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CHARACTERIZATION OF WEAK CONVERGENCE OF
BIRKHOFF SUMS FOR GIBBS-MARKOV MAPS

SEBASTIEN GOUEZEL

ABSTRACT. We investigate limit theorems for Birkhoff sums of locally
Hélder functions under the iteration of Gibbs-Markov maps. Aaronson
and Denker have given sufficient conditions to have limit theorems in
this setting. We show that these conditions are also necessary: there is
no exotic limit theorem for Gibbs-Markov maps. Our proofs, valid under
very weak regularity assumptions, involve weak perturbation theory and
interpolation spaces. For L? observables, we also obtain necessary and
sufficient conditions to control the speed of convergence in the central
limit theorem.

1. INTRODUCTION AND RESULTS

Let T be a probability preserving transformation on a space X, and let
f: X — R. We are interested in this paper in limit theorems for sequences
(Snf — An)/By, where S, f = ZZ;& foT* and A,, B, are real numbers
with B, > 0. If T is a Gibbs-Markov map and f satisfies a very weak reg-
ularity assumption, we will give necessary and sufficient conditions for the
convergence in distribution of (S, f — A,)/B, to a nondegenerate random
variable. Sufficient conditions for this convergence are already known by the
work of Aaronson and Denker [ADO1b, ADOla] (under stronger regularity
assumptions), and the main point of this article is to show that these con-
ditions are also necessary. We will also considerably weaken the regularity
assumptions of Aaronson and Denker, by using weak perturbation theory
[KL99, Her05].

Finding necessary conditions for limit theorems in dynamical systems has
already been considered in [Sar06], but here the author considered only
random variables in a controlled class of distributions, while our results
apply to all random variables. The paper [Jak93] (see also [DJ89]) gives in a
wider setting (the condition (B) in this paper is satisfied for Gibbs-Markov
maps) a partial answer to the questions we are considering: if one assumes
that A, = 0, then the limiting distribution has to be stable, as in the case
of 1.i.d. random variables. However, it does not describe for which functions
f the convergence S, f/B, — W takes place, nor does it treat the more
difficult case A, # 0.
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At the heart of our argument lies a very precise control on the leading
eigenvalue of perturbed transfer operators: if the function f belongs to L
for p € (1,00), we obtain such a control up to an error term O(|t|P€) for
some € > 0, in Theorem 3.13. This estimate is useful in a lot of different
situations: we illustrate it by deriving, in Appendix A, necessary and suffi-
cient conditions for the Berry-Esseen theorem (i.e., estimates on the speed
of convergence in the central limit theorem), for L? observables satisfying
the same weak regularity condition as above.

1.1. The case of i.i.d. random variables. Since our limit theorems will
be modeled on corresponding limit theorems for sums of independent iden-
tically distributed random variables, let us first describe the classical results
in this setting (the statements of this paragraph can be found in [Fel66] or
[IL71]).

Definition 1.1. Let X, be a sequence of random wvariable. This sequence
satisfies a nondegenerate limit theorem if there exist A, € R and B, > 0
such that (X, — A,)/ By, converges in distribution to a nonconstant random
variable.

Definition 1.2. A measurable function L : R — R% is slowly varying if,
for any A >0, L(Az)/L(x) — 1 when x — +o0.

We define three sets of random variables as follows:

e Let Dy be the set of nonconstant random variables Z whose square
is integrable.

e Let Dy be the set of random variables Z such that the function
L(z) = E(Z 21| 7|<z) is unbounded and slowly varying (equivalently,

P(|Z| > ) = 2~ 24(z) for a function £ such that L(z) := 2 I @ du
is unbounded and slowly varying, and in this case L and L are equiv-
alent at +00).

e Finally, let D3 be the set of random variables Z such that there
exist p € (0,2), a slowly varying function L and c¢j,co > 0 with
c1 + c2 = 1 such that P(Z > z) = (c1 + 0(1))L(z)x™P and P(Z <
—z) = (cg + 0(1))L(z)z"P when z — +o0.

Let also D = D1 UDyUD3. The set D is exactly the set of random variables
satisfying nondegenerate limit theorems, we will now describe the norming
constants and the limiting distribution in these theorems.

Let Z € D, let Zy, Z1,... beii.d. random variables with the same distri-
bution as Z. Then

o If Ze€ Dy, let B, =+/nand W =N(0,E(Z?) — E(Z)?).

o If Z € Dy, let B, — oo satisfy nL(B,) ~ B2 and let W = A(0,1).

o If Z € D3, let B, — oo satisfy nL(B,) ~ Bh. Define ¢ = I'(1 —
p)cos(%) ifp#Alandc=7/2ifp=1,and 8 = ¢; — c2. Let
w(p,t) = tan(pr/2) if p # 1 and w(l,t) = —2log|t|. Let W be the
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random variable with characteristic function

(1.1) E(eW) = e~ cltP(-ifsen()w(pt)
Theorem 1.3. In all three cases, there exists A, such that
n—1
(1.2) im0 Ze=An
By,

One can take A, = nE(Z) if Z is integrable, and A, = 0 if Z € D3 with
p<1 (ifp=1 but Z is not integrable, the value of A, is more complicated
to express, see [AD98]).

Moreover, the random variables in D are the only ones to satisfy such a
limit theorem: if a random wvariable Z is such that the sequence Zz;é Zy,
satisfies a nondegenerate limit theorem, then Z € D.

The set D can therefore be described as the set of random variables be-
longing to a domain of attraction. The limit laws in this theorem are the
normal law and the so-called stable laws. The two parts of this theorem
are quite different: while the direct implication is quite elementary (it boils
down to a computation of characteristic functions), the converse implication,
showing that a random variable automatically belongs to D if it satisfies a
nondegenerate limit theorem, is much more involved, and requires the full
strength of Lévy-Khinchine theory.

The direct implication of Theorem 1.3 describes one limit theorem for
random variables in D, but does not exclude the possibility of other limit
theorems (for different centering and scaling sequences). However, the fol-
lowing convergence of types theorem (see e.g. [Bil95, Theorem 14.2]) ensures
that it can only be the case in a trivial way:

Theorem 1.4. Let W, be a sequence of random wvariables converging in
distribution to a nondegenerate random variable W. If, for some A, € R
and B,, > 0, the sequence (W,, — A,)/ By also converges in distribution to a
nondegenerate random variable W', then the sequences A,, and B,, converge
respectively to real numbers A and B (and W' is equal in distribution to
(W —A)/B).

The specific form of the convergence, the norming constants or the limit
laws in Theorem 1.3 will not be important to us. Indeed, we will prove in a
dynamical setting that Birkhoff sums satisfy a limit theorem if and only if the
sums of corresponding i.i.d. random variables also satisfy a limit theorem.
Using Theorem 1.3, this will readily imply a complete characterization of
functions satisfying a limit theorem — it will not be necessary to look into the
details of Theorem 1.3 and the specific form of the domains of attraction,
contrary to what is done in [ADO1b, ADO1a).

1.2. Limit theorems for Gibbs-Markov maps. Let (X, d) be a bounded
metric space endowed with a probability measure m. A probability preserv-
ing map T : X — X is Gibbs-Markov if there exists a partition o of X
(modulo 0) by sets of positive measure, such that
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(1) Markov: for all a € «, T'(a) is a union (modulo 0) of elements of «
and T : a — T'(a) is invertible.

(2) Big image and preimage property: there exists a subset {aj,...,a,}
of a with the following property: for any a € «, there exist i,j €
{1,...,n} such that a C T'(a;) and a; C T'(a) (modulo 0).

(3) Expansion: there exists v < 1 such that for all a € «, for almost all
r,y € a, d(Tx,Ty) > v~ td(x,y).

(4) Distortion: for a € a, let g be the inverse of the jacobian of T" on a,
dmy,

ie., g(z) = d(TT‘)(x) for z € a. Then there exists C' such that, for

(=) | < Cd(Tx,Ty).

all a € a, for almost all x,y € a, ‘1 -

A Gibbs-Markov map is mizing if, for all a,b € «, there exists N such that
b C T"(a) mod 0 for any n > N. Since the general case reduces to the
mixing one, we will only consider mixing Gibbs-Markov maps.

For f: X - Rand A C X, let Df(A) denote the best Lipschitz constant
of f on A. If f is integrable, we will write [ f or E(f) for [ f dm, the

reference measure being always dm. Our main result follows.

Theorem 1.5. Let T : X — X be a mizing probability preserving Gibbs-
Markov map, and let f: X — R satisfy > ... m(a)Df(a)" < oo for some
n € (0,1].

Assume f € L. Then

aco

e Fither f is the sum of a measurable coboundary and a constant, i.e.,
there exist a measurable function u and a real number ¢ such that
f =u—uoT+c almost everywhere. Then u is bounded, and S, f —nc
converges in distribution to the difference Z — Z' where Z and Z' are
independent random variables with the same distribution as u.

o Otherwise, let f = f — [ f dm, and define 0> = [ f2+23 72, [ f-
foTk. Then this series converges, 0* > 0, and (Spf —n [ f)/v/n
converges in distribution to N'(0,02).

Assume that f does not belong to L. Let Zy,Z1,... be i.i.d. random
variables with the same distribution as f. Consider sequences A, € R and
B,, > 0, and a nondegenerate random variable W. Then (S,f — Ay)/Bn
converges to W if and only if (ZZ;& Zy — Ay) /By converges to W.

In particular, it follows from the classification in the i.i.d. case that the
Birkhoff sums of a function f satisfy a nondegenerate limit theorem if and
only if the distribution of f belongs to the class D described in Paragraph 1.1.

In the L? case, the behavior of Birkhoff sums can be quite different from
the i.i.d. case (see the formula for 02, encompassing the interactions between
different times). On the other hand, when f ¢ L2 the behavior is exactly
the same as in the i.i.d. case (the interactions are negligible with respect
to the growth of the sums), and the good scaling coefficients can be read
directly from the independent case Theorem 1.3.
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The “sufficiency” part of the theorem (i.e., the convergence of the Birkhoff
sums if f is in the domain of attraction of a gaussian or stable law) is
known under stronger regularity assumptions: if the function f is locally
Hoélder continuous (i.e. sup,c, Df(a) < 00), then the result is proved in
[ADO1b, ADO1a] for f ¢ L?, and it follows from the classical Nagaev method
(see e.g. [RE83, GHS8S] for subshifts of finite type) when f € L2 The
article [Gou04] proves the same results under the slightly weaker assumption
> > m(a)Df(a) < co. However, these methods are not sufficient to deal with
the weaker assumption Y m(a)Df(a)" < oo, hence new arguments will be
required to prove the sufficiency part of Theorem 1.5. The main difficulty is
the following: even if f belongs to all LP spaces and > m(a)D f(a)" < oo, it
is possible that T f is not locally Hélder continuous, in the sense that there
exists a € a with D(T'f)(a) = oo (here, T denotes the transfer operator
associated to 7).t

However, the main novelty of the previous theorem is the necessity part,
showing that no exotic limit theorem can hold for Gibbs-Markov maps, even
if one assumes only very weak regularity of the observable.

