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THE PUNCTUAL HILBERT SCHEME: AN INTRODUCTION

JOSE BERTIN

Abstract. The punctual Hilbert scheme has been known since the early days of algebraic
geometry in EGA style. Indeed it is a very particular case of the Grothendieck’s Hilbert
scheme which classifies the subschemes of projective space. The general Hilbert scheme is a
key object in many geometric constructions, especially in moduli problems. The punctual
Hilbert scheme which classifies the 0-dimensional subschemes of fixed degree, roughly finite
sets of fat points, while being pathological in most settings, enjoys many interesting proper-
ties especially in dimensions at most three. Most interestingly it has been observed in this
last decade that the punctual Hilbert scheme, or one of its relatives, the G-Hilbert scheme
of Ito-Nakamura, is a convenient tool in many hot topics, as singularities of algebraic vari-
eties, e.g McKay correspondence, enumerative geometry versus Gromov-Witten invariants,
combinatorics and symmetric polynomials as in Haiman’s work, geometric representation
theory (the subject of this school) and many others topics.

The goal of these lectures is to give a self-contained and elementary study of the founda-
tional aspects around the punctual Hilbert scheme, and then to focus on a selected choice
of applications motivated by the subject of the summer school, the punctual Hilbert scheme
of the affine plane, and an equivariant version of the punctual Hilbert scheme in connection
with the A-D-E singularities. As a consequence of our choice some important aspects are
not treated in these notes, mainly the cohomology theory, or Nakajima’s theory. for which
beautiful surveys are already available in the current litterature [24], [43], [17].

Papers with title something an introduction are often more difficult to read than Lectures
on something. One can hope this paper is an exception. I would like to thank M. Brion for
discussions and his generous help while preparing these notes.
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1. PRELIMINARY TOOLS

The prototype of problems we are interested in is to describe in some sense the set
of ideals of fixed codimension n in the polynomial ring in r variables k[X7, -, X,]
over a field k assumed algebraically closed to simplify.

In the one variable case, k[X] being a principal ideal domain, an ideal I with
dim k[X]/I = n is of the form I = (P(X)) with P monic and deg P = n. These
ideals are then parameterized by n parameters, the coefficients of P. In this case the
punctual n-Hilbert scheme is an affine space A}. In a different direction, basic linear
algebra tells us there is a precise relationship between on one hand the structure of the
algebra A = k[X]/(P) and on the other hand properties of the linear map F' — XF
from A to A, summarized as follows

P(X) A

without multiple factor semi-simple

One root € k with multiplicity > 1 | local, nilpotent

non zero discriminant separable

One of our main goals in these lectures is to extend such a relationship to more
general algebras than polynomials in one variable. One of our main theorems, in the
two variables case, states that the set of all ideals with codimension n has a natural
structure of a smooth algebraic variety of dimension 2n. So to describe an ideal
of codimension n in the polynomial ring k[X,Y], we need exactly 2n parameters.
Moreover the subset of ideals I with k[X,Y]/I semi-simple is open and dense. The
situation dramatically changes if the number of indeterminates is 3 or more. In any
case the punctual Hilbert scheme appears to be a very amazing object.

Likewise, if A is a k-algebra (commutative throughout these notes, not necessarily
of finite dimension as k-vector space) we can ask about the structure of the set of
ideals of A. We shall see in case the dimension of A is finite, that the set of ideals
I C A with dim A/I = n is a projective variety, but infortunately in general, a very
complicated one.

Throughout this text we fix an arbitrary base field k, not necessarily algebraically
closed. In some cases however it will be convenient to assume k = k, and sometimes
the assumption of characteristic zero will be necessary. So in a first lecture the reader

may assume k = k is a field of characteristic zero.
9.
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In this set of lectures, a scheme, or variety, will be mostly a k-scheme, that is
a finite type scheme over k. Let us denote Schy the category of k-schemes, and
correspondingly Aff; the subcategory of affine k-schemes. One knows that Aff
is the category opposite to the category Alg, of commutative k-algebras of finite
type. More generally Sch (resp. Aff) stands for the category of (locally) noetherian
schemes (resp. the category of affine noetherian schemes). If X is a scheme, Affx
denotes the category of schemes over X, i.e. of schemes together with a morphism
to X. For any R € Aff, Spec R stands for the spectrum of A, viewed as usual as a
scheme. When R = k[Xy, -+, X,]/(F},---,F,) and k = k, then SpecR € Aff;, can
be thought of as the set {x € k", Fi(x) = --- = F,,(x) = 0} equipped with the ring of
functions R. If X is a scheme, Ox stands for the sheaf of regular functions on open
subsets of X. The stalk of Ox at a point x will be denoted Ox , or O, if X is fixed.
By a point we always mean a closed point.

By an Ox-module (resp. coherent module) we shall mean a quasi-coherent (resp.
coherent) sheaf of Ox-modules [31]. Finally a vector bundle, is a coherent Ox-module
which is locally free of rank n, i.e. at all x € X the stalk is a free Ox ,- module of
rank n. If X = SpecA the category of Ox-modules is equivalent to the category of
A-modules. A locally free module of rank n is a projective module of constant rank
n.

We want to point out that the concept of flatness is essential to handle correctly
families of objects in algebra or algebraic geometry, for us families of O-dimensional
subschemes, or ideals. We refer to [16], or [15] for the first definitions, and basic
results.

Punctual Hilbert schemes will be obtained by glueing together affine schemes. This
explains why the first section starts with some comments about this glueing process.
Another basic operation that will be used in the sequel is the quotient of a scheme
by a finite group action. This operation will be studied in detail in section 1.4.

1.1. Schemes versus representable functors.

1.1.1. Glueing affine schemes. One lesson of algebraic geometry in EGA style is that
it is often better to think of a scheme X € Sch as a contravariant functor, the so-called
functor of points

(1.1) X :Sch — Ens (or, Aff — Ens)

where X (S) = Homgen (S, X). Essentially all the information about the scheme X
can be read off the functor of points. It doesn’t matter to choose either Sch or Aff,
indeed to reconstruct X from its functor of points, it is sufficient to know X on the
subcategory Aff. In this functorial setting a morphism f : Y — X can be thought of
as a section f € X(Y') or using Yoneda’s lemma as a functorial morphism Y — X. In
the sequel we shall use the same letter to denote a scheme and its associated functor.

The functorial view-point as advocated before suggests that to construct a scheme,
one has to identify first its functor of points X', and then try to show that this functor
is indeed the functors of points of a scheme. This last part which amounts to check
X is representable, is in general not totally obvious. We must list the conditions
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about the functor X = X expressing that X is the glueing of affine pieces. The first
condition comes from restricting X to the category Openg of open sets U C S € Sch,
the morphisms being the inclusions U C V. The local character of morphisms implies
that X : Openg — Ens is not only a presheaf but a Zariski sheaf. We say ”Zariski”
to keep in mind that the topology used to define the sheaf property is the Zariski
topology. In other words if S = U;U; is an open cover of S € Aff, the following
diagram with obvious arrows is exact

(1.2) hx(S) —= 11, hx(U:) 11 hx(UiN Uj)

Let X be a Zariski sheaf on Aff. We say that X is representable if for some scheme X
we have an isomorphism € : X = X. As said before the Yoneda lemma asserts that
such a morphism is determined by the single object £(1x) € X (X). It is convenient
to identify £ with this object and write £ : X — X. In the same way let F': X — Y
be a morphism. One says that F'is representable if for all £ : S — ) the fiber product
X xy S, which is a sheaf, is representable.

If this is the case, F is said to be an open immersion (resp. closed immersion, a
surjection) if for all £ as above the projection X x5 S — S is an open immersion
(resp. closed immersion, surjection). The following is the most naive way to try to
represent a functor, but it is sufficient for what follows.

Proposition 1.1. A Zariski sheaf X is representable, i.e a scheme X, if and only if:
there exist a family morphisms u; : Uy — X such that the following conditions are
satisfied
i) for any i, u; : Uy — X is an open immersion, in particular [[,U; — X is
representable
ii) uw:U :=[[,U; — X is surjective
iii) Finally X is separated (so really a scheme), if and only if the graph of the
equivalence relation U Xy U — U x U is a closed immersion.

Proof:
First perform the fiber product

Uj

Ui

i

UX;(U4>

so that condition ii) says U; xx U; is a scheme. Furthermore the arrows v;,v; are
both open immersions. Let us denote U; ; C U; and U;; C U; the corresponding open
sets. The isomorphism U; x v U; — U, ; together with the corresponding one with
Uj;, yields an isomorphism 6;;, viz.

(1.3) Ui xx U
/ \

_4_
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The associativity of the fiber product quickly yields the following cocycle condition

(1.4) Ociw, v, Bid, ove,, = Orilorve 9iabii = us,

Now the scheme X is obtained by glueing the U/s along the common open sets Ui/, ;8
by means of the glueing isomorphisms 0; ;.

We now see u; as section of X over U; (Yoneda’s lemma). Then if one uses the
same notation for U; and its image into X, it is easily seen that u; and u; are equal
on U; NU;. Since X is a Zariski sheaf, this defines a global section u € X'(X), thus a
morphism v : X — X. The result is that u is an isomorphism of sheaves. One must
check that for all S € Sch, one has

u(S) : Hom (S, X) — X(95)

Keep in mind that «(S) is the map f : (S — X) — f*(u) € X(5). First, let us
check the injectivity, that is if f,g € Hom(S, X), then f*(u) = ¢*(u) < f = g.
We have the equality in a set-theoretical sense. Indeed, it suffices to check this when
S = Speck = {s}. Suppose that f(s) € U;, g(s) € U;. Then the hypothesis means
that we have a commutative diagram

]

(1.5)

X
Uj

therefore we can fill in the dotted arrow, meaning f(s) € U;;, g(s) € Uj;, and g(s) =
6;i(f(s)). Thus f(s) = g(s). But now the equality f = g is also true in a scheme
sense. Indeed restricting to S; = f~1(U;) = g~ 1(U;), since U; is a subfunctor of F,
this yields f = g on S;. In turn we get finally f = g¢.

Now let’s check the surjectivity. Let f : S — X be an S-section of X. We must
check this section locally (in the Zariski sense) lifts to X. This immediately follows
from the cartesian square

g

U, X
| K

whichs says that the restriction to .S; lifts.

To complete the proof that X is a scheme X, we need to check that X is separated,
meaning the diagonal X — X x X is closed, therefore a closed immersion. Let us
write the cartesian diagram

UxU—XxX
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where the right vertical arrow is the diagonal map. If X is separated, then its diagonal
is closed, thus the immersion U xx U — U x U is closed. Conversely, denoting
A C X x X the diagonal, the previous construction shows that U; x U; N A is exactly
the graph of the glueing morphism 6;; that is, the image of U; X x U;. Then A being
closed means that for all (7, j) the graph of §;; is closed, equivalently U x x U is closed
inU xU.
O
It is known that the functor of points X of a scheme remains a sheaf for finer
topologies of Sch than the Zariski topology. Descent theory shows the functor X is
a sheaf not only for the etale topology, but also for the fppf topology, the faithfully
flat and finite presentation topology. We have no need for this in what follows.

To end this section, let us remind the so-called valuative criterion of separatedness
(resp. of properness) ([31], Theorem 4.7). In the setting of Proposition 1.1 condition
iii) holds true if and only if for any discrete valuation ring A with fraction field K,
and any pair of morphisms f, g : SpecR — X, if f = g at the generic point, then
f = g. In other terms the map

(1.6) Hom (Spec A, X) — Hom (Spec K, X)

is injective. Furthermore (1.6) is surjective if and only if X is proper. This will be
used to check the Hilbert scheme is separated and complete.

1.2. Affine spaces, Projective spaces and Grassmanianns. A first example of

scheme given by its functor of points is the affine space A" = Speck[Xy, -, X,],
namely
(1.7) Hom (SpecA, A") = Homy_q, (K[ X1, , X,], A) = A"

More generally let € be a quasi coherent sheaf over X, with dual £ = Home, (£, Ox).
The functor over Schy given by

(1.8) (f:S— X)+— Homoe,(f*(€),0s)

is represented by the scheme Spec(Sym/(€)) which is natively a scheme over X [34].
Another very familiar example for the sequel is the functor of points of the pro-
jective space P". This is the contravariant functor (see for example [31])

(1.9) P"(S) ={(L,¢: 05" — L)} /=

where £ is a line bundle, and ¢ is onto. Here ¢, ¢’ are identified if there is an
isomorphism v : £ = £’ with ¢/ = 9. In this definition the closed points of P" are
the hyperplanes of k"*!. The set of lines is the dual projective space P™".

If ey, - , e, stands for the canonical basis of the free Og-module O%t!, then the
subfunctor given by imposing the condition that ¢(e;) generates £ is readily seen
to be open and representable by an affine space A". Furthermore these subfunctors
yield a covering of P". The resulting geometric space P can be built by means of the
operation Proj [34].

-6 -
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More generally the Grassmann scheme G,,, classifying the vector subspaces of
rank 7 € [1,n — 1] of k™ is the scheme representing the functor

(1.10) S—{p: 0% — E}/~

where F is a locally free sheaf of rank n —r, ¢ is onto, and the equivalence relation is
as before. The punctual Hilbert functor to be defined is as we shall see a refinement of
the Grassmann functor. The construction of the Hilbert scheme below incidently will
give a proof of the existence of the Grassmann scheme. More precisely if we choose
W C k™ a subspace of dimension n —r, then the subfunctor of the Grassmann functor
whose objects are the complementary subspaces of W is open, and easily shown to
be representable by an affine space. These open subfunctors yield a cover. If we take
the determinant of F e.g the top exterior power, namely

(1.11) AT A (OR) = OF) — AT E

we get a point of P(="+) . Tt can be shown this yields a closed embedding, the so-called

Pliicker embedding G,,, — P(). The equations that describe the image are the
so-called Pliicker equations [15].

It will be useful for us to generalize slightly this construction. Let F be a quasi-
coherent sheaf on a scheme X. For a fixed integer » > 1, let us define a contravariant
functor G, (F) over Schy as follows

(1.12) G (F)(f 8 — X)={["(F) =¥ €}/ =

where £ is a locally free sheaf over S of rank r, and = means up to isomorphism of
the target.

Proposition 1.2. The functor G,.(F) is representable i.e. is a scheme G,.(F) over
X.

Proof:

If U is an open subset of X, then the functor G,(Fjy) = G,(F) xx U is clearly an open
subfunctor of G,(F). We can assume from now that X = SpecR is affine, and we
may work entirely in the category of R-algebras not necessarily of finite type, indeed
even not noetherian. Then F is given by a R-module F' (of finite type or not). Let
B : R" — F be any linear map. We define a subfunctor G, 3(F) of G,(F") be requiring
that o o (f ® 1) is an isomorphism. Equivalently the sections over the R-algebra B
of this subfunctor are the B-linear maps

QIF@RBHBT

such that a o (8 ® 1) = id. If non empty, this subfunctor is readily seen to be repre-
sentable by an affine scheme. Let us assume the module F' is given by a presentation

(1.13) RD 2, R s F 0

where ® can be seen as a matrix (a;;) with entries in R. We can lift 3 to R/,
and identify this map with a matrix (0j;) with entries in R. Then the scheme that
-7 -
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represents the previous subfunctor is

(1.14) Spec R((TY ) jesacrerl /(- Y aTE Y ByTF — bu,-+)

J J
the spectrum of the quotient of a polynomial ring with perhaps infinitely many vari-
ables, by the ideal generated by the obvious relations. Now it is very easy to check
the subfunctor G, g(F) where  runs over the linear maps R” — F'is a covering family
by open subfunctors. In turn, the conclusion follows from the general recipe (1.1).

O
1.3. Quotient by a finite group.

1.3.1. The construction. It is very important in algebraic geometry to be able to
perform a quotient of a scheme by a group action. The case of interest for us is a
quotient X/G of a scheme X endowed with an action of a finite group G of order
denoted by |G|. Say G is reductive if |G| # 0 in k. Despite our general philosophy,
the functor of points of the quotient X/G being rather complicated”, our construction
of X/G will be purely geometric, relying on classical invariant theory. It should be
noted the scheme X /G can have an eccentric behaviour if G is non reductive. For this
reason in the next two sections G will be assumed to be reductive i.e any G-module
is semi-simple. Presently G is arbitrary.

Let us start with some comments and definitions about actions of groups. Assume
G acts on X. A G-stable subscheme is a subscheme Y C X such that for all g € G
the morphism g2 : Y — X (¢ = inclusion) factors through Y. If this is the case there
is a well-defined isomorphism ¢ : Y = Y, induced by g € G, defining an action of G
on Y. If G acts on X, there is an obvious induced action of G on the set Hom (X, Y),
viz. g.f =gf ' (g € G, f € Hom(X,Y)). We say that f is G-invariant if g.f = f for
all g € G. An important case is when X = SpecR, where R is a finitely generated
k-algebra, then an action of G on X translates into a left action of G on R. Let us
write the action of g € G on R as ga instead of (¢g7')*(a).

In order to ensure X/G is really a scheme, one must assume the action of G on X
is admissible, meaning there is a cover of X by affine G-invariant open subsets. This
condition is fulfilled under a mild restriction.

Lemma 1.3. Let the finite group G acts on a quasi-projective scheme X. Then the
action is admissible.

Proof:
For any point z € X, the finite set Gx must be contained in an affine open set,
say U. This is readily seen from the quasi-projectivity assumption. Now the scheme
is separated, so the finite intersection () seq 9U must be affine, contains x, and is
obviously G-invariant.
O

Recall G is arbitrary e.g not necessarily reductive. The result below sumarizes the

key facts about the quotient scheme X/G.

*what is natural is the functor of points of the quotient stack [X/G].
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Proposition 1.4. Assume the finite group G act admissibly on a scheme X.

i) There exists a scheme X/G together with a G-invariant morphism m: X —
X/G such that any G-invariant morphism f : X — Y (Y € Sch) factors
(uniquely) through w. More precisely h — hw defines a functorial isomorphism
Hom (X/G,Y) = Hom (X,Y)%. As a consequence (X/G, ) is unique up to a
unique isomorphism.

ii) The morphism w: X — X/G is finite and surjective. Furthermore m induces
a bijection between the points of X/G and the G-orbits of points of X.

iii) For any open set V C X/G we have V = 71 (V) /G, in particular the topology
of X/G is the quotient topology. Furthermore the natural map 7 : Ox/q =
O% is an isomorphism; we say (X/G, ) is a geometric quotient.

iv) Let S — X/G be a flat morphism, then under the natural action (on the left)
of G on X X xS, we have the base change property (X xx/q5)/G = S. The
result holds true for any base change S — X/G assuming G to be reductive,
for instance k of characteristic zero.

v) If X is a normal variety (integral with integrally closed local rings [31]), then

so is X/G.

Proof:

i) Suppose first X = Spec R, the spectrum of a finitely generated algebra. The claim is
that X/G = Spec R®, where R® denote the subring of invariant elements of R. It is a
classical and important result going back to Gordan, Hilbert and Emmy Noether, that
R is a finitely generated k-algebra [14]. Now let us denote 7 : Spec R — Spec R the
morphism dual to the inclusion R < R. It is easy to check the equality R}Cf = (R%);
for any f € RY more generally (R ®r A)Y = A whenever A is a flat R¢-algebra.
Indeed if we see R as the kernel of the R-linear map

0 — RY — R 15 Rl
then tensoring over RY this sequence with A yields the exact sequence

gec 9" ®1

0—>A—>R®RGAH T (R®pe A)IC

showing A = (R ®pe A)°.

Let now f : SpecR — Y be a morphism. If Y = SpecA is affine, then f €
Hom®(X,Y) means that the comorphism f* : A — R maps A into R®, leading to
h : Spec R — SpecA. Thus i) becomes obvious in this case. Note the result is also
clear for any Y if the image of f lies in an affine open subset of Y. In the general
case it is readily seen using iii), to be proved below, that we can choose a covering

Spec RY = U Spec(R%),
i=1
i.e. a partition of unity >, R®f; = R®, such that f(Spec(R%)},) is contained in an
affine open set of Y. This yields a well-defined morphism

(1.15) hi : Vi = Spec(R%);, — Y
~ 9.
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such that fiy, = h;ymy, where U; = Spec Ry, = 7~ 1(V;). On the intersection V;NV; the
two morphisms f; and f; coincide as a consequence of the unicity as shown in the first
part of the proof. Then we can glue together the morphisms h; to get h : Spec R — Y
with hm = f. The proof of i) is complete.

Under the same hypothesis, that is X affine, it is not difficult to check ii) and iii).
For any a € R the polynomial

(1.16) P(T) = [[(T = ga) =TI = () ga)T'I7" 4 - 4 (=1)) [ ] ga

geG geG geqG

has its coefficients in R, thus a is integral over R“, and since R is a finitely generated
k-algebra, a standard argument shows R is a finitely generated R“-module. This
shows 7 : X — X/G is finite. To check the surjectivity notice a finite morphism is
closed [34], but 7 is clearly dominant, so onto. Let now Q € SpecR® be a prime
ideal. Let us choose P € SpecR over Q. The claim is that 771(Q) is the orbit GP.
Let P = Py, --- P, denote the distinct points of GP. It is a standard consequence
of the finiteness of R as R“-module that if ¢ # j then P; € P;. Take a € P; (i > 1)
so that the norm ngG ga is in R NP; = Q. Therefore ngG ga € Py, thus for some
g € G, ga € Py. This yields the inclusion

P; C UjeagPi

The prime avoidance lemma [16] then shows P; C gP; for some g € G, and this
implies the equality P; = gP; as expected.

Let Z C SpecR be a G-stable closed subset. The previous discussion yields the
equality Z = 7 }(w(Z). As a consequence if U C SpecR is a G-invariant open
subset, since 7 is closed we have that 7(U) is open and U = 7~ '7(U). The fact that
™ Ox/a - (’))G( is an isomorphism is clear from the construction.

Let us pass to the general case where X is no longer assumed to be affine. From our
hypothesis, there is a cover of X by (finitely many) affine open G-invariant subsets
X = U;U;. Thus the quotient V; = U;/G exists as shown by the previous part, with
quotient map 7 : U; — V;. The intersection U; NUj is a G-invariant open affine subset
of U;, thus V;; = m(U; N U;) is open in V; and as shown before V;; = (U; N U;)/G.
Similarly we get an open set V;; C V; and an isomorphism V;;, = (U; N U 5)/G.
Finally this yields a uniquely defined isomorphism ¢, ; : V; ; = Vj; making the dlagram
commutative

(1.17) vinv;

RN
05,3

We can glue together the affine schemes V; along the open subsets U, ; by means of
the ¢; ;s to get a scheme Y together with a morphism 7 : X — Y. The construction
shows that V; is an open subset of Y, and 7= !(V;) = U;. It is readily seen that (Y, 7)
is a categorical quotient of X by G in the sense of i).

- 10-
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The assertions ii) and iii) are also clear from the previous step, in particular 7* :
Ox/a - O)G( is an isomorphism, since it is so on an affine open cover.

iv) The fact that performing a quotient X/G commutes with a flat base change
S — X/G is immediately reduced to the affine case. Property i) gives us a canonical
morphism (X X y/¢ S)¢ — S. Over an affine open subset V C S such that its image
in X/G lies in an affine open subset, we know this morphism is an isomorphism, the
conclusion follows. The proof is completed.

v) It is an elementary fact that R is a normal ring whenever R is normal [10].

O

Without further assumption assertion iv) can be wrong. As an example take X =
Speck[X, Y] the affine plane over a field of characteristic two. Let G = {1,0} be the
group of order two where o(X) =Y,0(Y) = X. Then k[X,Y]% = k[XY, X +Y]is a
polynomial ring. As base change we take

KXY, X +Y] = kXY, X +Y]/(X +Y) = k[X?]

then k[X,Y]/(X+Y) = k[X]. But now G acts trivially on k[X], so k[X]% # k[X?]. Tt
can be proved that in any case the morphism (X x x,¢.5)/G — S is purely inseparable
(universally bijective) [5]. However under the reductivity assumption things work
better.

Proposition 1.5. Suppose G is a reductive finite group acting effectively on X € Sch.
For any base change S — X /G (S € Sch), the canonical morphism (X X x,S)¢ — S
1 an isomorphism.

Proof:
Under the reductivity assumption, the embedding Ox/q — 7.(Ox) admits a nice
retraction, the average operator (or Reynolds operator)

1
(1.18) Rg(a) = @Zg.a

geG

This is standard and easy to see. More precisely a section a of m,(Ox) is G-invariant
iff Rg(a) = a. As in the proof before it is sufficient to check the base change property
in the affine case, so assume X = SpecR, S = Spec A, with a base change morphism
R% — A. Since, via to the operator R, R® is a direct summand of R, the morphism
A — R®pc A is into. Now Rg extends to R ®ge A, viz. Rg(z ® a) = aRg(x) as a
projector onto A. Thus A = (R ®pc A)C.

O

Example 1.1. (ADE singularities)

The following example is very popular, and a cornerstone of many subjects. Let G
be a finite subgroup of SUy(C), equivalently of SLy(C). As it is known, such G is
one of the so-called binary polyedral groups, i.e. fits into one of the conjugacy classes

- 11 -
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name group order | type
cyclic Cyn(n>2) n | A,_1
binary diedral D, (n>2)| 2n | Dpyo
binary tetraedral T 24 | Eg
binary octaedral O 48 | By
binary icosaedral I 120 | Eg

One can show that the corresponding quotient surface C?/G is embedded in the
3-dimensional affine space, thus described by an equation f(z,y,z) = 0, see below
(for a proof see: [15], [18], [9])

A, |2yt

Dpio | 22 + 9?2 + 2"

Es |2*+y*+ 2

E; |2+ 4 y2?

Eq 2+ P+ 2P

From now on G is a reductive group, and k = k Let us return to our general setting

m: X — Y = X/G. There is no loss of generality to assume that G acts faithfully.
We want to understand the local structure of Y at some closed point y. Let us choose
renl(y) ={x =2z, ,v,}. If H stands for the stabilizer group of z, then
m = |G/H| (1.4, ii)). Since the object we are interested in is the local ring Oy,
or even the complete local ring (’A)yvy [16], it is useful to perform the flat base change
Spec (;)y,y — Y. Then the scheme X Xy Spec @yy is finite over Spec@y,y, thus of the
form

X xy SpecOy,, = Spec B

where B is an @Y,y algebra finitely generated as a module, thus a complete semi-local

ring. A classical structure theorem [16] yields for A
(119) A= H @X,gz = H @Xﬂ?i = Indf]@X’r
geG/H =1

where Ind% (W) stands for the induced G-module of the H-module W, in the sense
of representation theory of finite groups. From this we get the following result:

Proposition 1.6. We have @yw = @)I}’x The morphism m is etale over y iff H = 1.
- 12 -
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Proof:
The first point follows easily from the structure of A as a G-module (1.19). For the

second point it is known that 7 is etale over y iff 7 is etale at = iff 7 : @Yy — 0 X,z
is an isomorphism. But clearly this precisely means that H = 1.

O
Let z € X be a closed point with stabilizer H. Assuming z is a smooth point, if we
choose a parameter system (xq,---,x,) at x, then Ox, = k[[X1, -, X,,]] a ring of

formal power series. It is not difficult to check that the action of G can be linearized,
as G is reductive. This means there is no loss of generality to assume H C GL,(k),
with the obvious action on the coordinates. In general the precise description of the
ring Oy, = k[[X1,---, X,]]¥ can be a difficult task.

The group G acts faithfully on X, this implies that the stabilizer of a general point
x € X is trivial, so m : X — Y is generically etale. Denoting R, C X the locus of
point with non trivial stabilizer, then clearly R is closed, it is called the ramification
locus of m. Its image B, = m(R;) is called the branch locus.

Corollary 1.7. Under the previous hypothesis assume G acts freely on X, then m :
X — X/G is etale. Furthermore X smooth <= X/G smooth.

Beside the quotient X /G previously studied, we are also interested in the fixed
point subset. This subset needs to be defined in a schematic sense. To this end, we
define a contravariant functor Sch — Ens by

(1.20) S +— Homg(S, X)

where Hom (S, X) denotes the set of G-invariants morphisms, the action of G on S
being the trivial one. This functor is representable, in other words:

Proposition 1.8. Let us assume the action of G on X is admissible (i.e. X quasi-
projective). Then, there is is a closed subscheme X¢ C X, such that

(1) The action of G on X is trivial,
(2) If f : S — X is any G-invariant morphism, then f factors uniquely through
X,

In particular the closed points of X are the fized (closed) points of X .

