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On the zeta function of a family of quintics

Philippe Goutet

IMJ, case 247, 4 place Jussieu, 75252 Paris Cedex 05, France

Abstract

In this article, we give a proof of the link between the zeta function of two families
of hypergeometric curves and the zeta function of a family of quintics that was
observed numerically by Candelas, de la Ossa, and Rodriguez Villegas. The method
we use is based on formulas of Koblitz and various Gauss sums identities; it does
not give any geometric information on the link.
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1 Introduction

Let IF, be a finite field of characteristic p # 5. In all this article, ¢ will be an
element of IF, and M, the hypersurface of Pﬁ«q defined by
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o542l — 5wy .. oa5 = 0.

It is non-singular if and only if ¢° # 1. We denote by | My (F,-)| the number
of points of M, over an extension F, of degree r of F,. The zeta function of
Mw is
+oo tr
ZMw/Fq(t) = exXp (Zl |M¢(qu)‘?> .

Candelas, de la Ossa, and Rodriguez Villegas have given in [2,3] an explicit
formula for | M (F,r)| in terms of Gauss sums. The formula takes the form

My (Fe)l =1+q" +¢" +¢”
- Nw(qr) - ]-quNa(qr) - 15qub(qr) + 24Nsing(qr)'
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When M, is non singular (that is, when ¢° # 1), the term Ngng(g") is zero
(see lemma 28 page 13 below). In this case, we have

. Py (t)Pa(qt)lopb(qt>l5
Zise) = T — (0= O = D) @

where P, is the formal series exp (Z,JF:C"{ Nw(qr)%), P, and P, being defined
in a similar way. It is possible to associate to M, a “mirror variety” W,
(obtained by quotient and then resolution of singularities, see [3, §10 p. 124]).
When 1 # 0, Candelas, de la Ossa, and Rodriguez Villegas [3, §14 p. 149]
show that

Py(t)
(1= 1)(1 = qt)""" (1 = ¢*1)'" (1 — ¢t)

ZWw/qu (t> =

As the Betti numbers of W, are (1,0,101,4,101,0,1), we know from the Weil
conjectures that P, is a polynomial of degree 4. When 1 = 0, the above for-
mula for Zyy, /r, (t) is still valid, but it is also possible to give a hypergeometric
interpretation of P,(t); more precisely, we will show (see remark 25 page 12)
that P,(t) is the numerator of the zeta function of the hypergeometric hyper-
surface

H(] . y5 = 1’1252.1’3(1 — 1 — X9 — l’g).

Concerning P, and P, define two affine curves by A, : y° = 2?(1—x)3(z —¢°)?
and By : y° = 2*(1 — 2)*(x — ¢*). We write the corresponding zeta functions
as

PA /Fq(t) PB /Fq (t)
ZAw/]Fq (t) = 7111)_ qt and ZBw/Fq(t) = 711&_ qt s

where Py p, and Pg, /r, are of degree 8 if ¢ # 0 and of degree 4 if ) = 0.
On the basis of numerical observations (made in the case ¢ = p for p < 101),
Candelas, de la Ossa, and Rodriguez Villegas conjecture that P, = Py, /r, and
Py = Pg,r, it  # 0 and that P, = ij/Fq and P, = Péw/Fq if » = 0.

In this article, we prove this conjecture by computing explicitly |Ay(F,)| and
|By(Fyr)| in terms of Gauss sums using formulas given by Koblitz in [6, §5]
and comparing them to those given for |[M,(F, )| by Candelas, de la Ossa,
and Rodriguez Villegas. More precisely, we show the following theorem (with
analogous formulas for By).

Theorem 1 If Ay is the affine curve y° = (1 — 2)*(x — ¢°)?,

|Ay(Fgr)| = ¢" — Na(q") ife#0 (2)
AE)] = ¢ — 5 Nald) o =0 3)
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There are a number of remarks that can be made about the two factors Py,
and Pg, .

Remark 2 If p € {1,2,4} is the order of q in (Z/5Z)*, then Pa,r,(t) =
P, s, (t°)/7 which implies that Pa,z,(t) is the p-th power of a polynomial.
The same is true for By.

