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Abstract

We study the homogenization problem of semilinear refleptatial We prove an
existence and uniqueness result for generalized backveardlyl stochastic differen-
tial equations driven by Lévy processes with non-Lipscagzumptions.
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1 Introduction

Nonlinear backward stochastic differential equations ES in short) have been intro-
duced by Pardoux and Peng [10]. The original motivation Far $tudy of this kind of
equations was to provide probabilistic interpretation $otutions of both parabolic and
elliptic semi linear partial differential equations (sear@ux and Peng [11], Peng [14]).
Thanks to its link with the finance [3], the stochastic cohtmod stochastic game theory
(see [6] and references therein), the theory of BSDESs quickdks a real enthusiasm since
1990.

Moreover, in order to give a probabilistic representationd class of quasilinear stochas-
tic partial differential equations (SPDEs in short), Pard@nd Peng [12] considered a
new kind of BSDEs, called backward doubly stochastic déifial equations (BDSDEs in
short). There exist two different direction of stochastitegral driven respectively by two
independent Brownian motion. The first integral is the vkelbw backward 1t6 integral
and the second, the forward one. Following it, Bally and Matd [1] gave the probabilis-
tic representation of the weak solutions to parabolic segar SPDESs in Sobolev spaces by
means of BDSDEs. Furthermore, Boufoussi et al. [2] recontledra class of generalized
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BDSDEs (GBDSDEs in short) which involved an other integriahwespect to an adapted
continuous increasing process and gave the probabilisicesentation for stochastic vis-
cosity solutions of semi-linear SPDEs with a Neumann boondandition.

Recently, Ren et al. [5] showed the existence and uniquesfesslutions to GBDSDEs
driven by Teugels martingales associated with Lévy proessksgave probabilistic inter-
pretation for solutions to a class of stochastic partidedéntial integral equations (SPDIEs
in short) with a nonlinear Neumann boundary condition. Ehessults are obtained with
strong conditions on the coefficients, those are Lipschitaditions and monotony ones.
Recently, N'zi and Owo [9] proved an existence and uniquemesult of solutions for
BDSDEs with non-Lipschitz conditions.

Inspired by this work, the aim of this paper is to extend thelgtof GBDSDES driven
by Lévy processes introduced by in Ren et al. [5]. We provexistance and uniqueness
result in the non-Lipschitz case.

The rest of the paper is organized as follows. In section 2imveduce some prelim-
inaries and notations. Section 3 is devoted to the proof®kttistence and uniqueness of
the solutions to GBDSDES driven by Lévy processes with nqmsthitz coefficients.

2 Preliminaries and notations

Let (Q, 7 ,IP) be a complete probability space on which are defined all thegsses con-
sidered and’ be a fixed final time.

Let {B;;0 <t < T} be a standard Brownian motion, with valuesRrand{L;;0 <t < T}
be aR-valued Lévy process independent{d;;0 <t < T} corresponding to a standard
Lévy measure such thatf (1A y)v(dy) < co.

Let o' denote the class @¥-null sets off . For eaclt € [0,T], we define

A
F = HV AT,

where for any procesg} ; Fst = 0{Nr —NgS<T <t}Val, 71 = Foh.

Note that{#",t € [0,T]} is an increasing filtration an¢i# 3.t € [0,T]} is a decreasing
filtration, and the collectio 7;,t € [0, T]} is neither increasing nor decreasing so that it
does not constitute a filtration.

Let /2 denote the set of real valued sequences(x());-1 such that|x||? = Z,'X(i) ? < co.
i_

We will denote byar 2(0,T,¢?) the set of (class oflP® dt a.e. equal)ﬁz—vgllued process
which satisfy

0) 10122y = E (J 10cdlt) < oo
(i) ¢ is 7i-measurable, for a.¢.€ [0,T].