Remark 1.6. The regularity condition ), ., m(a)Df(a)" < oo is weaker
than the conditions usually encountered in the literature, but it appears in
some natural examples: for instance, if one tries to prove limit theorems
for the observable fy(x) = =% under the iteration of z — 2x mod 1, by
inducing on [1/2, 1], then the resulting induced observable f satisfies such a
condition for some n = n(a) < 1, but not for n = 1.

Remark 1.7. For general transitive Gibbs-Markov maps (without the mix-
ing assumption), it is still possible to prove that, if the Birkhoff sums S,, f
of a function f (with Y m(a)Df(a)? < oo) satisfy a nondegenerate limit
theorem, then the distribution of f belongs to the class D: the proof we
shall give below also applies to merely transitive maps. However, the con-
verse is not true. More precisely, functions in D which are not the sum of a
coboundary and a constant satisfy a limit theorem, just like in the mixing
case (this follows readily from the mixing case), but this is not the case in
general for coboundaries.

1.3. A more general setting. Our results on Gibbs—Markov maps will be
a consequence of a more general theorem, making it possible to obtain neces-
sary and sufficient conditions for limit theorems of Birkhoff sums whenever
one can obtain sufficiently precise information on characteristic functions.

Definition 1.8. Let T : X — X be a probability preserving mizing map,
and let f: X — R be measurable. The function f admits a characteristic
expansion if there exist a neighborhood I of 0 in R, two measurable functions

1 This is for instance the case if T is the full Markov shift on infinitely many symbols
2 :
ao,ai,... with m(a;) = Ce™" /2, and f vanishes on [a;] but on the set No T (ai),

2
where it is equal to e’ .
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A i I — R continuous at 0 with A\(0) = pu(0) = 1, and a sequence €, tending
to 0 such that, for anyt € I and any n € N,

(1.3) Bt — A" u(t)| < en.

This characteristic expansion is accurate if one of the following properties
holds:

o Fither there exist ¢ < 2 and € > 0 such that f € LY and
(1.4)

AE) = B(e) + O(t]") + O(2) + o (/ Er 112> +0 (/ it 1\)2.

e Or f € L? and there exists ¢ € C such that
(1.5) At) =1+ itE(f) — ct?/2 + o(t?).

When f ¢ L?, this definition tells that a characteristic expansion is ac-
curate if A(t) is close to E(e'*f), up to error terms described by (1.4). It
should be noted that these error terms are not always negligible with respect
to 1 — E(e'*f), but they are nevertheless sufficiently small (for sufficiently
many values of t) to ensure a good behavior, as shown by the following
theorem.

Theorem 1.9. Let T : X — X be a probability preserving mizing map, and
let f: X — R admit an accurate characteristic expansion.

Assume that f € L2. Let \(t) = 1 +itE(f) — ct?/2 + o(t?) be the charac-
teristic expansion of f. Then o2 :=c— E(f)?> >0, and (So.f —nE(f))/v/n
converges in distribution to N'(0,02).

Assume that f ¢ L?. Let Zy,Zy,... be i.i.d. random variables with the
same distribution as f. Consider sequences A, € R and B, > 0, and a
nondegenerate random variable W. Then (S, f — Ap) /By converges to W if
and only if (ZZ;& Zy — Ay)/ By converges to W.

The flavor of this theorem is very similar to Theorem 1.5. The only
difference is in the L? case, when o2 = 0: Theorem 1.9 only says that (S, f —
nE(f))/v/n converges in distribution to 0 (note that this is a degenerate
limit theorem) while Theorem 1.5 gives a more precise conclusion in this
case, showing that S, f — nE(f) converges in distribution to a nontrivial
random variable. To get this conclusion, one needs to show that a function
f satisfying 02 = 0 is a coboundary — this is indeed the case for Gibbs-
Markov maps, as we will see in Paragraph 3.6.

To deduce Theorem 1.5 from Theorem 1.9, we should of course check the
assumptions of the latter theorem. The following proposition is therefore
the core of our argument concerning Gibbs-Markov maps.

Proposition 1.10. Let T be a mizxing Gibbs-Markov map, and let f : X —
R satisfy > ,cqm(a)Df(a)" < oo for some n > 0. Then f admits an
accurate characteristic expansion.
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Remark 1.11. If we strengthened Definition 1.8, by requiring for instance
A(t) = BE(e)+0O(t?) when f ¢ L?, then Theorem 1.9 would be much easier
to prove. However, we would not be able to prove Proposition 1.10 with this
stronger definition. The form of the error term in (1.4) is the result of a
tradeoff between what is sufficient to prove Theorem 1.9, and what we can
prove for Gibbs-Markov maps.

The rest of the paper is organized as follows: Section 2 is devoted to the
proof of Theorem 1.9, using general considerations on characteristic func-
tions, while the results concerning Gibbs-Markov maps (Proposition 1.10
and Theorem 1.5) are proved in Section 3. The required characteristic ex-
pansion is obtained in some cases using classical perturbation theory as in
[ADO1b], but other tools are also required in other cases: weak perturba-
tion theory [KL99, GL06, HP08] and interpolation spaces [BL76]. Finally,
Appendix A describes another application of our techniques, to the speed
in the central limit theorem.

2. USING ACCURATE CHARACTERISTIC EXPANSIONS

In this section, we prove Theorem 1.9. Let f be a function satisfying an
accurate characteristic expansion.

Assume first that f is square integrable. Let t € R. If n is large enough,
t/+/n belongs to the domain of definition of A\, and

A <%>" = exp(n log[1 +itE(f)/vn — ct?/(2n) + o(l/n)])
— exp (n [itE(f)/v/m — ct?/(2n) + 2E(f)2/(2n) + o(1/n)] )

Hence, e SVPEW \(t/\/n)" converges to e~ (¢~E(N*)*/2 By definition of a
characteristic expansion, this implies that e #V7E() g (eltnf / \/ﬁ) converges
to e~ (c—EWNNE*/2, Therefore, e~ (c=E()*)*/2 ig the characteristic function of
a random variable W and (S, f — nE(f))/+/n converges in distribution to
W. This yields 02 := ¢ — E(f)? > 0, and W = N(0,0?), as desired. The
proof of Theorem 1.9 is complete in this case.

We now turn to the other more interesting case, where f ¢ L2. We have
apparently two different implications to prove, but we will prove them at
the same time, using the following proposition.

Proposition 2.1. Let T : X — X and T : X — X be two probabil-
ity preserving mizing maps, and let f : X — R and f : X — R be two
functions with the same distribution. Assume that both of them admit an
accurate characteristic expansion, and do not belong to L?. If (Zz;é fo
TF — A,)/ By, converges in distribution to a nondegenerate random variable
W, then (33=5 foT* — A,)/By, also converges to W.

Let us show how this proposition implies Theorem 1.9.
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Conclusion of the proof of Theorem 1.9, assuming Proposition 2.1. Let f &
L? admit an accurate characteristic expansion.

Let T be the left shift on the space X = RN, and let f(zo,z1,...) = xo.
We endow X with the product measure such that f, foT,... are iid. and
distributed as f. Then f admits an accurate characteristic expansion (with
f(t) =1 and A(t) = E(eft)).

Proposition 2.1 shows that the convergence of (S, f — A4,,)/B, to W gives
the convergence of (ZZ;& foT*—A,)/B, to W. This is one of the desired
implications in Theorem 1.9. The other implication follows from the same
argument, but exchanging the roles of 7' and T in Proposition 2.1. U

The rest of this section is devoted to the proof of Proposition 2.1. We fix
once and for all T, T and f, f as in the assumptions of this proposition, and
assume that (S, f — A,,)/B, converges in distribution to a nondegenerate
random variable W. Let us also fix ¢ and e such that f ¢ L? and A(t), A(t)
satisfy (1.4) (if the values of ¢ and € do not coincide for the expansions of
A(t) and A(t), just take the minimum of the two).

Let ®(t) = E(1 —cos(tf)) > 0, this function will play an essential role in
the following arguments.

Lemma 2.2. We have [ |eit/ — 1|2 = 2®(t). Moreover, since f does not
belong to L?,

(2.1) 2+ </ |ettf — 1|>2 = o(®(t)) whent — 0.

Proof. Writing |el*/ — 1|2 = (e!*/ —1)(e~#/ — 1) and expanding the product,
the first assertion of the lemma is trivial.
To prove that t2 = o( [ |e!/ — 1]2), let us show that

22) / :

dm — +o0o when t — 0.
The integrand converges to | f|?, whose integral is infinite. Since a sequence
fn of nonnegative functions always satisfies [liminf f,, < liminf [ f,,, by
Fatou’s Lemma, we get (2.2).
Let us now check that ([ |e!/ — 1|)2 = o( [ |el*/ —1]?). Fix a large number
M and partition the space into Ay = {|f| < M} and By, = {|f| > M}.
Since (a + b)? < 2a? 4 2b? for any a,b > 0, we get

2 2
(Jeor )= ([ e [ o)
Anm By
. 2 . 2
§2</ ’eltf_1‘> +2</ ’eltf_1‘>
Ay By

eitf -1 2

L2

eitf -1
t

< 2M28 + 2|15, II7:

)
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by Cauchy-Schwarz inequality. The term 2M?t? is negligible with respect to
[|eit/ — 1|2, by (2.2), while the second term is m(Bys) [ |ei*/ —1|2. Choosing
M large enough, we can ensure that m(Bjy) is arbitrarily small, concluding
the proof. O

Lemma 2.2 shows that (1.4) is equivalent to
(2.3) At) = E(") + O(|t]7) + o(®(t)).

