ®k;. The third isomorphism follows from (8.5) and
Lemma 8.9(a). Now, we concentrate on the last isomorphism. Lemma 8.9(a) yields

JoyM = (M, Lg;y).

For any graded R-module N let N* be equal to N, with the R-action twisted by
the involution x in (7.1). Note that L = Lg(;). Therefore the proposition follows
from the following lemma.

8.18. Lemma. For each M € eRm-modf and N € R,y -mod’ there is an iso-
morphism of (non-graded) ° R, -modules (M, N) = b (M, N*®).

Proof : Recall that eRmm/ =9R,, ® R,,». The involution % : R,y — R,y in (7.1)
yields an involution of °R, ,,/. Let us denote it by » again. Let (’Rfmm, be the
(eRm,m/, GRm)m/)-bimodule which is equal to eRmm/ as a right eRmm/—module,
and such that the left GRmm/—action is twisted by . It is enough to prove that
there is an isomorphism of (non-graded) (R, * Ry, )-bimodules

GRmN — hOIIleRWm, (GRmN, GRH )

m,m’

The bimodule structure on the rhs is given by
(xfy)(z) = f(z:v)y, T,z € eRm”a ye eRm,m/'

Lemma 8.7 yields an isomorphism

R = @ R

wEDm,m/

of graded eRmym/—modules. The longest double coset representative in Dy, m/im. m/
is the coset of the involution v € W,,,»» given by

!
U= WyEm+41---Em,

with w}, the longest element of &,,,. There is an unique morphism of (R, 1/, * R )-
bimodules
h: GRm,m’ - hOInQRm m/ (eRm”a ORH )7

m,m’

taking 1 to the map
Yoy — K(y) 5w,u7 UAS eRm,m’u w e Dm,m’;m,m’-

Since the rhs is a left *R,,»-module, by Frobenius reciprocity h yields a morphism
of ("R, 9Rm_’m/)—bimodules

eRm// — hOmQRm - (eRmN R GRN )[— deg(au)]

m,m’

This map is invertible. The proof is the same as in [M, sec. 3|, [LV, thm. 2.2].
O
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8.19. Proposition. (a) The functor ¥ yields an isomorphism of Abelian groups

P ’R..-Mod]] = 5 [H,,-Mod]].

m=0 m=0

The functors E;, F; yield endomorphisms of both sides which are intertwined by W.
(b) The forgetful functor for factors to a group isomorphism

‘G1/(v—1) = PI'Rp-Mod]].

m=0

Proof : Claim (a) follows from Corollary 6.6 and Proposition 8.17. Claim (b) follows
from Proposition 8.2.
0O

8.20. The crystal operators on YG; and YB(\). Fix a vertex i in I. For each
irreducible graded *R-module M we define

éi(M) =soc (e;M), fi(M) = top (M, L;), e;(M)=max{n > 0;elM # 0}.
For each positive integers m > n we consider the functor
Ay ‘R,p-mod — °R,,_,-mod x R,;-mod, M — Lip—n niM.
Given an irreducible graded R.,,-module M we have
ei(M) =max{n > 0; Ap;(M) #0}, e;M = A;M.

8.21. Proposition. Let M be an irreducible graded °R.,-module and n be an
integer > 0. Set e = ¢;(M), M = y(M,Ly;) and M~ = A, (M).

(a) Ife = 0 then An;(M™) = M®L,,;, top(M ™) is irreducible, &;(top(M ™)) = n,
all other composition factors L of M™* have €;,(L) < n.

(b) If ¢ > n then any irreducible submodule of M~ is of the form N ® Ly;
with ;(N) = e —n. If e = n then M~ is irreducible. If € > n then soc(M ™) is
irreducible. In particular é;(M) is irreducible if € # 0 and 0 else. Finally we have
soc(M~) =eM (M) ® Ly,.

(¢) top(M™) is irreducible, ;(top(M™)) = € +n, and all other composition
factors L of M have g;(L) < e+4mn. In particular f;(M) is irreducible. Finally we
have top(M+) = f*(M).

Proof : Part (a) is the analogue of [K, lem. 5.1.3], [KL1, lem. 3.7]. More precisely,
note first that we have

(8.6) ch(Api (M) = gdim(L(imyin M) 0(i™)ii".

1

Hence, since ¢ = 0 Proposition 8.13 implies that
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Since A,;(M™) contains a copy of M ® L,;, we get the first claim of (a). By
Frobenius reciprocity, a copy of M ® L,,;, possibly with a grading shift, appears as
a submodule of A,,;(M’) for any nonzero quotient M — M’. Since
Api(M™) = M @ L,
this implies that top(M ™) is irreducible with &;(top(M ™)) > n, that
Api(M™) = Api(top(M™)),

and that A,;(L) = 0 for all other composition factors L of MT. Finally we have
g;(top(M ™)) = n, because € = 0.

Now we prove (b). The first claim is the analogue of [K, lem. 5.1.2]. Indeed, any
irreducible submodule of M~ is of the form N ® L;,, with N irreducible. We have
€i(N) < € — n by definition of ;. For the reverse inequality, Frobenius reciprocity
and the irreducibility of M imply that M is a quotient of 1(N, L,;). So applying the
exact functor A.; we see that A, (M) is a quotient of A ;¢ (N, Ly;). In particular

Acith (N, Lp;) # 0.
By Proposition 8.13 and (8.6) we have also A(._,);(N) # 0. Thus e;(N) = ¢ —n.
The second claim of (b) is the analogue of [K, lem. 5.1.4]. Indeed, if € = n then any
irreducible submodule of M~ is of the form N ® L,,; with ;(N) = 0. Once again
Frobenius reciprocity and the irreducibility of M imply that M is a quotient of
¥ (N,Ly;). Hence M~ is a quotient of A4 (N, Ly;). But the later is isomorphic
to N ® L,,; by (a). Next, the third claim of (b) is the analogue of [K, lem. 5.1.6],
[KL1, prop. 3.10]. Indeed, suppose that N ® L,,; C soc(M ). Then ;(N) =¢ —n
by the first part of (b). Thus N contributes a non-trivial submodule to A.;(M).
But A;(M) is an irreducible graded ’R,,_. .-module by the second part of (b).
Thus the socle of A.;(M) as a graded *Ry;, ¢ ¢ n-module is N ® L_n)i ® Ly by
Example 7.5. Hence soc(M ) must equal N ® Ly;. Finally, the last claim of (b) is
the analogue of [K, lem. 5.2.1(7)], [KL1, lem. 3.13]. Indeed, note first that if n > ¢
then
soc(M™)=¢e}(M)=0.
Assume now that € > n. Observe that
€;(M) = soc(A;(M))
is irreducible or zero by the third part of (b). Hence é;(M) ® L; is a submodule
of A;(M). Applying this n times we deduce that é?(M) ® (L;)®" is a submodule
of Ani(M) as a graded °R,,_,, 1n-module. Hence (M) ® Ly; is a submodule of
A,;(M) by Frobenius reciprocity.

Finally, we prove (c). It is the analogue of [K, lem. 5.2.1(47)], [KL1, lem. 3.13].
Indeed, by (b) the graded module A,; (M) is of the form N®L,,;, with N irreducible
such that &;(IN) = 0. Thus, by Frobenius reciprocity M is a quotient of ¢;(N, L,;).
So the transitivity of induction implies that M* is a quotient of 9y(N, Licyn)i)-
Hence all claims except the last one follow from (a). Finally, by exactness of the
induction fl"(M ) is a quotient of M ™, hence they are equal by simplicity of the
top.

O

For each irreducible module b in B()\) we define
(8.7)  Eyi(b) =soc(E;b), Fi(b) = top(Fb), ei(b) = max{n > 0; E'b # 0}.

Hence we have for o é; = E; o for, for o fz = F} o for, and g;(M) = g;(for M).
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8.22. Proposition. For each b,b' in °B()\) we have
(a) Fib) € BN,
(b) Ei(b) € "B(A) U {0},

(c) Fx(b) =t/ = By(b) =+,

(@) £i(b) = max{n > 0; E}'(b) # 0},

() ei(Fi(b)) = ea(b) + 1,

(f) if Ei(b) =0 for all i then b= k.