Remark 3 Ifv # 0 and ¢ # 1, then Py, /r, and Ps, /v, are squares.

Remark 4 If¢p = 0, p # 1 mod 5 and ¢ = 1 mod 5, then Py, r,(t) =
Ps,r,(t) = (1 - q't)* where ¢ is the square root of q which is =1 mod 5.

By combining remark 2 and remark 4, one can easily prove the observations
of [3, §12 p. 132] when ¢ = 0 and p = 2 or p = 4. For a proof of remark 3, we
refer to [3, §11.1 p. 129-130]; the argument is that it is possible to transform
Ay and B, into hyperelliptic curves and then use the existence of a special
automorphism of these hyperelliptic curves to deduce that the Jacobian of
these two curves is isogenous to a square.

The article is organized as follows. In section 2, we recall all the formulas on
Gauss and Jacobi sums we will need. In section 3 we give the formulas for
| Ay (Fyr)|, |By(Fyr)| and prove remarks 2 and 4. In section 4 and section 5, we
prove Theorem 1 when ¢ = 0 and 1) # 0 respectively, and finally, in section 6,
we mention what happens when the quintic is singular.

The method we use does not give any information on a geometric link between
the two curves Ay, By and the quintic My, but can be generalized to give the
explicit factorization of the zeta function of % + --- 4+ 2] — nyzy ... 2, =0,
at least when n is a prime number. This will be the subject of a subsequent
article.

2 Gauss and Jacobi sums formulas

Definition 5 (Gauss sums) Let Q2 be an algebraically closed field of char-
acteristic zero. Let ¢ : F, — € be a non trivial additive character of F,. For
any character x : F;, — QF of F},, define the Gauss sum G(p,X) as being

Gle,x) = D elz)x(z).

z€Fy

If 1 is the trivial character of F}, we have G(p,1) = —1. Note that G(¢, x*)
only depends on ¢ mod g — 1.
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Proposition 6 (Reflection formula) If x is a non trivial character of F},

G, x)G(e. x™) = x(—1)q. (4)

PROOF. See [1, Theorem 1.1.4 (a) p. 10]. O

Proposition 7 (Hasse-Davenport formula) If x is a character of F,

— G(poTre, /r,, x © N, /5,) = (=G, X))"- (5)

PROOF. See [1, Theorem 11.5.2 p. 360]. O

Proposition 8 (Purity formula) Let d > 3 be an integer and ¢' a non
trivial additive character of Fy,. Suppose there exists an integer s such that
p®* = —1 mod d. If o is the smallest integer such that p° = —1 mod d and if
we let ¢ = p*™ (so that \/q = p°™ is an integer), then, for any multiplicative
character x of order d of F;,

(—=1)"=1\/g ifd is odd or if ZXL is even

- 6
-1 if d is even and ipr;’l is odd (6)

G(¢ o Trp, /v, X) = {

PROOF. See [1, Theorem 11.6.3 p. 364]. O

Proposition 9 (Multiplication formula) Let d > 1 be a divisor of ¢ — 1.
If x 1s a character of Fy,

[Taz1 Glp, xX') Ty G(o, X))
X'#1

PROOF. See [1, Theorem 11.3.5 p. 355]. O

Remark 10 The product [],.a_y G(@,X') is given by
xX'#1

q% if d is odd
{ (8)

(g—=1)(d—2) d-—2

(=1)"—s ¢z G(p,e) ifdis even

where € is the character of order 2 of F. This formula is a direct consequence
of the reflection formula (4) by grouping Gauss sums by pair. When Q = C,
it 1s possible to give an exact formula for G(p,e) (see [1, Theorem 11.5.)
p. 862]), but we will not have any use of it as we will only be concerned with
the case d = 5.
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Definition 11 (Jacobi sums) If x and x' are two characters of F, define
the corresponding Jacobi sum as being

o o x@xX' @)= > x(=)x(1-x).

z,x' €Fy z€Fy
zta'=1 x#0,2#1

Proposition 12 (Link with Gauss sums) If y and X' are two characters
of F3,
Glex)Glex)
o) = el N7 )
s = G(o.x) (o, )
L) o0 =1 andx £1