The main difficulty is that, for a general function f not belonging to L9,
[t|2F€ is not always negligible with respect to ®(¢). This is however true
along a subsequence of t’s:

Lemma 2.3. Since f does not belong to L1, there exists an infinite set
A C N such that, for anyt € A :=J,c4[27"71,27"],

(2.4) [t]7F/2 < B(t).
Proof. Assume by contradiction that, for any large enough n, there exists
tn € 27771277 with [ 1 — cos(tnf) < [t,|9F/2. If 2 € X is such that

|f(x)| € [2771,27], then |t f(z)| € [1/4,1]. Since 1 —cos(y) is bounded from
below by ¢ > 0 on [—1,—1/4] U [1/4,1], we get

m{|f| € [2"_1,2"]} <c! / 1—cos(t,f) < C’|tn|q+5/2 < g2 —mlate/2),

Hence, Y 29"m{|f| € [2"7!,2"]} is finite. This implies that f belongs to
L4, a contradiction. O

Lemma 2.4. Along A, we have |\(t)]?> =1 — (2 + 0o(1))®(t).

Proof. Along A, the previous lemma and (2.3) give A(t) = E(el/) +o(®(t)).
Hence,

AP = E(")]” + o(D(1))
=(1-B1-e")-(1-E1-e")) +o(@(t)
=1-2E(1 —cos(tf)) + |EQ1 — ) + o(®(1)).

Moreover, E(1— cos(tf)) = ®(t), and |E(1 —€et/)]2 < (|1 - ‘tf|)2, which
is negligible with respect to ®(¢) by Lemma 2.2. This proves the lemma. [

Lemma 2.5. The sequence B, tends to infinity.

Proof. Assume by contradiction that B, does not tend to infinity. In this
case, there exists a subsequence j(n) such that the distribution of Sj(,)f —
Ajny is tight. Since T' is mixing, [AW00, Theorem 2] implies the existence
of ¢ € R and of a measurable function v : X — R such that f =u—uoT +c¢
almost everywhere. In particular, S,f — nc converges in distribution, to
Z = Zy1 — Zy where Z; and Zy are ii.d. and distributed as u. Hence,

e itnep(eitSnf) converges to E(el*?), and therefore |E(ei5nf)| — |E(elt?)].
However, E(el*nf) = p(t)A(t)™ 4 o(1). If |A(t)| < 1, we obtain E(el*?) = 0.
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Along A, the function ® is positive (by (2.4)) and [A(¢)|> = 1 — (2 +
0(1))®(t) by the previous lemma. Hence, if ¢ is small enough and belongs
to A, we have |\(t)] < 1, and E(e'?) = 0. In particular, the function ¢
E(e*?) is not continuous at 0, which is a contradiction since a characteristic
function is always continuous. O

Lemma 2.6. The sequence By,y1/B, converges to 1.

Proof. We know that (S, f—A,)/B,, converges in distribution to a nondegen-
erate random variable W. Since the measure is invariant, (S, foT —A,)/B,
also converges to W. Since B,, — oo, this implies that (S,+1f — Ay,)/Bn
converges to W. However, (Sp+1f — Ant1)/Bny1 converges to W. The con-
vergence of types theorem (Theorem 1.4) therefore yields B, +1/B, — 1. O

Slowly varying functions have been defined in Definition 1.2.

Lemma 2.7. There exist d € (0,2] and a slowly varying function L such
that By, ~ n'/?L(n).

Proof. Since B, — oo, the convergence (S,f — A,)/B, — W translates
into: e An/Br)\(t/B, )" — E(e"™) uniformly on small neighborhoods of
0. Hence, |\(t/B,)|?" — |E(™)|? = E(e'*?) where Z := W — W' is the
difference of two independent copies of W. Taking the logarithm, we get

(2.5) onlog |\(t/B,)| — log E(e!'%).

Since B, — oo and By, 11/B,, — 1, [BGT87, Proposition 1.9.4] implies that,
for t > 0, one can write [A(t)|> = exp(—t?Lo(1/t)) for some slowly varying
function Ly and some real number d. Moreover, E(elt?) = e~ for some
c > 0. Since E(el'?) is a characteristic function, this restricts the possible
values of d to d € (0,2].

Let ty > 0 be such that E(e?) € (0,1). The convergence (2.5) for
t = tg becomes n ~ CB%/Ly(B,,) for some C > 0. Since d > 0, the function
x +— Cx?/Lo(z) is asymptotically invertible by [BGT87, Theorem 1.5.12],
and admits an inverse of the form z — z'/¢L(x) where L is slowly varying.

We get B,, ~ n/1L(n). O
Lemma 2.8. The number d given by Lemma 2.7 satisfies d < q + €/2.

Proof. Let to > 0 satisfy E(el0%) € (0,1). The sequence |A(to/B,)*" con-
verges to E(el"?). Taking logarithms, we obtain the existence of a > 0 such

that
to
P i
(%)

Since By41/Bpn — 1, there exists j(n) — oo such that to/Bj(,) € A (where
A is defined in Lemma 2.3). Along this sequence, we have [X(to/Bj()* =
1 — (2 +o(1))®(to/Bj(n)) by Lemma 2.4. Taking the logarithm and using

2
— Q.

(2.6) —nlog
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(2.6), we obtain j(n)®(to/Bj(m)) — a/2. By (2.4), this yields j(n)/ B;’(t;p
O(1). Moreover, by Lemma 2.7 ,
(27) GBI ~ ) L (),

This sequence can be bounded only if 1 — (¢ + €¢/2)/d < 0, concluding the
proof. O

Proof of Proposition 2.1. For small enough ¢, |A(t) — 1| < 1/2. Hence, it
is possible to define log A(t) by the series log(1 — s) = — 3 s*/k. Since
the logarithm is a Lipschitz function, (2.3) gives log A\(t) = log E(e'f) +
O(|t|9+¢) + o(®(t)). Moreover, 1 — E(el/) = &(t) — iE(sintf), hence
(2.8)  —logE(e") = ®(t) —iE(sintf) + o(®(t)) + O(| E(sint f)[?).

(t N = [Im E(ei* — 1)] < Ele) —1]. Using (2.1), we
obtain |E(sin(tf))[? = o(®(t)). We have proved
(2.9) —log A(t) = ®(t) — iE(sintf) + o(®(t)) + O(Jt|77°).

The convergence (S, f — Ap)/Bn — W also reads e~ 4n/Br )\(t/B, )"

E(e). By (2.9), the left hand side is

Moreover, |E(sin

exp(—itAn/Bn—ncb(t/Bn) +niE(sin(tf/By))+o(n®(t/By)) +O(n/B;1L+E)> .

By Lemma 2.8, n/B,(fLe tends to 0 when n — oco. Hence, the last equation
can also be written as

(2.10)
exp(—itAn /By — n®(t/By) + niE(sin(tf/Bn)) + o(n®(t/Bn)) + 0(1))) .

To prove the desired convergence of (S, f — An)/By to W, we should prove
that e*itAN"/ BuX(t/B,)" converges to E(e™™). The previous arguments also
apply to A, and show that

“itAn /By (T n:
(2.11) e A<Bn>

exp(—itAn /By — n®(t/By) + niE(sin(tf/By)) + 6(n®(t/By)) + 5(1))) ,

where we have used the notation 6 to emphasize the fact that these negligible
terms may be different from those in (2.10).

Let us now conclude the proof by showing that (2.11) converges to E(e
using the fact that (2.10) converges to E(e™"). The only possible problem
comes from the negligible term o6(n®(t/B,)) (since the term 6(1) has no
influence on the limit).

We treat two cases. Assume first that E(e™) # 0. Then the modulus
of A(t/By,)™ converges to a nonzero real number. In particular, n®(t/B,,)
converges, which implies that o(n®(t/B,,)) converges to 0. This concludes
the proof in this case.

itW)

)
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Assume now that E(e'W') = 0. This implies that the modulus of A(¢/B,,)"
converges to 0. By (2.10), this yields n®(t/B,) — 4oc. In this case,
we have no control on the argument of e~#4n/Br X(¢/B,)" (since the term
o(n®(t/By,)) may very well not tend to 0), but its modulus tends to 0. This
is sufficient to get again e #4n/Bn \(t/B,)" — 0 = E(e*"W). This concludes
the proof of Proposition 2.1. O

3. CHARACTERISTIC EXPANSIONS FOR GIBBS-MARKOV MAPS

3.1. The accurate characteristic expansion for non-integrable func-
tions. Let us fix a mixing probability preserving Gibbs-Markov map T :
X — X, as well as a measurable function f : X — R with > m(a)Df(a)" <
oo for some 7 € (0, 1].

Let 7' denote the transfer operator associated to T (defined by duality by
Ju-voT dm= [ Tu-v dm). It is given explicitly by

(3.1) Tu(z) = Y gly)u(y),
Ty=x

where g is the inverse of the jacobian of 7. We will need the following
inequality: there exists a constant C such that

(3.2) C~ 1 m(a) < g(z) < Cm(a)

for any @ € o and z € a. This follows from the assumption of bounded
distortion for Gibbs-Markov maps.
Let £ be the space of bounded functions v : X — C such that
(3.3) sup sup u(z) — u(y)|/d(z,y)" < .
aca r,yca
Then 7' acts continuously on £, has a simple eigenvalue at 1 and the rest of

its spectrum is contained in a disk of radius < 1. Moreover, it satisfies an
inequality

(3.4) ‘ﬁ%

|, <O lullg + € llulla

for some v < 1. This follows from [ADO1b, Proposition 1.4 and Theorem
1.6).
Let us now define a perturbed transfer operator T; by Ti(u) = T(e* ).

Using the estimate > m(a)D f(a)" < oo, one can check that the operator T}
acts continuously on £, and

(3.5) Hﬁ—fm:EZOWW+EH”—H)

This follows from Lemma 3.5 and the proof of Corollary 3.6 in [Gou04].

The estimate (3.5) is a strong continuity estimate. We can therefore apply
the following classical perturbation theorem (which follows for instance from
[Kat66, Sections II1.6.4 and IV.3.3]).



hal-00318082, version 2 - 8 Jul 2009

WEAK CONVERGENCE IN GIBBS-MARKOV MAPS 13

Theorem 3.1. Let A be a continuous operator on a Banach space B, for
which 1 is a simple eigenvalue, and the rest of its spectrum is contained in
a disk of radius < 1. Let Ay (for small enough t) be a family of continuous
operators on B, such that ||[A; — Al|g_,z — 0 when t — 0.