Proof : Parts (a), (b), (d), (e) and (f) are immediate consequences of Proposition
8.21. Part (c) is proved as in [K, lem. 5.2.3]. More precisely, let M, N be irreducible
graded modules. By Proposition 8.21(c) we have

filM) = N <= Homog (¢1(M, L;), N) # 0
— Homog (M @ Li,e;(N)) #0
= Homog (M ® Li,soc(e;N)) # 0
<= M =¢;(N).

Note that the proposition can also be deduced from [M, Section 4] and Proposition
8.17. 0

8.23. Proposition. There are elements fp 1 in A such that

£5G% (b) = (£i(b) + 1)IG Y (Fb) + ) fon GV (), Vb€ “B(N),
b/

where b’ runs over the set of elements of °B(\) such that £;(b') > e;(b) + 1.

Proof : We claim that there are elements fi in 4 such that

(8.8) e’G'P (b) = (:(1)) 'GP (Eib) + Y fw s'G™ (),
m

where b’ runs over the elements of ?B()\) with ;(b') < &;(b) — 1. Thus we have

fiGGlow(b) — <5i (Eb)>0Glow (sz) + Z fb,b’GGlow(bl)7
bl

= (ei(d) + DG (Fib) + Y for G (W),
b/

where ' € °B(\) with &;(b) + 1 < &;(b'). Now, let us prove (8.8). This is the
analogue of [K, lem. 5.5.1(7)]. Now, fix an irreducible *R,,,-module b. Set ¢ = &;(b),
M =G (b) and N = %G"P(E:b). We can assume that £ > 0, because else (8.8) is
obvious. Note that £;(IN) = 0 by Proposition 8.22. By Frobenius reciprocity and
Proposition 8.21(b) there is a short exact sequence of graded modules

0— R— ¢(N,Lg) — M — 0.
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Applying the functor e; we obtain the following exact sequence of graded modules
0—e;R— eth(N,Lg) — e;M — 0.
Note that
e (N, Lei) = L1, R Lin—c i ®or,,_ .. (N @ Le).
Note also that
Dp—11;m—ce = {e, 2,9},
T=58m-1---Sm—e+15m—ey, Y =Sm—1---Sm—e+1Em—e+1;
Wi(e)=Wn-ce11, W) =Wnoc11e, W(y)=Wnrcec11.

We can filter the graded bimodule 1m_17i9Rm1m_€,8i as in the Mackey induction-
restriction theorem. Compare Lemma 8.31 below and the references there. Since
e;(N) = 0 the contribution of x to e;¢1(N,L,;) is zero. Since 1,L.; = 0 if v # &i
the contribution of y to e;i1 (N, Lg;) is also zero. Thus e is the only element of
Dyy—1,1;m—e,c Which has a nonzero contribution. This yields

e (N, L) =" Ry119r (N®Le;), R =Ry oo

By Example 7.5 the graded R._; ;-module L.; has a filtration by graded submod-
ules whose associated graded is isomorphic to

(e)L(e—1); ® Lj.
Therefore, up to some filtration, we have
e (N, Le;) = (€)h (N, Lie—1);) ® L.
Now, by Proposition 8.21(a), (¢) we have
top (N, Le_1);) = f; 71 (N) = &(M)

and all other composition factors L of (N, L(._1);) have g;(L) < € — 1. Moreover,
by Proposition 8.21(a) all composition factors L of R have &;(L) < e. Thus, by
Proposition 8.21(b) all composition factors of e;(R) are of the form L ® L; with
g;(L) < e — 1. Therefore, we obtain

ei(M) = (e)&(M)+ Y fiNe,  fr €A,

where N, is an irreducible graded module with ¢;(N,.) <& — 1.

8.24. Example. Set v =i+ 6(i) and i =i0(7). Let us compute é; and ¢,.
o If A + Agi) # 0 then é;(°L;) = k if j = 6(i) and 0 else. We have ¢;(°L;) =1
if j =0(i) and 0 else.

o If Xi+Ags) = 0 then &;(“L;) = k if j = i,60(i) and 0 else. We have ;(?L;) =1
if j =14,0(i) and 0 else.
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8.25. Proof of Proposition 8.2. First, we prove the following.
8.26. Proposition. The character map ch : 9G17m — IBI™ is injective.

Proof : The proof is similar to that of [K, thm. 5.3.1]. We must prove that the
characters of the irreducible graded modules are linearly independent. We proceed
by induction on m, the case m = 0 being trivial. Suppose m > 0 and there is a
non-trivial A-linear dependence

(8.9) > earch(M) =0.

M

We'll show by downward induction on e;(M) that cpy = 0. If £;(M) = m then
Api(M) = 0 except if M = Ly,;. Then, applying A,,; to (8.9) and using (8.6) we
deduce that the coefficient of L,,; is zero. Now, assume that ¢;,(M) = k < m and
that we have shown that ¢y = 0 for all N with ;(N) > k. Applying Ag; to (8.9)
we get

Z CN Ch(AkiN) = 0,
N

where N runs over all irreducible graded modules with ;(N) = k. For such a
graded module N we have Ag;(N) = é¥(N) ® Ly; by Proposition 8.21(b). Further
ék(N) # e¥(N") if N # N’ by Proposition 8.22(c). So we conclude by the induction
hypothesis.

O

We can now prove Proposition 8.2. Forgetting the grading takes irreducible
graded 9R,,-modules to irreducible modules, and any irreducible module in ‘R-
Mod{; comes from an irreducible graded module in “R-mod’ which is unique up
to isomorphism and up to grading shift, see e.g., [NV, thm. 4.4.4(v), thm. 9.6.8].
Thus it is enough to prove that for any irreducible graded module M there is an
integer d such that M|[d] is selfdual. This is proved as in [KL1, p. 342]. More
precisely, for any graded module M in “R-mod’ we have ch(M”) = ch(M) modulo
(v — 1). Thus if M is irreducible then we have M® = M[d] for some integer d. We
must prove that d is even. We have

gdim(1;M”) = gdim(1;M).

It is enough to prove the following.

8.27. Lemma. If M is irreducible then for each i we have

gdim(1;M) € vZ[v?, v 2] U Z[v?, v 2.

Proof : Indeed, we’ll prove that this identity holds for the projective module
M = GRJ- where j is any sequence in ™. This implies our claim. Set j =
(Ji—ms-++»Jm—1,Jm). Proposition 8.13 yields

ch(?R;) = ch(R;,) ® ch(R;,) ® - -- ® ch(R;,,).
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Examples 5.9, 7.5(a) yield
ch("Ry,) = (1= 0") 7" (720(1) + v 200 0()j1),
Ch(R]k) = (1 - U2)_1 Jk-

So it is enough to check that for each reflection w of W, which fixes the sequence
Jj the degree of 0,;1; is even. The lemma reduces to the following computation. Fix
distinct indices k, [ such that jp = j;. f 1 <k <landw = s ...s;—281-151-2 ... Sk,
orifl<l—k<land w=s5_---851€181...51—1...51€151 ... 5_) then deg(o,1;)
is even.

O

8.28. The algebra B and its representation in V(). Following [EK1,2,3]
we define a KC-algebra ‘B as follows.

8.29. Definition. Let ‘B be the K-algebra generated by e;, f; and invertible ele-
ments t;, 1 € I, satisfying the following defining relations

(a) tit; = tit; and tyuy = t; for alli,j,
(b) tiejt; ' =00 de; and t;fit; = v 703 £, for all i, 7,
(¢) eifj =v""I fiei + b5 + Oy, ts for all i, j,
(d) formula (7.3) holds with 6; = e;, or with 6; = f;.
We can now construct a representation of /B as follows. The IC-vector space
"V =Ko K,

is equipped with K-linear operators e;, €}, f; and with a K-bilinear form in the
obvious way. Let ¢, be the class of k in °K;, where k is regarded as the trivial
module over the ring *Rg. Let A be as in (6.2).