PROOF. For the first formula, see [1, Eq. (11.6.4) p. 365] (notice that there
is nothing to prove if x or x’ is trivial). For the second formula, use [I,
Eq. (11.6.3) p. 365] and then the reflection formula (4) to see that J(x, x™') =

Glo,x)G(px~ 1

Proposition 13 (Jacobi sum of inverses) If x is a non trivial character
of B such that x(—1) =1 and if n is an arbitrary character of F},

1Gex NGlexn)  po
= hd oAl gfnp=1
T =17 g bl =1 (10)
Glox” )Glexn)  ih orpise
Glem)
PROOF. If x and 7 are two characters of [y, we have
JOThoam = D x @) = D x T En )
z,y€ly m,yE]Fj;
:r:—i—y:l z4y=1
—1_/—1/__1J—1 -1
Yoo x (=2 )TN Y) = x (=0T,
z' Yy €Fy
' +y'=1
where we made the change of variables 2/ = —% et y = i Combining this

formula with formula (9), we get at once formula (10) because x is non trivial
and x(—1)=1. DO

Proposition 14 (Fourier inversion formula) If f : F; — Q is a map,

VAeTF,, f(A)= Z (Z f(u)n‘l(u)) n(A). (11)

nEF HeFg

PROOF. It is a direct consequence of the orthogonality relations for charac-
ters of the finite abelian group F;. O
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Remark 15 From now on, we will take for additive character ¢ a character
of the form ' o Trg, /p, where ¢ is a non trivial additive character of F,, so
purity formula (6) will be valid.

3 Number of points of the hypergeometric curves

In the introduction, we gave equations y°> = z%(1 — z)*(z — ¥°)? and 3° =
2*(1 — 2)*(x — ¢°) for A, and By respectively. When ¢ # 0, we transform
these equations into

Y’ = 2%(1 —2)*(1 - wix)Q and 7% = 2%(1 —2)*(1 — %a:),

which does not change the number of points and is more convenient for our
computations.

3.1 General remarks

To show Theorem 1, we only have to consider the case r = 1 as ¢ is arbitrary.
Moreover, the following lemma shows that we only need to consider the case
¢ =1 mod 5 to compute | Ay (F,)|.

Lemma 16 Let () be a polynomial with coefficients in F, and C the affine
curve y° = Q(x). If £ 1 mod 5, then |C(F,)| = q.

PROOF. Because ¢ Z 1 mod 5, the map y — ° is a bijection of F, onto
itself and so C has the same number of points than the curve y = Q(x) i.e. g
points. O

Remark 17 This lemma shows remark 2 of the introduction.
3.2 The case v =0

The curves Ay and B, are isomorphic so have the same number of points. It
is thus sufficient to give a formula for | A4y(F,)]|.

Theorem 18 If ¢ =1 mod 5 and if Ay is the affine curve y° = 2*(1 — )3,

AE] == X (~6te 076000,
A
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PROOF. We recall the proof of this classical result (see for example [5, §1,
p. 202-203] or [6, §5, p. 20]). It is a straightforward application of the method
Weil used in [8].

The equation of Ay is of the type y° = Q(z) where @ is a polynomial. The
number of points of the affine curve Ay is given by

[Ao(Fo)l = {(z,y) €Fy x Fy | y° = Q(x)}.

The fundamental remark is that, if z € F,

ek, v ===, o
yelyly 1+ 5o x(z) if2#0

x#1

Thus,

[Ao(Fo)l = {(2,y) € Fy x Fy | y° = Q(z) and Q(z) = 0}
+{(2,y) € Fy x Fy | y* = Q(2) and Q(x) # 0} ;

> ey 1+zx<@<x»),

z€F, z€F, x°=1
Q(z)=0 Q)70 X#1

and so

| Ao(F |—q+Z > x(@ (12)

b% —1 Z‘EF(I
AL Q(2)£0

Replacing Q(z) by z*(1 — )3, we obtain
AF)l =g+ > > X(@X’A-2)=qg+ > JX" )

x?=1 z€Fq x°=1
x#1 z#0,2#1 xsﬁl

We now use formula (9) to express the Jacobi sums in terms of Gauss sums

x"G (o, X xG(p, X°)
Ao ( =q+ q+ ;
o) = a Z (o, x7) Z (so,x)
xsﬁl X;«él
—q+Z )G (e, x%)?,
xsﬁl

by using the reflection formula (4) and the fact that x(—1) = 1 (because
x® = 1). To obtain the announced formula, we just make the change of variable