Proof:

(sketch) Due to our assumption, we may assume X = SpecA affine. The coaction
of G on A will be denoted (g,a) — ga. It is readily seen that the answer to our
representability problem is

(1.21) X =S8pecAg, Ag=A/{ga— a)secaca

where (ga — a) stands for the ideal generated by the elements of the indicated form.
OJ

We now assume that the action of G' on X is faithful, and X is connected. Let

x € X be a closed point. The stabilizer H = G, of x acts in an obvious way on
the local ring Ox 4, therefore on the cotangent vector space Tx , = M, /M. This

defines a linear representation of H in T% .. Recall G is reductive.
- 13-
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Lemma 1.9. The representation G, — GL(T% ) is faithful.

Proof:
Since G is reductive, the surjection M, — V = M,/ M? splits in the category of
G-modules, therefore we can find a G-invariant subspace V. C M., suth that the
restriction map V. C M, — V = M,/ M?2 is bijective. Thus if g € G acts trivially
on V, it is easy to see that then g acts trivially on A/M¥**! for any k > 1. Since A
is separated for the M-adic-topology, this in turn yields g = 1.

O

Exercise 1.1. Let x € X@. Under the previous assumptions, show that (T)*(w)G s the
cotangent space of X at .

The setting we are interested in is the case X smooth. Then we have the interesting
wellknown result™:

Theorem 1.10. The fized point subscheme X is smooth (perhaps not connected),
and if v € XY, we have Txe , = T¢ .

Proof:
The problem is local at x, it amounts to check that Of , is a regular local ring. Via
the same argument as in lemma 1.9, we can find a G-invariant subspace V. C M,,
suth that the restriction map V.C M, — M,/ M?2 is bijective. If we set Vg :=
V/(ga — a)yecacv, then it well known and easy to see that V = V¢ @ V5. Now a
short calculation yields Oxe , = Ox/(Ve). Therefore Oyc , is the quotient of Ox
by a subset of a system of parameters, which in turn means that Oxc , it is regular
[16]. O
Assuming X smooth, we can investigate more precisely the structure of the rami-
fication locus of the quotient 7 : X — X/G. Let H C G be a subgroup. Denote X
the subset of points fixed by H, and let Ay be the subset of points with stabilizer
exactly H. Then

(1.22) At =x"— | ) Xx®

HCK H#K

As shown by 1.10 X is a smooth closed subscheme, and R = LhzgApy is a stratifi-
cation of R by locally closed smooth subvarieties.

Proposition 1.11. Let A be an irreducible component of codimension one of the
ramification locus R;. Define In = {g € G, g =1onA}. Then Ia is cyclic and # 1.

Proof:
We have A C {J, ., X*, which in turn implies A C X for some H. Clearly H C Ia,
thus Ia # 1. Notice A is a connected component of X724 in particular A is smooth.

Let P be the generic point of A. The local ring O = Ox p is a discrete valuation
ring. Let M = (t) be the maximal ideal. The residue field k(O) is the function field

*A more general result with G an affine reductive group, due to Fogarty, is true

- 14 -
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of A, in particular Ia acts trivially on k(). For o € In we can write o(t) = a,t for
ay € O — (t). It is elementary to check that

Ure = a,;7(ay)
Denoting @, the residue class of a, in k(P), we see that 0 € In — @, is a group
morphism, thus its image is cyclic. We must check this morphism is injective. This
can be deduced from Proposition 1.8, but we prefer to give an adhoc argument. Let
J the kernel of this morphism, and assume .J # 1. If o € J, then a, = t + b,t* where
k > 2 can be choosen such that for some o € J, b, & (t). It is easily seen that for
T,0 € J,
bro = by +7(by)

As a consequence ¢ — b, € k(P) is a morphism from .J to the additive group k(P)
which in turn yields eb, if ¢ = |Ia|. But e # 0 in k(P), so we get a contradiction,
and finally J = 1. OThe subgroup Ia (also denoted Ip) is called the

inertia subgroup along the divisor A. The order e(A) of I is the inertia index at A.
The notations being as before, let us denote A’ (resp. P’) the image of A (resp. P)
in X/G. In some cases it is convenient to write e(A) = e(A/A’) to refer precisely in
which setting the inertia index is defined. The following result is standard:

Proposition 1.12. Under the previous assumptions the order of the stabilizer of A
(or P) in G is

(1.23) |G| = e(A)[K(P) : k(P

equivalently the extension k(P)/k(P") is galois with group Gp/Ia. Furthermore if Mp
(resp. Mp:) denote the maximal ideal of Op (resp. Op:), then MpOp = M%A).

Proof:
The problem is purely local at P, so after base change we may assume that X =
SpecOpr the normalisation of Ops in k(X). We may even by base change from Op

to the complete local ring Op assume A’ = Op is complete, which in turn yields
(1.24) Op ®o,, A'= H Oyir)
geG/Gp

Furthermore if A = Op with maximal ideal M, then ACP = A’ By the assumption
of reductivity, we also have (A ®4 k(P'))¢? = k(P') which in turn yields k(P)%F =
E(P'). As a consequence k(P)/k(P’) is galois with group Gp/Ip. Define the integer
v by M'A = M, then using the filtration

M cMtc...cMcA

we get
(1.25)

|G p| = dimypry A@a k(P') =Y dimypy M/ /M? = v[k(P) : k(P')] = v[Gp : Ip]
j=1

Thus e = v as required. v O
15 -
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Let us assume that G acts freely on X, and that as before X is smooth. Recall
a rational p-form of X is an object which in terms of a given system of parameters
(U;xq,- - ,x,) of X has an expression

w = Z filw",indxil VANKIIRNVAN d[L’Zp (filv"'vip - k(X))

1< < <ip<n

If (Viyp,--+,yn) is another system of local coordinates, and if
Z gj17“'7jpdyj1 ARERRA dyjp
J1<<Jjp

then the local expressions for w are related on U NV by

(1;“ .. .xip>

(1.26) gj1,-~~,jpdyj1: Z it e d‘xlla(

i< - <lp

The p-form is regular if all f;, .. ;, are regular on their open sets of definition. If f :
X — Y is amorphism, and if X and Y are smooth, the pull-back of a regular p-form w
of Y is defined as usual. Choose (U;xy,--- ,x,) and (V;y1,-- ,y,) local coordinates
systems on X respectively Y, with f(U) C V. Let w = Zj1<---<jp Gjr oo Gy @Yy N - A
dy;,, then the local expression of f*(w) is

(127) Z f g]h ~~7]p (yjl : y]p)

11 < <dp (le ' xzp)

Let QfF , (resp. (Q% /k) ) be the vector space of regular p-forms o(resp. G-invariant
regular p-forms) on X. Let 7 : X — Y be the quotient morphism. Then 7 is etale
and hence:

Proposition 1.13. The map n — 7*(n) yields an isomorphism ., — (Qﬁ/k)G.

Proof:
Since 7 is etale, a coordinate system for Y lifts to a coordinate system for X. Therefore
we can write locally an invariant p-form on X, as

(128) Z i1, 5 y]l) A dﬂ'*(yjp)
J1<-<Jp
where (y1,-- ,¥,) is a coordinate system on Y. The G-invariance of w amounts to

the invariance of the coefficients g;, ... j,. Then we can write gj, ... ;, = 7 (fj, . 5,)
with f} .. ;, a unique rational function on Y, regular on a suitable open chart. This
shows that w = 7(n), with n = Zj1<---<jp Jive 3@y N - Ndy;,,. O

The result that follows is a weak form of the important purity of the branch locus:

Proposition 1.14. Let 7 : X — Y be a finite surjective morphism between two
smooth varieties of dimension n. Then either 7 is etale, or the branch locus if purely
of dimension n — 1.

- 16 -
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Proof:
In this proof it is necessary to understand the ramification locus not as subset, but as
a closed subcheme locally of the form {f = 0}, i.e. a divisor. To see this, let 7(p) = ¢,

and let us choose a system of local parameters xy,--- ,z, near p, and yq, - -+ ,y, near
g. Then the local equation of R, at p is

oy -y
(1.29) 91 vn)
It is easy to check this is a consistent definition. Since 7 etale at p is equivalent to f
being a unit at p, the conclusion follows. U

1.3.2. Groups generated by pseudo-reflections. In general if a finite group G acts on
a smooth scheme X € Schy, the quotient X/G will be singular, due to the existence
of fixed points. It is useful to understand precisely when X/G is singular at a point
y = m(x). The problem is local, see (1.19), thus we may assume that X = SpecOx .,
and that G is a finite group which acts faithfully on X, i.e. on A = Ox,. Then
X/G = SpecA®. Let A’ = A% be the invariant subring. This is a local ring with
maximal ideal M’, furthermore A is finitely generated over A’. Clearly the action of
G on A yields a representation of G' on the cotangent space V = M/M? of A. Since
regularity is preserved if we pass to the associated complete local ring, finally we may
assume that A, and then A’, is local and complete.

Recall a pseudo-reflection o of V' is a diagonalizable automorphism of finite order
such that rk(c—1) = 1. The main result of this subsection due to Chevalley-Shephard-
Todd, is:

Theorem 1.15. Under the previous assumptions, the following conditions are
equivalent:

The image of G in GL(V') is generated by pseudo-reflections.
ii) The invariant ring A’ = A% is regular.
iii) The ring A is flat over A'.

Proof:

We are going to prove that i) = iii) = i) = 4). Starting with the assumption
i), we must check that Tori' (k, A) = 0, or equivalently from the Nakayama’s lemma
that ¥ := Torf (k, A)/MTors (k, A) = 0. Clearly G acts on the vector space X. We
check this action is indeed trivial. Due to our hypothesis, it suffices to check that
any pseudo-reflection o € G acts trivially. Suppose o € GG acts as a pseudo-reflection
on V. Then as in lemma 1.9 we can choose v € M — M? such that o(v) = (v for
some root of unity ¢, and 0 = Id on A/Av. Thus we can write 0 — 1 = ¢.v where
p: A — Ais A-linear. From this decomposition it is clear that ¢ = Id on X, which
in turn yields that G acts trivially on X. The group G being reductive, the map

(Tord (k, A)¢ — (Tord' (k, A)/MTor (k, A))¢ = Tord (k, A)/ MTor? (k, A)
is surjective. But (Tori'(k, A))¢ = Tor" (k, A9) = Tori (k, A') = 0, thus finally

Tor' (k, A) = 0, and A is a flat A-module.
- 17 -
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Suppose now that A is a regular local ring faithfully flat over A’, with dim A =
dim A" = n, then A’ is also regular. Indeed let M’ be a finitely generated A’-module.
We can choose a resolution of M’

0O—-N —-L,,—-—Ly—M —0

where Ly, --- , L,_1 are finitely generated and free. By the flatness hypothesis we get
a resolution of the A-module M’ @4 A

0—>N/®A/A—>Ln_1®A/A—>"-—>L0®A/A—>M/®A/A—>O

Since A is regular of dimension n, the A-module N’ ® 4+ A must be free, which in turn
implies that N’ is free. This shows that A’ is of finite homological dimension, thus
regular [16].

We now check ii) = i). Let Gy be the normal subgroup generated by the pseudo-
reflections of G. We know from the first part that Ay = A% is regular. From the
weak form of the purity of the branch locus (Proposition 1.14) we know the quotient
X — X/G must be ramified along a divisor through z, equivalently , there must
exist a height one prime ideal P of A with inertia index e > 1. We saw that P
must be generated by an element t = x;, part of system of local coordinates of A
(Proposition 1.11), and that the inertia subgroup Ip is cyclic with generator acting
as a pseudo-reflection on V. Thus unless G = Gp = 1, we have Gy # 1. The same
remark also shows that the inertia index of P in both extensions A/A, and A/A’ are
the same. The inertia index being multiplicative under composite extensions (this is
readily seen from Proposition 1.11) we see the extension Ag/A’ is non ramified, i.e.
etale, in codimension one. The purity of the branch locus (1.14) forces the equality
A’ = Ap, which in turn yields G = G,.

0

The previous result has a well known equivalent in the graded case. Let G be
a subgroup of GL(V'), for some vector space over an algebraically closed field of
characteristic prime to |G| with dimV = r. Let S = S(V') be the symmetric algebra
of V, i.e. a polynomial algebra, and let R = S¢ be the graded subalgebra of invariant
polynomials. Then the following are equivalent:

i) G is generated by pseudo reflections
ii) R is regular, i.e. a graded polynomial algebra
iii) S is a free R-module
Then under one of these conditions we have R = k[zy,--- , 2,] for some homogeneous
elements z1,--- , 2, € S, and if degz; = d;, we have |G| =d;---d, and > _;_,(d; — 1)
is the number of pseudo reflections contained in G.

1.3.3. Symmetric powers. Throughout this section k = k. Let X be a quasi-projective
scheme. For any integer n > 2, the symmetric group S,, acts in an obvious way on
X" viz.

(130) a(:cl,-“ ,xn) = (.T}g—l(l),"- ,IU—1(n))

Definition 1.16. The n-symmetric power of X, denoted X ™ is the quotient scheme
X"/S,.
- 18 -
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Let m, : X® — X® denote the canonical morphism. Notice the quotient exists
due the quasi-projectivity assumption. The closed points of X ™ correspond to the
S,, orbits in X", that is, to unordered set of points (x1, - ,x,), ; € X. Such a set
of n unordered points of X is called a 0-cycle of degree n of X. Recall the group of
0-cycles on X, denoted Zy(X) is the free abelian group on all (closed) points of X.
Thus a 0O-cycle is a formal finite sum 2z = 22:1 n;x; where the x; are points of X, and
n; € Z. The sum ), n; is the degree of z, and z is effective if for all i, we have n; > 0.

Therefore the points of X™ can be identified with the effective O-cycles of degree
non X.

It is easy to detect the ramification locus of m,. Indeed let x = (z1,--- ,z,) € X"
be a sequence of n points of X. Since we are viewing z as a 0-cycle, we may label the
x}s such that

(131) Ty =+ =Tk 7é Thi+1 = " = Thy+ko 7é T 7é Thit+tkr_1+1 = 7" = T

This means the x}s take r distinct values @y, g, 11, -, Tky 41k, +1 With multiplici-
ties ky,--- , k. > 1, where k; 4+ - - - + k. = n. A slightly different, but convenient nota-
tion will be x = 22:1 k;x; where the r points z; are pairwise distinct. Since we may
further permute the x!s, there is no loss of generality to assume ky > ko > -+ > k,,
ie. (ky,---,k.) is a partition of n. It is classical to denote a partition by a greek
letter, say

>\=(>\1Z)\22"'),Z>\z’:n

The length of X is the greatest integer r such that A\, > 0. Let us denote X /(\n) c X
the locus of O-cycles of type A, i.e. the A-stratum. Finally let A C X" be the big
diagonal, i.e the locus of (xy,--- ,x,) € X™ such that for some ¢ # j we have z; = ;.
With these notations in mind, we have two elementary facts:

Lemma 1.17. i) The stabilizer of x = Y, kix; of type X = (ky > --+ > k;) is
H:S)\ ZISkl X"'XSkTCSn.
ii) The morphism XI = X"—A — X (xy,--+ 2,) — S7_ kiz; is an isomorphism

onto the locally closed subset X)(\n).

Proof:
i) is clear. For ii) it is readily seen that the A-stratum is a locally closed subset. Indeed
one may view the morphism (z1,--- ,z,) € X] — > . kx; € XM ag 7,1, where
k1 k.
— ——
Z)\([L'l,"’ 7I7‘) = (1'17"' y L1yt Lyt 71'7«)
But clearly X embeds into X" via 2,. Now the subgroup S, acts trivially on this
subscheme, thus proving the restiction of 7, is an embedding. The result follows. [
In particular the ramification locus of 7, is A the big diagonal. The branch locus

is the set of 0-cycles with at least one k; > 1, i.e. U,\7k1>1X)(\n).

Example 1.2. (Viete’s morphism)
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Take X = A! the affine line. Then X" = A". We identify a point of A", say
(A1, -+, An) with the polynomial

n

i=1
where a; = (=1)%0;(A1,- -+, \n), 0; being the elementary symmetric functions. The

Viete morphism is V' : A" — A" V(Ay,---,\,) = (a1,---,a,). By the main
theorem on symmetric polynomials V' is the same as 7,, i.e. (A1)™ =2 A",

Returning to the general setting, our aim is to give a complete description of
the complete local ring (’A)X(n)ﬁx at any O-cycle x € X™ . Let x = Yo ki =
(T, -+, o1, 29, ,x,) as before. Lemma 1.6 yields

But now using Lemma 1.17, the right hand-side can be identified with the completed
tensor product

(1.34) OB B @O

L1y, T1,22,0 7x7")

Thus the knowledge of the ring @ x(m , amounts to understand this ring in the special
case where r = 1. That is, for a totally degenerated 0O-cycle > ", z (x € X). Let
d = dim X be the dimension of X. There is a classical answer to this last question in
the case, X smooth. Indeed, let us choose uniformizing parameters* (¢, - ,t4) for X
at the point z. Working with n copies of X, we shall denote by (¢; ;)1<i<, the previous
local coordinates but on the i-th copy of X. Thus we can view the entries of the n x d
matrix |¢; ;| as a system of local coordinates for X™ at the point (z,z,---,z). The
symmetric group S,, permutes the factors, and acts on the local coordinates according
to the rule

(1.35) 0tij = lo-1(i).

Finally, we are going to describe the ring on simultaneous, or vector invariants, of S,
acting diagonally on the polynomial ring (or ring of formal power series)

k[T, - Ty®" = k[T, j)i<i<ni<j<d

which can be seen as the coordinate ring k[V®"], dimV = d.
To generate invariant polynomials, choose independent variables Uy, --- ,U; and
expand the product [, (1 + Z;l:l T;;U;). This yields

n d
(136) JIO+> 1,00 = > | Y Tujo Ty | Us o+ Upy =D oo (THU”

i=1 j= J1sdq \ 1< <ig
where UY = U;" ---UJ*. Clearly the coefficients o, (T) are symmetric. To be more

precise, and to state the classical result which goes back to H. Weyl [62], we need some

*generators of the maximal ideal
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notations. Assume first 77, --- , T, are d independent variables, and let us denote for
1<qg<d

O_Q<T17"'7Td): Z 71711 "'T‘iq
1<d1 <o <+ <ig <d
the g-th elementary symmetric polynomial in the T)s. One classically defines the total
polarization of o, as the polynomial &, € k[U; jl1<i<n.1<j<q glven by

!
(1.37) 64Ti) = > UnaUsa-Usyg
1<y, ig<d
where the prime means that we sum over all pairwise distinct indices iy, - - - , i, € [1,n].
The main theorem about the simultaneous invariants of S,, as stated in [62], see also

[11] for some comments:

Theorem 1.18. With the previous notations, the ring of diagonal invariants k[T; ;]S

1,J
is generated by the total polarizations of the oy, i.e by the polynomials

’
(1.38) &q(Ti,aj) = Z Ti1,O¢1TZ‘270¢2 o 'Tiq,aq

1<y, yig<n
for any choice of ay,- -, € [1,d] including repeated indices.

In the book [62] the base field k has characteristic zero. Indeed, the result can be
false in positive characteristic, unless d = 1, see for example [11] for a more complete
discussion of this question. As an immediate corollary of this local result, true without
restriction on k, the scheme X ™ behaves well if dim X = 1, e.g X is a smooth curve.
This is essentially the content of Viete’s classical theory revisited (see [15]).

Corollary 1.19. For a smooth curve X the n-fold symmetric power X™ is smooth

of dimension n. This scheme parameterizes the effective divisors of degree n, 1i.e.
X™ = Div, (X).

Assuming again X smooth, if d = dim X > 2 and n > 2, the scheme X ™ is always
singular. The punctual Hilbert scheme that is the main subject of this set of notes is
intended at least partially to rub out this defect.

Proposition 1.20. Suppose X is a smooth variety of dimension d > 2. Then for

sing
the notation 1™ stands for the trivial partition (1,1,--- 1) on n.

Proof:
It is easy to see U)\#(ln)X/(\n)

any n > 2 the singular locus xm of X™ s the closure Xénl)n_2 = U)\#ln)X)(\n), where

This strata has

codimension d > 2 in X™ and is irreducible. The claim is X s(?n)g = X, 1n-2. Since

is the closure of the stratum Xg(q)n,2.

the singular locus is closed, it suffices to check Xé"l)n,Q c X Sn)g. We can present
(n)

271n—2 .

Notice the galois cover induced by 7, over X ™ — X;?TH has branch locus Xénl)n,z, a
-21 - ’ ’
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subset of codimension d > 2. The theorem of purity of the branch locus (Prop. 1.14)
yields a contradiction.

We can also argue more directly, and more elementary, as follows. Let x = 2x; +
ZTo+ -+ x,_1 be a point of the stratum XQ(nl)n,Q. The complete local ring of X at
x is described by (1.34) together with Weyl’s theorem 1.18. This yields with slightly

modified notations
(139) @X("),x = k[[xh Ty, Y1, 7yd”Z/QZ®kHZ17 T Zd(nfl)“

where the group Sy = Z /27 acts through the involution o(z;) = y; (1 < i < d). Let
us choose the more convenient indeterminates (assuming the characteristic # 2)

w — i + Vi v — Li T Yi
(2 2 ) (2 2
Then o(u;) = u;, 0(v;) = —v;. The ring of invariants is now easy to describe:
(1-40) k[[xla o, Tdy Y1, J/d]]Z/QZ = k[[“l; cr o, U, {Uivj}igj]]
If we set v;; = v;v;(= vj;) then the ideal of relations between these d(dTJrg) generators

is spanned by the quadratic relations
Vij Ukl = VikVji <V7;7j7 k,le [Ld])
It is now readily seen, denoting M the maximal ideal of the local ring @ X(n) 4, that

d(d+3
(1.41) dim M/ M? = %
showing the local ring @X<”),z is regular iff d = 1.
O
We refer to the book ([11], Chapter 7) for a more thorough discussion of the n-fold

symmetric products.
Example 1.3.

As an example we are going to describe the local ring of A?) at the point 2[0] (0 =
(0,0) € A?), and then to show the blow-up of the singular locus desingularizes (A2)®
(char k # 2). This example will be useful in the sequel of these notes.

As shown in the proof of Proposition 1.20, it is convenient to work with new coordi-
nates uq, us, v1, U2 such that the Sy action reads

(ula Ug, U1, UQ) = (u17 U, —V1, _UQ)

Then the ring of invariants is k[uy, ug, v, v3, vive] = kluy, us, z,y, 2]/(xz — y*) with
=02y = v1vs, z = v2. Thus (A?2)? is simply the product A? x ) where @ denotes
the quadric cone {(z,y,z) € k% zz = y?}, in other words the A;-singularity (see
section 5). The singular locus is A? x (0,0,0). For a general description of the blow-
up of a point, more generally a closed subscheme, we refer to the book [34]. In our
example the description is as follows. The blow-up plane is covered by two coordinate
patchs U,V = A2, where

U = Speck[uy, us, z, %], V' = Speck|uy, us, vy, g]
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and U = V = A2, The corresponding morphisms U — (A?)® (resp. V — (A%)?)
are given in term of these coordinates by the obvious morphisms

Klur, wa, 9,21 (@2 = ) — Kl w2, 7]

(resp. klui, us, x,y, 2]/ (xz—1y?) — k[uy, us, %, y]). The exceptional locus &, a divisor,
is given in U by {z = 0}, and in V' by {y = 0}.

Exercise 1.2. Show (P")(™ = Pn,

Exercise 1.3. Let E be an elliptic curve over k = k with chark= 0. (a smooth complete
curve of genus one, together with a distinguished point O € E [31]). Let n > 2.
e i) Use the abelian group law on E with neutral element O to check that E™ ——
E xW, where W = {(x1, -+ ,xn) € E", >, x; = 0}.
e ii) Show W/S,, — P! (hint: use Abel’s theorem [34] to identify W/S, with the
linear system |nO|). Then show E™ = E x Pn—1,

Exercise 1.4. Let as before X be a quasi-projective scheme, and let ny, -+ ,n, > 1. If we
set n =mny + -+ n,, show there is a sum morphism [[;_, xmi) _ x(n)

Exercise 1.5. Let X = X; U X» be a disjoint sum of two schemes. Prove that X(™ =
L o X(p) X(Q)
ptg=nty X Aoy

1.4. Grassmann blow-up. The Chevalley-Shephard-Todd theorem 1.15 emphazises
the flatness property of X over X/G. If this condition is not fulfilled, it is of interest
to explain how to recover it universally by mean of a suitable birational modification
of X/G. This will be used in the construction of the equivariant Hilbert scheme. The
set-up is as follows. Let X be a scheme, and let F be a coherent Ox-module. We are
going to figure out how to make F flat i.e locally free by a suitable modification of
X and F. This problem has been studied in a very general setting by Raynaud [51].
Our concern here is much more modest. We need some additional assumptions:

(1) Assume there is an open subset U of X such that F is locally free of rank

d>1onU,

(2) U is schematically dense”.

In our examples X will be integral and hence (1) and (2) simply mean F is generi-
cally of rank d. Let us introduce a general definition. Let f : X’ — X be a birational
morphism, precisely it will be assumed that

o f:U' = f1(U) — U is an isomorphism,

e 1) holds for U’ i.e Ass(X') C U".
Denote 2 : U’ <— X’ the canonical injection. There is a natural map coming from the
adjonction property of 2, and +*

(1.42) Y (F) — w* (f7(F))
Call the image of this map the strict transform of F under f, and denote it as f#(F).
Under our hypothesis f%(F) is coherent, indeed it is the quotient of f*(F) by the

*This means the morphism Ox — .(Oy) is injective, where ¢ : U < X denotes the canonical
injection
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sub-sheaf 7" whose sections are the sections of f*(F) with support in X' — U’. It is
not difficult to check the definition is independent of the choice of U, that is, if the
strict transform is defined relatively to an open set V with V' C U, then this yields the
same result. Before going further we must recall some basic facts about the Fitting
ideals ([16], 20.2). Suppose first X = Spec A, the spectrum of a noetherian ring, then
F is identified with an A-module of finite type M. Let us choose a presentation of
M

(1.43) A" 2 A - M — 0

Then it is well known that the ideal spanned by the n — k-minors of the matrix ¢ is
independent of the choice of the presentation. This ideal Fj (M) is the k-th Fitting
ideal of M, or of F. We have Fy(M) C F;(M) if k <, and Fy(M) = A when k > n.
It is likely clear that for a general X we can glue together the local Fitting ideals and
thus speak of the ideal Fy(F). If F is locally free of rank r > 1, then Fi(F) = 0 for
k < r,and F,.(F) = Ox. It is worth noting that the closed subset Si(F) defined by
Fk(f) is

(1.44) Sp(F)={zr e X, dimF, ® k(z) > k}

For instance Zj is the support of F. Assuming always that F is locally free of rank
r > 1, the situation we are interersted in is when there is a surjective map F — L
onto a locally free sheaf of rank r.

Lemma 1.21. Let as before F be a sheaf, locally free of rank r on a schematically
dense open subset U C X. Assume there is a quotient F /T locally free of rank r > 1.
Then T is the subsheaf whose sections are the sections of F annihilated by F,(F).
We can take for U the open subset X — Z where Z is the support of Ox /F,.(F).

Proof:
The problem is local so we can assume* X = SpecA, and F = M, £ = L. In that
case if L = M/N, then M = L & N, which in turn yields, see exercice 1.7 below.

(1.45) F,(M) = F,(L® N) = Fy(N)

It follows that the support of NV is the closed subset V(F,.(M)). Then the restriction
of M on the open set Spec A — V(F,.(M)) is locally free of rank r, and this open set
contains U. 0

The following lemma ensures that under certain conditions the previous hypothesis
holds.

Lemma 1.22. Let M be a finitely generated module over A. Assume F.(M) is a
principal ideal, and condition (1) above holds for U = Spec A —V (F,.(M)). That is U
15 schematically dense, and the restriction of M on U is locally free of rank r. Then
if T'={m e M, F.(M)m = 0}, the quotient M /T is locally free of rank r.