Then, for any small enough t, there exists a decomposition E; & F; of B
into a one-dimensional subspace and a closed hyperplane, such that E; and
F; are invariant under Ay. Moreover, A; is the multiplication by a scalar

A(t) on E, while H(At)"} 5 < CH™ for some v <1 and C > 0.
The eigenvalue A(t) and the projection P, on E; with kernel Fy satisfy

(3.6) (A(t) =1 < Cl|Ae = Allg_p
and
(3.7) 1P = Pollgs < CllA: = Allg_p-

This theorem yields an eigenvalue A(¢) of T; for small ¢, and an eigenfunc-
tion & = P41/ [ P;1 such that [& =1 and
(3.8) & =1l = O(t]" + Ele™ — 1)),
by (3.7).
We have
9) B = [Ir0) =20 [ Pa+06" = pN0" + 06",

for pu(t) = [ P1. This proves that f admits a characteristic expansion. To
prove Proposition 1.10, we have to show that this expansion is accurate, i.e.,
to get precise estimates on A(t). We have

(3.10) A(t) = / )& = /Tt& /Tt1+/Tt )& —1),

hence
(3.11) A® = E@) + (@ -1 - 1)

When n =1 (i.e., Y. m(a)Df(a) < oo) and f ¢ L2, (3.11) together with
the estimate (3.8) readily imply that the characteristic expansion of f is
accurate, concluding the proof of Proposition 1.10 in this case. The general
case requires more work.

We first deal with the case f ¢ L'*/2. In this case, we already have
enough information to conclude:

Lemma 3.2. If f & L'™/2 then f admits an accurate characteristic ex-
pansion.

Proof. The equation (3.11) together with (3.8) yield

(312)  A(t) = B(e*) + 0 (!t!" - / it — 1y> +0 (/ eitf — 1\)2.
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Let p € [0,1] besuch that f € LP and f ¢ LP*"/2 (we use the convention that
every measurable function belongs to L°). For any x € R, [el® — 1| < 2|z|P.
Then

(3.13) 7 [ 1 —1 < 2 [ a1 < Clpen

This yields the accurate characteristic expansion (1.4) as desired, for ¢ =
p+n/2 and € = n/2. O

The case where f € L¥7/2 is a lot trickier. It requires a more general
spectral perturbation theorem, essentially due to Keller and Liverani. Un-
fortunately, this theorem is sufficient only when there exists ¢ < 2 such that
f ¢ L4, while the remaining case can only be treated using a generalization
of this theorem, involving several successive derivatives of the operators,
that we will describe in the next paragraph.

3.2. A general spectral theorem. In this paragraph, we describe a gen-
eral spectral theorem extending the results of [KL99] to the case of sev-
eral derivatives. A very similar result has been proved in [GLO06], but with
slightly stronger assumptions that will not be satisfied in the forthcoming
application to Gibbs-Markov maps (in particular, [GLO6] requires (3.16) be-
low to hold for 0 < i < j < N, instead of 1 < ¢ < j < N). Let us also
mention [HPO8] for related results.

Let Bo D By D --- D By, N € N* be a finite family of Banach spaces,
let I C R be a fixed open interval containing 0, and let {A;}ier be a
family of operators acting on each of the above Banach spaces. Let also
bo, b1, ..., bny—1 € (0,1] (usually, b; = 1 for ¢ > 1). Let b(4,j) = i;i by, for
0<i<j<N. Assume that

(3.14) M >0, viel, |[Aiflg, < COM"[|fllz,

and

(3.15) Ay <M, vtel, [Aiflls, <Cv"Iflg, +CM™|[fll5, -
Assume also that there exist operators @1, ..., Qn—1 satisfying the following
properties:

(3.16) V1 < 7 <j < N, HQj—iHl%ﬂ& < C

and, setting Ag(t) := A; and Aj(t) :== Ay — Ag — i;ll t*Qy for j > 1,
(3.17) Vtel, V0<i<j<N, HAj_i(t)HBﬁBi < Ot

These assumptions mean that ¢ — A; is continuous at ¢ = 0 as a function
from B; to B;_1, and that ¢t — A; even has a Taylor expansion of order
N — 1, but the differentials take their values in weaker spaces.

For o > v and 0 > 0, denote by V;, the set of complex numbers z such
that |z| > ¢ and, for all 1 < k < N, the distance from z to the spectrum of
Ap acting on By is > 4.



hal-00318082, version 2 - 8 Jul 2009

WEAK CONVERGENCE IN GIBBS-MARKOV MAPS 15

Theorem 3.3. Given a family of operators {A}ier satisfying conditions
(3.14), (3.15), (3.16) and (3.17) and setting

N-1
Ry(t):=> t" Y (2=A0)7'Qu (2= A0) " ... (2= Ag) ' Qr, (2= Ag) T,

k=0 b 4-tl=k

for all z € Vs, and t small enough, we have

H(Z B At)—l B RN(t)HBNHBO < C]t]"“b°+b(1’N)

log(e/7)
log(M/~)"

Hence, the resolvent (z— A;)~! depends on t in a C*0T0(1N) way at t = 0,
when viewed as an operator from By to By.

Notice that one of the results of [KL99] in the present setting reads

(3.18) [(z = A) ™" = (2 = A0) | 5,5, < ClEI"™.
Accordingly, one has Theorem 3.3 in the case N = 1 where no assumption

is made on the existence of the operators Q.
We will use the following estimate of [KL99:

where Kk =

Lemma 3.4. For any small enough 7 and any z € Vs ,, we have

(3.19) 1z = Ao) "l 5, < CT" |lullg, + CT lullg,

Proof. This is essentially (11) in [KL99]. Let us recall the proof for the
convenience of the reader. We have

n—1

1 A

(3.20) (z—Ag) L =27"(z — Ag)1AD + - E (27t Ap)7.
s

(this can be obtained for large enough z by taking the series expansion of
(z — Ag)~! and isolating the first terms). Hence,

[z = Ao)Mul|5, < Clal ™ [[(2 = A0) |5, _, [V tll, + M™ [l 5,]

1 n—1 )
— —J AJH
L (%] —

< C(v/0)" ulls, +C(M/o)" [lullg, -
Let us choose n so that (y/0)" = 77, i.e., n = |log 7|/log(M/v). Then

(3.21) (M/o)" = exp <| log 7] - LUW@)) L 0

log(M/~)) ~
Proof of Theorem 3.3. We have
(3.22) (z—A) V= (2—Ag) 4 (2 — A) 7 (A — Ag)(z — Ag) L.

If we want an expansion of (z — A;)~! up to order [t|*P+b1 this equation
is sufficient: we can replace on the right (z — A;)~! with (z — Ag)~! up to
a small error [t|"® (by (3.18)), and use the Taylor expansion of A; — Ay
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to conclude (since A; — Ag = Op,_p,(|t|"*), the global error is of order
|t|Potb1) If we want a better precision |t|*?0+(LN) we should iterate the
previous equation, so that in the end (2 — A;)~! is multiplied by a term of
order [t|P(LN),

This is done as follows. Let A(z,t) := (4; — Ag)(z — Ag) L. Tterating the
previous equation N — 1 times, it follows that

(3.23)
N-2
(z— A1 = (z— Ag) TA(z, 1) 4 (2 — A)) T A(z, )N T
=0
N1
= (2= Ag) T Az, t) + [(2 — A) 7t = (2 — Ao) ] Az, )V
7=0

For each j, we then need to expand A(z,t)? to isolate the good Taylor

expansion, and negligible terms. The computation is quite straightforward,

but the notations are awful. To simplify them, let us denote by £ a tuple

(f1,...,L) of positive integers. Write also I[(£) = k and [£| = €1 + -+ + Uk

and Q¢ = Q, (2 — Ao) 71 ... Qe (2 — Ao) 7L, and A(t) = Ay(t)(z — Ao) L.
Let us prove that, for any j < N,

(3.24) A(z,t) = > Az, O AN o -1) (1) Qe

LO<g, j-UO<N—[¢]
Py g,
1(0)=j, 0<N—|¢]

We start from the following equality, valid for each j € N and a < N,
which is a direct consequence of the definition of Ag,(%):

a—1
(3.25) Az, t) = Az, ) A1) + )t Az, 1) Q.

/=1
We can again iterate this equation. We will adjust the parameter a we will
use during this iteration, as follows: we claim that, for all 1 < m < j,

(3.26) A(Z,t)jz Z t'gA(Z,t)jfl(@ilAN,m,(j,l(@,l)(t)@g
(Q)<m, j—l(O)<N-¢

- > Az, 1Y ™Q, .

I(&)=m, j—l()<N—

In fact, for m = 1 the above formula is just (3.25) for a = N —j+1. Next,
suppose (3.26) true for some m < j, then the formula for m + 1 follows by
substituting the last terms A(z,t)?~™ using (3.25) for a = N — |£| — (j —
[(¢) — 1). This proves (3.26) for any m < j. In particular, for m = j, we
obtain (3.24).
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The equations (3.23) and (3.24) sum up to
(327) (z—A) ' =Ry(t)+ [(z — A) " = (2 — Ao) ] Az, )N !

N-1
+> > t(z = A0) T AG, Y O AN a1y (8) Qe
J=0 1) <g, j—UO<N—|¢|

We will show that all the error terms are Opg,, g, (|t T0(LN)).
Fix j and £ with [(£) < j, j — 1(£) < N — |£|. Let

(3.28) F(t) = 9 Az, ) O Ax o -1) (e,
we want to show that
(329) H(Z - AO)_lF(t)HBNHBQ S C’tlﬁbo-i_b(LN)'

We have H"f“g'@H < C|t[l < CJtPN-ILN) by (3.16), while
|

By—By-|e
(330 ||Av o n®)|, < Ot pU-1O-1.N~I2)
N-10=Bj—10)-1

by (3.17), and HA(z,t)j_l(@_lHBV < C|t[POT=HO=1) again by (3.17)
.

ww-1—Bo =
applied j —I1(£) — 1 times, since A(z,t) = A1(t). Multiplying these estimates
gives
(3.31) IE Ol gy—s, < CIE"ON.