X'_>X2- O

Remark 19 Assume as before that ¢ = 1 mod 5 and replace F, by F, in
the formula for |Ay(F,)| we have just obtained. As the characters of order 5
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of Fy. are exactly the x o Trg . /5, where x is a character of order 5 of F,
the choice of additive character made in remark 15 and the Hasse-Davenport
formula (5) show that

1 T
AE) = — 3 <——G(s0,x)2G(90,X3)> |
X€F; 1
X°=1,x#1

and so, when ¢ =1 mod 5, the zeta function is given by

Moo (141G (e, )*Gle, )t

x#1

Z 50/, (1) = v

Remark 20 Let us deduce remark j of the introduction. Because p # 1
mod 5 and ¢ = 1 mod 5, we must have ¢ = p*™ if p = —1 mod 5 and

q = p"™ if p = 42 mod 5. The purity formula (6) then shows that the nu-
merator of the zeta function of Ag is

(1= (=1)"yat)' = (1 —qt)",

where ¢ = (—1)™,/q is the square oot of ¢ which is =1 mod 5.

3.8 The case ¥ # 0

When ¢ # 0, the equations of both A, and By are of the type Cy : y° =
7%(1 — 2)°(1 — A\z)°~® where \ = # is a fifth power.

Theorem 21 Ifg=1 mod 5 and if Cy is the affine curve y° = 2%(1—x)°(1—
A1)~ with \ € Fr and 1 <a,b < 4,

3 1—, G0, X" )G (@, X"n) W,

1
OF) =g+ > |— D ¢
Ga{Fo)l Sla—1 =Y GGl i)
ner

X#1 !

where v is the number of trivial characters in the pair (n, x***n).

PROOF. We follow the proof of Koblitz [6, Theorem 3 p. 18] and then derive
the above formula.
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Formula (12) is valid for Cy and gives

GE =a+ Y D X@xQ—z)x (1 = Ax);

x°=1 z€Fy
X;ﬁl x#0,x#1, x;él/)\

= q_'_ Z NC}\/F%X’

x°=1
x#1

where, if X is a non trivial character of order 5 of Fy,

Neyrox = 2o X“o)xX*(1—2)x7"(1 = Xa).

zel,
x£0,x#Lx#L/\

Following Koblitz [6, p. 19], we make a Fourier transform. We choose a char-
acter 1 of %, multiply Ne, /g, by 77'(A), and sum on all A # 0

ST Neymoan ') = > xXM)N"(1—2)x (1 = Ax)pH(N).
AeF* mGF,AEFZ
! m;éO,m;ZI,m;él/)\

We now make the change of variable t = A\x

Y Neyront ™ (A) = > X (@)x" (1= 2)x (1 = t)n~ ' (t)n(x).
AEF* w€F g teF,
= x;éO,:fyél,tiO,t;él

Grouping the terms with only x together and only ¢ together, we obtain two
Jacobi sums

ZNCA/Fq,xn‘l(A)Z( S () (@)X 1—:6)( Y X1 -t)y (t));

AEF: z€Fy telF,
x#0,z#1 t£0,t#1

= J(x“n, xX")J(x " n7h).

We now use the Fourier inversion formula (11)

Ney jpyx = — Z <Z Cu/Faxl (M)) n(\);

neF nely

= %1 o T X" I ().

q nef

Because x° = 1, we have x(—1) = 1 and so we can use formulas (9) and (10)
to express these Jacobi sums in terms of Gauss sums and obtain

1 Glex"n)Gle, xX") Gle x'm)Gle, x ")
¢- G, x**'n) G(p.n)

J(Ox* 0, X" I (Pt =
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Finally, using the reflection formula (4),

1 _,Gle, x"n)G(p, x"n)
N, R 1=v A), 13
Cx/Fq,x 1 Z G(%U)G(%Xﬁbn) ( ) ( )

neky

which gives the announced formula. O

We now rewrite the formula for |C\(F,)| of the previous theorem in a form
better suited for our use of it in §5.

