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Abstract

In this paper we study the homeomorphic properties of the solutions to one dimensional
backward doubly stochastic differential equations under suitable assumptions, where the
terminal values depend on a real parameter. Then, we apply them to the solutions for a
class of second order quasilinear parabolic stochastic partial differential equations.
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1 Introduction and Main results

For fix a positive real number 7" > 0, let {W;,0 < ¢ < T} and {B;, 0 <t < T} are two mutually
independent standard Brownian motions with values in IR, defined respectively on the two
probability spaces (€21, Fi,IP1) and (g, F2,IP5). Next we consider (€2, F,IP) the probability
space defined by

Q:Q1XQ2, f:f1®f2 andIP:IP1®IP2,
and N denote the class of IP-null sets of F. For each ¢ € [0, 7], we define

Fi=F @ Fly

*This works is partially support by Fellowship grant of AMMSI
TE-mail address: augusteaman5@yahoo.fr


http://hal.archives-ouvertes.fr/hal-00403668/fr/
http://hal.archives-ouvertes.fr

hal-00403668, version 1 - 11 Jul 2009

where for any process {n.}, F¢, = o{n —ns,s <r <t} VN, F = Fj,.

Let us remark that the collection F = {F;, t € [0,T]} is neither increasing nor decreasing
and it does not constitute a filtration. Further, we assume that, random variables, ((ws), wy €
(), are considered as random variables on (2 via the following identification:

((wr,wa) = ((wa).

Now, let consider the following one dimensional backward doubly stochastic differential
equation (BDSDE):

T T - T
YE—c4 / F(s,YE, 28) ds + / o(s, VS, 26)dB, - / Z5dw,, te0,7],  (L1)
t t t

where the terminal condition & € L*(Q, Fr,IP), f(s,w,y,2) : [0,T] x @ x R x R — IR and
g(s,ws,y,2) 1 [0,T] x 2y x IR x IR — IR satisfy that

(H}) for all y, z € IR, the process t — (f(t,y,2),9(t,y, z)) is Fe-adapted,

T
/ |£(5,0,0)|ds € L*(, Fr, IP),

0
for some C'y > 0 and all (s,wr,ws) € [0,7] X X Qo,y,Y, 2,2 € IR,

‘f(skuyu Z) - f(slvwaylv Z,)| < Cf (‘y - y,| + ‘Z - Z/|> :
(H;) for all y, z € IR, the process t — g(t,y, z) is F-adapted,

T
| lats0.0)Fds € L i),

0
for some Cy >0, 0 < a, <1 and all (s,ws) € [0,T] X Qs,v,Y, 2,2 € R,

‘g(svw% Y, Z) - g(87w27 y,7 Z/)|2 S Cg|y - y/‘Q + ag|z - Z/P.

Solving such an equation is to find a pair of F;-adapted processes (Y;, Z;) such that Eq.(1.1)
holds. Applying the extension of representation theorem of martingales with respect to G,
denoting by G; = F¥ Vv FE, the existence and uniqueness for Eq.(1.1) were first established
by Pardoux-Peng [6]. Since then, the theory for BDSDEs achieved fruitful results, which has
also been proved to be an efficient tool such as probabilistic interpretation of stochastic partial
differential equations. We can cite the two remarkable works due to Bukdhan and Ma (cf.
[1, 2|), which introduced the very interest notion of stochastic viscosity solution of SPDE.

In this paper, we consider the following problem: if the terminal condition ¢ is replaced
by a family of Fr-measurable random variables {(z) depending on a parameter x € IR and
such that z — &(x,w) a.s. are homeomorphisms on IR, could the corresponding solution

to Eq.(1.1) z — Yf(x) be homeomorphisms on IR? When all the things are non-random,
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this problem is of course affirmative. In the case of forward stochastic differential equations,
stochastic homeomorphisms flows are well known and were studied in [4, 5, 8, 9], etc. In
particular, in his book [5], Protter studied the more general stochastic flows of SDEs driven
by semimartingales. The situation for BSDEs have been investigated recently by Huijie and
Zhang |7]. The proof is based on given extended comparison theorem for BSDE, which is
used to compare the solutions of the BSDE with the backward ordinary differential equation,
and on Yamada-Ogura’s argument [8]. The aim of this paper is to adapted the same step to
the BDSDE in order to answer the above question positively. Here, we use the new version
of comparison theorem for BDSDE to compare the solutions of the above BDSDE with the
backward stochastic differential equation.