8.30. Theorem. (a) The operators e;, f; define a representation of B on *V ().
The B-module °V ()\) is irreducible and for each i € I we have

eidr =0, tigy=0v""V0gy {2 €V(N\); ez =0,Vj} =koa.
(b) The symmetric bilinear form on V(\) is non-degenerate. We have (¢ :
#x) =1 and (elx : y) = (z : fiy) for all i and all z,y € PV (N).

(c) There is a unique K-antilinear map °V(\) — *V(\) such that P — P* for
all graded projective module P. It is the unique K-antilinear map such that qﬁﬁA = i
and (f;z) = fi(x*) for all z € OV ().

Proof : For each i in I we define the A-linear operator t; on K by setting
t; P = pNitreo (0@ p - yvp e 'R -proj.

We must prove that the operators e;, fi, and t; satisfy the relations of /B. All
relations are obvious except (¢). To check it we need a version of the Mackey’s
induction-restriction theorem. Note that we have

Dm,l;m,l = {eu Sm, Em-l-l}a

Wie) =Wmi, W(sm)=Wn-11,1, W(Ems1) = Wn.
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8.31. Lemma. Fizi, jinI. Let p, v in °NI be such that v+i+0(i) = u+5+6(5).
Put |v| = |u| = 2m. The graded (*Ri,1,Rn1)-bimodule ll,_rieRerll#_,j has a
filtration by graded bimodules whose associated graded is isomorphic to :

(a) "Ry Re) & ((Roulys @ Re) One (1 R 0 R) ) d] f 5 =3,
(0) "Ry &@Ro)[@]® ("Runlyr o) O Ri) B (1 Rom & Rae)) ) d] if j = 0(0),

(¢) ("Ronlyrs @ Ry) @ (L "R @ Ry) ) 1d) if § #1,600).
Here we have set v/ = v —3j —0(j), R\ = *Ryy_111, d = deg(omly i), and
d' = deg(mm+11,,63:))

The proof is similar to the proof of [M, thm. 1], [KL1, prop. 2.18]. It is left to the
reader. Note that we have the following formulas, see Remark 5.2,
deg(Tma1lu63)) = Xi + Aoy — v - (1 +0(i))/2,  deg(omly i) = —i-J.
Now, recall that
fiP="Ryps1lm; ®gr, , (POR1), €P=1y,_1,P,

where 1,,_1,;P is regarded as a ’R,,_1-module. Therefore we have

e;fjp = 1m,i0Rm+11m,j ®9Rm,1 (P & Rl),

fjeQP = Glemfl,j ®9R7n—1,1 (1m,171‘P® Rl)

Therefore, up to some filtration we have the following identities
(a) €} fiP =P @R+ fie]P[-2],
(0) eifoyP = P @ Reggy[Ni + Aoy —v - (i +0(2))/2] + foyei P[—i - 0(3)],
(¢) eifiP = fieiPl=i-j]if i # j,6(j).

The first claim of part (a) of the theorem follows because
(1 —v?)gdim(R;) = 1.

Note that V()) is generated by ¢, as a “B-module by Lemma 8.32 below. The
rest of (a) is standard, see [EK2, prop. 4.2(i)].

Part (b) of the theorem follows from [EK2, prop. 4.2(ii)] and Lemma 8.9(b).

Finally, for part (c) of the theorem it is enough to check that (f;P)* = fi(P*)
for any graded module P in R-proj. By Lemma 8.32 below we may assume that
P = eRy for some y. Finally, by (8.3) we can also assume that y = i lies in I".
Then the claim follows from the formulas in Proposition 8.14.

O

8.32. Lemma. Any object of °R,,-proj is of the form °R,, ®r,, P for some P in
R.,.-proj. The A-module 9K1,m s spanned by the eRy s with y in 9Y™.
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Proof : An easy induction using Proposition 8.23 implies that for each b in ’B()\)
and for each integer a > 1 we have we have

gi(b)+a
a

fi(a) HGlow (b) _ < > GGlow (Flab) + Z fb,b' HGlow (b/)7

b’

where b’ runs over the set of elements of °B(\) such that €;(b') > &;(b) +a and f; 1
lies in \A. Thus the claim follows by Proposition 8.22(e), (c).
O

8.33. Remark. Note that “V()) is equal to the B-module V3(\ + 0()\)) in [EK1,
prop. 2.5].

9. PRESENTATION OF THE GRADED k-ALGEBRA GZX v

Fix a quiver I' with set of vertices I and set of arrows H. Fix an involution 6 on
T". Assume that I" has no 1-loops and that € has no fixed points. Fix a dimension
vector v in °NI and a dimension vector A in NI. Set |v| = 2m. Fix an object
(V,=) in ?V, and an object A in V. In this section we give a proof of Theorem
5.8. By Theorem 4.19 and Corollary 5.6 there is a unique injective graded k-algebra
homomorphism

P : HR(F)A,V — QZXV,
Li—1avi, 20— 2aav,il), ok —oavi(k), mi1—mavi(l),
ielr", k=1,....m—-1, 1=1,2,...,m.

We must prove that @ is a surjective map. Note that both algebras have 1, because
the set I" is finite. Since the grading does not matter, we can replace GZXV by

9ZA1V. To unburden the notation we abbreviate

6 [ 6 [ 6 6 6 [
FI/ - FA,V; ZI/ = ZA,V; Zl/ = ZA,V; ZI/ = ZA,V) ete.

9.1. The filtration of YZ,. Recall that W, is regarded as a Coxeter group of type
B, as in Section 5.3. Let < and ¢ be the corresponding Bruhat order and length
function. They differ from the order and length function introduced in Section 4.2.
We hope this will not create any confusion. For a future use set

AJr:AjI_IAf, At ={xp+x; 1 <l<k<m}, Af:{xhxg,...,xm}.

The set of simple reflections of W, is {s1,...,8m} with s, = £1. We can now
introduce a filtration of °Z,. We define

f0s* = U ov, P7sT = ¢ 1(P0ST), fZST = HEG”(HZfz,k).

v

w<T

Let YZS® be the image of “ZS% by the isomorphism °Z, = 9Z, in Proposition
3.1(b).
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9.2. Lemma. (a) The set °ZS* is closed. The variety °Z% is smooth if {(z) = 1.
(b) The direct image by the inclusion °ZS* C °Z,, is an injection °ZS$* — 9Z,,.
(c) The convolution product maps °ZS% x 9ZSY into ZS*Y for each x, y such

that £(zy) = £(z) + £(y).

(d) The unit of °Z, lies in 9Z¢.

Proof: To avoid confusions, let <p and £p be the Bruhat order and length function
introduced in Section 4.2. The claims in the lemma are well-known if we replace <,
¢ by <p, {p respectively. Therefore, it is enough to prove the following : assume
that GOﬁﬁzﬁy and GOZ,‘fz’y are non empty. Then eOﬁymyy C 9(_)%%1 iff v < w. Up to
the action of a well-chosen diagonal element we may assume that z = e. We can
also assume that y is minimal in the coset W,y. Since 90376)11 and 90}})64} are non
empty, we have v,w € W,y. Finally, on the coset W,y the orders <, <p are the
same because W, C &,,, see e.g., the last remark in Section 4.2.

0O

9.3. PBW theorem for ?Z,. View °F, as a graded (commutative) k-algebra as
in Section 4.13. The graded k-algebra ?Z, has a natural structure of graded °F,-
module such that z;(l) acts as s;(1) for each I = 1,2,...,m under the isomorphism
in Theorem 4.19. Recall that ?Z, = Z,. The following is immediate, see e.g., [CG,
sec. 5.5].

9.4. Lemma. We have YZS® = Du< °F, [°Z¥] for each x. In particular °Z, is

a free graded °F,-module of rank 2™m!.

The map @ is a graded F,-module homomorphism. For each 2 we set

f{'gm = Z GFV 11/0'1Da

wLT

where oy, is defined as in (5.2). It is a graded F,-submodule of *R(T),,. We
abbreviate R¢ = RS®. The proof of the surjectivity of ® consists of two steps.
First we prove that ®(R<?) C ?ZS®. Then we prove that this inclusion is an
equality.