Corollary 22 Suppose that ¢ =1 mod 5 and let Cy be the affine curve y° =
(1 —2)’(1 = Ax)>~" with X € F; a fifth power and 1 < a,b < 4. If x is a
non trivial character of order 5 of ¥y, we can write

‘CA(Fq)‘ =4q + 2NCA/Fq7X + QNCA/FWXQ’

where Ne, /g, 15 given by (13).

PROOF. It is a simple consequence of Theorem 21 and of the formula
Ne, jr, = Ney jp,-1- To prove this last formula, write

1 G, X )G (e, X' "n)
Ney gt = —— S ¢ A,
OrFarx q—1 2 G(p,n)G (e, X'~ (@) 7(3)

nEIFj;

and make the change of variable n = x/*™n/. It transforms Ne, Ry~ Nt
Ne, jr, . because A is a fifth power and because the number of trivial characters

—(a+b)

in the pair (7, x’ 1) in the same than in the pair (7, x'*"n). O

4 Number of points of the quintic in the diagonal case

The aim of this section is to prove formula (3) of Theorem 1 of the introduction.
As in the previous section, we restrict ourselves to the case r = 1 as ¢ is
arbitrary. We begin with the case ¢ 21 mod 5.

Lemma 23 If ¢ #1 mod 5, the number of points of Mg : 23 +---+ 22 =0
in P, is given by
Mo(F)| =1+q+¢ +¢.

PROOF. When ¢ # 1 mod 5, the map x — 2 is a bijection of F, onto itself,
so My has the same number of points as the hyperplane 1 +---+z5 =0. O

10
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Comparing with Lemma 16, this proves formula (3) of Theorem 1 of the in-
troduction when ¢ Z1 mod 5. We now proceed to the case ¢ =1 mod 5.

Theorem 24 [fg=1 mod 5, we can write
[Mo(Fo)| =1+ q+¢* + ¢ — Nu(q) — 25¢Na(q),

where

Ny(q)= ) <—%G(%x)5>;

x°=1
x#1

22 ( G(%X))-

xsﬁl

PROOF. This is a direct consequence of Weil’s formula [8, Eq. (3) p. 500].
More precisely, if we chose a non trivial character x of order 5 of [y, we have

1
MoF) = 1tqtd+d— 3 <—5G(so,xsl)---G(<p,xs5)>-

1<s1,...,85<4
s1+++s5=0 mod 5

Up to permutation, there are only twelve 5-uples (si,...,s5) that index this
sum. Explicitly

(S1y...,55) # PERMUTATIONS
(1,1,1,1,1),(2,2,2,2,2),(3,3,3,3,3), (4,4,4,4,4) 1
(1,1,3,1,4),(2,2,1,2,3),(3,3,4,2,3), (4,4,2,1,4) 20
(1,1,3,2,3),(2,2,1,1,4),(3,3,4,1,4), (4,4,2,2,3) 30

We are thus able to enumerate all the products of Gauss sums appearing in the
previous formula for |[Mg(F,)|. Using the reflection formula (4) and grouping
together the terms, we get the following table.

(81,-..,85) <G, x*) ... G(p,x*) MULTIPLICITY

(4,3, 3,3, 9) Gl X)° 1
(1,1,3,1,4) and (1,1,3,2,3) G, X)?G (o, X?) 20 + 30 = 50
(2,2,1,2,3) and (2,2,1,1,4) G(p, X*)*G(p, x) 20 + 30 = 50
(3,3,4,2,3) and (3,3,4,1,4) G(p, X*)*G(p, XY 20+ 30 =50
(4,4,2,1,4) and (4,4,2,2,3)  G(p, v))?2G(p, ) 20+ 30 = 50
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This gives the formula we want, namely

4 1 )
Mo(F)l =1+ a4 ¢ +d —3 <—5G(so,xj)5>

j=1

—502( N2G(p, x* )) O

By comparing with Theorem 18, we immediately obtain formula (3) of Theo-
rem 1 of the introduction when ¢ =1 mod 5.