We are mainly devoted to proving the following two results.

Theorem 1.1 In addition to (H}) and (H}), we also assume that

(H7) the random variable fOT |£(s,0,0)|ds is bounded by Co;

(H2) the function g is linear in y and independent of z i.e there exist a functions a : [0,T] x
Qs — IR such that g(s,w2,y) = a(s,w2)y wverifying la(s,ws)| < C,/2 a.s.  for all
s €[0,T]

(H%) for almost all w, x — &(w, ) is increasing (or decreasing) and a homeomorphism on IR;

(HZ) for any R > 0, there are 6z, Cr > 0 such that IE|(x) — &(y)]> < Crlz —y|'™*°" for all
2], ly| < R;

(H}) for some Ry > 0 and & > 0,inf|y> p, §(2,w) /h(x) > € a.s5., where h(x) is a real continuous

function on IR satisfying lim, 1 h(x) = +o0 (or lim, 4o h(z) = Foo).

Then, for almost all w € ), the map IR > v — Yf(m)(w) € IR is a homeomorphism for every
te[0,7].

The proof of this theorem is based on an extended comparison theorem for BDSDE given in
Section 2, which is used to compare the solutions of the BDSDE with the backward stochastic
differential equation

Theorem 1.2 In addition to (H}), (H?), (Hg) and (H), we assume that

(H?) for some Cy > 0, and &1 > 0, it holds that
y.f(s,w,y,2) > —C1|z)?, for all (s,w) € [0,T] x Qand |y| < &1, z € IR;
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(Hg’,) for some 3 < 1_301 A0, liminf, . E|E(2)]% = 0.

Then, for almost all w € 2, the map IR > v — Yf(x)(w) € IR is a homeomorphism for every
te[0,7].

The proof of this theorem is based on Yamada-Ogura’s argument [10]. An elementary
function satisfying (H}) and (H¥) is f(y,z) = y + arctany.(1 + sin z). Moreover, it is clear
that (H?) and (H) implies respectively (H}) and (H¥). These two theorems will be proved in
Section 2.

A simple financial meaning for these results is explained as follows: if one investor wants
to get sufficiently high return at a future time, then he or she must invest enough money at
the present time.

In Section 3, we apply Theorem 1.2 to the following backward doubly stochastic differential
equation coupled with a forward stochastic differential equation:

( S S
X0 = :)H—/ b(Xﬁ’x)dr%—/ o (X")dw,
t

A\

t T T —
Y, = h(X!¥) + / Fr, X2 Yt 760 dr 4 / o(r, XU Y4B, (12)
T S S

—/ Zaw,, s €|t T),
\ S

where b,o,h : IR - IR, f:[0,7] x R xR xR — IR and a,c : [0,7] x IR — IR are Borel
measurable functions. This type equation in general case was proved in Pardoux-Peng [6] to be
related to some second order quasilinear parabolic stochastic partial differential equations under
some regularity assumptions on the above functions. Our another aim in the present paper is
to obtain the homeomorphic property for z — Y* and furthermore, get the homeomorphic
property for the solutions to some second order parabolic partial differential equations.

Throughout the paper, C' with or without indices will denote different positive constants
(depending on the indices) whose values are not important.

2 Proofs of Main results

Before proving our main results, let us first prove a other version for the comparison theorem
of BDSDEs which need a slight constraint on the coefficient g, that is ¢ no dependent of z .
Here the method is borrowed from El Karoui et al. [3] .