Proof:
Let us choose a presentation of M as (1.43). Let |a;;| denotes the matrix of ¢. On
a suitable affine open subset, and after a suitable permutation, we can assume that

*As usual M denotes the quasi-coherent sheaf associated to M.
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F,(A) = A0 where 0 the n — r-minor of 6 = det |a;j|; j<n—r. All other minors of order
n — r are multiples of §. Denote (e;)1<;<, the images in M of the canonical basis of
A™. The Cramer rule yields

(146) 5(61— Z bijej) =0 1= 1, ,n—T

j=n—r+1
for some b;; € A, showing e; — > 37 . bije; € N the submodule killed by F,.(M).
Thus M/N is generated by the r elements e,,_, 41, -+ ,€,. We can find a presentation
(1.47) 0—-Q—A"— M/N

Since M is locally free of rank r on SpecA — V(§), the support of @ is a subset of

V(§), which in turn says that @) is killed by a power of 4. But we know that 0 is a

not a zero divisor which in turn implies () = 0. U
The Grassmann blow-up can be described as follow:

Proposition 1.23. There is a projective morphism p : X' — X such that p : U' =
p Y U) = U is an isomorphism, and

i) U’ is schematically dense into X'
ii) The strict transform p*(F) is locally free of rank d.
iii) (X', p) is universal with respect to i) end ii).

Proof:

The construction of X’ goes as follows. First let g : G,.(F) — X be the Grassmann
scheme associated to F (proposition 1.2). The X-points of G, (F) correspond to the
locally free quotients of F of rank r. Over U, the sheaf F is locally free of rank r,
thus providing a section of g over U:

g

G, (F)—X

RN

U

Then we define X’ as the schematic image of s in G, (F). Let m denote the restriction
of g to X’. Clearly 7 induces an isomorphism U’ = 7~1(U) = U. Furthermore U’
is schematically dense in X’. The restriction of the universal quotient to X’ yields a
canonical surjection

(1.48) T(F) — L

which is an isomorphism on U’. Due to i), the kernel is precisely the subsheaf of

sections with support on X’ — U’, thus £ = 7/%(F). We now are going to check that

(X', ) satisfies the universal property iii). Suppose a morphism f :Y — X is given

and i) and ii) holds. The quotient f*(F) — f*(F) gives us a section f’ of g over Y,
_95 .



Summer school - Grenoble, June 16 - July 12, 2008

that is
(1.49) X' C G (F)'—X
Y

Clearly f’ factors through G, (F) and taking into account i) f even factors through
X'
O
Lemma 1.22 shows the blow up of X with center the ideal F,.(F) must factors
through the Grassmann blow-up X', but it is not necessarily isomorphic to X’.

Example 1.4.

Let R be a finitely generated integral k-algebra with fraction field K. Let M be
the module given by the presentation

(1.50) R R M —0

where (1) = (ag, - ,a,). We set J = (ag, - ,a,) C A, and denoting J ™' = {x €
K, xJ C R}, assume that J~! = R. The module M is torsion free of rank r. To
describe the scheme G, (M), let us consider the relative projective space Pf. A point
of P}, is locally given by a matrix A = |\, | of size r x (r + 1) with entries in a
R-algebra A, such that if z; denotes (—1)? times the minor obtained by omitting the
jth column, then 7% Az; = A. We use the s as coordinates of P%. Then G, (M)
is the closed subscheme given by the equations

(1.51) aizj = a;z; (1 <4,5<r)

On the open subset U = Spec R—V/(J) there is a canonical point z; = a;. The closure
of this point is the Grassmann blow-up X’. One can ask if in any case the result is

X' = GT’(M)

Over the affine open set z; # 0, the subscheme G,.(M) is given by the set of equations
(1.51), which reduce to ai'z—i —a; = 0. It is an elementary fact that the ideal (a.X + b)
in A[X] is prime if A is integral and if (a,b) is a regular sequence. Thus if for any
i # J, (a;,a;) is a regular sequence, then G, (M) is integral, which in turn yields
X' = G,(M). If furthermore the whole sequence (ag,--- ,a,) is regular, then it is
known that X’ = G, (M) is the blow-up of Spec R along the center V' (J) ([17], exercise
IV-26). In any way the fiber 7=!(z) over a point z € V(J) is a projective space P".

Example 1.5.

Let X be an integral scheme, with function field k(X), i.e. k(X) = Oxg, & being
the generic point. Recall that a Ox coherent sheaf F is torsion free if the canonical
map F — F ® k(X) = F¢ in injective. It is torsion free of rank r > 1, if furthermore
dimyx) F @ k(X) = 7.

It will be convenient for the sequel to say x € X is a singular point of F if the
fiber J, is not a free Ox -module. Since for a coherent module freeness is an open
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condition, we see that the singular locus of J is closed. For a general F, the torsion
subsheaf is Fio.s = ker(F — F ®@ K).

Suppose now F is a torsion free sheaf of rank one. Let Sym®(F) be the symmetric
algebra of the module F, namely

(1.52) Sym*(F) = P F*/(x@y —y © %))

d>o

the quotient of the tensor algebra of F by the two-sided ideal spanned by the com-
mutators r ® y — y ® x. This graded algebra need not be integral. For this reason
we replace it by its image S in Sym®(F) ®4 K. Therefore S is an integral graded
A-algebra generated by its elements of degree one. We set Pz := Proj(S) [34]. This
scheme equipped with a canonical (projective) morphism 7 : Px — X is exactly the
Grassmann blow-up associated to F. Notice there is a canonical line bundle O(1) on
P r. Let us record the basic features of this construction.

i) The sheaf 7*(F)/(tors) is locally free of rank one, indeed 7*(F)/(tors) =
O(1),

ii) Universal property: if f : Y — X is a dominant morphism, with Y integral,
such that f*(F)/(tors) is locally free of rank one, then f factors uniquely
through P £,

iii) Px is an integral scheme, and 7 is an isomorphism over the regular locus of

J.

Property ii) is better explained by a commutative diagram

PCJ a X

-]

P () /tors) —=Y

where F'is the morphism induced by f.

Exercise 1.6. Let M be a finitely generated module over a noetherian ring A. Prove that
M is locally generated by r elements if and only if Fs(M) = A for all s > r. If furthermore
Fi,(M) =0 when k < r, then M s locally free of rank r.

Exercise 1.7. Let M = P ® Q. Prove that Fy(M) = Y5 Fj(P)Fr_j(Q).

2. WELCOME TO THE PUNCTUAL HILBERT SCHEME
In this section the punctual Hilbert functor is defined, and shown to be repre-
sentable.

2.1. The punctual Hilbert scheme: definition and construction.

2.1.1. The definition. Let X be an arbitrary scheme, and let us fix an integer n > 1.
The punctual Hilbert scheme is defined by means of its functor of points:
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Definition 2.1. The functor Hx, : Sch — Ens, called the punctual Hilbert functor
of degree n of X, is the contravariant functor such that

(2.1) Hxn(S)={Z C X xS, Z is finite flat and surjective of degree n over S}

If f: T — S is a morphism, the map Hx,.(S) — Hxn(T) is the pull-back i.e. the
fiber product Z — (1 x f)"N(Z)=7Z xgT.

Let p : X x S — S denote the projection. A closed subscheme Z C X x S
is flat (resp. finite) over S if the restriction py; : Z — S is a flat (resp. finite)
morphism. Thus under the assumptions of Definition 2.1 the morphism p : Z — §
is finite flat surjective, equivalently, the Og coherent sheaf p,(Oy) is locally free of
constant rank n. The definition makes sense since both properties, finiteness and
flatness, are preserved by base change. Notice that a finite morphism is affine [31], so
if S = SpecA, then Z = Spec B, where B is a finitely generated projective module of
constant rank n.

The main result of this section is:

Theorem 2.2. The Hilbert functor Hx, is a scheme Hx ,, the degree n punctual
Hilbert scheme.

The proof will be given below. Assuming Theorem 2.2, the identity map 1m,,
corresponds to a subscheme Z C X x Hx, finite and flat over Hy ,, the so-called
universal subscheme, i.e.

(2.2) ZC > X x Hy,

lp
HX,n

As explained in the previous section, this means that any Z € Hx ,,(S) comes from
Z by pullback: Z = (1 x f)*(Z) for a unique morphism f : S — Hx,. We may
call f the classifying map of the subscheme Z. Assuming k = k, there is a natural
bijection between the closed points of Hx, and the finite subschemes Z C X with
dim Oz = n. The bijection is

(2.3) geHx,— Z,=Zn (X x{q})

Such a subscheme can be non-reduced, and clearly its reduced subscheme Z,.4 has no
more than n distinct points, strictly less than n if non-reduced. It will be convenient
to call a finite subscheme of degree n of X a cluster of degree n of X, or in short
an n-cluster. Let |Z| = {z1, -+, x4} the support of the subscheme Z. Since Z is
the spectrum of a finite dimensional k-algebra we have I'(Z,0z) = @¢ 0z, and
n=dim; ['(Z,0z7) = ), dim; Oz,,. Call the dimension ¢ ,, = dimy Oz, the length
of Z at x;.

Definition 2.3. The 0-cycle associated to the n-cluster Z is

(2.4) HEDINT:
z€|Z|
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Assume k = k, and X quasi-projective. The most natural examples of n-clusters,
are obviously the reduced subschemes of degree n, that is, the collections of n un-
ordered distinct points. If x1,--- , x, are n distinct points, the associated cluster will
be denoted Z = > | x;. In this case

i=1

is a reduced algebra. It is not difficult to parameterize this set of reduced n-clusters.
Indeed let X7 the open subset of X™ locus of points © = (z1,--- ,z,) with z; # z;
if 1 # j i.e. the open stratum of the symmetric product. Then X!/S,, parameterizes
the reduced n-clusters of X. The corresponding universal object Z* C X x XI'/S,, as
previously explained is obtained as follows. Let A C X x X" the closed subscheme
whose closed points are (x,z1,--- ,x,), such that for some i, x = x;. Denote 7 the
projection on X™. Clearly the group S,, acts on A, then we set Z* = A/S,,. This is
a closed subscheme of X['/S,,. The morphism 7 induces a morphism p* : Z* — X7
We have a commutative diagram

A ——= X"

|

with vertical arrows being the quotient morphisms. Since S,, acts freely on both sides,
the vertical maps are etale. The morphism 7 is certainly etale surjective, so p* is etale
surjective.

Proposition 2.4. The scheme X\ := X"/S, (the open stratum of X™ ) param-
eterizes the reduced n-clusters. In other words, for any Z C X x S, such that

p: Z — S is etale surjective of degree n, there exists a unique morphism S — x™

with Z = (1 x f)*(27).

Proof:

Let W — X x § — S a reduced n-cluster over S. Then W is finite etale of degree n
onto S. Assume first the covering W — S is trivial, that is, one can find n disjoint
sections P; : S +— W. Define a map f : S — XM as [ =>1", P. Notice this map
is independent of the labelling of the P/s. The claim is W = f*(Z*). Denote by

(2
g : W — X the projection on the first factor. Then we have a commutative diagram

2 x x x™

T(g,f) (l»f)T

We——X xS

It is easy to see this diagram is cartesian. Indeed it defines a morphism W —
(1, /)*(2*) which is both etale and a closed immersion, so an isomorphism. Now in
the general case we can choose a finite etale morphism ¢ : S* — S such that pulling

back to S*, the covering W — S is trivialized. This gives us a well-defined classifying
- 929 .
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morphism f*: 5" — X™ . 1t suffices to check that f* descents to S. This is a typical
question of etale descent” for which we refer to [58]. One must prove the following
fact. Let h : S — S* be an etale surjective morphism, then if f denote the classifying
map associated to oh, then f = f*h. But this follows from the uniqueness of the
classifying map. O

The property to be reduced is open, so Xin)

Hx ,,. This is the easy part of Hx .

embeds as an open subset H} , in

2.1.2. Construction: reduction to the affine case. Let us start the construction of the
punctual Hilbert scheme. The construction splits in two parts. We first reduce the
problem to the affine case, and then contruct by hand the punctual Hilbert scheme
of an affine scheme. As we shall see in some special cases, e.g. the affine plane, there
are nice relationship between the punctual Hilbert scheme and some quiver moduli
varieties as introduced in Brion’s lectures [11].

Proposition 1.1 tells us that Hx,, is representable iff we can find a covering of this
functor by a family of representable open subfunctors. Let U C X be an open subset.
For any Z € H,,p, since Z is finite over S, hence proper, it follows that the immersion
Z — X x S is proper and hence closed ([31], corollary 4.8).

J—>UxSCXxS

7

S
showing Z € H,, x. This defines a morphism of functors
(2.5) Hou — Hpx

Lemma 2.5. The functorial morphism (2.5) is an open immersion.

Proof:
Let FF = X —U. Let Z be an S-point of ‘H,, x. Since p : Z — S is finite, the subset
B=p(ZNF xS8)CSisclosed. Let f: S5 — S be a morphism. Then the pull-back
f*(Z) is a subscheme of U x S" if and only if f(5’) is disjoint from the closed set B,
that is, f factors through the open subset S — B.
]
Let (U;)ier be the family of affine open subsets of X.

Lemma 2.6. The functors H,uy, — H, x define a covering of H, x, i.e. the repre-
sentable morphism ]_LEI Hyu, — Hpx 18 surjective.

Proof:

This amounts to check that any Z € H,, x(S) comes from some H,, ¢, (S) locally on
S. Let s € S be an arbitrary point. The quasi-projectivity of X tells us there is an
affine open subset U; such that the fiber Z; of p: Z — S at s is included in U; x S,

* Alternatively, one can choose the etale cover to be galois, say with group I', and then factors
out by I’
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i.e is a subscheme of U; x S. The projection p(Z N ((X — U;) x S)) is a closed subset
of S. Denoting V' the complementary open subset, it is readily seen that

ZN(X X V)C U xV
The lemma is proved. U

Exercise 2.1. Using the fact that X is quasi-projective, use noetherian induction to show
that we can find a covering of X by finitely many affine open subsets U;, such that any
n-uple of points of X is contained in one of the U]s.

2.1.3. The affine case. In this subsection we prove the main theorem in the affine
case. In the remaining part of this subsection the hypotheses are as follows. Let A be
a base ring, not necessarily an algebra of finite type over a field, even not noetherian.
Let R be a commutative algebra over A with unit 1. It is convenient to assume R is
a free A-module (with arbitrary rank, finite or not), a mild restriction. With more
care it is possible to drop the freeness assumption [28]. The (local) Hilbert functor
H,,r/a is the following. Let A — Alg be the category of (commutative) A-algebras.

Definition 2.7. The functor H, g/ is the covariant functor on the category A — Alg
such that

(2‘6> anR/A(B) = {Oé R®s B — E}/ ~

that is the set of isomorphism classes of surjective B-algebra morphisms from R® 4 B
to an algebra E which as a B-module is locally free of rank n.

In the remaining of this subsection we shall fix a basis ((v,)uer) of the A-module
R. We shall assume the unit 1 is a distinguished element v; of the basis. The proof
uses once more the criterion 1.1. What we need to do amounts to find a covering of
H,.r/a by representable open subfunctors. If we remove the algebra structure on F
then we obtain the functor Q,, r/4 of Grothendieck classifying the locally free quotient
A-modules of R of rank n, a kind of Grassmann functor. The Hilbert functor will
appear as a closed subfunctor of @, r/4. This suggests that to find a cover by affine
open subschemes one has to fix a linear map of A-modules 3 : F' = A" — R and to
consider the subfunctor ’Hf R/A parameterizing the quotient A-algebras o : R — E
such that ker o @ Imfg = R. More precisely, let ' = A™ be a free module of rank n,
with fixed basis (€;)1<i<,. For any A-linear map 5 : F — R, with f(e;) = 1, let us
define a subset of H,, z/a(B)

(2.7) Hg}R/A(B) ={a:R®4 B — E, a(f®1)=isomorphism}/ =
that is
Fo,B % E

If [R®4 B - E] represents an object of Hf’R/A, then E must be free. Notice we

get a functor isomorphic to the previous one by requiring £ = B™ and a(f® 1) = 1.
In the remaining of this subsection this restriction will be assumed.
The main result is:
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Theorem 2.8. The subfunctor Hg R/A is open in Hy, g/a, and representable by an
affine scheme. If B runs over the linear maps F = A" — R with f(e;) = 1, the
(Hg R/A)BIFQR define an open cover of Hy gja. Finally H, r/a is representable.

Proof:
Let the linear map  be defined by the matrix (a;,) with entries in A such that

(€)= g (Bler) =1=w)
o
To define the map a amounts to defining a matrix (v,;) with entries in B such that
V,u,®]- ZV,uzeza Vi = 51,1’

The equality a5 ® 1) = 1 then translates as

(28) Z Qi Vyj = 6z,]
i

This shows the data (v,;) defines a B- valued point of the affine scheme
(2.9) Spec A[T,]/(T)

where J denotes the ideal generated by the equations 2.8. The last condition that
we must implement is that ker o is an ideal of R ®4 B. It is readily seen that the
elements v, — ( ® 1)a(v,) generate the B-module ker a. As a consequence ker « is
an ideal if and only if for all A € L one has

(2.10) a @A, — (B@Da(y))) =0
This will translate into a system of equations between the coordinates v,;, for this we
need the structure constants of the algebra structure of R. We set

N Z b/\ul/(; s A)
sl

Then the equations (2.10) are equivalent to the system of quadratic equations

(2.11) (V5 €] Z A\uTsj — Z amciwxmx(;j =0

4,5,y
We then see that HWR/A is represented by the closed subscheme HER/A C Spec A{T,:}]
defined by the equations (2.8, 2.11). This conclude the proof of representability of
the punctual Hilbert functor.

0
The exercises below suggest some variant of the punctual Hilbert scheme™.

Exercise 2.2. (The punctual Quot scheme). With the same hypothesis as before, let
X be a quasi-projective scheme. Prove there is a scheme Quot, q x whose closed points are
the quotients (up to isomorphism) Ogl( — F, where F is a coherent scheme of finite length
n.

“For a non-commutative version, see the paper by Vaccarino, at this school [60]
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Exercise 2.3. (The moduli space of based commutative algebras) Let n € N. Define
a functor Al, : Sch — Ens as follows: if S € Sch, an element of Al,,(S) is an isomorphism
class of pairs (A, ) where A is an Og-algebra (commutative with unit), and ¢ : O% = A
is an Og-module isomophism. Two pairs (A, ) and (A',¢") are isomorphic if there is an
algebra isomorphism o : A = A’ such that ap = ¢'. At the level of morphisms, the functor
Al, is the pull-back. Then show Al, is representable by an affine scheme of finite type over
7.

Derive in a different way this result by finding a relationship with a suitable punctual Hilbert
scheme (for details see Poonen [19]).

We can draw two immediate corollaries from the previous proof.

Corollary 2.9. Let Y C X be a closed (resp. open) subscheme, then H, y C H,, x
is a closed (resp. open) subscheme.

Proof:

For an open subscheme this was part on the previous proof. Let us assume Y is
closed in X. Since an open cover of X yields an open cover of H,, x, we may assume
without loss of generality that X is affine. Indeed with the notations of step 2 (2.1.3),
if J C R is an ideal such that R := R/J is free over A, then H, 74 is a closed

subscheme of H,, p/4. Using the affine cover Hg R/A (2.1.3), this amounts to check

that H, 5,4 N Hg R/ 1s a closed subscheme of Hg r/a- Keeping the same notations as
in section (2.1.3), it is readily seen that if « : R®4 B — B" yields a point of H, 7,4
if and only if «(J) = 0. Taking a system of generators (fi = >, yra¥)x of J, this
condition can be translated in a system of linear equations

(2.12) Z Joarai =0 (Vk,1)
A

The conclusion is clear.
O
It is useful to extend somewhat the basic construction, and try to classify the pairs
(Z1, Z3) of clusters such that Zy C 7y, i.e Z is a subscheme of Z;.

Proposition 2.10. Let ny,ne > 1. The subset of points (Z1,Z5) € Hy, x x Hy, x
such that Zy is a closed subscheme of Zy, is a closed subscheme H,, ,,, x, the so-called
incidence subscheme.

Proof:
As in our construction of H,, x, we may reduce to X being affine. Then the description
of H,, x given before show we can reduce further to the open affine pieces Hﬁ /A" The
notations being the same as in (2.7), the conditions that Z, is a subscheme of Z; then
reads ap(ker(aq)) = 0. With the coordinates introduced in the proof of Theorem 2.8,
for both a; and «y, we easily see that this last condition yields a system of equations
between these coordinates.

OJ

We can give a slightly different proof using the exercice below.
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Exercise 2.4. Let p: Z — Y be a finite flat morphism of degree ny. If ny < ni, show
there is a Y -scheme Hy, 7 which parameterises the closed subschemes of Z which are flat
of degree ny over Y.

The exercise below shows H,, x is separated, so really a scheme.

Exercise 2.5. Show that the valuative criterion of separatedness holds for H,, x .

2.1.4. The affine plane A?. We now want to apply the general method previously
explained to describe charts on the punctual Hilbert scheme, and then explicit coor-
dinates, in a non trivial example. The choice of R = k[X, Y] the polynomial algebra
in two indeterminates, is very important both for the applications, as we shall see,
but also as a toy model. To start with, the natural choice of a k-basis of R is the
set of monomials X?Y?, (p,q) € N2. In order to simplify the notations, let us denote
for a moment H,, what is called H,, »(x y)/x. We see H, either as the set of ideals of
codimension n, or as the set of subschemes of length n. The previous construction
gives a method to get a covering of H,, by affine open subsets. Let M C N2 be a
subset with cardinal n. Then set

(2.13) Uu ={I CkIX,Y], ®pgemkX?Y? S k[X,Y]/I}
Denote zPy? the image of X?Y?in k[X,Y|/I. Then for all (r,s) &€ M and (p,q) € M,
we have a set of well-defined constants ¢ € k, such that
(2.14) XY= Y 2 X'Y?  (mod I)
(p.g)eM

It is convenient to assume that ¢% exists for all (r, s), but if (r,s) € M then ¢35 =0
if (p,q) # (r,s) and 5 = 1. The fact that I must be an ideal amounts to the two
conditions XI C I, and YT C I. Indeed for any («, 3) € N? making the product of
both members of 2.14 by X°Y?” yields first the relation

(215) XT—I—ays—‘r,@ _ Z C;,’Zcz:&l—a,q-',—,@Xle (mod ])
(kD)
and then expanding the left-hand side, we get the system of quadratic equations
(216) (V(T‘, 8)7 (Oé, 6) S NZ) Z rscp+a,q+ﬂ — Cz—ll-a 540
(p.g)eM

Specializing («a, 3) to (1,0), or (0,1), 2.16 becomes equivalent to

r+1,s s +1,

(2.17) Ckl+1 Z(p QEM pqcIZlJrj
. ] _ q
Ck,l - Z(p qQeM pqcp

Conversely it is easily seen that the equations (2.17) ensure that the vector space [

spanned by the elements X"Y* — Z(p QM CpaXPY# is an ideal. Thus we get a very

explicit affine open covering of H,, 42, which will be used later.

- 34 -
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2.1.5. Local structure of the Hilbert scheme. Once the scheme H,, x constructed, it is
natural to ask about its structure, either in global terms, or local terms. The most
natural question would be to describe the local ring Og,, , 7 at the point Z. This is
not easy. We are able to answer a weaker question, viz. describe the tangent space
at a point Z. I want to remind you that the tangent space of a scheme X € Sch at
a point z € X with residue field k(x), not necessarily k-rational, is

(2.18) Txo = Homye) (Mo /M2)*

Let A be a ring. We set Ale] = A[X]/(X?) (¢ = X) the A-algebra of dual numbers.
Thus Ale] = A @ Ae since €2 = 0. Assuming k(z) = k, e.g. x is rational, the tangent
space admits an alternative description

(219) TX,gc = Homk—alg<oxa ]C[E]) = Xm(/{[G])

the set of k[e]-points of X over z. Now X = H,, x and Z C X is an n-cluster. We
denote by Z; the ideal sheaf of the closed subscheme Z, that is Oz = Ox/Z,.

Proposition 2.11. The tangent space T, to H, x at Z is
(220) TZ == HOHIOX (Iz, Oz)

Proof:

We saw the Hilbert scheme H,, x can be covered by open subsets H,, y with U C X
open, then if Z € H,, ;y we can restrict ourselves to X affine, i.e. to the local setting
R/A of section (2.1.3). The problem translates more generally as follows: to describe
the clusters Z C R[e] which reduce modulo € to Z C SpecR. Let Z be given by the
ideal I C R. Recall R/I is flat over A, this implies that I is flat.

Proposition 2.12. There is a one-to-one correspondance between the set of liftings
to Z in H,, g/a(Ale]), and Homg(I, R/T).

Proof:
We have to describe all ideals Z C R[e] such that i) Z is flat over Ale] and ii) Z +
€Re]/eRe] = 1.

Notice if i) holds then it is easy to see that

(2.21) T NeR[e] = €I = eRe] @apq I,

in this way ii) translates as Z/eZ = . It is an interesting fact, that conversely (2.21)
implies the flatness of Z. This is the content of (a very particular case) of the local
criterion of flatness™ ([10], Theorem 6.8, cor 6.9). In our setting the criterion is as
follows:

o 7 is flat over Ale] <= Z /€T is flat over A, and the canonical surjective map

€Alel ®ag T — €I
is bijective, i.e injective. Coming back to our problem, given Z we define a map

(2.22) ¢o: I — R/I

*In Eisenbud’s book the local criterion of flatness is stated in the local case, but the same proof,
even simpler, shows the result holds true with a nilpotent ideal instead of the maximal ideal.

- 35 -
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as follows. If a € I, we can lift a to x = a + be € Z. Then we set p(a) = be R/I
This is well-defined because a = 0 = b € I, so b = 0. It is readily seen that ¢ is
R-linear. We can reconstruct Z from ¢ as follows

(2.23) IT={x=a+be,aclb=y(a)}

2.1.6. Global structure. A punctual Hilbert scheme is in general a dramatically com-
plicated object. It is even in simple examples, highly singular, even not irreducible,
nor equidimensional. Such example has been provided by A. larrobino ([30]). How-
ever they share some basic global properties. A feedback of our construction of H,, x is
the projectivity property. Recall [31] a scheme is projective if it is a closed subscheme
of some projective space.

Proposition 2.13. Let us assume X is projective, then H,, x is projective.

Proof:

If X C PV then H, x is a closed subscheme of H, p~, thus we may assume X =
PY. Let O(1) be the tautological line bundle on P with global sections of O(k) =
O(1)®* identified to T'(PY, O(k)) = k[ Xy, - -+ , Xn]k, the vector space of homogeneous
polynomials of degree k [31]. Let Z C P¥ be a cluster of degree n.

Lemma 2.14. There is an integer d depending only on n, N such that for all n-
clusters Z, the restriction map

(2.24) [(PY,0(n)) — I(Z,0z(n)) =T(Z,0y)
18 onto.
Proof:

We may obviously assume that the support of Z lies in the open affine subset X # 0.
The above map amounts to

R=klx, - ,an]<qg — Oz0 = R/I

where the left hand side means the vector space of polynomials of degree least or
equal to d, and I = I;. We proceed by induction on n and N. There is no loss of
generality to assume that Z N {Xy = 0} # (. We have an exact sequence

I+ (Xy) R R
2.25 0o —r = — =0
( ) — 7 — 7 — I+ (XN) —
There is an ideal I’ such that

R _ k[X17 7XN—1]

I+ (Xn) I’

then 1 < dim % < n =dim ?. Likewise
I+ (X
dimM:dim — al <n
1 Xy (IN(Xn))

The conclusion follows from our inductive assuption.

- 36 -
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As a consequence any n-cluster Z C P yields a well-defined surjective map V =
L(PY,0O(n)) — T(Z,0yz), that is a point of the Grassmannian Gg, where d =
dim V. It not difficult to check that this defines a closed embedding of H,, x into the
Grassmannian. Since the Grassmannian is naturally embedded in a projective space,
via the Pliicker embedding, this shows H,, x is a projective scheme.