9.5. Step 1. Since @ is a “F,-module homomorphism it is enough to prove that
®(0;) lies in YZS®. By an easy induction on the length of z it is enough to observe
that we have

®(1) €92, d(oy) CZ5%%, k=1,2,...,m.

9.6. Step 2. Note that ?Z¢ is the free *F,-module of rank one generated by [?Z¢].
Therefore we have

o(R%) ="F, 7)) =%,
To complete the proof of Step 2 we are reduced to prove the following.
9.7. Lemma. If {(spw) =L(w)+1 and k =1,2,...m, then we have the following
formula in PZS+ JOZsskw

(23] 2] = 23+,
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Proof : By Lemmas 9.2(c) and 9.4 there is an unique element c in *F, such that
23] % 2] = e % 23] in OZSo U750,

Let us prove that ¢ = 1. For each x,y, z there is a unique element A% _ in K such

Y,z
that
[925] = Z A;,zw%z’
Y,z

see Section 4.14. Since ¢, 4. is a smooth point of °Z% we have also

AE o =eu(’ZZ, by yye)

Y,yx

Hence, in the expansion of the element [°Z:+] in the K-basis (1, ,) the coordinate
along the vector ¥, 45, is equal to

Spw Or7sw —1
Amljmskw = eu( Zyk a¢u,x,xskw) .
. w _
On the other hand, since A} .., = 0 and

[ezik] = Z(A;éwwzax + Ai?mskwm,ISk)v

x
the coordinate of [?Z5*] x [7Z¥] along 1 45w is equal to
AF AY Amsk - eu(ezﬁk ) ¢V,m,wsk)_leu(92:j)7 (bl/,wsk,wskw)_lAwsk .

T, xSk TSE,LSpW

Thus we must check that
eu(ezika ¢U,x,zsk) eu(GZ;ﬂ, d)u,xsk,zskw) = eu(ezikwa Qbu,x,zskw) Amsk-

This follows from the lemma below.
9.8. Lemma. (a) For each x,y in W we have
eu(’0Y, bu.z.ay) = eu("y e & My 0y ),
(" ZY, Gua,zy) = U(OY, Gua,ay) (e} o 1),
Ay =eu(’ZS, by o n) = eu(’F,, bu0) eu(% ).

v, T

(b) For each w,x,y in W such that £(zy) = £(x) + £(y) we have

eu(GOQch, ¢u,w,wzy) eu(eFm Qbu,w:c) = eu(eoaun’ (bv,w,wm) eu(eOff, Qbu,w:c,w:cy)v

[ 0 _ 0 * 0 x
eu( €y w,wey D eu,wm) - eu( ¢ w,wa S eu,wz,wzy)'

Proof : Part (a) is left to the reader. Compare Proposition 4.15 where similar
formulas are given. Let us prove (b). Clearly we can assume w = e. Set

Aly)” =y(AT)NA™, A(y)t =y(A7)NAT.
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Recall that
Afzy)”™ = Az)” Uz(A(y) "),

Way) = 0(x) + £ );»{
! T Ay = MA@ Ua(AE)).

For each x,y in W the T-module m,, ., , is the sum of the root subspaces whose
weight belong to the set 2(A(y)~)NPA,. Thus, by (a), the first claim follows from
the equality

A(zy)” N°A, = (A(z)” U z(A(y)7)) N A, .

Now, let us concentrate on the second claim. Let = be the set of weights of the
T-module °Ey;, and set

Seay = (AT NY(AT)),  Luay = 2(Af Ny(A])).
The character of the T-module %, . is

Zoz + ZA“X“ o€ SpayNE, X1 € Ly
See Section 4.9 for details. Let

S=Sepy Uz(AF), 8 =S..Ua(Sey),

s d S

L=L¢,,U x(A?‘), L' = LeyUx(Ley).

The character of the T-module %, ., ® %, , is

Za—FZ/\ile, aeSNE, x €L,

while the character of the T-module 061,76)1 ® Geuymymy is

ZQ—FZ/\ile, acsS Nz, x el
Now, a short computation yields

S=8 = AFnA@y)t =An(A@@)Tuz(Ay)T)),

L=L < AfnA(zy)" =A n(A@@) T uz(Ay)T)).
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10. PERVERSE SHEAVES ON “’EA,V AND THE GLOBAL BASES OF QV(A)

Fix a quiver I' with set of vertices I and set of arrows H. Fix an involution 6 on
T". Assume that T" has no 1-loops and that 6 has no fixed points. Fix a dimension
vector v in °NI and a dimension vector A in NI. Set |v| = 2m. Fix an object
(V,@) in ®V, and an object A in V. To unburden the notation we’ll abbreviate

HGV = GGV; HR’I/ = QR(F)A,U'

10.1. Perverse sheaves on ’E,. First, we must generalize the setting in Section
2. We define an orientation of I to be a partition I = Q L. Fix an orientation.
For each I-graded vector space W we write Wq = EBieQ W,. Now, we define

Lav.o = Homy(Ag, Vo) @ Homy(Va, Va), Eav.a="Ev x Lav.o.
An element of YEp v o is a triplet (z,vy,2) with
z € By, ye€Homy(Ag,Vq), z€Homy(Vg,Ag).
For each y in Y we define also

eﬁA,V,y,Q = {(xvya 2 ¢) € eEA,V,Q X eFV,y; ¢ = (Vl)a I(Vl) - Vla
y(A) c VY, (V%) =0}.

To unburden the notation we’ll abbreviate

0 0 9 0 07 07
E,o="Exva Fy="TFvy, Tyao="Favya

We define the semisimple complex Ly o over ’E, o as the direct image of the
constant sheaf over (’ﬁyyg by the obvious projection. We define (’PU,Q as the set of
isomorphism classes of simple perverse sheaves over 9E,,7Q which appear as a direct
factor of Ly q[d] for some y € Y” and d € Z. Next, we define °Q, o as the full
subcategory of Dog,, (°E, o) consisting of the objects which are isomorphic to finite
direct sums of £[d] with £ € P, o and d € Z. When there is no risk of confusion
we abbreviate P = P, g, Q = %9, o, and eﬁy = 9£y7g.

10.2. Example. Let T, 6, and A be as in Sections 6.2, 6.4. Set Q = 0, and
v =i+ (i) for some i € I. We have °E, o = L; x Lg(; with L; = Hom(A;, V),
o1v = {i,0(i)} with i = i6(i), and

Fa={(V> Vi) D 0)} x Ly, eﬁé)(i),ﬂ ={(VDV;20)} x L.

Therefore the following holds
o if \i + Agiy # 0 then “Ppo = {kp,[Nil, ki, o]}y %Lhp) = ki, [\, and
LY = kry0 Moo,
o if X; + Ag(s) = 0 then *Py o = {kyoy} and Ly ;) = L] = ko
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10.3. Multiplication of complexes. Set v’ = v + v/ + 6(v/) with v/ € NI. Fix
V'€V, and V" € %V,. Let T be the set of triples (V,~,v') where

e V is an I-graded subspace of V" such that V”/V € V,, and V+ C V,
e v:V — V/VJ- is an isomorphism in VY,
e v : V' — V"/V is an isomorphism in V,.

We consider the following diagram

p2 p3

p1
E,.q x Ey °F1 B0 B, q.

Here %E; g is the variety of tuples (z,y, 2, V) where

e V is an I-graded subspace of V" such that V”/V € V,, and V+ C V,

o (2,y,2) €Epr g, y(A) CV,z(V)CV,and 2(V1) =0,
and %E; g is the variety of tuples (z,y, 2, V,v,7') where

o (Viv,7) €T,

o (7,y,2,V) €Erq.
Finally the maps are given by

o p1(@,y,2,V,7,7) = (29, Yy, 29, Ty),

o p2(,y,2,V,7,7) = (2,9,2,V),

o p3(e,9,2 V) = (2.9,2),
where

o zy=7""o(zlywe)on,

o zy = ()" o (zlvrv) oy,

® Yy, = ’y*l oy.

oz, =2z07.
The group %G, acts on HELQ, 0E27Q and the maps ps, ps are %G, -equivariant. Note
that p; is a smooth map with connected fibers, that po is a principal bundle, and
that ps is proper. Therefore, for any complexes & € Deg, (%E,.q) and &' € D, (E,)
there is a unique complex & € Dog ,, (GEQQ) such that

PIERE) = p5(&2).
Then, we define a complex £” = ¢(€,€’) in Deg ,, (*E,n 0) by

£" = (ps)(&2).