Theorem 2.1 (i) f? satisfies (H}l) with Lipschitz constant Cp, and f*(s,w,y, z) > f(s,w,y, 2)
for all (s,w) € [0,T] x Q and y, z, € IR;
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(ii), V' and V;? are Fi-adapted and finite variation processes with d(V'—V?) < dp; for some
determined and increasing function 3y, where d(V1—=V?2)] denotes the positive variational;

(i) &', 2 VE V2 € LA2(Q, Fr, IP), (61 — &+ VE —VE) > € a.s. for somee > 0. Let Y;' and
Y;? be the solutions to the following BDSDEs:
T T - T
v =&+ +/ f1(s, Y} Zds +/ 9(s, Y, )dB, —/ ZYW,, t € (0,7,
t t t

T T — T
Ytl:§2+V;2+/ f2(s,Y;2,Zg)ds+/ g(s,Yf)st—/ Z2dW,, t € [0,T).
t t

t

Then we have for any t € [0, T
}/;1 . Y;Q > e—(Cf1+Cg)T€ _ e(Cf1+Cg)T’ a.s.
In particular, if V;' = V72 and €' > €% a.s., then for allt € [0, 7]

Y >Y? as

Proof. Put
§ = ¢-¢ Yi=Y-Y) V=V -V Z=7-Z
ft = fl(t7Y;2’ Zt2> - fz(tv }/;27 Zt2)7
and
ar = [fl(t’ Y;fla Ztl) - fl(ta }/;27 Ztl)]/(y;fl - Y;z)l{Ytl;ébe
by = [fl(tu qu Zt1> - fl(tu Y?v th)]/(Ztl o th)l{Ztl;éZf}u
o = [g(t.Y)") — gt Y/ (V) = V) liypavey.
Then for fixed r € [0, ]

~

T T T
Y, = €4V, +/ lasYs + bsZs + fs]ds +/ ¢sYsdB; —/ ZsdW
R . tA t . R R ' t . ' t .
= Y;"—i_‘/t_‘/r_/ [as}/;+szs+fs]d3_/ Cs}/;st+/ stWsa
is a linear BDSDE. It is well not that this equation has an explicit solution given by:

T T T
Y= Q4 - / QLdV, + / Q" fuds — / Q' (0Tt buZ+ Z2)dW,, (2.1)
t t t

where for fixed t € [0,7] we define

S 1 S S 1 S S
Q' = exp </ b, dW, — 5/ b, |2dr +/ c,dB, — 5/ e, |2dr +/ asds) ,
t t t t t

t<s<T.
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Noting that
| < Cpry b < T, o] < Gy,
Q' is well defined. Moreover it is clear that for any 0 <t < s < T, we have
e~ (Cp+Cas—t) < E[Q|F] < o(Cp14Co)(s—1)

Taking expectation with respect to F; in (2.1), we obtain

PN PN T PN T A
Y, = E[QLY7|F] - / E[Q!|7]dV, + / E[Q! f.|F]ds.

Therefore, by (i), (i) and (7i7) we have

~

A T A T PN
Vi = EQLWrlF] / E[Q' |7V, + / E[Q"f.|F]ds

. T
> CB[QLYF) - / E[Q!|F]dp,

—(C1+Cg+ag)T C1+Cq+ag)T
2 e ( fF1Thg ) f1Tvg 9) ﬁT’

6—6( a.s.

The proof is thus complete. =

For simplicity of the notation, we write Y,* = Yf(m) in the sequel of the paper. Let us prove
a useful Lemma.