O

One problem concerning clusters is the lack of a well-defined addition, contrary to
O-cycles. Indeed if n = ny + ny (n; > 1), there is an obvious sum morphism

X oy x(n2) X("), (51752) — & 4 &

Such an operation only exists at the Hilbert scheme level under a strong restriction.
Namely, let (Z1,7Z;) € H,,, x x H,, x. We may assume both clusters living in an
open affine subset U = SpecR C X. Let I; (i = 1,2) be the ideal of Z;. The natural
counterpart of the sum of 0-cycles, should be either I1.I5 or I; N I,. The difficulty
is even if any of these two ideals leads to a subscheme with support |Z;| U |Z5|, the
length may be wrong. If one imposes that Z; and Z; are disjoint, i.e. I) + I, = R,
then I;.I5 = I N I, defines the subscheme Z; + Z5, and the difficulty disappears. The
reason is the Chinese Remainder Theorem which yields the isomorphism

R/ILNI, = R/ ® R/,
The result of this construction is the partially defined sum morphism
(226) 4+ (Hnl,X X an,X)O — me, (Zl> ZQ) — Zl + Z2

where the subscript means the domain of the morphism is the subset of pairs (Z;, Z5)
with |Z1] N |Z] = (. This morphism plays an important role in the work of Nakajima
about the cohomology of the punctual Hilbert scheme.

Let Z C X x H,, x be the universal n-cluster. It provides us with a rank-n vector
bundle (locally free sheaf of rank n) on H,, x, namely the direct image

(2.27) E = p.(Oz)
as Og,, ,-module.

Definition 2.15. We will refer to the bundle E as the universal bundle on H,, x.

Exercise 2.6. Show independently of Proposition 2.13 that if X is projective, then the
valuative criterion of properness holds true for H, x.

2.2. The Hilbert-Chow morphism. We keep the same hypothesis as in the previ-
ous section, in particular k = k. We saw (proposition 2.4) that the reduced clusters
of degree n of a quasi-projective scheme are parameterized by the open stratum of the
symmetric product X ™. It is of fundamental importance to be able to extend this
correspondence to a full morphism ¢, x : H, x — X (”), the so called Hilbert-Chow
morphism.

The construction is somewhat intricate due to the difficulty to give a simple defi-
nition of the functor of points of the symmetric product ([23],[16]), namely to define
flat families of O-cycles. It should be noted that the restriction on the base field is un-
necessary to construct the Hilbert-Chow morphism. Recall that the cycle of a cluster
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Z with support |Z| = {1, - ,x,.} is [Z] = >_,_, nix;, where n; is the length of Oy
at x;, i.e. n;, = dim Ogz,,. The result we are going to prove is:

Theorem 2.16. Let X be a quasi-projective scheme. Then there is a morphism
(2.28) Onx Hyx — x ™)

such that set-theoretically p, x(Z) = [Z] (the cycle of Z). The morphism ¢x is an
isomorphism over the open subset of reduced clusters.

Proof:

To simplify our notations, we can drop the subscripts n, X. The construction of the
Hilbert-Chow morphism amounts to build from a cluster Z C X x .S a 0-dimensional
relative cycle * [Z] functorially in S. Let us sketch an idea which goes back to Mumford
[16], and further developed by Fogarty in [23], and makes use of a lot of homological
algebra. Let us assume to start with that X = PV with homogeneous coordinates
(wo, -+ ,zn). The space of hyperplanes of PV the so-called dual projective space is
denoted PV, with homogeneous coordinates (Ao, ---,Ax). To A € P" is associated
the hyperplane Zi]\io Aixz; = 0. The incidence correspondance

(2.29) Y= {(z,H) e PY x P 2 ¢ H}
is the subvariety defined by the equation Zi\;o Aiz; = 0. Note the diagram

(2.30) 5
N
PN PN

where p and ¢ are the projectors on the two factors. If x € PV then H, := qp~'(x) C
PV is the hyperplane with equation > Aixi = 0. We can extend this and associate
to a cluster Z C PV a hypersurface H; (of a very special type). Let us consider
the coherent sheaf F; = ¢.p*(Oy) clearly supported in codimension one. Namely
if {p1,---,pr} is the support of Z, then the support of Fy is U§:1 H,,. Therefore,
using a finite resolution of F, by locally free sheaves of finite rank we may associate
a divisor Hy := Div(Fz) C PV ([46]). We don’t give the precise definition of the
divisor Div (F) attached to a torsion coherent sheaf F, details are in [16], [23], but just
explain the plausability of this construction. Since the restriction of ¢ to the support
of p*(Oz) is finite, then Riq,(p*(Oz) = 0ifi > 0. This is the reason why we work with
the sheaf ¢,.p*(Oy) instead of the complex of sheaves R*(p*Oz). Furthermore this
construction works well in a family Z C P¥ x S over S € Sch. Assuming S = Speck,
if Z is reduced with support at the points p; = (2, -+ ,zy), -+ ,pr = (2}, -+, 2%),
so that Oz = @_,k(p;), then our previous remark yields

(2.31) Div(F,) := {Hzxgx,- =0}

*This is a vaguely defined concept
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In the general case, we can find a filtration Hy =0 C H; C --- C Hy, = Oy such that
for any k£ > 0

Hi/Hir = k)7 (e;=0,1)

j=1

The functor Div being additive on exact sequences (loc.cit) it follows

(2.32) Div(Fz) = {[[O_«Ix)™ =0}

j=1 i=0

where n; is the length of Z at p;, namely n; = dimi(Oz),,. In a sense previously
explained, this divisor is attached to the O-cycle [Z] = > "_ n;p; (3_;n; = n). The
form of the equation (2.32) makes plausible that the result of this construction goes
into the n- fold symmetric product (PY)(™. As a consequence we get the Hilbert-
Chow morphism, but defined only on the reduced Hilbert scheme

2 (Hn,PN)Ted - (PN>(n)

We are to use now a different and more elementary path to validate the existence
of the Hilbert-Chow map . It is worth to note this construction is valid in any
characteristic. The basic idea is as follows. Let Z C X x S a cluster of degree n over
S. The relative n-fold symmetric product

n
A\

(2.33) (Z)S)™ =7 xgZ xg--- X5 Z /Sy

makes sense. If we can build a canonical, i.e. functorial S-point 1 : S — (Z/S)™),
then this will yield a morphism S — X namely

(2.34) S22, (7/8) - (X x §)W = x™W x s 8 g

Applying this to the universal cluster Z2 C X x H, x, we will get a morphism
H,x — X (") This morphism is precisely the Hilbert-Chow morphism. Notice this
construction is implicit in [27].

Our final task is to prove the existence of the alluded canonical point, and clearly
it suffices to check this in the affine case. Indeed, if we cover S by affine open subsets
S;, and if we denote 7 : Z — S the projection onto S, then Z; = 771(5;) is affine.
Let denote ¢; : S; — (Z;/S;)™ the expected canonical point. Then ¢; and ©; both
restrict to the canonical point on S; NS}, thus are equal on S; N'S;. Glueing them
we get 1 S — (Z/S)V. Therefore we may assume S, and hence Z, affine. We set
Z = SpecR, S = SpecA. Localizing further we may assume R is a free A-algebra of
rank n. Let h, : R — R be the map y — zy. This yields an A-algebra morphism

h:R— Ends(R) = M,(A)

As is well known det(h,) is called the Norm of = over A, and denoted Nmp,4(z). The
key technical tool we are using is the linearized norm, a by-product of the linearized
determinant [11].

-39 -



Summer school - Grenoble, June 16 - July 12, 2008

Proposition 2.17. Let A be a commutative ring, and let n > 1 be an integer. The
symmetric group acts naturally on the tensor product algebra M, (A)®™ by permutation
of the factors, namely

(235) O'(Ml ®®Mn) = Mg—l(l) ®"'®Ma—1(n)

Let (M, (A)®™)S» be the subring of symmetric elements. Then there exists a unique
A-algebra morphism

(2.36) Ldet : (M,(A)®™)5" — A

such that Ldet(M ® --- @ M) = det M. This morphism (the “the linearized determi-
nant”) commutes with an arbitrary base change.

Proof:
The proof is easy if we assume n! invertible in A. In that case we have the standard
projector onto the invariant subring (M, (A)®")S", viz.

n n\Sn, 1
§ - My(A)*" = (M (AP, Sar @ @ an) =~ 3 g @+ o

) O'ESn

Let us denote M/ the j-th column of M; € M, (A). Define a linear map M, (A)%" —
A by
M, ® - ® M, + det(M], -, M)
Call Ldet its restriction to (M, (A)®")S». Namely
1 n
(2.37) Ldet(S(My @+ ® My)) = — 3 det (Myqy, -+, M)

’ O'ESn

Clearly Ldet(M ® - --®@ M) = det M. We only need to check Ldet is a ring homomor-
phism. This amounts to prove the identity

We can check this by direct computation. The resulting morphism Ldet is uniquely
characterized by Ldet(M®™) = det M. Indeed, we know the pure tensors M®" gen-
erate the A-module (M, (A)®")S». For example, we can deduce this from the general
identity making sense in any associative algebra

(2.38) Z Uo(1) -+ Qg(n) = Z (—1)n M (Z a,;)

oE€S, IC[1,n] iel

It should be instructive to give a proof valid in any characteristic. We refer to exercises

at the end of this subsection for such a proof, see also [11].
U

A direct corollary of the existence and uniqueness of Ldet is what we may call the
linearized norm:

Corollary 2.18. Let R be a free A-algebra of finite rankn. There is a uniquely defined

—N— —_—
ring morphism LNm : (R®4---®4 R)S" — A such that LNm(a® ---®a) =

Nmpa(a). 10
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Proof:

Let us fix a basis of the A-module R. The morphism h : R — M, (A) = End4(R)
extends to h®" : R®" — M, (A)®". This morphism commutes with the action of S,
and hence maps (R®)S" into (M, (A)®")S~. Define LNm as the product

(2.39) LNm : (R&)S 2% (M, (A)8m)8e 1 4

O

As a consequence, the previous construction together with an obvious gleing process

yields for any finite and flat morphism Z — S of constant rank n, a canonical section
LNm:S — ZM of

n

—t—
(2.40) ZMW =7 xg---xgZ — 8

Finally, the Hilbert-Chow morphism is obtained as follows. Let Z C X xH,, x. The

morphism Z — X xH,, x REN H,, x is locally free of rank n. Let LNm : H,, x — Zm)
be the corresponding canonical section. Then define ¢x as the product

(2.41) ox  Hoy 2%z X0 H, ¢ 2 x0)

Notice the relative symmetric product (X x H,, x /H,, x)™ is nothing but X ™ xH,, y.
To complete the proof, we need to check that for any Z € H,, x we have p(Z) = [Z]
the cycle defined by Z. But the morphism ¢ commutes with an arbitrary base change,
so making the base change Z : Speck — H,, x we see the result amounts to the fact
that ¢ evaluated at Z is the same as the point

Speck L zm) _, xm)

If the support of Z is reduced to one point x, this is obvious since the image is the cycle
nz, the only n-cycle with support x. In the general case, writing Z = U]_,Z; with
pairwise disjoint Z!s, the conclusion will follows from the fact that our construction
of ox(Z) commutes in an obvious sense with the sum morphism (2.26), i.e.

o(2) =Y o(2)

To prove this fact it suffices to treat the case r = 2. Moreover, one may assume
X = SpecR affine. The disjointness of Z; and Z, yields for B = Oy, and the
associated algebras B; = R/I;, that B = By x Bs. Then it is readily seen (Exercise
2.10) that the linearized norm of B factors through the product of the linearized norm
of By and B,, viz.

LNmy,

(B#) A

\ TLNmn1 QLNmMp,

(B?m)snl ® (Bé@nz)SnQ
- 41 -




Summer school - Grenoble, June 16 - July 12, 2008

As a consequence of the construction, we see that the Hilbert-Chow morphism
commutes with the sum of two disjoint clusters, thus making the diagram below
commutative

(Hnl,X X Hng,X)O i Hn,X

iﬂonl X‘Png iﬂﬁn
+

X (1) » x(n2) X (n)

Remark 2.19.

Let Y C X be a closed (resp. open) subscheme. Then the following diagram, the
vertical arrows being induced from Y <— X is commutative, even cartesian for an
open immersion Y C X.

H, x = x®)

L

H,y > ym

As a consequence one can show the Hilbert-Chow morphism is projective, in particular
proper. To check this, we embed X as a locally closed subscheme of a projective
scheme, and using the previous diagram we see that it suffices to check the result
for the closure X, that is, in the case where X a projective scheme. In that case
since H, x is a projective scheme, then (2.41) shows ¢y is projective. More specific
properties of px will be shown if X is a smooth surface.

Exercise 2.7. Let X be a non singular variety (char. k # 2). Show the Hilbert-Chow
morphism identifies Ho x with the blow-up of X @ glong the singular locus (see exercice

1.3), or [10], p. 224).

Finally using similar ideas, we can extend without extra efforts the Hilbert-Chow
morphism to the Incidence scheme H,, ,,, x (see proposition 2.10).

Proposition 2.20. There is an extended Hilbert-Chow morphism
(2.42) Prvms : Hppy g x — X(m1772)
which maps the point (Z1, Zy) with Zy C Zy to the cycle [Z1] — [Z2).

Proof:

We proceed as in the proof of Theorem 2.16, so the proof will be more sketchy. Let
(Z1,Z3) be a closed point of H,,, ,,, x. Then since Z, is a subscheme of Z;, we have
an exact sequence

0—=1—0z — 0z —0

for some ideal I of Oy,. For a € Oy, let h, be the endomorphism x +— ax of I.
We get in this way an algebra morphism Oz — Endg(I), then (9%)1’"”1_”2 — [®mnz
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the tensor product being taken over k. As before we can take the ”linearized norm”

LNm : (Endy,(1)®m—n2)Sm-n2 L9 &, and then the product morphism

Sni-n
(243) (Ogl(n1—n2)> 1—n2 . (Endk(])®(n1_n2))snl_n2 M I

In other words, we get a canonical point of me_””. Now we must see that the image
of this point in X (™ ~"2) is the cycle [Z,][Z,]. It is easy using the result of exercice
(2.10,2) to reduce this check to the case where Z; has support consisting of one point
z. In that case, the construction above yields a point of X(™17"2) of the form

Speck — Z{" ") — x(m=n2)

Thus this point must necessarily be the cycle (n; — ng)xz. To complete the proof,
notice the previous construction works well in families, then working applying this
to the universal family Zz,, with base H,, », x, this yields the expected morphism

Pri,ng-
U
A very useful particular case is ny = n + 1, no, = n. Then the Hilbert-Chow
morphism is a morphism
(244) @ Hn+1,n,X — X

The induction scheme H,,; ,, x fits into a diagram

(2.45) H, x < Huiinx = H,

p
X

Let (Z1,Zs) be a closed point of Hy 11, x. If © & |Z5|, then Z; is just the sum
Zy = Zy + x (2.26), showing the morphism (p,¢) : Hyq11,x — Hpux x X is an
isomorphism above the open subset H,, x X X — Z,. To recover Z; from the pair
(Z2, x) we must find the ideal I, inside Iz, such that Iz, /I, = k(z) = k, the residue
field at z. In other words we must select a closed point of the projectivized scheme

(246) ]P)(IZQ) — Hn,X x X
This gives us the result:

Proposition 2.21. The morphism (p,¢) : Hypi10x — H, x X X identifies Hy 10 x
with the projectivized scheme P(Iz,) — H,, x x X.

O

It is not difficult to prove by induction, thanks to proposition 2.21, that for any

quasi-projective scheme X, the Hilbert scheme H,, x is connected. We leave this as
an exercise.

Exercise 2.8. Let X be a connected quasi-projective scheme. Prove by induction on n,
with the help of the incidence scheme that H,, x is connected.
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Exercise 2.9. (The linearized determinant) Let A be a commutative ring. In the
following e, s stands for the elementary matriz with all entries equal to zero, excepted the
(r,s) entry equal to one. Let us denote T, the set of maps [1,n] — [1,n]. If f € T, then
e(f) will mean the signature of f, i.e. zero if f is not bijective, otherwise its signature in
the usual sense. For any f,g € T, define Ef g :=€f1)401) @ " ® €(n) g(n)- Recall that the

symmetric group Sy, acts on M, (A)®™ according to the rule cEy, = Etp-1 go-1-

(1) i) Show the invariant subring is given by (M, (A)=")S = D(r.9)e12/8, ADEf g,
where OB := 3 ¢ oves,(f.9) o -

(2) ii) Show there is a unique ring morphism Ldet : (M,(A)®™)S» — A such that
Ldet(OFE¢ ) = €(f)e(g). Then show Ldet(M ® --- @ M) = det M.

Exercise 2.10. (The linearized norm ) Let B be a free A-algebra. The regular repre-
sentation yields an algebra morphism h : B — End4(B).

(1) Deduce from this, and from the previous exercise, that there is a unique ring mor-
phism LNm,, : (B¥")S» — A such that LNm,,(b®- - -®b) = Ldet(h(b) := Nmpa(b).

(2) Suppose B = By x By is a product, where B; is free as module of rank n; (i =1,2).
Then show the morphism LNm,, factorizes through the factor (B?"l)snl ®(B§®”2)Sn2
as follows

(B@’ﬂ)sn LNmy, A

\ TLNmm@LNng

(B )Sns © (BY™)

Exercise 2.11. Check that the subset (H,,, x x H,, x)o C Hy, x X Hp, x is open.
2.3. The local Punctual Hilbert scheme.

2.3.1. The local punctual Hilbert scheme. To get insight about the fibers of the Hilbert-
Chow morphism, we need further properties of totally degenerated clusters, i.e. those
supported at one point. Indeed, the fiber of ¢, x at the point Y ;_, n;z; is, at least
set-theoretically, the locus of n-clusters Z C X such that Z = L]_, Z; where Z; is sup-
ported at x;. Let us denote H,, x , this fiber, i.e. the locus of n-clusters with support
x. To say something about H,, x , there is no loss of generality to assume X = SpecR
and x = M C R a maximal ideal. Indeed if Z = SpecR/I is concentrated at x then
R/I is local with only prime ideal M/I, in particular R/I = Ox,/IOx, and con-
versely. This shows the fiber coincides set-theoretically with the local Hilbert scheme
Hpox,-

By a local punctual Hilbert scheme we mean the punctual Hilbert scheme H,,
of a local artinian k-algebra. To see this terminology is the correct one, note the
following fact: Let R be a local noetherian k-algebra with M its maximal ideal.

Lemma 2.22. If I € H,, g/x then M" C 1. In particular H,, /i = Hy, g, /i, where
R, = R/ M".

Proof:

Indeed, the algebra R/I is a finitely generated commutative local k-algebra, thus with
_ 44 -
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M/ as its unique prime ideal. Therefore this ideal is nilpotent, and being finitely
generated, some power must be zero. To check that k < n, let M be the image of M
in R/I. If for j > 0 we have M= M, then Nakayama’s lemma shows M =o0.
Thus if k& is the least integer such that ﬂk = 0, then for 1 < j < k we must have
M ¢ M’ . Dimension counting yields k < n. U

This lemma justifies why one may be interested by the Hilbert scheme H,, r/, when
R is a finitely dimensional local k-algebra. This local Hilbert scheme describes the
fibers of the Hilbert-Chow morphism over totally degenerated points. It should be
noted the local Hilbert scheme at x € X is really a local-etale invariant, depending
only on the local ring O,, even on the completed local ring O,.

In the local setting, there are at least two main questions, the first, how to build
n-clusters, and then how to distinguish them ? Suppose O is a local noetherian ring
with maximal ideal M. Then H, speco/x = Hp 0,k Where O, = O/ M". Let Z be
some point of Hy, gpeco/r With defining ideal I C O. The quotient algebra O/I has a
natural filtration

(2.47) O=WM"+D/IC--Cc M +D/ITcM+T)/IC---CO/I

If k is the least integer with(M* + 1)/ # 0, e.g M* € I, then for k < j < 0, the
inclusion (M7t + 1)/I C (M7 + 1)/ is strict. Furthermore we have

(2.48) > dim(M + 1) /(M) =n
J
The filtration (2.47) exhibits some properties of the cluster Z, as we will see below.
The rest of this section is devoted to the study of some examples. The first is
a trivial one, i.e. R = k[X]. Clearly H, yx)x = Speck, i.e one reduced point. A
non-trivial example, where ¢ is not an isomorphism, occurs when X is a singular
curve.

Example 2.1. The punctual Hilbert scheme of a nodal algebra [50)]

Recall a node or an ordinary double point of a curve (a reduced one dimensional
scheme) is a point p € X such that formally X looks near p like to the plane curve

{xy = 0} C A? at (0,0). Equivalently, the complete local ring Oy, is isomorphic to

(2.49) Oxp = K[z, 4]/ (xy)

We are interested in the fiber of px : H,, x — X™ at the 0-cycle n[0]. This fiber is the
locus of ideals I C Ox,, of colength n, i.e dimOx,/I = n. Let M,, be the maximal
ideal of Ox,p. Notice Hy o, , =H, 5, s0 we may assume R = k[[X, Y]]/(XY).

It is not too difficult to describe explicitly the scheme H, r/;. Let z (resp. y) be
the residue classes of X (resp. Y). An element of £ € R can be reduced to a (unique)
normal form

E=a+ f(z) +9(y), (a€k, f(x)e€zk[z]], g(y) € yklly]])

The maximal ideal is M = (z,y) = {f(x) + g(y), f(0) = ¢g(0) = 0}. The notation
val(f) stands for the valuation of the formal power series f. The result is as follows:
- 45 -
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Proposition 2.23. An ideal I C R of colength n > 2 falls into one of the two families
i) 1= (2%9") (a+b=n+1)
i) I = (2 +ay?), (a €k*,;a+b=mn,a,b>1)
In particular Hy g/, = 0% (n]0]) is a string of n — 1 copies of P'. The i-th strand
minus the points 0 and oo is the locus of points of type ii) where a = i. The 0 point
is given by (z°,y" 1), and the oo point is given by (x™1 4",

Proof:
Let (f(z),g(y)) be an element of M. Notice the following equalities in R

z(f(x),9(y)) = 2 f(x), y(f(x),9(y)) = yg(y)

Let I C M be an ideal of colength n. Define a as the smallest : > 1 such that there
exists (f(z),g(y)) € I with val(f) = i, and define similarly b. This means 3(f, g)
with (2% +g(y)) € I, (f(z),y°) € I. If g =0, then z* € I. But val(f) > a,soy* € I.
In this case I = (z¢,9") and clearly dim R/I = a + b — 1.

Assume now g # 0. The claim is the ideal I is principal with generator 2%+ ay® for
some «a # 0. Notice 2%t € I,y € I. Thus we may truncate g(y) and assume that
g(y) = ay’. Let us take £ = p(x) +q(y) € I. If either val(p) > a+1 or val(q) > b+1
then val(p) > a + 1 and val(q) > b+ 1, thus £ € R(z® + ay?).

The last case we need to consider is val(p) = a and val(q) = b. Then if f(z) €
K[[z]]is an invertible element is such that 8f = 2%, and likewise vg = 1, then

YBE = (2" +a*y’) € 1
This forces the equality @ = «o*. Finally in this case [ is generated by £. Obviously
dim R/(z* + ay®)R = a + b.
Thus for any pair (a,b) € (N*)? with a + b = n we found a one parameter family
Al = Ca,b C Hn,R/lﬂ Viz.
(2.50) a €k Iy(a) = (2% + ay?)

To check this yields an open embedding into H,, g/, one has to compute the tangent
space of H, g/ at the corresponding point. An easy calculation shows the tangent
space is one dimensional and the differential of (2.50) is bijective.

Next, one can also show that the limit lim,_. I, () exists in H,, g/, indeed this
limit is the non-principal ideal (22,4**!). Similarly

Jim I,y(0) = (24, )

The last assertion follows from these facts. O

The special fiber of the Hilbert scheme of a nodal algebra
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2.3.2. Curvilinear clusters. Let X be a smooth quasi-projective scheme. Let Y C X
be a closed subscheme. Recall H,y C H, x is a closed subscheme (corollary 2.9).
Since the Hilbert scheme H,, y is easy to describe, if Y is a smooth curve, it is natural
to ask how these n-clusters fit into the whole H,, x. The clusters that comes from
smooth curves germs will be called curvilinear. The notation H*{" stands for the
subset of curvilinear clusters. Clearly to test if Z is curvilinear, we may restrict to
the case Z € H,, x is supported at one point z € X. If Z is given by the ideal I C O,
with dim O, /I = n, then
Oz =0,/1=k[t]/(t")

With respect to the filtration (2.47) we see its length is n, and the corresponding

.
sequence is (1,1,---,1)
Throughout the rest of this section it will be assumed that X is a smooth surface.
In this case a smooth curve is locally defined by one equation. More precisely:

Definition 2.24. By a germ of smooth curve (C,x) C X, we mean a subscheme
SpecO,/(f) C SpecO, where f € Mg, f & M2. We say that the cluster Z given by
the ideal I C O, lies on the curve (C,x) if f € I. A n-cluster is called curvilinear if
it lies on a smooth curve germ through x.

Here is another way to think about a curvilinear cluster:

Proposition 2.25. A cluster is curvilinear if and only if the algebra Oz can be
generated by one element, i.e. Oy = k[f] for some f € Oz. Moreover H;Y is open
m Hn,X-

Proof:

Notice the notation Oz = k[f] makes sense since Z is affine, i.e. Z = SpecOz. In
that case (1, f,---, f*!) must be a k-basis of O, which in turn means there is a
monic polynomial P(T") of degree n such that

(2.51) Oz = k[T1/(P(T))

This definition should be compared with the definition of a cyclic endomorphism
in linear algebra. The only thing to prove is if Oy is of the form k[f], then Z is
curvilinear, and for this we may assume that |Z| = p. Then Oz = Ox,/I is local,
and there is no loss of generality to assume that f € Mx,/I. Since M%,, C I,
necessarily f ¢ (I + M5%,)/I. Thus dim(I + M%)/ M5, = 1. This means we can
choose g € I such that (I + M%)/ M5, = kg. Then Z is drawn on the smooth
germ {g = 0}.

To prove the openness of H, we may restrict to the case of an affine surface
SpecR. Then it suffices to note this subset is the union of all open charts of H,, /s
given by the choices (e; = 1,eo = f,-- ,e, = [ 1) (see section 2.1.3). See also
Exercise 2.12.

0

To give a more concrete description of the subset H'Y, let us denote Hj'Y  the
set of curvilinear n-clusters with support x. To describe this set there is no loss of
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generality to work with the artinian ring O, /M? (Lemma 2.22). Let C' be a germ of
smooth curve drawn on X localized at some point p € X. Let (x,y) be a system of
parameters at p, i.e M, = (z,y). We can write

(2.52) f(z,y) = ax + by + Z aiz'y’  (mod M)

2<i+j<n—1

The smoothness condition means ax + by # 0. The line az + by = 0 yields the
tangential direction of the curve. Assume for example that b # 0. Changing y to ay
for some unit o € Oy, we may reduce f to the normal form f(z,y) = y+ a1z + asr? +
-4 ap 2" (mod M7) and

(2.53) Oz = klz,yl/ (2" y + a1z + aga® + -+ - + a2 ') = k[z]/(z")

It is not difficult for a fixed system of coordinates (z,y), to check the als in (2.53)
are unique. Thus what we get for a fixed tangential direction, is a (n — 1)-parameter
family of n-clusters with support p, viz.

k[z,y,a0, - ,an_1] — Oz = k[z,y, a2, -+ ,an_1]/(2",y + a170 + ag2® + - - + ap_12™ ")
(2.54) = klz,as, -+, an-1]/(2")

This yields a morphism A"? — H,, x,. Obviously the previous family depends on
how C' fits into X, for example it is sensitive to the tangential direction of C' at p.
Furthermore H;"", can be made into a smooth algebraic variety of dimension n — 1,
showing that dim ' (np) > n — 1. Below we shall prove the equality.

Remark 2.26.

If Z is a cluster with irreducible components Zi,--- , Z,, then it is curvilinear if
and only if any component Z; is curvilinear. This show that any reduced cluster is
curvilinear. More generally if the length of Z; is one for ¢ = 2,--- ,r, but the length
of Z; is equal to 2, then Z is curvilinear. Indeed it suffices to check this when n = 2.
In this case this can be seen by direct inspection.