Now, let v/ = 4. Hence E,» = 0. Let £; = kg ,, the trivial complex over E,.

10.4. Definition. Set v/ =i. For £ in Deg, (°E, o) we define the complex

fi(&) = (&, Li)bui],  bui=vi+ Zl/j hij + Xaee) + Aai-

J
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10.5. Proposition. (a) f; yields a functor Q — Q.
() f;(°0) = eﬁfw(i) for each i in °T".
Proof : A standard computation yields

o1("Ly, Li) =Liyoy, y €Y.

See [E, prop. 4.11], [L2, sec. 9.2.6-7]. This implies (a). The same computation as
in Proposition 2.5 yields

(101) di = EV/2 + Z hik,iz/2 + Z()\Q77:L + AQ,H(Q))?
k<l; k11 1<

where A\ ; = A; if ¢ € Q and 0 else. Thus we have
dy,iio(i) — dxi = bui-

Part (b) follows from this equality.
O

10.6. Restriction of complexes. Set v’ = v+ v/ + 6(v') with v/ € NI. Fix
V' eV,, V" €%, and fix a triple (V,v,7') € T. Consider the diagram

L

0 kg 0
E, o x E, B30 B, q.

Here we have set
o By o ={(z,9,2) € Eyra; x(V) CV,y(A) CV, 2(VF) =0},
° K(I,y,z) = (xvvy’WZ’Y"'E’Y’)v
o (z,y,2) = (x,y,2).
For any &£" in Dog , (°E,» q) we define a complex in Dog, v, (°E, q x E,/) by

O (E") = Kkt (E).
10.7. Definition. Set v’ =i. For any £" in Dog , (°E,» q) we define

ei(€") =" (ENavi), avi=—vi+ Y vihij+Aaea) + Ao
J

10.8. Proposition. (a) e; yields a functor from Q9 — 99.

(b) e;(°Cy) = B, %Ly, [—2dk] for some integer dy,. The sum runs over all k such
that iy, = 1, and

yi = (i,a®), ak) = (al(k)), al(k) =a;— 0k — O1,1—k-

(c) ei(°L)) = B, LY [deg (i, 0(i); 1)], where i runs over all sequences such that
i lies in Sh(i',0(i)).
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Proof : Part (a) follows from (b). Parts (b) and (c) are analogues of [E, prop. 4.11(i%)]
(which itself is an analogue of [L2, sec. 9.2.6]), where the case A = 0 is considered.
Our proof is similar. Assume that v/ = i. Hence we have E,. = {0}. We define

0ﬁ3,ﬂ = {(x,y,z7¢) € OFvy,Q; ("E?yaz) S 0E3,Q}7
"B = o= (V) e By VECV, VI g v,

0F3(,]3 = {(fE,y,Z, Qb) S Gﬁw&Q; Qj c GFB(]C)}

Note that eﬁgyg = U, eﬁ?)(kg; is a partition into locally closed subsets. Let yj be as

above. Consider the map
Jr: eﬁ?f,ksg - GFV)’k;Q7 (@,Y,2,0) = (T4, Yy, 2y, Dy),
where ¢, is the flag whose [-th term is equal to
YV AVE+ V) V).
We get the following diagram, whose right square is Cartesian

= Tk gz(k) =
Fy,.0 Fs g F;5 .0

| Lo

E,.0 B30 —="E,mq.

GFy Q

)

It is easy to prove that f, is an affine bundle. Let dj;, = dy, be its relative dimension.
A standard argument using the diagram above yields

©* (eﬁy) =k (eﬁy) = @ GEYk [—2dy].

in=i

This proves (b). Now, we concentrate on (c¢). Assume that y = i lies in oI v
Therefore we have

i= (lem,@1—my--sbmt1), k=-m,1—m,....m-+1

First, we compute explicitly the integer di. The map 9F3(k) — GFyk, ¢ +— ¢, is an

affine bundle of relative dimension
Hl; —m <1l <k, 4 =i}

Further, for each tuple (z,y, 2z, ¢) in eﬁi,wg and for each ¢’ € eFék)such that ¢/, = ¢,
the space of tuples (z',9,2) in °E3 o such that (2/,y,2,¢') lies in 9ﬁ3,g and
k(2',y',2") = (z,vy, z) has the dimension

Z hi i, + Or<o (Ma,06) + Aai — hioa))-
k<l<m+1
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See [E, prop. 4.11(i%)] for details. Therefore we have

di = Z i, + Or<o (Ma,06) + Aai — higey) + {1 —m <1 <k, iy = i}.
k<l<m+1

Next, (10.1) yields

dri—dri, =vi+ Z hiy i + Z hijiy + 0k>1(Aai + Aa.ea) — heg.i)t
—m<l<k k<l<m+1

+or<o(Aai + Aao) — Piog))-

Finally we have

Qv = —V;i + Z hiiy — higgiy + Aa,e() + Aq,i-

—m<I<m+1
Therefore we get
av,i +dai —dri, —2dk = — Z idp+ 0k (i 0(1) + Ai + Aggiy)-
—m<I<k

On the other hand deg(i, 6(¢) ;1) is the degree of the homogeneous element o 1;,
where w is a reduced decomposition of an element w of W, 1 such that w(i) =
i1;0(7). If k < 0 then we can choose @ = $p,8m—1 .. .81k and we get

deg(i,0(i);i) = — > i-i.

—m<I<k

If £ > 1 then we can choose W = $;,8m—1-..81€181 ... Sk—1 and we get

deg(ix, 0(i);1) = — D i-ir+i-00) + N+ Xgy — D i,
—m<IL0 1<I<k
= — Z i-i[+i'9(i)+)\i+)\9(i).
—m<I<k

The proposition is proved.
O

10.9. Example. Let T', 6, A\, v, and 2 be as in Example 10.2. Let k denote the
unique element of 9P07Q. We have

{0} =<—— Lo(iy —— Li x Lo .

We obtain
Ay = )\0(1')7 ﬁ(kLl [)‘l]) = k[)‘l + )‘0(1)]7 ﬁ(kLe(i) [)‘9(1)]) =k,

bui = Xogiys  fi(k) = Krge, [Noo))-
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10.10. A key estimate. First, let us introduce the following notation. For any
complex of constructible sheaves £ and any integer d we’ll write v¢£ for the shifted
complex L[d].

10.11. Proposition. For each i € I there are maps
g PU{0} = Zso, E,:P—-°PuU{0}, F,:%P-°P

such that for each L in °P the following hold

(a) we have g,(E;(L)) =¢g,(L) — 1 and

e; (L) = plm&ll) El(ﬁ) + Z egyg/eﬁl,
L/

L e’p, ¢

=1

(L) 2 (L), e € v =EVZR],

(b) we have ¢,(F,(L)) =¢;,(L)+ 1 and
[i(L) = (L) + DV E(L)+ ) frel,
Ve

E/ S HP7 §z(£l) > §z(£) + 17 f[,,[,’ € U2_§i(£/)Z[U]7

£(0) =0, E,(L)#0if g(L) >0,
B Fi(L) =L, FEz(E) =Lif Ez(ﬁ) # 0,

(d) if L € °P is such that g,(L) = 0 for all i, then L € Py q,
(e) the elements of P are selfdual.

Proof : We'll prove the proposition for any quiver I' = (I, H) with an involution
such that I has no 1-loops and 6 has no fixed points. The estimates in (a), (b) are
analogue of [E, thm. 5.3], where they are proved under the assumption A = 0. Our
proof is essentially the same. Fix a vertex i. First, we can assume that

e i is a sink of T,

e ;€

e (i) € Q.
More precisely we have the following lemma. Its proof is left to the reader. It is
proved as in [E, thm. 4.19], [L2], using Fourier transforms.