Lemma 2.1 Assume (H}), (H) and (HZ) hold. Then for any R > 0 we have

JE[ sup |¥;7 — W] < Culo— g%, Jal, vl < R

0<t<T

In particular; {Y;* : (t,x) € [0,T] x IR admits a bicontinuous modification. If in addition (Hy)
holds, then

Pw: Y¥(w) <Y/ (w),Va<y, t€l0,T]) =1
Proof. Set YV; =Y — Y} and Z;, = Z¢ — Z}. By Ito’s formula, we have
|Yt|2+/ |Z,|?ds = |YT|2+2/ Yilf(s, Y, 29) — f(s, Y7, ZY)]ds
t t
T
42 [ gl Y2, 22) = (s, 2P
t

T T
+2 [ Wlglo.ve 20 - gl ¥2 Z0NiB, ~2 [ V2w,
t t

6
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Taking expectation and using (H}), (H}) and Young’s inequality, we deduce that

T T
IE)|Yt|2+(1—a—7)IE/ |ZS|2ds < IE)|YT|2+CIE/ |}78|2ds,
¢ ¢

for « taken small enough such that 1 — a — v > 0. It then follows from Gronwall’s inequality
and (Hy) that for any ¢ € [0, 7]

T
E|YV,)?+ (1 —a— V)IE)/ |Z,|?ds < CIE|Y7|* < Clz — y|' o (2.2)
t
Hence, by Burkdlder’s inequality we have

T
E{sup W] < BT+ C / E|f(s, Y7, Z7) — (s, Y?, 2Y)|%ds
0<t<T 0
T
2 / Elg(s, Y7, 27) — g(s, Y, 2V)%ds
0
B 2

T
LCE | sup / (9(s, Y, Z7) — g(s,YY, ZV)|dB,
t

0<t<T
r 2

T
+CIE | sup / Z,dW,
t

0<t<T
_7 T B T B
C]E{\YT|2+/ \Ys|2ds+/ \Zs|2ds}
0 0

C|:L’ . y|l+5R‘

IA

IN

The proof is finished. =
We now give the proof of Theorem 1.1.

Proof of Theorem 1.1. We assume that here g is linear on y and and independent of
z ie (H7) holds. By (Hj), (H,), Theorem 2.1 and Lemma 2.2, we know that = — Y;"(w) are
continuous injective for all ¢ € [0, 77, a.s. Next we prove the onto property of x — Y*(w). Let
(Y7, Z#) and (Y%, ZF) be respectively the solutions to equations:

T
Vro= e [ [ 0.00+ Coz] +1220)] ds
t
T ~ <— T A~
—I—/ a(s)deBS—/ Z3dWs,
t t
and
T ~ ~
Ve = g [ (0004 07+ 1220)] s
t
T 5 — T
+/ a(s)deBs—/ ZLdWs,
t t

7
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where C} is the Lipschitz constant of f.

Once again appying the comparison theorem of BDSDE, we obtain

V<Y VzeR,Vtel0,T], as.,

VE<Y® YazelR,Vtel0,T], as.
For 0 < ¢¢ < ¢, choosing M > R, sufficiently large such that

T 2CoT
Ih(z)] > 005765 for all [z] > M,
— <0

where Cj is the constant in (H7).
Then by (H) we have

E(x) + CoTe*T < h(x)gg, Vo< —M as.

£(z) — CoTe*T > h(x)ey, V2> M as.
Set  X;5(x) = h(z)egexp (:th(T —1)+ ftT a(s)d?s — %ftT |a(5)\2ds> . Then

XF(2) = h(x)eo £ Cf/t XF(z)ds +/t a(s)X;t(:B)d(Es.

By (H7) and Theorem 2.1 we have

V7 < X} (@) = h()e. exp (@(T — 1)+ / " ()i, - : / ' |a<s>|2ds) ,

Vo< —M as.

h(x)eo. exp (—@(T — 1)+ / " a(s)d B, - : / ) |a<s>|2ds) — X[ (x) < V"

Vo>M as.

Thus, we finally get from (2.3) to (2.7) and (H})

lTimY;m = 400, llim Y =-00, Vte[0,T] as.,

which complete the proof of surjection of the mapping z — Y*(w). B

The following lemma plays a crucial role for proving Theorem 1.2.