Remark 25 When ¢ = 0, the factor N, (q) comes from the hypergeometric
hypersurface

HO . y5 = Ill’gxg(l — 1 — T — LU3).

More precisely, using the techniques from sections 3.1 and 3.2, it is straight-
forward to show that

|Ho(F,)| = ¢° — Nu(q).

This is in accordance with [4, Proposition 3.2].

5 Number of points of the quintic in the generic case

We now consider the case 1 # 0 and proceed to show formula (2) of Theorem 1
of the introduction. Let us first recall the result shown by Candelas, de la Ossa,
and Rodriguez Villegas. Just like in the two previous sections, we restrict
ourselves to the case r =1 as ¢ is arbitrary.

Theorem 26 (Candelas, de la Ossa, Rodriguez Villegas) Ify # 0, then
My (Fg)| =1+ q+¢* +¢° — Ny(g) — 10gNa(q) — 15¢No(q) + 24 Naing(q),
where No(q), Nio(q) and Ngng(q) vanish if ¢ #1 mod 5. Moreover,
(Wy(Fg)l =1+ q+¢°+¢° — Ny(q) + 100(q + ¢°),

where Wy, is the “mirror” of My,. We also have the following formulas for
No(q), No(q) and Nging(q) when ¢ =1 mod 5

—Na(Q) = —N (0,0,0,1,4) X(CI) 0,0,0,2,3) (Q)§
—Nb(Q) = —N (0,0,1,1,3) X(CI) 0,0,1,2,2)X(Q);
Nsing(Q) N(0,1,2,3,4 X(Q),

12
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where x 1is a fived character of order 5 of F and

G(e,n°)
o_1 G, x®in)

1 L
N(81,82783,84,S5)7X(q) = qj Z q5 ° 77((511”5)7

YIS

with 6 € {0,1} zero if and only if one of the product x*n is trivial and with z
the number of trivial characters among the x®in.

PROOF. As the computation is quite lengthly, we do not reproduce it here
and refer to [2, §9] and [3, §14 p. 144-150]. The formulas we gave above differ
from those given by Candelas, de la Ossa, and Rodriguez Villegas by a factor
q%l because they compute the number of points in the affine space instead of
the projective space. Note also that, although they only showed the formu-
las for a specific choice of multiplicative and additive p-adic characters, it is
straightforward to extend their method to arbitrary characters with values in
any algebraic closed field of characteristic zero (we only need to replace the
relations on the Dwork character by the orthogonality formulas). O

The first thing we do is modify the formulas of Candelas, de la Ossa, and
Rodriguez Villegas thanks to the product formula (7).

Lemma 27 With the notations of Theorem 26,

I15-, G, xn)
o_1 G, x%m)

1 e

N(sl,52,53,54,55),x(f_1) = 1 Z q3 ’
q— =
nEFq

(k). (14)

PROOF. In the formula for Ny, s, ss.51.55). (¢) of Theorem 26, we write n( i)

(5)°
n(é)sn(#) and replace 1(5)° by qzﬁ;% as per formulas (7) and (8). O

The first consequence of this new formula is that Ngne(¢) is non zero only
when 1)° = 1 i.e. only when the quintic is singular. In the case ¢ = p, this was
shown by Candelas, de la Ossa, and Rodriguez Villegas in [2, §9.3] by using
the multiplication formula for the p-adic Gamma function. We have merely
replaced this formula by the multiplication formula (7) for Gauss sums. It
both simplifies the proof and allow to treat at the same time the case q # p.

Lemma 28 When g =1 mod 5,

0 ify>#1
N, =
0,1,234),x(q) {q2 ife =1

13
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and so the term 24 Ngne(q) does not contm’bute to the zeta function Zy,r,(t)

when ° # 1 and gives rise to a factor i th o+ when ° = 1.