Exercise 2.12. Let R be a free A-algebra of rank n. Show the set of P € Spec A such that
the k(P)-algebra R ® z k(P) is cyclic (generated by one element) is open.

Exercise 2.13. Let P(Tx ) be the projectivized tangent space of X at p. Show there is a
morphism

nxp — P(Txp)

which is a locally trivial fibration with fibers A"~ 1. In particular, H'", s smooth.

2.3.3. Connectedness theorem. We have already observed that if X is quasi-projective
and connected, then H,, x is connected (exercise 2.27). The result below which shows
that a local Hilbert scheme is always connected is due to Fogarty [21]

Proposition 2.27. Let R/k be a local commutative k-algebra of finite dimension.

The Hilbert scheme H,, gy 1s connected.
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Proof:

For a different proof see ([21], prop. 2.2), or [10]. We proceed by induction on both
n and d = dimy R. The case d = dim R = 1 being trivial, we assume d = dim R > 2.
Let M be the maximal ideal of R. There is an integer m > 1 such that M™ = 0 and
M™L £ 0 (2.22). The case m = 2 is very easy. Indeed any vector subspace I C M is
an ideal. This identifies H, g/ with G, (R) the Grassmann variety of n-dimensional
subspaces of R. The result in this case is stronger since we know G,,(R) is a smooth
irreducible variety of dimension n(d — n).

Assume now m > 3. Choose 0 # ¢t € M™ . Then Mt = 0. We set R = R/tR.
We know H, z C Hy,  is a closed subscheme. The proof amounts to understand the
structure of the open subscheme 2 = H, p — H, z. Let I be a point of 2. This
means that ¢ ¢ I. Then I +¢tR = I ®tR is readily seen to be a point of H,_; g. This
suggests we can define a morphism

(2.55) 7:Q—H, 1 g I—I1+tR

To properly check this claim, we need to validate the construction over a base S =
SpecA. Namely if I C R ®j A is a point of {2, meaning ¢t € I ® k(s) for any (closed)
point s € S, we must check [ + (t) = [ @ (t) defines an S-point of H,_; g. For this
purpose, let

be the canonical morphism, i.e. the sum morphism. Notice the source and the target
of this map are flat modules. Our hypothesis says that this morphism is fibrewise
injective. Then it is necessarily injective with cokernel flat over A as follows from the
local flatness lemma [16].

Now to check our claim about €2 we must study the fibers of 7. Namely let us fix
I € Q. The points belonging to the fiber 717 (I) correspond to the ideals J C I ® (t)
with I & (t) = J & (t), t € J. This equality yields MI = M.J. Arguing as at the
beginning of the proof, we see that such ideals are in 1 : 1 correspondence with the
hyperplanes of the vector space I/MI @ (t) not containing the line (¢). The fiber is
then an affine space of dimension dim I/ M. This shows the fibers of the morphism
(2.55) are connected and not closed, since H, g is known to be a projective scheme.
To complete the proof, let us assume H, g is the disjoint union of the open subsets
U; (1 =1,2). Since H,, 7 is connected, due to the induction hypothesis, we can assume
H, 7z C Ui. Let F be a fiber of the morphism (2.55). f FNU; = then FF = FNU,
would be closed, contrary to our previous remark. This contradiction completes the
proof.

U
Let us describe Hg g/, where R = k[[x1,- -+ ,2,]] (r > 2) is the ring of formal power
series in 7 > 2 formal variables. Let M = (z1,--- ,z,) be the maximal ideal. Then

M3 CIforany I € H3 r/i. We need to distinguish two cases:
i) I C M?. As before there is a 1 : 1 correspondance between these ideals and the
vector subspaces V C M?/ M3, namely V = [/ M?3. If k = dim V, then

r(r+1)

dmR/I=n=dmR/M*—k=r+1+ 5

- 49 -
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ii) I ¢ M?. Then W = (I + M?)/M? C M/M? is a vector subspace, say of
dimension [, the space of initial linear forms of elements of I. Writing a power series
f=h+fo+-+fi+--- where f;is a homogeneous polynomial de degree d, then W
is the space of initial terms f;. Notice WM/ M? = {PQ, P € W,Q € M/M?*} C I.
This shows to catch I it suffices to know the following data. Together with W we
need to know I N M?/M?3 a subspace of M?/M?3 containing (MW + M3)/ M3,
Equivalently we need to specify the subspace V = (I N M? + M3)/M3. To recover
I starting from this data, notice if f = f; + fo (mod M3) € I (f; homogeneous of
degree 4), then the residue class f, € (M?/M?3)/V depends only of f; € V, yielding

a linear map

(2.56) o W — (M?/M?))V
The ideal I is completely defined by the data (W, V, ¢). Indeed
(2.57) f=h+fit el fhcp(f)+V

It is readily seen that I as defined by (2.57) is an ideal. It is also not difficult to
compute dim R/ in terms of dim V,dim W. We get

r(r+1)
2

n=dmR/I=1+7r+ —dimV —dim W

Let now r = 2. In this case we see dimW = 1, dimV = 2, indeed V = M.W +
M3 /M3, Suppose W is the line generated by az + by # 0, and p(ax + by) = ¢ a
degree two form. Then ¢, z(az + by), y(ax + by) must be a basis of M?/M3. Notice
the data (a,b,¢) and (d’, V', ¢') define the same ideal if and only if I\ € k* such that

(2.58) a = Xa,b' =X\b,¢' =X (mod x(ax + by), y(ax + by))

Inserting a parameter i.e. ¢ — t¢ (t € k*), we get a one-parameter family of ideals
Iy € H3 gy Now if ¢ — oo, we see

-[t — M2/M3

This show Hj /i (if r = 2) is a two-dimensional smooth projective cone with vertex
M2,
O

Exercise 2.14. In the previous example (r = 2) find a description of Q by two charts
0 = {3, a1z + a22®)} and Qo = {(z,x + bry + bay?)}, and give the glueing relations
between these coordinates.

3. CASE OF A SMOOTH SURFACE

From now on X is a smooth surface over k = k. It is known that X is quasi-
projective ([341], Chap II, Remark 4.10.2). In this setting the punctual Hilbert scheme
has a very interesting behavior, either local or global, as we are going to explain.
The first main result is Fogarty’s theorem below. During the last decade important
results have been obtained about the geometry of punctual Hilbert scheme of a smooth
surface, especially on its cohomology ring. The most prominent example is the affine
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plane X = A2 The Hilbert scheme H,, := H, 42 has a particularly rich structure,
sometimes unexpected. This explain why H,, is a ubiquitous object.

3.1. The theorems of Briangon and Fogarty.

3.1.1. Fogarty’s theorem. The main result of this section shows the case of smooth
surfaces is somewhat exceptional [21] :

Theorem 3.1. Let X be a smooth connected surface. Then the Hilbert scheme H,, x
s connected and smooth of dimension 2n.

Proof:
The first point will be proven if we show that the fibers of the Hilbert-Chow morphism
o: Hyx — X (") over the closed points are connected. Indeed if U C H, x is open
and closed, then for a fiber p~!(z) either ¢ '(z) C U or p~'(z)NU = 0. This shows
U= 1(p(U)). Now ¢ is projective (see remark 2.19), thus a closed morphism. This
yields that ¢(U) is closed. For the same reason the complementary subset X ™ —(U)
is closed. The claim follows from the connectedness of X (™.

Let z = Y., nx; be a point of X with the z; € X distincts, and doini = n.
Let O,, the local ring of X at z; with maximal ideal M;. At least set theoretically
the fiber ¢ '(2) is the product (see remark p 33)

(3'1) H Hni,ozi = H Hni,(’)wi//\/l?i
i=1 i=1
The connectedness of this fiber follows from proposition 2.27.

We now are going to prove the smoothness of H,, x. Notice since k& = k, smooth
is synonym to regular. This is a local problem around a given point Z € H,, x. Our
construction of H, x gives an open cover of this scheme, and each open piece is given
explicitly as a subscheme of an affine space by a set of relations. But these relations
are intractable, to check the smoothness by means of the jacobian criterion. We need a
different strategy. The proof that follows is Fogarty’s proof. It uses some homological
algebra of regular local rings. For background about regular local rings see ([16], Ch
19). A second proof will be given in the next subsection in the special but sufficient
case X = A?. Then we will identify H, 42 with a suitable quiver variety, yielding a
nice relationship with varieties of representations constructed in Brion’s lectures [10],
[24).

To help the reader we list below the necessary facts we are using. Let A be a
local noetherian ring with maximal ideal M. The (Krull) dimension of A is the
least d € N such that we can find (xq,--- ,24) C M, with A/(xq,---,24) of finite
length, i.e. artinian. Then d < dim M /M?. The ring A is regular if and only if this
inequality is an equality. A regular local ring is a domain.

There is an important homological characterization of regular local ring. Let M
be a finitely generated A-module. Recall a finite free resolution of M is an exact
sequence

(3.2) 0O— L, —> Ly, 1—-—Ly—M-—0
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with L; free of finite rank. In this case we say M is of finite homological dimension.
Indeed the homological dimension dh (M) is the infimum of the length of the finite
free resolutions (3.2). Then ([10], thm 19.12)

Theorem 3.2. A noetherian local ring is reqular if and only if for any finitely gen-
erated A-module M then dha(M) < oco. Then dim A = maxdha(M). If this is the
case then for k = A/M, dha(k) = dim A.

We can compute dh (M) (finite or not) with the help of the Ext"(—, —) modules
([16], Appendix 3). Namely dhs(M) = k <= Ext/ (M, N) = 0 for all j > k, and for
some N, Ext®(M,N) # 0. If A is regular with dim A = 2, then Ext®(—, —) = 0. We
need one more fact about regular local rings. It says the dimension d of A is also the
greatest length of the regular sequences included in M. From a homological point
of view this says Ext?(M, A) = 0 when j < d = dim A, and when M is a finitely
generated module of finite length, i.e annihilated by a power of M.

Let us go back to the theorem. The idea is to estimate the dimension of the tangent
space T at Z € H,, x, specifically

(3.3) dim T, < 2n

Assuming this claim let us see how to get the result. We know the points of H,, x
defined by the sum of n distinct points of X are smooth points, then regular. If
Z is such a point then the dimension of the local ring of H, x at Z is 2n. This
follows from the fact that the Hilbert-Chow morphism is an isomorphism at this
point. Furthermore the locus €2 of these points is irreducible, and so is the closure
W = Q. Since dim W = 2n, for any Z € W we have dim O = 2n but (3.3) implies
Oy is regular. Then any point of the irreducible component W is smooth. Let W’
be another irreducible component. Then W/ N'W = () otherwise a point Z € W NW’
would be singular. The connectedness of H,, x then shows W = H, x, and the
theorem is proved.

Proof of (3.3). This amounts to check for any 2-dimensional regular local ring A,
and any I C A with ¢ (A/I) =n that ¢ (Hom (I, A/I)) < 2n. Here ¢ (—) means the
length, that is the dimension over k if £ C A and A/M = k. Notice the homological
dimension of A/I must be 2. Otherwise from the exact sequence

(3.4) 0—-I—-A—A/I -0

we would get dhl = 0, forcing I to be a principal ideal. But then dim A/I = 1, and
A/I would not be artinian, i.e 0-dimensional. Thus dh A/I = 2 and hence dh I = 1.
We can take a free resolution of the form

(3.5) 0= A" — A — T -0

To see the exponents are the correct ones one can tensor with K, the fraction field
of A, and notice I is of rank one. Now we have the Ext exact sequence which we
derive from the short exact sequence (3.5), taking into account the vanishing property

Ext! (A", A/T) = 0

0 — Hom (I, A/I) — Hom (A"*', A/I) — Hom (A", A/I) — Ext' (I, A/I) — 0
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This yields ¢ (Hom (1, A/I)) = n + ¢ (Ext'(I, A/I)). It suffices to check
¢ (BExt'(I,A/I)) <n
The exact sequence (3.4) yields on one hand
Ext'(I,A/T) = Ext*(A/I, A/I)

and on the other hand a surjective map Ext*(A/I, A) — Ext*(A/I, A/I) — 0. The
conclusion will follows from the fact that

(3.6) ¢ (Ext*(A/1,A)) =C(A/I)=n

Since the support of the module A/I is the closed point, we know Ext'(A/I, A) = 0,
more generally Ext'(M,A) = 0 for any M with ¢(M) < oo. Since A is a two
dimensional regular ring, Ext®*(—, —) = 0. Therefore the functor M — Ext?(M, A)
is exact on the category of finite length modules. Then by an obvious devissage, it
suffices to check that ¢(Ext?(k, A)) = 1. But in this case we can use a Koszul type
resolution to compute this module. Let M = (z,y) where (z,y) are a regular system
of parameters [16]. This yields an exact sequence

0-A=n2A2 5425 A k-0
where 0(1) = (y, —x) and ¢(a,b) = ax 4+ yb. Dualizing yields
Ext?(k, A) = Coker(u,v) € A2 —uy —vr € A= A/M =k

The proof is now complete.
0
A different proof will be obtained below as a corollary of Haiman’s very explicit
description of the punctual Hilbert scheme of the affine plane.
We close this section with a remark about the sum morphism (2.26).

Proposition 3.3. The sum morphism + : (Hy, x X Hp, x)o — Hy x is etale.

Proof:

Let me remind you the definition, in a special case, of an etale morphism. Let
f : X — Y be a morphism between schemes. Then f is etale at the closed point
x € X if the induced ring morphism f : @Y, fl@) — @ x,» between complete local rings
is an isomorphism [34]. If moreover both schemes are smooth, then to check f is etale
at x, it is sufficient to prove the differential df, : T'x , — Ty, @) is bijective. Finally
an etale morphism is quasi-finite, i.e. with finite fibers.

Then to check the sim morphism is etale at a pair (Z;, Z3) of two disjoint clusters,
it suffices to compare both tangent spaces. We may assume X = Spec R. The tangent
space of H,, x at Z; + Zy is Hom (Iy N Iy, R/I; N I5). Since Z; and Z, are disjoint, the
Chinese Remainder Theorem yields R/I1 NIy = R/I; ® R/I5, therefore by elementary
algebra

Hom (I; NIy, R/I; N I3) = Hom ([, N Iy, R/1,) & Hom (I, N I, R/15)

The hypothesis I} + I, = (1) ensures the result is the same as Hom([y, R/I,) &
Hom (15, R/I5), that is the tangent space at (Z, Z5). This is precisely what we want.

U
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3.1.2. The fibers of the Hilbert-Chow morphism: Briangon ’s theorem. The example of
the previous section is a particular case of an important result governing the structure
of the fibers of the Hilbert-Chow morphism (Briangon [], see also [18], [37]). We shall
not give the proof of this result, refering to papers cited above, or to the survey by
Lehn [13] for a geometric proof based on the incidence scheme 2.10 plus an inductive
argument.

Theorem 3.4. Let X be a smooth surface, and let x € X. The fiber H, x.. = ¢ (nz)
(at a totally degenerated cycle) is irreducible of dimension n — 1.

O
The theorem gives a good deal of information about the fibers of the morphism
on : H, x — X®™ namely:

Corollary 3.5. Let X be a smooth surface. For any partition \ of weight n, length
¢, and for any cycle & € X)(\n), the fiber o, 1(€) is irreducible of dimension n — (.

Proof:

Write £ = Zle n;r; with pairwise distinct points z;. Any cluster in the fiber ¢3! (€)
is a disjoint sum Z = >, Z; for a r-tuple (Zy,--- , Z,) € [[;_; Hy, x. The sum map
being etale, thus with finite fibers, we see the induced morphism

Py (€1) X 001 (&) — 0, (6)

is surjective with finite fibers. In turn this yields

dim @, (§) = > dimp, (&) =D (ni—1)=n—¢
i=1 i=1

O
We saw the symmetric product X has singularities if n > 2. The punctual
Hilbert scheme H,, x solves this defect. We first record some definitions, to state

properly the next theorem.
Let X be a smooth variety of dimension n with function field k£(X). Let me recall
that a rational differential n-form, w, is an object that can be written in term of a

system of parameters* (U, xq,--- ,x,) of X as

(3.7) wy = pudry A -+ ANdxy,

If (V,yi, -+ ,yn) is another system of local coordinates, then the condition wy = wy
on U NV yields the following transformation rule

(33) o = prg S gy € Ox(U)

A rational n-form defines a divisor Div(w) of X, where locally on (U, xy,--- ,x,) we

put Div(w);y = Div(py), the divisor of the rational function . A canonical divisor
of X is a divisor of the form Div(w), usually denoted Kx. Clearly two canonical
divisors differ by a principal divisor (the divisor of a rational function). Likewise the

*Q(l]/k = @?ZloUdl'z 4
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definition applies if X is only non singular in codimension one, for example X normal.
Then a canonical divisor (a Weil divisor) is the closure of a canonical divisor of the
smooth part.

Let Y be a normal variety of dimension n, a with smooth part Yj,,. Then codim(Y —
Yim) > 2. Let m: X — Y be a resolution of singularities of Y. This means two things:

(1) X is a smooth variety with 7 a proper map which is an isomorphism over Yj,,,
(2) the exceptional locus 71 (Y;,), the preimage of the singular part of Y, is purely
of codimension one.

Since k(X) = k(Y), the vector spaces of rational differential n-forms for X and Y
are identical. If w is such an n-form, we have two canonical divisors, namely Divy (w)
and Divy(w). Then pulling back Divy (w) to X, yields a divisor

(3.9) Divx(w) — 7*(Divy (w))

which is readily seen to be independent of the choice of w. It is not difficult to
see this divisor must be a linear combination of exceptional divisors, i.e. of those
prime divisors F C X such that codimn(E) > 2. We say the resolution is crepant if
Divx(w) = 7*(Divy(w)), equivalently Kx ~ 7*(Ky) where ~ stands for the linear
equivalence. A stronger assumption will be Ky ~ 0 and Ky ~ 0.

Theorem 3.6. Let X be a smooth surface.

e i) The Hilbert-Chow morphism defines a crepant resolution of singularities of
the symmetric product X ™
e ii) The exceptional divisor € C H,, x is irreducible, precisely & is the closure

(3.10) €=, N (X 2)

Proof:
The first part of i) is a just a recollection of known facts. First H,, is a smooth
variety, and secondly, the Hilbert-Chow morphism is birational. The adjective semi-
small translates the fact that the fibers have small dimensions (corollary 3.5). The
only serious part of i) is that ¢, x is crepant, i.e Kg, , ~ ¢nx(Kyxm). We don’t give
a complete proof of this fact here, for details see ([11], Chap 7). However a proof for
X = A? will be given below.

ii) Recall we defined for any partition A of weight n a stratum X /(\n) C XM with
dimension 2¢ where ¢ = ¢(\) is the length. Since X /(\") is irreducible, and the fibers of

the Hilbert-Chow morphism over the points of X )(\") are irreducible of fixed dimension
n — ¢ (Theorem 3.4), then a known elementary result ([55], Theorem 8, Chap 1)
ensures the preimage H, x () := ¢, (X i")) is also irreducible of dimension n + /.
The result amounts to check that & is the closure of the cell H, x(2,1"2). In other
words

H,x(2,1"%) = |J H.x())
M(A)<n
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Let A = (ny > --- ,ny), with ny > 2. We proceed by induction on n, assuming the
result true for lower dimensions. Let us define the open cell

Q= (HNLX(Q? 1n1_2) X Hn1,X(1n2) Koo X HT%XOW»O

where the subscript means the subset of (73, - -, Z,;) with pairwise disjoint supports.
The sum maps 2 into H,, x(2,1"72). The closure of Qis Q = &,, xH,,, x x---xH,, x,
in particular is irreducible. Here we used the induction hypothesis. Since our initial
point Z lies in the image of Qy by the sum map, the conclusion follows.

O

It is known that for singular varieties of dimension > 3, there is in general no
canonical way to select a desingularization. Thus for n > 2, the symmetric product
X ™) Jooks very particular, since H,, appears as a preferred desingularization. Indeed,
it is known that H,, x (X asmooth surface) is the only crepant desingularization of the
symmetric product X ™ even if chark = p > 0 (see [ 1], and references therein). We
will see in section 5 that the G-equivariant Hilbert scheme enjoys a similar property,
at least in some important cases. This is more or less the content of the McKay
correspondence ([25]).

It is very natural to ask if a given geometric property of the smooth surface X
transfers to H,, x. There is an interesting result in this direction due to Beauville and
Fujiki (see [17], and the references therein). Recall that a symplectic structure on Z,
on a smooth variety Z of even dimension 2n, is given by a regular 2-form w which is
non degenerate at any point, in other words w” = w A - - - Aw is a nowhere vanishing
section of the canonical line bundle.

Theorem 3.7. Suppose the smooth surface X has a symplectic structure, then likewise
H,, x can be endowed with a sympletic structure.

Proof:

We only give the ideas, and omit some details. A detailed proof will follow for X = A2
The idea is to work over an open subset 2 C H,, y with codimension at least two.
Indeed if we have such regular 2-form on €2, then it is standard to extend it to the
whole of H,, x. The choice of © cannot be H,, x(1") since this cell is of codimension
one. Thus we must take

Q=H,x(1")UH, x(2,1"?)

i.e. the locus of clusters supported at no less than n — 1 distinct points. Likewise
we define the open subsets U C X™ and V C X™. Notice that U/S, = V, and
that ¢, x(€2) = V. The ramification locus of the S,-action on U is the disjoint
union of the diagonals H;; = {z, z; = z;}. Let W be the blow-up of U along these
disjoint diagonals. Then the action of S, lifts to W, and W/S,, = Q. This yields a
commutative square

U

V

W
4
O—"-
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where ¢ is the quotient map by the S,, action. This very easy to see. Indeed everything
reduces to a local computation around a diagonal, that is to the case A% Let w be
the regular 2-form giving the symplectic structure of X. Let p; : X™ — X be the
projection on the i-th factor. Then a :=>"" | p#(w) is a regular 2-form on X", which
yields a symplectic structure. Notice this form is S,-invariant, thus ¥*(«) is also
S,-invariant. Therefore we can find a regular 2-form 7 on  such that ¢*(n) = ¢¥*(«a).
The conclusion will follows if we can check that 7 is non degenerate on €, i.e. A™p
is non zero anywhere on 2. It suffices to check this claim for ¢*(A"n) on W. But
an easy and classical computation yields, if we denote by £ C W the ramification
divisor, which is the same as the exceptional divisor

q¢"(Div(A"n) + E = Div(¢"(A"n) = " (Div(A"(a)) + E = R
Therefore Div (A"(n) = 0 as expected.
U

3.2. The affine plane. We return to our toy model, the affine plane A2, see example
2.1.4. As shown by M. Haiman, it is possible to extract from a very explicit description
of H, 2 (2.1.4), especially 2.16, important informations about this punctual Hilbert
scheme. The first result is a direct proof of the smoothness of H,, 42, which in turn
gives also a different proof of Fogarty’s theorem (Theorem 3.1), i.e. without homolog-
ical algebra. The second result, which is the main goal of this section, is a very nice
interpretation of the Hilbert-Chow morphism as a blow-up of (A2?)(™ along a suitable
closed subscheme. As a consequence of this precise understanding of the geometry of
H,, 42, and related schemes, Haiman was able to prove difficult combinatorial results,
see the notes of I. Gordon at this school [26] for a complete discussion and references.

3.2.1. Haiman’s local coordinates. The key point that distinguishes A? among arbi-
trary surfaces, is the fact that T? = (k*)? acts* on the plane A% viz. (\, pu).(z,y) =
(Az, uy). This translates algebraically into the fact that k[X, Y] is a bigraded algebra

(3.11) E[X,Y] = @pgenkXPYY

It is readily seen that (0,0) is the only fixed point, but more specifically, for any
(z,y) € A? the closure T2(x,y) contains (0,0). Clearly there is an induced an
action of T2 on (A?)(™ and respectively H,,, making the Hilbert-Chow morphism T2-
equivariant. This action is rather explicit. Using the notation of example 2.1.4, we
see that each open set U, is invariant, and the induced action on this affine open set
reads

(3.12) (A, p).cpe = ATt ™2
in other words
(3.13) Cpa((A ). D) = N7 5%

Particularly interesting are the fixed points of T? on H,,.

*A toric surface has a similar action
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Lemma 3.8. The fized points of T? on H,, are the homogeneous ideals of colength
n, that is the ideals spanned by subsets of the set of monomials (X?Y?).

Proof:
Clearly the TZ%-stable ideals are exactly the homogeneous ideals, making the lemma
clear.

g

It has been pointed out in example 2.1.4 that H,, can be covered by affine pieces
Uy labelled by the subset M C N? of cardinal n. Among these subsets, those looking
like stairs will play a prominent role. The definition is as follows:

Definition 3.9. Let p = (pg > pg > --- >y > 0) be a partition of length [, and of
weight |p] ==Y, pt; =n. We set

(314) Mu = {(p; Q) € N27 0 < q < :up+1}
(the diagram of ).

For example if 1 = (6,2,2,1) with weight 11, and length 4, the diagram M, is

The usefulness of these diagrams is justified by the Proposition below:

Proposition 3.10. i) The fized points of T? on H,, are labelled by the partitions
of weight n, namely I, = ®(p,Q)€5M kE XPY1. Moreover I, is the only fized point
contained in U, := Uypy,.

ii) For any I € H,, there is a partition j such that I, € T2].
iii) H, = UM,|M|=71UM'

Proof:

i) The first point is easy. Indeed, due to the fact that I is homogeneous, i.e. generated
by the monomials X?Y? belonging to I, if we set A = {(p,q), XPY? € I}, then A
enjoys the property

(3.15) A+N=A

from which follows easily the fact that N> — A = M, for a well-defined partition u of
weight n = dim k[X,Y]/I. Call I = I,. Clearly the I} s exhaust all fixed points of
H,.

ii) We can either use either the properness of the Hilbert-Chow morphism, or to
proceed by a direct reasoning. The only fixed point of T2 on (A2)™ is n(0,0) and
for any cycle ¢ € (A%)™, one has n(0,0) € T2.£. Since ¢ : H, — (A%)® is closed,
one has for any I € H,,, p(T?.1) = ¢(T2.I). Thus

T2.IN ¢ (n(0,0)) #
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To show this closure contains a fixed point we can assume that I € ¢~1(n(0,0)). But
then this closure is contained entirely in ¢~!(n(0,0)) which is complete, thus the only
closed orbit contained in this fiber is a fixed point.This proves that the closure of
every orbit contains a fixed point, not unique unless I is already a fixed point.

Once the fact that the closure of any T? orbit contains a fixed point is proven,
assertion iii) readily follows. Indeed, let F' be the closed subset H,, — U | Up- I
F # (), then taking I € F = T2I, we see F must contains a fixed point, showing
necessarily F' = ().

A direct and more illuminating proof of ii) goes as follows. It is convenient to use
a lexicographic order on the monomials, i.e on N2. Our choice is

(3.16) XPYI< XY« qg<sorqg=s,p<r

For any polynomials, define in(P) as the greatest monomial which appears with a
non zero coefficient in P. Now for any ideal I C k[X,Y| we put

(3.17) in(I) == @ kin(P

Pel

It is easy to check in(I) is indeed an ideal. Let M* be the set of monomials (a
monomial is identified with its exponents) not belonging to in(7). The claim is that
the set of monomials X"Y* € M* forms a basis of k[X,Y]/I. First these elements
are independent. In the contrary, if Z (r5)EM* b.s X"Y?® € I is a non trivial linear
relation, then the initial form of this polynomial yields a contradiction. Now set
V = ®4s)em<kX"Y* + 1. Suppose V' # k[X,Y]. Choose a monomial XPY? ¢ V
which is minimal for the lexicographic order for this property. Then XPY? & M*,
thus this monomial is the initial form of an element of I. An obvious induction
hypothesis yields a contradiction. As a consequence we have |M*| =n, so M* = M,
with respect to some partition p. Furthermore I € M,,.
To complete the proof of ii) we need to compute the limit
(3.18) lim  Tim ()\ w).I =in(I)

A—00 [

Let X"Y*® ¢ M,,. We have a relation
XY= > pXPYY (mod I)

(p,g) €My
thus the leading term of this element of I must be X"Y*. Therefore invoking (3.13),
the action of (X, u) € T? reads ¢3 (A, p).1) = NP~"u*cp* (I). In turn, if ¢ (I) # 0,
noticing that either ¢ < s, or ¢ = s and p < r, we see that
lim lim 3 (A, p). 1) — X"Y*

A—00 f—00

This precisely means that limy_ lim,, o (A, p).1 exists, and this limit must be 1, =
in(I).