(2.3)

(2.4)

(2.5)
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Lemma 2.2 Assume (H}), (H)), (H?) and (Hg’/) Moreover, we suppose that g(s,w,y,z) =0
a.s. Then

liminflE< sup \Y;:E\M) =0,

|z|—+o0 0<t<T

where (3 is given in (HY).
Remark 2.1 We observe that if (H2) holds, hence g(s,w,y, z) = 0 and (H}) is verified.

Proof. In the following proof, by drawing the sequence if necessary, without any loss of
generality we may assume that for all z € R IE|£(2)]* < cc.

For any € > 0, by Itd’s formula we have
T
(V246 = (€@ +e) +28 / (V2 + &)Y f(s, Y, Z7)ds
. t
29 [ (VP e vz ZzaW,
tT _
420 [P+ 2P gl 2, 22)d B,
' T
~20(8 - 1) [ (V2P + v 22 s
. t
5 [ (veP+ 2y ze s
! T
4208 1) [ (VP + 2 Plgls, Y2 2 Pds
. t
5 / (V22 + )7 g(s, Y2, 27)ds.
t
(2.8)

Let us first prove the a priori estimate

sup IE(|Y;"[*)*. (2.9)

0<t<T
It is clear that (H}) and (HY) implies f(s,0,0) = 0, which together with (H}) then gives
£ (5,9, 2)] < Cr(lyl + |z])-

Since 3 < %/\0, we can choose § > 0 such that [3(Cy 4+ dC}) 4+ 83% — 25 — a, (1632 — 43)] > 0.
Thus replacing § by 23 in the above estimates, taking expectation and letting € | 0, we have

9
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by ab < § + b*/(45) and monotonic convergence theorem:

T
E|Y/[* + [B(C1 + 6Cy) + 28(48 — 1) — 203(48 — 1)] / E(|YF PP Z7%)ds

1 T .
4—5) +2C,H3(48 — 1)] /t E|Y*|*ds.

< Ble(a) + [4loicy (1+
Hence, Gronwall’s inequality gives for any ¢ € [0, 7]
T
BV [ BV 22 s < C )]
t

Thus (2.9) follows by (2.2) .

Similar to the above calculations, from (2.8) we may derive that
T T
VP < @ ec [ VePas—2s [ peoyzzzaw,
t t
T «—
+2 [ vRPeIY (s, vz, 22)dB
t
Therefore, by Doob’s maximal inequality

sup
0<t<

T
| ey zzaw,

t

T
lE(sup \Yﬁ\‘”) < Bl +C [ [v|Pas+om
t

0<t<T

s

+CIE | sup

0<t<

T
| weEeveg(s ve 22)dB,

t

T T

< El¢@)*+C / E[Y?|*ds + C / E([Y7 29| 27 2)ds
t t

< Ele)",

which yields the result by (HY). m

Proof of Theorem 1.2 By (Hg”), Theorem 2.1 and Lemma 2.2, the mappings x — Y;*(w)
are continuous injective for all ¢ € [0,7], a.s. With the help of Lemma 2.3, the proof of
surjection of z — Y;*(w) is just a repeat of (|7], p.13) and we therefore omit the details.

3 Applications

In this section we consider Eq.(1.2) and work on the framework of Pardoux-Peng [6], assuming
that

10
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(C}) forevery s € [0,T], (z,y,2) — f(s,2,y,2) is of class C?, the first order partial derivatives
in y and z are bounded on [0,7] x IR x IR x IR, as well as their derivatives of order one
and two with respect to x, vy, 2;

(C?) for every s € [0,7], the function = — f(s,2,0,0) has polynomial growth at infinity
together with all partial derivatives up to order three;

(C3}) for every s € [0,T] and y, z € IR, the function — f(s,z,y, 2) is increasing (or decreasing)
in x;

(C}) for some Cy > 0 and €, > 0, it holds that y.f(s,z,y, 2) > —Ci|z|? for all s € [0,T] and
yl <e1, 2,2 € R

(C;) g(s,z,y) = a(s,z)y such that, for every s € [0,T7], (z,y) — g(s,z,y) is of class C?, the
first order partial derivatives in y is bounded.