10.12. Lemma. Let (TM 0M) (T3 02)) be two quivers with involutions without
fized points. Assume that T, T'?) have the set of vertices I and that they have
the same set of unoriented arrows. Let QY , Q3 be two orientations of I. There is
an equivalence of categories QQV7Q<1) — QQU)Q@) which commutes with the functors
fi, ei and with the Verdier duality. The categories GQV)Qm and QQ,,)Q@) are relative
to the quivers T T'®) respectively. This equivalence yields a bijection GPU)Q(I) —

0
Pl,_’Q(z).
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Then, for each integer r > 0 let °E, o >, be the closed subset of °F,, o consisting
of the triples (z,y, z) such that there is a I-graded subspace W C 'V of codimension
vector r¢ such that

(W)W, yA)cw, z(Wh)=o.
Then, we set
eEu,Q,r = 0Eu,9,>r \GEu,sz,>r+1, eEu,Q,gr = QEU,Q \ 0Eu,9,>r+1-
Finally we set g,(0) = 0 and for £ € %P we define
&;,(£) = max{r; sup(L) C °E, 0>}
Set v’ =i and consider the diagram

p1 p2

.0 10

)

p3
By q —= B, q.

Under restriction it yields the diagram
0 0 0 0
Eyoor<—"Eior—>"E2qr41 —"Erqri1,
where
0 —1.6 0 —1.6
Evaor=p1 CEvar), ‘Eaqari1 =05 CEvqri1)

We have also 9E1,T = pgl(GEg,Hl), and the map 9E27T+1 — QEV//,TH is a P"-bundle.
Finally, we set p = p3ps and we define 0E27Q)<T and 9E1)97<7‘ in the obvious way.

Now, we concentrate on (b). Fix a simple perverse sheaf £ € ®P, o. Set e = ¢,(L).
The maps p;, p2 are smooth with connected fibers of dimension d,,, dp, such that

(10.2) by =dp, —dp,.
Thus, there is a unique simple %G, -equivariant perverse sheaf Lo on °Es o with
P1(L)[bui] = p3(L2).

We have
fi(L) = (p3)1(L2).

The complex L(ﬁ) is supported on QEU//7Q)5+1. Further, the restriction of Lo to
0E27(L<5+1 is supported on 9E21975+1, and it is constant along the fibers of p3 by
G, -equivariance. Thus

Lo |9E2,Q,gs+1 = p§ (LN)[E]

for some simple perverse sheaf £” on GEU//7Q)S5+1. Let Ly be the minimal perverse
extension of £ to °E,» o. Since f;(L£) is semi-simple, we get

SilL)=(e+1) Lo+ D feel,
L/

Lo, L' €Puig, g(Lo)=c+1, ¢

3

(L) >e+1.
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Let us that fz o lies in 02 =(£)Z[v]. Write

L) =P L @M,
Ll

where M/ is a complex of k-vector spaces. Set ¢’ =¢,(L’). We have

RHom(L', £I)|9Ew,ga ®@ M}, € RHom((p3)i(L2), L")

|€EUNY€5/ :

On the other hand, since ps restricts to a P’ ~1-bundle Br0.0 — E,nq., we
have

RHom((pa)(£2), £, = (pa) RHom(La, £ = 1), __ €'~ 1]
Since L'[e" — 1]|op, __, is a perverse sheaf the complex
RHom(La, L'[e" = 1])|og, __,

is concentrated in degrees > 0. Its O-th cohomology group is zero because Lo and
L'[e" — 1] are simple and non isomorphic. Thus the complex

RHom((ps)i(L2), L)og,, .,

is concentrated in degrees > 1 — ¢’. This implies the estimate we want.

Next, we prove (a). Fix a triple (V,v,~') in T. Observe that the hypothesis on T,
Q, i implies that for each (x,y,z, W, p,p’) in °E1 o we have x(W=) = 2(W+) = 0,
x(V),y(A) € W, z is completely determined by its restriction to W, and y is
completely determined by its composition with the projection V. — V /W=, Hence
x, y, z are completely determined by z,, y,, z,. Therefore x is an isomorphism.
Consider the diagram

K

(10.3) .0 -F; 0 ——=9F,1 o

NP A

0
El,Qa

where
K;(xuyaz) = ($77yV72V)7 S(:Euyaz) = (:Euyaza‘/aﬁ)/?’y/)a
p1(z,y, 2, W, p,0") = (2p,Yp, 2p),  D(T,y,2,W,p,p') = (2,9, 2).

The left square is Cartesian. Fix a simple perverse sheaf £ in QPU@Q. Set e = g,(L).
We'll assume that € > 0 (the case € = 0 is left to the reader). We have

ei(£) = mis™p*(L)]av,i).
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The restriction EleEw 0. isasimple %G, -equivariant perverse sheaf supported on

GEV//)Q“;. Let dp, ds be the relative dimension of the maps p, s. Since p restricts to
a smooth map 9E1)Q7€_1 — QE,,//,QE, the complex

Ly = p* (‘C) [d;D] |9E1,Q,§571

is again a simple %G, -equivariant perverse sheaf. It is constant along the fibers of
p1 by %G, -equivariance. Thus

£ = ks (L)ldy + dlog

v,2,Le—1

= ﬂ(ﬁ)[dp + ds - auyi”eE,,,Q’gE,l
is a simple perverse sheaf over ’E, o <._1. Using (10.2) we get

dp+dszdp2+€—1—dp1, dpl—dpzzb,,)i, boi=vi, ay,; =—U.

) )

Therefore, we have
dp+ds—ay; =¢—1.

Let Lo be the minimal perverse extension of £ to °E, o . Since €;i(L£) is semi-simple
we get

ei(ﬁ) =qple Lo+ Z egyyﬁl

(10.4) o
Eo,ﬁl S epu,ﬂv §1(£0) =e—1, éz(‘a/) Z €.

Now, one proves that e, ¢ lies in v'~%(£)Z[v] as in [E, thm. 5.3]. More precisely,
since pie;(£) and p*(L)[a,,;| are constant along the fibers of p; and since

ei(L) = ris"p*(L)av,],

we have
(10.5) piei(L) = p*(L)[=bu,il.

On the other hand, we have

piei(L) = EPpi(L") @ Mo,
LH

where the graded k-vector space M, is the multiplicity space of the simple perverse
sheaf £ € P, o in ei(L). Let L5 be the perverse sheaf over %, o such that

Pi(L")[byi] = p5(L3).
We obtain

P L5 © M = p3(L).
£//
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Now, let £ be as in (10.4). Set &’ = ¢;(L’). We have
PRHom (LY |op, , ., Lolom, o 0y)) © Mpn =
£//

= RHom(p3(£)

18, 0 cor 10 LoloE, o cory)
= RHom(ﬁleEuunggsurl? (pg)!(ﬁlz)|9EV”,Q,§5’+1)

= RHOIH(£|9EV,,YQ,<5/+1 fi(L)

|9EV//YQY<5/+1)
= <€I + 1> RHOHl(£|9EV”’Q,<E/+1 y E,L-(,CI)|9EV/,,Q’<€,+1),
where the last equality follows from part (b). The complex

RHom(Llog ,, ., Ei(L)

. P )
/417 =1 | Eu”,Q,SsH»I Y

is concentrated in degrees > 1, because the perverse sheaves £ and F,(L') are
simple and distincts. Thus the complex

RHOm(£|BEV”,Q’<€/+1 ’ ﬁ(‘ﬁ/”eEun’Q,gEurl)

is concentrated in degrees > 1 —¢’. Choosing L' = L"” we get that M}, is also
concentrated in degrees > 1 — ¢’. Therefore

ef(L) =P L' oM =PEPvL" @ Mo a,

L L' deZ

with Mz» 4 =0 unless —d > 1 — ¢’. We are done.

Now, we concentrate on (c). The second claim in (¢) is obvious. Now, we prove
that E,F,(£) = L for £ in %P, . Recall the diagram (10.3). Set € = g,(£) and
take a simple perverse sheaf Lo on %F5 o such that

pi(L)[bui] = p3(L2),  (p3)i(L2) = fi(L).