Similarly, $2(0, T) stands for the set of real valued random processes whidfysati
O 1012~ sup ) <=
o<t<T

(i) ¢ is Fi-measurable, for anye [0,T].
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In the sequel, lefA;;0 <t < T} be a continuous and increasing real valued process such
thatA; is #i-measurable, for anye [0, T] andAg = 0.
Let22(0, T) denote the set of (class 0P® dA a.e. equal) real valued measurable random

T
processe$d;;0 <t < T} such thai® (/ ]q)t\sz) < 0.
0

We will denote byz (0,T) = (52(0,T)N2a%(0,T)) x o %(0,T,¢?) the set ofR x ¢?-valued
processesY, Z) defined orQ x [0, T] which satisfy condition (ii) as above and such that

T T
022 = sup W2+ [ M [ zs1%s) <
o<t<T 0 0
£ (0,T) endowed with the nornj. ||, is a Banach space.
Let denote by(H 1)~ the Teugels Martingale associated with the Lévy prodes0 <

t <T}. More precisely

HY = e+ oY e,

whereTt(i) — (Lt( )= Lt —tE( ()) foralli>1 anst() are power jump processes
so thatL(Y = Lt andl{! = ¥ (ALy) fori > 2, withL;- =limLsandALs=Ls— L
O<s<t s

Nualart and Schoutens have proved in [8] that the coeffisignt correspond to the or-
thonormalization of the polynomials, Xx, x2,-- - with respect to the measuggdx) =
X2V (dX) + 0230 (dXx) : _ _

a(¥)=ciX 14ci X 2+ 4
The martingaléH (i))izl can be chosen to be pairwise strongly orthonormal martngal
That s for alli, j, (HV,HU)), = &;t.
Remark2.1 If ponly has mass at 1, we are in the Poisson biaséth parameteh > 0; here
HY = MM andH(® =0, i =2, 3,---. This case is degenerate in this Lévy framework.

Definition 2.2. A pair (Y,Z) : Q x [0, T] — R x ¢2 of processes is called solution
of GBDSDEE, f,g,h,A) driven by Lévy processes (,Z) € £(0,T) such that

T T T PR
v = E.‘i‘/t f(S,st,Zs)dS—l-/t h(S,st)dAs—i—/t g(s,Ys,Zs)dBs
o [T 0yl
—Z/ Z0dHd, teo,T]. 2.1)
=7/t

Here the integral with respect {th} is the classical backward It6 integral (see Kunita [7])

and the integral with respect l{cﬁHt ).>1} is a standard forward It6-type semi martingale
integral (see Gong [4]).

First, let us recall the extension of the well-known It6 fafanon which depend strongly
our results. Its proof follows the same program as Lemmar[8]ior Lemma 1.3 in [12].

Lemma 2.3. Leta,B andyin s2(0,T),n € 22(0,T) and{ € a ?(0, T, #?) such that
T T T ©0 T () (i)
at:ao+/t [35ds+/t nsdAer/t vsst—Z/t {s'dHs’, te[0,T].
=

3
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Then

T T T
a2 = [EP+2 / OBedst 2 / AensdAs+ 2 / eysdBs

00

e [T Ziqu® . [T T isiqng® )
_zz/ astidHd + [ fy?ds— 5 [ CeldiHd .
&t t ; t

i,]=1

T t i i t i . i .
Note that(/ asysst> , (/ ot dH >> foralli > 1and (/ 70 dH >,Hé”]>
t o<t<T \/0 0<t<T 0 0<t<T
for i # j are uniformly integrable martingale angH™ H)), = &;;t, we have

T T T
Blo? — Blaof+28 | afdst 28 [ ansdA+E [ [yds

) </tT iiyzg”ﬁds)  te[o,T].

Next, let us recall the existence and uniqueness result dBSEHE(E, f,g,h,A) in the
Lipschitz and monotony context. This work is due to Ren ef#l. They use the following
assumptions:

(A1) The terminal valu€ c L?(Q, 7r,P,R) such that for alh > 0

E(EMT[E?) < w.