0,0 € ave all bounded derivatives up to order three;
C}Lb b C’g’]Rh 1l bounded derivati der th
(C2,) there are constants ¢; > 0 such that

b(2)| + |o(2)] < erla;

(C}) h is of class C* with polygonal growth derivatives up to order three;
(C?) x +— h(x) is increasing (or decreasing) and a homeomorphism on IR;
(C3%) there are constants ¢,y > 0 such that

[h(z)] = calal.

Consider the following quasilinear parabolic stochastic partial differential equations:

%(t, x) + Lu(t,x) + f(s,z,u(t, ), (Oyu.0)(t,x)) + a(s, z)u(t, z)OBs
ot (3.1)
u(T,z) = h(x)

where v : [0,T] xR - R, £ = 502@);—; + b(z)2 and ¢ denotes the Wick product, which
indicates that the differential is to understand in It6’s sense. Pardoux-Peng [6] proved the
following result:

Theorem 3.1 Under the assumptions (Cj}), (C3), (C}), (Cl,) and (C}), for any t € [0,T],
let {(YI", Zt"), s € [t,T]} be the solution to Eq. (1.2), and define

u(t,z) = Y,"",

then u € CH2([0,T] x IR) is the unique solution to Eq. (3.1).

11
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We need the following lemma which is proved in [7].

Lemma 3.1 Assume that (C,) and (CZ,) hold. Then, for any § < 0 there is a constant
C > 0 such that

B X% < Clz)®, t € [0,T],s € [t,T),|x| > 1.

Next, applying the well known comparison theorem about the forward stochastic differential
equation (see [7]), and the above lemma as well as Theorems 2.1, 1.2 and 3.1, we can prove
that

Proposition 3.1 Under the beginning assumptions of this section, for any t € [0,T], the
mappings x — Y5 (w) are homeomorphisms on IR for all s € [t,T] a.s. In particular, the
unique solution to Fq. (3.1) x — u(t,z) is a homeomorphism on IR.

Remark 3.1 Originally we intended to treat the problem in the present paper in general case
i.e g nonlinear, in the hope of obtaining the homeomorphic property. But we have revised our
ambition to fuck. Indeed, one knows that if g is not linear, the backward SDE (2.5) has not an
explicit solution, which does not provide proof of surjective.

References

|1] Buckdahn, R.; Ma, J., Stochastic viscosity solutions for nonlinear stochastic partial differ-
ential equations. 1. Stochastic Process. Appl. 93 (2001), no. 2, 181-204.

[2] Buckdahn, R.; Ma,J., Stochastic viscosity solutions for nonlinear stochastic partial differ-
ential equations. II. Stochastic Process. Appl. 93 (2001), no. 2, 205-228.

[3] El Karoui, N.; Peng, S.; Quenez, M. C., Backward stochastic differential equations in
finance. Math. Finance 7 (1997), no. 1, 1-71.

[4] H. Kunita, Stochastic Differential Equations and Stochastic Flows of Diffeomorphisms, in:
Lect. Notes in Math., vol. 1097, Springer-Verlag, 1984, pp. 143-303.

[5] P. Protter, Stochastic Integration and Differential Equation, second ed., Springer-Verlag,
Berlin, 2004.

[6] Pardoux, E. and Peng, S., Backward doubly stochastic differential equations and systems
of quasilnear SPDEs Probab. Theory Related Fields. 98 (1994), no. 2, 209-227.

[7] Qiao, H.; Zhang, X. Homeomorphism of solutions to backward SDEs and applications.
Stochastic Process. Appl. 117 (2007), no. 3, 399-408.

12



hal-00403668, version 1 - 11 Jul 2009

[8] Yamada, T; Y. Ogura, Y., On the strong comparison theorems for solutions of stochastic
differential equations, Z. W. verw. Gebiete 56 (1981) 3-19.

[9] Ren, J.; Zhang, X, Stochastic flows for SDEs with non-Lipschitz coefficients, Bull. Sci.
Math. 127 (2003) 739-754.

13