0

Proposition 3.10 opens the way to a completely elementary treatment of H,,.

Namely, we have a distinguished open affine covering H,, = U, |,=,U,, and for each
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open piece the description
(3.19) U, = Speck[(c,s) (p.gyen, ]/ (equations 2.17)

To see the efficiency of this description, we can now check the smoothness of H,, by a
direct reasoning, which in turn yields a new proof of Fogarty’s smoothness theorem,
compare with Nakajima gauge theoretic proof [17], [24].

Proposition 3.11. The punctual Hilbert scheme H,, is smooth.

Proof:

It suffices to check H,, is smooth at each fixed point /,,. Indeed, the singular locus
being closed and invariant under the action of T2, if non empty, must contains a fixed
point (Proposition 3.10). We now focus on the fixed point I,,, which in the presenta-
tion (3.19) is identified to the origin ¢;5 = 0. Let M = (¢3) p.g)em, be its ideal. The
claim will follows if we can prove that dim M/M? = 2n. From the equations (2.17)
we can see two useful things. Let (h, k) € M, (r,s) & M,, then

(1) If for all (p,q) € M, we have (p+1,q) # (h, k) then cizl’q € M2, likewise,

(2) Iffor all (p,q) € My, (p,q+1) # (h, k) => ¢;;57 € M2

This in turn yields the congruences

(3.20)

r+1,s __

Gt =2, (Z0ifh=0) mod M* =5 (=0 ifk=0) mod M’

To be able to exhibit a basis of M/M?, let B be the set of points (f,g) € N* — M,
for which the distance of (f,g) to M, is one, as pictured below

Here the lattice Z? C R? is the standard one, i.e. the unit length is one. For each
(h, k) € M, (the index k is on the horizontal axis), one can define two points of B, one
(f, k) on the vertical line (—, ¢), the other (p, g) on the horizontal line (p, —). In turn,
this define a set with 2n elements viz. {((h, k), (f,k)), ((h, k), (h,g)), (h,k) € M,}.

Taking into account conguences 1) and 2) leads to the following result:

Lemma 3.12. For any (h,k) € M,, and (p,q) € N> — M,,, we have either Chx € M?
h.,g

or one of the congruence ¢, = c{lii, orcy = ¢
This lemma shows dim M/M? < 2n, and we know this is sufficient to prove the
smoothness, at least for X = A2. But as seen before this also yields the smoothness
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for any smooth surface.
OJ
With minor extra efforts we can show directly this set of 2n elements is a basis of
M/ M? (see exercice below) without appealing to the connectedness of H,,.

3.2.2. Curvilinear clusters revisited. Let us return to the open subset HZ*™ of curvi-
linear clusters, (see Proposition 2.25). Recall we have previously shown that

7 € H <= 3f, Oy = k[f]

When the surface is the affine plane, this can be made more precise. Suppose |Z| =
{p1,- - ,pr} is the support of Z. Recall that locally at p; the cluster Z is drawn on
the germ of a smooth curve C;. Let us denote 7; the tangential direction of C; at p;.
If the linear form ¢(z,y) = az + by is sufficiently general, then clearly we may assume
that first, the values ¢(p;) are pairwise distinct, and also that ¢ & {r,--- ,7.}. Let
7 : A2 — A! be the linear projection 7(x,y) = ax+0by, then 7 induces an isomorphism

(3.21) 7 — A S A{ (T = tpi)™ = 0} C A

i=1
is an isomorphism. In particular if Oy = k[X,Y]/I, then [[_ (¢ — £(p;))" € I.
Let n be a line transversal to ¢, i.e. k[X,Y] = k[n,¢]. Then we can write in Oy,
7 =>4 a;/'. Finally this yields

B2 I- (n SOSCTON | (R NN SN bn>

i=0 j=1

Let us denote Uy, the subset of HS"" described by (3.22). Viewing the a}s and the
bs as coordinates on Uy, then Up, = A*", and H""" = |, Ur,.
We can use these coordinates to refine Theorem 3.6.

Proposition 3.13. The Hilbert scheme H,, defines a crepant resolution of singular-
ities of (A%)(™,

Proof:
Indeed we are going to prove a stronger property, that is
(3.23) Ky, ~0

The reason for this enhancement is that (A?)(™ has a trivial dualizing sheaf, i.e. it
is Gorenstein. To check that (3.23) it is tempting to use once more the locus of
curvilinear clusters. Let U,, = A?" be the open set as defined above. On this open
set we have the coordinates (a,b) = (ay, -+ ,an, b1, -+ ,by,), and the universal cluster
reads (3.22)

n—1
1= (y — (Zaixi) ,P(x) =a" + bt 4+ bn>
i=0
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Using the Viete morphism we can see U, , as the quotient A" x (A"/S,,), with quotient
morphism (a, 1, ,%,) + (a,b1,---,by), the b}s being the elementary symmetric
functions in the x}s. An elementary computation shows the Jacobian of this morphism
is the Vandermonde determinant A(z) = [[,_;(z; — x;). If we perform the wedge
product of the relations

P'(x;)dx; + dbyx} ™ + -+ db, =0
we obtain dby A - -+ Adb, = A(x)dxy A--- Adzx,. On the other hand, if we change the

coordinates a,s to y.s with y; = Z;‘;Ol aja:g , then we see readily that

dyy A\ -~ Ndy, = A(z)dag A\ -+ Ndan,_1 + k

where Y% means a sum of terms with at least one dz; inside. Putting together these
relations yields

(3.24)  dag A+ Adag_y Adby A+ Adby =day A Adan Adys A A dyy

Let T be a matrix in SLy(k). Working with the frame (¢,7n) deduced from (z,y)
by means of T, we see the 2n-form dz A dy is unchanged. This show the forms
dag A\ --- Ndap_1 Ndby A --- N\ db, glue together and in consequence we get a regular
2n-form without zero on the open set H{"™ = U,,U,,. Since this open set has a
codimension greater than or equal to 2, this shows Ky, ~ 0 as expected. U

Remark 3.14.

Symplectic structure on H,: The previous proof gives us more. Namely we can
exhibit explicitly the canonical symplectic structure on H,,, at least on the curvilinear
locus, i.e. on the open subset U,,. What is shown by our previous computation is
that

n+j—k
(3.25) =Y (Z ﬁ,(m) ) da; A dby

gk %

is expected to give this symplectic structure (see Theorem 3.7). It is interesting

however to check 7 is regular on U,,. This amounts to check that the functions
n+j—k

> % belong to k[by,--- ,b,]. This is a well-known exercise. Namely (Euler’s
formula)

gk 0 ifk>j+1
(3.26) Z P'(z;) :{ 1 ifk=j+1

It is therefore clear that A"n = da; A --- Ada, Adby A --- A db,.

Exercise 3.1. Let (¢,n) = (z,y). The universal cluster over U, = A? is
n—1 ' n—1 '
(3.27) Z = Specklag, -+ ,an-1,b1, -+ ,bp]/(y — Z a;x’, T+ Z bix" ")
i=0 j=0

Identify the polynomial Z?:_ol a;x" evaluated at 7 € Usy with a suitable Lagrange interpo-
lation polynomial.
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3.2.3. More on the Geometry of H,. We are going to prove a result due to Haiman
[29], which provides a striking explicit form of the Hilbert-Chow morphism for the
affine plane. We need some algebra. Throughout k¥ = k is a field of characater-
istic zero. Recall we have a diagonal action of S, on the polynomial ring R =
klz1,- -, Tn, Y1, , Yn), coming from the diagonal action on the affine space A*", i.e.

o(x;) = To10), 0(Yi) = Yo103)
This is a symplectic action, in the sense that the 2-form Y | dx; A dy; is preserved.

The preimage in A?" of the subset (AQ)énl)n_2 is the union H = U;; H; ; with

Hij = {(z,y) € A", 2 = 2, yi = y;}
the fixed point set of the transposition (3, j).

Previously our interest was the algebra of S,-invariant polynomials. As Haiman
has pointed out, the space of alternating polynomials also plays a very interesting

role. We set A = k[zq, -+, 2,0, Y1, ,YnlS, the space of alternating polynomials, i.e.
such that o(P) = ¢(0)P. Recall the determinants A, = det |z;’| where r runs over
the set of strictly decreasing sequences of non negative integers r; > ro > -+ > 1y,
form a basis of the space of ordinary alternating polynomials k[z1, - - - , x,]¢. Likewise,
if for any subset M C N2, we set

(328) AM<X, Y) = det ’mﬁhy;]] ‘1§i,j§n

where M = {(p1,q1), -, (Pn,qn)}, then it is not difficult to extend the previous

remark. Notice the definition has a sign ambiguity, in fact a different labeling of the
points of M of the elements of M changes Ay by a sign. We may assume that to fix
this ambiguity, the labeling is fixed.

Lemma 3.15. The polynomials Ay where M runs over the subsets of N? with n
elements form a basis of the vector space k[xy, -+, Tp, 1, ,Ynl® of alternating poly-
nomaals.

Proof:
Let A = # > wes, €(0) o be the projector on k[Xy, -+, X, Y1, -+ Y, ]¢ Then

AM — A(l'lljl “ e xznyih “ e ygl")

showing these polynomials generates k[X, -+, X,, Y1, -+, Y,]°. The fact that this
yields a basis is readily seen.

O

We set J = k[z1, - ,y,]¢. Thus J is a rank one torsion free module over the
coordinate ring k[zy, - - - , y,]5" = k[(A?)™]. For any A,y it is clear that J = Ay J C
k[z1,- -+, 9,5, the latter being an ideal of k[x1, - - -, y,|5". Since all rings are without

zero divisors, J is a torsion free module of rank one, but not a projective module. It

is instructive to make a comparison with the classical case, viz. the action of S,, over
€

klx1,- -+ ,2,]. In this case the module of alternating polynomials k[xy, -, z,]¢ is a
free module of rank one over k[xy,- -, z,]. The quotient
det |27
A(l'la e ,l’n)
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is the well-known definition of a Schur polynomial.

Before we state the main result, we record some facts about the flatification pro-
cess of J, i.e. the process that makes J locally free of rank one (section 1.4). The
construction works over an arbitrary integral scheme X. Let Sym®(7) be the sym-
metric algebra of the module 7. This graded algebra need not be integral. For this
reason we replace it by its image S in Sym*(J) ®a K. Therefore S = ®&}_Si is an
integral graded Oy2)m-algebra generated by its elements of degree one viz. J. The
graded part S, C k[z1, -+, ¥y, is the submodule generated by (k[z1,--- ,yn])*. We
set P7 := Proj(S). This scheme is equipped with a canonical (projective) morphism
7m:Ps — X, and also with a canonical line bundle O(1). The scheme (P 7, ) enjoys
a universal property (proposition 1.23).

After this preparation, the expected result is:

Theorem 3.16. We have H,, = Proj(S), furthermore there is a canonical identi-
fication between the Hilbert-Chow morphism o = H, — (A?)™ and the morphism
7 : Proj(S) — (A2)™. In other words the Hilbert-Chow morphism identifies H,, with
the blow-up of (A?)™ with center the subscheme defined by the ideal J>.

Proof:

Thanks to the the universal property of Proposition 1.4, the proof amounts to first
check that ¢*(J)/(tors) is a locally free module of rank one on the Hilbert scheme
H,,. As a consequence, we will get a canonical factorization of ¢ through the blow-up

Proj(Sym®(J)/(tors)) = Proj(S)

Then we shall prove that the induced morphism H,, — Proj(S) is an isomorphism.

Recall that 7 is the module over O,2)m) generated by the skew-symmetric polyno-
mials Ay (X,Y) where A runs over all subsets of N? with cardinal n. The polynomial
Ay is only a regular function on (A2)", not on (A?)™. However a product Ay, Axy,
of two such functions becomes a rational function (resp a regular function) on the
symmetric product (A2?)(™. Likewise a quotient

AN VAV VIPAVYS
A1‘42 B A?Wz

is a rational function on (A2)™.

To check that ¢*(J)/(tors) is locally free of rank one, it suffices to test this on
each open subset U, of H,. Recall these special open subsets form a covering of H,,
(Proposition 3.2.1, iii)). Our goal will be achieved if we can prove that for any choice
of M then ¢*(Ay) € Oy, A,. Tt is easy to see that the function @*(AA—JZ), which is
a rational function on H,,, is regular on the complementary open set U} := U, — &.
Indeed if T € U;; with o(I) = Y77 (24, 1:) is a reduced 0-cycle, then

CEID = O b)) = Tl by
=1 _%4 ) ) ) ny Yn
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makes sense, i.e. yields a regular function since the denominator is nonzero. It is
nonzero due to the hypothesis, i.e. that the monomials zPiy% with

Au - {(hla kl)a T (hna kn)}
form a basis of k[X,Y]|/I = k", therefore
Au((xl,yl), ) (xmyn)) = det ’xﬁjyfb‘ 7& 0

The next step is to extend this function as a regular function on the whole of U,,. Let
us record the identities (2.17) making sense in k[X,Y]/I, with I as before:

n

r,s rs By kj
LYy = Chyk; Vi Yi
j=1
Making the choice (r,s) € M = {(p1,q1), -, (Pn,qn)}, We get the matrix identity
(3.29) 2! | = I ey

Taking the determinant of both members, we get an identity of rational functions on
H,

A o
(3.30) P () = det |2

A/J] 1y
But the right hand side is regular on the whole of U, (see 3.19), thus we have f, » ==
AA—’Z € Oy,, showing that ¢*(Ax) = farup*(A,) in ¢*(J)/(tors). The first point is
then completely proved.

Let @ : H, — Proj(S) be the factorization of ¢ obtained in the previous step.
We are going to prove that P is a closed immersion. To this end it suffices to check
that the restriction U, — Speck[%] is a closed immersion, equivalently the ring

i
morphism

A
(3.31) K] — Ou, = k]

o
is surjective (see (3.19)). For any (p,q) € M,, and (h;, k;) € M,, set M = (M, —
(hi,ki)) U (p,q). Then it is easy to see that for this M:

Ay a
A, =

w
therefore the surjectivity is verified. Since both schemes are integral, with a common
open subset, viz. the big cell of H,,, the conclusion follows. U

Remark 3.17.

In [31], [30] Haiman proved that the ideal J? C O 42y is precisely the ideal of
polynomial functions vanishing on the singular locus, i.e on the complementary of the
big cell. This amounts to check that J2 = v/ 72 is a radical ideal. This fact sounds
elementary but needs more work. As a consequence H,, is the blow-up of (A2)(™ with
center the singular locus, a codimension-two subset. This is actually true also for all
smooth surfaces.
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Example 3.1.

This example provides an answer to exercise (1.3). We set n = 2. It is not difficult
to check that J is generated by the pair of skew-polynomials (§ = Xy — X3, n =
Ys —Y1). It is convenient to work with the new variables x = X; + X5,y = Y}, Y5, 2 =
Xy — Xyt =Y, =Y. Then Oz = klz, y,£%, 7%, &n). Tt is also not difficult to find
the relations between these generators which in turn gives the presentation

j = O(QA2)(2)§ S O(QA2)(2)77/ (Ag - an C& - Bn)

where we set A =¢n,, B =¢£2,,C =n.
Therefore Sym®(J) = &2 ,Sym" () is the quotient algebra

It is not difficult to check that Proj(S) is smooth and irreducible. Indeed this scheme
is covered by two charts isomorphic to the affine space A*. This is not exactly the
presentation of Hy as a blow-up, but Proj (95 ,Sym?*(7)) is exactly the blow-up of
(A?)@) along its singular locus A = B = C' = 0.

Exercise 3.2. The identification of H,, with Proj(Sym?®(J)/(tors)) provides a tautological
invertible sheaf O(1) on H,, ([34]). Show O(1) can be identify with the top exterior power
of the rank n universal bundle E (see 2.27).

The punctual Hilbert scheme H,, of the affine plane enjoys many others interesting
geometric properties. For example one can says something about the geometry of
the universal subscheme Z C A? x H,,. We refer to the papers [29], [30] for precise
statements.

3.2.4. The Hilbert scheme H,, as a Quiver variety. It is interesting to point out a
natural and fruitful relationship between H,, and a certain quiver variety, the sub-
ject of Brion’s lectures ([10], see quivers with relations). The strategy to build the
scheme H,, was to consider the space of finite-dimensional quotients of the vector
space k[X, Y], viz. ¢ : k[X,Y] — V, i.e. an infinite-dimensional Grassmann variety,
and to add constraints that force the quotient vector space V' to be a quotient algebra,
equivalently the kernel I to be an ideal. These constraints can be summarized as

(1) I is stable under the multiplication by X and Y,
(2) The vector e = (1) is cyclic, meaning the images X?Y(e) form a generating
system of V.
Therefore we can see the quotient algebra (together with the quotient morphism) as a
collection of a pair of commuting linear operators U,V : k™ — k™, the multiplication
by X or Y, and the choice of a cyclic vector e € k™. In this dictionary, isomorphic
algebras correspond to equivalent collections, where

(3.33) (u,v,e) ~ (u,0v',¢) <= 3P € GL,(k), v = PuP ', v/ = PvP! € = Pe

We recognize the points of the representation variety of a quiver with two vertices,
one arrow and two loops, i.e.the eight figure, and dimension vector v = (1,n). We
must add the defining relation UV — VU = 0 [10],[21].
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Vv

Quiver description of H,,

The condition that e is a cyclic vector is a stability condition in the sense explained
in [24]. With the choice of § = (—n, 1), then f.v = 0, and the #-stability of a
representation means that e is cyclic vector. Therefore the punctual Hilbert scheme
H,, can be identified with the quotient variety M /GL,, (k) where

(3.34) M = {(U,V,e) € M,,(k)* x k", UV = VU, e cyclic}
where GL,, (k) acts by simultaneous conjugation (U,V,e) — (TUT~1, TVT™ Te).
Note the easy observation:

Lemma 3.18. The action of GL, (k) on M is free.

Proof:
Assume T' € GL,, (k) fixes (u, V, e). Then the kernel of T'— 1 contains e, and is stable
by U and V. Therefore ker(T" — 1) = k", thus 7' = 1.

0
This is the point of view of Nakajima [17], it relies on ideas originated from gauge
theory, see also Ginzburg’s notes [24]. One should notice that many structural results

about H,, can be proved within this framework, for example, smoothness. It is an in-
structive exercise to describe the Hilbert-Chow morphism in term of the simultaneous
eigenvalues of the commuting matrices U, V' [21]. It is straightforward to extend this
description to H,(A") (r > 2). We set R = k™. To make R a k[Xy, -, X,]-module
is the same as to give a linear map

Q=] _kX; — Hom(R, R)

We can identify €2 with a cotangent space of the affine space at the origin, therefore
we can understand this linear map as a map

(3.35) ®:R— Q" ® R = Hom(, R)

If B; denotes the operator f +— ®(f)(dx;) then we must add to this construction the
commutativity condition [B;, B;] = 0. The map ®* = (1@ ®)®: R — (Q)*?*® R
is a sum of a symmetric piece with an skew-symmetric piece ® A ®. Clearly the
commutativity condition amounts to ® A & = 0. To get a representation space of
the Hilbert scheme we must add to this picture a vector e : k — R. As before the
condition that e is a cyclic vector is equivalent to a stability condition.
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4. THE G-HILBERT SCHEME

In this section our purpose is to revisit the punctual Hilbert scheme of a scheme
X, when X has an additional structure. Our main choice is to add a finite group
action on X. The first subsection is a recollection of standard facts of representation
theory of finite groups. In subsection two, the G-Hilbert scheme will be defined, here
G stands for a finite group. In the last subsection we will discuss briefly how the
G-Hilbert scheme is a cornerstone of the McKay correspondence.

Throughout this section, schemes are defined over a field k = k of characteristic
zero®. One may even assume that k = C. Let us fix a finite group G, of order n = |G|.
If G acts on a scheme X, the action will be denoted (g, z) — gx. The stabilizer of
r € X is G, = {g € G,gxr = x}. We shall say the point x, or the G-orbit Gz is
free (or regular) if G, = 1. If the action of G is faithful, then the set of free points
denoted X, is open and non empty. Thus X,.,/G parameterizes the free orbits.

4.1. Definition and construction of the G-Hilbert scheme.

4.1.1. Glossary of representation theory of finite groups. For background on repre-
sentation theory of finite groups, we refer to [57]. I start by recording some notations
and results useful for the treatment of the G-Hilbert scheme.

Let Irrep(G) be the set of irreducible representations, namely

Irrep(G) ={Vi =k,--- ,Vn}
If V is a representation” of G, i.e. a left k[G]-module, xy stands for the character of
V. The degree of V, is dy = dimV = xy(1). The character of V; is y;, and d; =
Xi(1) = dim V;. The characters group, or representations group, is R(G) = &, Zx;.
If we are given two representations V, W, then Hom(V, W) denoted the vector space

of intertwinning linear operators, i.e. those commuting with the G-action. We set
V& for the subspace of invariant vectors. We have

(4.1) dim Hom¢g(V, W) \G| ZXV

geG

The right-hand side defines the standard hermitian scalar product (xv,xw). This
definition extends to the space R(G) ® C. In this way the x’s form an orthonormal
basis of R(G) ® C.

The notation Reg, stands for reqular representation. It is a classical fact that
Regq = @f\ilVi@di. Let V be any representation of G. Since G is reductive, V' splits
as a direct sum of irreducible sub-representations. Another way to express this semi-
simplicity property is to write V' as the direct sum of its isotypic summands. This
can be written in a canonical form

N
(4.2) V =@ Homa(Vi, V) @ V;
i=1

*One needs the complete reductibility of the group algebra
*of finite dimension
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The map from the righthand side to V' is (f; ® y;); — Zfil fi(z;).

We need to extend the isotypic decomposition to a global setting i.e. to locally
free G-sheaves. Let the group G acts trivially on X. A coherent Ox-module F is a
G-sheaf if we are given a group morphism G — Aute, (F). When X = SpecR, and
F = F, then this means that G acts R-linearly on F. The decomposition (4.2) can
be extended as follows:

Lemma 4.1. There is a canonical decomposition of a given G-sheaf F as direct sum
of its isotypic components

N
(4.3) Prievi=rF
=1

where F; = Homo, ¢(Vi, F) is the sheaf on G-linear maps V; @ Ox — F.

Proof:
The map (4.3) from the right hand side to F is the same as in (4.2). To check this
is an isomorphism it suffices to argue fibrewise, but then this reduces to the previous
result.
O
Suppose now that F is locally free. It is well-known, and easy to check that the
rank of the fiber F, ® k() is locally constant, hence constant if X is connected ([15]).
We can say more in presence of a G-action. Indeed at every point x € X, we can see
the vector space F, ® k(z) as a representation of G. The type of this representation,
i.e. its isomorphism class, is given in the representation ring by (4.3)

(4.4) Fp @ k(x) = Z dim(F; @ k(x))[Vi]

This yields the easy result:

Proposition 4.2. Let F be a G-sheaf on connected scheme X, where G acts trivially.
Let us assume that F is locally free. Then the representation of G on the fiber F,&k(x)
s constant, i.e. does not depend of x.

Proof:
This follows readily from the isotypic decomposition 4.3. Indeed the fact that F is
locally free implies that for any i, the sheaf F; = Homoe, ¢(Vi, F) is alos locally free.
This is easy to check. Therefore the rank of F; must be constant since X is connected.
The result follows. |
For the sequel we will need the following elementary result about induction. Let
H and K be two subgroups of the group G, and let W a representation of H. We
are interested in the subspace Ind% (W)X of K-fixed vectors in Ind$(W). A very
particular case of the Mackey restriction theorem is:

Lemma 4.3. We have Ind$ (W)X = D.crna/x WHOSKS™ where s runs over the
double classes modulo (H, K).

U
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4.1.2. The G-Hilbert scheme. We keep the previous assumptions, in particular we
assume that X is a connected G-scheme, i.e. endowed with a G-action. Let Z be
an S-point of H,, x. There is an obvious action of G on X x S, i.e. trivial on the
factor S. Then the subscheme ¢g.Z C X x S is clearly a G-cluster. Therefore we
get a G-action on the functor of points of the scheme H,, x which translates into a
G-action on H,, x itself. At the level of closed points, this action is the obvious one
Z +— gZ. This defines a G-action on the universal cluster Z C X x H,, x coming
from the product action of G on X x H,, x. Consider the cartesian square

(45) ZG X X Hn,X
| |
HTGL,X Hn,X

This defines Z¢ := Z Xxxu, x Hox = 2N (X x ng) as the universal family of G-
invariant clusters. We want to focus on very specific G-invariant clusters, essentially
those which are limits of regular G-orbits.

Let HgX be the fixed point subscheme (1.8). The group G clearly acts on the
cluster Zg as explained before (4.5), therefore the bundle E = p,(Oz) over HS
is a G-bundle. Proposition 4.2 says that the representation type of G on the fibers
of this bundle is constant on each connected component of HS y. Our preferred
representation is the regular representation. From now we drop the subscript n, since
it is implicitly understood as n = |G|.

Therefore a natural definition of the G-Hilbert scheme is as follows:

Definition 4.4. The G-Hilbert scheme, denoted G — Hx, is the union of all con-
nected components \J,(HS x)a of HS x, such that when Z runs over (HS y)o then
the representation of G in Oy is the reqular representation. The points of G — Hy
are called G-clusters.

The choice of the regular representation is natural since the representation that
comes from a reduced G-cluster is the regular representation. To get some control
about the representation provided by a G-invariant cluster Z € G — H,, x, notice the
elementary fact:

Lemma 4.5. Let Z be a G-cluster. The support |Z| is a G-orbit.

Proof:
Clearly |Z| must be a G-invariant subset, therefore a union of G-orbits. This yields a
splitting Z = U;Z; into disjoint G-subschemes. For any G-cluster the invariant ring
Of contains the constants, thus dim Of > 1. Since Oy is the regular representation,
then dim OF = 1. This forces the support of Z to be a single G-orbit. O
From now on by a G-cluster we mean a G-invariant subscheme such that the rep-
resentation afforded by Oy is the regular representation. The G-Hilbert scheme of X
is therefore the scheme which parametrizes the G-clusters. The universal G-cluster
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Z¢ is simply deduced by base change from Z, see the diagram (4.5). The picture is

(4.6) Za— X xG—Hy
ipz
G —Hy
As defined it is not clear whether the G-Hilbert scheme is smooth and even irre-
ducible, see for example [13]. In some important cases, smooth surfaces for instance,

see below, the G-Hilbert scheme will be smooth, but not necessarily irreducible.
Let x € |Z|, with stabilizer H = G,. It is readily seen that not only as representa-
tion, but as closed subscheme

OZ = Indg(Oz’z)

the induced representation (subscheme) of Oy, from H to G. Let x € X be a point
with G, = 1, and G-orbit Gz = {z1 = z,--- ,x,}. Then a reduced cluster Z with
support a free orbit Gz is a G-cluster. We see the reduced G-clusters correspond
bijectively with the regular (or free) G-orbits, those of lenght n. Precisely:

Lemma 4.6. The reqular G-clusters are the points of an open subset of G — Hx
naturally isomorphic to X,./G. In other words the G-cluster Z,., == {(z,2) €
X X Xyeg/G, x € 2} is the universal family of regular G-clusters.

Proof:
This is the equivariant counterpart of Lemma 2.4. The proof will not be reproduced.
O
Thus among the connected components of G — Hx there is at least the component
containing the regular orbits, i.e. the closure of X,.,/G, as a consequence G — Hx
is not empty. The scheme G — Hyx need not be irreducible, even connected. This
suggests that a more restrictive definition of the G-Hilbert scheme would be:

Definition 4.7. The reduced, or dynamical * G-Hilbert scheme X//G is defined as
the closure in G —Hx of the set X,eq/G of reduced G-clusters (i.e. reqular G-orbits).
Therefore the scheme X/ /G is reduced and irreducible.

The universal property that leads to the G-Hilbert scheme is somewhat lost by
X//G. However we will see below a different construction of X//G that exhibits
some kind of a universal property.