(A2) The coefficientsf,g: Q x [0, T] x R x 2 — R andh: Q x [0,T] x R — R satisfy,
for someP; € R, K >0, 0< a < 1 andB; < 0, threey;-adapted processés;, o, h :
0 <t < T} with values in[1, o[ and for all(t,y,z) € [0, T] x R x £2,A >0
() f(.,¥,2),9(.,y,2) andh(.,y) are progressively measurable,
1T(t,y.2)| < fi+ K(ly|+[|2])
(i) ¢ l9ty.2)| <o +K(yl+ 1zl
Ih(t,y)| < h+Kly|

T T T

(i E(/O A ftzdt+/0 eMgfdtJr/O AR2dA) <

(IV) <y_y/7 f(t,y,Z) - f(t7y/7z)> < Bl ‘ y_y ’2

(VI) ’ f(t,y,Z) - f(t,y,Z’) ‘ZS KHZ_Z’HZ

(V”) (y_y,ah(tay) - h(tay,)> S BZ | y_y, |2

(V”) ’ g(t,y,Z) - g(t,y’,Z’) ‘ZS K ’y_y/ ’2 +GHZ_ZIHZ
(viii)y y— (f(t,y,2),9(t,y,2),h(t,y)) is continuous for alk, (w,1).

(A3) | f(t,y,Z) - f(t,y,,Z) |2 + | h(tay) - h(tay,) |2§ K | y_y, |2'

Lemma 2.4(Ren et al. [5]) Under the assumption®\1), (A2) and(A3),
the GBDSDEE, f,g,h,A) has a unique solution
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3 Existence and uniqueness result in non-Lipschtz case

In order to attain the solution of GBDSDE, f,g,h,A), we stand the following assump-
tions. The coefficient$,g: Q x [0, T| x Rx /2 =R, h:Q x [0, T] xR — R and the terminal
valueg satisfy:

(H1) f(.,y,2),9(.,y,2z) andh(.,y) are progressively measurable such that
T 5 T 5 T 2
O<E</ 1£(5,0,0)| ds+/ Ih(s,0)| dAs+/ 19(s,0,0)| ds) <,
0 0 0

(H2) For someK > 0 and threer;-adapted processés;, g, h : 0 <t < T} with values in
[1,00[ and for all(t,y,2) € [0, T] x R x £, A >0

11t y,2)] < e+ K(|y[+1|2]])

9(t,y, )| < g +K(lyl+2])

Ih(t,y)| <h+Klyl

T T T
IE(/O eM‘ftde—/o eM‘gtde—/o eN*hfdA> < o0

(H3) For some < 0 and for ally;, y» € R andt € [0, T],

(y1—y2,h(t,y1) —h(t,y2)) <B|y1—¥2 |°

(H4) Forall (y1,z1), (Y2,22) € R x £2 andt € [0,T],

‘h(tvyl) - h(t7y2)’ S K W1—Y2 ‘
| f(t,yn,z1) — f(t,y2,2) [P<p(t, | Y1 — Y2 |?) +Cllzs — 22|

| g(ty1,z1) — 9(t, Y2, 2) [P< p(t, | Y1 — Y2 [*) + oz — 2||?
whereC > 0 and 0< a < 1 are two constants ark: [0, T] x RT™ — R™ satisfies:

)

(i) for fixedt € [0, T], p(t,.) is a concave and non-decreasing function such that

p(t,0) =0.
(ii) for fixed u, fy p(t,u)dt < +oo.
(i) for any M > 0, the following ODE

u = —Mp(t,u)
{ur = "%

has a unique solution(t) =0, t € [0, T].

(H5) &< L?(Q, 7r,P,R) such that for alh >0

E(e|E?) < oo.
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Under above assumptions, we now construct an approximgteesee using a Picard-type
iteration with the help of Lemma 2.4. L¥f = 0 and(Y",Z"), .., be a sequence in?(0, T)
defined recursively by

«—

T T T
A / f(s, Y21, ZMds+ / h(s,Y2")dAs+ / g(sYe +,Z)d
t t t

S /TZ”(i>dH(i) (3.1)
- S S - .
iZl t
Indeed, for each > 1 and fixedv"1in s2(0,T), BDSDE (3.1) satisfies assumptiof#sl),
(A2) and (A3). So, by Lemma 2.4, the BDSDE (3.1) has a unique solufdhZz")
£2(0,T).
Our purpose is to prove that the seque(¢g Z") ., converges inc2(0,T) to the unique
solution of BDSDEs (2.1). We begin with some preliminaryutes