PROOF. When (s1,...,s5) = (0,1,2,3,4), we have z + ¢ = 1 for all values
of n in formula (14) and the two products simplify completely. Thus,

No,12,3.4).x

nEF*
We now use the fact that when % # 1, X(%) is a ‘15;1—th root of unity # 1

and so
FRus 0 if ° #£ 1

neky ¢—1
We now proceed to give the link between N,(¢) and |Ay(F,)| and between
Ny(q) and |By(F,)|.
Lemma 29 Suppose ¢ =1 mod 5. With the notations of Corollary 22,
N(0,0,0,1,4),X(Q) = qNA¢/Fq,X and  N0,0,0.23)x (q) = qNAw/JmeZ,
and so the term —10gN,(q) gives rise to a factor Pa,r, (qt)'" in the zeta

function Zq, /v, ().

PROOF. Let us for example do the computations for Ng0,0,1,4),(¢). Using
formula (14), we have, doing obvious simplifications,

1 G, X*n)G(p, x*n)
N — 3—z—0 L{ .
(070707174)7X(q) q Z G(SO’ 77) (wo )

nEF*

If, as in Theorem 21, v is the number of trivial characters in the pair (1,7)
(here, a =2 and b =3, s0 a + b = 5), we easily see that 2+ J =1+ v and so
3 — 2z —0 =2 —v. Thus, using formula (13) for Ay,

Glo, X*n)G(e, x*n)
N,0,0,1,4 = — N(z5) = ¢Na,/r X
( )X q— TEF:* G(p,n)? ¥ v/Fa,x

The proof for Ng0,0,2,3),(¢) is similar. O
Lemma 30 Suppose ¢ =1 mod 5. With the notations of Corollary 22,

N(0,0,1,1,3),X(Q) = qNBw/Fq,X and N0,0,1,2,2) (Q) = qNBw/Fq,X27
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and so the term —15qNy(q) gives rise to a factor Pg,r,(qt)"® in the zeta
function Zpq, /v, (t).

PROOF. The proof is the same than for the previous lemma. O

Lemma 29 gives formula (2) of Theorem 1 of the introduction. Lemma 30 gives
the analogous formula for By,. We have thus proved Theorem 1 in all cases.

6 Remarks on the singular case

When 1° = 1 and ¢ = 1 mod 5, the only thing that changes by comparison
with the non singular case is that 24 Ngne(q) = 24¢* and so the term 24 Nging(q)
gives rise to a factor W in Zum, /r,(t). Moreover, in that case, N,(¢q) and
Ny(q) have very simple expressions as the equations of A, and B, become
y® = 22(1 — z)® and so, by using the same methods as in §3.1 and §3.2 for the
case ¢ = 0,

—4 ifg=1 mod5H

otherwise

A (F,)| = |By(F,)| = {Z

The zeta function of Ay, and By, over [F is thus (1:24 when ¢ =1 mod 5. This

result was also shown in [3, §11.3 p. 131-132] by using a change of variable.

For the sake of completeness, let us mention that when ¢®> = 1, the factor P,
has a modular origin. More precisely, using results of Schoen [7, p. 109-110],
Candelas, de la Ossa, and Rodriguez Villegas [3, §12 p. 133-134] showed that,
when ¢® =1 and ¢ = p,

Py(t) = (1= (Q)pt)(1 — ayt + p’t?),

where (5) is the quadratic character of Fy (Legendre symbol) and a,, the p-
th Fourier coefficient of a weight 4 and level 25 modular form that can be
computed explicitly thanks to the Dedekind # function (see [3, §12 p. 134])

£(@) = (@) (n(@)" + 5n(a)*n(a®) + 20m()*n(a™)? + 25n(a)n(a)’ + 25m(a™)")
=q+ @ +7¢ —T¢" +7¢° +6¢" — 15¢° + 22¢° — 43¢™ — 49¢"* — 28¢"*
+ 6¢M + 41¢"% + 91¢™ 4 22¢" — 35¢" + 42¢*F — 43¢** + 162¢* — 105¢**
— 28¢% — 35¢%" — 42¢™ + 160¢*° + 42¢°' + 161¢** — 301¢* + 91¢**
— 154¢%0 — 314" — 35¢® — 196¢% — 203¢"" + 42¢** + 92¢™ + 301¢™
+ 162¢° + 196¢*" + 287¢* — 307¢" + 637¢°! + 196¢°% + 82¢°° + . ..
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