Remark 4.8.

We wish to add one more remark about G-clusters. Assume Z C X is a G-cluster
with support |Z] = {21, - ,z,}. Denote H = G,, the stabilizer of x;, so that
|Z| = Gxy. The finite subscheme Z is a sum Z = U]_, Z;, where |Z;| = {z;}. Clearly
Z1 is an H-cluster

Some additional remarks are added as exercises.

Exercise 4.1. Let U C X be an open G-invariant subset. Then show that G — Hy is an
open subset of G —Hyx, resp U//G is open in X//G.

* We hope this notation will not be confused with another meaning
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Exercise 4.2. Assume X = X1 X Xa, where G acts only on Xa, and trivially on X1. Prove
that G — HX1><X2 = X1 x G — HXQ.

Exercise 4.3. (Induction) Let H be a subgroup of G. Assume H acts on'Y. The induced
G-scheme is the quotient Ind%(Y) = (G x Y)/H, where H acts by h(g,y) = (gh™', hy).
Show there is a natural isomorphism G — HIndg ) =~ H —-Hy.

4.1.3. The equivariant Hilbert-Chow morphism. Interestingly, the G-Hilbert scheme
is related to the quotient X/G in the same way H,, yx is related to the symmetric
product X™ by means of the Hilbert-Chow morphism. Consider the universal G-
cluster Z5 C X x G — Hy (see (4.6). If we perform the quotient by G of both
members, this yields a closed subscheme Z5/G C X/G x G — Hy.

Lemma 4.9. The projection G — Hy yields an isomorphism Zg/G — G — Hx.

Proof:

The projection factors as Z5 — Z5/G — G —Hx. Since the quotient by G commutes
with any base change, the fiber of Z¢/G — G — Hx at & is the quotient of the G-
cluster Z¢ by GG. But as previously observed, due to the fact that Oz, is the regular
representation, this quotient is Spec ((’)Zg)G = Speck. The result follows.

0
As a consequence we get a morphism ¢y : G — Hy — X/G such that
(4.7) G —Hy
~ X
Z:)G & X/G

commutes. It is not difficult to see the morphism ¢x if restricted to the open subset
of regular G-clusters is the previously observed isomorphism onto the subset X,.,/G
of regular G-orbit. The same remarks holds for the reduced G-Hilbert scheme.

Definition 4.10. We call the morphism ¢x : G — Hy — X/G the equivariant
Hilbert-Chow morphism.

This morphism is closely related to the ordinary Hilbert-Chow morphism H,, x —
X®™_ Indeed we can define a morphism but in a set-theoretic sense, X/G — X™ by
Gz € X/G — (3_,cq 9x). We can defined it in a schematic sense in the following way.
Consider the morphism X — X" — X where the first morphism is z — (g),cc-
This morphism clearly factors through X/G. This leads to a commutative diagram,
where the arrows are those previously defined

Pn, X

(4.8) H, x x®
G-Hy —= X/G

Therefore the equivariant Hilbert-Chow morphism is in some sense the ”restriction”
of the ordinary Hilbert-Chow morphism.
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Assume that X is smooth. The construction shows
(49) QDXZG—H)(—>X/G

is an isomorphism above the open subset whose points are the regular G-orbits. This
is an open subset of the smooth part of X/G. If by chance G — Hx is a smooth
irreducible scheme, then it defines a resolution of the singularities of X/G. The
McKay correspondance speculates about this fact and their consequences. We shall
comment on this hope in the section below.

4.1.4. The action of S,, on A"™. The Viete map which is the heart of classical sym-
metric polynomials, is very instructive. Let us consider the natural action of S, on
A" = C" (or any algebraically closed field of charateristic zero). In this case we
are going to check that the S,-Hilbert scheme of A" is the same as the quotient
A"/S,, = A™. This remark works more generally for G a finite subgroup of GL,(C)
generated by a set of pseudo-reflections. The key point is the fact that A"/G is
smooth, see Sheppard-Todd-Chevalley’s theorem 1.15.

Theorem 4.11. Let G be a finite group acting on a smooth (connected) variety X
such that the quotient X /G is smooth (we don’t assume the action is free). Then the
equivariant Hilbert-Chow morphism is an isomorphism, i.e.

(4.10) G —Hup 5 A"/G
More generally if X/G is smooth then G — Hyx = X/G.
Proof:

Let 7 : X — Y = X/G the quotient morphism. The key point under this smoothness
assumption, is the fact that m,(Ox) is a locally free module over Ox/g. This follows
from a general flatness property, see for example Eisenbud [10], corollary 18.17, for
details: let A be a regular local ring, and let A — B be a morphism between local
rings, with B Cohen-Macaulay, and finite as A-module; then B is A-flat.

With this very strong property in mind, the isotypic factors of the locally free sheaf
7.(Ox) are also locally free (4.3), namely

(4.11) n(0x)= P EeV
Vi€Irrep(G)
for E; a locally free module over Ox ¢ of rank n; = degV;. Consider the graph of
m: X — X/G, that is
(4.12) X — X x X/G
Our previous remark yields that X can be seen as a G-cluster over X/G. This is clear

since 7 is flat, and the fiber of 7 at any point y € X/G is the spectrum of 7, (Ox), ® k
which affords the regular representation

DuE), ek eV,
Now our claim amounts to check that this G-cluster is universal. Let Z C X X
S 2, S be a G-cluster. The morphism p : Z — S is flat of rank n = |G/, let
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P = Z/G — S denote the factorization. Then P is an isomorphism, see Lemma 4.9.
Thus the morphism Z — X — X/G induced by the second projection factors through
Z/G = S. This yields a commutative diagram

7 —=Sxx6 X ——=X

N
f

S=7/G—X/G
The morphism 2 : Z — S xXx/q X is a G-equivariant morphism between two G-
clusters with a common basis S = X/G. It is not difficult to see that ¢ is indeed an
isomorphism. It suffices to check this fibrewise. But then we have a G-linear map
between two copies of the regular representation, i.e. k[G] — k[G], such that 1+ 1.
Clearly this must be an isomorphism. This completes the proof. Il

4.1.5. Another view on the G-Hilbert scheme. What the G-Hilbert scheme really does
is to flatify the coherent sheaf 7,(O,) over Y = X/G. As shown in theorem 4.11,
if m,(Ox) is a flat i.e locally free Oy-module, then G — Hx = Y. In section 1.4 we
described a way to make a torsion free coherent sheaf flat by mean of a Grassmann
blow-up. Let us denote £, the torsion free sheaves defined by the isotypic component
of m.(Ox) (4.3). Let for x # 1, py : G, — X/G the Grassmann blow-up that makes
E, locally free (theorem 1.4).

Proposition 4.12. The Hilbert-Chow morphism ¢ : G — Hx — X/G restricted to
X//G factors through G,. Moreover the induced morphism X//G — []x,c Gy is

an isomorphism (the right-hand side means the fiber product of the G, ’s).

Proof:
Recall the commutative diagram (4.7)

q

(4.13) 26> X//)G xxja X —= X

~C

X//G —= - X/G

Since 7 is affine the natural morphism ¥ : ¢% (7.(Ox) — p1.(Ox//axx,cx) is an
isomorphism. This isomorphism together with the surjection Ox//ax oX = Oz,
yield a surjective map

(4.14) " (1.(0x)) — 4.(0z5) = P (4:(0z,)),

This morphism is clearly G-equivariant, thus for any irreducible character y we get a
surjective morphism between isotypic factors

(4.15) ©x(Ey) — ¢.(0z,)
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Notice the right-hand side is locally free of rank degy, that makes it the quotient
of % (E,) by its torsion sub-sheaf. Therefore, from the universal property of the
Grassmann blow-up, we get a factorization of ¢ through G,. This in turn yields a

canonical morphism to the fiber product X/G of the G’ s
(4.16) X//G — X]G =[] Gy
X/G
To check this morphism is an isomorphism we must construct the inverse morphism.

Let p : )/('76 — X/G be the canonical morphism. We know the quotient sheaf A =

p*(m(Ox))/(tors) is locally free, then a locally free algebra over X/G. Clearly there
is an induced G-action on A. Let Spec.A — X/G be the corresponding scheme, affine

over X/G. It is not difficult to see there is a G-equivariant morphism f : Spec A — X
that fits into a commutative diagram

(4.17) Spec A X

| )

X/G 4 X/G

The morphism r is flat, therefore we can see Spec A as a G-cluster with base )/(76

We get in this way a morphism )/(76 — G — Hyx which clearly factors though X//G.
Clearly this yields the inverse of p. O

4.1.6. The punctual Hilbert scheme of A? revisited. The Hilbert scheme H,, classifies
the finite subscheme of A? of length n. Remarkably it yields a crepant resolution
of (A%)™ = A2?/S,. Tt is also natural to ask if the equivariant Hilbert scheme,
eventually its dynamical component (A?)"//S, leads to the same result i.e whether
H, = (A*)"//S,. An indication in that direction is the fact (3.16) that H,, is nothing
but the Grassmann blow-up of (A?)(™ associated to a very particular isotypic factor
of m,(Oa2)») namely the factor corresponding to the signature x = €. It is a nice
and difficult result proved by Haiman that for (A2?)(™ this result holds true [30]. This
result essentially solves the n! conjecture (see also Gordon’s notes at this school [20]).
Namely:

Theorem 4.13. There is a natural isomorphism
(4.18) (A>)"//S, = H,
given by ¥ € (A*)"//S,— Z=3%/S,_1.

For the complete proof we refer to Haiman [31], [32] Theorem 2, and the references
therein. The map that realizes the isomorphism is easy to find. Let Z be the universal
S,.-cluster with base (A%)"//S,,. It has a natural S,-action. The quotient* Z/S,,_; is

*S,,_1 is the subgroup leaving fixed the last coordinate
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flat and finite of degree n over (A?)"//S,,, therefore yields a map

(4.19) (A*)"//S, — H,
On the other hand let X,, be the reduced fiber product, viz.
(4.20) X, (AZ)"

-

Suppose the reduced scheme X, is flat over H,,, then finite flat of degree n!. The
universal property of (A%?)"//S,, then yields a map

(4.21) H, — (A*)"//S,

One of the main results in Haiman’s approach of the n! conjecture is the fact that the
claim holds true, and as a consequence (4.19) and (4.21) both maps are isomorphism
inverse each other.

5. ADE SINGULARITIES

In this section we are going to comment, with or sometimes, without proof, on the
structure of the minimal resolution of singular points of ADE type i.e. the rational
double points (Example 1.1), with particular attention to the exceptional fiber.

5.1. Reminder of Intersection theory on surfaces. Our setting is the following.
Let X be a normal surface, in most cases affine. There is no loss of generality to
assume X has only one singular point, say p. Therefore X — p is smooth. Recall that
a desingularization of X means the following data:

(5.1) XX

where X is a smooth surface, and 7 is a proper morphism which is an isomorphism
over X — p. It is known that the scheme theoretic fiber 77! (p) is purely of dimension
one, and connected (see [34]). Thus we can identify 77!(p) to a dimension one cycle

(5.2) ™ (p) = anEz

the Els being the irreducible reduced components, and n; € Nsg. This fiber is
called the ezxecptional fiber. A key technical tool to study the exceptional fiber is the
intersection pairing. Notice that any component E = FE; is a complete curve, so for
any coherent sheaf F on F, the Euler characteristic

(5.3) xe(F) =dim H'(E, F) — dim H'(E, F)
is defined. )

Recall that by an integral (or prime) divisor on X we mean an integral curve.
The group Div(X) is the group freely generated by the prime divisors. There is a

distinguished subgroup Div, = @;_, ZE; called the subgroup of vertical divisors.

A prime divisor E ¢ {Fy,---, E,} is horizontal. Let x € X be a (closed) point.
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Since Oy, is a regular two-dimensional local ring, therefore a UFD, if f,g € M,
are without a common prime factor, then dim Oy ,/(f,g) < oo. This follows from
the fact that the only prime ideal containing f and ¢ is M,. If f and g are the
local equation of two positive divisors D and E through x, then this dimension is the
intersection multiplicity of D and E at x, commonly denoted (D, E),. If this is the
case for all intersection points x € |D| N |E], then the sum over all common points

(5.4) DE= Y (DE),€N

z€|D|N|E|

is the the usual definition of the intersection number of D and E. Clearly D.FF = E.D
whenever one of the members makes sense. The formula (5.4) does make sense if at
somme point the intersection DN E is not tranversal, i.e. if D and E have a common
component. For this reason, and also due to the fact that X is not necessarily
complete, we must give another definition of the intersection multiplicity, and also
restrict its domain of validity. If F is a complete curve, a purely of dimension one
scheme, not necessarily irreducible, or even reduced, one knows how define the degree

of a line bundle £ ([31]):
Definition 5.1. The degree of L is
(5.5) deg(£) = x(Op) — x(£™)

Let £ = U]_, E; the irreducible components of £, and let n; denote the multiplicity
of F along F;, that is the length of the local ring of E at the generic point of FEj.
Then one can shows that

(5.6) deg(£) = > nidegp, (£.® O

Theorem 5.2. There is a unique bilinear pairing Div,(X)xDiv(X) — Z, (E,D)—
E.D, such that
e i) E.D depends only on the linear equivalence class of D, i.e. of O(D). namely
one has (E.D) = degp(O(D)).
e i) If E, D are both vertical then

(5.7) (E.D) = x(Or) + x(Op) = x(Orp)
in particular (E.D) = (D.E). If furthermore E, D are non negative, then
(5.8) (E.D) = x(Og ®0, Op) — X(Torés((’)E, Op))

e iii) If E and D are non negative, and intersect at only finitely many points,
then (E.D) = _prp dimg Ox o/ (fz, g2), where fo (resp. g,) denotes a local
equation of E (resp. D) at x.

Let us return to a desingularization 7 : X — X of a normal surface X. We want to
study the exceptional fiber over a singular point p € X. There is no loss of generality
to assume X = Spec R, where R is a normal two dimensional algebra, and that p is

the only singular point. Let M C R be the corresponding maximal ideal, and let
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K denote the fraction field of R. The first information about the exceptional fiber
7 1(p) is:
Proposition 5.3. The exceptional fiber 7=1(p) is connected.

Proof:
The morphism 7 is an isomorphism over X — p, thus m.(Oy) is finitely a sub R-
algebra of K, finitely generated as R-module, therefore must be equal to R. Then
the connectedness theorem of Zariski yields the result (see [34]). O
Let Fy,--- , B, denote the irreducible components of 77!(p). As a 1-cycle we can
write 77 (p) = >, n;E;. It is very convenient to picture the exceptional fiber as a
graph (the dual graph), with vertices the Els, and if i # j, there are (E;.E;) edges
between F; and E;. This graph is then connected. The following is very useful result
due to Du Val and Mumford.

Theorem 5.4. The symmetric matriz ||(E;.E;)|| is negative definite.

Proof:
Let us choice 0 # f € M. We can see f as a regular function on X. Its divisor is of
the form

(5.9) Div(f) =Y a;E;+ D

7

where a; € N, and D is a positive vertical divisor. Since f € M, then f vanishes
identically on each Ej, therefore a; > 0. Since 7 is an isomorphism over X — p, then
we can identify D with the divisor of f computed in X. A well known theorem due to
Krull says that any minimal prime ideal of R among those containing f is of height
1. Furthermore such an ideal contained in M must exist. This means that D must
intersect one of the Es, i.e. that (), E;).D > 0. Intersecting the equality (5.9) with
E; yields

(5.10) > a;(E.Ej) + (E;.D)=0=Y a;(E;.E;) <0

J J
the inequality necessary strict for some index i. Set ¢;; = (E;.E}), and s; = ) | ; 4jCij.
Useful is the Coxeter trick: for any z1,--- ,x, € R, we have the identity

2
skxi 1 T, Xk
(511) E Cijﬂf,ﬂ?j = E — = E a;apCik \ — — —
. ag 2 - a; Qg
i, k i,k

Notice s; < 0, and even strictly negative for at least one index. Thus the left hand side
of (5.11) is < 0. We must check it is indeed stricly negative unless zy = --- =z, = 0.
Suppose it is zero. If for example s < 0, then this forces to have z, = 0. Furthermore
for all ¢ with ¢;, # 0, that is if the vertices Ej and E; are connected by at leat an
edge, we must have x; = 0. The connectedness of the dual graph implies readily that
all for all j, z; = 0. This proves the Mumford result. U

Notice a byproduct of the theorem is that for all 4, (F;)* < 0. Let Z = >0, a;E;
be a positive cycle (a; > 0) such that (Z, E;) < 0(¥i). Such a cycle exists by the
construction above, but better [1]:
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Lemma 5.5. Among the positive cycles Z = > . a;E;, a; > 0Yi, there exists a
smallest one. This uniquely defined cycle is called the fundamental cycle.

Proof:
Suppose Zy = Y. a; E;, Zy =) . b,E; are two such cycles. We set ¢; = Inf(a;, b;) > 0,
then Z3 =), ¢, E; = Inf(Zl, Zs). For a given j, if for example ¢; = a; < b;, we have

(5.12) (Zs, Ej) = a;(E)* + Y (B E)) < a;(E;)* + Y (B, Ej) = (Z1,E;) <0
i#j i#j
The lemma follows easily. U

Definition 5.6. The desingularization © : X — X is minimal if © don’t factors

through a smooth surface, i.e. in any factorization 7 : X ry X, with' Y smooth,
then h is an isomorphism.

Recall that a component E; of the exceptional fiber is of the first kind if £; = P!
and E? = —1. It is a fundamental result (see [31]) that such curve can be contracted
smoothly, i.e. there is factorization (a contractlon) 7:X %Y — X with Y smooth,
v(E;) = p; € Y a point, and v : X — E; = Y — p;. Thus the desingularization
7 : X — X is minimal if and only if the irreducible components of the exceptional
fiber are not of the first kind.

Proposition 5.7. Assume the desingularization 7 : X — X crepant, then it is
minimal.

Proof:
Let E be an irreducible component of the exceptional fiber. The assumption amounts
to K¢ ® O = Opg. The adjunction formula yields Kg = Og(F), which in turn gives

deg Ky = (E*) = x(Kg) — x(Op) = —2x(Og)

It is known that x(Og) = 1 — po(E) where p,(E) = py(E) + 6(E) is the arithmetic
genus. Thus we get
2p.(E) —2 = (E*) <0
which implies that p,(£) = 0. Thus p,(E) = §(£) = 0 giving the fact that E is a
smooth rational curve with self intersection —2. This show the resolution is minimal.
O
We can now define the special but very workable class of rational singularities of
normal surfaces ([1]).

Definition 5.8. Let X = Spec(R) be a normal affine surface, say with only one
singular point. Let m : X — X be a minimal resolution of the singularities of X.
We say X has rational singularities if R'm.(O%) = 0 (the first higher direct image is
zero).

It is a theorem of Artin ([!], theorem 3) that the singularity of X is rational if and
only if x(Z) = 1, if furthermore Z? = —2 then the singular point is called a rational
double point (loc.cit cor 3). A simple and well-known combinatorial lemma about



Summer school - Grenoble, June 16 - July 12, 2008

negative definite integral matrix leads quickly to the classification of the dual graph
attached to a rational double point.

Lemma 5.9. Let A = (a;;) be n X n integral symmetric matriz with a; = —2 for
allt=1,---,n, and a;; > 0 if ¢ # j. We assume also that A is irreducible, which
means there is no non trivial partition [1,n] =I1U J with a;; =0 for allie I,j € J.
Then there is a Dynkin graph of A, D, E type (i.e a simply laced root system) with
incidence matrix C' such that*

(5.13) A=C-2I,

Proof:
See [7]
O
It is a nice fact that, at least in characteristic zero, the rational double point are
classified by means of the associated dual graph [11].

Theorem 5.10. Let R be the local ring of a normal surface at a rational double point
defined over an algebraically closed field of characteristic zero. Then R is isomorphic
to one of the five type of singularities of the list 1.1.

Such a singular point is in turn classified by the dual graph of its minimal resolution,
and formally isomorphic to a quotient singularity A?/G for a binary polyhedral group
with same ADE label.

Example 5.1. Resolution of the A,,_1 point

There are many ways to resolve the rational double points [18], [73]. Here we
work by hand the A, case. We first resolve the A; singularity. Let us blow up the
x-y-z space at * = z = 0. Namely, we replace the x-y-z space by a union of two
spaces with coordinates (x,y, z) and (Z,y, z) which are mapped to the x-y-z space by
(x,y,2) = (z,y,22) = (22,y, z). The z-y-z and the Z-y-z spaces are glued by zz = 1
and z = zZ. The equation xy = 2? of the A; singularity looks as z(y — zz?) = 0 in
the x-y-z space and z(zy — z) = 0 in the Z-y-z space. If we ignore the piece described
by = 0 and z = 0 which is mapped to the y-axis * = z = 0, we obtain a union of
two smooth surfaces

Uy ={y=27*}UlU, = {7y =z}
The surfaces U; and U, are coordinatized by (x,Z) and (Z,y) respectively and are
glued together by zx = 1 and xz = zy. Thus, we obtain a smooth surface. This
surface is mapped onto the original singular by (x,v,2) = (z,22% 22) on U; and
(z,9,2) = (%, y,Ty) on Uy. The inverse image of the singular point t =y =2 =0
is described by z = 0 in U; and by y = 0 in Us. It is coordinatized by z and x which
are related by 22 = 1, and thus is a projective line P?.

If we started with higher A,,_; singularity, the equation zy = 2™ looks as y = 2" 12"
in the z-y-Z space and Ty = 2"~ ! in the 2-y-z space (ignoring the trivial piece z = 0
and z = 0). It is smooth in the x-y-Z plane but the part is the Z-y-z has the A,

*— A is the Cartan matrix of the root system
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singularity at * = y = 2z = 0. Thus, the surface is not yet resolved but n has
decreased by one. We can further decrease n — 1 by one by blowing up the z-z plane
at * = z = 0. Iterating this process, we can finally resolve the singular A,,_; surface.
It is straightforward to see that the resolved space is covered by n planes Uy, Us, Us,
..., U, with coordinates (z1,21) = (2,2), (v2 = T, 22), (v3,23), ..., (T, 2, = y) which
are mapped to the singular A,,_; surface by

T =xiz!
(5.14) U; > (:Ci, ZZ-) — Yy = x?iizgwrl*i
Z = X;Z;

The planes U; are glued together by z;x;,.1 = 1 and x;2; = z;112;11. The map onto
the singular A,,_; surface is isomorphic except at the inverse image of the singular
point # = y = z = 0. The inverse image consists of n — 1 Pls C}, Cs, ..., C,_; where
C; is the locus of x; = 0 in U; and z;4; = 0 in U;44, and is coordinatized by z; and
x;41 that are related by zx;41 = 1. C; and C; do not intersect unless j = 7 & 1,
and C;_; and C; intersect transversely at x; = z; = 0. It is also possible to show
that the self-intersection of C; is —2. Thus, we see that the intersection matrix of the
components C1, ..., C,_; is the opposite of the A, _; Cartan matrix.

A more aesthetic way to produce this resolution is by mean of a toric methods.
The resolution procedure is encoded in a fan. For n = 6 it looks like:

fan for A?/Zg

One can work out likewise the other singular points, and produce the dual graph
of the exceptional curve in the resolved space.

Dynkin(A — D — E) diagrams

A, e—o —9----6—9 9
D, oo o - o—<
FEy e e I — ®
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5.1.1. Reflexive modules on a rational singularity. Throughout this subsection R
means the completion of the local ring at a rational singular point of some surface.
By M we denote the maximal ideal, and by k the residue field. The ring R is normal
and U = Spec R — { M} is a regular one dimensional scheme. The closed points of U
are the height one prime ideals of R. The category we are interested in is a suitable
full subcategory of R-Mod. Here is the definition of the objects™.

Definition 5.11. Let M be a finitely generated module. If the canonical map M —
M** = Hom (M, Hom (M, R)) is an isomorphism, then we say M is reflezive.

A free module of finite rank is reflexive, a dual N* is reflexive. There is a wellknown
and easy criterion to check a module M is reflexive [10].

Proposition 5.12. The conditions below are equivalent:

(1) The module M is reflezive,

(2) depth(M) =2 i.e M is a mazimal Cohen-Macaulay module,

(3) M s torsion free and M = N,M,, where the intersection runs over the height
one prime ideals,

(4) there exists a linear map ¢ : RP — R? with M = ker(yp).

Proof:

We limit ourselves to the last assertion. Assume M is reflexive. Let R — RP —
M* — 0 be a presentation of the dual module. Then applying the right exact functor
Hom r(—, R) we get an exact sequence

0—M=M"— R — R?

as expected. Conversely let M be a kernel M = ker(L = RP — R?). Then M is torsion
free so M C M** C L** = L. The module M**/M is torsion and a submodule of
L/M C R1. Then M = M**. O

The definition extends immediatly on an arbitrary scheme. On a two dimensional
regular ring (or regular scheme) a reflexive module (sheaf) is locally free. This is a
direct consequence of the Auslander-Buchbaum formula [16].

On the other hand if R is the local ring at a two dimensional isolated singularity
it is not difficult to identify the category of reflexive R-modules with the category of
vector bundles on the open curve U = SpecR — {M}:

*In this definition R is any commutative ring
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Lemma 5.13. Let F' be a vector bundle on U (locally free module of finite rank),
then the R-module M = T'(U, F) is reflezive. The functor F — T'(U, F) yields an
equivalence between the category of vector bundles on U, and the category of reflexive
R-modules. The inverse functor is M +— ]\7[‘(].

Proof:
Let 2 : U < SpecR be the injection. It is known that we can find for a given vector
bundle (or coherent sheaf) F on U a finitely generated R-module N with F' = ¢*(N).
Then T'(U, F) = (U, N). Tt suffices to show that I'(U, N) = N** the double dual.
The module N is locally free in codimension one, because F is, so we may take N**
in place of N, and assume N is reflexive. Since depth(N) = 2 (5.12) the restriction
map
N — T'(U, N )

is bijective. This proves the lemma. U

Assume now that R is the complete local ring at the singular point of A?/G, where
G C SU(2) as in 1.1. Here we assume k = C, but all work more generally over
an algebraically closed field of characteristic zero, and G C SL(2, k). In this setting

there is another description of the previous category. We set S = @Az’o, so R =S¢,

Proposition 5.14. The map V — (S ® V)¢ induces a one to one correspondance
between reflexive R-modules and representations of G. In particular indecomposable
reflexives modules are in bijection with the irreps of G.

Proof:
Let M be a reflexive R-module (5.12). We can see M as the kernel of ¢ : R — RY.
We extend this map to a S-linear map

p: S — 51
The entries of ¢ are in R, so N = ker(S? — S9) is a G-submodule of SP. It is
also a reflexive S-module. But S is regular so the homological dimension of N is

dim R — depth(N) = 0, so N is free. The characteristic of the base field is zero so it
is easy to see that as (S5, G)-module

(5.15) N=8S®,V (V=N®sk

where V = N ®g k, and finally M = N¢. It is not difficult to check that conversely
for any G-module V, the R-module M = (S ®; V)¢ is reflexive. Indeed if 7 :
SpecS —{0,0} — U denotes the etale cover with base the open curve U, then M =
LU, 7.(0O @ V)%), which in turn yields the result. The fact that the correspondance
is one to one follows from the remark that we can recover V from M = (S ® V)C.
Indeed it is esay to check that S® V = (M ®p S)*".

0

Corollary 5.15. Under the same assumptions as before there is only a finite number
of indecomposable reflexive R-modules.

In [3], [1], Auslander and Reiten proved a much more difficult result, valid for all
rational double point over any algebraically closed field k, even when there is no
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reference to a finite group. This should be the case in char = 2,3,5. The McKay
quiver must be replaced by the AR quiver (Auslander-reiten quiver)

Theorem 5.16. Let R be a normal two dimensional noetherian complete local ring,
defining a rational double point. Then the category of reflexive modules is of finite
representation type (the number of indecomposable reflexive modules is finite). The
corresponding AR quiver is an A-D-E quiver (once the vertex corresponding to R
removed,).