Lemma 3.1. Let (H1), (H3) and (H4) be satisfied. Thenforad <t <T,nm> 1, we
have

1— T
E‘th_m—Ytn‘Zﬁe% (%_’_1)/ p(S,E‘YSrH_m_l—YSn_l‘Z)dS
t
Proof. In view of Itd’s formula, we have
2 T 2
I AREA +IE/ |z2*™ — zD||*ds
— 21[-3/ (YO YD f(s Y™ Lz ™) — f(s Y91, ZD)) ds
4R / (YYD h(s Y™ — h(s YY) ) dAs
- _ 2
+E /t 9(s Y& ™, 28 —g(s, Y9, 20)|"ds
In view of (H3), and Young's inequality & < 1a®+ 6b?, for any6 > 0, we have
E[ym vo2 g [ 20 20 2ds s 28E [ vy
|t t‘+ tHs | S+H3’t‘5 s|As
1.7 2 T 1 142
< oE /t YYD Pdst 8+ 1)E /t o(s, Y ™ML _yn-11%)ds
T
+(GC+0()E/ |z — 70| 2ds
t

Choosingd = ==% > 0, it follows from Gronwall’s inequality and Jensen’s inedjty that

l1-a T
E{%”*m—\q”{zge% <—c +1>/t p(s,E|Ys”+m’l—Ys”’l|2)ds
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Lemma 3.2. Let (H1), (H3) and (H4) be satisfied. Then, there existsd [0, T and a
constant M > 0 such that for all te [T;, T], each n> 1, E|Y"|? < M;.

Proof. In view of Itd’s formula, we have
5 T
ENP+E [ 202
t
T T
= E|E|2+2E/ (YR f(s Y1, zD)) ds+ 21[-3/ (Y2 h(s,YM) dA
t t
T 1 2
HE/t lg(s Y 4, 20)|"ds
By virtue of (H3), (H4) and Young's inequality @& < #a?+ 8b?, for any8 > 0, we have
1
200 (s 2D) < SMP+8|f(s Y1z’

1 12
< 5 I¥e17+28p(s [Ye'H)+26C) Z2|2+26 £ (5,0,0)*,

2(Y\h(sYs") < ZBIY”|2+2<YS”,h(S 0))
—IBIIY”|+ Ih(s,0)|?,

IN

B

_ 2 1
(s Y ZD)| < (1+0)p(s [ H[) + (1+ )22+ (1+ 5) lo(s.0.0) .
Therefore,
2 T T 2
E NP +(1-26C— (1+0)alE [ 20 %ds+ BIE | WP dA
2,1 T n2 T n—-12
< Ef +§E/t Y| ds+(36+1)/t p(sE[Y | )ds

T 2 1 2 1 T 2
+E/t 26]1(5.0,0)/7+ (1+5) lg(s.0,0) ]ds+@E/t Ih(s,0)[2dAs.

We choosé) =

2C+cx > 0, then

2C T
ENCF < Bt R [ Pas (335 +1) [CosEhefos

- 2, 14+2C 2
v [ |G 0.0+ (55 la(s.0.0)2) as
1T )
+@E/t Ih(s,0)|%dAs,

Now, in view of Gronwall’'s inequality, we derive

1 acrar (T
ENPP < Ml+<32C+ +l> = /tp(s,E|Ys”‘1\2)ds (3.2)

7
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where

2C+a)T Tr2(1- 2C
= (e | S 600+ 5 las 0.0 ds

e [ s 0PdA),

Let

1—a et (1—a cT
M= X< (3 l)e 1« — +1)el« 0. 3.3
max| (g +1) €55 (57 +1)ef | - @3

and

o T _
M1:2|,l(1):2e(2(ia)T <E]E]2+E/ {M\f(s,o,O)\z

14+2C

1 )Ig(SOO)I]dSJr IE/ |hSO|dAS>>O.