Moreover, since Ay, = Aj_q — thk, the norm of A, from Bj to Bj_g+1
is bounded by C|t|*U—*+1.J), In particular, the norm of AN,|£|,(j,l(£),1)(t)
from By_jg to Bj_y) is bounded by C|t[bU—HO.N=I€)  Together with the
same arguments as above, we obtain
(3.32) 1E(®)llgy—, < Ol
The estimate (3.29) now follows from (3.31) and (3.32), as well as Lemma
3.4 for 1 = |t|%.

We now turn to the term
(3.33) [(z— A7 = (2 — Ag) 7] Alz, t)yN-1
of (3.27). As [|A(z,t)|lp, 5, , = O(|t|P-1), we have HA(z,t)NAHBNHBl =

O([t|P™N)). With (3.18), this shows that (3.33) is Op, g, ([t|*0to(LN))]
concluding the proof. O

We will use the previous theorem in the following form:

Corollary 3.5. Under the assumptions of the previous theorem, assume
also that M = 1 and that Ay acting on each space B; has a simple isolated
eigenvalue at 1, with corresponding eigenfunction &. Then, for small enough
t, Ay has a unique simple isolated eigenvalue A(t) close to 1.

Let v be a continuous linear form on By with v(§y) = 1. For small enough
t, v does not vanish on the eigenfunction of A; for the eigenvalue A(t).
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It is therefore possible to define a normalized eigenfunction & satisfying

v(&) =1
Finally, there exist uy € By_1,...,un_1 € By such that, for any € > 0,
N-1
(3.34) &—&— > thu| =0t ON).
k=1 Bo

Proof. Let ¢ > 0 be small, and define an operator P, = ﬁ f|271|:c(z —
A)~1 dz. The operator P, is the spectral projection corresponding to the
eigenvalue 1 of Fy. By Theorem 3.3, || — Pollg, .5, converges to 0 when
t — 0. Therefore, the operator P; is also a rank one projection for small
enough ¢, corresponding to an eigenvalue A(t) of A;. Let § = P;(u) for some

fixed u € By with Py(u) # 0, & is an eigenfunction of A; for the eigenvalue
A(t). Since H{t — 50"6 — 0, this eigenfunction satisfies (&) # 0 for small
0

enough ¢, and we can define a normalized eigenfunction & = & /v(&;).
For1<k<N -1, let

. 1 _ _ _

U = Z — (z—A0)7'Qy, ... (2 — Ap) ngj(z—Ao) Yu dz.
Oyt = 20 J)z1|=c
1++H=k

It belongs to By_x by (3.16). Moreover, Theorem 3.3 yields

_ ~ N-1

& —&— Y thiy,

k=1

(3.35) < Cft]boFb(LN)

Bo

for k = log((1 — ¢)/v)/log(1/7). Applying v to this equation, we obtain
that v(£;) admits an expansion v(&;) = Zi\;_ol thug +O(|t]o (L)) Hence,
& = & /v(&) also admits an expansion similar to (3.35).

This is almost the conclusion of the proof, we only have to see that the
error term O(|t|*P0+*(LN)) can be modified to be of the form O(|¢[*-M)=€) for
any € > 0. This follows from the fact that ¢ can be chosen arbitrarily small
(by holomorphy, this does not change the projection P; for small enough ¢,
hence @y, and uy, are also not modified). O

Remark 3.6. Corollary 3.5 states that the normalized eigenfunction &; has
a Taylor expansion of order b(0, N) — e at 0. Under similar assumptions
at every point of a neighborhood I of 0, we obtain that & has a Taylor
expansion at every point of I. By a lemma of Campanato [Cam64], this
implies that & is C*(ON)=¢ on I, a result analogous to [HP0S].

3.3. Definition of good Banach spaces. We now turn back to the dy-
namical setting: T : X — X is a mixing Gibbs-Markov map, and f : X — R
is a function satisfying Y m(a)D f(a)" < oo, for which we want to prove an
accurate characteristic expansion. To do that, we wish to apply Corollary 3.5
to a carefully chosen sequence of Banach space. We have currently at our
disposal the spaces LP (but the spectral properties of the transfer operator
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on these spaces are not good), and the space £ (which is only a space, not
a sequence of spaces). Our goal in this paragraph is to define a family of
intermediate spaces between LP and £, which will be more suitable to apply
Corollary 3.5.

For 1 < p < oo and s > 0, let us define a Banach space £P® as follows: it
is the space of measurable functions u such that, for any k € N, there exists
a decomposition u = v + w with |[v]|, < Ce* and |w||;, < Ce™**. The
best such C' is by definition the norm of u in £P>*. This Banach space is an
interpolation space between £ and LP (see [BLT76]).

Of course, £P-* is included in LP (simply use the decomposition for & = 0),
and L£P is contained in £7% when p/ < p and §' < s.

Let us check that the operators T and T} enjoy good spectral properties
when acting on £P°. This will be a consequence of the fact that they have
good properties when acting on £, and are contractions when acting on LP.

Lemma 3.7. Let 1 < p < oo and let s > 0. The operator T acts con-
tinuously on the space LP®. Moreover, there exist v < 1 and C' > 0 such
that

(3.36) |77 < el gns +Cllul

o

Proof. Let 79 < 1 be such that HT"U

For n € N, let A be the integer part of en, for some € > 0 with yye ¢ <
1. Let u € LP®, there exists a decomposition v = v + w with [jv||, <
HFH Al gy and Jwllp < e A Juf| .. Then

L SO llulle +Cllull .

HT"U

L S OBl e + C ol
< COfe)e ull o + C w1 + C lull
< Cpet + e N Jul 4y + C a4
< (O full g + C Nl ),

for some v < 1. Moreover

|77 <ol < Cem e Jull g < " ul o)

< e MOy Nlull gos + C llull 1)
for some v < 1.

Therefore, the decomposition of T"u as T"v + T™w shows that T"u be-
longs to £P*, and has a norm bounded by C~" ||ul| sp.« + C ||u| 1. O

Lemma 3.8. For any p > 1 and s > 0, the inclusion of LP* in L' is
compact.

Proof. Let u, be a sequence bounded by 1 in £P®. Fix k € N, and let us
decompose u,, as v, + wy, With [|v, |, < ¥ and |jwy|, < e *F. Since the
inclusion of £ in L! is compact, there exists a subsequence j(n) such that
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Vj(n) converges in L'. Therefore, lim SUD,, oo Huj(n) uj(m)HL1 < 2=k,
With a diagonal argument over k, we finally obtain a convergent subsequence
of u,. 0

Corollary 3.9. The transfer operator T acting on LP® has a simple eigen-
value at 1, and the rest of its spectrum is contained in a disk of radius < 1.

Proof. Together with Hennion’s Theorem [Hen93], the two previous lemmas
ensure that the essential spectral radius of 7' acting on £P% is < v < 1, i.e.,
the elements of the spectrum of 7' with modulus > ~ are isolated eigenvalues
of finite multiplicity.

If w is an eigenfunction of T for an eigenvalue of modulus 1, then u belongs
to L. Since T satisfies a Lasota-Yorke inequality (3.4) on the space £, the
theorem of Ionescu-Tulcea and Marinescu [ITM50] implies that u belongs
to £. However, we know that 7 acting on £ has a simple eigenvalue at 1,
and no other eigenvalue of modulus 1. O

Lemma 3.10. For any p > 1 and s > 0, the operator T, acts continuously
’Tt 7

on LP® for small enough t. Moreover, converges to 0

LPs8 5 [Dss
when t — 0. Finally, if t is small enough, T, satisfies a Lasota-Yorke type
inequality

(3.37) HTt"u

s SOVl gy +Cllull

where C' > 0 and v < 1 are independent of t.

Proof. For any operator M sending £ to £ and LP to LP, then M sends LP+®
to LP* and, for any integer A > 0,

A —sA
(3.38) M| o s < max(e® [[M ||y e [[M ][ o 1p)-

This follows using the decomposition of u € £P* as v + w with |jv]|, <

A ull o and Jwll < e 75 ful| ..
By (3.5), HTt — TH tends to 0, while HTt —T‘ is uniformly
L—L LP—LP s
bounded. Applying (3.38) to M = T, — T and e? close to ||T} — 1 o e

tends to zero.
LP:S 5 [Ps

By (3.36), we can fix N > 0, 0 < 1 and C' > 0 such that HTN ‘

obtain that HTt — T‘

rs
o |lul|gp.s + Cllull;1. Let o1 € (0,1). Since HTt —T‘ P tends to 0

when ¢t — 0, the previous equation gives, for small enough ¢,

(3.39) |72 ... < o lullgns + Clull s

Iterating this equation, we get by induction over k

(3.40) H ¥

k—1
k—1—j ||
al . < ok llullgne + €Y A |17
j=0
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Since T} is a contraction on L', we obtain ||7/Nu < o ||lull pps +
) t 1 LPs
LPp>s

C'ul[ g1, for C" = C3772 ©o0’. This proves (3.37) for n of the form kN,
and the general case follovvs O

3.4. Gaining J in the integrability exponent. We wish to apply Corol-
lary 3.5 to obtain the accurate characteristic expansion. This theorem in-
volves an (arbitrarily) small loss of ¢, that we will have to compensate at
some point. In this paragraph, we show how a regularity assumption of the
form Y m(a)D f(a)? < co makes it possible to obtain a definite gain in the
integrability exponent of some functions, which ultimately will compensate
the aforementioned loss.

Lemma 3.11. For any B € (0,1], there exists 6 > 0 with the following
property. Let f € LP (for some p € [1,1/f]) satisfy 3. m(a)Df(a)’® < cc.
Let ¢ € [B,p], and consider a function u such that |u| < |f|¢, and, for all
a€ a,

Df(a) gesl,
(3.41) Dula) < {D @) [Lafl5 ife>1

Let q, v be positive numbers (possibly q = o0) such that 1/r =1/(p/c)+1/q,
and r > 1+ 8. Then the operator v — T(uwv) maps L to L™ (and its
norm is bounded only in terms of f and 3).

Since u € LP/¢, the Holder inequality shows that the operator v — T(uv)
maps L? to L". The lemma asserts that there is in fact a small gain of 4 in the
integrability exponent, due to the regularity property S"m(a)Df(a)? < oco.
Moreover, the gain is uniform over the parameters if r stays away from 1.

Proof. We will show that, under the assumptions of the lemma, the operator
pa/c—Bq
p/cta—Bq ) o
bounded from below when the parameters vary according to the conditions

of the lemma, this will conclude the proof.?