O
Example 5.2. A Z/27Z quotient singularity in characteristic two

To motivate the fact that in characteristic two the McKay graph (quiver) collapses
and must be replaced by the AR-quiver, not defined in these notes, we can use the
Mumford example. In this example £ is an algebraically closed field of characteristic
two, the group G = Z/27Z acts non linearly on S = k[[u, v]] according to

u v
5.16 = — =
(5.16) o) = T o0) =
It is not difficult to check that the invariant subring is R = k[[z,y, z]] where
u? v?
5.17 - = — =
(5.17) x 1/u,y T ? uy + vx
The ring if invariants is an hypersurface algebra
(5.18) R=K[X,Y,Z)|/(Z* + XYZ + XY (X +Y))
Therefore SpecR is is normal with an isolated singularity at M = (z,y,z). The
corresponding singularity is a Dy rational double point [I]. From the remark above

one can find exactly three indecomposables reflexive non free modules of rank one
showing the difference with the characteristic zero case. Viewing S as a R-module
defines a rank two indecomposable reflexive R-module.

On the other hand, and in the case of an arbitrary two dimensional rational sin-
gularity, it is important to figure out some relationship between on one hand the
reflexives modules on R, and on other hand suitable sheaves lying on a minimal res-
olution X — X = SpecR. The result is a key step in the geometric proof of the
McKay correspondance by Gonzalez-Sprinberg and Verdier [25]. Obviously when R
is an invariant ring of an ADE group, and in characteristic zero, the result is sim-
ply reminiscent to the fact to be proved below that the G-Hilbert scheme yields the
minimal resolution. Even when the group interpretation collapses, such a relation-
ship remains, the minimal resolution is the universal scheme that makes the strict
transform of the reflexive R-modules flat.

The result below, see for example [20], makes a bridge between the reflexive modules
over R and a special class of vector bundles on the minimal resolution. This is a key
step to understand the geometry behind the McKay remark. Obviously with the
knowledge that the minimal resolution is given by the G-Hilbert scheme, some part
of the theorem are tautological.
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Theorem 5.17. Let R be a two-dimensional (complete) normal noetherian local ring
with a rational singularity*. Let m : X — X = Spec(R) be the minimal resolution.
Let M be a reflevive R-module, then its strict transform (1./) M* = 7 (M)/(tors)
enjoys the following properties:

(1) M?* is locally free and generated by its global sections,

(2) One has T'(X, M%) = M and H'(X, M*") = 0.
The map M — M?* yields an equivalence between the category of reflexive R-modules
and the category of special vector bundles on X, i.e the vector bundles for which 1)

and 2) holds true.

Proof:

Throughout M will denote either the module or the associated sheaf on SpecR. If
we write M as a quotient of the free module R™, then 7*(M) is a quotient of O%.
Then we get a surjective map O% — M ¢ Since R?m, = 0, an obvious exact sequence,
taking into account of the fact that H* (X, Oz) = 0, yields RY(M*) = 0. It is easy
to check that R, (M*) = M. Indeed let N denote the R-module T'(X, M*). Tt is
finitely generated since 7 is proper. Pulling back the map 7*(M) — M?, yields a map
. (M) — 7, (M?*), which together with the canonical map M — 7*7*(M), gives us
a map

(5.19) M — N

This map is obviously the identity over the open set U. Now we have the commutative
diagram

(5.20) M n

| l

(U M)—=T(U,N)

The left vertical map is bijective since M is Cohen-Macaulay, and the right vertical
map is into since NV is torsion free. Therefore M = N.

Now we are going to prove 1). That M?* is generated by its global sections is clear
from the contruction. We now check M* is locally free, equivalently reflexive, together
the last part of 2). This part of the proof uses a bit of homological algebra, the local
and global duality theorem as exposed by Hartshorne [35]. To check the stalk of M*
at some point z € X is Cohen-Macaulay amounts to see the vanishing property of
local cohomology groups H7 (M?) = 0 for j < 2. The local duality theorem applied
to a finitely generated O.module F' gives a canonical isomorphism*

(5.21) H/(F) — Homg, (Ext>(F,O.),I)
where I denotes the injective hull of k& = k(). So we must check that for all z € X

we have Ext®(M? O.) = 0 for k > 0. This is equivalent to the vanishing of the
sheaves Ext*(M* O) for k > 0 equivalently the complex RHom (M* O%) on X

*the complete local ring at a singular point of a normal surface
*X is regular so the local dualizing complex at z is Ox ,
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has only cohomology in degree zero. But M? is torsion free, so is locally free in
codimension one, which in turn said that the higher cohomology of our complex is
concentrated in finitely many points of the exceptional fiber. To check the vanishing
proiperty is therefore equivalent to the vanishing in degree k > 0 of the cohomology
of R, (RHom (M*, O)). But now the global duality theorem [37] yields an isomor-
phism

(5.22) m.(RHom (M* O%)) — RHom o, (R, (M%), wx))

where wyx denote the dualizing sheaf of X. We known that Rm.(Mf) = M. This
is a Cohen-Macaulay module so the previous local-duality argument shows that the
complexe on the right has only cohomology in degree zero. The spectral sequence in
degreep+q=1

(5.23) Eb? = RPm, (Ext?(M*, 03)) = Ext!(M,wg) =0
degenerates and yields what we want
(5.24) T (Ext'(M* O%)) = R'7. (M*) =0

The last thing to check is the fact that a special vector bundle on X comes from
a reflexive module. This is clear because if F' is such vector bundle, the candidate is
M =T(X,F) =Rm.(F). From 1) there is a surjective map

™M) — F
with kernel the torsion subsheaf T of 7*(M), therefore F' = MF. O

5.1.2. Matriz factorizations. There are indeed two results in the theorem 5.16. The
first says that for isolated singularities in any dimension d > 2, the full subcategory of
maximal Cohen-Macaulay modules, i.e the Cohen-Macaulay modules with dimension
d, [16] has almost-split (A-R) sequences [3]. For rational double points this category
has finite representation type, a companion result to Gabriel’s theorem [10]. As a
byproduct of the proof, the minimal number of generators of a reflexive module is
twice its rank.

The category of reflexive modules (when d = 2), or maximal Cohen-Macaulay
when d > 2, MCM(R/(w)), is enhanced if we think it in the stable sense. In the
stable category the set of morphisms Hom (M, N) is the quotient of Hom g(M, N)
be the submodule consisting of linear maps which factors through a free module.
This rather abstract category has a rich structure. It is a Krull-Schmidt category
and is in a natural way a triangulated category. It is nice fact that we can interpret
this triangulated category as the homotopy category of the Z/2Z-graded differential
category of matrixz factorizations of the defining equation of the singularity, the so-
called super potential [50].

The definition goes as follows. Let w(zy,--- ,z,) € R = k[xq,---,x,] be a poly-
nomial, the so-called (super)potential in the physics litterature. Even if in most
applications w(x) is choosen homogeneous, or quasi-homogeneous, it is not necessary
to impose such a restriction in this introduction . Throughout 1,, denotes the n x n
identity matrix.

- 86 -



Summer school - Grenoble, June 16 - July 12, 2008

Definition 5.18. By a rank n matriz factorization (MF in short) of w, we mean the
data of a pair of n X n square matrices P, () with polynomial entries, such that

(5.25) PQ=QP =w(x).1,

Alternatively we can see 5.25 as a diagram with two arrows between free R-modules
of rank n, with the periodicity condition, source of ¢ equal target of v, and ¢ =

oY = w.1.
(5.26) (M) M, = R" -5 M, =~ R* % M,

Indeed put My = M; = R", and take for ¢ and v the linear mapping with respective
matrix P and ). In the sequel we will use 5.25 and 5.26 interchangeably, and will
denote by a bold letter M such MF. Notice at this stage there no need to work with
a polynomial ring. So the properties listed below are equally valid with an arbitrary
commutative ring R as ground ring, and w € R a non zero divisor. Another classical
choice for deformation theoretic reasons is R = k[[x1,--- , .|| a power series ring.

A MF M is trivial if either ¢ or v is an isomorphism, and said reduced if P(0) =
Q(0) = 0. Troughout a MF is non trivial and reduced. Notice that 5.25 yields
det Pdet @ = w(x)™, so the linear mapping ¢ and 1 are injective.

It is important to see a MF M as a Z/2Z-graded module M = M, @ M, endowed
with as an odd operator Q which is a square root of w, precisely

(5.27) Q:(g Qg>;M—>M (Q? = w.1)

We hope there is no trouble to denote by the same bold letter M a MF, and the same
object viewed as a R-graded module equipped with the odd operator (). Hereafter
a bold character will always means a graded object. Let us define the morphisms
between two MF M and M'.

Definition 5.19. Let M, M’ be two MF of the same potential w € R. A MF-
morphism f = (A, D) : M — M’ is the data of a commutative diagram

M0$M1L>Mo

L R

P
M| —— M| —— M|

where A, D are R-linear maps, i.e given by matrices with polynomials entries. The
MF morphism f is an isomorphism if and only if A and D are.

Said differently an isomorphism (A, D) between the MF M = (P,Q) M’ = (P, Q")
is a simultaneous similarity P’ = DPA™!, Q' = AQD~!.

In other hand, and more generally, the module homg(M, M) of all R-linear map-
ping M — M’ can be seen in a natural manner as a Z/2Z-graded module, i.e a
module with an even (resp. odd) part. The notation homy (M, M’) i.e the dot, will
refer to this graded structure. It is important to notice hom% (M, M’) has a richer
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structure, it may be endowed with a Z/2Z-differential graded module struture with
differential the graded bracket

(5.28) D(€) = Q¢ ~ (-1)"¢Q=1[Q.¢] (k=degt € Z/2Z)

An easy check yields D* = 0. Furthermore hom$%(M, M) is easily seen to be a
dg-algebra. With this structure in mind, the MF-morphisms as previously defined,
are in this setting the even morphisms annihilated by D, i.e are the even cocycles.
Two MF-morphisms f, ¢ such that f — g = D(h) for some odd morphism h are
said homotopic. For convenience of the reader we include a diggest of homological
algebra. By a dg-module (a module is an R-module) it is meant a Z/2Z-graded
module C' = C° @ C*, together with an odd operator D : C' — C with D? = 0, called
the differential. The (co)homology module H(C') = ker D/ImD is also clearly graded,
thus H(C) = H(C) @ H'(C). A dg-algebra is a dg-module in the previous sense,
endowed with an even multiplication C ® C' — C, a® b — ab, such that the following
Leibniz rule holds
D(ab) = D(a)b+ (—1)%8%aD(b)

A dg-morphism f : C — C' between dg-modules is an even morphism commuting
with the differentials. A dg-isomorphism is defined accordingly”

With the MF with fixed potential w as objects we can build various categories.
The first one is obtained if we take as morphisms the MF-morphisms as previously
defined. The previous observation showing hom% (M, M’) is a dg-module, leads to
the fact that MJF(w), the category whose objects are the MF, and with morphisms
between M and M’ the dg-module hom¥,(M, M), is a Z/2Z-dg-category.

We can perform inside this category another basic contruction. Let M be a MF of
w. We set

(5.29) M[1]: M, =% My =% M,

Clearly M][1] is a MF of w. The functor M — M]1] is the shift (involutive) functor
MF(w) — MF(w). Finally we can also consider morphisms, even or odd, up to
homotopy. Indeed taking cohomology in the graded differential module hom®(M, M)
yields a graded cohomology module

ker D
ImD

The module Ext’(M,M’) is nothing but the module of MF-morphisms taken up
homotopy, and Ext'(M, M’) = Ext’(M, M'[1]) is the module of odd morphisms up
homotopy. The category we are interested in is described as follows. Let us denote
MF g (w) (or MF(w)) the homotopic category of MF for a fixed potential w, that is
the homotopic category derived from the dg-category MF(w). In this category the
objects are the MF, and the morphisms between M, M’, are the homotopic classes
of even MF-morphisms, i.e the elements of Ext®(IM, M’). It is not difficult to check

(5.30) H*(hom*®(M,M’)) = Ext*(M, M) = = Ext’(M, M) @ Ext'(M, M)

*In a more abstract setting, there is a concept of dg-category which extends the notion of dg-
algebra. A dg-category means an R-linear category such that the morphisms set hom(a,b) are
endowed with a dg-module structure, the composition map hom(a, b) ® hom(b, ¢) — hom(a, ¢) being
compatible in an obvious sense with these dg-structures.
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that MF(w) can be endowed with a structure of triangulated category (see exercice
below).

Exercise 5.1. Let f: M — M’ be a morphism. Define the cone of f as the graded object
C(f) =M][1] & M’ together with the following operators

_(v 0 _ (¥ O
(5.31) P = < o o ) U= Ay
where f = 61 . A distinguished triangle in MFg(w) is one isomorphic to M J,

D
M’ — C(f) — M]1]. Check we get in this way a triangulated structure on MF g(w).

Exercise 5.2. In this exercise we define the tensor product in the category MFp(w + w').
Suppose the potential splits as a sum w+ w', (w,w’ € R). If we are given two MF M, M’
with respective potential w, w', then show the graded tensor product M @r M’ yields a
MF with potential w + w'. As graded module (M ® M')g = My ® M) & My ® M| and
MeM'); =My® M| & My ® M. Then we set

_( 1oy Y&l 1oy yel
(5.32) ¢_<@®1 e ) Y el 1wy

Check U = 0P = (w + w')1.

The matrix factorizations of w are relevant to our interest in maximal Cohen-
Macaulay modules. Indeed we have the following result, where as indicated before
MCMEg/ () denotes the stable category of maximal Cohen-Macaulay on the hyper-
surface (isolated) singularity R/(w). For any M, we set Cok(M) = coker(yp). Clearly
wCok(M) = 0, so we can see Cok(M) as a R/(w)-module.

Theorem 5.20. We have an equivalence of triangulated categories
(5.33) Cok : MFp(w) — MCMEg/(w)

Proof:
The exact sequence 0 — My — M; — Cok(M) — 0 shows that the depth of Cok(M)
is the same as dim R/(w), so it is maximal Cohen-Macaulay. It is an easy exercise
to check that Cok(—) defines a functor MFp(w) — MCMpg/ (. This functor
is essentially surjective. Indeed, let £ be a maximal Cohen-Macaulay module over
R/(w). Then as R-module it must have homological dimension one (Auslander-
Buchsbaum formula). If 0 — My 2> M; — E — 0 is a free resolution of E over
R, then due to the fact that w annihilates F, it is easy to check that we can find
¥ My — My making (p,1) a matrix factorization.
O

Here we give one example of a matrix factorization, which in turn yields a presen-
tation of a reflexive module. For simplicity we limit ourselves to the A, _; case, i.e.
G = Z/nZ, see [25] for more examples. Then w(z,y,z) = 2" — xy. The rank two
indecomposable matrix factorizations of w are the following

(5.34) w.12:(zk f_k><zn_k _,f) (k=1,---,n—1)

y =z -y =z
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Exercise 5.3. Complete the proof of theorem 5.20, that is prove that Cok induces a group
isomorphism Hom i, (w) = Homyem(r/(w)-

Exercise 5.4. Express the matrix factorization of example 5.34 as a tensor product of two
rank one factorizations of 2™ and xy respectively.

5.2. ADE world and the McKay correspondence. In this section we come back
to our preferred setting, that is X = A? the affine plane over an algebraically closed
field k of characteristic zero, and G is a finite subgroup of SLy(k), classically known
as a binary polyedral group. The quotient surface A?/G is normal with an isolated
singularity at the origin, which from the point of view of singularity theory is a rational
double point. We previously saw there is a minimal resolution of singularities, which
is unique up isomorphism. The type of this singularity i.e the dual graph of the
exceptional fiber in the minimal resolution is the same as the ADE type of G (see
(example 1.1).

5.2.1. The G-Hilbert scheme of an A-D-FE group. From the point of view of the equi-
variant Hilbert scheme, we have a very nice result. It says the G-Hilbert scheme
yields precisely the minimal desingularization. The McKay correspondance, at some
level, amounts to identify the dual graph of exceptional fiber with the corresponding
A-D-E Dynkin graph in group theoretical terms. The first result is an observation of
J. McKay that this graph can be built with the group G alone, without the knowledge
of the resolution. Here is a way to build a graph or a quiver starting with G, the so
called McKay quiver. Let us denote V' the representation of G which follows from
the inclusion G C SU(2), and set « the character of V. Let {1 = xq, -, x,} be the
ordered list of irreducible characters of G.

Definition 5.21. The McKay graph (resp. quiver) associated to G is the non oriented
(oriented) graph where
e the vertices are the non trivial irreducible characters of G,
o The number of edges (oriented edges) between x; and x; is a;; = (Xi» aX;),
that is the number of times x; is contained in ay;.
The extended McKay graph (resp. quiver) is the one obtained by adding the trivial
representation.

The observation of McKay is

Proposition 5.22. The McKay graph is an A-D-E graph. More precisely the inci-
dence matriz of the McKay graph is 21 — C' with C the Cartan matriz of an A-D-E
root system. Likewise the extended McKay graphs (quivers) correspond to the extended
(affine) A — D — E root systems.

Proof:
The result follows readily from a more general group theoretical result as suggested
by T. Springer:

Lemma 5.23. Let G be a finite group with center Z(G). Let G — GL(V) be a
faithful representation with character o = @ i.e with real values, and n = dimV.
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Assume that VZ(©) = 0. Let {&o, -+, &} be the ordered set of irreductible characters
of G. Define a (r + 1) x (r + 1) integral matriz by

(5.35) a;; = (i, Xj) — noi

The integral matriz |a;;| is symmetric semi-definite negative with kernel the line span
by the vector (xo(1),- -+, xr(1)) i.e the reqular representation.

Proof:

To begin with notice from the definition of the scalar product on R(G) ® C that
(OéX’L'7Xj> = (X’L?a]) = (XiaOéXj) = (an7Xi>

so the matrix (5.27) is symmetric. Furthermore a;; > 0 if i # j. To evaluate the

diagonal entries a; = (ax;, x;) — n the key point is the fact that

(axi,xi) =0 (i=0,---,7)

To check this, we restrict all the representations to Z(G). So assume G acts on V;
(the representation space of x;) by the one dimensional character y; (Schur’s lemma),
and Z(G) acts on V' through the characters Ay, -+, \,. Note that by our hypothesis
A # 1. Then as Z(G) module V ® V; is the sum of y;(1) copies of V, the action on
V being twisted by p;. If V; is contained in V' ® V; then we must have u; A\, = p; for
some k, so A\, = 1, contrary to our hypothesis. Thus a; = —n.

The kernel is the set of vectors { = > . n;x; € R(G) ® C such that . a;n; =0
for all 7. Equivalently

(( = nl)xi, &) = (X, (@ = n1)§) =0
so (o« —nl)¢ = 0. The representation of G in V is faithful so a(s) < n when s # 1.
This implies £(s) = 0, so £ is a multiple of the regular representation. The proof is

/.\»

G=Z/(n+1)Z =6 o o o e o °

g

It is easy to validate this picture. The irreps of G = Z/(n + 1)Z are labelled as
(xo = 1,X1," -, Xn) Where x(1) = €™/ Then V = x; @ X, (notation of lemma
5.23). Clearly if i # j, a;; = 1 <= |i — j| = 1, 0 otherwise.

J

[ ) () [}

FEg quiver ° °

To get the Dynkin graph from the McKay quiver one has to replace e e by
an unoriented arrow e °

L 91-
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It is important to interpret the G-Hilbert scheme as a representation variety of the
McKay quiver, construction analogous to the ALE space construction of Kronheimer,
see [39]. This is a simple extension of the previous description of H,, as a representa-
tion variety. With the notations of subsection 3.2.4 a G-cluster can be obtained from
a G-linear map

(5.36) ®:R—T®R

where TQ* is the representation dual to the standard representation of G C SL(Q2)",
and R stands for the regular representation. We have R = @]_,R; ® V; the action of
G being on V;, and dim R; = degy; = dim V;. Now the representation T'® R splits
asT@QR=@, R, ®T ®V;. Thus Homg(R,T ® R) =

(5.37) P Homea(Ry ® Vi, R; @ T @ V;) = @ Homy(Ry, R;) @ Home(Vi, T @ V;)
k.j

k,j 2
= @ Homk(Rk, Rj)ak’j
k?j

where a;, ; equal the number of times V, is contained in 7'® V;. This show a G-cluster
in the affine space Q) = A? is the same thing as a class of representations of the McKay
quiver with the relation ® A ® = 0. The gauge group is [[\_, GL(R;).

The McKay quiver has arrows in both directions, we see it is the double Q of the
corresponding quiver Dynkin quiver @), i.e. the Dynkin graph together with the choice
of an orientation. The equation ® A & = 0 is encoded in the defining relation of the
path algebra I1(Q). The dimension vector is § = (§; = dim V;). The last thing to
do is to translate the fact that the distinguished vector given by the trivial character
generates R as a stability condition. We refer to Ito-Nakajima [39] or to Ginzburg’s
notes ([21], 4.6 ; Thm 4.6.2) for a complete discussion.

Theorem 5.24. For a group G of ADFE type, the G-Hilbert scheme G—H 2 is smooth
irreducible so coincides with Hg(A?), and the equivariant Hilbert-Chow morphism
0 : G —Hy: — A%/G is the minimal desingularization. Moreover this is a crepant
desingularization.

Proof:

The G-Hilbert scheme is the fixed point subscheme for the natural action of G' on
H,,. Since H, (n = |G]) is smooth, it follows that G — Hy2 is smooth, but perhaps
not connected. It is not clear in this set-up to see if the fixed point set is connected
or not. The fact that this is indeed the case is more transparent in the quiver varietiy

language where more powerful results are available ([21], Thm 4.6.2). Then the
equivariant Hilbert-Chow map
(5.38) 0:G—Hy — A?/G

is birational, therefore yields a desingularisation of the normal surface A?/G. To
check this is a minimal desingularization, it suffices to check it is crepant, i.e. that
the canonical bundel of G — Hj2 is trivial. To see why this is sufficient, one has to

*Indeed  is self-dual.
~99_
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use the adjonction formula [31]. If B C S := G — Hy2 is a smooth rational curve,
this formula says that
(5.39) Kp = (Ks)p ® Ng/s

where Ng/g denote the normal bundle. There fore E? = deg(Ng/s) = deg Kg = —2.
Thus F cannot be an exceptional curve of the first kind, i.e. contracted to a smooth
point.

Thus the rest of the proof amounts to check that the canonical class of S = G—Hj>
is trivial. Luchily we already know that Hj,> has a symplectic structure. Therefore
it suffices that this structure induces also a symplectic structure on the fixed point
subset of G. The symplectic structure of Hy2 comes from the obvious 2-form on
A?%) viz. dx A dy. This form is G-invariant since G is a sugroup of SLy(k). As a
consequence the symplectic 2-form Y, dx; A dy; on A? is G-invariant, meaning that
G acts symplectically on A™. The conclusion will follows from the easy lemma:

Lemma 5.25. Let Z be a smooth variety equipped with a non degenerate 2-form w.
Let G be a finite group that acts on Z, such that for all g € G, we have g*(w) = w. Let
Y = Z% the loci of fived points (a smooth subvariety). Then wyy 18 non degenerate.

Proof:
This is a purely algebraic lemma. Namely let V' be a symplectic vector space, with
symplectic form w. Suppose G is a finite subgroup of the symplectic group of V. Then
the restriction of w to V¢ is non degenerate. Let Vz be the subspace of coinvariants,
i.e. span by the gv —v(g € G,v € V). Then V = V% @ Vj, is an orthogonal
direct sum. This is obvious. Therefore if v € V¢ is such that w(v, V¥) = 0, then
w(v,V) =0, and v = 0. The lemma is proved, and also the theorem. O
The very interesting problem is at this stage to identify the exceptional locus in
terms of G-clusters. As said before, this is a McKay type problem. Such a description,
case by case has been made by Ito-Nakamura [10]. Here is an example to made more
explicit the formal point of view used in our presentation.

Example 5.3. (The singularity A,)

In this example G = Z/nZ. Let ( be a primitive n-root of 1. The group G acts on
the affine plane according to the rule (x,y) — ((z,("'y). Then the ring of invariant
polynomials is k[z,y]¥ = k[z", y", vy] = k[u, v, w]/(uv — w"). The following general
lemma will help us.

Lemma 5.26. Let G be a finite subgroup of GL, (k). Then G acts in obvious way
on R =klxy, -+ ,x,] i.e. A". Let Z be any point of G — Hun with support the origin
(0,--+,0). Then Iz contains all invariant polynomials P € R®, with P(0) = 0.

Proof:

As G-module R/ is the regular representation. Therefore it contains only one copy
of the trivial representation, i.e. (R/17)¢ = k.1 the constants. If P € R® with
P(0) = 0, then its residue class P € R/Iz must be zero.

U
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The lemme shows that I must contain the ideal Rg C R generated by the invariant
polynomials without constant term. The quotient algebra R/R¢ is called the coin-
variant ring. It is a finitely dimensional algebra. In turn this show that the points
of the G-Hilbert scheme that lie over the origin, i.e. the exceptional fiber, form the
"local” G-Hilbert scheme of the coinvariant algebra.

We now apply this to our example. The coinvariant algebra reduces to

(5.40) klo,yl/ (2", y", xy) = (k[z,y]/(zy))/ (=", y")

This reduces our search of G-clusters with support the origin, to find the G-clusters
of the nodal algebra that contain z™ and y™. It is not difficult to check that any
point of the n-Hilbert scheme of the nodal algebra is good, and also is G-invariant.
This follows from the precise description of these ideals Proposition 2.23. Therefore
the exceptional fiber of the Hilbert-Chow map G — Hy> — A?/G is identical to the
n-Hilbert scheme of the nodal algebra. But we have shown that this scheme is exactly
a string of n — 1-smooth rational curves 2.1, therefore it yields the diagram A,,_;.

g

5.2.2. The geometric McKay correspondance. It is a very interesting problem to un-
derstand the geometry behind McKay’s observation. Many speculations about this
question are collected in the Bourbaki seminar by M. Reid [52]. To give some appetite
to a reader, we state and discuss two answers. To simplify the ideas we assume the
ground field is of characteristic zero, thus the reflexive modules are in one to one
correspondance with the representations of GG. The first answer is the following result
due to Gonzalez-Sprinberg and Verdier [25]. If F' is a rank n vector bundle on a
scheme, its determinant, or first Chern class is the line bundle ¢;(F) = A"F.

Theorem 5.27. Let G C SU, be an A-D-E group. Let 7 : X — X = SpecR be
the minimal resolution of the corresponding singularity. For any irreducible character
x € Irrep(G) there is an irreducible component E;y € {E1,--- , E.} characterized

by
@By ={ § Tl

0 otherwise
The map x +— i(x) from Irrep(G) to the set of irreducible components of the
exceptional fiber of w is a one to one, and induces an isomorphism between the McKay
graph and the dual graph of the exceptional fiber.

This result as already said survives for any rational double point and in any charac-
teristic [2], Theorem 1.11, [3]. Since in some cases i.e in characteristic 2,3,5 the quo-
tient singularity set-up collapses, the result involves indecomposable reflexive mod-
ules.

Theorem 5.28. Let R be a complete normal noetherian local ring such that X =
SpecR has a rational double point as singularity at the closed point. Let m: X — X
be the minimal resolution.
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(1) The first Chern class c;(M*) establisches a 1-1 correspondance between iso-
morphism classes of non free indecomposable reflexive R-modules and irre-
ducible components of the exceptional fiber.

(2) The previous map identifies the A-R quiver ([3]) with the A-D-E quiver asso-
ciated to the exceptional divisor.

One way to understand this result at least when X is a quotient singularity A?/G,
i.e char(k) = 0, is to use the fact that the G-Hilbert scheme is the minimal resolution
X. Then the universal G-cluster Z C (A?//G) x A%interpolates between X and AZ

(5.41) Z
N

A2/)G =X A2
We can use this correspondance to define a morphism at the derived category level
(5.42) Rq. op*: D(A?//G) — DC(A?)

here D(—) means the derived category of complexes of coherent sheaves with bounded
cohomology, a substitute of the K-theory, D%(—) stands for the same objet but with
G-sheaves instead of ordinary sheaves.

The main result of [J] states that this kind of Fourier-Mukai transform is an equiv-
alence of derived categories. From this we can rederive (5.27).

Exercise 5.5. Using the matrixz factorization (5.3/), perform the Grassmann blow-up of
the corresponding reflexive module, et check in the A, case the McKay correspondance.
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