We have

(Ps)(L2)lop,, o .oy = EF D LE(Llop,, o ys
On the other hand, since

Lo |9E2,Q,<5+1 = pg (Ez[') [5] |9E2,Q,gs+1 ’

we have

P(EL)og, g <.y = D5(L2)[~elog, g ., = L (L) [bri — llog, g .., -

Therefore we have also

a(EL) = w15 p" (£ L)lav,i)lom,

|9Eu,n,<s+1 2, <e+1

= £[¢]

|9EV,Q,<E+1'
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Therefore E,F,(L) = L. Finally, fix £ € P, g such that g,(£) > 0 and let us
prove that F,FE.(L) = L. Write e = ¢;(£). By (10.5) we have

piei(L) = p*(L)[ay,q]-
Hence we have also

PrEL) [~avillog, o .., =P (L)l = Ulog, o . ;-

Since p3(L)[e — 1]|og, ,, . is a simple perverse sheaf, we have

SiEiL)log,, , .. = (03)05(C)le = Ulow,, , . = {€) Llog,, , .-

This implies that F,E;(£) = L.

Next, (d) is obvious. If v # 0 we choose y, d such that L[d] is a direct summand
of L. We may assume that y = (i,a) with a; > 0. Then g, (£) > 0 by (b) and
Proposition 10.5(b).

Finally, we prove (e) by descending induction on v. Any element in P q is
selfdual. Assume that v > 0. By part (d) there is ¢ such that g,(£) > 0. Set
e =¢g;(£). We prove that £ is selfdual by descending induction on €. By parts (b),
(c) we have

L(BL) = () L+ feok, (L) >e
=

The perverse sheaf Eiﬁ is selfdual by the induction hypothesis on v. It is easy to
see that f; commutes with the Verdier duality. Hence the lhs is also selfdual. We
have

ﬁ<Ei£)|0Eu,Q,<E = <€> ‘C|9EV,Q,<E'

Since £ is the minimal extension of its restriction to HEU_’ngE, it is selfdual.
O

Let K(%Q,.q) be the Abelian group with one generator [£] for each isomorphism
class of objects of %9, o and with relations [£]+ [£] = [£"] whenever L is isomor-
phic to L & L'. To unburden the notation we’ll abbreviate

K(Q) =P K(Q.a). L=I[L].

Note that K(%Q) is a free A-module such that v£ = L[1] and v™'L = L[-1].
Further the Verdier duality yields an A-antilinear map K (Q) — K (%Q).

10.13. Corollary. The A-module K (’Q, q) is spanned by {Gﬁg,; y €9y}

Proof : The corollary is proved as in Lemma 8.32, using Proposition 10.11 instead
of Propositions 8.22, 8.23.
O
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10.14. Example. Let T, 8, A\, v be as in Example 10.2, and set = {i}. We have
HEMQ = Li X LZ(z)’ QE,/75110 = eEl,_Q \ {O}, and QEMQJ = {O} ‘We have also

o if A\ + Ag(y) # 0 then P, o = {kep, ,[Ai + No(i)], ko3 }, and
gi(kog, o [Ni + Ao)]) =0, g(koy) =1, EF(k) =kqoy,
o if \; + /\g(i) = 0 then QPV,Q = {k{O}}a and

gikoy) =1, Fi(k) =kgo.

10.15. Comparison of the crystals. We choose I', # and \ as in Sections 6.2,
6.4, and we set QQ = I. We define a functor

Y :%Q,0—"R,-mod, Y(L)= @P Exti,, ("], L).
iefrv
The functor Y is additive and it commutes with the shift (the shift of complexes
in the lhs and the shift of the grading in the rhs).

10.16. Proposition. (a) Y takes °Q to R-proj, and (’ﬁg to °Ry. It maps P
bijectively to the set of selfdual indecomposable projective graded modules.

(b)Y yields an A-module isomorphism K (°Q) — K which maps *P bijectively
onto ’GI°V(\). It commutes with the duality. We have

eioY =Yoegy), [ioY=Yo fou).

Proof : The first claim of (a) is obvious. If the sequence i of °I” is the expansion
of the pair y in ?Y” then we have

‘Ri = (b)!’Ry, ‘L= (b)!°C],

where b is a sequence such that the multiplicity of y is (b)b. See Remark 2.7 and
(8.3). Therefore to prove the second claim of (a) it is enough to observe that we
have Y (°£¢) = YR{. The same proof as in [VV, sec. 4.7] implies that Y yields an
injection from %P to the set of indecomposable projective graded modules. Since
Y((’Eg) = QR‘;, and both sides are selfdual, the functor Y takes the elements of P
to selfdual graded modules, see Sections 2.6 and 8.10. Part (a) is proved. Next, the
first claim of (b) follows from Proposition 8.4(c) and Corollary 10.13. Finally the
last claim of (b) follows from Propositions 10.5(b), 10.8(c) and Proposition 8.14.

O

Recall the set %G!°%()) introduced in Definition 8.3. For each b in °B()\) let %L (b)
denote the unique element in P such that

(10.6) Y (%L(b)) = °G°¥ (b).

Hence we have P = {%£(b); b € B()\)}. We'll set also %£(0) = 0. Combining
Propositions 8.23 and 10.11 we can now compare the crystal (°B(\), E;, F}, &;) from
Proposition 8.22 with the crystal (*P, E;, F';, ;) from Proposition 10.11.

= 3r%g
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10.17. Proposition. For each i € I and each b € °B()\) we have

Ei(°L(0)) = "L(Egwb), E;(°LK) ="L(Fyirb),  i(’L(b)) = g (D)-

Proof : We can regard ¢,, Ei, and EZ as maps

g BN U{0} — Zso, E,;:°B(\) —B(A)U{0}, E,:°B(\) —B()).

Propositions 10.11(b), 10.16(b) yield

fe(i)eGlow(b) = (g(b) +1) ‘Gl (Ezb) + Z fb,b’eGlow(b/)a g;(b") > g;(b) + 1.
b/

Taking the transpose, Definition 8.8 and Proposition 8.4(a) yield

ee(i)eGup(b) = (g;()) GGUP(Eib) + Z fb’,bgGuP(b/)a g;(b) <g(b) - 1.
o

Now, recall that
ooy (b) = max{n > 0; ef, \GP() £ 0}, £ (Eb) = £,(b) — L.

Thus, using Proposition 8.17 and (8.7) we get g, = = €6(i)- Then, comparing the
formulas above with Proposition 8.23 we get F = Fg(z) Finally, Proposition
8.22(c) and 10.11(c) yield E; = E‘g(z).

O
10.18. The global bases of V(\). Since the operators e;, f; on V()\) satisfy

the relations e; f; = v=2fie; + 1, we can define the modified root operators &;, f; on
the “B-module YV ()) as follows. For each u in YV ()\) we write

u = Z fl-(n)un with e;u, = 0,
n=0

&;i(u) = Z fi(n—l)um f‘l(u) — Z fi(n+1)un

n>=1 n=0

Let R C K be the set of functions which are regular at v = 0. Let L()) be the R-
submodule of *V/()\) spanned by the elements f;, ... i, (¢x) with 1 >0, i1,...,i; € I.
We can now apply [EK3, thm. 4.1, cor. 4.4] as in [E, Section 2.3]. Together with
Propositions 10.15 and 10.16 this yields the following, which is the main result of
the paper.

10.19. Theorem. (a) We have

= @ RGm), &CLX) L), (LM c 'L,

bePB(N)

&;%G"v (b) = 9G"Y (E;b) mod v/L()\), £%G (b) = %G'*% (F;b) mod v L(\).



hal-00435938, version 2 - 3 Dec 2009

69

(b) The assignment b — %G (b) mod U‘9~L()\) yields a bijection from 'B()\) to
the subset of “L(\) /vPL()\) consisting of the £;, ... £, (¢x)’s. Further %G (b) is the
unique element x of *V(\) satisfying the following conditions

ot =z, x="G""(b) mod v?L(\).