T
By virtue of (H4), / p(s,M1)ds< +o0, so we can find; such that
0

T
p(s,M1)ds<
T

2|5

Now, we complete the proof as in N’zi and Owo [9].
]

With the help of the above Lemmas, we can now prove existendaiaiqueness which is
our main result.

Theorem 3.3. Let (H1)-(H5) be satisfied. Then the equati@a 1) has an unique solution
(Y,Z) € £2(0,T).

Proof. Existence. For alh > 1, andt € [0, T], we let

@o(t IVI/ p(s,M1)ds and @na(t) M/ P(s, ¢n(s))ds

N’zi and Owo proved in [9] thaf@s(t))n>0 is Nnon-increasing and converges uniformly to 0
forallt € [Ty, T].
In view of Lemmas 3.1 and 3.2, we conclude as in [9] that fot all[T;, T],n, m>1,

E Y™™ =Y < @na(t) < My (3.4)

8
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Using It6’s formula, we deduce from assumpti¢hi8), (H4) and Young'’s inequality & <
a2+ 6b?, 6> 0, that for allt € [Ty, T]

2 T T 2
Y- (BC+a) [ |28 -2 Pds+2lp) [ vt ve P,

IN

1 /7 n+m n|2 T n+m-1 n—12
6/ NARLIRV ds+(e+1)/t p(s [y ™1y %)ds
22 [ (NN Qs Y28 — g(s Y 20)) B,

. . © T . . S
—22/t (Yem g, z8" ™ - 280 ) - z/t Zizid[Hi, H]).
i,j=1 i,]=1

T 1 1 —
Note that</ <st+m_st7(g(37st+m— ,Z0M) _g(s, Y 7ZQ))st>> ,
t o<t<T

T n+m(i n(i i T . )
(/ <Ys”+m—\(s”,zs+ ()—zs<>>st<>> forallizland(/ z'szgd[Hg,HsJD
t o<t<T t 0<t<T

fori # j are uniformly integrable martingale.
Therefore, taking expectation and Jensen inequality, ieorom inequality (3.4),

T T
BN Y+ (1-8C - [ 204720 ds+2BfE [ V- Yo P,

1 T n+m n|2 T n+m—1 n—12
6E/t NARLIRV ds+(e+1)/t p(s E[Y ™1 _y0-1%)ds

IN

IN

1/ 0+1
6/t (Pn_l(S)dS-i- T(Pn_l(t).
Thus, choosin® = 2c I we get

1-a_ (T T
sup (BN )+ =50E [ (20" 20 Pds+ 2BE [ v A,
T <t<T 2 Jn Tt

T-T 0+1

< ( A +T)%—1(T1)-

Now, in view of this inequality, we deduce by Burkhélder-a@undy’s inequality that

( sup [ —Y"| >+E/ |Z&m— Z”Hst+E/ Ygrem — Y”\ dAs < K@ 1(Ty),

T <t<T

whereK is positive constant depending 60Ty, T, a, |B| andM.
Sinceg,(t) — O, forallt € [T;,T], asn — oo, it follows that(Y",Z") is a Cauchy sequence
in £2(Ty, T). Now, set
Y= IlimY", Z= lim Z".
N—--00 N—--00
Then, ase?(Ty, T) is a Banach spacé€Y,Z) € £2(Ty, T).
Passing to the limitin (3.1), we prove thet, Z) satisfies the BDSDE (2.1) dify, T].