Let us first show that
(3.4 S mla) 1l < oo,

aca

v T(uv) maps L4 to L", for 7 = Since 7 — 7 is uniformly

ZIndeed,

524 (pg/c —p/c—q)
(p/c+a)(p/c+q—B%q)
Since r > 1 4 3, we have pg/c > (1 + B)(p/c + q). Therefore, the second term of the
numerator of (3.42) is at least S(p/c + ¢). Simplifying with the denominator, we get

3 3

> b > B .
Tpfee+ 152 T fP 41—

(3.42) For=

(3.43) -
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For z,y 6 a, we have |f(z)| < |f(y)| + Df(a). Integrating over y, we
get |f(x) f |fl+ Df(a ) Together with the inequality (¢ + )% <

1+t + tﬁ vahd for any t',t > 0, we obtain

S @l < S mla (14 0 1) + Em@sa)”

acx acx acx

These sums are finite, concluding the proof of (3.44).
Let 3 = (3%, we will now show that

(3.45) > " m(a) ul, 7. < oo

acx

By the previous argument, it is sufficient to show that m(a)Du(a)B is

finite. If ¢ < 1, Du(a)g < Df(a)g < max(1, Df(a)?), and the result follows.
Ife>1,

Du(a)” < Df(a)” [1af15="" < max(Df(a). | Laf )
< Df(a) + [[1af I3k -

N

Since ¢ < f3, (3.44) shows that Zm(a)Du(a)ﬁ < 00, concluding the proof
of (3.45).

By (3.1) and (3.2), T(Jul?) is bounded by 3
finite. Hence, T'(Jul?) is a bounded function.

Let us now estimate T(uv) for v € LY. Let p = 7#/(7 — 1), so that
1/p+1/7 =1. We have

m(a) |uly]|% e, which is

aco

(346)  T(Juv]) = T(|jul??[ul*=5/P|v]) < T(|jul?)Y/PT(|uO=8/0) [v|T) /7.

Since T(|u|ﬁ~) is bounded, we obtain

HT(UU)HLF <C (/ T(’u‘f(lﬁ/p)’v’f)>1/f o (/ ’u‘mﬁ/p),v,f) v

Let s and t be such that 1/s + 1/t = 1 and t7 = ¢, ie., t = ¢/7 and
s =¢q/(q — 7). The Holder inequality gives

. ~ ~ ~ _ 1/s N\ U/t
(3.47) /‘u,r(l—ﬁ/p)‘v‘r < (/‘u,r(l—ﬁ/p)8> (/ ,v,rt> )

The choice of 7 above ensures that 7#(1 — 3/p)s = p/c. Hence, the integral
involving w is finite, since u € LP/°. We obtain ||T'(uv) . < Ol e, as

required.

Lemma 3.12. For any § € (0,1], there exists § > 0 with the following
property. Let f € LP (for some p € [1,1/f]) satisfy 3. m(a)Df(a)’® < cc.
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Let ¢ € [B,p], and consider a function u such that |u| < |f|¢, and, for all
a€ a,

Df(a) ifc <1,
(348) Dula) = {Df(a) AU e 1.

Let q,  be positive numbers (possibly ¢ = co) such that 1/r =1/(p/c)+1/q,

and r > 1+ (3. Then, for any s > 0, there exists s' = s'(f,3,s) such that
the operator v — T (uv) maps LT® to Lo (and its norm is bounded only

in terms of f,[3,s).

Proof. Let &y be the value of 0 given by Lemma 3.11 for /2 instead of £.
We will prove that the lemma holds for § = dp/2.

For K > 1, denote by A(K) the union of the elements a € a such that
Df(a) + |[1af]l; < K, and let B(K) be its complement. The finiteness of

the sum >, m(a)(Df(a)’ + ||1af||ﬁoo) (which has been proved in (3.44))
implies that there exists C' such that

(3.49) m(B(K)) < CK~".

Moreover, let d = max(c,1), then u is bounded by K% on A(K), and its
Lipschitz constant is also bounded by K¢. Therefore,

(3.50) [Lagyul| . < CK“.

Take v € L?* bounded by 1, and k € N. By definition of L%, we can write
v =w+w with HwHE < eF and |w'|| ;e < e k. For any K > 1 we obtain a

decomposition of T'(uv) as the sum of T(lA(K)uw) and T(lB(K)uw + uw').
We claim that

(3.51) |7 aguw)|, < crer
and, for some € > 0,

< Ce % 4+ CcF K.

rté0/2 T

(3.52) HT(lB(K)uw —{—uw')‘

This concludes the proof of the lemma, for § = dy/2 and s’ = s/(1 + d(1 +
s)/€). Indeed, for K = exp((1+5)k/e), the bound in (3.51) becomes Ce/%',
and the bound in (3.52) becomes Ce™**. Taking k' close to sk/s’, we have
obtained a decomposition of 7'(uv) as a sum @ + @' with [|@], < Ce¥ and
[@'|| prss072 < Ce™F | as desired.

It remains to prove (3.51) and (3.52). The former follows from the in-
equality [|zz'||, < C'||z|l |2l 2, applied to the functions z = 1 4(xyu (whose
norm is bounded by (3.50)), and 2z’ = w (whose norm is at most e*).

We turn to (3.52). First, by Lemma 3.11,

(3.53) HT(uw'

W v < [T o < €l



hal-00318082, version 2 - 8 Jul 2009

24 SEBASTIEN GOUEZEL

which is at most e **. Let then @ be large enough, and let 7’ be such that
1/r'=1/(p/c) +1/Q. Then

1 1 1 1 !
(3.54) r—r =rr (—/——> =rr (———) SZ.
oo QR q Q

Moreover, 1/r > 1/(p/c) > B, and 1/r' > (% as well. Hence, r — r' <

B74/Q. Choosing @ large enough, we can ensure r — 1’ < §/2. Therefore,

o)

, < el |7 tso )|

Lr+%0/ r+60/2

<l e [Ty D)o

Since 1/(p/c) < 1/r < 1/(1 + (), we have 1/r' < 1/(1 + ) + 1/Q, which
is at most 1/(1 + (3/2) if @ is large enough. Thanks to the definition of dy
above, we can therefore apply Lemma 3.11 to the function v = 1p(k) and
the parameters 1, Q, 3/2, to obtain

(3.55) |7 saol]| ..o < €l | o
Since ||w|| o < ¥ and HlB(K)HLQ < CK~P/9 by (3.49), this proves (3.52)
for e = 3/Q. O

3.5. Accurate characteristic expansions for integrable functions.
We will now prove that a function f satisfying Y m(a)Df(a)" < co admits
an admissible characteristic expansion. By Lemma 3.2, it is sufficient to
treat the case f e L2 We will give very precise asymptotics of the
eigenvalue A(t) of the transfer operator, yielding also other limit theorems
in the L? case.

Theorem 3.13. Let n € (0,1]. There exists a function € : (1,00) — R¥,
bounded away from zero on compact subsets of (1,00), with the following

property.
Let f satisfy Y- m(a)Df(a)? < oo, and f € LP for some p > 1. Then
there exist complex numbers ¢; (for 1 <i < p+ e(p)) such that

(3.56) MO =B+ D, et + ().
2<i<p+e(p)
This theorem contains the characteristic expansion of f € LP for p > 1:

Corollary 3.14. Let f € L'/2 then f admits an accurate characteristic
eTPansion.

Proof. If f € L?, then (3.56) for p = 2 becomes \(t) = 1 +itE(f) — ct?/2 +
o(t?), for some ¢ € C. This is the desired characteristic expansion.

Assume now f € L?. Let € > 0 be the infimum of ¢(p) for p € [1+1n/2,2].
Let p > 14 /2 be such that f € L? and f ¢ LPt¥/2. Then (3.56) gives
A(t) = E(el") + ct? + O(|t|[P*+¢), which is accurate. O
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Together with Lemma 3.2, this concludes the proof of Proposition 1.10.

Theorem 3.13 also contains much more information, in particular in the
L? case. We will describe in Appendix A another consequence of this very
precise expansion of the eigenvalue A(t), on the speed of convergence in the
central limit theorem. What is remarkable in that theorem is that the regu-
larity assumption on the function need not be increased to get finer results,
Y -m(a)Df(a)" < oo is always sufficient: the only additional conditions are
moment conditions.

Remark 3.15. For p < 2, Theorem 3.13 can be proved using only the
theorem of Keller and Liverani in [KL99], instead of its extension to several
derivatives given in Paragraph 3.2 (but the resulting bound e tends to 0
when p tends to 2): in the forthcoming proof, there is no derivative involved
for p < 2. This gives a more elementary proof of the accurate characteristic
expansion for functions f not belonging to L? for some ¢ < 2, but the general
case (functions in LP for every p < 2) requires the full power of Theorem
3.3.

We will need the following elementary lemma.

Lemma 3.16. For j > 1, define a function F; : R — C by
j—1
(3.57) Fi(z) = " = (iz)"/k!.
k=0
Let also b € (0,1]. For j > 1 and x € R, |F;(x)| < 2|z[I~1*b. Moreover, for
j=2and z,y €R, |Fj(z) — Fj(y)| < 2| — y| - max(|z], [y}’ ~>**.

Proof. Let (A;) denote the property “for all x € R, |Fj(z)| < 2[z[7~1” and
(Bj) the property “for all z,y, |Fj(z) = Fj(y)| < 2|z —y|-max(|z|, [y[)7>".
We claim that (A4;) holds for j > 1, and (B;) holds for j > 2.

First, (A1) holds trivially. Moreover, if (B;) holds, then (A;) holds by
taking y = 0. Hence, it is sufficient to prove that (A;) implies (Bj41) to
conclude by induction. Assume (A;). Since Fj’ 41 = iF}, we have

|Fj1(z) = Fja(y)| < |z —yl sup |[Fj(2)] < |z —y| sup 9| zf1H0
z€[z,y] z€[z,y]
< 2|z — y| max(|a|, |y|) .
This proves (Bj1), as desired. O

Proof of Theorem 3.13. Fix once and for all n € (0,1]. Let us fix A > 1,
we will prove the theorem for p € [1 + 1/A, A]. In this proof, 6 will denote
a positive quantity that may only depend on A, and can change from one
occurrence to the other.