3

(c) For each b,b" in °B(\) let E; pp, Fy by € A be the coefficients of %G (b') in
eo(i)’G% (b), fi%G'" (b) respectively. Then we have

Eipp lv=1 = [F;Ufor (‘G (b)) : Ufor(‘GUP(b))],

Fipp|o=1 = [E;¥for(G™ (b)) : Tfor(°GMP(b))].

Proof : Part (a) follows from [EK3, thm. 4.1, cor. 4.4], [E, Section 2.3], Proposi-
tion 10.17 and (10.6). The first claim in (b) follows from (a). The second one is
obvious. Part (¢) follows from Proposition 8.17. More precisely, by duality we can
regard E; 4.1, Fip1r as the coefficients of %G (b) in fg(i)‘gG“p(b’), ;"GP (b') respec-
tively. Therefore, by Proposition 8.17 we can regard E;p pr|v=1, Fi bt/ |v=1 as the
coefficients of Wfor(°GUP(b)) in F;¥for (‘G P (V')), E;VUfor(°G"P(V')) respectively.
O

A. APPENDIX

A large part of the statements above generalizes to affine Hecke algebras of type
C. We use the convention in [Mc].

A.1. Affine Hecke algebras of type C. Fix p, qo, ¢1 in k*. For any integer
m > 0 we define the extended affine Hecke algebra H,, of type C,, as follows. If
m > 0 then H,, is the k-algebra generated by

T, X, k=01,....m—1, 1=1,2,...,m

satisfying the following defining relations :
(a) Xle/ = Xl/Xl,

(b) (T0T1)2 = (T1T0)2, Tka_lTk = Tk—lTka—l if k& 75 0, 1, and Tka/ = Tk/Tk if
|k - kl' 7é 1,

(c) ToX:' — X1To = (a7 — q0) X1 + (qogy * — 1), T X3 Ty = Xpt1 if k # 0, and
T, X, = X|T ifl £k k+1,

(d) (T, —p)(Tk +p~ 1) =01if k # 0, and (Tp — q0)(To + ¢; ) = 0.
If m = 0 then Hy = k, the trivial k-algebra.

A.2. Remark. The affine Hecke algebra of type By, is equal to H,,, /(¢0 — ¢, g1 —q)-
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A.3. Intertwiners and blocks of H,,,. We define

A'=Ax"Y, H, =A"®rH,,
where ¥ is the multiplicative system generated by

X - Xy, XE-pPX, 1-XP, 14X, 1-qaXt, 1#1.

For k=0,...,m — 1 the intertwiner ¢ in H/  is given by the following formulas
X — X
9%—1=k—,1k+1(Tk—P) if k#0,
pXp —p~ X1
(A.1)
- X2 -1 (To — o)
O T M M & )

There is an isomorphism of A’-algebras
A" W, —H,,, sp—@p €1 ¢, k#O.

The semi-direct product group Z x Zs acts on k* as in Section 6.2. Given a Z x Zo-
invariant subset I of k* we denote by H,,-Mod; the category of all H,,-modules
such that the action of X1, X5, ..., X}, is locally finite and all the eigenvalues belong
to I. We associate to the set I a quiver I with an involution 6 as in loc. cit. Finally,
we assume that

17_1¢Iv p7q07q17é17_1'
Next, we define the element A of NI as

(A.2) A=Y i, ieIn{-q.,q}

and we define °R,,, and ’R,,-Mod, as in Section 6.4. Note that if ¢y = ¢1 = ¢
then A is the same as in (6.2).

A.4. Theorem. There is an equivalence of categories
’R,,-Mody, — H,,-Mod;, M — M

which is given by
(a) Xi acts on 1;M by ifle%l for each 1 =1,2,...,m,
(b) Ty acts on 1;M as follows for each k=1,2,...,m —1,

(per — p~te” 1) (5g, — %k+1)0,

e*k — e*k+1 kD if i = Uht15

et — e @ —Deme
Ok — I 7, = Th+1
(p—Lexr — per+1) (505 — 441) ples — perkt P k41,

. _ —1- k1
Pigy1€”* —p~Tige e - . 9.
(o —1)+p if ix 7 Ukt1, D k41,

T41€%F — jpe*h+l



hal-00435938, version 2 - 3 Dec 2009

(¢) To acts on 1;M as follows

(e —1)? (goq1 — 1)e?1 + 2e*

23¢ -1 2 + Y —1
(qre® —qy ") et —q
(que” 4 qo)(e*t — 1)

(P2t — 1)3¢

qo(qoe™ + q1)(e* — 1)

(q0q1 — 1)1 + (q1 — qo)e™
q%eQ"l -1

T +

2517

(q0q1 — 1)gie

— (@1 — q0)qoe™

T +

q1(gge? — 1) qi(gge? — 1)
(e + qoi1) (e — qii1)

q(e¥ —if)

(m1—1)+qo

Proof : Formula (A.2) yields

Aip = 2 ifilz—qo_lqu_l,
_ e 1 1
Ai() - O lf 4 # _qO aql )

Aip =1 else.

71

if iy =—qy " =q; ",
if i1 =q¢ ' #—q ',
if iy =—qy" #q; ",

if i1 # —qp ' qy

The proof is the same as the proof Theorem 6.5, using (5.3) and (A.1).

0O

Now, all the statements in Section 8 generalizes. The proof is straightforward
and is left to the reader. In particular, if K; denotes the Grothendieck group of
the category “R-proj, then we have a canonical isomorphism

V(N =K oa K,

where *V()) the same B-module as in Theorem 8.30, with A given by (A.2) instead
of (6.2). Theorem 10.19 generalizes as well.

1.1:

1.2

2.2

2.8:

INDEX OF NOTATION

Fv h”i,j; EV7 GV7 v7

. By, By, my,
1.3:
2.1:
. F(W), F(W, @),
23:
24:
2.6:

‘Cyv ‘Cg/a ZV7 Zt\;lv FV7 R(F)Ua
95 GEV; HEA,V; LA,V; 0GV7 evv

0
1", GY”,

0 07 0

FV,y’ FA7V,y7 TA,y>

0p 6,5 6 0 9

Ly, °LS, "Sv, "Za v, "Fav, 1a v i,

0r7d
ZA,V’

: OFav, PZa v,
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41: G=0(V,w), F=F(V,w), T, W, Wy,
4.2: ¢v, Dy, A, At 11, °By, Ay,

4.3 : Gy Wi, w(i),

44 0 ¢V, iws Wo, By, "Ny w,

4.5 : Y0y, 0% , s °Py 2.y,

4.7 : S, xi1, eu(M), Ay, AZ

4.8 1 %ep v oy %AV wws OAV W AN w0 AV w0 ANV w0
413 : zi (1),
4.14 1 Py, Y
4.16 = Ni(1), hi(k), oa,v i (k), saviv (1), Taviv (1),
5.1: "R(T)aw, Li, ok, 24, 71, Qi j(u,v), w,
5.3 1w, 0y,
6.1: H,,, Ty, X,
6.2 : pg,
6.4: 'R,,, Lo, L,
6.8 : E;, F;, ki,
71: R, w, 1,1, K,
7.2 Ry, ¢1, 0%, ¢u, P, Ky, Gy,
7.4 : Ry, ch(M), B, Ly,
7.6: K, 0;, 7 £, f,, G'™, G°v B(c0),
8.1: YKy, °Gy, Pt M, f, °Glov()), °G™()), “B(N), ‘L,
8.6 : D' Winm?s Dinomrsnnrs W (W), *Ropmry U, 0%, b, €4, €l fiy 1
8.10 : Ry, 'Ry, BI™, ch(M),
8.16 : N*, for,
8.20 : &, fi, €, Ani, By,
8.28 : B, IV ()),
9.1: AF, A},
10.1: Q, Lav.0, *Eav.0, °Eva, °Fy, %Fy g, °P, %Q,
10.3: °E1 g, °Es 0, p1, P2, D3, fis
10.6 : B30, K, L, €,

10.10 : E;, Fj, g,
10.15: Y,
10.18 : &;, f;, "L()),
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