9
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If T, =0, then we have proved the existence resulfT; If£ 0, we consider the following
equation

«—

T T T
Yo = Yo+ /t f(sYs ,Zo)ds+ /t h(sYs )dAs+ /t (s Ys ,Z5)d

< My
—Z/ Z0dHY t e [0,Tu). (3.5)
=/t

We construct the Picard approximate sequence of equatib)) &% in (3.1). Using the same
procedure as in the proof of Lemmas 3.1 and Lemma 3.2, fara(lT;, T], n, m> 1, we
establish that

1-a !
E‘th_m—Ytn‘Z < e% <?_’_1>‘/t p(S,E‘YSrH_m_l—YSn_l‘Z)dS,

and
n2 2 E n—1|2
ENP < WM [ psEN s
where
5 (2C+a)T / c() 5
— 5 (EM P+ E f
£ = T (Bnter | | GE IHs00)
1+2C
(T >\g(SOO)]}dS+‘B’E/ Ih(s,0)| dAs>
Let

o T 21_
Mp—22 = 2658 <E|YT1|2+E / [Mww,oﬁ

+(11+ )\g(sOO)]]ds+|B|E/ Ih(s,0)| dAs>

We can also find> € [0, T1[ such that

EN'? < My, n>1te [T, T

T 2
HereT, =0 orT, €]0, T;[ such that/ p(s,Mz)ds= % As above, we prove the existence
T

2
of the solution to BDSDE (3.5) ofT,, T1]. If T, = 0, the proof of the existence is complete.
Overwise, we repeat the above procedures. Thus, we obtamuesce| Ty, W, My, p>

10
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1} defined by
OSTp<Tp 1< .. <T1<To:T

a 1-a
W=e T [E\YTN\ +E/< )\f(s,O,O)\Z

2C+a
2C
+<1+—> 9(s.0,0)| )ds+‘B’E/ I(s,0)| dAs]
(2C+o)T 2 ) 5
Mp =208 = 2655 |E|¥r, | +E/O 2 1#(s0,0)

142C )
+<l )yg 5,0,0)| >ds+|B|IE/ Ih(s,0)| dAs]

To P
and i 1p( Mp)ds= Ho,
T M’

Therefore, by iteration, we deduce the existence of a ssiut BDSDE (2.1) oriT,, T].
Finally, setting

A=2e"Ta [E/OT (22((1;12)\ 5,0,0)| +<1+2C> l9(s,0,0)| )ds+ ’B‘E/ Ih(s,0)| dAs}

and using the same argument as in [9], we prove the existéradirite p > 1 such that
To = 0. Thus, we obtain the existence of the solution@f |.

Uniqueness. Let (Y,Z) ,(Y",Z') € $%([0,T];R¥) x ar 2(0, T;R¥*%) be two solutions of
BDSDE (2.1).
Let© > 0. By virtue of 1td’s formula, we have
E[Y; — Y/ 2™ +6E/ Ys—Y.|%€ 95ds+E/ 1Zs— Z||%e®ds
T
= 2[[«]/ f(s,Ys,Zs) — (s, Y, 20)) €%ds+ ZE/ (Ys—Y/,h(s,Ys) — (s, Y2) ) €d Ag
t
4 [ lo(s¥.22) - gl Y, 29 Peds
t
By virtue of the assumptio(H3), (H4) and Young’s inequality & < a2+ 6b?, we derive
T
EY — Y/ 2 + (1— o — —c E/ 12— Z,| 2 ds+ 2]5\1@/ Vs — Y. |2€%d A
t

< <%+1>E/ (s, |Ys— Y. |?)e®*ds
t

Choosingd > 1= and noting that K e < €T, Vvt € [0, T], we get
12 1 T 12 T 12
BN — Y2+ (1o~ 5O)E [ |Zs—Z4Pds+2BlE | Ne—YiPdA: (36)
1 T
< <5+1> eeTE/ p(s[Ys—Y¢[*)ds
t

11



hal-00403670, version 1 - 16 Jul 2009

Therefore
12 1 oT T 12
BV -Y(2< (5 +1) € [ pSEN-YP)ds
t
In view of the comparison Theorem for ODE, we have
E% —Y/|*<r(t), Vte[0,T],

wherer (t) is the maximum left shift solution of the following equation

v o= —(5+1ep(t,u);
uT) = 0.
By virtue of the assumptio(H3), r(t) =0,t € [0, T]. Thus EY; —Y/|> =0, t € [0, T}, this
meansy; =Y/, a.s.. It then follows from (3.6) that = Z/, a.s., for anyt € [0, T|. O
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