The quantity 1 +55 y SR F T oA 1S bounded from below, uniformly for p €
[14+1/A, A]. Therefore, there exists 6, € [1/5A,1/2A] such that the distance
from p/(1 + d,) to the integers is > 4, for some § > 0. Let us fix such a
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dp. Let N > 2 be the integer such that N > p/(1 +6,) > N — 1, write
p/(140p) = N — 1+ by for some by € [§,1 —6]. Let by =--- =bny_1 = 1.
Define numbers py,...,py in [1 4+ dp,00] by pg = 1+ 6, and, for ¢ > 1,
pi = p/(N —i). Define also operators Q; by Q;(v) = ;—J,T(fjv), and let
Aj(t) = jjt —T— Zi:;ll thk- Let Bj = LPi.

We claim that the assumptions (3.16) and (3.17) are satisfied for the
spaces lf;’j. Indeed, the choices of by and the p;s ensure that, for 0 < i < j <
N,

(3.58) 11, %)

pi Dj p
Therefore, if u € LP/*(3) and v € LP7, then wv € LPi. Since fi~% e LP/G=1),
this shows that @;_; sends BI to Bt if i > 0.

By Lemma 3.16, for any n > 1 and b > 0, [e!* — 2775 }:, xk| < 2z,
Therefore, |A;_;(t)v] < 2T'([tfP~"~1*b|v|). Taking b = b;, we obtain

(3.59) A _i(t)v] < 2 PEDT(| fPED o))

Since |f|b (23) belongs to LP/P(9), this shows thanks to (3.58) that A;_;(t)
sends B; to B; with a norm at most C|t|(), This is (3.17).

Unfortunately, the spaces LP7 do not satisfy a Lasota-Yorke type inequal-
ity (3.15). Moreover, we would like to gain a little bit on the integrability
exponent. Therefore, we will rather use spaces £%° instead of spaces LY.
To check the assumptions (3.16) and (3.17), we will apply Lemma 3.12 for
some small enough ( € (0,7] depending only on A.

The assumptions of this lemma are satisfied for the operator Q;_; (1 <
i < j < N), with ¢ = pj, » = p; and ¢ = b(i, ) (smce 7% is indeed
bounded by |f|?~% and D(f’~%)(a) < CDf(a )HlafH] 1. We now turn,
for 0 <i < j < N, to the operators A;_;(t). Once again, we take ¢ = pj,
r = p; and ¢ = b(i,j). Let us show that the assumptions of Lemma 3.12
are satisfied. First, if 3 is small enough, then r = p; is larger than 1 +
(since we have chosen pg =1+ 6, with ¢, > 1/5A), and ¢ = b(4, j) is larger
than (3 (since by > 6 by the good choice of §,). Let us define a function
fi—i(t) = el — Z] ltf) , so that A;_;(t)v T(fj,i(t)v). The following
lemma shows that fj i(t ) is Well behaved, which is the last assumption of
Lemma 3.12 we have to check.

Lemma 3.17. For any 0 < b < 1 and j > 1, the function u;(t) =
fi @)/ 2ItT =11 satisfies |u;| < |fP~11° and, for all a € a,

) ifj—14+0b<1,

A fla
(3.60) Du;(t)(a )<{ Df(a) | lafIin2" ifj—14b>1.
),
|

Proof. We have f;(t) = F;(tf), where Fj is defined in Lemma 3.16. There-
fore, this lemma yields \fj( )| < 2tfP 1P as desired. If j = 1, f;(t) =
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el — 1, hence (3.60) follows easily. Assume now j > 2. For any points z,y
in the same element a of the partition «,

[F;(0) (@) = f()(y)] = [E5(tf (2)) = Fj(tf(y))]
< 2tf(x) — tf (y)| max(|tf ()], [¢f (y)])) 7>
<20t~ IDf(@)d(, y) 1 17"
This proves (3.60) in this case. O

Let § > 0 be given by Lemma 3.12 for the value of 8 we constructed
above. Decreasing ¢ if necessary, we can assume § < 1/2A. Let also sy = 1.
Lemma 3.12 (applied to the operators 1 and A;(t), on the space LPN:*N)

provides us with sy_1 = s’ such that |Q1| zpy.sn _ ppv_1+6sy_ 18 finite, and

(3'61) HAl(t)“ﬁPN’sN_)[jPN—lJF‘SvSN—l = O(‘t‘b(N_l’N))'
Continuing inductively this process, we obtain a sequence sy, SN—_1,-- -, S0

such that, for any 1 < ¢ < j < N, the operator ();_; maps continuously
LPi%i to LPit%si and such that, for any 0 < ¢ < j < N, the operator
Aj_;(t) maps continuously £P5% to LPF9% with a norm at most C|t[*(7).

Define a space B; = £Pi+%% Since B; is continuously contained in £Pi5i
we have just proved that the assumptions (3.16) and (3.17) of Theorem 3.3
are satisfied. Moreover, (3.14) and (3.15) for M = 1 follow from Lemmas
3.7 and 3.10. Therefore, Corollary 3.5 applies. Since B; is included in LPit9,
we obtain in particular the following: there exist u; € LPN-110  un_; €
LP119 such that the normalized eigenfunction & of T} satisfies

N-1
(3.62) G—1-> thy = O(|t|PON)=e),
k=1 LPo+9
for any € > 0.
Let us now estimate the eigenvalue A(t) of T, using this estimate. Let us
write & —1 = N:_ll t*uy, 47, where r4 is an error term controlled by (3.62).
By (3.11),

Mw:ﬂﬁﬂ+/wﬁ—w&—n

N-1
= E(eitf) + Z t* /(eitf —Dug + /(eitf — 1)ry.
k=1

Let us first estimate [(e'/ — 1)r;. We have pg = 1 + d, and b(0, N) =
p/(146,). Let ¢ besuch that 1/(po+0)+1/q = 1,1i.e., g = (1+,+39)/(0p+9).
Since § < 1/2A and 6, < 1/2A, we obtain ¢ > A. In particular, ¢ > p.
Therefore, |el* — 1| < 2|x[P/? for any real z. This yields

. 1/q
< (/ |eltf — Hq) < C]t]p/q.
La

(3.63)

(3.64) ‘

eitf_l‘
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Hence,
(3.65) ‘ / (& = Vyr| < || 1| rillges < ClplrR/AT0
q
Moreover,
p p 1 1
3.66 - —e=pl1- e
(3.66) ¢ 119, © p( 1+5p+5+1+5p> ‘

Since ¢ is positive, this quantity is larger than p if € is small enough. Hence,
(3.65) is of the form O([t[P*¢) for some ¢ > 0. This is compatible with
(3.56).

We now turn to the terms t* [(el/ — 1)uy, in (3.63), for 0 < k < N — 1.
The function uy, belongs to LP/*+9 Let ¢ be such that 1/q+1/(p/k+6) = 1.
Let also ¢ > 0 satisfy g¢ = p. Then €'t/ = Zo<j<c(itf)j/j! + 7et, where
Iret| < 2[t|°|f|¢ by Lemma 3.16. To conclude the proof, it is sufficient to
show that t* [7.up, = O([t[PT) for some ¢ > 0, since the terms coming
from the integrals t* [(itf)?/4! - up will contribute to the polynomial in

(3.56). We have
k k l/q
< 0 el o il porass < ] ( / |rc,t|q)

'tk/rc,tuk
1/q
< ( flr)

Finally, k+c¢ = k+p—k/(1+kd/p) is strictly larger than p, since 6 > 0. O

Remark 3.18. When f € L?, p > 1, the function pu(t) = [ P,1 appearing
in the characteristic expansion (3.9) of f also satisfies an expansion

(3.67) pt) =1+ Y dit' +O([t]™),

1<i<p

for any € > 0. This follows from a similar (but easier) argument, where
one does not need to use the gain in the exponent from Lemma 3.12. This
expansion is not as strong as the expansion of A(¢) (it does not reach the
precision O(|t|P), while Theorem 3.13 gets beyond it). The reason for this
difference is that p(t) is only expressed in spectral terms (and Theorem 3.3
therefore gives a small loss in the exponent), while for A(t) one can take
advantage of the formula (3.11).

3.6. Last details in the L? case. In this paragraph, we conclude the
proof of Theorem 1.5. By Proposition 1.10 and Theorem 1.9, we only have
to identify the variance o2 when f € L?, and to strengthen the conclusion
of Theorem 1.9 in the 02 = 0 case.

Lemma 3.19. Assume f € L?, and write f = f— [ f. Then the asymptotic
expansion of A(t) given by Theorem 3.13 is

(3.68) At) =14+ itE(f) — (6% + E(f))t?/2 + o(t?),
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where 0 = ffz +2>00, ff . fo T* (the series converges exponentially
fast).

Proof. In the expansion (3.56) of A(t), the term for ¢ = 2 comes only, in the
proof, from the integral [ itfu;, where

(3.69) up = L (z—T)7'Qi(z — T) 11 dz,
2im |z—1|=¢

where Q(v) = T(ifv) (and the integral is converging in a space L£2t%%
for some § > 0 and s > 0). Let us identify u;. We have (z — T)"'1 =
1/(z —1). Moreover, if E is the space of constant functions and F' the space
of functions with vanishing integral, then (z — T)’l is the multiplication by
1/(z = 1) on E, while (z = T)"'o = 332, 27 *"1T*y for v € F (the series
convergmg exponentlally fast in £2%5 and in particular in L?). Writing
Tf as Jn +Tf e E® F, we obtain

1 iff M
(3.70) w = 5 /Zl_c p—Y +22m / Ny fd.

Since 1/(z — 1) has a vanishing residue at z = 1, while z=%~1/(z — 1) has
a residue equal to 1, this gives

(3.71) up =iy THJ.
We obtain from (3.56)

A = B Y [ £14F 4 0
k=1

=14 itE(f) — t* f2/2—t200 f-foT*+o(t?)
frr-es |
= 1+itE(f) — (0® + E(f)*)t*/2 + o(t?). O

To conclude, it is sufficient to prove that, if o2 vanishes, then f is a
bounded coboundary. A similar result is proved in [AD01b, Corollary 2.3],
and we will essentially reproduce the same argument for completeness.

Lemma 3.20. Assume f € L? is such that o® (given by Lemma 3.19)
vanishes. Then there exist a bounded function u and a real ¢ such that
f=u—uoT+ec.

Proof. Replacing f with f = f — [ f, we can assume without loss of gener-
ality that [ f = 0.

The exponential convergence of [ f - f o T* to 0 ensures that [(S,f)? =
no? 4+ O(1). Therefore, if 02 = 0, then S, f is bounded in L?. By Leonov’s
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Theorem (see e.g. [AW00]), this implies that f is an L? coboundary: there
exists u € L? such that f = u — uo T almost everywhere. Then

(3.72) Tt(e—itu) _ T(eitfe—itu) _ T(e—ituoT) _ e—itu.

By [ITM50], this yields e~ € £. In particular, the function e~ is contin-
uous for any small enough ¢. Lemma 3.21 shows that u itself is continuous.
In particular, there exists a cylinder [by, . . ., bx] on which u is bounded. Since
f is bounded on each element of the partition «, the equation f =u—uoT
implies that u is bounded on bg. Together with the topological transitivity
of T', we obtain that u is bounded on each a € a.

Let {a1,...,a,} be a finite subset of a such that each element of a con-
tains the image of one of the a;s (it exists by the big preimage property). Let
a € a, choose i such that a C T'(a;), then the equation f = u —uoT gives
lula|lpoo < [|(|f] + |u|)1a; || - This shows that w is uniformly bounded, as
desired. O

In fact, a slightly refined version of the same argument also shows that u
is Holder continuous.

Lemma 3.21. Let u be a real function on a metric space X, and assume
that €™ is continuous for t € [a,b] a nontrivial interval of R. Then u is
continuous.

Proof. We will show that, if v,, is a real sequence such that ei*’» converges to
0 for any ¢ € [a,b], then v, — 0. Applying this result to v, = u(x,) — u(x)
when xz,, — x, this gives the required continuity of w at x € X, for any z.

Let Ay = {t € [a,b] | Vn > N,dist(tv,,27Z) < 1}. The set Ay is a
closed subset of [a,b], and | J Ay = [a,b]. By Baire’s Theorem, there exists
a set Ay containing a nontrivial interval [¢,d]. For n > N and ¢ € [c,d],
the number tv,, belongs to 277 + [—1, 1], and depends continuously on t.
It has to stay in the same connected component of 277 + [—1, 1], therefore
|cvp, — dvy,| < 2. This shows that v, is bounded.

Any cluster value v of v, satisfies e’ = 0 for any ¢ € [a,b], hence v =
0. O

APPENDIX A. THE BERRY-ESSEEN THEOREM FOR GIBBS-MARKOV MAPS

In this appendix, we obtain necessary and sufficient conditions for the
Berry-Esseen theorem, for Gibbs-Markov maps.

Theorem A.1. Let T : X — X be a probability preserving mizing Gibbs-
Markov map, and let f : X — R satisfy >, ., m(a)Df(a)" < oo for some
n € (0,1]. Assume f € L? and E(f) = 0, and S,f//n — N(0,0?) with
02> 0. Let

(A1) A, = Sl€l£ |m{S,f/vn <z} — P(N(0,0°) < z)|.

Let § € (0,1). Then A, = O(n=%?) if and only if E(f1f>2) = O(z~°)
when x — oo.
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Moreover, A, = O(n~'/2) if and only if E(f*1>2) = O(z™') when
T — 00, and E(f31‘f|<x) s uniformly bounded.

When one considers i.i.d. random variables instead of Birkhoff sums, this
theorem for § < 1 is proved in [IL71, Theorem 3.4.1], and the proof for § = 1
is given in [Ibr66]. For the proof in the dynamical setting, we will essentially
follow the same strategy as in the i.i.d. case, the additional crucial ingredient
being the estimate on A(t) provided by Theorem 3.13. We will only give the
proof for § < 1, since the proof for § = 1 is very similar following the
arguments of [Ibr66].

Proof of the necessity in Theorem A.1. Assuming A, = O(n~%?2), we will
prove E(f?1j45,) = O(z~°). This is trivial if f € L3, so we can assume
this is not the case. In this proof, € will denote the minimum of e(p) given
by Theorem 3.13 for p € [2,3]. Consider p € [2,3] such that f € LP and
f & LPt</2 and let ¢ = min(p + ¢,3). Hence, A(t) = E(e')) + ¢t + O(|t]9)
for some ¢ € R. It will be more convenient to write this estimate as follows:

(A.2) A(t) = E(et)e 90 with ¢(t) = O([t]972).

Let W be the symmetrization of f, i.e., the difference of two independent
copies of f. Its characteristic function is E(e™™) = |E(el*/)|2. Let us write
E(W) = ¢=o0t"+*%0(0) where 02 = E(f?) and 7 is a real function defined
on a neighborhood of 0. [IL71, Paragraph II1.4] proves the following fact:

(A3) If / t2y0(t)| = O(m3+8), 0<é <1, when z — 0,
0
then E(f21|f‘>m) = O(mfg) when x — +o00.

To conclude, it is therefore sufficient to estimate [ 2|yo(t)|.

Let H denote the distribution function of N'(0,20?), and F, the distribu-
tion function of the difference of two independent copies of S, f/v/n. From
the assumption A, = O(n~9%2), it follows that sup,cg |H(z) — Fp(z)| <
Cn=9/2. Let h(t) and f,(t) be the characteristic functions of H and F, i.c.,
h(t) = et and f,(t) = |E(e!*5nf/V1)|2 Integrating by parts the equality
fu(t) = h(t) = [ € d(F,(z) — H(z)), we obtain

(A.4) M - / it (F,(z) — H(z)) dz.

This shows that the L? functions (f,(t) — h(t))/it and F;,, — H are Fourier
transforms of one another. The functions te™*/2 and —ize *"/2 /V/2m are

also Fourier transforms of one another. Hence, Parseval’s theorem gives

(A.5) /M.wﬂﬂ dt = C/(Fn(x)—H(x))xerQH _ O(n*‘s/?).



hal-00318082, version 2 - 8 Jul 2009

32 SEBASTIEN GOUEZEL

Since || —*/2 4t = O(n=%?), this yields

|t/>logn ©
(A.6) / (fult) = h(t))e /2 dt = O(n~0/?).
[t|<logn

The characteristic expansion of f gives
t
2 NG

: t
pult) = S E = |3 ()
where €, (t) tends exponentially fast to 0 (by Theorem 3.1), and the function
w satisfies p(t) =14 O(t) (by Remark 3.18). Let g,(t) = ‘)\ (ﬁ) ‘zn, then
f\t|glogn(fn(t) — gn(t))e™/2 dt = O(n=1/2). Therefore, (A.6) gives

2n 2

+ en (),

(A7) / (gn(t) = h(t))e /2 dt = O(n~0/?).
[t|<logn

Moreover, by (A.2)
gn(t) = |E(eitf/\/ﬁ)|2n62ct2+2t2 Re o(t//n)
— 03t +t270(t/V/R)+2ct2 4262 Re $(t/v/n)

— o4t 0(t/V/n)+2t* Re g(t/V/n)

Let hn(t) = e o P+ 00E/vVn)  Since ¢(t) = O(|t|72) by (A.2), we have
f\t|<logn(9n(t) - hn(t))e_tQ/z dt = O(n_(q_z)/Q). Hence,

(A.8) / (hn(t) = h()e /2 dt = O(n™92) + O(n~(@=2/2),
[t|<logn

Since hy, (t) — h(t) = e~ ("0 V1) 1) we can now conclude as in [IL71,
Page 106] to get

(A.9) Aﬁ%mm:owﬂﬁ+mﬂ“»

By (A.3), this proves that E(f21‘f|>x) = O(z79) for 6 = min(d,q — 2). If
g —2 < ¢ (in particular, ¢ # 3, so ¢ = p+ €), we have 6 = q—2, hence f
belongs to LY for any ¢’ < ¢. In particular, f € L9~%/2 = LPt¢/2 This is
not compatible with the choice of p. Hence, ¢ — 2 > 8, whence 6 = 8, and
E(f*1)fj52) = O(z™0). O

Proof of the sufficiency in Theorem A.1. Assuming E(f21‘f|>x) = O(z7%),

we will prove A,, = O(n=%/2). We essentially follow the arguments of the
proof of the necessity, in the reverse direction, the main difference being that
we do not need any more to work with the symmetrization of the random
variables.

Let us write E(eltf) = ¢=08t"/2+#*7()  [IL71, Page 111] proves that, under
the assumption E(f?1)>,) = O(z~°), the function v satisfies [ t*|v(t)| dt =
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O(2%%%). Moreover, f belongs to LP for any p < 2+ 0. Let ¢ = min(2 46 +
€/2,3) > 2+ 4. Taking p = 2+ 0 — €/2, Theorem 3.13 shows that A(t) =
E(el'f) 4+ ct? + O(|t|), which we may rewrite as A(t) = E(elt/)ect® +1*6()
where ¢(t) = O(|t|7~2). Together with the expansion of E(e!/), we obtain

(A.10) A(t) = e /24200 with / £2)4p(8)| dt = O(z¥9).
0

Let f, denote the characteristic function of S, f /y/n. The classical Berry-
Esseen estimate [IL71, Theorem 1.5.2] shows that, for any 7' > 0,

(A.11) A, <c/ —|falt) — e P2 dt + C/T.

Let us choose T' = py/n with p small enough. The second term in this
estimate is then O(n=1/2) = O(n=%). For the first term, we split the integral
in two parts, corresponding to |t| < 1/n and |t| > 1/n. In the first part, we
have

(A12)  |falt) = 1] = |B(ESIVE—1)| < HEIS.f1/v/n < Valt.
The resulting integral is bounded by

(A.13) v+t = e 2 dt = O(n ).
t)<1/n
Hence,
(A.14) A, <C L) — e P2 dt 4+ O 12).
1/n<|t|<py/n [¢]

We have f,,(t) = A(t/v/n)"u(t//n) + €,(t), where €,(t) tends exponentially
fast to 0, while u(t) = 1+ O(¢). I;th gn(t) = A(t/+/n)". By (A.10), if p is
small enough, we have [A(t)| < e */4 for |t| < p. This yields |\(t//n)|* <
e~ /4 for |t| < py/n. Hence,

(A.15) [fn(t) = gn(t)] < C/V/n.

//n<|t<p\f |t]
With (A.10), we obtain

Ansc/‘ L lgn(®) — 22 dt + O(m1/2)
In<lt|<pym It]

= c/ L om0 20V 1) qt 1 012,
In<lt|<pym It]

Since [y t2[1(t)] dt = O(x3*°), this last integral is bounded by O(n~%?2)
(see e.g. [ILT1, bottom of Page 107]). This concludes the proof. O
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